:> restart;

| Problem 9.1

| > with (LinearAlgebra) :

[> for j from 1 to 5 do
Digits:=10%*7j;
ConditionNumber (evalf (HilbertMatrix (30)) ,2);
od;

Digits := 10
9.302314490 10"
Digits =20
1.5990645462216154592 10%
Digits =30
1.27637609813237683931758268540 10
Digits := 40
1.270218893063568655814686052999263189344 10*!
Digits =50
4.2278062881026235021661444394125884522274686222951 10+

> for j from 1 to 5 do
Digits:=10*j;
ConditionNumber (evalf (HilbertMatrix (30)) ,infinity) ;
od;

Digits := 10
3.633135867 10"
Digits =20
5.5765929619639769167 10>
Digits := 30
4.33992598262296491421729235207 10>
Digits =40
3.605932883220734882273306249982262478373 10*!
Digits .= 50
1.1776795449176803625708094231550048677318684102624 10*

;Problem 9.2
=> restart;
| > with(LinearAlgebra):

> A:= evalf (HilbertMatrix(8)) ;

0.1250000000 ],

[0.5000000000, 0.3333333333, 0.2500000000, 0.2000000000, 0.1666666667, 0.1428571429,
0.1250000000, 0.11111111111],

[0.3333333333, 0.2500000000, 0.2000000000, 0.1666666667, 0.1428571429, 0.1250000000,
0.1111111111, 0.1000000000 |,

[0.2500000000, 0.2000000000, 0.1666666667, 0.1428571429, 0.1250000000, 0.1111111111,
0.1000000000, 0.09090909091 ],

[0.2000000000, 0.1666666667, 0.1428571429, 0.1250000000, 0.1111111111, 0.1000000000,
0.09090909091, 0.08333333333 ],

[0.1666666667, 0.1428571429, 0.1250000000, 0.1111111111, 0.1000000000, 0.09090909091,
0.08333333333, 0.07692307692 ],

4:=1[1.,0.5000000000, 0.3333333333, 0.2500000000, 0.2000000000, 0.1666666667, 0.1428571429,

0y

()]
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[0.1428571429, 0.1250000000, 0.1111111111, 0.1000000000, 0.09090909091, 0.08333333333,
0.07692307692, 0.07142857143 ],
[0.1250000000, 0.1111111111, 0.1000000000, 0.09090909091, 0.08333333333, 0.07692307692,
0.07142857143, 0.06666666667]]

=> T,Z := SchurForm(A,output=['T','Z2']);

T, Z:=[[0.298125211315803, -2.22044604925031 10", 1.48960542641647 10", 8.89720325539185 10™"%, (4

1.35617255153186 1077, 1.24830005787839 1077, 3.16538303241544 107, 6.25767918640535 107,
[-0., 1.69593899694191, -1.71929087882565 10, 1.17874511383439 10°'¢,
-9.57363713143115 1077 1.80556424052703 1077, -3.03682912507584 10", -6.00009659738191 107"

]

[0., -0., 0.0262128435674622, 3.98986399474666 107", -8.67903292968283 10°'%,
1.31418450463798 107", -3.96822024969536 10, -6.09407627776179 10°"7],

[0.,0., -0.,0.00146768811695009, 2.10586138015309 10", - 1.32608009636094 107,
-2.45110582458641 10", -3.79481104106170 10°"7],

[0.,0.,0., 0.,0.0000543694260751768, 8.42628375928578 10™'% 1.23385020605892 107",
1.59992768951981 107'7],

[0.,0.,0., 0., 0., 0.00000129432455494521, - 1.54294644852170 10'%, -7.07495602645295 1078,
[0.,0.,0.,0.,0. -0., 1.10003559823955 107", -4.65368503899883 10™'°],

[0., 0.,0.,0.,0.,0., -0.,1.79972423374871 10'8]], [[0.629483940288172, 0.720271369430432,
-0.277547250856855, -0.0865170304531276, 0.0206555745775761, -0.00381063148535788,
-0.0000471572962447299, -0.000523816957421020],

[-0.125670851600514, 0.432526015441124, 0.644928477354285, 0.550138190533486,
-0.266125890622646, 0.0857915129531394, 0.00253499253134843, 0.0188072830848564 ],
[-0.286419020871867, 0.318843646412652, 0.335150531825316, -0.336254015561981,
0.624065792616028, -0.418794332023564, -0.0331777549115658, -0.157995766371225],
[-0.327570106532218, 0.255242887159269, 0.0513071061632137, -0.459247720640691,
-0.0319532860419056, 0.579716987098143, 0.179887489485451, 0.494525731698721 ],

[ -0.332094295325504, 0.213861951122070, -0.144024123777325, -0.275649619289560,
-0.419384538782755, 0.123202210936319, -0.485066845385979, -0.566479270042503 ],
[-0.323539966469642, 0.184519788927988, -0.272863053753642, -0.0112717063634575,
-0.365529408867358, -0.418513205691169, 0.687274024888002, -0.0747154786648259 ],
[-0.310265781845791, 0.162514374472369, -0.357044204137071, 0.248964109680522,
-0.0180070396012874, -0.352358807353878, -0.489665413819636, 0.568864949704569 ],
[-0.295616625870828, 0.145343694353780, -0.411580765430296, 0.477278378910096,
0.477966356540585, 0.408259721856491, 0.138295524240993, -0.2829119175167301]]

=> Norm(A - Z .T. HermitianTranspose(Z) ,infinity);

i 3.20576898360513951 107 5)
> TT:=Matrix(8) :

i:='1i':

Jj:="3':

for i from 1 to 8 do for j from 1 to 8 do

if (abs(T(i,3j))>10~(-10)) then TT(i,Jj):=T(i,j) £fi:
od:

od:

TT;

PPN



[[0.298125211315803, 0, 0, 0, 0, 0, 0, 0], (6)
[0, 1.69593899694191, 0, 0, 0, 0, 0, 0],
[0, 0,0.0262128435674622, 0, 0, 0, 0, 0],
[0, 0,0,0.00146768811695009, 0, 0, 0, 0,
[0,0,0,0,0.0000543694260751768, 0, 0, 0],
[0,0,0,0,0,0.00000129432455494521, 0, 0],
[0,0,0,0,0,0, 1.10003559823955 10", 0],
[0,0,0,0,0,0,0,1.79972423374871 10™]

I just want to get the elements in order-if I was going to do this on a larger matrix, I would write a routine.
> M:=Matrix(8) :

M(7,8) :=1:
M(8,7):=1:
M(1,2):=1:
M(2,1):=1:
M(3,3):=1:
M(4,4) :=1:
M(5,5) :=1:
M(6,6) :=1:

| Take U:=Z . M, Sigma=M.TT . M,and V=2.M
> Sigma:=M . TT . M;

U:=2 . M;

V:= U:

T = [[1.69593899694191, 0., 0., 0., 0., 0., 0., 0. ],
[0.,0.298125211315803, 0., 0., 0., 0., 0., 0.],
[0.,0.,0.0262128435674622, 0., 0., 0., 0., 0. ],
[0.,0.,0.,0.00146768811695009, 0., 0., 0., 0. ],
[0.,0.,0.,0.,0.0000543694260751768, 0., 0., 0. ],
[0.,0.,0.,0.,0.,0.00000129432455494521, 0., 0. ],
[0.,0.,0.,0.,0. 0., 1.79972423374871 10, 0.],

[

0.,0.,0.,0.0., 0., 0., 1.10003559823955 10"'] |

U= [[0.720271369430432, 0.629483940288172, -0.277547250856855, -0.0865170304531276, W)
0.0206555745775761, -0.00381063148535788, -0.000523816957421020, -0.0000471572962447299 ],
[0.432526015441124, -0.125670851600514, 0.644928477354285, 0.550138190533486,
-0.266125890622646, 0.0857915129531394, 0.0188072830848564, 0.00253499253134843 ],
[0.318843646412652, -0.286419020871867, 0.335150531825316, -0.336254015561981,
0.624065792616028, -0.418794332023564, -0.157995766371225, -0.0331777549115658],
[0.255242887159269, -0.327570106532218, 0.0513071061632137, -0.459247720640691,
-0.0319532860419056, 0.579716987098143, 0.494525731698721, 0.179887489485451 ],
[0.213861951122070, -0.332094295325504, -0.144024123777325, -0.275649619289560,
-0.419384538782755, 0.123202210936319, -0.566479270042503, -0.485066845385979],
[0.184519788927988, -0.323539966469642, -0.272863053753642, -0.0112717063634575,
-0.365529408867358, -0.418513205691169, -0.0747154786648259, 0.687274024888002 ],
[0.162514374472369, -0.310265781845791, -0.357044204137071, 0.248964109680522,
-0.0180070396012874, -0.352358807353878, 0.568864949704569, -0.4896654138196361,




[0.145343694353780, -0.295616625870828, -0.411580765430296, 0.477278378910096,
0.477966356540585, 0.408259721856491, -0.282911917516730, 0.138295524240993 | ]
=> Norm (A-U . Sigma . HermitianTranspose (V) ,infinity);
2.60902410786911787 10"

| Problem 9.3

:> restart;

:> with (LinearAlgebra) :

[> A:= evalf (HilbertMatrix(8)) ;

4:=1[1.,0.5000000000, 0.3333333333, 0.2500000000, 0.2000000000, 0.1666666667, 0.1428571429,

0.12500000001],

[0.5000000000, 0.3333333333, 0.2500000000, 0.2000000000, 0.1666666667, 0.1428571429,

0.1250000000, 0.11111111111],

[0.3333333333, 0.2500000000, 0.2000000000, 0.1666666667, 0.1428571429, 0.1250000000,

0.1111111111, 0.1000000000 ],

[0.2500000000, 0.2000000000, 0.1666666667, 0.1428571429, 0.1250000000, 0.1111111111,

0.1000000000, 0.09090909091 |,

[0.2000000000, 0.1666666667, 0.1428571429, 0.1250000000, 0.1111111111, 0.1000000000,

0.09090909091, 0.08333333333 ],

[0.1666666667, 0.1428571429, 0.1250000000, 0.1111111111, 0.1000000000, 0.09090909091,

0.08333333333, 0.07692307692 ],

[0.1428571429, 0.1250000000, 0.1111111111, 0.1000000000, 0.09090909091, 0.08333333333,

0.07692307692, 0.07142857143 ],

[0.1250000000, 0.1111111111, 0.1000000000, 0.09090909091, 0.08333333333, 0.07692307692,

0.07142857143, 0.06666666667 ||

:> Q, R :=QRDecomposition(3) :

> Norm(A-Q . R,infinity)

i 3.74700270810990332 107"

[ Problem 9.4

| > restart;

> Digits:=15;

Digits :== 15

:> with (LinearAlgebra) :

> A:= evalf (HilbertMatrix(8)) ;

A4 :=1[[1.,0.500000000000000, 0.333333333333333, 0.250000000000000, 0.200000000000000,
0.166666666666667, 0.142857142857143, 0.125000000000000 ],
[0.500000000000000, 0.333333333333333, 0.250000000000000, 0.200000000000000,
0.166666666666667, 0.142857142857143, 0.125000000000000, 0.1111111111111117,
[0.333333333333333, 0.250000000000000, 0.200000000000000, 0.166666666666667,
0.142857142857143, 0.125000000000000, 0.111111111111111, 0.100000000000000 ],
[0.250000000000000, 0.200000000000000, 0.166666666666667, 0.142857142857143,
0.125000000000000, 0.111111111111111, 0.100000000000000, 0.0909090909090909 ],
[0.200000000000000, 0.166666666666667, 0.142857142857143, 0.125000000000000,
0.111111111111111, 0.100000000000000, 0.0909090909090909, 0.0833333333333333 ],
[0.166666666666667, 0.142857142857143, 0.125000000000000, 0.111111111111111,
0.100000000000000, 0.0909090909090909, 0.0833333333333333, 0.0769230769230769 ],
[0.142857142857143, 0.125000000000000, 0.111111111111111, 0.100000000000000,

®
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0.0909090909090909, 0.0833333333333333, 0.0769230769230769, 0.0714285714285714 ],
[0.125000000000000, 0.111111111111111, 0.100000000000000, 0.0909090909090909,
0.0833333333333333, 0.0769230769230769, 0.0714285714285714, 0.0666666666666667 ]|
> Q, R :=QRDecomposition(3) :
> for j from 1 to 10 do

B:=R . Q:
Q,R :=QRDecomposition (B) :
od:

> B:=Q . R;
B :=[[1.69593899692195, 3.44209300356216 10, 1.25492567655824 107'®, -2.53292041855164 107",
-1.43844569929438 107'8, 3.13187629408252 107", 8.13402030644869 1077, -1.15931583525015 107"

I

[3.44209298447741 107, 0.298125211316932, -1.20995985275652 10", 3.04596034665234 107",
2.90004964245103 1077, 9.56780200834514 10™'® 1.02305225332389 107", -7.33856346002277 10°"*],
[-1.03102519703884 10", -1.20995736923656 107", 0.0262128435781190, 1.61224501944775 10",
2.07152915388106 107, 1.27015659950748 107", 6.45734267613759 107", -2.54863972338176 10|,
[-3.75512528666514 10, -4.91653062569369 10%*, 1.61199923666269 107, 0.00146768811774172,
-8.17099197019427 107", -6.93615561132006 10°'% -3.37450426392623 10°'%,

-1.05829768184955 10°'%],

[-2.16130392209021 10™*, -2.98204171077192 10°, 1.16591404328460 107",

1.71489398419024 1077, 0.0000543694336975200, - 1.37833922218532 10™'%, 9.29897919152072 10",
1.86361147521150 1078,

[ -1.36967869025907 10, -1.94585797208877 10 8.36160963519558 10™*,

1.53371965516217 107, 8.17119659022494 102", 0.00000129433209174503,

-8.55057346117849 10", 5.68049050268845 107'%],

[ -3.38537643205394 10™*°, -4.89669147970469 107", 2.22793198096885 10,

4.63533004296222 1072 3.17191394462088 10, 8.66780809434596 10>, 1.79887374557506 10,
1.20667758895390 1078,

[ -1.83530052987920 10™%, -2.68619273556100 10", 1.26865507278509 107,

2.85931409232873 107'%, 2.26959786353736 107", 8.13314827189429 10™*’, 2.96709542206907 10",

1.11153842434037 107'°]]
> C:=DiagonalMatrix (Eigenvalues (34)) ;
C:=[[1.69593899692195 +0.1,0, 0, 0, 0, 0, 0, 0],

[0,0.298125211316931 + 0. 1,0, 0,0, 0,0, 0],
[0,0,0.0262128435781189 +0.1,0, 0, 0,0, 0],
[0,0,0,0.00146768811774175 +0.1,0, 0, 0, 0],
[0,0,0,0,0.0000543694336975087 +0.1,0,0, 0],
[0,0,0,0,0,0.00000129433209174197 +0.1, 0, 0],
[0,0,0,0,0,0, 1.79887374623880 10 0.1, 0],
[0,0,0,0,0,0,0,1.11153837196241 10" +0.1]]
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> for j from 1 to 8 do for k from 1 to 8 do
| if (B(j,k)< 104(-8)) then B(j,k):=0: fi: od: od:
> B;

[[1.69593899692195, 3.44209300356216 10°*, 0., 0., 0., 0., 0., 0. ], (15)
[3.44209298447741 10, 0.298125211316932, 0., 0., 0., 0., 0., 0. ],

0.,0.,0.0262128435781190, 0., 0., 0., 0., 0. |,

0.,0.,0.,0.00146768811774172, 0., 0., 0., 0.],

0.,0., 0., 0., 0.0000543694336975200, 0., 0., 0. ],

0.,0.,0., 0., 0., 0.00000129433209174503, 0., 0. ],

0.,0.,0.,0., 0., 0., 1.79887374557506 107, 0.],

0.,0.,0.,0.0.,0.0.0.]]
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