
(1)(1)

> > 

> > 

(2)(2)

> > 

restart;

Homework 3

LagrangeInterp gives the Lagrange form of the Interpolation polynomial
Lagrange := proc(points::list,M,x)
local n,i,j,L;
n:=numelems(points);
for j from 1 to n do
L:= 1;
for i from 1 to n do
if i<>j then L:= L*(x-points[i])/(points[j]-points[i]);
fi;
od;
M[j]:=unapply(L,x);
od;
M;
end proc;

LagrangeInterp := proc(points,values,f,x)
local L,j,M;
L:=0;
Lagrange(points,M,x);
for j from 1 to numelems(points) do
L:= L+M[j](x)*values[j];
od;
f:=unapply(L,x);
end proc;

pg 112: Problems 1ab



> > 

> > 

(5)(5)

(3)(3)

(4)(4)

> > 

points1 := [0,0.6];
points2 := [0,0.6,0.9];
f:= x -> cos(x);
values1a := [f(0.0),f(0.6)];
LagrangeInterp(points1,values1a,p_1a,x);
values2a := [f(0.0),f(0.6),f(0.9)];
LagrangeInterp(points2,values2a,p_2a,x);
f:= x -> sqrt(1+x);
values1b := [f(0.0),f(0.6)];
LagrangeInterp(points1,values1b,p_1b,x);
values2b := [f(0.0),f(0.6),f(0.9)];
LagrangeInterp(points2,values2b,p_2b,x);

p_1a(0.45);
error_a1 := abs(cos(0.45)-p_1a(0.45));
p_2a(0.45);
error_a2 := abs(cos(0.45)-p_2a(0.45));

0.8690017110

0.8981000750

f:= x -> sqrt(1+x);
p_1b(0.45);
error_b1 := abs(f(0.45)-p_1b(0.45));
p_2b(0.45);
error_b2 := abs(f(0.45)-p_2b(0.45));

1.198683298

1.203423728

Problems 2bd on page 112



> > 

> > 

(6)(6)

> > 

(7)(7)

(3)(3)

(8)(8)

> > 

points1 := [1.25,1.6];
points2 := [1.0,1.25,1.6];
f:= x -> (x-1)^(1/3);
values1b := [f(1.25),f(1.6)];
LagrangeInterp(points1,values1b,p_1b,x);
values2b := [f(1.0),f(1.25),f(1.6)];
LagrangeInterp(points2,values2b,p_2b,x);
f:= x -> exp(2*x)-x;
values1d := [f(1.25),f(1.6)];
LagrangeInterp(points1,values1d,p_1d,x);
values2d := [f(1.0),f(1.25),f(1.6)];
LagrangeInterp(points2,values2d,p_2d,x);

f :=  x -> (x-1)^(1/3);
p_1b(1.4);
error_b1 := abs(f(1.4)-p_1b(1.4));
p_2b(1.4);
error_b2 := abs(f(1.4)-p_2b(1.4));

0.7214485844

0.8169446700

f:= x -> exp(2*x)-x;
p_1d(1.4);
error_d1 := abs(f(1.4)-p_1d(1.4));
p_2d(1.4);
error_d2 := abs(f(1.4)-p_2d(1.4));

16.07536663



(6)(6)

> > 

> > 

(8)(8)

> > 

(3)(3)

15.26976332

Problem 3 of page 112
For this problem we need bounds on the absolute values of the appropriate derivatives of the functions 
in 1a and 1b

For 1a we need the second and third derivatives, i.e., -cos(x) and sin(x).  The absolute value of the first 
has the max 1 at at 0.0
and the second has its max (= sin(0.9) ) at 0.6.  Graphically
plot(cos(x),x=0.0..0.6);
plot(sin(x),x=0.0..0.9);



(10)(10)

> > 

> > 

> > 

(3)(3)

(6)(6)

> > 

> > 

(8)(8)

(11)(11)

(9)(9)

ErrorBound_a1 := abs((0.45-0.0)*(0.45-0.6)/2);
ErrorBound_a2 := abs(sin(0.9)*(0.45-0.0)*(0.45-0.6)*(0.45-0.9)/6)
;

The absolute values of the derivatives are decreasin6 with theeir max values of 1/2, 1/4, and 3/8 at 0.0
diff(sqrt(1+x),x); 
diff(sqrt(1+x),x$2);
diff(sqrt(1+x),x$3);

ErrorBound_a1 := abs(1/4*(0.45-0.0)*(0.45-0.6)/2);



> > 

> > 

(14)(14)

(6)(6)

> > 

> > 

(12)(12)

(13)(13)

> > 

(3)(3)

> > 

> > 

> > 

(8)(8)

(11)(11)

(15)(15)

ErrorBound_a2 := abs(3/8*(0.45-0.0)*(0.45-0.6)*(0.45-0.9)/6);

Page 120   Problem 1a
x[0]:= 8.1; Q[0,0] := 16.94410;
x[1]:= 8.3; Q[1,0] := 17.56492;
x[2]:= 8.6; Q[2,0] := 18.50515;
x[3]:= 8.7; Q[3,0] := 18.82091;
u:=8.4;

for i from 1 to 3
do
for j from 1 to i 
do
Q[i,j] := ((u-x[i-j])*Q[i,j-1]-(u-x[i])*Q[i-1,j-1])/(x[i]-x[i-j])
;
od;
od;
Q[3,3];

17.87714250
Problem 3 on page 120: note we show a is more accurate
TrueAnswer := sqrt(3.0);

f:= z -> 3.0^z;
x[0] := -2; Q[0,0] := f(x[0]);
x[1] := -1; Q[1,0] := f(x[1]);
x[2] :=  0; Q[2,0] := f(x[2]);
x[3] :=  1; Q[3,0] := f(x[3]);
x[4] :=  2; Q[4,0] := f(x[4]);
u:=0.5;



> > 

> > 

(17)(17)

(6)(6)

> > 

> > 

> > 

(16)(16)

(3)(3)

> > 

(8)(8)

(11)(11)

(15)(15)

> > 

for i from 1 to 4
do
for j from 1 to i 
do
Q[i,j] := ((u-x[i-j])*Q[i,j-1]-(u-x[i])*Q[i-1,j-1])/(x[i]-x[i-j])
;
od;
od;
est1:=Q[4,4];
error1 :=abs(est1-TrueAnswer);

f:= z -> sqrt(z);
x[0] := 0.0; Q[0,0] := f(x[0]);
x[1] := 1.0; Q[1,0] := f(x[1]);
x[2] := 2.0; Q[2,0] := f(x[2]);
x[3] := 4.0; Q[3,0] := f(x[3]);
x[4] := 5.0; Q[4,0] := f(x[4]);
u:= 3.0;

for i from 1 to 4
do
for j from 1 to i 
do
Q[i,j] := ((u-x[i-j])*Q[i,j-1]-(u-x[i])*Q[i-1,j-1])/(x[i]-x[i-j])
;
od;



(20)(20)

(18)(18)

> > 

(6)(6)

> > 

(19)(19)

> > 

> > 

> > 

(22)(22)

(21)(21)

(3)(3)

> > 

(8)(8)

> > 

(11)(11)

(15)(15)

> > 

> > 

> > 
od;
est2:=Q[4,4];
error2 :=abs(est2-TrueAnswer);

page 130  Problem 7
x[0] := -0.1; F[0,0]:= 5.3;
x[1] :=  0.0; F[1,0]:= 2.0;
x[2] :=  0.2; F[2,0]:= 3.19;
x[3] :=  0.3; F[3,0]:= 1.0;

for i from 1 to 3 do
for j from 1 to i do
F[i,j]:= (F[i,j-1]-F[i-1,j-1])/(x[i]-x[i-j]);
od;
od;
for i from 0 to 3 do print(F[i,i]); od;
p3 := z -> F[0,0]+F[1,1]*(z-x[0])+F[2,2]*(z-x[0])*(z-x[1])+F[3,3]
*(z-x[0])*(z-x[1])*(z-x[2]);

5.3

129.8333333

Let's confirm this is correct
for i from 0 to 3 do p3(x[i]); od;

5.3
2.000000000
3.189999998
1.000000002

x[4] := 0.35; F[4,0] := 0.97260;
for i from 1 to 4 do
for j from 1 to i do
F[i,j]:= (F[i,j-1]-F[i-1,j-1])/(x[i]-x[i-j]);
od;
od;



> > 

> > 

(3)(3)

(23)(23)

(6)(6)

> > 

> > 

(8)(8)

(11)(11)

(15)(15)

> > 

> > 

> > 

for i from 0 to 4 do print(F[i,i]); od;
p4 := z -> F[0,0]+F[1,1]*(z-x[0])+F[2,2]*(z-x[0])*(z-x[1])+F[3,3]
*(z-x[0])*(z-x[1])*(z-x[2])+F[4,4]*(z-x[0])*(z-x[1])*(z-x[2])*(z-
x[3]);

5.3

129.8333333

2730.243387

plot({p3(z),p4(z)},z=-1..0.35);

plot({p3(z),p4(z)},z=0..0.35);



> > 

> > 

> > 

> > 

(3)(3)

(23)(23)

(6)(6)

> > 

(8)(8)

(11)(11)

(24)(24)

(15)(15)

> > 

> > 

(25)(25)

Problem 1a on page 139
x[0]:=8.3; f[0]:=17.56492; fprime[0]:=3.116256;
x[1]:=8.6; f[1]:=18.50515; fprime[1]:=3.151762;

n:=1;
for i from 0 to n do
z[2*i] := x[i];
z[2*i+1]:=x[i];
Q[2*i,0]:=f[i];
Q[2*i+1,0]:=f[i];
Q[2*i+1,1]:=fprime[i];
if i<>0 then Q[2*i,1] := (Q[2*i,0]-Q[2*i-1,0])/(z[2*i]-z[2*i-1]);
fi;
od:



> > 

(6)(6)

> > 

(26)(26)

> > 

(28)(28)

> > 

> > 

> > 

(3)(3)

(27)(27)

(23)(23)

> > 

(8)(8)

(11)(11)

> > 

(15)(15)

> > 

(29)(29)

> > 

(25)(25)

for i from 2 to 2*n+1 do
for j from 2 to i do
Q[i,j]:= (Q[i,j-1]-Q[i-1,j-1])/(z[i]-z[i-j])
od;
od;

u:='u';
p3:= u -> Q[0,0] + Q[1,1]*(u-z[0]) + Q[2,2]*(u-z[0])*(u-z[1]) + Q
[3,3]*(u-z[0])*(u-z[1])*(u-z[2]);
print(p3(u));

Let's check that p3(u) interpolates correctly
for i from 0 to 1 do
p3(x[i]);
subs(u=x[i],diff(p3(u),u));
od;

17.56492
3.116256000
18.50515000
3.151762000

Problem 1c on page 139
x[0]:=-0.5;  f[0]:=-0.0247500; fprime[0]:=0.7510000;
x[1]:=-0.25; f[1]:= 0.3339375; fprime[1]:=2.1890000;
x[2]:= 0.00;  f[2]:= 1.1010000; fprime[2]:=4.0020000;

n:=2;
for i from 0 to n do
z[2*i] := x[i];
z[2*i+1]:=x[i];
Q[2*i,0]:=f[i];
Q[2*i+1,0]:=f[i];
Q[2*i+1,1]:=fprime[i];
if i<>0 then Q[2*i,1] := (Q[2*i,0]-Q[2*i-1,0])/(z[2*i]-z[2*i-1]);



> > 

(6)(6)

(31)(31)

> > 

> > 

> > 

(3)(3)

(23)(23)

> > 

(8)(8)

(30)(30)

(11)(11)

> > 

> > 

(15)(15)

> > 

(29)(29)

> > 

(25)(25)

fi;
od:
for i from 2 to 2*n+1 do
for j from 2 to i do
Q[i,j]:= (Q[i,j-1]-Q[i-1,j-1])/(z[i]-z[i-j])
od;
od;

u:='u';
p5:= u -> Q[0,0] + Q[1,1]*(u-z[0]) + Q[2,2]*(u-z[0])*(u-z[1]) + Q
[3,3]*(u-z[0])*(u-z[1])*(u-z[2]) + Q[4,4]*(u-z[0])*(u-z[1])*(u-z
[2])*(u-z[3]) + Q[5,5]*(u-z[0])*(u-z[1])*(u-z[2])*(u-z[3])*(u-z
[4]);
print(p5(u));

Let's check that p5(u) interpolates correctly
for i from 0 to 2 do
p5(x[i]);
subs(u=x[i],diff(p5(u),u));
od;

0.751000000
0.3339375000
2.189000000
1.101000000
4.002000000


