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Abstract

Researchers often encounter ordinal measures that they wish to examine as dependent variables in their
research—variables where the categories are ordered (running from high to low or low to high), but the
distance between the categories is unknown. For example, respondents might be asked if they strongly
disagree, disagree, agree, or strongly agree with a statement. Or, rather than give an exact value for their
years of education, respondents might be asked whether they had no education, some grade school, grade
school graduate, some high school, and so on. While it might be tempting to treat ordinal dependent variables
as though they were continuous and use techniques like ordinary least squares regression, this can result
in misleading estimates of independent variable effects and incorrect tests of statistical significance. Ordinal
regression models are therefore preferred under these circumstances—but there are many ordinal models to
choose from. This entry begins with a detailed discussion of perhaps the most popular choice, the ordered
logit model (also called the proportional odds model). The discussion will cover when the model might be
appropriate, the major assumptions of the model (and how they can be violated), and how to interpret model
results. However, in many cases, other ordinal models and methods will be more powerful or appropriate.
This entry therefore also discusses the ordered probit model, the generalized ordered logit model, interval
regression, scoring methods, heterogeneous choice/location scale models, stereotype models, stage models,
and the rank-ordered logit model—as well as briefly explains when and why each might be preferred.

Introduction

Researchers often estimate models where a continuous dependent variable, Y, is regressed on an
independent variable, X. But suppose the observed Y is not continuous. For example, Income might be
coded in categories such as <$1,000 = 1, $1,001-$10,000 = 2, $10,001-$30,000 = 3, $30,001-$60,000 = 4,
$60,001, or higher = 5. Respondents may also be asked, Do you approve or disapprove of the president’s
health care plan? The options being 1 = strongly disapprove, 2 = disapprove, 3 = approve, 4 = strongly
approve. Presumably, values of approval are not limited to four possible values. For example, respondents
could express their approval on a 100-point scale if it were to be constructed. However, when the possible
responses for approval have been condensed into four choices, the respondents must decide which of the
few available options best reflects their feelings.

For such variables, which are also known as limited dependent variables (Long, 1997), we know the
categories are ordered (running from high to low or low to high), but the distance between the categories is
unknown (Long & Freese, 2014). That is, unlike continuous variables, the distance between values 1 and 2
need not be the same as the distance between values 2 and 3.

The choice of an appropriate statistical technique is heavily affected by the measurement of the dependent
variable. When the dependent variable is continuous (e.g., income, or age), ordinary least squares (OLS)
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regression is often appropriate. Another instance in which the choice of statistical technique is more clear
occurs when the dependent variable is binary (e.g., yes/no, employed/unemployed). In this type of model, the

assumptions of OLS regression are violated, and methods like logistic or probit regression are often preferred.

When the dependent variable is ordinal however, the choice of statistical strategies may not be so clear. As
Scott Menard (2002) notes, some researchers will treat the variable as continuous and use OLS regression.
This may be fine if the variable has several categories but can be problematic if the variable has few
categories and/or if the spacing between categories is clearly not consistent. As Richard D. McKelvey and
William Zavoina (1975; see also Winship & Mare, 1984) point out, when OLS regression is used with ordinal
dependent variables, parameter estimates can be biased and misleading and tests of statistical significance
can be inaccurate. Others will use techniques like multinomial logistic regression (MLOGIT) which totally
ignore that the categories are ordered. Such techniques tend to be less parsimonious and harder to interpret

because they ignore the useful information that might be contained in the ordering of the categories.

Ordinal regression models are therefore often preferred. They avoid the problems of treating ordinal variables
as though they are continuous while at the same time still taking advantage of the knowledge that the
categories are ordered.

There is more than one ordinal regression model. This entry first focuses on one of the most popular models,
commonly called by such names as the ordered logit model (OLOGIT), the proportional odds model, the
cumulative logit model, the parallel lines model, or the parallel regressions model. The discussion will cover
when the model might be appropriate (and when it might not be), the major assumptions of the model, and
how to interpret model results.

This entry then discusses a few of the most popular alternatives: the ordered probit model, the generalized
OLOGIT (GOLOGIT), and interval regression. These models will sometimes be preferable to the ordered logit.
Still other less common but potentially useful alternatives—scoring methods, heterogeneous choice/location

scale models, stereotype models, stage models, and the rank-ordered logit—are also briefly mentioned.

While there will be some key equations in this entry, overall the approach will be relatively nonmathematical
and intuitive (for a more technical presentation, see Long, 1997; Long & Freese, 2014; Powers & Xie, 2008;
or Hardin & Hilbe, 2012).

The OLOGIT or Proportional Odds Model

Model Basics

Ordinal regression techniques, in particular the OLOGIT, can be motivated in various ways. One approach is
to say that there is an observed ordinal variable, Y. Y, in turn, is a function of another continuous, unmeasured
latent variable Y*, whose values determine what the observed ordinal variable Y equals. J. Scott Long and

Jeremy Freese (2014) write the model as
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Y =XB+e

Note that there are no intercept terms in the model. Instead, the continuous latent variable Y* has various
threshold points, which are represented using the Greek letter kappa (k). Our value on the observed variable
Y depends on whether or not we have crossed a particular threshold. For example, when there are three
possible responses for the observed variable Y,

Yi= 1ifY*iis £ K4

Y,'= 2ifK1S Y*,'S Ko

Yi= 3ifY* 2 K

Put another way, we can think of Y as being a collapsed version of Y*, for example, Y* can take on an infinite

range of values which might then be collapsed into three categories of Y.

As Long (1997) points out, we can also motivate the OLOGIT by thinking of it as a nonlinear probability model,
that is, we predict the probability of the observed Y being a 1, a 2, and so on based on the values of the
observed X variables. We do not have to rely on the notion of an underlying Y*, and some prefer not to. The
statistical procedures are the same either way.

With observed variables, the metric has to be set in some way, for example, we can measure income in
dollars or in thousands of dollars. This is just as true with unobserved variables like Y*. Typically, this is done
by assuming that the error term has a standard logistic distribution and hence has a residual variance of T%/3
(about 3.29). This choice may seem peculiar, and there are other ways to set the metric of the latent variable,
but this approach tends to work well in practice and has nice mathematical properties that make it easy to
compute other quantities of interest.

The K Bs and the M-1 ks are parameters that need to be estimated. Once we have done so, using the

corresponding sample estimates for each case we compute

K
A
Zi= E BrXk
Z is our best estimate of the underlying Y*, given the X values that were observed. It is similar to the y-hat

that can be estimated using OLS regression. Because Y* also has an error term, this estimate may be too

high or too low for any particular case.

Because the error term has a standard logistic distribution, we can use the estimated M — 1 cutoff terms to
estimate the probability that the observed Y will take on a particular value. For the OLOGIT, the formulas are

Py, > jy = SXPXB =)

=7 +[exp(X,-[3—Kj)]’ j=1,2, ...,M-1, which implies
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. exp(XB - Ky)
PO = 1) =1 = Texp (4B - k)]
P(Y, = j) = exp(XB — Kj-1) exp(XB - K)) =2 . M-1

T 1+ [exp(XB - K- )] 1+ [exp(XB - )]

exp(XB — Ky -1)
1+ [exp(XB = Ky -1)]

In the case of M = 3, these equations simplify to

P(Y;= M) =

1

Py=1)= 1+exp(Zi— Kq)
P(Y=2)= ! - 1
1+ exp(Z;— k) 1+exp(Zi - k)
o 1
P(Y=3)=1

1+ exp(Z; - ko)

As these formulas make clear, using the estimated value of the underlying latent variable and the assumed
logistic distribution of the disturbance term, the OLOGIT can be used to estimate the probability that the
unobserved variable Y* falls within the various threshold limits.

Interpreting Results

Here, two empirical examples are presented to illustrate the key features of the OLOGIT. The first uses
a very small data set, only 25 cases, making it possible to examine the interpretation of the OLOGIT for
individual cases. The second data set is much larger, over 2,000 cases, and will show how more complicated
hypotheses and model assumptions can be tested. All analyses were done with Stata 16, but several other
statistical packages could have been used as well.

On January 28, 1986, the space shuttle Challenger exploded only 73 s after launch, killing all seven crew
members. There was intense public interest in the flight because the crew included Christa McAuliffe, who
had been chosen from out of more than 11,000 applicants to become the first teacher in space. In Statistics
With Stata (Updated for Veersion 7), Lawrence C. Hamilton (2001) presents a fascinating example that shows
that the disaster might have been averted had NASA officials heeded the warning signs. His analysis is
replicated and extended here. Data covers the first 25 flights of the U.S. space shuttle. Table 1 lists the
variables that were measured for each flight.

Table 1. Shuttle data variables.

The number of “thermal distress incidents” in which hot gas damaged the joint seals of a flight's booster
DISTRESS rockets. Damage to the joint seals helped lead to the Challenger disaster. This is the dependent variable and
can be thought of as the observed indicator of the underlying riskiness of the flight. It is coded 1 = None, 2 = 1

or 2, and 3 = 3 or more.
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The calculated joint temperature at launch time. Temperature depends largely on weather. Colder

TEMP temperatures cause the rubber O-rings sealing the booster rocket joints to become less flexible and hence

more likely to have problems.

Date measured in days elapsed since January 1, 1960 (an arbitrary starting point). The rationale for this

DATE variable is that undesirable changes in the shuttle program, and aging hardware may have caused launches to

become more risky across time.

Table 2 contains excerpts from the data. For each selected flight the observed variable values are given,

as well at the estimates of the underlying latent variable and the predicted probability that the flight would

experience three or more distress incidents.

Table 2. Shuttle data, selected flights.

flight

13

23

24

25 (Challenger) MISSING

DISTRESS TEMP DATE

none

1or2

none

none

1or2

3 plus

66

70

69

78

76

58

31

7,772

7,986

8,116

9,044

9,461

9,508

9,524

Z (Computed) P (Y=3)

14.09598

14.10568

14.70623

16.19526

17.91227

21.18747

25.92117

1.753

1.770

3.180

12.708

44.769

95.543

99.959

Table 3 shows the results when the OLOGIT is used and DISTRESS is regressed on DATE and TEMP.

Challenger and one flight with missing data are excluded, yielding an N of 23 cases.

Table 3. Ordered logit model for shuttle data.
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Ordered logistic regression Number of obs = 23
LR chi2 (2) = 12.32

Prob > chi2 = 0.0021

Log likelihood = -18.79706 Pseudo R2 = 0.2468
distress | Coef Std. Err. z P>|z| [95% Conf. Interval]
_____________ +________________________________________________________________
date | 0.003 0.001 2.60 0.009 0.001 0.006

temp | -0.173 0.083 -2.08 0.038 -0.337 -0.010
_____________ e e L
/cutl | 16.428 9.555 -2.299 35.155

/ecut2 | 18.122 9.722 -0.933 37.178

Here is how to interpret the results. The likelihood-ratio x? for the model (sometimes referred to as L?) is
like the global F statistic in an OLS regression. It tests the hypothesis that at least one of the independent
variables in the model has a nonzero effect. When the null hypothesis is true (all independent variables have
zero effects), the model x? statistic has a x? distribution with degrees of freedom (df) equal to the number of
variable coefficients that are estimated. In this case, its value is 12.32 with 2 df. This is highly significant; the p
value of .0021 tells us that, if the null hypothesis of all effects equaling zero is true, if we drew 10,000 samples
this same way, we would expect only 21 of them to have coefficient estimates that differed this much from O.
This tells us that DATE and/or TEMP has a statistically significant effect on the number of thermal distress

incidents.

Ordinary least squares regression offers an R? statistic that measures the strength of the association between
the dependent and independent variables. Several pseudo-R? statistics have been proposed for logit and
OLOGITs. One of the most popular is McFadden’s R?, which is used here. The pseudo R? ranges between
0 and 1; the bigger the value, the stronger the relationship is. For this model, its value is .247. (Formulas
for various pseudo R? can be found in Long & Freese, 2014; Allison (2013) discusses the pros and cons of

various measures.)

How do we interpret the coefficients themselves? As is the case with OLS regression and many other
methods, the signs and statistical significance of the coefficients provide a basic way of interpreting results.
The positive coefficient for DATE means that the likelihood of having more distress incidents did increase with
time. Similarly, the negative coefficient for TEMP implies that colder temperatures increased the likelihood
of having more distress incidents. The standard errors, z values, p values, and confidence intervals indicate
that coefficients of this magnitude were unlikely to arise because of chance factors alone (e.g., because of
drawing an atypical sample).

The cut points or threshold parameters may seem unusual to those not familiar with ordinal models. Indeed,
they have little intuitive appeal and researchers usually spend little or no time on them when discussing
results. But, they do provide important information for computing other quantities of interest; in this case, we
will soon see how they can be used to estimate the riskiness of each flight. Here, the estimated values of
16.4281 and 18.1223 tell us the following. Since there are three possible values for Y (i.e., M = 3), the values
for observed Y are estimated to be
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Yi= 1ifY*is £ 16.4281

Y;= 2if16.4281 < Y*; £ 18.1223

Y;= 3ifY* =2 18.1223

As already noted, looking at the signs and statistical significance of coefficients provides us means for
interpreting them: Are effects positive or negative and do they significantly differ from zero? But, by
themselves, signs and statistical significance give little feel for the practical significance of the findings. Lower
temperatures increased the riskiness of a flight, but by how much? In practice, what exactly does a —.173
coefficient for TEMP mean?

There are several ways to make the results more tangible. Many find it useful to think in terms of the odds of
an event occurring, and how such odds are expected to change as X changes. When Y has only two possible
values—for example, 1 = success, 0 = failure—the odds can be expressed as

P(Y=1)

P(Y=0)

For example, if the probability of success is .6 for a case, the probability of failure is .4, and the odds of
success are 1.5. Conversely, if the probability of success is .25, the probability of failure is .75, and the odds

of success are .25/.75 = 1/3.

Ordinal variables can have more than two outcomes, so multiple measures of odds can be computed. If the
categories are 1, 2, 3,..., M, the odds formulas can be written as

%(%%,j=1,2, e, M=1

For example, if there is a .2 probability that y = 1, there is a .80 probability that y will be greater than 1, so the
odds of getting a value greater than 1 are .8/.2 = 4. Or, if there is a .70 probability that y will equal 1, 2, or 3,
the probability of getting a value greater than 3 is .3, and the odds of getting a value greater than 3 are .3/.7
= .429.

Now, suppose a one-unit increase in X multiplies the odds of achieving a higher valued outcome by 1.25,
that is, makes the odds 25% greater. If the odds were 1 before the increase, they would be 1.25 after, which
means that the probability of having a higher value would now be 1.25/(1 + 1.25) = 55.6%. If the odds of
getting a higher value before X increased were 2, after the increase they would be 2.5 and the probability of
a higher valued outcome would be 2.5/(1 + 2.5) = 71.4%.

In the case of ordinal regression, we are interested in how the odds of getting higher values on the ordinal
variable Y are affected by changes in the Xs. One of the reasons the OLOGIT is so popular is because the
effect of X on the odds is easily calculated. To estimate the effects of increases in X on the odds of having
a higher value on Y, we exponentiate the coefficients, that is, compute e°*. The resulting quantities are then
referred to as odds ratios because they are the odds of having a higher value on Y after the increase in X
divided by the odds before the increase. As in the previous examples, this ratio will be the same regardless
of what the odds were before X increased. Equivalently, if we want to see the percentage change in the odds
after a one unit change in X, we can use the formula (Long & Freese, 2014)
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Percentage Change in Odds = 100 * (eBX -1)
Table 4 shows the results when the coefficients are exponentiated.

Table 4. Odds ratios for shuttle data.

Ordered logistic regression Number of obs = 23
LR chi2(2) = 12.32

Prob > chiz = 0.0021

Log likelihood = -18.79706 Pseudo R2 = 0.2468
distress | Odds Ratio Std. Err. z P>|z]| [95% Conf. Interwvall]
_____________ e e e e o e e e e e e e e e e e e e e e e e e e e e e
date | 1.003 0.001 2.60 0.009 1.001 1.006

temp | 0.841 0.070 -2.08 0.038 0.714 0.990
_____________ +________________________________________________________________
/cutl | 16.428 9.555 -2.299 35.155

fcut2 | 18.122 9.722 -0.933 37.178

For TEMP, the odds ratio is exp(~.173) = .841. This means that, with each 1 degree increase in temperature,
the odds of obtaining a higher valued outcome on the observed y get multiplied by .841; or, equivalently,
decline by 100*exp(-.173) — 1) = 15.9%. For DATE, each additional day increases the odds of a higher
outcome by 0.3% (which may not seem like much, but remember, the launches took place over several
hundred days).

While many like odds ratios—they are somewhat more tangible and intuitive than the original
coefficients—other approaches can provide more or alternative insights. It often helps to plug in some
hypothetical or real data values to get a better feel for the coefficients’ meaning. For example, with shuttle
Flight 13, the temperature was 78 °F on launch date and date equaled 9044. Hence, for Flight 13, the
estimated value of the underlying latent variable is

Z; = (.003286 *9044) — .173375* 78 = 16.195334

Note that this value is slightly less than the lowest threshold estimate of 16.4281. But, this is just an estimate
of the underlying value of Y*, and the true value of the unobserved variable may be higher or lower. This
uncertainly is reflected in the formulas that predict the probability for each of the observed values of Y given
the observed values of the Xs. For Flight 13, we can therefore next compute

_ 1 _ 1
)= T+ exp(Z - k;) - 1 +exp(16.195334 — 16.4281)

P(Y =1 = 5579

1 1
1+exp(Zi—K2) 1+exp(Z—Kq)

_ 1 ) 1
T 1+ exp(16.195334 - 18.1223) 1 +exp(16.195334 — 16.4281)

P(Y=2)=

=.8729 - 5579 = .315

Ay 1 4 1 _
Y =) = - exp(Z - xp) — |~ T+exp(16.195334 — 18.1223) 127"

Hence, for Flight 13, which occurred more than a year earlier than Challenger under much warmer conditions,
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the most likely outcome (55.79%) was that there would be no damage to the booster joints. However, there
was still more than a 40% chance Flight 13 would experience one or more distress incidents. In fact, Flight

13 did not have any problems.

Now, consider shuttle Flight 25, Challenger. Remember, Challenger’'s own data were not used when
calculating these parameters. Hence, it would have been possible for a NASA official to use these numbers on
launch day to predict the likelihood of a problem. On Challenger’s launch date, DATE equaled 9,524, and the
temperature at launch time was 31° F (the previous coldest launch had been at 53° F). Hence, for Challenger,

Z;j = (.003286 *9524) - .173375*31 = 25.9212
This value is much higher than the upper threshold estimate of 18.1223 presented by the OLOGIT. Using the

formulas presented earlier and the threshold estimates, we can now compute the probabilities of Challenger

falling into each of the three different distress categories:

1 1

)= T4 exp(Z - x7) ~ 1 +exp(25.9212 - 16.4281) 0000754

P(Y=1

1 1 _ 1 B 1
1+exp(Zi-0;)  1+exp(Zi—Kkq) 1+exp(25.9212 - 18.1223) 1 +exp(25.9212 - 16.4281)

=.000410 - .0000754 = .0003346

P(Y=2)=

v 4 1 -1 1 =
Y =) = axp(Z - k) |~ T+ exp(25.9212 - 18.1223) ~ 99999

Hence, based on the experience from the previous 24 flights, there was virtually no chance that Challenger

would experience no damage to its joint seals. Indeed, it was a virtual certainty (99.96%) that Challenger

would experience 3 or more distress incidents.

Admittedly, ordinal regression models may not have been widely known back in 1986. But, if we run OLS
regression instead, the predicted value for Challenger is 4.63, which is not a legitimate value for Y as it is
currently coded, but is consistent with the finding that launching on that day was very risky. Indeed, one
engineer working on Challenger, Bob Ebeling, did try to stop the launch—but his warnings were not heeded
(Berkes, 2016).

In this example, we computed the expected probabilities for two of the actual flights. But, we could just
as easily have used hypothetical values—for example, we could have calculated the risk of Challenger if it
had waited 10 more days and the temperature was 75° F (the estimated probability of 3 or more distress
incidents would have only been 53.76% in that case). Stata and many other statistical packages make
such calculations easy. Long and Freese (2014) and Williams (2012) give many examples of how predicting
the likelihood of events using real or hypothetical values can make the substantive meaning and practical
significance of results clearer.

Model Comparisons

The model x2, also called L2, tests whether all the variables in the model have zero effects. However,
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researchers are often interested in testing hypotheses about subsets of variables. For example, a researcher
might want to compare a model that has X1, X2, and X3 included, with a model that has the same three
variables plus X4 and X5. We refer to the first model as the constrained model because, by not including X4
and X5, we in effect constrain their effects to equal 0. For example, X1, X2, and X3 might be demographic
variables, and we might want to see whether attitudinal measures X4 and X5 tell us anything more than the
demographic variables do. The unconstrained model is the model that allows X4 and X5 to have nonzero
effects.

In logistic regression, we can do this via x? contrasts. The simplest formula is

L?> =Model L2 - Model L? , df = number of constraints
Diff Unconstrained Constrained

When the null hypothesis is true—the effects of the additional set of variables are all zero—the difference
between the model x?s of the constrained and unconstrained models has a x? distribution with df equal to the
number of constraints. A large L? value suggests that at least one of the added variables has an effect that
differs from zero.

The shuttle data are too small and have too few variables to demonstrate these principles, so here a new
example is presented to show how this works in practice. The European Social Survey (ESS) is a cross-
national study that has been conducted every 2 years across Europe since 2001. For this example, the
2012 ESS survey for Great Britain (ESS Round 6: European Social Survey Round 6 Data (2012)) is used.
The study has 2,286 respondents, of which 2,159 (94.4%) have complete data for the variables used in this
analysis. Although cases have unequal probabilities of selection, weighting had little effect on the results so
to simplify the presentation they were not used. Williams (2016) shows how models can be estimated when
data are weighted.

Respondents were asked the extent to which they agreed or disagreed with the following statement: “Gay
men and lesbians should be free to live their own life as they wish.” The possible responses were 1 = strongly
disagree, 2 = disagree, 3 = neither agree nor disagree, 4 = agree, and 5 = strongly agree. We use this as our
response variable, HMSFREE. Thus, the higher the reported value, the more supportive the person is of gay
and lesbian rights.

The explanatory variables are the responses to the following questions. In some cases, the original coding

has been modified or reversed to make interpretation easier.

« AGEDECADE—Age of respondent (in decades, e.g., a value of 3.4 means 34 years old)

 FEMALE—Gender of respondent (1 = Female, 0 = Male)

* LIFEWORSE—*‘For most people in this country life is getting worse rather than better” (coded 1 =
strongly disagree to 5 = strongly agree)

* HINCFEL—*Which of the descriptions on this card comes closest to how you feel about your
household’s income nowadays?” (1 = living comfortably on present income, 2 = coping on present
income, 3 = finding it difficult on present income, 4 = finding it very difficult on present income)
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« FEELECON—"On the whole how satisfied are you with the present state of the economy in this
country?” (11 point scale where 0 = extremely satisfied and 10 = extremely dissatisfied).

Age and gender are demographic variables. We might reasonably expect that age is related to attitudes
about gays and lesbians because of changing attitudes across time. Gender might also be related whether
women tend to be more tolerant than men of different lifestyles. HINCFEL and LIFEWORSE measure different
aspects of satisfaction with one’s life. The theoretical argument for including them as explanatory variables
is less clear. Dissatisfaction with one’s life could lead to less tolerance toward others, but not necessarily.
FEELECON measures satisfaction with the entire economy but not necessarily satisfaction with one’s own
life.

Therefore, we are interested in estimating two models. The first model includes only the demographic
variables, while the second model adds the attitudinal variables. The two models are presented in Tables 5
and 6, along with an explanation of how they can be compared.

Table 5. Constrained model.

Ordered logistic regression Number of obs = 2,159
LR chiz2 (2) = 137.25

Prob > chi2 = 0.0000

Log likelihood = -2404.4954 Pseudo RZ2 = 0.0277
hmsfree | Coef Std. Err z P>l z]| [95% Conf. Interval]
_____________ +________________________________________________________________
agedecade | -0.239 0.023 -10.55 0.000 -0.283 -0.194
female | 0.384 0.083 4.60 0.000 0.220 0.547
_____________ B e e S O e e B L O e R Sy L O TSy L S S O S ST g S KB P o M S RN R Sy
/cutl | -5.339 0.226 -5.781 -4.896

/eut2 | -3.977 0.167 -4.304 -3.649

/cut3 | -2.758 0.148 -3.048 -2.468

/cutd | -0.339 0.133 -0.600 -0.079

Not surprisingly, older people are more likely to disagree that gays should be able to live their lives the way
they want. Conversely, women are more supportive. The model x? and the z values for the two demographic

variables are all highly significant.

Table 6. Unconstrained model.
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Ordered logistic regression Number of obs = 2,159
LR chi2 (5) = 164.71

Prob > chi2 = 0.0000

Log likelihood = -2390.7632 Pseudo RZ2 = 0.0333
hmsfree | Coef Std. Err z P>|z| [95% Conf. Interval]
_____________ +________________________________________________________________
lifeworse | -0.046 0.051 -0.90 0.369 -0.146 0.054
hincfel | -0.100 0.054 -1.86 0.064 -0.205 0.006
feelecon | 0.112 0.022 5.06 0.000 0.069 0.156
agedecade | -0.248 0.023 -10.77 0.000 -0.294 -0.203
female | 0.388 0.084 4.63 0.000 0.224 0.552
_____________ +________________________________________________________________
/cutl | -5.058 0.292 -5.631 -4.485

/cut2 | -3.695 0.250 -4.184 -3.205

/cut3 | -2.471 0.238 -2.936 -2.005

/cutd | -0.026 0.231 -0.478 0.425

The difference between the two model x?s is 164.71 — 137.25 = 27.46 with 3 df. This value is highly significant,
indicating that at least one of the attitudinal measures has a statistically significant effect. For LIFEWORSE
and HINCFEL, less satisfaction is negatively associated with support for gay and lesbian rights, but neither
effect is significant at the .05 level. For FEELECON, higher dissatisfaction levels are positively related to
support for gay rights.

However, the use of x? statistics as goodness of fit measures has sometimes been criticized. When sample
sizes are large, it is much easier to accept (or at least harder to reject) more complex models because the x?
test statistics are designed to detect any departure between a model and observed data. That is, adding more
terms to a model will always improve the fit, but with a large sample, it becomes harder to distinguish a “real”
improvement in fit from a substantively trivial one. Likelihood-ratio tests therefore often lead to the rejection of
acceptable models, and models become less parsimonious than they need to be.

Therefore, as many have noted, including J. Scott Long (1997) and Adrian E. Raftery (1995), information
measures—in particular the Bayesian information criterion (BIC) and the Akaike information criterion
(AIC)—have become increasingly popular. The BIC and AIC statistics are appropriate for many types of
statistical methods (e.g., OLS regression), and are not just limited to logistic regression. The basic idea
is to compare the relative plausibility of two models rather than to find the absolute deviation of observed
data from a particular model. Unlike many measures, the information measures have penalties for including
variables that do little to improve fit. Particularly with large samples, the information measures can lead
to more parsimonious but adequate models. There are different formulas for these measures (see Long &
Freese, 2014, for a discussion). It really does not matter which we use, so long as we are consistent when

making comparisons between models.

When comparing two models, the model with the smaller BIC value is preferred. The same is true with AIC.
How much one model is preferred over the other depends on the magnitude of the difference. For BIC, Raftery
(1995) proposed the guidelines presented in Table 7:
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Table 7. BIC guidelines.

Absolute difference Evidence

0-2 Weak

2-6 Positive
6-10 Strong

>10 Very strong

Returning to our earlier constrained and unconstrained models, the BIC and AIC statistics, along with the x?
contrast presented earlier, are shown in Table 8.

Table 8. BIC, AIC, and likelihood-ratio tests.

Likelihood-ratio test LR chi2 (3) = 27.46
(Assumption: constrained nested in unconstrained) Prob > chi2 = 0.0000
Rkaike's information criterion and Bayesian information criterion
Model | N 11 (null) 11 (model) df AIC BIC
_____________ +_______________________________________________________________
constrained| 2,159 -2473.119 -2404.495 6 4820.991 4855.055
unconstrained| 2,159 -2473.119 -2390.763 9 4799.526 4850.623

The BIC statistic does favor the unconstrained model, but, by Raftery’s criteria, the difference between the
model BIC values (4,855.055 - 4,850.623 = 4.432) provides only positive support for the unconstrained
model, not strong or very strong. The AIC statistic also supports the unconstrained model.

Often, as in this case, the Likelihood-ratio x? contrast and the BIC and AIC statistics all support the same
model. The measures do not always agree though, and researchers will then have to decide which model they
think is most defensible. Further, even though in this case all three measures preferred the unconstrained
model that does not mean that all the variables that were added in the unconstrained model should have
been added. The z values for the individual variables suggest that FEELECON should be in the model, but
the statistical case for including LIFEWORSE and HINCFEL is shakier.

Testing Model Assumptions

Regardless of how reasonable any of the models presented so far may be, none of them should be accepted
without further testing. The OLOGIT or proportional odds model makes certain assumptions about the data.
If these assumptions are not met, the use of the model may be inappropriate. The assumptions of the model

are explained in this section, and then ways for testing the assumptions are presented.
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Williams (2016) presents hypothetical examples that illustrate what the proportional odds assumption is and

when the assumptions are and are not violated. The first example presents an ideal (and probably never

realized) situation, whereas the second example is typical of what is often encountered in practice.

Table 9. Hypothetical example—Perfect proportional odds/parallel lines.

| attitude
gender | SD D A SA | Total
___________ +____________________________________________+ ——
Male | 250 250 250 250 | 1,000
Female | 100 150 250 500 | 1,000
___________ +____________________________________________+ e e b e S, e s i
Total | 350 400 500 750 | 2,000
1versus 2, 3,4 1&2versus 3 &4 1, 2, 3versus 4

QOddsm 750/250 =3 500/500 =1 250/750 =1/3
QOddsr 900/100 =9 750/250 =3 500/500 =1
OR (Oddsr / Oddsm) 9/3=73 3/1=3 1/(1/3)=3

Brant Test (2 d.f.) 0.0 (p = 1.000)

In Table 9, looking at the column labeled 1 versus 2, 3, 4, we see that men are 3 times as likely to be in one
of the higher categories as they are to be in the lowest category, so the odds for men are 3 (i.e., 750/250).
Women, on the other hand, are 9 times as likely to be in one of the higher categories, so the odds for women
are 9 (i.e., 900/100). Ergo, the ratio of the odds for women to men (i.e., the odds ratio) is 9/3 = 3.

Similarly, for the column labeled 1, 2 versus 3, 4, men are equally likely to be in either the two lowest or
the two highest categories, yielding odds of 1. Women are 3 times as likely to be in one of the two higher
categories as they are to be in one of the two lowest categories, yielding odds of 3. The odds ratio for women

compared to men is therefore once again 3.

Finally, the odds ratio is again 3 for the 1, 2, 3 versus 4 column. The Brant test (to be explained shortly) says

the data meet the proportional odds assumption perfectly.

Table 10. Hypothetical example—Proportional odds violated.
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| attitude
gender | SD D A SA | Total
___________ T S
Male | 250 250 250 250 | 1,000
Female | 100 300 300 300 | 1,000
___________ +____________________________________________+__________
Total | 350 550 550 550 | 2,000
1versus 2, 3, 4 1&2versus 3 &4 1, 2, 3 versus 4
QOddsm 750/250 =3 500/500 =1 250/750=1/3
QOddsr 900/100 =9 600/400 =1.5 300/700 =3/7
OR (Oddsr / Oddsm) 9/3=3 1.5/1=1.5 (3/7)/(1/3)=1.28
Brant Test (2 d.f.) 40.29 (p =0.000)

Table 10 presents a second example. In this case, women are again clearly more likely to agree than men
are; and yet, the assumptions of the OLOGIT are not met. Gender has its greatest effect at the lowest levels
of attitudes—that is, as the odds ratio of 3 indicates, women are much less likely to strongly disagree than
men are. But other differences are smaller—that is, in the 1 and 2 versus 3 and 4 cumulative logit, the odds
ratio is only 1.5, and in the last cumulative logit, 1, 2, 3 versus 4, the odds ratio is only 1.28. The odds for
women being in a higher category are consistently greater than the odds for men (i.e., women are more likely
to agree than men are). But, because the odds ratios are not the same across the different regressions, the
Brant test is highly significant (40.29 with 2 df). Thus, even though women do hold more favorable attitudes
than do men, the assumptions of the proportional odds model are not met. There is an ordinal relationship
between gender and attitudes, but it is not the kind of ordinal relationship that meets the assumptions of the

proportional odds model.

There are several ways to test the proportional odds or parallel lines assumption of the OLOGIT. The most
common is the Brant test (Brant, 1990; see Long, 1997, for details on how the test is computed). In Stata,
the Brant test can be calculated using Long and Freese’s (2014) brant command, which is part of their SPost
suite of commands. For the unconstrained model with the ESS, the Brant test (Table 11) suggests that the

model assumptions are violated:

Table 11. Brant test of parallel regression/proportional odds assumption.
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| chi?2 p>chi?Z2 df
_____________ +______________________________
All | 43.90 0.000 15
_____________ +______________________________
lifeworse | p e 1 0.502 3
hincfel | 13.69 0.003 3
feelecon | 1.45 0.693 3
agedecade | 7.98 0.046 S
female | 6.79 0.079 3

A significant test statistic provides evidence that the parallel
regression assumption has been violated.

The Brant test for all the variables, 43.90 with 15 df, is highly significant. At least one variable in the model
violates the assumptions of the proportional odds model. However, Brant tests can also be done on individual
variables. The tests reveal that only HINCFEL clearly violates the model assumptions. While the Brant test
for AGEDECADE is significant at the .05 level, Williams (2006) argues that, since multiple variables are being
tested, more stringent a levels should be used (e.g., .01), before deciding that any given variable violates
proportional odds.

The detail option (see Table 12) for Long and Freese’s brant command clarifies why the OLOGIT is also

sometimes called the parallel lines model, the parallel regressions model, or the cumulative logit model.

Table 12. Estimated coefficients from cumulative logits.

Variable | y gt 1 y gt 2 y gt 3 y gt 4
_____________ +____________________________________________
lifeworse | -0.263 -0.185 -0.086 -0.003
| -1.09 -1.56 -1.20 -0.06
hincfel | -0.837 -0.261 -0.156 -0.069
| -4.03 —Zn 2 -2.06 -1.17
feelecon | 0.026 0.071 0.095 0.124
I 0.27 1.42 3.04 4.86
agedecade | -0.130 =0:,.1.51 -0.191 -0.285
| -1.24 SewBS -5.80 -10.66
female | 1.194 0.485 0.294 0.436
| 3.08 2.55 2.48 4.51
_cons | 7.007 4.1506 2.540 -0.123
I 6.17 7.40 7.46 -0.48

In the cumulative logits, the ordinal variable is dichotomized. First it is Category 1 versus all higher categories,
then Categories 1 and 2 versus all higher categories, and so on. If the assumptions of the OLOGIT are
met, the coefficients (other than the constants) should be the same for each logistic regression—that is, the
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regression lines will be parallel, differing only in their intercepts. To the extent that the coefficients are not
identical, the assumptions of the OLOGIT are violated. Because of sampling variability we never expect the
proportional odds assumption to hold perfectly in a data set, but the Brant test tells us whether the violations
of assumptions are too large just to attribute to chance factors alone. Visual inspection suggests that the
coefficients for HINCFEL vary greatly across models.

What are the implications of these violations of assumptions? Some would suggest that, when assumptions
are violated, a multinomial logit model (MLOGIT) should be used instead. Table 13 shows what happens
when an MLOGIT model is estimated:

Table 13. MLOGIT.

Multinoemial logistic regression Number of obs = 2,159
LR chi2 (20) = 207.29
Prob > chi2 - 0.0000
Log likelihood = -2369.4758 Pseudo R2 = 0.0419
hmsfree | Coef. Std. Err. z P>|z| [95% Conf. Interval]
___________________________ i e st e i e e e e e i e e e e e ke i i
Disagree_Strongly | (base outcome)
___________________________ +________________________________________________________________
Disagree |
lifeworse | -0.118 0.275 -0.43 0.668 -0.657 0.421
hincfel | -0.832 0.250 -3.33 0.001 -1.322 -0.343
feelecon | =0.057 0.112 =0.51 0.607 =0.276 0.1861
agedecade | 0.020 0.122 0.16 0.870 -0.219 0.258
female | 0.949 0.441 2.15 0.031 0.084 1.814
_cons | 3.090 1.291 2.39 0.017 0.561 5.620
___________________________ e e e e e e e e e e e e e e e
Neither agree nor disagree |
lifeworse | =0.241 0.254 =0.95 0.342 =0.738 0.256
hincfel | =-0.755 0.223 -3.39 0.001 -1.191 -0.318
feelecon | -0.058 0.102 -0.57 0.570 -0.259 0.143
agedecade | 0.038 0.112 0.34 0.733 -0.181 0.258
female | 1.030 0.407 2.53 0.011 0.231 1.828
_cons | 4.237 1.189 3.56 0.000 1.906 6.568
___________________________ ]
Agree |
lifeworse | =0.281 0.244 =1.15 0.249 -0.759 0.197
hincfel | -0.833 0.209 -3.98 0.000 -1.243 -0.423
feelecon | 0.004 0.098 0.04 0.970 -0.188 0.195
agedecade | =0.064 0.107 =0.60 0.551 =0.274 0.1486
female | 1.067 0.390 2.74 0.006 0.303 1.832
_cons | 6.239 1.141 5.47 0.000 4.003 8.474
___________________________ e e e S
Strongly Agree [
lifeworse | -0.263 0.246 -1.07 0.285 -0.746 0.219
hincfel | -0.868 0.211 -4.11 0.000 -1.282 -0.454
feelecon | 0.115 0.099 1.16 0.245 -0.079 0.308
agedecade | -0.327 0.108 -3.02 0.002 -0.539 -0.115
female | 1.466 0.393 3.73 0.000 0.696 2.237
_cons | 6.238 1.148 5.43 0.000 3.988 8.488

The MLOGIT model is much less parsimonious. The OLOGIT estimated five coefficients for five variables;
MLOGIT estimates 20. Interpretation is certainly possible, but it is far more complicated than it is with the
OLOGIT. Does the OLOGIT model really need to be totally abandoned, even when as few as one or two
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variables are problematic? The GOLOGIT model, discussed shortly, suggests that a less extreme approach
may be possible.

Alternative Ordinal Models

The OLOGIT or proportional odds model may be the most popular ordinal regression model. But, it is not
the only one. Depending the circumstances, some models may work just as well or better. Some of the most

common alternatives are discussed next.

Ordered Probit

The ordered probit model is very similar to the ordered logit, except the error term is assumed to have a
normal distribution with mean 0 and variance 1, that is, N(O, 1). In practice, the ordered logit and ordered
probit models almost always lead to the same substantive conclusions. Some prefer the ordered logit
because they like using the exponentiated coefficients or odds ratios to discuss effects, and the ordered probit
model does not have that nice mathematical property. In most cases, though, the choice between logit and

probit is based on whatever the most common practice is within a discipline.

GOLOGIT

When the assumptions of the OLOGIT are violated, some authors recommend that the MLOGIT model
be used instead. The MLOGIT model makes no assumptions about the ordering of a variable; indeed,
categories could be randomly renumbered and the MLOGIT model would give the same results. However,
since the MLOGIT model ignores all the information about the ordering of categories, it estimates many more
parameters, making it less parsimonious and more difficult to interpret. Williams (2006, 2016) suggests that
another alternative also be considered: the GOLOGIT model. (GOPROBIT models can also be estimated if
a researcher prefers them; conclusions are usually the same either way.) The GOLOGIT model can relax
the proportional odds assumption for those variables that violate it, while keeping the constraints on those
variables that do not violate it. It therefore avoids the use of a model whose assumptions are violated
(OLOGIT) while also avoiding the use of a model that is much less parsimonious (MLOGIT) than it needs to
be.

The GOLOGIT model (Williams, 2006) can be written as

e ofxa) o P XB) _
P(Y,>j)—g(XB/)—1+[exp(aj+XiBj)],J—1,2, o M- 1

where M is the number of categories of the ordinal dependent variable.

When M = 2, the GOLOGIT model is equivalent to the binary logistic regression model. The proportional odds
or parallel lines model is also a special case of the GOLOGIT model. The parallel lines model can be written
as
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exp(cy+ X)
1+ [exp(a; + XB)]
The formulas for the parallel lines model and GOLOGIT model are the same, except that in the parallel lines

P(\/I>j)=g(XB): ,j=1,2, ...,M_1

model, the betas (but not the alphas) are the same for all values of ;.

As noted previously, a key problem with the parallel lines model is that its assumptions are often violated,
while common solutions like MLOGIT often go too far in the other direction, estimating far more parameters
than is really necessary. Another special case of the GOLOGIT model overcomes these limitations. In the
partial proportional odds model, some of the beta coefficients can be the same for all values of j, while others
can differ. For example, in the following, the betas for X1 and X2 are the same for all values of j, but the betas
for X3 are free to differ.

exp(aj+ X181 + X282 + X2,82)) )
1+ exp(og+ X181+ x2p2+x3p3)] T "

Consider again the example from the ESS. The assumptions of the OLOGIT were violated, but only one

PLY;>))-

L, M=1
variable, HINCFEL, was clearly problematic. Table 14 shows the parameter estimates when a GOLOGIT or

partial proportional odds model is used instead.

Table 14. GOLOGIT model for ESS data.

Page 20 of 30 Ordinal Regression Models



SAGE SAGE Research Methods Foundations
2019 SAGE Publications, Ltd. All Rights Reserved.

Generalized Ordered Logit Estimates Number of obs = 2,159
LR chiZ (8) = 188.08
Prob > chi2 = 0.0000
Log likeliheood = -2378.5811 Pseudo RZ = 0.0382
hmsfree | Coef std. Err z P>|z| [95% Conf. Interval]
_____________ e e e e e e e e e e e e e e e e e e
SD |
lifeworse | -0.047 0.051 -0.9%1 0.363 -0.147 0.054
hincfel | -0.957 0.167 -5.74 0.000 -1.284 -0.631
feelecon | 0.113 0.022 5.08 0.000 0.069 0.157
agedecade | -0.251 0.023 -10.85 0.000 -0.29%6 -0.206
female | 0.387 0.084 4,62 0.000 0.223 0.551
_cons | 6.882 0.502 13.71 0.000 5.898 7.866
_____________ +________________________________________________________________
D |
lifeworse | -0.047 0.051 -0.%91 0.363 -0.147 0.054
hincfel | -0.387 0.113 -3.43 0.001 -0.609 -0.166
feelecon | 0.113 0.022 5.08 0.000 0.069 0.157
agedecade | -0.251 0.023 -10.85 0.000 -0.296 -0.206
female | 0.387 0.084 4,62 0.000 0.223 0.551
_cons | 4.250 0.323 13.17 0.000 3.817 4,882
_____________ e e e e e e e e e e e e e e e e o e e o e e o e e o o e o
Neither |
lifeworse | -0.047 0.051 -0.91 0.363 -0.147 0.054
hincfel | -0.217 0.075 -2.87 0.004 -0.365 -0.069
feelecon | 0.113 0.022 5.08 0.000 0.069 0.157
agedecade | -0.251 0.023 -10.85 0.000 -0.296 -0.206
female | 0.387 0.0&84 4.62 0.000 0.223 0.551
_cons | 2.698 0.261 10.36 0.000 2.187 3.209
————————————— +.————.—.——.————.——..—.—————.—..—————.———.—.—————..—.————.—.—.——.—————.—.—.————.—.—.—————.——.—
A |
lifeworse | -0.047 0.051 -0.91 0.363 -0.147 0.054
hincfel | -0.037 0.058 -0.64 0.522 -0.151 0.077
feelecon | 0.113 0.022 5.08 0.000 0.06% 0.157
agedecade | -0.251 0.023 -10.85 0.000 -0.29%6 -0.206
female | 0.387 0.084 4.62 0.000 0.223 0.551
_cons | -0.080 0.235 -0.34 0.734 -0.540 0.380

Like MLOGIT, there are M — 1 panels. But, the interpretation is very different. GOLOGIT is like running a
series of logistic regressions, where the ordinal variable has been collapsed into a dichotomy. In the first
category, it is Category 1 versus Categories 2, 3, 4, and 5. In the second panel, it is Categories 1 and 2 versus
3, 4, and 5; then 1, 2, and 3 versus 4 and 5; and finally 1, 2, 3, and 4 versus 5. In each panel a positive
coefficient means that increases in X make it more likely that a respondent will have one of the higher values
for Y, while negative coefficients for X mean that increases in X make it more likely the subject will be in the
current category of Y or a lower one.

At first glance, the GOLOGIT model might not appear to be very parsimonious compared to MLOGIT; but,
other than HINCFEL, the coefficients are the same for each variable across panels. Hence, only 8 unique
beta coefficients need to be examined, just 3 more than OLOGIT, and 12 less than the 20 coefficients that
would be produced by MLOGIT.
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Because the repetition of identical parameters is potentially confusing, Williams (2016) suggests alternate,
more parsimonious ways of presenting GOLOGIT results. In Table 15, only one set of coefficients is presented
for explanatory variables that meet the proportional odds assumption, while M — 1 coefficients are presented
for those that do not. The overall p value is based on a test of the joint significance of all coefficients for the
variable that are in the model.

Table 15. OLOGIT and partial proportional odds models for gays and lesbians should be free to live their lives
as they want.

Model 1: i .
. Model 2: Partial proportional odds
Proportional odds

. Overallp SDvsD,N, SD,DvsN, SD,D,Nvs SD,D,N,A
Explanatory variables P value Coef.

value A, SA A, SA A, SA vs SA
Feelings about
) .064 -.100 .000 -.957 -.387 -.217 -.037
household income
Life is getting worse .369 -.046 .3633 -.047
Age (in decades) .000 -.248 .000 -.251
Gender (1= female, 0 =
.000 .388 .000 .387
male)
Satisfaction with state of
.000 12 .000 113

economy

This model is only slightly more difficult to interpret than the earlier parallel lines model, and it provides
insights that were previously obscured. Effects of the constrained variables can be interpreted much as
before. Older people are less supportive of gay rights, females are more supportive, and those expressing
dissatisfaction in different areas of their personal life also tend to be less supportive.

For HINCFEL, the differences from before are largely a matter of degree. All the coefficients are negative, but
they get smaller in magnitude across each panel. Those with high levels of dissatisfaction are less supportive
of gay rights, and are especially likely to express strong disapproval. Furthermore, the effect of HINCFEL is
highly significant in the GOLOGIT model whereas it was not in the OLOGIT model. Hence, if we had only
estimated an OLOGIT, not only would we have misestimated the effects of HINCFEL, we might have even
erroneously concluded that it did not have any effect at all.

To sum up, with the GOLOGIT or partial proportional odds model, the effects of the variables that meet the
parallel lines assumption are easily interpretable (we interpret them the same way as we do in OLOGIT).
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For other variables, an examination of the pattern of coefficients reveals insights that would be obscured
or distorted if a parallel lines model were estimated instead. An MLOGIT analysis might lead to similar
conclusions as GOLOGIT, but there would be many more parameters to look at, and the increased number

of parameters could cause some estimated effects to become statistically insignificant.

Williams (2006) outlines procedures besides Brant that are more flexible for identifying which variables violate
the proportional odds assumption. Williams (2006) also suggests different criteria for when a GOLOGIT
model should be used. When relatively few variables violate the proportional odds assumption, a partial
proportional odds model can avoid violating the assumptions of the OLOGIT while at the same maintaining
most of OLOGIT’s advantages with regard to ease of interpretation. If several variables violate proportional
odds, however, a GOLOGIT model provides little parsimony and researchers may prefer to use the better
known MLOGIT model or some other ordinal alternative. Williams (2006) also suggests several ways that
the patterns of coefficients can yield substantive insights that might be missed by an OLOGIT model. In this
case, the coefficients for HINCFEL differed in both their magnitude across panels, and also in their statistical
significance. In other cases, the signs for a variable may actually switch from being positive to negative. Such
a pattern might suggest, for example, that women take less extreme positions, high or low, than do men.
Important relationships might be missed or obscured if only an OLOGIT is used.

Interval Regression

We earlier gave the example where Income might be coded in categories like <$1,000 = 1, $1,001-$10,000
=2, $10,001-$30,000 = 3, $30,001-$60,000 = 4, $60,001, or higher = 5. Or, rather than give an exact value
for their years of education, respondents might be asked if they had no education, some grade school, grade
school graduate, some high school, and so on. Such variables are common in research. Rather than give
the exact value of their income (or education, or years employed), respondents are asked to tell what interval
they fall into. For example, someone whose income was $13,782 would code themselves as a 3. Note that
the lower and upper bounds (< $1,000 and > $60,001) are not given. These can be treated as negative infinity
and positive infinity, although the real values will usually fall into a much smaller range. Interval regression
programs (e.g., intreg in Stata) typically ask the user to specify what the lower and upper bounds are for the

interval a respondent falls into.

Here, two examples, one real and one hypothetical, are used to illustrate how interval regression works.
StataCorp (2019) provides the first example. Women were asked via a questionnaire to indicate a category
for their yearly income from employment. The categories were less than $5,000, $5,001-$10,000, ... ,
$25,001-$30,000, $30,001-$40,000, $40,001-$50,000, and more than $50,000. To use Stata’s intreg, the
user must create two variables, wage1 and wage2, containing the lower and upper endpoints of the wage
categories. The dependent variables can be thought of as measuring income in thousands of dollars, but
instead of having the exact value for income only the interval in which it falls is known. Other variables in
the model include NEV_MAR (0 = has been married, 1 = never married), RURAL (0 = urban resident, 1
= rural resident, SCHOOL (years of schooling), TENURE (job tenure, in years), AGE (age in years), and
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AGESQUARED (AGE * AGE). Table 16 shows the results.

Table 16. Interval regression model for women’s yearly income.

Interval regression Number of obs = 488
Uncensored = 0

left-censored = 14

Right-censored = 6

Interval-cens. = 468

LR chi2 (6) = 221.61

Log likelihood = -856.33293 Prob > chi2 = 0.0000
| Coef Std. Err z P>|z]| [95% Conf. Interval]
_____________ +________________________________________________________________
nev_mar | -0.208 0.812 -0.26 0.798 -1.799 1.384
rural | -3.043 0.776 -3.92  0.000 -4.563 -1.523

school | 1.335 0.136 9.83 0.000 1.069 1.601
tenure | 0.800 0.105 7.66 0.000 0.595 1.005

age | 0.791 0.443 1.79 0.074 -0.078 1.660
agesquared | -0.013 0.007 -1.82 0.069 -0.028 0.001
_cons | -12.702 6.367 -1.99 0.04¢6 -25.182 -0.223
_____________ +________________________________________________________________
/1lnsigma | 1.988 0.035 57.36 0.000 1.920 2.056
_____________ +________________________________________________________________
sigma | 7.300 0.253 6.820 7.813

As Stata Corp (2019, p. 1064) points out, “Because the conditional mean modeled by interval regression is
linear, the coefficients are interpreted the same way they are in ordinary least-squares regression.” Therefore,
the coefficients in interval regression are very easy to interpret. The results indicate that, on average,
those who have never been married make $208 less a year (but the effect is not statistically significant).
Rural residents average $3,043 a year less than nonrural residents. Each additional year of schooling is
worth $1,335 a year more, and each year in the job is worth another $800. The effects of age are less
straightforward, because the squared term makes the relation between age and income curvilinear. Effects
can easily be computed for specific values of age, however.

While the results are reasonable, it is not clear how accurate they are. Do a few intervals provide a good
substitute for exact values? Therefore, a hypothetical data set can be constructed for a second example
where we know what the true parameter values are. The data are constructed so that y is a continuous
variable that ranges from about —70 to 88. It is normally distributed. All 1,000 cases have a unique value for
y. ycat is a collapsed, ordinal version of y. Table 17 shows how the collapsing was done.

Table 17. Hypothetical continuous Y collapsed into 5 intervals.
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Y collapsed

|

into 5 |
intervals | Freq. Percent Cum.
____________ L A TS L RS SLL S e R T
LE 0 | 287 28.70 28.70
0 to 15 | 224 22.40 51.10
15 to 30 | 203 20.30 71.40
30 to 45 | 183 18.30 89.70
45 or more | 103 10.30 100.00
____________ _|____________________________________

Total | 1,000 100.00

Table 18 illustrates the results of an interval regression, where t is regressed on x1, x2, and x3:

Table 18. Interval regression model with hypothetical collapsed data.

Interval regression Number of obs = 1,000
LR chiZ2 (3) = 386.33

Log likelihood = -1372.3949 Prob > chi2 = 0.0000
| Coef Std. Err z P>|z| [95% Conf. Interwvall]
_____________ +________________________________________________________________
x1l | 1.222 0.254 4,80 0.000 0.723 1.720

x2 | 0.899 0.080 11.24 0.000 0.742 1.056

®x3 | 0.938 0.219 4.28 0.000 0.509 1.368

cons | 0.077 1.451 0.05 0.958 -2.767 2.922
_____________ +___...4_‘_.____.4_..____‘..__...___...__.________4_‘.._4_____‘_‘.._4.“_‘__‘...dh_.d_,....d____“_._,_____.“__‘..___d_‘_‘_d__
/lnsigma | 3.004 0.032 93.78 0.000 2.941 3.067
_____________ +________________________________________________________________
sigma | 20.162 0.646 18.935 21.468

Again, a nice feature of interval regression, as opposed to other ordinal methods, is that we can interpret
parameters the same way we do the parameters from an OLS regression. There is no need to compute odds
ratios or predicted probabilities like with other methods. For example, in this case, a one unit increase in x1 is
expected to produce, on average, a 1.22 unit increase in y.

Table 19 shows the results when OLS regression is used on the original, noncollapsed y. The closer these
are to the interval regression estimates, the better interval regression is working.

Table 19. OLS regression model with hypothetical noncollapsed data.
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v Coef. Std. Err. t P>t [95% Conf. Interval]
_____________ +________________________________________________________________
x1l | 1.120 0.231 4.85 0.000 0.667 1.573

x2 | 0.931 0.071 13.17 0.000 0.793 1.070

x3 | 0.847 0.198 4.27 0.000 0.458 1.237

cons | 0.197 1.245 0.16 0.875 -2.247 2.640

In this particular example, interval regression does remarkably well. Its coefficients, standard errors, so on
are very similar to those produced by OLS regression on the uncollapsed y variable. That is, even though
the collapsed y (which only has 5 possible values) loses much of the information contained in the original y
(which has 1,000 different values), we still reach very similar conclusions about the effects of the x variables
ony.

Of course, if we knew the exact values of y, we would not be using interval regression. It is therefore
suggested that the results from the interval regression model (Stata Corp, 2019) be compared with the results
of an ordered probit model. In this case (see Table 20), the interval regression model produces almost the
exact same model x? and log likelihood as does the ordered probit model and also has very similar z values
for the individual coefficients.

Table 20. Ordered probit model with hypothetical data.

Ordered probit regression Number of obs = 1,000
LR chi2 (3) = 386.49

Prob > chi2 = 0.0000

Log likelihood = -1368.7378 Pseudo R2 = 0.1237
yecat | Coef Std. Err z P>|z]| [95% Conf. Interwvall]
_____________ e
x1l | 0.060 0.013 4.78 0.000 0.036 0.085

®2 | 0.045 0.004 11.13 0.000 0.037 0.052

x3 | 0.047 0.011 4.29 0.000 0.025 0.068
_____________ e e e e e e e e e e e
fcutl | 0.009 0.073 -0.134 0.153

/cut2 | 0.746 0.075 0.599 0.894

/cut3 | 1.415 0.081 1.256 1.574

/cutd | 2.286 0.095 2.099 2.473

But, the coefficients from interval regression are much easier to interpret. If, on the other hand, the ordinal
probit model had fit much better than the interval regression model did, the researcher might want to modify
the interval regression model (e.g., take logs of the interval points) or use some other ordinal method instead.

It is important to remember that this example is “rigged” in interval regression’s favor. Interval regression
assumes that variables are normally distributed, and the hypothetical data set was constructed accordingly.
You cannot always count on interval regression working this well, and researchers should check whether its
results are consistent with those provided by other ordinal methods.
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Other Ordinal Regression Models of Interest

Several other ordinal regression models may potentially be of interest to researchers and are briefly
discussed here.

Scoring Methods

Daniel A. Powers and Yu Xie (2008) note that various scoring methods are sometimes used to assign values
to ordinal variables. For example, if an interval ranged between 5 and 10, the midpoint of 7.5 might be used;
if another interval ranged between 15 and 30 the midpoint value assigned would be 22.5. While often done,
midpoints can be poor estimates of the true values; for example, Powers and Xie say that for a category like
“‘less than 12 years of schooling” a value such as 5.5 would likely greatly underestimate years of schooling.
There is also the problem of how to score an interval that does not contain an upper bound (e.g., greater than
50). Powers and Xie also discuss more complicated scoring schemes which use normal transformations or
require the use of auxiliary information. A good scoring scheme may require a lot of knowledge of the topic
and measures and statistical sophistication by the researcher.

Heterogeneous Choice or Location Scale Models

Both Allison (1999) and Williams (2009, 2010) note that OLS regression assumes that error terms are
homoscedastic—for example, the error variances for men are equal to the error variances for women. If the
assumption is violated—error variances are heteroskedastic—OLS estimates of variable coefficients remain
unbiased, but the standard error terms and significance tests will be distorted. However, in ordered logit
and probit models, the consequences of heteroscedasticity can be much greater. Coefficient estimates can
be biased and cross-group comparisons in particular can be misleading. Allison (1999) gives an example
where apparent discrimination against women in the tenure process may be an artifact of failing to control for
differences in residual variability between men and women. Williams (2009, 2010) argues that heterogeneous
choice models (also called location-scale models) can address the problem. J. S. Long and S. A. Mustillo
(2018) suggest a different approach using predictions and marginal effects which they say avoids making
what may be questionable assumptions.

Stereotype Logistic Model (SLM)

The SLM, also called the stereotype ordered regression model (Anderson, 1984; Long & Freese, 2014), has
also been proposed as a way to deal with violations of the proportional odds assumption. These models can
be helpful when the relevance of the ordering of categories is unclear. For example, there might be two or
three underlying latent variables that give rise to the observed y. These different dimensions can be estimated
and categories can even be reordered if deemed appropriate.
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Stage Models

Andrew S. Fullerton and Jun Xu (2016; see also Fullerton, 2009) have outlined several models—cumulative,
stage, and adjacent—and shown how they can be modified to relax the parallel regressions assumption. A
stage (also called continuation-ratio) model might be appropriate for a dependent variable where respondents
go through a series of steps. For example, rather than give their exact number of years of education,
respondents might be asked whether they had no education, some grade school, graduated from grade
school, some high school, and so on. People can go on to higher stages but cannot go back to lower ones
(e.g., one can go on to get more education but cannot lose the education one already has; whereas with
attitudes, change is possible in either direction). Depending on the nature of the dependent variable and the
goals of the analysis, these may be preferable to the other models that have been discussed.

Rank-Ordered Logit

Sometimes respondents may be asked to do several rankings. For example, the top five job applicants might
be ranked from 1 to 5. Or, subjects might be given a list, and asked to indicate which item is most important
to them, which is the second most important, then the third, and so on. Rank-ordered logit regressions (Long
& Freese, 2014) assess how important different attributes are in determining ratings—for example, how much
impact does the education, years of job experience, gender, race, and other characteristics of job applicants
have on how they are ranked? Further, rank-ordered logit models can assess how characteristics of the rater
affect how they rate—for example, are women less influenced by a candidate’s gender than men are?

Conclusion

There are many statistical techniques available when the dependent variable is ordinal. The ordered logit and
ordered probit models may be the most popular. But, when their assumptions are violated, other techniques,
such as GOLOGITs, may be preferable. In still other cases, such as when options are ranked or when upper
and lower boundaries for categories are clearly stated, other ordinal regression techniques may be more
powerful or informative. Researchers have many options for analyzing ordinal dependent variables, and they
should think carefully about which best meets the specific needs of their data and topic.
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