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Abstract

In this paper, we investigate the stability and time-step constraints for solving advection-
diffusion equations using exponential time differencing (ETD) Runge—Kutta (RK) methods
in time and discontinuous Galerkin (DG) methods in space. We demonstrate that the resulting
fully discrete scheme is stable when the time-step size is upper bounded by a constant. More
specifically, when central fluxes are used for the advection term, the schemes are stable under
the time-step constraint t < tpd/ a?, while when upwind fluxes are used, the schemes are
stableif T < max {rod/a2, coh/a } Here, 7 is the time-step size, / is the spatial mesh size, and
a and d are constants for the advection and diffusion coefficients, respectively. The constant
co is the CFL constant for the explicit RK method for the purely advection equation, and tp
is a constant that depends on the order of the ETD-RK method. These stability conditions
are consistent with those of the implicit-explicit RKDG method. The time-step constraints
are rigorously proved for the lowest-order case and are validated through Fourier analysis
for higher-order cases. Notably, the constant 7y in the fully discrete ETD-RK-DG schemes
appears to be determined by the stability condition of their semidiscrete (continuous in space,
discrete in time) ETD-RK counterparts and is insensitive to the polynomial degree and the
specific choice of the DG method. Numerical examples, including problems with nonlinear
convection in one and two dimensions, are provided to validate our findings.
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1 Introduction

In this paper, we study the stability and time-step constraints of discontinuous Galerkin (DG)
methods combined with exponential time differencing (ETD) Runge—Kutta (RK) methods
for the linear advection-diffusion equation:

Uy +auy = duyy (1.1)

with the periodic boundary condition. Here, a, d are constants representing advection and
diffusion coefficients, respectively. We require d > 0 and, without loss of generality, assume
a > 0.

The DG method is a class of finite element methods that employs discontinuous piecewise
polynomial spaces. It was first proposed by Reed and Hill in the 1970s for solving steady-
state transport equations [29] and was later extended to other types of equations, including
hyperbolic conservation laws [8], elliptic equations [1], and equations involving higher-
order derivatives [6, 37]. The DG method offers several advantages, such as high-order
accuracy, preservation of local conservation, flexibility in handling complex geometries,
ease of implementing /- p adaptivity, and high parallel efficiency. These features have made
the method widely applicable across various fields [7]. There are many different versions of
the DG method, varying in formulation and choice of numerical flux. For the advection term,
we consider DG methods with upwind numerical flux and central flux in this paper. For the
diffusion term, we use the local DG (LDG) method [31] and the interior penalty DG (IPDG)
method for discretization [30].

When solving time-dependent and convection-dominated problems, the DG method is
typically coupled with explicit RK methods for time marching. For purely convection
problems, the resulting fully discrete schemes are generally stable under the standard
Courant-Friedrichs—Lewy (CFL) condition t < Ch/a [8, 32, 38], where t is the time-step
size, h is the spatial mesh size, and a is the wave speed. However, for problems with strong
second-order diffusion terms, explicit RK methods suffer from a restrictive time-step con-
straint T < Ch?/d and are therefore less favorable. To circumvent this time-step restriction
while avoiding a fully nonlinear implicit scheme, a popular approach is to use implicit-explicit
(IMEX) RK methods [2, 24] for time marching, treating the convection term explicitly and the
diffusion term implicitly. It has been proven that, for advection-diffusion equations, the fully
discrete method is stable when the time-step size is bounded above by a constant 7 < Cd/a?
[34, 35]. Here, C is a constant independent of a, d, and A, but it may depend on the specific
IMEX method, the polynomial degree k, and the mesh regularity parameter, etc. We refer to
[33] for similar discussions involving finite difference spatial discretization and to [18, 36]
for studies on IMEX methods applied to advection-dispersion equations.

An alternative to IMEX time-marching methods is the use of exponential integrators.
These methods employ an exponential integrating factor to handle the dominant linear stiff
term and remove the severe time-step size restriction. We refer to [16] for a general review,
to [17, 19, 26, 27] for several later works, and to [20, 25, 40] for applications to advection-
diffusion equations. In this paper, we are particularly interested in the ETD methods and
especially the ETD-RK methods. The ETD methods were first introduced for computational
electrodynamics and were then systematically developed in [3, 9], with their stability analyzed
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for ordinary differential equations [9], diffusion-reaction equations [12], and gradient flow
problems [4, 14]. These methods offer advantages such as relatively small numerical errors,
good steady-state preservation properties, and the ability to preserve the maximum principle,
among others. Due to these advantages, ETD methods have been widely applied in various
fields, particularly in phase field models and gradient flow problems, for preserving the energy
decay law [4, 13, 14, 23] and the maximum bound principle [10, 11].

In this paper, we use the Fourier method, also known as the von Neumann analysis, to
analyze the ETD-RK-DG methods for the advection-diffusion equation (1.1). We find that
a similar time-step constraint applies to the ETD-RK-DG method as to the IMEX-RK-DG
method. In particular, using central flux for the advection term, we find that the ETD-RK-DG
methods are stable under the time-step constraint

d
T=T0—5, (1.2)
a

where 79 > 0 is a constant that depends on the order of the ETD-RK temporal discretization.
The values of 1¢ for the ETD-RK1 to ETD-RK4 methods are provided either analytically or
numerically (accurate to two decimal places) in Table 1. If we instead choose upwind flux
for the advection term, the usual CFL conditions for advection equations also apply:

d h
T <max | T%—5,C0~ [, (1.3)
a a

where ¢o > 0 is the standard CFL constant for explicit RKDG methods applied to the purely
advection equation [8]. The time-step constraints (1.2) and (1.3) are rigorously proved for
the lowest-order case and are verified numerically for higher-order cases with the Fourier
method. More importantly, for the methods tested in this paper, the constant to appears to be
determined by the semidiscrete (continuous in space, discrete in time) ETD-RK formulations
discussed in Section 4.1 and is therefore insensitive to the DG spatial discretization. Similar
behavior is observed for the time-step constraints of the IMEX-RK methods, as detailed
in Appendix A. Notably, the insensitivity of 7o to the polynomial degree stands in sharp
contrast to explicit RKDG methods for purely advection equations, where the CFL constant
co decreases significantly with increasing polynomial order [8].

The rest of the paper is organized as follows. We begin by presenting the preliminaries on
the DG methods, the ETD-RK methods, and the dimensionless form of (1.1) in Section 2. In
Section 3, we use the Fourier method to analyze the stability of the lowest-order discretization
for the advection-diffusion equation. These results provide a prototype for the time-step
constraints needed for stability. In Section 4, we study the stability of high-order ETD-RK
time-stepping methods combined with high-order DG discretizations. Numerical experiments
are presented in Section 5 to validate the analysis and highlight the stability advantages of
ETD-RK methods in time marching. Finally, we conclude with closing remarks in Section
6. Appendix A presents a similar discussion on IMEX-RK-DG methods.

2 Preliminaries
In this section, we first provide a brief review of the DG and ETD-RK methods. Then we derive

the dimensionless form of the linear advection-diffusion equation, which would simplify the
analyses on stability and time-step constraints in later sections.
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2.1 DG methods

Consider the computational domain Q = [0, 2w ] with partition 0 = x1 < x3 < -+ <

2 2
Ayl = 2. We denote by I; = (xj71,xj+%) the jth cell, with the cell center x; =

%(xj_% + xj+%) and the cell length Ax; = x —X i1 If the grid is uniform, which is

J+z T
assumed throughout the analysis, we have Xjp1 = jhtforj=0,1,..., N, where h = ZW”
is the grid size.
The DG space Vﬁ is define on the grid as follows:

Vi = {vn € L*(Q) : vuly; € P, 1 < j < NY,

where P¥ (I j) is the space of polynomials of degree at most k on the interval /. To facilitate
the DG formulation, we adopt the notations [30]

1
. = - - + . = - _ + f T k
{Uh}]+% Z(Uh,j+% + Uh,j-&-%)’ [[Uh]]]+% Vi vh’j%, or vy € Vj,

where v:ﬁ% = lim,, _, g+ v (xj+% =+ y) represents the left or right limit of vy, at Xl

e For the advection equation:
u;+au, =0, x €,

the semidiscrete DG formulation is given as follows [31]: Find u; (¢) € V¥, such that,

_ 0 - —ab + — ker.
/;j (up)vpdx /Ij auh(vh)xdx+auh,j+%vh7j+% a“h,j—%vh,j_% 0 Yv, e P°(I)),
2.1
for j = 1,2,..., N, where ﬁh,ﬁl is the numerical flux defined on cell interfaces. In
this paper, we consider both the central flux
iy iy = tunjy1 (2.2)
and the upwind flux
Uy jp) = uh,j+%' 2.3)

We denote the resulting linear system by u; + Au = 0, where u is the vector of degrees
of freedom (DoFs) of the numerical solution u,, which will be specified in later sections.
e For the diffusion equation:
Uy = duy,, x €,

the semidiscrete LDG method is formulated as follows [31]: Find uj, py € V’Z, such
that,

_ _ A - _ A —+ k .
/1, s _ﬁ< /1,- A phvf'ivh,./%) er
(2.4a)

/1 phandx =vd <_/1 up (qp)xdx + i

—dy 1a) 1) van € PRI,
J J ’

h’H%qh_,H%
(2.4b)
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for j = 1,2..., N, where u,, 4k and p, j+l are numerical fluxes defined on cell
interfaces. For example, the alternating flux is given by
v - N _ o+
Unitd T et Pris T Pl 25)
and the central flux is defined as
ty ot =lunbjns Py ey = {pndjyt- (2.6)

The semidiscrete IPDG methods is formulated as follows: Find uj, € V¥, such that,

N N N
> /[ (up)opdx == /1 d ) (o) xdx + ) d{en)s} 1 onll 1
j=174i j=1°14

Jj=1

N
G Zd[[uh]]jgr% {wn)adjy1

st @7

N

g k

- E ﬁ[[uh]]j+%[[vh]]j+% Yup € V.
j=1

where € = 1, —1, 0 corresponds to the symmetric interior penalty Galerkin (SIPG),
nonsymmetric interior penalty Galerkin (NIPG), and incomplete interior penalty Galerkin
(IIPG) methods, respectively, and o > 0 is the penalty parameter needed in SIPG and
IIPG [30].
We denote the resulting linear system by u; = Du, where u is the vector of DoFs of the
numerical solution uj. Note that lifting techniques are required in the LDG method to
eliminate the DoFs of the auxiliary variable pj, [1].

e For the advection-diffusion equation (1.1), we combine the discretization for the advec-
tion and diffusion terms to obtain the linear system:

u; + Au = Du.

2.2 ETD-RK Methods

We consider the ODE system in the following form:
u; = Du+ F(u). (2.8)

Here D represents the linear stiff term from the discretization of the diffusion term. F is the
non-stiff term from the discretization of the advection term, which, for the problem (1.1)
we consider, is given by F(u) = —Au. Since we also test nonlinear convection-diffusion
equations in the numerical section, we use F (u) for generality.

Multiplying (2.8) with the integrating factor e ~P" to absorb the stiff term, and then inte-
grating over time from ¢” to ", we obtain its Volterra integral equation

u(@" ™ = e Pu") + /T TP Ea(” + 5))ds, (2.9)
0

where t = 1"T! — ¢ is the time-step size. This representation of the exact solution is also
called variation-of-constants formula [16].
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The first-order ETD method (ETD-RK1) is obtained by the approximation F (u(t" +s)) ~

F(u") in the integrand of (2.9):
un+1 :erDun + Dfl (erD _ 1) F(ll”),

where u” (or u"t!) is the approximation of the solution u(z") (or u(#"thy).

(2.10)

Following a similar approach to traditional RK methods, the higher-order ETD-RK meth-

ods are formulated as follows [9]:
e ETD-RK2 (second-order):
a" =u" + ¢ (rD)(Du" + F(u")),
u' =a" + 1y (e D)(~F (") + F(@")),

e ETD-RK3 (third-order):

a" =u" + Zo1 (3 D)D" + F(u")),

b" =u" + 19 (zD)(Du" — F(u") +2F(a")),

u"t =u" 4 19 (tD)(Du" + F(u"))

+ 192t D)(=3F (") +4F@") — F(b"))
+ 1p3(tD)(4F(u") — 8F (a") + 4F(b")),

e ETD-RK4 (fourth-order):

a" =u" + — (= D)(Du" + F(u")),

2 2
b =u" + %wl(gmwu” + F(a")),

¢ =a" + Z¢i(5D)(Da" — Fu") +2F (b"),

u"t! =u" + t¢ (zD)(Du" + F(u"))
+ 12(tD)(=3F (") +2F (") + 2F(b") — F(c"))
+te3(tD)AF ") —4F(@") —4F (") +4F(c")),

where the ¢-functions are defined as [16]:

t—1 et —1-— e e Y

=" pO =", ;@)=
Z Z

2.3 Dimensionless Form

.11

2.12)

(2.13)

The nondimensionalized analysis can significantly simplify the study of time-step constraints

in later sections. By the change of variables

2
a a
=—t and x' = —x,
d d

/

t

the advection-diffusion equation (1.1) can be transformed into its dimensionless form:

ut’ + ],tx/ = ux/x/,
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If a numerical scheme for (2.14) is stable under the time-step constraints
' <19 or v <coh,

where t/ and &’ are dimensionless temporal and spatial grid sizes, then the scheme for the
original equation (1.1) is stable under the constraints
T < Tp— Oor t <co—,
a a
respectively. For simplicity, we will conduct all analysis using the dimensionless form (2.14)
and obtain the time-step constraints for the physical variables through the variable transfor-
mations. However, the analysis can also be applied directly to the general coefficient equation

(1.1). For conciseness, we will omit the prime notation from the dimensionless variables in
the analysis.

3 Stability of the lowest-order case

In this section, we assume uniform mesh partitions, which allows us to use the Fourier
method for stability analysis. The lowest-order (P elements) DG discretization coincides
with commonly used finite difference schemes. With the choice of central flux (2.2) in the
DG method (2.1), and alternating flux (2.5) in the LDG method (2.4) or 0 = d in the IPDG
method (2.7), the semidiscrete scheme for (2.14) is given by

% Ujpl —Uj—1  Ujg] — 2uj +ujq
dt 2h h? '

Alternatively, if we choose upwind flux (2.3) in the DG method (2.1), the semidiscrete scheme
for (2.14) becomes

(3.1)

dr h h?
In this section, we analyze the time-step constraints of (3.1) and (3.2) when discretized with
the lowest-order ETD-RK method (2.10). The results provide a prototype for the time-step
constraints needed for stability of ETD-RK-DG methods.

% Uj—uj—1 _uj+1—2uj+uj_1. (3.2)

3.1 Central scheme with ETD-RK1 discretization

It is well-known that when discretized with the forward Euler method, the central difference
scheme for the advection equation is unstable under the usual CFL conditions. However, we
shall show that the ETD-RK1 method for (3.1), which treats the advection term explicitly, is
stable under the time-step constraint 7 < 2.

Letu” = [uf', u,-- -, u%]T, m =n,n+ 1. Applying (2.10) for (3.1), we obtain
ut! = ™0yt — p1 <erD . 1) Au”, (3.3)
where
-21 0 0 ---01
1 21 0---00
1 _

10 0 0 -.---1-=-2
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and
01000 -1
| -1010---0 0
0 -101---0 0
A= — 35
o (3.5
1 000 ---—-10
We analyze the stability of the scheme (3.3)-(3.5) using the Fourier method. Consider
a Fourier mode u’]" = uMel@ih where i = +/—1, j=1,...,N,m = n,n+ 1, and
w= —% +1,..., % In this case, we have
u” =ﬁ’"[ei“’h,ei2“’h,~-~ ,eiN“’h]T, m=n,n+1. (3.6)

It is straightforward to verify that

Du" = 4 sinz(w—h)u” and Au” = 2 sin(w—h) cos(w—h)u”
e 2 T2 2
meaning that u” is an eigenvector of both A and D. Recall that Du”* = Au” implies e?Pu”* =

e™u" and D1 (e™ — INu" = A~ 1(e™ — 1)u". Therefore, the scheme (3.3) with the Fourier
ansatz (3.6) can be written as: R
ut = G(t, h, w)u”. (3.7)

Here , .
-~ _ 4T in2(@h 4t 2 wh
Gt hw)=e ™D 12 cor(2h) (e D)
2 2
is the growth factor of the Fourier mode. Equivalently, we have

" = G(t, h, o).

As a sufficient condition, the scheme is stable if |6(‘L’, h, w)| <1 for all w.

The stability and time-step constraint are stated in the following theorem. The algebra in the
proof is tedious but straightforward, and can easily be verified using symbolic computation
software. Here, we present only the key computational results in the proof, omitting the
intermediate steps.

Theorem 3.1 Tﬁe scheme (3.3)-(3.5) is stable under the time-step constraint T < 2, with the
growth factor |G(t, h, w)| < 1.

Proof One can calculate that

. s p2(1 — _4m 2
G(r.h o) =e i +%<‘3 _1>
n

h
=: Q(t,h,n), wheren = sinz(%) € (0, 1].

Note we have Q(z, i, 0) = lim, .o Q(t, h, n) = 1. With direct computation, one can get

0t h,m) e m 4 2
o a4 <<h2(—1+eh2)—4rn(1—n)> + 1677 (2—r<1—n>2)>

<0 Vne@,1],h>0,7t <2.

Therefore, we have Q(t, h, n) < Q(t, h, 0) = 1, which completes the proof. O
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On the other hand, since

aQ(t, h,n) _dr(r—2)

3 2 >0, fort > 2,
n

n=0
we have Q(t, h, no) > Q(t, h,0) = 1 for some 19 € (0, 1]. Thus, the condition 7 < 2 is
indeed necessary for the stability condition |6 (7, h, w)| < 1, which will also be verified by
numerical tests.

For the general coefficient problem (1.1), the time-step constraint for stability is given by
T < 2(%, derived through a change of variables as described in Section 2.3.

Corollary 3.1 The central scheme for (1.1),

du; Ujp] —Uj_

_duj+1 —2uj +uj—q
dt 2h B h? '

with ETD-RK1 time discretization is stable under the time-step constraint T < 2;—2.

3.2 Upwind scheme with ETD-RK1 discretization

It is known that the upwind discretization for advection equations has better stability than the
central scheme. Therefore, we expect that the time-step constraint obtained for (3.1) is suffi-
cient to ensure the stability of (3.2). Moreover, since the diffusion term is integrated exactly,
we also expect that the usual CFL condition for pure advection equations will satisfy the
stability requirement. In summary, taking all these factors into account, we shall demonstrate
that the ETD-RK1 method for (3.2) is stable under the time-step constraint T < max{2, i}.

Applying (2.10) to (3.2), we obtain the scheme (3.3) with the same definition of D as in
(3.4), and a different A defined as follows,

1 000 -0 —1
[|=rroo00
a—tfo-110-0 0 (3.8)
h
0000 ---—11

For the Fourier mode (3.6) with u;‘ =w"e“h it is straightforward to verify that
4 h 2i h h 2 h
Du" = i sinz(%)u” and Au” = (zl sin(%) cos(%) + ;A sinZ(%)) u”.
The growth factor in (3.7) is then given by

G(r,h, ) = #5754 g (e_;%smz(%) — 1) +ig cot (%h) <e_%smz(w7h) - 1) :

The stability and time-step constraint for (3.2) are stated in the following theorem. Again,
we omit some of the algebra and present only the key computational results in the proof.

Theorem 3.2 The scheme (3.3), (3{1\) and (3.8) is stable under the time-step constraint T <
max{2, h}, with the growth factor |G(t, h, w)| < 1.
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Proof One can calculate that

N L4 p _dn 2 20— L4y 2
|G<r,h,w)|2=<e F 4t ,,2”_1)> +%<e hz”_l)
n (3.9)

h
—: O(z,h, ), wheren = sinQ(%) € (0. 1].

First, we show that Q(r, h,n) < 1 under the time-step constraint t < 2. Note that

_ 4 _4u
e 1 > 0and %(e n2 — 1) < 0. Hence the first term in (3.9) has the estimate
4t 4t 2 8t 2 4t
B e o) cmaxe W e — el
2 4
As a result, by defining the auxiliary functions
Csm p2(1— _dm 2
O1(t,h,n) =e »* +u(e W2 — l)
4n

and

h2 [ _su 2

Oa(t,h,n) = — (6 - 1) ,

4n

we have

Q(z, h,n) = max{Qi(z, h.n), Q2(z, h, n)}.

It was proved in Theorem 3.1 that Qi(z, h,n) < 1 forh > O and n € (0, 1] when 7 < 2.
Hence it suffices to show that Q»(z, #, n) < 1 under the same condition. Indeed, we define
g(x) = 2(¢e=* — )2 — x. By computing the derivative g'(x) = 4(1 — e *)e™ — 1, we
find that g(x) < g(In2) = 3 —In2 < § —In/e = 0 for x > 0. Therefore, we have the
inequality ©(e™* — 1)> < 1 for x > 0 when t < 2. Substituting in x = 4}:—2'7, we obtain
Qo(t,h,n) < 1forh > 0,n € (0, 1] when t < 2. Collecting the above results, we have

Q(t,h,n) <1, whent <2.

We then show that Q(z, h, n) < 1 under the time-step constraint T < h. We define an
auxiliary function

PO (4

Ot oy = (e + Ly 2+
0= 26 467,

such that
O(h,n,1)=0(h,h,n) and Q(h,n,0) =01in%)§(h,n,0) =1. (3.10)

By direct calculation, one can get

0 —
%Q(h,nﬁ)
2
2 8t 40n (1+39n+492n2) 0252 L 4o 2+1663n2(1 )
=——c e — — - — — -
2637 h h2 K2 h 13 7
2
w2 _son [ [on 40 . 4m g\ 0%n? 40n\% 16032
- ALy (S ) (2 -1+ 1-
203,¢ ((h(+h>+mz3m!<h> h2<+h>+ PRSI

<0, forne (0,11,h >0,
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m my 2
where in the last inequality we have used (%’7 (l + 40%) +> > . fn—! (%”) > >

2
i (1 + %) and 197 (1 — ) = 0 for n € (0, 1]. Therefore, using (3.10) and the

monotonicity of Q with respect to its last argument, one can obtain
Q(h,h,n) = Q(h,n,1) < O(h,n,0) =1, forne (0,1],h > 0.
We then define another auxiliary function

7)?}12(1 ) (e_%n — 1)2,

~ _4 A _a 2
O, h,yp)=|e 7 +—( " -1 +
2 4n

such thNat é(l, h,n) = Q(h, h,n) < 1. Moreover, it is clear that Q(O, h,n) = e_ghl < 1.
Since Q(A, h, n) is a concave-up quadratic function with respect to A, we have
O(h. h.n) <max{Q(0. h.n), 01, h,m} <1 ¥y e (0.1],h >0, for & € [0, 1].

Note that the above inequality holds for any positive number in its second argument. There-
fore, if T < h, we have

~ 1 h? ~ h? ~  h?
O(t,h,n) = Q(Z’ —.,n) <max{Q0, —.,n), 0(l, —, n)} <1,
T T T

which completes the proof. O

For the general coefficient problem (1.1), the time-step constraint for stability is given by

T < max { 2:—2, %], derived through a change of variables as described in Section 2.3.

Corollary 3.2 The upwind scheme for (1.1),

duj | i ujmn My Z 245 U
dr h h2 ’

N

3

with ETD-RK time discretization is stable under the time-step constraint T < max [2 a% R

4 Stability of Higher-Order Cases

In this section, we examine the stability and time-step constraints of ETD-RK methods of
varying orders combined with higher-order DG methods. We demonstrate that the constants
70 in the time-step constraint T < ro‘% for the fully discrete ETD-RK-DG schemes coin-
cide with those of the continuous-in-space, semidiscrete ETD-RK schemes, and provide the
specific values of 7 to two decimal places for different ETD-RK methods.

4.1 Semidiscrete ETD-RK Schemes

In this subsection, we study the stability of semidiscrete ETD-RK schemes of varying orders
[12]. These semidiscrete schemes are continuous in space and discrete in time, as described
below:

e ETD-RKI:
MnJrl _ era”un _ 371 <er8” o 1) axun’ (4.1)

XX
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e ETD-RK2:
a" =u" + T91 (Taxx)(axxun - axun)7 4.2)
u" =a" + Ty (1) (Dxu" — dya"), '
e ETD-RK3: . .
a" =u" + E(IJI(Eaxx)(axxun - 3xun)s
b =u" 4+ 11 (t0yy) (Oxyu" + Oxu” — 20:a™),
W =" Ty (1) (Dt — D) )
+ 102 (T0xx) (30 u" — 40,a" + 3,b")
+ 1@3(T0xy) (=40 u"™ + 803,a" — 40, b™),
e ETD-RK4:
T T
a" =u" + Egol(iaxx)(axxun - 8xun)a
T T
b" =u" + Ewl(iaxx)(axxun — dca"),
T T
" =a" + E(Pl(iaxx)(axxan + d,u" — 29,0"), “4.4)

W' =u" Ty (T8x) By — Beu)
+ 1@ (Txy) (B30yu" — 20,a" — 20,b" + 0xc")
+ 1@3(T0xx) (—40,u" + 40 a" + 40, 6" — 49,c™).

We will apply the Fourier method to analyze the above ETD-RK schemes. For simplicity,
we assume that the solution u" € L'(R) N L2(R) and consider the continuous Fourier
transform.

We denote the Fourier transform of an integrable function f on R by

F©&) = FLAE) = /R Foo)eiExdr.

It’s well-known that F is an isometric transform on L2 (RR) (up to a constant factor), with the
property,
FLoy f1= (&) FLf].

Applying the Fourier transform to both sides of the semidiscrete ETD-RK1 scheme (4.1),

we obtain 1
= e L (e sy
5 (4.5)

= G(z, &)u",

where G (t, &) = e‘Té2 + Si(e_fé2 — 1) is the growth factor of the scheme in Fourier space.
We demonstrate that the time-step constraint for stability for the semidiscrete scheme is
consistent with that of the fully discretized central scheme (3.3)-(3.5), and the proof is very
similar to that of Theorem 3.1.

Theorem 4.1 The semidiscrete ETDA-RK] scheme (4.1) is stable under the time-step constri-
ant T < 2, with the growth factor |G(t,&)| < 1 forall &.
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Proof One can calculate that
—~ 1
IG(T. &) =e >+ =(e7 ™ = 1)?
n

=: O(t,n), wheren=&>>0.

Since R 5
Rl , T
Qé; no__¢ = (€ —tn—1*+ 12 -1)) <0 ¥y >0,
we have @(t, n) < @(T, 0) = lim;_¢ @(t, n) = 1, which completes the proof. O

Indeed, the condition T < 2 is also necessary for |6(1:, £)| < 1, since

30(z, 1)

=1(r —2)>0fort > 2.
37) n=0

As a consequence of the theorem, we have @€)< [0 ()| for all & € R, which
implies ||it\n+l | |L2(R) < ||il\n | |L2(R) and, therefore, ||M”+l | |L2(R) < ||Mn | |L2(R) due to
Plancherel theorem.

Similarly, we can derive the expression G (7, &) for higher-order semidiscrete ETD-RK
methods (4.2) — (4.4), which are provided below.

e ETD-RK2:
a(t, ) =1+ 1o (—1£H)(—£% — i8),
G(r,£) =a(t,£) + toa(—1E2) (i — ika(z, £)),
e ETD-RK3:
—~ T T 2 2.
a(r. &) =1+ 1 (-5 &)(-€ — i),
b(t, &) =1 + 191 (—162)(—E2 + i€ — 2i&a(z, £)),
G(t,8) =1 + 11 (—t&%)(—&% — i§)
+ T (—TE2)(3i€ — 4iga(t, &) + ik (T, §))
+ T3 (—TED) (—4iE + 8ita(z, §) — 4ikb(, £)),
o ETD-RK4:
~ T T2 2 .
a(r. £) =1+ Sg1(—5€)(-&* —if),

b(r.£) =1+ %w(—%sz)(—sz —iga(r, &),
o1, 8) =a(t, &) + %wl (—gszx—sza(s, T) + i€ — 2iEb(7, £)),
G(t,8) =1 + 1 (—t&)(—E% — &)

+ Toa(—TE2)(3iE — 2i€a(t, §) — 2iEb(t, &) + iEC(t, §))

+ T3 (—TED) (—4iE + 4Ea(T, &) + 4iED(T, &) — 4iEC(E, ).

Although the expressions are too complex for theoretical analysis, a numerical search reveals
that there always exists a value 7y such that |6(T, &) <1forall& € Rand vt < 79. The
values of tq for various ETD-RK methods, along with the plots of |6(co, £)|? versus &, are
shown in Figure 1. These searched values of 7y are valid up to the last digit shown, except
for the ETD-RK1, where the value is exact. With the given tg values, the curves in Figure 1
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0z oz 0z 02 /

0 1 2 3 4 5 o 1 2 3 4 5 0 1 2 3 4 5 o 1 2 3 4 5

(a) ETD-RK1, 7y =2 (b) ETD-RK2, 7, = 3.93 (c) ETD-RK3, 7 = 4.55 (d) ETD-RK4, 7y = 4.81

Fig. 1 The square of growth factor |5(r0, S)\z versus &. Since |a(‘1:0, S)l2 is an even function with respect
to &, we present only & > 0. The value of 7y = 2 for ETD-RKI is sharp. The searched values of 7 for
ETD-RK2, ETD-RK3, and ETD-RK4 are valid up to the last digit shown. For example, if g = 3.93, then
T = 3.93 satisfies the stability condition, but T = 3.94 does not

approach 1 from below, indicating |§ (10, & )|2 < 1. However, if 7 is further increased, the
curves in Figure 1 exceed 1 (first doing so at the second peak in (b)—(d)), indicating that
|G(t, &)|> > 1 and thus violating the stability condition.

Remark 4.1 If the central fluxes (2.2) and (2.6) are used in both DG for the advection term
and LDG for the diffusion term with P? elements, the resulting scheme is

duj Ujp)] —Uj—1 uj+2—2uj+uj,2
L = , 4.6
dt + 2h 4h? (4.6)

whose growth factor under the first-order ETD-RK discretization is given by

6( I o) —r(Ln(;l“’h))z . ih _l_(sin(hwh)>2 '
T,h,w)=e - e —
sin(wh)

e

e + £ (
Note that this amplification factor for (4.6) is identical to that for the semi-discrete scheme
(4.1), given in (4.5). Therefore, as shown in Theorem 4.1, this scheme is stable under the
time-step constraint T < 2.

In fact, the stability condition for the scheme (4.6) with the discretizations of ETD-RK2,
ETD-RK3, and ETD-RK4 must also coincide with that of their semi-discrete counterparts,
since applying the same substitution to the growth factors yields exactly the same expressions
for G (t, &) in these methods.

e —1) = G(r,&), where§ = Sn@h)

4.2 ETD-RK-DG Schemes

In this subsection, we study the stability of fully discrete ETD-RK-DG schemes of varying
orders. For further details on applying the Fourier approach for analyzing DG schemes, we
refer to [5, 15, 41].

When the advection term is discretized using the DG method (2.1) with the central flux
(2.2), and the diffusion term is discretized using the LDG method (2.4) with the alternating
flux (2.5), the resulting semidiscrete DG scheme for (2.14) can be expressed as the following
matrix equations:

% +A_juj_1 + Aou; +Ajuj = Bop; + Bipj+1,
p; = C_juj_1 + Couy,
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where u;,p; € R¥*+! are the degrees of freedom of uy, p, € Vﬁ on cell I;, for j =
1,2,...,N,and A_y, Ao, ..., Coare (k+1) x (k+ 1) real matrices associated with the DG
spatial discretization. The auxiliary variable p; can be further eliminated to derive a more
compact form of the matrix equation:

du

T; +A_quj_1 +Apu; + A =D_ju;_1 + Dou; + Diujyq. 4.7

The matrix equations are determined once the polynomial order k and basis functions on
each mesh cell are specified. For instance, if we adopt the piecewise linear DG space (k = 1)
and use the Lagrange interpolation basis at the k 4 1 Legendre—Gauss—Lobatto points, we

T
+ - . .
have u; = [”jf%’ ”H%] , and the matrices in (4.7) are given by:

170 -2 171 2 1[-10
A”:E[o 1]’ AOZE[—z—l]’ Al:z[z o}’

11010 I [-12 10 I [-6-2
D—1=ﬁ[0—2]’ D0=;72[ 6 —20]’ Dl:}TZ[lZ 4]'
Similarly, using the upwind flux (2.3) in the DG discretization (2.1) for the advection term

and the IPDG discretization (2.7) for the diffusion term results in the matrix equation (4.7)
with the following matrices:

1104 11731 00
A_1=E[02]’ AO:E[—31}’ Al:[OO]

and

and
D _ 1 [2 —243¢+40
1T =1 1-3¢—-20 |’
b L[3-3¢—40 3+3¢+20
0= 72| 343¢+20 —3—3c—4do|’

T2 —2+43c+40 2

The derivation of matrix equations for other choices of schemes, numerical fluxes, DG spaces,
and basis functions follows a pattern similar to that of (4.7) (possibly with wider stencils)
and is omitted here for brevity.
Consider a Fourier mode u; (t) = U(r)el @it Substituting it into the matrix equation (4.7),
we obtain the following equation for the mode:
d‘;i’) = —(A—1e™® + Ao+ A1) W) + (D—1e™* + Do + D) U(r) ws)

JES (—A(/’l, &)+ ﬁ(h, g)) (), where & = wh.

1 _ _ _
Dy [1 3¢ — 20 1].

We apply the ETD-RK schemes (2.10)-(2.13) to the modal equation (4.8) and numerically
investigate their stability. The ETD-RK1 scheme yields the following difference equation:

@ = PO - D (g (PN — 1) Ah )a,
c=G(t, h, T,
and similarly for other higher-order ETD-RK schemes. As expected, these fully discrete

ETD-RK-DG schemes converge to their semi-discrete ETD-RK counterparts as 4 — 0.
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Table 1 Stable 7 for
Supée[fn,nj p(G(r, hv 5)) =<
1¥h >0 70 2 3.93 455 4.81

method ETD-RK1 ETD-RK2 ETD-RK3 ETD-RK4

0 05 1 15 2 0 05 1 15 2 o 05 1 15 2 0 05 1 15 2
«10° %10 %10 %10

(a) ETD-RK1, 7y =2 (b) ETD-RK2, 7 = 3.93 (c) ETD-RK3, 7, = 4.55 (d) ETD-RKA4, 7 = 4.81

Fig.2 The square of growth factor p((A} (0, h, E))2 versus & = wh for a specific spatial discretization setting:
central DG flux for the advection combined with LDG discretization for diffusion, using a P polynomial
space and h = 1%. The results for other spatial discretization choices are close

We denote by p( G (t, h, &)) the spectral radius of the matrix growth factor G (t,h,&)and
seek a time-step constraint that ensures the stability condition

sup p(G(r,h, &) <1 Vh>D0. 4.9)

te[—m 7]

As suggested by the lowest-order ETD-RK-DG schemes, we expect time-step constraints of
the form t < C for the central DG flux (2.2) and 7 < max{C, C h} for the upwind DG flux
(2.3).

Since p(G(, h, £)) should converge to |G(t, £)| in Section 4.1 in the limit & — 0, we
anticipate that the values 7o determined from semi-discrete ETD-RK schemes would serve
as upper bounds for C. We sample & in [—, 7] and take different # > 0, and compute the
corresponding spectral radii. To minimize the effects of round-off errors in floating-point
computations, we use extended precision with 512-bit floating-point arithmetic (BigFloat,
refer to [22]) on the Julia Platform. Surprisingly, extensive numerical experiments indicate
that the values tp obtained from semi-discrete ETD-RK schemes are not only necessary but
also sufficient for ensuring the stability condition (4.9), regardless of the polynomial degree
or the specific choice of the DG method. This remains true even when extending the truncated
70 values to ten decimal places.

In summary, we establish the stability condition (4.9) under the time-step constraints
T < 19 and T < max{tg, coh} for the central (2.2) and upwind (2.3) DG fluxes, respectively.
The values of tp are provided in Table 1 up to two decimal places, and co represents the
standard CFL constants reported in Table 2.2 of [8].

Finally, we visualize the square of the growth factor, p(a (10, h, S))z, as a function of &
for a specific spatial discretization setting: central DG flux for the advection combined with
LDG discretization for diffusion, using a P* polynomial space and & = 1%' The results for
other spatial discretization choices are close. From Figure 2, we observe that the pattern of
p(a(ro, h, 5))2 closely resembles their semi-discrete counterparts |6(‘L’(), $)|2.

Remark 4.2 Under different choices of basis functions, the DG matrices in (4.7) will differ,

but they are all similar matrices. As a result, the spectral radius of G is independent of the
choice of basis functions.
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Remark 4.3 Further numerical investigation shows that, the values of 7( are the same if we
choose the general upwind biased flux

1
—_ - p— —
= Huh’j ! + (1 —-0)u 0el-, 1] (4.10)

uh,j-&-% h’j+%s 5

in the DG discretization for the advection term, and the general alternating flux

v 0, _ + N 1 - +

fy gy =0 H =0l Py = =0 +0pr L 00,1,
4.11)

in the LDG discretization for the diffusion term, with different values of parameter 6.

5 Numerical Experiments

In this section, we numerically examine the stability and time-step constraints of the ETD-
RK-DG methods analyzed in the previous sections.

The DG method (2.1) with the central flux (2.2) is used to discretize the advection terms.
It is worth noting that the central flux is typically considered a less desirable choice for
the explicit discretization of hyperbolic equations due to its reduced stability. However, we
employ the central flux here to better illustrate the stability enhancement provided by ETD-
RK methods, as this improvement is more evident when applied to a less stable flux. The
numerical results for different discretizations of the diffusion terms are very similar and do
not affect the conclusions of this section. For brevity, we present only the results of the LDG
method (2.4) with alternating flux (2.5) for the one-dimensional examples and the SIPG
method for the final two-dimensional example.

Example 1 Accuracy test

In this example, we test the accuracy of the ETD-RK-DG methods. We solve the advection-
diffusion equation (2.14) on the computational domain = [0, 277 ] with the initial condition
u(x,0) = sin(x) and periodic boundary conditions. The exact solution for this problem is
given by u(x, t) = e~ ' sin(x — t).

We use combinations of DG spatial discretizations and ETD-RK methods of different
orders. Uniform meshes are employed, and the time-step size is set to T = h. The L? errors
and orders of convergence at the terminal time 7 = 1 for different methods are presented in
Table 2. From the error table, we observe that the overall order of convergence is determined
by the lower of the spatial and temporal accuracy orders, as expected.

Example 2 Stability test

In this example, we test the stability of the ETD-RK-DG methods. We solve the advection-
diffusion equation (1.1) with @ = 1 and d = 0.01 on the computational domain 2 =[0, 2]
with the initial condition u(x, 0) = sin(x) and periodic boundary conditions. The exact
solution for this problem is given by u(x, t) = e 00 gin(x —1).

We use combinations of DG spatial discretizations and ETD-RK methods of different
orders. A uniform mesh with & = M;TW is employed. The time-step sizes are set to the critical
values T = 1:0(;%, with 79 = 2, 3.93, 4.55, and 4.81 for ETD-RK1, ETD-RK2, ETD-RK3,
and ETD-RKA4, respectively. These time-step sizes are significantly larger than the mesh size
h.

The growth of the maximum norm of the numerical solutions over time is presented in log
scale in Figure 3, along with results obtained using slightly larger time-steps T = 1.1 x 19 ad—z.
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As shown in the figure, the numerical solutions are stable under the time-step constraint
T="T ad—z, but they exhibit instability with 10% larger time-steps. Interestingly, the decay of
the maximum norm of the solutions for ETD-RK1 in Figure 3a is almost invisible, unlike
those for ETD-RK2, ETD-RK3, and ETD-RK4, which decay at the correct rate of e =001/,
This is because the value 7o = 2 is sharp for ETD-RK1 to maintain stability, but the temporal
accuracy is relatively low. We also observe that most numerical solutions with t = 1.1 x 7g 5—2
blow up in the simulation, with only a few exceptions. However, these exceptions are not
inherently stable, as they can still exhibit instability when a different mesh size & (e.g.,

h = 1) is used in our experiments.
Example 3 h-p variation test

As observed in the previous analysis and experiments, the time-step constraints for the stabil-
ity of ETD-RK-DG methods are independent of the mesh size & and the polynomial degree
k. Therefore, the /- p adaptive scenario, involving locally refined meshes or enhanced poly-
nomial degrees, may be particularly suitable for the ETD-RK-DG methods. To explore the
potential of the ETD-RK methods in these aspects, we test the stability of the ETD-RK-DG
methods using nonuniform meshes and nonuniform polynomial degrees in this example. The
same advection-diffusion problem studied in Example 2 is considered in this test.

We first solve the problem on a nonuniform mesh with uniform polynomial degrees.
The mesh contains N = 2000 cells with mesh sizes Axp,—1 : Axy, = 1 : 9, for
m = 1,2,...,1000. The time-step sizes are set to the critical values T = TO(;%, with
790 = 2,3.93,4.55, and 4.81 for ETD-RK1, ETD-RK2, ETD-RK3, and ETD-RK4, respec-
tively. These time-step sizes are significantly larger than the minimal mesh size.

Next, we solve the problem on a uniform mesh with N = 2000 and nonuniform polynomial
degrees. Polynomials of degrees pa,—1 : pam = r : k are used on cells Ir,—1 and Iy,
respectively, for m = 1,2, ..., 1000 in the ETD-RKr methods, where r = 1,2, 3,4 and
k=0,1,...,5. The time-step sizes are again set to the critical values 7 = rot%, with g =
2,3.93,4.55, and 4.81 for ETD-RK1, ETD-RK2, ETD-RK3, and ETD-RK4, respectively.

The growth of the maximum norm of the numerical solutions over time is presented in
log scale in Figure 4 and Figure 5, for the nonuniform mesh and nonuniform polynomial
degrees cases, respectively. The figures also include results for the unstable counterpart with
time-step sizes 7 = 1.1 x TO:%' From the figures, we observe that the numerical solutions

are stable with the time-step sizes T = roj—z, regardless of the nonuniformity of the mesh
sizes or polynomial degrees, while instability is evident with a 10% increase in the time-step
sizes.

Example 4 Nonlinear equations test

Although the analysis in this paper focuses on linear cases (1.1), we also test performance of
the ETD-RK-DG methods on nonlinear advection cases

ur + fu)x = duyy

to evaluate the generality of the conclusions obtained. Two advection-diffusion examples are
tested, with the diffusion coefficient d = 0.01, the computational domain Q = [—1, 1], and
periodic boundary conditions. The first example is the viscous Burgers equation with the

convex flux function 5

u
f(u)—77
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(g) ETD-RK4, 7 = 7% (h) ETD-RK4, 7 = 1.1 x 1%

Fig.3 Example 2. Stability test. The growth of the maximum norm of the solutions for the advection-diffusion
problem over time using different ETD-RK-DG methods. A uniform mesh with 7 = lgW is employed. The

time-step sizes are set to the stable values T = 19 a% in the left column and the unstable values T = 1.1 x 7 ‘%

in the right column, where 7y = 2, 3.93, 4.55, and 4.81 for ETD-RK1, ETD-RK2, ETD-RK3, and ETD-RK4,
respectively
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(a) ETD-RK1, 7 = 19% (b) ETD-RK1, 7 = 1.1 x 9%

(c) ETD-RK2, 7 = 754

a2

(e) ETD-RK3, 7 = 794

(l2

(g) ETD-RK4, 7 = 7% (h) ETD-RK4, 7 = 1.1 x 1%

Fig. 4 Example 3. / variation test. The growth of the maximum norm of the solutions for the advection-
diffusion problem over time using different ETD-RK-DG methods. A nonuniform mesh with Axp,,_1 :
Axpp =1:9form =1,2,...,1000 is employed. The time-step sizes are set to the stable values T = roa%

in the left column and the unstable values T = 1.1 x 1 % in the right column, where g = 2, 3.93, 4.55, and

4.81 for ETD-RK1, ETD-RK2, ETD-RK3, and ETD-RK4, respectively
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(g) ETD-RK4, 7 = 70-% (h) ETD-RK4, 7 = 1.1 x 79 %

Fig. 5 Example 3. p variation test. The growth of the maximum norm of the solutions for the advection-
diffusion problem over time using different ETD-RK-DG methods. A uniform mesh with 7 = 16% is
employed. Nonuniform polynomials of degrees r and k are used on the cells I7,,_1 and I, respectively,
form = 1,2, ...,1000 in the ETD-RKr methods, where r = 1,2,3,4and k = 0, 1, ..., 5. The time-step

sizes are set to the stable values 7 = r()(;i2 in the left column and the unstable values t = 1.1 x 1.’0‘% in

the right column, where 7y = 2, 3.93, 4.55, and 4.81 for ETD-RK1, ETD-RK2, ETD-RK3, and ETD-RK4,
respectively
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o N-2000
—— reference

(a) Burgers equation at T = 2 (b) Buckley—Leverett equation at 7' = 0.4

Fig. 6 Example 4. Nonlinear equations test. Numerical results of the viscous Burgers and viscous Buckley—
Leverett equations obtained from the ETD-RK4 and P3-DG method

and the smooth initial condition u(x, 0) = 0.25 + 0.5 sin(7x). The second example is the
viscous Buckley—Leverett equation with the non-convex flux function

[ p—
U) = ———,
4u? + (1 —u)?
and the non-smooth initial condition # = 1 in [—%, 0] and u = O elsewhere.
Both examples are computed on a uniform grid with N = 2000 using the ETD-RK4
and P3-DG method. We adopt the same pattern for the time-step size, T = road—z, as

before, where 19 = 4.81 for the ETD-RK4 method, d = 0.01 is the diffusion coeffi-
cient, and @ = max, | f'(u)| represents the maximum wave speed. Specifically, we take
a = max,e[—0.25,0.75] | f/(u)| = 0.75 for the Burgers equation and a = max,eo,17 | f' ()| =
2.333 for the Buckley-Leverett equation.

The results for the Burgers equation at 7 = 2 and the Buckley—Leverett equation at
T = 0.4 are presented in Figure 6b a , alongside reference solutions obtained using the SSP-
RK3 eighth-order multi-resolution A-WENO scheme [21] on the same grid with a sufficiently
small time-step size. As shown in the figure, even though the flux functions are nonlinear or
even non-convex and the solutions contain large gradients, the numerical results remain stable
and align well with the reference solutions, despite the vary large time-step sizes  ~ 85 for
the Burgers equation and 7 ~ 9 for the Buckley—Leverett equation.

Example 5 Two-dimensional test

In this example [21], we test the ETD-RK-DG methods on a two-dimensional viscous
Buckley—-Leverett equation

ur + frw)y + fZ(u)y =dAu,

where
2 2
a0

filw) = 5 (1=501—w)?)

uz + (1 —u)

are the non-convex fluxes representing, respectively, the directions without and with grav-
itational effects in two-phase porous media flows. As before, we let d = 0.01 in the
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(a) Contour at T'= 0.5 (b) Surface at T'=0.5

Fig.7 Example 5. Two-dimensional test. Numerical results of the two-dimensional viscous Buckley—Leverett
equation obtained from the ETD-RK4 and Q3—DG method

advection-diffusion equation. The initial condition is given by

2 2 1
L x*+y <3,

0, otherwise,

ulx,y,0) = {

on the computational domain Q = [—1.5, 1.5] with periodic boundary conditions.

The example is computed on a uniform grid with N x M = 600 x 600 square cells
using the ETD-RK4 and Q3-DG method. We adopt the time-step size 7 = r()(;% for this
two-dimensional case, where 179 = 4.81 is the constant identified for the ETD-RK4 method,

d = 0.01 is the diffusion coefficient, and a = sup,c(o.17/f{(W)* + fw)> = /13.37

represents the maximum wave speed in the domain.

The result at 7 = 0.5 is shown in Figure 7, demonstrating stability and good agree-
ment with the results of the well-established SSP-RK3 A-WENO method in [21], with a
significantly larger time-step size.

6 Conclusions

In this paper, we consider the fully discrete ETD-RK-DG schemes for solving the advection-
diffusion equations (1.1). The stability and time-step constraints of the schemes are analyzed
using the Fourier method. We find that for the DG method with central flux for the advection
term, the ETD-RK-DG schemes are stable if 7 < 1 L% , while for the DG method with upwind

flux for the advection term, the ETD-RK-DG schemes are stable if 7 < max {TOL%’ co%},
with ¢g being the CFL number of explicit RKDG methods for the purely advection equation.
The value of 7o depends on the specific ETD-RK method. However, for a given ETD-RK
method, 7y of the fully discrete ETD-RK-DG scheme coincides with that of the semi-discrete
ETD-RK scheme and appears to be independent of the choice of DG method and polynomial
degrees in the spatial discretization. The stability conditions are proved for the lowest-order
case and are found numerically using the Fourier method for higher-order cases.
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Appendix A Results for IMEX-RK-DG schemes

We consider the following IMEX-RK time discretization schemes of orders ranging from first
to third: ARS(1,1,1), ARS(2,2,2), and ARS(4,4,3), as proposed in [2]. These schemes were
analyzed in [34]. However, the values of 79 and their insensitivity to spatial discretization
have not been explored.

e IMEX-RKI1 (first-order):
= —D)™ (u" +F@E"), (A.D)
e IMEX-RK2 (second-order):
a" =(I —tyD)”' (u" +ty Fu")),
= —ryD) ' (" +t8F@") +1(1 - 8)F@") + t(1 — y)Da"),
e IMEX-RK3 (third-order):

(A2)

— (- ED)’I (u” + EF(u")) ,
= - ;D) Hw +r(—F(u”) + : P+ 1Da”)>

T 5n5n1”1n1n
= (=D (W' + TG FQ") = ZF@") + SF(b") — ZDa" + 2 Db") ).

2 6 6 2
w = (= oy (v r A F@t) + LF@h + S F0) — LRt
2 4 4 4 4
3 3 1
~pa" — ZDb" + - D"
L R T )> ’
(A3)
where y = (1 — %), 5 = — 2.
Applying (A.1) for the lowest-order central scheme (3.1), we obtain
vt = —tD)y" ' (I - A", (A4)

with D and A defined the same asin (3.4) and (3.5), respectively. The growth factor G (t, h, w)
for the scheme is given by
1— 2T s1n(“’h)cos(‘”h)

G(t,h,w) =
1 + h2 IHZ(wh)

The stability and time-step constraint are stated in the following theorem.

Theorem A.1 The scheme (A.{)\, (3.4) and (3.5) is stable under the time-step constraint
T < 2, with the growth factor |G(t, h, )| < 1.

Proof One can calculate that

1+ S0 — )

2
()

h
— O(t, h,n), wheren = sinQ(%) e [0, 1].

IG(t, h, w)|> =
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With direct computation, one can get
472 4t \?
R(w.hom) =14+ —an( =) = (14 5
4rn 4tn
=57 <r—2— n—h—z) <0 Vnel0,1],h>0,7 <2.
Therefore, we have Q(z, h, n) < 1, which completes the proof. O

Corollary A.1 The central scheme for (1.1),

duj  wjer —ujor e = 2u5 i
dr 2h 02 ’

with the IMEX-RK time discretization is stable under the time-step constraint T < 2:—2.

Similarly, applying (A.1) for the lowest-order upwind scheme (3.2), we obtain LA.4) with
D and A defined the same as in (3.4) and (3.8), respectively. The growth factor G (z, &, w)
for the scheme is given by

s1n2( )—1 sm( )cos( )
1+ 2smz(%h)

G(t, h,w) =

The stability and time-step constraint are stated in the following theorem.

Theorem A.2 The scheme (A.4), (3}.\4) and (3.8) is stable under the time-step constraint
T < 2+ h, with the growth factor |G (t, h, w)| < 1.

Proof One can calculate that

2
— 30 + Tl —n)

2
(HM)

h
=: Q(t,h,n), wheren = sinz(%) e [0, 1].

1G(t. h,w)|* =

With direct computation, one can get

472 LA 2
R(fhn)—(l—f)+ >0l —n) — hjn
4tn 4tn
:h2 (t—Z h_ﬁ>§0 Vnel0,1],h>0,t <2+ h.
Therefore, we have Q(t, h, n) < 1, which completes the proof. m]

Corollary A.2 The upwind scheme for (1.1),

duj uj—uj_l_duj+1—2uj+uj_1
dt h h? ’

with IMEX-RK1 time discretization is stable under the time-step constraint T < 2;% + %

Remark A.1 The time-step constraint 7 < Za% + % was also derived in [34]; see the end of
Section 5 therein. This condition is less restrictive compared to that of the ETD-RK1 method
with the upwind flux. Our numerical tests have shown that the ETD-RK1 method exhibits
|G(z. h, )| > 1 with the time step T = 2% + 2.
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(a) IMEX-RK1, 7 =2 (b) IMEX-RK2, 7 = 1.38 (c) IMEX-RK3, 75 = 3.89

Fig. 8 The square of growth factor |6(ro, S)\Z versus &. Since Ia(ro, é)l2 is an even function with respect
to &, we present only & > 0. The value of 7yp = 2 for IMEX-RKI is sharp. The searched values of 7 for
IMEX-RK?2 and IMEX-RK3 are valid up to the last digit shown

Table 3 Stable 7 for
SUPse[—m,7] p(G(t,h,§)) <
1vh>0. 70 2 1.38 3.89

method IMEX-RK1 IMEX-RK2 IMEX-RK3

Following a similar approach as in Section 4, we can analyze the stability and time-step con-
straints of the semi-discrete and fully discrete high-order IMEX-RK schemes using Fourier
methods. The proofs and calculations are omitted, as they follow similar steps to the analysis
of the ETD-RK-DG methods in Section 4 and are not the focus of this paper.

In summary, we have obtained the following results:

e For the semi-discrete IMEX-RK schemes, the growth factor satisfies |€; (r, )| < 1,V&E e
R if T < 19. The values of 7y for various IMEX-RK methods, along with the plots of
|6(T(), £)|2 versus &, are shown in Figure 8.

e For the fully discrete IMEX-RK-DG schemes, numerical experiments show that

sup p(G(t,h, &) <1 Vh >0, (A.5)

§el—m.m]

under the time-step constraints T < roa% and 7 < max{m;—z, CQ%} for the central (2.2)
and upwind (2.3) DG fluxes, respectively, where the values of ty are provided in Table
3, and ¢p is the CFL constant of the explicit RKDG method for the purely advection
equation. Detailed numerical searches reveal that the exact values of 1 for fully discrete
IMEX-RK-DG methods coincide with those of the semi-discrete IMEX-RK schemes.

Finally, we visualize the square of the growth factor, p(a (t0, h, £))?, as a function of &
for a specific spatial discretization setting: central DG flux for the advection combined with
LDG discretization for diffusion, using a P* polynomial space and & = 1% The results for
other spatial discretization choices are close. From Figure 9, we observe that the pattern of
p(a(ro, h, £))? closely resembles their semi-discrete counterparts Ia(ro, £)]2.

Remark A.2 A previous study [34] on the stability of IMEX-LDG methods for the linear
advection-diffusion equation derived the sufficient condition

d

Here, 79 and cg have the same meanings as in this paper, while p is an unknown positive
constant independent of a, d, and h. This condition includes an additional constraint and
appears more restrictive than our conclusion.

d . h h?
T S max {7 —,minjco—, p— - (A.6)
a a
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Fig.9 The square of growth factor ,0(6 (70, h, S))2 versus & = wh for a specific spatial discretization setting:
central DG flux for the advection combined with LDG discretization for diffusion, using a P4 polynomial
space and h = 17# The results for other spatial discretization choices are close

To further investigate the necessity of the additional condition with the p%z term, we
conducted additional validation using the dimensionless-form equation witha = d = 1. In
this case, (A.6) simplifies to T < max{zp, min{coh, ph?}}, and the ph? condition is activated
when 19 < ph? < coh. Note that {h : 19 < ph® < coh} € {h : h > W0}, Thus, we

tested a wider range of values with h € [;—g oo). With T = coh, we did not observe any

instance where ,0(6 (t, h, &)) > 1. This seems to suggest that the pg condition can always
be replaced by the CO% condition for stability.

Remark A.3 To compare computational efficiency, we employ third-order ETD-RK and
IMEX-RK methods, combined with Q>-element IPDG spatial discretization, to compute
Example 5 on a 300 x 300 uniform mesh, using their respective 7o values for the CFL
conditions. The MATLAB code is fully vectorized using a nodal DG formulation, and all
matrices are assembled before time evolution, so the actual computation is almost a direct
translation of the mathematical forms of the schemes (2.12) and (A.3). On an Apple M2
Pro chip with a 12-core CPU and 16 GB of RAM, the computational time of the ETD-RK-
DG method was 2054 seconds when using the Arnoldi method (generally applicable to any
square matrix), and 657 seconds when using the Lanczos method (a specialized approach for
symmetric matrices, fitting our IPDG implementation), in the Krylov subspace algorithm for
fast computation of matrix exponential and ¢-functions [28, 40]. The computational time of
the IMEX-RK-DG method using the direct solver (MATLAB backslash) was 21673 seconds.
When using the minres solver (a Krylov subspace method for symmetric matrices) with the
initial guess taken from the solution of the previous time step, it took 14269 seconds with a
maximum of 1000 iterations and the default error tolerance of 10~°, and 2486 seconds with
a maximum of 200 iterations and a tolerance of 10~*. Their visualized computational results
are indistinguishable from those shown in Figure 7. Hence, the ETD-RK method exhibits a
much faster computational speed than the IMEX-RK method in the large-scale computations
tested here.

We are actively working on a computationally focused paper [39] on ETD-RK-DG
methods. The manuscript focuses on fast implementation and plans to include a detailed
exploration of the efficiency and accuracy comparison between the ETD-RK-DG and IMEX-
RK-DG methods.

@ Springer



59 Page300f31 Journal of Scientific Computing (2025) 105:59

Data Availability No data sets were generated during the current study of this paper.

Declarations

Conflicts of Interest The authors declare that we have no conflict of interest.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included in the
article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If material is
not included in the article’s Creative Commons licence and your intended use is not permitted by statutory
regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder.
To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

1. Arnold, D.N., Brezzi, F., Cockburn, B., Marini, L.D.: Unified analysis of discontinuous Galerkin methods
for elliptic problems. SIAM J. Numer. Anal. 39(5), 1749-1779 (2002)

2. Ascher, U.M., Ruuth, S.J., Spiteri, R.J.: Implicit-explicit Runge-Kutta methods for time-dependent partial
differential equations. Appl. Numer. Math. 25(2-3), 151-167 (1997)

3. Beylkin, G., Keiser, J.M., Vozovoi, L.: A new class of time discretization schemes for the solution of
nonlinear PDEs. J. Comput. Phys. 147, 362-387 (1998)

4. Cao, W, Yang, H., Chen, W.: An exponential time differencing Runge-Kutta method ETDRK32 for phase
field models. J. Sci. Comput. 99(1), 6 (2024)

5. Chen, Q., Sun, Z., Xing, Y.: The Runge-Kutta discontinuous Galerkin method with stage-dependent
polynomial spaces for hyperbolic conservation laws. J. Comput. Phys. 523, 113654 (2025)

6. Cheng, Y., Shu, C.-W.: A discontinuous Galerkin finite element method for time dependent partial dif-
ferential equations with higher order derivatives. Math. Comput. 77(262), 699-730 (2008)

7. Cockburn, B., Karniadakis, G.E., Shu, C.-W.: Discontinuous Galerkin methods: theory, computation and
applications, Springer Science & Business Media, 11 (2012)

8. Cockburn, B., Shu, C.-W.: Runge-Kutta discontinuous Galerkin methods for convection-dominated prob-
lems. J. Sci. Comput. 16, 173-261 (2001)

9. Cox, S.M., Matthews, P.C.: Exponential time differencing for stiff systems. J. Comput. Phys. 176, 430455
(2002)

10. Du, Q., Ju, L., Li, X., Qiao, Z.: Maximum principle preserving exponential time differencing schemes
for the nonlocal Allen-Cahn equation. SIAM J. Numer. Anal. 57(2), 875-898 (2019)

11. Du, Q., Ju, L., Li, X., Qiao, Z.: Maximum bound principles for a class of semilinear parabolic equations
and exponential time-differencing schemes. SIAM Rev. 63(2), 317-359 (2021)

12. Du, Q., Zhu, W.-X.: Stability analysis and application of the exponential time differencing schemes. J.
Comput. Math. 22, 200-209 (2004)

13. Fu, Z., Shen, J., Yang, J.: Higher-order energy-decreasing exponential time differencing Runge-Kutta
methods for gradient flows. SCIENCE CHINA Math. 67, 1-20 (2024)

14. Fu, Z., Yang, J.: Energy-decreasing exponential time differencing Runge-Kutta methods for phase-field
models. J. Comput. Phys. 454, 110943 (2022)

15. Guo, W., Zhong, X., Qiu, J.M.: Superconvergence of discontinuous Galerkin and local discontinuous
Galerkin methods: Eigen-structure analysis based on fourier approach. J. Comput. Phys. 235, 458485
(2013)

16. Hochbruck, M., Ostermann, A.: Exponential integrators. Acta Numer 19, 209-286 (2010)

17. Huang, J., Shu, C.-W.: Bound-preserving modified exponential Runge-Kutta discontinuous Galerkin
methods for scalar hyperbolic equations with stiff source terms. J. Comput. Phys. 361, 111-135 (2018)

18. Hunter, J., Sun, Z., Xing, Y.: Stability and time-step constraints of implicit-explicit Runge-Kutta methods
for the linearized Korteweg-de Vries equation. Communications on Applied Mathematics and Computa-
tion 6(1), 658-687 (2024)

19. Isherwood, L., Grant, Z.J., Gottlieb, S.: Strong stability preserving integrating factor Runge-Kutta meth-
ods. SIAM J. Numer. Anal. 56(6), 3276-3307 (2018)

@ Springer


http://creativecommons.org/licenses/by/4.0/

Journal of Scientific Computing (2025) 105:59 Page310f31 59

20.

21.

22.

23.

24.

25.

26.

217.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

Jiang, T., Zhang, Y.-T.: Krylov single-step implicit integration factor WENO methods for advection-
diffusion-reaction equations. J. Comput. Phys. 311, 22-44 (2016)

Jiang, Y.: High order finite difference multi-resolution WENO method for nonlinear degenerate parabolic
equations. J. Sci. Comput. 86, 16 (2021)

JLHub. Bigfloat. https://www.jlhub.com/julia/manual/en/function/BigFloat

Ju, L., Li, X., Qiao, Z., Zhang, H.: Energy stability and error estimates of exponential time differencing
schemes for the epitaxial growth model without slope selection. Math. Comput. 87(312), 1859-1885
(2018)

Kennedy, C.A., Carpenter, M.H.: Additive Runge-Kutta schemes for convection-diffusion-reaction equa-
tions. Appl. Numer. Math. 44(1-2), 139-181 (2003)

Lu, D., Zhang, Y.-T.: Krylov integration factor method on sparse grids for high spatial dimension
convection-diffusion equations. J. Sci. Comput. 69, 736-763 (2016)

Luan, V.T., Ostermann, A.: Exponential B-series: The stiff case. SITAM J. Numer. Anal. 51(6), 3431-3445
(2013)

Luan, V.T., Ostermann, A.: Explicit exponential Runge-Kutta methods of high order for parabolic prob-
lems. J. Comput. Appl. Math. 256, 168-179 (2014)

Niesen, J., Wright, W.M.: Algorithm 919: A Krylov subspace algorithm for evaluating the ¢-functions
appearing in exponential integrators. ACM Transactions on Mathematical Software (TOMS) 38(3), 1-19
(2012)

Reed, W.H., Hill, T.: Triangular mesh methods for the neutron transport equation. Technical report, Los
Alamos Scientific Lab., N. Mex.(USA), (1973)

Riviere, B.: Discontinuous Galerkin Methods for Solving Elliptic and Parabolic Equations: Theory and
Implementation. STAM, (2008)

Shu, C.-W.: Discontinuous Galerkin methods: General approach and stability. Numerical Solutions of
Partial Differential Equations 201, 149-201 (2009)

Sun, Z., Shu, C.-W.: Strong stability of explicit Runge-Kutta time discretizations. STAM J. Numer. Anal.
57(3), 1158-1182 (2019)

Tan, M., Cheng, J., Shu, C.-W.: Stability of high order finite difference schemes with implicit-explicit
time-marching for convection-diffusion and convection-dispersion equations. Int. J. Numer. Anal. Model.
18(3), 362-383 (2021)

Wang, H., Li, F, Shu, C.-W., Zhang, Q.: Uniform stability for local discontinuous Galerkin methods
with implicit-explicit Runge-Kutta time discretizations for linear convection-diffusion equation. Math.
Comput. 92(344), 2475-2513 (2023)

Wang, H., Shu, C.-W., Zhang, Q.: Stability and error estimates of local discontinuous Galerkin methods
with implicit-explicit time-marching for advection-diffusion problems. SIAM J. Numer. Anal. 53(1),
206-227 (2015)

Wang, H., Tao, Q., Shu, C.-W., Zhang, Q.: Analysis of local discontinuous Galerkin methods with implicit-
explicit time marching for linearized KdV equations. STAM J. Numer. Anal. 62(5), 2222-2248 (2024)
Xu, Y., Shu, C.-W.: Local discontinuous Galerkin methods for high-order time-dependent partial differ-
ential equations. Communications in Computational Physics 7(1), 1-46 (2010)

Xu, Y., Zhang, Q., Shu, C.-W., Wang, H.: The L%-norm stability analysis of Runge-Kutta discontinuous
Galerkin methods for linear hyperbolic equations. SIAM J. Numer. Anal. 57(4), 1574-1601 (2019)

Xu, Z., Zhang, Y.-T.: Exponential time differencing Runge-Kutta discontinuous Galerkin (ETD-RKDG)
methods for nonlinear degenerate parabolic equations. arXiv preprint arXiv:2506.04416, (2025)

Xu, Z., Zhang, Y.-T.: High-order exponential time differencing multi-resolution alternative finite dif-
ference WENO methods for nonlinear degenerate parabolic equations. J. Comput. Phys. 529, 113838
(2025)

Zhang, M., Shu, C.-W.: An analysis of three different formulations of the discontinuous Galerkin method
for diffusion equations. Math. Models Methods Appl. Sci. 13(03), 395-413 (2003)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

@ Springer


https://www.jlhub.com/julia/manual/en/function/BigFloat
http://arxiv.org/abs/2506.04416

	Stability and Time-Step Constraints of Exponential Time Differencing Runge–Kutta Discontinuous Galerkin Methods for Advection-Diffusion Equations
	Abstract
	1 Introduction
	2 Preliminaries
	2.1 DG methods
	2.2 ETD-RK Methods
	2.3 Dimensionless Form

	3 Stability of the lowest-order case
	3.1 Central scheme with ETD-RK1 discretization
	3.2 Upwind scheme with ETD-RK1 discretization

	4 Stability of Higher-Order Cases
	4.1 Semidiscrete ETD-RK Schemes
	4.2 ETD-RK-DG Schemes

	5 Numerical Experiments
	6 Conclusions
	Appendix A Results for IMEX-RK-DG schemes
	References




