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Preface

These are lecture notes for AME 50531 Intermediate Thermodgmics (AME 54531 for
students in our London and Rome programs), the second of twadergraduate courses in
thermodynamics taught in the Department of Aerospace and Mhanical Engineering at
the University of Notre Dame. Most of the students in this coums are juniors or seniors
majoring in aerospace or mechanical engineering. The olijee of the course is to survey
both practical and theoretical problems in classical therodynamics.

The notes draw heavily on the text speci ed for the course, Bgnakke and Sonntag's
(BS) Fundamentals of ThermodynamigsNinth Edition, John Wiley, New York, 2017, es-
pecially Chapters 8-14. In general the nomenclature of BS used, and much of the notes
follow a similar structure as that text. In addition, Abbott and van Ness'sThermodynamics
McGraw-Hill, New York, 1972, has been used to guide some of thatimematical develop-
ments. Many example problems have been directly taken fromSBand other texts; specic
citations are given where they arise.

These notes emphasize both problem-solving as well as soigenous undergraduate-level
development of the underlying classical theory. It shouldso be remembered that practice is
essential to the learning process; the student would do wedl apply the techniques presented
here by working as many problems as possible.

The notes, along with information on the course, can be founoh the world wide web
at https://academicweb.nd.edu/ powers/ame.5053% At this stage, anyone is free to
make copies for their own use. | would be happy to hear from yabout suggestions for
improvement.

Joseph M. Powers

powers@nd.edu

https://academicweb.nd.edu/ powers

University of Notre Dame

Notre Dame, Indiana; USA
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Chapter 1

Review

Review BS, Chapters 1-7.

Here we give a brief review of some standard concepts from at ourse in thermodynam-
ics. In this review, we con ne attention to a pure substancede ned as a material that

has homogeneous and invariable composition. An example wibdde pure helium. Later,

beginning in Ch.[3, we shall study mixtures, for example hydgen-oxygen-nitrogen mixtures
that could react exothermically and convert chemical eneyginto thermal energy.

" propernty:

characterizes the thermodynamics state of the system

{ extensive: proportional to system's extent, upper case variables

*

*

*

*

V: total volume, Sl-based units are M

U: total internal energy, Sl-based units are kJ,
H: total enthalpy, Sl-based units are kJ,

S: total entropy, Sl-based units are k3K.

{ intensive: independent of system's extent, lower case variables (egtiens are
temperature T and pressureP, which are intensive). Intensive properties can be
on a mass basis or a molar basis:

*

*

*

w T e =

@w g <

speci ¢ volume, Sl-based units are A¥kg,

speci c internal energy, Sl-based units are kkg,

speci ¢ enthalpy, Sl-based units are k3kg,

speci ¢ entropy, Sl-based units are k3dkg=K.

molar speci ¢ volume, Sl-based units are Axkmole,

molar speci c internal energy, Sl-based units are kkmole,
molar speci ¢ enthalpy, Sl-based units are kkmole,
molar speci ¢ entropy, Sl-based units are kdkmole=K.

9



10 CHAPTER 1. REVIEW

" density : 1
= = 1.1
: (1)
mass per unit volume, Sl-based units are kg°.
" equations of state  : relate properties
{ Calorically Perfect Ideal Gas (CPIG) has for a pure substance
Pv= RT, Uu U,=c(T To): (1.2)
{ Calorically Imperfect Ideal Gas (CIIG) has for a pure substance
Z T
Pv=RT; u U= ¢c(T)df: (1.3)
To
{ Nonideal state equations has for a pure substance
P=P(T,;v); u= u(T;v): (1.4)

" Any intensive thermodynamic property can be expressed as anfition of at most two
other intensive thermodynamic properties for simple compssible pure substances.

{ e.g. the thermal equation of state for a pure ideal gas,

P(T;v)= RT, (1.5)
%
Sl-based units are kPa.
{ e.g. the sound speed for CPIG:
c(P;v) = P kPv: (1.6)

Sl-based units forc are n=s; here we have
k= 2. (1.7)

the ratio of specic heats. A more common alternate notatiorfor the ratio of
speci ¢ heats of a CPIG isc,=¢, =

" energy :

1
B = +-m(v V) + . (1.8)
totall{en}ergy ir!t{e&r?al |2—k{zt—} pc[ggiu

© 03 August 2026, Joseph M. Powers. All rights reserved.
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first law
dE= Q W: (1.9

If kinetic and potential energies are ignored,
du=Q W (2.10)

With reversible heat transfer Q = T dS and reversible work W = P dV, we get the
Gibbs equation in extensive form

du=TdS P dv: (1.11)

Sometimes this version of the Gibbs equation is called theufidamental thermody-
namic equation."

second law :

Q
— 1.12
ds = (1.12)
Here the heat transfer Q can be reversible, in which case the equality holds, or irre-

versible, in which case the inequality holds.

process : moving from one state to another, in general with accompaimg heat trans-
fer and work.

cycle : process which returns to initial state.

specific reversible work:
Wy = P dv; w = P dv: (1.13)

specific reversible heat transfer:
Z 2

1= Tds; q=T ds: (1.14)
1

Figure[1.1 gives an example of an isothermal thermodynamicgeess going from state 1
to state 2 in various thermodynamic planes. Figure~1.2 givessketch of a thermodynamic
cycle.

I
Example 1.1
Consider an ideal gas in theT{s plane. Compare the slope of an isochore to that of an isobar a4
given point.

Recall the Gibbs equation for a simple compressible substae, which is obtained by scaling the
extensive Eqg. [1.11) by masan to get the more common intensive form:

T ds= du+ P dv: (1.15)

© 03 August 2026, Joseph M. Powers. All rights reserved.



12 CHAPTER 1. REVIEW

5 2
le:/Pdv €2 —€1 = 1¢2 —1W2 1CI2:/Td5
P ' 1
A v, VA P
2
Pil------ 1 v,
2
Vyf======----
P1
P2 _____ X 2 V1 ________ 1
T=T g = ”
1~ 12 T T.=T, !

Figure 1.1: Sketch of isothermal thermodynamic process.

Here we have usedls = dS=m, du = dU=m, and dv = dV=m We have for the ideal gas

if ideal gas (1.16)

This holds for all ideal gases, be they calorically perfect nimperfect. Thus, the Gibbs equation can be
rewritten as

T ds= F‘-’{ZCi-E+P dv: (2.17)
=du

On an isochore,Vv is constant, sodv = 0. So on an isochore, we have
T ds= ¢, dT; on an isochore (1.18)

or, using the partial derivative notation,

@T T

— = — 1.19

@s,” o (1.19)
Next recall the de nition of enthalpy, h:

h=u+ Pv: (1.20)

© 03 August 2026, Joseph M. Powers. All rights reserved.
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Figure 1.2: Sketch of thermodynamic cycle iRP{v and T{s planes.

We can di erentiate Eq. (L.Z0) to get
dh=du+ P dv+ v dP: (1.21)
Substitute Eq. (L27) into the Gibbs equation, (I.13), to eliminate du in favor of dh to get
Tds = ¢dh P ?2/ v dR +P dv; (1.22)

}
=du
dh v dpP: (1.23)

For an ideal gas,dh = ¢, dT, wherec, is at most a function of T, so

T ds= &{QE v dP: (1.24)

=dh

Now for the isobar, dP = 0. Thus on an isobar, we have
T ds= ¢, dT; on an isobar. (1.25)

And so the slope on an isobar in theT {s plane is

@T T
@s = g: (1.26)
P
Recall for an ideal gas that Mayer's relation holds:
G(T) o(T)=R> 0 (2.27)

Becausec, > c,, we can say that the slope of the isochore is steeper than thsdbar in the T{s plane.

© 03 August 2026, Joseph M. Powers. All rights reserved.



14 CHAPTER 1. REVIEW

I
Example 1.2
Consider the following isobaric process for air, modeled ag CPIG, from state 1 to state 2. P; =
100 kPa, T; =300 K, T, =400 K. Show the second law is satis ed.

Because the process is isobarid? = 100 kPa describes a straight line in theP{v and P{T planes
and P, = P; =100 kPa. Because we have an ideal gas, we have for the T plane:

v = g T; straight lines! (1.28)
o= Rl 07w GUOK o m (1.29)
LTop T 100 kPa T kg '
o= Rl 07w G000 e (1.30)
S A 100 kPa T kg '
Because the gas is ideal:
du= ¢, dT: (1.31)
Because our ideal gas is also calorically perfect, is a constant, and we get
Z,, Z,
du = ¢ dT; (1.32)
Uz T1
uz ur = ¢(T2 Ti); (1.33)
kJ
= 0.7175kg—K (400 K 300 K); (1.34)
kJ
71:750 —: .
50 kg (1.35)
Also we have
Tds = du+ P dv; (1.36)
Tds = ¢, dT+ P dv; (1.37)
. ) _ RT . _ R RT )
from ideal gas : v = 5 dv = 5 dT 2 dP; (1.38)
RT
Tds = ¢ dT+RdT B dP; (1.39)
daT dpP
ds = (¢ + R)T R B (1.40)
dT dpP
= (a+6 &) R (1.41)
_ del r 9P. (1.42)
2’ P
s gt “Pigp
ds = — R — (1.43)
S1 Cp T1 T P1 P
_ T2 P2 |
S2 S1 = Gln T RIn P, (1.44)
(1.45)

© 03 August 2026, Joseph M. Powers. All rights reserved.
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Now becauseP is a constant,

S2 St = Gln LI (1.46)
T
kJ 400 K
= 10045, = In oo (1.47)
kJ
= 0.2890kg—K. (1.48)
Then one nds
ZVz ZVz
Wy = Pdv="P dv; (1.49)
Vi Vi
= P(v2 vi1); (1.50)
m?3 m?3
= (100 kPa) 1.148@ 0.861@ : (1.51)
kJ
= 28.7006 (1.52)
Now
du = q w; (1.53)
= du+ w; 1.54
z 2 | YA 2 Z 2 ( )
q = du+ w; (1.55)
1 1 1
1@ = (uz  up)+ gwy; (1.56)
kJ kJ
= 71:750 — +28:700 —; 1.57
50 kg 8:700 kg’ (1.57)
kJ
= 100.450@ (1.58)

Now in this process the gas is heated from 300 K to 400 K. One wddi expect at a minimum that the
surroundings were at 400 K. Check for second law satisfactio

S2 S 1% (1.59)

Tsurr

kJ 100450 kJ=kg
: = bbbl £

0:2890 kg K 700 K (1.60)

kJ kJ
2 — : — 1.61
0:2890 kg K 0:2511 kg K yes (1.62)

Let us review non-constant speci c heat in some more detaiFor calorically imperfect
ideal gases (CIIG), e.g. @ at moderate to high temperatures (300 KK T < 6000 K):

T u=u(T),

© 03 August 2026, Joseph M. Powers. All rights reserved.



16 CHAPTER 1. REVIEW

P
A Vi VA
v P =P, =100 kPa
1 2
-/ "P.=P,=100kPa V, [-=----------- vs
E I Vifmmm 2 ! :
Tl T, 'T Tl Tz g T
Figure 1.3: Sketch for isobaric example problem.
T o= o(T),
" h=Nh(T),
6= 6(T).

For such temperatures, our assumption of constart, is not as valid. But for ideal gases,

we can still takec, = ¢,(T), so
du

Fid c(T): (1.62)
We can integrate via separation of variables to get

du = T) dT; 1.63
;= oM (1.63)
du = ¢ (T) dT; (1.64)

1 1

YA 2
U, u; = ¢ (T) dT: (1.65)

1

We can interpret the di erence inu as the area under the curve in a plot of,(T) versusT
as plotted in Fig.[1.4. More generally, we could say

© 03 August 2026, Joseph M. Powers. All rights reserved.
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Figure 1.4: Relation betweeru, u; and area under curve in a plot ot,(T) for calorically
imperfect ideal gas.

b 2

L

u(T) = ug + ch(f) df'; (1.66)
To

valid for all ideal gases

Here, T is a dummy variable of integration. Similarly, we could show
Z,
h, hy = Co(T) dT; (1.67)

T1

and more generally,

e 2

L

h(T) = ho + Tcp(f) df; (1.68)

To

valid for all ideal gases

Now, ¢,, ¢, and R all have units of kJ;kg=K. Let us consider the ratio
—= —= Xt = —: (1.69)

The ratio is now in terms of molar specic properties withc, and ﬁ_having units of
kJ=kmole=K. Note that R is the universal gas constant. A plot oft,=R versusT for a
variety of simple molecules is given in Fig._1.5. We note somemarkable facts:

A

For monatomic gases, such as Ar, O, and K,=R = 3=2 for a wide variety of temper-
atures.

" For diatomic gases, such asQand H, for T < 600 K,g,=R  5=2, and for T > 600 K,
t=R! 7=2.

© 03 August 2026, Joseph M. Powers. All rights reserved.



18 CHAPTER 1. REVIEW

¢/R

7/2

5/2

3/2 Ar. H

0 2000 4000 6000 T (K)

Figure 1.5:T,=R as a function of T for several molecules.

" For larger molecules such as CQor H,0, t,=R is larger still.

What we are seeing actually re ects some fundamental physic We rst note that sta-
tistical thermodynamics proves

" Temperature is a measure of the average translatiorikihetic energy of a set of molecules.
Now, we consider some features of Fig.1.5.

~ Monatomic molecules, such as Ar, O or H have three fundamentalodes of kine_tic
energy. translation in thex, y, and z directions. Each mode contributes 42 to ¢,=R,
that sums to 3=2.

" For diatomic molecules, we summarize the behavior in the skb given in Fig.[1.6.

{ Atvery low temperatures, diatomic molecules, such as;kr O,, act like monatomic
molecules.

{ At low temperatures, diatomic molecules begin to rotate, ahthe rotational en-
ergy becomes an important component. In fact when energy idded to diatomic
molecules, some is partitioned to translation and some is gidioned to rota-
tion. There are two non-trivial axes of rotation, each addig 1=2 to ¢,=R, giving
=R 5=2.

© 03 August 2026, Joseph M. Powers. All rights reserved.
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¢/R

A
/2 |- - - - oo - _-
52 |----
3/2 / _model diatomic

ideal gas
>
1 3 600 2000 T (K)
ol k_1.4 i< variable k >
trans trans+rot trans+rot+vib

Figure 1.6: Sketch ofc,=R as a function of T for a model diatomic gas. Sketch adapted
from J. D. Anderson, 1989Hypersonic and High Temperature Gas Dynamic$1cGraw-Hill,
New York, p. 442. Note that a real gas would liquefy in the low teperature region of the

plot! So this model is really for a non-existent gas that hasoiquid-inducing intermolecular
forces.

{ At higher temperatures, diatomic molecules begin to vibrat as well, and this
energy becomes an important component. There are two vibrahal modes, one
for kinetic energy and one for potential energy. Each adds ather 1=2 to ¢,=R,
giving c,=R  7=2 at high temperature.

{ At higher temperatures still, the diatomic molecules begito dissociate, e.g. @+
O,! 20+0.,.

{ Ateven higher temperatures, its electrons are stripped, drit becomes an ionized

plasma. This is important in engineering applications rarigg from welding to
atmospheric re-entry vehicles.

~ For triatomic molecules such as KD or CO,, there are more modes of motion that can
absorb energy, so the speci c heat is higher still.

The dissociation and ionization behavior of the componentsf air is clearly displayed in
Fig. [1.4. Here we see at low temperature$, < 1000 K, diatomic N, and O, are dominant
in air. Both of these major components begin to dissociate diigher temperatures. For
T > 6000 K, we no longer nd diatomic N and O,, but instead nd their monatomic

components N and O. At higher temperatures still, the molede loses electrons, and positive
ions remain.

© 03 August 2026, Joseph M. Powers. All rights reserved.



20 CHAPTER 1. REVIEW

Figure 1.7: Equilibrium composition of air at low density ad various temperatures. Figure
from W. E. Moeckel and K. C. Weston, 1958, Composition and tlheodynamic properties
of air in chemical equilibrium, NACA Technical Note 4265.

Feynmant summarizes the argument that this preference for one type ehergy over
another (translation, rotational, vibrational) depending on temperature is surprising to those
not versed in quantum mechanics and violates standard assptions of classical statistical
mechanics. In fact, he notes that Maxwell had a hint of the ptdem as early as 1859, and
stated this concern more directly in 1869. Maxwell summargzl those concerns in an 1875
lecture, transcribed inNature.? Feynman argues that the reason for the energy partition
observed in diatomic gases is a \failure of classical physicand instead is a pure e ect
of quantum mechanics; that is to sayk = ¢,(T)=6,(T) = k(T) is a non-classical result!
Employment of the theories of quantum and statistical mechacs allows an accounting for
the observation that there is a preference of molecules toistxin lower energy states, and at
those states, the discrete quantization is important. Highreergy vibrational states are less
likely than translational states at low temperature. At higher temperature, there is a higher

IR. P. Feynman, R. B. Leighton, and M. Sands, 1963,The Feynman Lectures on Physics Volume 1,
Addison-Wesley, Reading, Massachusetts, pp. 40-7{40-10.

2J. C. Maxwell, 1875, \On the dynamical evidence of the moleciar constitution of bodies," Nature,
11(280): 374-377.

© 03 August 2026, Joseph M. Powers. All rights reserved.
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probability that all states are populated, and one recoversesults consistent with classical
physics. N
Let us also recall thatc,(T) c¢,(T)= R; thus, C,(T) ©T(T) = R: Let us summarize

~ for monatomic gases,

¢ = SR; (1.70)

G = G+R= gR; (1.71)
5

© _ ,_3R_5__.

P o= k= 2= 2=1:6667 (1.72)

o} SR 3

"~ for diatomic gases at moderate temperature, 50 KT < 600 K,
5

c = ER; (2.73)
7
G = G+R= ER’ (2.74)
7
G - ok=2"=Tog4 (1.75)
o} 2R 5

To summarize, usually the most problematic case is whether not speci ¢ heats vary
with temperature in ideal gases. For low temperatures, theeci ¢ heat is well modeled as a
constant; here the internal energy change is strictly proptonal to the temperature change.
For moderate to high temperatures, a temperature-variatio of the speci c heat is observed.
Changes in internal energy are no longer strictly proportital to changes in temperature.
The behavior is analogous to solid mechanics. At low strain stress is proportional to
strain, and the constant of proportionality is the modulus belasticity E. For high strains,
the linearity is lost; we could say the elastic modulus becas a function of strain. We give
a sketch in Fig. 1.8 of the comparison to solid mechanics

There are four main ways to calculate changes in enthalpy fadeal gases:

"~ assumption of constantc, evaluated at 298 K,
" assumption of constantc, evaluated at an intermediate temperature,
R
"~ using a known analytic form ofc,(T) in the direct integration of 12 Co(T) dT, or

" estimation using the ideal gas tables.

I
Example 1.3
Calculate the heat transferred per unit mass to N in an isobaric process that starts atT; = 300 K
and nishes at T, = 1000 K. Use the four di erent means of calculating enthalpy changes to estimate

the heat transfer.

© 03 August 2026, Joseph M. Powers. All rights reserved.



22 CHAPTER 1. REVIEW

u
A A .
calorically
imperfect
region /', .
" higher c
(o B fre
plastic !
region
ela_stic calorically
» region perfect
e region ic,
1
N N
> >
T

Figure 1.8: Sketch of comparison of stress-strain behavior solids with ideal gas internal
energy-temperature behavior.

The rst law on a per mass basis gives
Up U =1 1Wp! (1.76)

R
For an isobaric processaw, = lZP dv=P(v, wvi)= Pyvo, Pivi. So

Z,
1 =Uy Uup+ Ppvy Pivi=hy hy= h= Co(T) dT: (L.77)
1

Constant ¢, at 298 K. From Table A.5 in BS, we nd ¢, = 1:042 kJ=kg=K. Thus, we estimate

h=h, hy=c(Ta Ty)= 1:o42k'(;7jK ((1000 K) (300 K)) = | 7294 %: (1.78)
" Constant ¢, at the average temperature The average temperature is
T+ T K+1 K
Tave = — 2= 300 000K _ 650 k- (1.79)

2 2

Table A.6 in BS has polynomial curve ts for c,. For N», we nd from Table A.6 that

T
— 2 3. .

G =Co+Cy +Cy °+C3 7, 1000 K- (1.80)
The numbers Co; :::; C3 actually have units and are designed to yield a value foc, in kJ=kg=K. We

© 03 August 2026, Joseph M. Powers. All rights reserved.
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get
6 = 1:11k:;7‘]K 0:48k|(;—‘]K 10;I)-OK * 0196|<;7JK 10;)I-OK

3

0142% 1030}( '

1111k;JK 0148|<;JK 1605000}; * 0:96|<;JK 1605000KK 2
3

0:42|<57JK 1605(;)0KK ;

= 1:08826k;—JK:

So the improved prediction of the enthalpy change is

kJ kJ
h=cp(Tz Ti)= 108826 = (1000K) (300 K)= |76L78  :

" Direct integration. We know

Zq

h=h, hi=  c(T)dT:
T1

(1.81)

(1.82)

(1.83)

(1.84)

(1.85)

Let us change variables fromT to . We have = T=1000 K), sod = dT=1000 K), and dT =

(1000 K) d . Thus,
y

2
h = Co+ Cp +Cp 2+ C3 ® ((1000 K) d ):
1
2 3 4 2

1000K) Cp +Ci—+Cor— + C3—
( ) Co 15 23 37

Lk kI 2

kJ 3 kJ 4 71000 K
+ 096 — — 42 —— :
0:96 kg K 3 0 kg K 4 300k

The nal value is

h =765:81 k—J:
kg

(1.86)

(1.87)

(1.88)

(1.89)

Use of ideal gas tablesLastly, we can use the ideal gas tables. For us, Table A.8 of 8 is best. We

nd h(300 K) = 311:67 kJ=kg and h(1000 K) = 1075:91 kJ=kg. So

kJ kJ kJ
h=h, h;= 107591 — 1167 — = (76424 —:
2 1 0759 kg 3116 kg 6 kg

(1.90)
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I
Example 1.4
A calorically imperfect ideal gas is known to have

Cp(T) = Cpo + aT: (1.91)

A sample of this gas begins a1, T;. It is heated isobarically to T,, and expanded isochorically toTs.
Find the change in internal energy of the gasusz uj.

Because internal energy changes are path-independent, weeed not worry about any details of
the process, including its path. That is because we know therel states. So we can use a version of
Eq. (1.65) to get

Z1
Us Uup= ¢, (T) dT: (1.92)
T1

We are givenc,, but need ¢,. We can use Mayer's relation, Eq. (1.27) to get

c(T)=c(T) R=(cpo R)+aT: (1.93)
So
Zq,
Uz U= f(cpo )+ aTg dT: (1.94)
T z
¢ (T)
Integrating, we nd
_ a _o 2y.
Ug U1 =(CGo R) Tz Typ)+ 2(T3 T7): (1.95)

Had we been asked to nd the heat transfer,;Qz, we would have had to calculate the work,;W3s, and
the details of the path would have been required. Because ietrnal energy is a state function, only the
end states are required to evaluate the change in internal esrgy.
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Chapter 2

Cycle analysis

Read BS, Chapters 5, 8, 9, 10.

2.1 Carnot

The Carnot cycle is the most well-known thermodynamic cyclelt is a useful idealization,
but is dicult to realize in practice. Its real value lies in serving as a standard to which
other cycles can be compared. These are usually fully cowkia introductory courses. The
cycle can be considered as follows

"~ 1! 2: isentropic compression,
~ 21 3: isothermal expansion,

~ 3! 4: isentropic expansion, and
" 41 1: isothermal compression.

This forms a rectangle in theT {s plane TheP{v plane is more complicated. Both are shown
in Figure 2.1.

2.1.1 Analysis for a calorically perfect ideal gas

For this discussion, consider a calorically perfect ideahg. The isotherms are then straight-
forward and are hyperbolas described by

1

P= RTV: (2.1)
The slope of the isotherms in thé®{v plane is found by di erentiation:

@P 1
—_— = RT —; 2.2
v, Vi (2.2)

P

= —: 2.3
: (23)

25
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N

isotherm
A

w

isentrope
A -
»

>

>

)

isentrope

[EEN

R )
isotherm

Weycle = % P dv= deycle = % T ds

Figure 2.1: Sketch ofP{v and T{s planes for a CPIG in a Carnot cycle.

Y

The slope of the isentrope is found in the following way. Coitker rst the Gibbs equation,

Eq. (1.15):

T ds= du+ P dv:

Because the gas is calorically perfect, one has

du= ¢, dT;

so the Gibbs equation, Eq. (2.4), becomes

T ds= ¢, dT + P dv:

Now for the ideal gas, one has

Pv = RT;
Pdv+vdP = RdT;
P dv+ v dP
cavrvar dT:

R

© 03 August 2026, Joseph M. Powers. All rights reserved.
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So then
+
Tds = ¢ M +P dv; (2.10)
— B
=dT
T ds = %+1 P dv+ %vdP; Take ds = 0; (2.11)
Cy o @P
0= Y41 p+y2 . 212
R R @v, (2.12)
@P %41 p
(Gl P. 213
@v, = & v @29
Cv
P
= o C; — (2.14)
- Vv
Cp Ov
_ o*tG o P (2.15)
Cy v’ '
P
= %= (2.16)
c, V
P
= k. 217
- (2.17)

Becausek > 1, the magnitude of the slope of the isentrope is greater thahe magnitude of
the slope of the isotherm:
@P _ @P

— — 2.18
Qv @v+ (2.19)

I
Example 2.1
(Adapted from BS) Consider an ideal gas Carnot cycle with airin a piston cylinder with a high
temperature of 1200 K and a heat rejection at 400 K. During theheat addition, the volume triples.
The gas is at 100 mP=kg before the isentropic compression. Analyze.

Take state 1 to be the state before the compression. Then

m3
T, =400 K; v3 =1:00 ook (2.19)
By the ideal gas law
0:287 X~ (400 K)
= RTL_ kg K =1:148 10 kPa: (2.20)

V1 1:00 TT;

Now isentropically compress to state 2. By the standard reléions for a CPIG, one nds

kK 1 k 1
T, v _ Py K

— — 2.21
T, Vo Py ( )

© 03 August 2026, Joseph M. Powers. All rights reserved.
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So ) )
_ T, £T_ . m® 400K TT m3

Note that v, < v, as is typical in a compression. The isentropic relation betwen pressure and volume
can be rearranged to give the standard

Povk = Pyvk: (2.23)
Thus, one nds that
K an M 1 14
P,=P, X =(1:148 10PkPa) — 9 =5:36866 10° kPa: (2.24)
V2 0:06415 -

The pressure has increased in the isentropic compression.h€ck to see if the ideal gas law is satis ed
at state 2:
. kJ
RT 0:287 =~ (1200 K)
P,= 2= oK =5:36866 10° kPa: (2.25)

V2 0:06415%
This matches. Now the expansion from state 2 to 3 is isothermla This is the heat addition step in
which the volume triples. So one gets

3 3

m m
V=3V, =3 0.06415@ = o.19245k—g, (2.26)
Ts= T, = 1200 K: (2.27)

The ideal gas law then gives

0:287 X~ (1200 K)
py= R13 _ ko K =1:78955 10° kPa: (2.28)

V3 0:19245%3

Process 3 to 4 is an isentropic expansion back to 400 K. Usindhe isentropic relations for the CPIG,
one gets

1 1

T, ©T m3  1200K TA 1 m?
v, 3 = 0:19245- =3:000 —; 2.2
asvs oo 0192457 55K 3:000 3 (2.29)
3! 14
v K 0:19245M°
P,=P; — =(1:78955 10°kPa) — 2 =3:82667 10" kPa: (2.30)
Va 3:000 -
Check:
0:287 X~ (400 K)
p,= RT4_ kg K =3:82667 10 kPa: (2.31)

V4 3:000 %93

A summary of the states is given in Table 2.1.
Now calculate the work, heat transfer and e ciency. Take the adiabatic exponent for air to be
k = 1:4. Now because of Eq. (1.7k = ¢,=G,, and Meyer's relation, Eq. (1.27),c, ¢, = R, one gets

R+c .

K = . (2.32)

ke, = R+c; (2.33)

ok 1) = R; (2.34)
R 0:287 K- KkJ

& = 1 1z "91" :0:7175kg—K: (2.35)
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3
T (K) P (kPa) | v (T—g)
1 400 1:148 107 1:000
2 1200| 5:36866 10° | 0:06415
3 1200| 1:78955 1C° | 0:19245
4 400 | 3:82667 107 3:000
Table 2.1: State properties for Carnot cycle.
Recall the rstlaw, u, u; = 1 1W>: Recall also the caloric equation of state fora CPIGu, u; =
¢ (T2  Ti1): Now process 1 2 is isentropic, so it is also adiabatic, hencg = 0, so one has
u u Wo; 2.36
2 1 l{_z? 1W2 ( )
o(Tz T1) = 1w (2.37)
0:7175k;—‘]K (1200 K 400 K) = 1Wo; (2.38)
W, = 57400 1C? %: (2.39)
The work is negative as work is being donen the system in the compression process.
Process 2 3 is isothermal, so there is no internal energy change. The st law gives
Uz Uz = 203 2Ws; (2.40)
f«(T . Tz? = 203 2Ws; (2.41)
=0
0 = 2 2Ws; (2.42)
V3
208 = 2W3 = P dv; (2.43)
Z v, RTV2
= — dv; (2.44)
V2 \
Z v dv
= RT, — (2.45)
Vo \Y
= RT3 (2.46)
V2
KJ 0:19245 ™
= 0287 — (1200 K)In ——Z_: (2.47)
kg K 0:06415 7
= 3:78362 107 %: (2.48)

The work is positive, which is characteristic of the expansbn process.

© 03 August 2026, Joseph M. Powers

. All rights reserved.
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Process u t—; q ';—3 w ::_3
1! 2 5:74000 1C° 0 5:74000 107
2! 3 0 378362 17 3:78362 10
3! 4 5:74000 1C¢? 0 5:74000 1C¢?
41 1 0 1:26121 1@ 1:26121 1C?
Total 0 2:52241 107 2:52241 107

Table 2.2: First law parameters for Carnot cycle.

Process 3 4 is adiabatic sozq, = 0. The rst law analysis gives then

u us = Wy, 2.49
4 3 R_ZOOT 3Wy ( )
&(Ta T3) = 3Wg (2.50)
0:7175kg‘]K (400 K 1200 K) = 3Wa; (2.51)
k
sws = 5:74000 107 é: (2.52)
Process 4 1 is isothermal. Similar to the other isothermal process, og nds
Uy Usg = 400 4W1; (253)
Fvﬂj{zjg = 40h 4wy, (2.54)
=0
0 = 400 4W1; (2.55)
Z,
a1 = 4Wp = P dv; (2.56)
Zw RTV4
= — dv; (2.57)
Vg \
Vi
= RT4In —=; (2.58)
Va
K 1:0000 >
= 0287 " (400 K)In —_ k. (2.59)
kg K 3:0000 -
kJ
= 1:26121 107 @: (2.60)

Table 2.2 summarizes the rst law considerations. The cyclework is found by adding the work of each
individual process:

Weycle = 1W2 + W3 + 3Wg + 4Wq; (2.61)
= ( 574+3:78362+574 1:26121) 10% =2:52241 1C? %]: (2.62)
The cycle heat transfer is
Geycle = 10+ 23+ 30k + 40h; (2.63)
= (0+3:78362+0 1:26121) 107 =2:52241 1C? %: (2.64)
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Note that
Weycle = Ceycle - (2.65)
Check now for the cycle e ciency. Recall that the thermal e ¢ iency is
what you want _ Weycle (2.66)
"~ what you pay for g, '
Here this reduces to o
_ Wooe _ 252241 10 g oo (2.67)
208 378362 107
Recall that the e ciency for any Carnot cycle should be
Tlow
=1 : 2.68
Thigh (2.68)
So general Carnot theory holds that the e ciency should be
400K 2
200K~ 3 0:6667 (2.69)
Recall further that for a Carnot cycle, one has
Gow - Tlow . (2 70)
Chigh  Thigh '
For this problem then one has
401 Tlow
— = ; 2.71
2% Thigh (2.71)
. kJ
1:26121 1¢? ki _  A00K. 272)
378362 107 & 1200 K’
1 1
- = 2.7
3 3 (2.73)

Indeed, the appropriate relation holds.

2.1.2 Exergy

Here we will introduce the concept oéxergy which relies on a Carnot cycle for its motivation.
This concept is widely used in some industrial design appditions; its use in the fundamental
physics literature is not extensive, likely because it is m@ thermodynamic property of a
material, but also includes mechanical properties. This siem quantity is one measure of
how much useful work can be extracted from a system which isdught into equilibrium
with a so-called reference rest state.

© 03 August 2026, Joseph M. Powers. All rights reserved.
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_______________________

control
h+v-v/2+gz volume

E—

17(7 + gZU

i 4L,Carnot

Figure 2.2: Sketch of control volume balance for exergy dission.

First let us imagine that the surroundings are at a referenceemperature of T, and a
reference pressure &,. This yields a reference enthalpy dfi, and a reference entropy of..
We also take the surroundings to be at rest with a velocity of = 0, and a reference height
of z,.

Consider the sketch of Fig. 2.2. Let us consider a steady owto and out of a control
volume. The conservation of mass equation yields

= Min Moy: (2.74)

For steady ow conditions, we haved=dt= 0, so we recover
Min = Moy = M: (2.75)
The rst law of thermodynamics for the control volume yields

dEc,
dt

1
ch ch + rl']in hin + évin Vin + an
1
Mout  Nout + évout Vout + 9Zout (2.76)

We will soon relate Q,,2=m t0 Gy.camot @s Sketched in Fig. 2.2; this will introduce a sign
convention problem. For now, we will maintain the formal sig convention associated with
Q¢v connoting heat transfer into the control volume. For steadyow conditions, we get

1
0= ch \ch + m hin hout + E(Vin Vin Vout Vout) + g(zin Zout) : (2-77)
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Now take the \in" state to be simply a generic state with no subsipt, and the \out"
state to be the reference state, so

0=Qu Wotm h hot (v W)+ oz 2) : (2.78)
Let us next scale bym so as to get
1
O0=Qv Wet+th hg+ EV v+ g(z z): (2.79)

Here we have takery, Q¢ =m and wg, = W,=m.
Now, let us insist that w,, = 0, and solve forgq, to get

1
Gy = h hy+ §V v+ oz z) (2.80)

Now, we imagine the working uid to be at an elevated enthalpyyelocity, and height
relative to its rest state. Thus in the process of bringing ito its rest state, we will induce
v < 0. By our standard sign convention, this means that thermalreergy is leaving the
system. This energy which leaves the system can be harnessadhe best of all possible
worlds, by a Carnot engine in contact with a thermal reservoiat temperature T, to generate

useful work. It is this work which represents the availablereergy, also known as the exergy.
For the Carnot engine, we have

Wcarnot = q-l;Carnot q_;Carnot : (2-81)

The standard sign convention for work and heat transfer is amdoned for the Carnot
analysis! It iswcamot Which gives the availability or exergy, which we de ne as:

= OH:carnot Q..carnot - (2-82)

Now let us require that the heat input to the Carnot engine be th heat associated with the

heat transfer from the control volume. Because of the incasgency in sign conventions, this
requires that

Gv =  OHcarnot - (2.83)

Now for Carnot cycles, we know that

Q-I;Carnot = T(S So); (2-84)
Q..camot = To(s  So): (2.85)

So, by substituting Eqgs. (2.83) and (2.85) into Eg. (2.82),te availability is
= Gv To(S So): (2.86)
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Now use Eq. (2.80) to eliminatey., from Eg. (2.86) to get

= h hg+t %v v+ o(z z) To(S  So); (2.87)

= h Tes+ %v V+ gz (ho ToSot+ 9%): (2.88)

So the exergy, that is, the ability to useful work, is enhanckby

~ high enthalpy h, which for ideal gases implies high temperatur€,
" high velocity v,

" high height z, and

" low entropy (or high order or structure)s.

I
Example 2.2
Find the exergy for a CPIG.

For a CPIG, we have

h he = (T To); (2.89)
S S = Gln — RIn P (2.90)
[0} PO
So we get
=6(T To) To Gln T Rin P +}v v+ g(z  20): (2.91)
TO Po 2

ForT T, P P, we can use Taylor series to simplify this somewhat. First, & recall the general
Taylor series for a log function near unity. Consider

y(X) =In x; (2.92)
for x 1. For a Taylor series nearx = 1, we have

d 1d?
y)  y)+ % D dTBZ/ ¢ 12+ 00 (2.93)
X= X=

Now for y = In x, we have

dy 1. Py _ 1,
x-x  ad- X (2.94)
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and thus
| A o AR
y(1)=In(1)=0 ; dx - =1; el - = L (2.95)
So
1 2
yx)=Inhx 0+(x 1) é(x ) i (2.96)
We then expand via the following steps:
P 1
= (T To) ¢Toln — + RToln B + Ev v+ o(z  2zp); (2.97)
(o] [0}
T T k 1 P 1
= GTlo T 1 In T + TIn o + Ev Iv+ oz z0); (2.98)
T T 1T 2 k1P
- CpTo Tio 1 Tio 1 é Tio 1 + e + k Pio 1 + e
+%v v+ g(z zo) (2.99)
! I
1T z k 1 P 1
= GTo 2T 1 +::0 + K o 1+::: + Ev v+ g(z  z0): (2.100)

In the neighborhood of the ambient state, relative pressuradi erences are more e ective than relative

temperature di erences at inducing high exergy.

2.2 Rankine

2.2.1 Classical

The Rankine cycle forms the foundation for the bulk of poweregperating devices which

utilize steam as a working uid. The ideal cycle is describely
" 1! 2: isentropic pumping process in the pump,
~ 21 3: isobaric heat transfer in the boiler,
" 3! 4: isentropic expansion in the turbine, and
" 41 1: isobaric heat transfer in the condenser.
To increase cycle e ciency one can
" lower the condenser pressure (increases liquid water in ime),

" superheat the steam, or
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boiler

condenser

pump

- A
Y

Figure 2.3: Schematic for Rankine cycle and the associat&dls plane.

" increase the pressure during heat addition.

A schematic for the Rankine cycle and the associated path ihe¢ T{s plane is shown in
Figure 2.3.

I
Example 2.3
(adopted from Moran and Shapiro) Consider steam in an ideal Rnkine cycle. Saturated vapor
enters the turbine at 8:0 MPa. Saturated liquid exits the condenser atP = 0:008 MPa. The net power
output of the cycle is 100 MW. Find

" thermal e ciency

back work ratio

mass ow rate of steam

rate of heat transfer Q;, to the uid in the boiler
rate of heat transfer Qo in the condenser

mass ow rate of condenser cooling water if the cooling wateenters at 15 C and exits at 35 C.

Use the steam tables to x the state. At the turbine inlet, one has P; = 8:0 MPa, and x3 = 1
(saturated steam). This gives two properties to x the state, so that

kJ kJ
hs = 2758 —; =5 — .
3 58 kg’ s3 =5:7432 kg K (2.101)
State 4 hasP, = 0:008 MPa ands,; = s3 =5:7432 kJkg=K, so the state is xed. From the saturation
tables, it is found then that

57432 K 0:5926 K
S, S
Xg= 4 S - Wl = WK -0:6745 (2.102)
Sq St 7:6361 X
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The quality is 0 x4 1, as it must be. The enthalpy is then

kJ kJ kJ
hs = hs + x4hsg = 17388 kg +(0:6745) 24031 kg - 1794:8 kg' (2.103)

State 1 is saturated liquid at 0:008 MPa, sox; = 0, P; = 0:008 MPa. One then getsh; = h; =
17388 kJ=kg, v; = v =0:0010084 ni=kg.

Now state 2 is xed by the boiler pressure ands, = s;. But this requires use of the sparse
compressed liquid tables. Alternatively, the pump work is asily approximated by assuming an incom-
pressible uid so that

he = hit =it vi(P, Py (2.104)
K m3 kJ
= 17388 — + 0:0010084— (8000 kPa 8 kPa)=181:94 —: (2.105)
kg kg kg
The net power is
Weycle = Wi + W, (2.106)

Now the rst law for the turbine and pump give

W4 W,
—=hz hy; —P=h; hy 2.107
m 3 4, m 1 2 ( 0 )
The energy input that is paid for is
Qin
=h hy: 2.1
m 3 e (2.108)
The thermal e ciency is then found by
— Wt + Wp - (h3 h4) +( hl h2) (2 109)

Qin hs h
k. k. k . k.
2758% 17948 % + 17388 é 181:94 %

= - - ; (2.110)
27581 181:94 |

(2.111)

By de nition the back work ratio bwr is the ratio of pump work to turbine work:

W

bwr = —_ (2112)
W,
hy h,
= : 2.11
hs hs (2.113)
17388 KL 181:94 K.
= 9 R (2.114)

2758 % 17948 ';%

: @115
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The desired mass ow can be determined because we know the desl net power. Thus

chcle
m = ; 2.116
- (hs hg)+(hy hy) ( )
- kJ 1120 10 o kJ kJ (2.117)
2758 kg 17948 kg T 17388 kg 18194 kg
= 104:697 %; (2.118)
kg S kg
= 104697 — 3600 — =[3:769 10 —: (2.119)
S hr hr
The necessary heat transfer rate in the boiler is then
Qn = m(hs hy); (2.120)
- 104697 "9 2758 <0 181:94 1 : (2.121)
S kg kg
= 269706 kW; (2.122)
= (2697 MW: (2.123)
In the condenser, one nds
Qout = m(h1 hy); (2.124)
= 104697 k—g 17388 k—J 17948 k—J ; (2.125)
S kg kg
= 169705 kW (2.126)
= 1697 MW: (2.127)
For the cycle that one should nd
Weycle = Qin + Qout = (269:7 MW)  (169:7 MW) = 100 MW : (2.128)
For the condenser mass ow rate now perform a mass balance:
dBev _ Oy Mot Mo Nou)* m(he ha); (2.129)
- v T Wclllin out mita 1) .
gy
0 = mc(hin  hou)+ m(hs hy); (2.130)
m(hs hy)
me = _ 2.131
= hin hout ( )
104697 % 17948 K 17388 K.
= o <9 . 9 (2.132)
6299 14668 1
= 2027:79 k?g; (2.133)
- 202779%9 3600s . (2.134)
S hr
kg
= |73 1¢° P (2.135)
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The enthalpy for the cooling water was found by assuming vales at the saturated state at the respective
temperatures of 15 C and 35 C.

I
Example 2.4
Compute the exergy at various points in the ow of a Rankine cycle as considered in the previous
example problem.

For that example, we had at state 1, the pump inlet that
kJ kJ

h,; =173:88 @; Sy = 0:5926kg—K: (2.136)
After the pump, at state 2, we have
kJ kJ
h, = 181:94 @ S, = 0.5926kg—K. (2.137)
After the boiler, at state 3, we have
kJ kJ
hs =2758 —; =5:7432 ——: 2.1
3 58 kg, S3 =5 3 kg K ( 38)
After the turbine, at state 4, we have
kJ kJ
hy =1794:8 —; =5:7432 ——: 2.1
4 9 8kg’ sS4 =5:743 kg K (2.139)

Now for this example, kinetic and potential energy contributions to the exergy are negligible, so we
can say in general that
=(h Tos) (ho ToSo): (2.140)

Now for this problem, we have T, = 298:15 K, h, = 104:89 kJ=kg, s, = 0:3674 kJFkg=K. We have
estimated h, and s, as the enthalpy and entropy of a saturated liquid at 25 C = 298:15 K.
So the exergies are as follows. At the pump entrance, we get

1 = (h1 Tos1) (ho  ToSo); (2.141)

= 17388 E—; (29815 K) 0:5926 klg(iJK
10489 :Z—; (29815 K) 0:3674 klg(iJK ; (2.142)
= 1:84662%: (2.143)

After the pump, just before the boiler, we have

2 = (h2 ToS2) (ho ToSo); (2.144)

= 18194 t; (29815 K) 0:5926 klgdK
10489 lI% (29815 K) 0:3674 klg(iJK ; (2.145)
= 9:90662%: (2.146)
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So the exergy has gone up. Here, 1 = hy h; because the process is isentropic. Here, 1=
h, = hy =181:94 17388 = 8:06 kJ=kg.
After the boiler, just before the turbine, we have

s = (hs Toss) (Mo ToSo); (2.147)
= 2758% (29815 K) 5:7432 k%

104:89% (29815 K) 0:3674k;—JK : (2.148)

= 105032 E‘;: (2.149)

Relative to the pump, the boiler has added much more exergy tahe uid. After the turbine, just
before the condenser, we have

4 = (hy Tos4) (ho ToSo); (2.150)
= 17948 % (298:15 K) 5:7432k;—‘]K

104:89::; (29815 K) 0:3674k'g‘JK ; (2.151)

= 87:1152:2;: (2.152)

Note that 4 3 = hy hs because the process is isentropic. The actual exergy (or alable work)
at the exit of the turbine is relative low, even though the enthalpy state at the turbine exit remains at
an elevated value.

2.2.2 Reheat

In a Rankine cycle with reheat, the steam is extracted from amtermediate stage of the
turbine and reheated in the boiler. It is then expanded throgh the turbine again to the

condenser pressure. One also avoids liquid in the turbinethvithis strategy. This generally

results in a gain in cycle e ciency. Geometrically, the behaor on a T{s diagram looks more
like a Carnot cycle. This is often covered in an introductorghermodynamics class, so no
formal example will be given here. A schematic for the Rankencycle with reheat and the
associatedT {s diagram is shown in Figure 2.4.

2.2.3 Regeneration

In a Rankine cycle with regeneration, some steam is extractérom the turbine and used
to pre-heat the liquid which is exiting the pump. This can led to an increased thermal
e ciency, all else being equal. The analysis is complicateloy the need to take care of more
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Figure 2.4: Schematic for Rankine cycle with reheat along thithe relevant T{s diagram.

complex mass and energy balances in some components. A scienfior the Rankine cycle
with regeneration and open feedwater heating is shown in kige 2.5.

I
Example 2.5
(adopted from BS) Steam leaves a boiler and enters a turbineta4d MPa, 400 C. After expansion
to 400 kPa, some steam is extracted for heating feedwater inraopen feedwater heater. Pressure in
feedwater heater is 400 kPa, and water leaves it at a saturatestate at 400 kPa. The rest of the steam
expands through the turbine to 10 kPa. Find the cycle e ciency.

1! 2: compression through pumpP 1,

" 2&6! 3: mixing in open feedwater heater to saturated liquid state
" 3! 4: compression through pumpP 2,

" 4! b5: heating in boiler,

" 51 6: partial expansion in turbine,

~ 51 7: completion of turbine expansion, and

" 7! 1: cooling in condenser.

From the tables, one can nd

kJ kJ kJ kJ kJ
h5 - 32136 @, h6 - 26856 @, h7 - 21441 @, h]_ - 1918 @, h3 - 60473 @,
m3 m3
vy = 0:00101@; V3 = 0:001084k—g: (2.153)

First consider the low pressure pump.

h2 hl + V1(P2 Pl); (2154)

3
1918% + 0:00101% (400 kPa) (10 kPa)): (2.155)

kJ
192:104 (2.156)
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5
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pump
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3
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P1 1

Figure 2.5: Schematic for Rankine cycle with regeneratiomd open feedwater heating.

The pump work is

=
o
|

vi(P1 P2);
m3

0:001017 (10 kPa)

0393953:
kg

(400 kPa));

(2.157)

(2.158)

(2.159)

A sign convention consistent with work done by the uid is used here. At this point the text abandons

this sign convention instead.
Now consider the turbine

dme,
E:a!
=0

Ms

1
dEcy

| ijg}

Wey

Mms Mg My;

Me + M7;
m m
Mms Ms

+ msh meh m-hz;
%}g W, + mshs  mghs  mzhy

mshs  mghs

m-hz:
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On a per mass basis, we get,
o Wy _ Me mz, .
Wy = ms = h5 m5h6 m5h7’ (2165)
= hs m5h6 1 e h; (2.166)
Mg Me
= hs hg+hg —h 1 = hy 2.167
5 6 6 ms 6 ms 7 ( 6 )
Me Me
= hs he+hg 1 = 1 = hy 2.1
5 he+ he e me 7 (2.168)
Mg
= hs he+ 1 — (hg hy): (2.169)
Ms
Now consider the feedwater heater. The rst law for this device gives
dEev %V %ﬁmzhﬁ mehs  mshs; (2.170)
@ | e B
|-—O-} =0 =0
Mo Mg
hs = —=hy+ —hg; 2.171
3 ms 2 ms 61 ( )
7 Me
= _ + = .
m5h2 m5h6' (2.172)
= 1 DB p,, Moy (2.173)
Mms N5
604730 = 1 Mo 1gpq94K) | Mo ygerg K (2.174)
kg Mms kg Ms kg
Ms - 0:165451 (2.175)
Ms
Now get the turbine work
Me
wi = hg hg+ 1 — (h6 h7); (2176)
Mms
32136 kJ 26856 kJ
kg kg
+(1 0:165451) 26856 kJ 21421 (2.177)
' kg kg '
kJ
= 979: — 2.17
979:908 kg ( 8)
Now get the work for the high-pressure pump
Wp2 = V3(P3s Py); (2.179)
3
= 0:001084% (400 kPa) (4000 kPa)): (2.180)
kJ
= 19024 —: 2.181
3:90 kg (2.181)
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Now
h4 = h3 + V3(P4 P3); (2182)
3
= 60473 l;—‘; + 0:001084|:—g ((4000 kPa) (400 kPa)); (2.183)
kJ
= 608:6 k—g (2.184)
Now get the net work
Whet = MsWi + MiWp1 + MsWpo; (2.185)
Whet = W+ gWPl T Wpo; (2.186)
Ms
= W+ @Wpl + Wp o, (2187)
Ms
Me
= w+ 1 — Wpi+ Wpo; (2.188)
Ms
= 979908 k—J +(1 0:165451) 0:3939 k—J 3:9024 k—J ; (2.189)
kg kg kg
975:677 k—J (2.190)
: kg’ .

Now for the heat transfer in the boiler, one has

G = h5 hy; (2191)
kJ kJ
32136 | 6086 | (2.192)
kJ
26050 (2.193)

Thus, the thermal e ciency is

3 kJ
Woet 975677 K

- - kg (2.194)

-1 k.
th 26050 %

This does represent an increase of e ciency over a comparabl Rankine cycle without regeneration,
which happens to be 0369.

2.2.4 Losses

" Turbine: These are typically the largest losses in the syste The turbine e ciency is

de ned by
Wt h3 h4
=~ =-_= 4. 2.195
Wis h3 h4s ( )
Here hys and wys are the enthalpy and work the working uid would have achievé had

the process been isentropic. This is for a control volume.
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Pump: Pump losses are usually much smaller in magnitude thahose for turbines.
The pump e ciency for a control volume is de ned by

Wps hZS hl
= — = — 21
Wy h2 h]_ ( 96)

Piping: pressure drops via viscous and turbulent ow e ectdnduce entropy gains
in uid owing through pipes. There can also be heat transferfrom pipes to the
surroundings and vice versa.

Condenser: Losses are relatively small here.

Losses willalwaysdegrade the overall thermal e ciency of the cycle.

2.2.5 Cogeneration

Often steam is extracted after the boiler for alternative uss. A good example is the Notre
Dame power plant, where steam at high pressure and temperatuis siphoned from the
turbines to heat the campus in winter. The analysis for such gystem is similar to that for
a system with regeneration.

A schematic for cogeneration cycle is shown in Figure 2.6.

2.3 Air standard cycles

It is useful to model several real engineering devices by wha known as an air standard
cycle. This is based on the following assumptions:

" CPIG,

" no inlet or exhaust stages,

" combustion process replaced by heat transfer process,

" cycle completed by heat transfer to surroundings (not exhat), and
" all process internally reversible.

In some cycles, it is common to model the working uid as aed mass In others, it is
common to model the system as eontrol volume
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Y

5
steam high pressure] low pressure >
-» | generator turbine | turbine W
. (e.g. ND power ! ’
Qu plant) I
"6
2
thermal
process
A4 steam load
(e.9. heating the condenser >
ND campus) Q.
liquid Y 1 liqud (e.g.to St JosephOs Lak:
y 8
3 i pump
pump < - <
by mixer P1
I/VPZ I/VPl
Figure 2.6: Schematic for Rankine cycle with cogeneration.
2.4 Brayton

2.4.1 Classical

The Brayton cycle is the air standard model for gas turbine gmnes. It is most commonly
modeled on a control volume basis. It has the following compents:

"~ 1! 2: isentropic compression,

~ 21 3: isobaric heat transfer to combustion chamber,
~ 3! 4: isentropic expansion through turbine, and

" 41 1. isobaric heat exchange with surroundings.

A schematic for the Brayton cycle is shown in Figure 2.7. Diagms for P{v and T{s for
the Brayton cycle are shown in Figure 2.8.
The e ciency of the air standard Brayton cycle is found as

_ Whet |
H

(2.197)
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fuel
combustion
P W
compressor turbine 1 >
products 4
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environmental exhaust return
Figure 2.7: Schematic for Brayton cycle.
P T
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2 3 3
isentrope
isobar
isentrope 2 4
1 4 1 isobar
A N
7 Ll
v S

Figure 2.8: P{v and T{s diagrams for the Brayton cycle.

For the cycle, the rst law holds that

Whet = Ghet = G4 OL: (2.198)

One notes for an isobaric control volume combustor that

Ao _ o, Wy + iy Moy (2.199)
|.§’§.}
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So
Qev = M(how hin); (2.200)
%V = how hin; (2.201)
d = how hin; (2.202)
= &(Touwt Tin): (2.203)

One might wonder about the work going from 2 to 3, which has ameunder the curve in the
P{v diagram of Fig. 2.8. In the combustor there is no shaft work,os\W, = 0. But the
work of the expanding uid is recognized by the enthalpy di eence. Our Eg. (2.203) for
the combustor predictsqg = hz hy; = ¢,(Ts Ty). Using the de nition of h, it also says
g= us+ P3vs (up+ P,vy). And becauseP; = P,, we getq= uz u,+ P(vs V). So for
the isobaric combustor, we could cast the rstlawasu=q P .

So the thermal e ciency for the Brayton cycle is

T, &401
T, T 1
SV o Qg Gy Gl T, T h 7 (2.204)
OH OH OH (T To) T, B o1
Now because of the de nition of the process, one also has
Ps P2
— = 2.2
Py P (2.205)
And because I 2 and 3! 4 are isentropic, one has
P T k=(k 1) P T k=(k 1)
2 = 2 = 3= =B ; (2.206)
P T Py Ty
So one then has - -
2 3
— = = 2.207
T, T4 (2.207)
Cross-multiplying, one nds
T3 T4
== — 2.208
Subtracting unity from both sides gives
T3 Ty
— 1=—= 1 2.2
T, T, (2.209)
So the thermal e ciency takes the form
_ T, _ 1 1 _
=1 I, = ? =1 =T (2.210)
l —_
P1
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If a Carnot cycle were operating between the same temperatutbounds, its e ciency,
camot = 1  T1=Tz, would be greater than that for the Brayton cycle. Relative ¢ the
Rankine cycle, the Brayton cycle has a large fraction of comgssor work. So the backwork
ratio bwr is larger.

One must also account for deviations from ideality. These ects are summarized in
component e ciencies. The relevant e ciencies here, assumg a control volume approach,
are

_ hZS hl_

© = h hy (2.211)
hs hy

= — 2.212

© 7 he he (2212

For a CPIG, one gets then

_ TZS Tl_

e = T (2.213)
T3 T4

= > °. 2.214

COTs Ta (2.214)

I
Example 2.6
(adopted from Moran and Shapiro). Air enters the compressorof an air-standard Brayton cycle
at 100 kPa, 300 K with a volumetric ow rate is 5 m3=s. The pressure ratio in the compressor is 10.
The turbine inlet temperature is 1400 K. Find the thermal e ¢ iency, the back work ratio and the net
power. Both the compressor and turbine have e ciencies of (8.

First calculate the state after the compressor if the compresor were isentropic.

k=(k 1)
% - % - 10: (2.215)
1 1
Tos = Tp(10)K D (2.216)
= (300 K)(10) @4 D=1:4. (2.217)
= 579:209 K: (2.218)
Now
¢ = %; (2.219)
T, = Tz T (2.220)
C
79:209 K K
= (300 K)+ (579.209 O')8 (300 ); (2.221)
= 649:012 K: (2.222)

Now state three hasTs; = 1400 K. Recall that 2 ! 3 involves heat addition in a combustion chamber.
Now calculate T45 for the ideal turbine. Recall that the expansion is to the sane pressure as the
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compressor inlet so thatP;=P, = 10. The isentropic relations give

k=(k 1)

Tas - Pa
T3 P3’
(k 1)=k
P4
Tas = Tz — ;
4s 3 PS
(1:4 1)=1:4
= (1400 K) — ;
( ) 10
= 725:126 K:

Now account for the actual behavior in the turbine:
Ty Ta4.
Tz Tas’
Ta = T3 (T3
(1400 K)
860:101 K:

T4S);
(0:8)((1400 K)

Now calculate the thermal e ciency of the actual cycle.

(725:126 K));

o Wnet Gy, G-y 60 T)_, T4 To
O OH Ok Gp(Ts  T2) T3 T2
860101 K 300K
1400 K 649012 K’
= |0:254181
If the cycle were ideal, one would have
) _ Wnhet _ H a _ a _ Cp(-|—4s T1) _ Tas T1,
ideal - - =1 —=1 - ’
CH OH OH Cp(Ts Tas) T3 Tas
(725126 K) (300 K)
(1400 K)  (579:209 K)’
= 0:482053
For the ideal cycle one also has
_ T1 _ 300K
ideal =1 szs =1 579209 K _ 0:482053
The back work ratio is
bwr = eomp
Wturb '
_ (T2 Ty,
G(Tz Ta)’
_ T2 T,
T T4
(649012 K) (300 K)
"~ (1400 K) (860:101 K)’
= 10:646439
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(2.232)

(2.233)

(2.234)

(2.235)
(2.236)

(2.237)

(2.238)
(2.239)
(2.240)

(2.241)

(2.242)
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If the process were ideal, the back work ratio would have been
bWrigear = Weomp . (2.243)
Wturb
— Cp(TZS Tl) .
= == 2.244
Co(Tz  Tas) ( )
TZS Tl
= ; 2.245
Tz Tus ( )
(579:209 K) (300 K)
= : 2.246
(1400 K) (725126 K)' ( )
= 0:413721 (2.247)
Now get the net work. First get the mass ow rate from the volume ow rate. This requires the specic
volume.
0:287 X~ (300 K) 3
vi= N1 ko K =0:861 M. (2.248)
P, 100 kPa kg
Now ,
m>
m= ;L= Vo —S — =5:8072 @: (2.249)
Vi 0:861 Tj—g S
Recall ¢, = ke, = 1:4(717:5 J=kg=K) = 1004 :5 J=kg=K =1 :0045 kJFkg=K. Now
Weyele = mMCp((Tz Ta) (T2 Tu); (2.250)
= 5:8072k—3 1:0045kg—‘]K ((1400 K) (860:101 K) (649012 K) + (300 K)) ;(2.251)
= [111351 kW: (2.252)
If the cycle were ideal, one would have
Wigea = me((Ts Tas) (Tas  Ti); (2.253)
= 5:8072%g 1:0045I<;JK ((1400 K) (725126 K) (579:209 K) + (300 K)) ;(2.254)
= 2308:04 kW: (2.255)

The ine ciencies had a signi cant e ect on

2.4.2 Regeneration

both the back work ratio and the net work of the engine.

One can improve cycle e ciency by regeneration. The hot gasiithe turbine is used to
preheat the gas exiting the compressor before it enters thermbustion chamber. In this

cycle, one takes

A

1! 2: compression,

T2

X: compression exit gas goes through regenerator (heat exoar),

© 03 August 2026, Joseph M. Powers. All rights reserved.



52 CHAPTER 2. CYCLE ANALYSIS

A

x ! 3: combustion chamber,
" 3! 4: expansion in turbine, and
" 41 vy: turbine exit gas goes through regenerator (heat exchanger

A schematic for the Brayton cycle is shown in Figure 2.9.

y regenerator

<
<

A

N

combustion
chamber 3

\ Ao

compressor turbine 1w

\

Figure 2.9: Schematic for Brayton cycle with regeneration.

For this to work, the gas at the turbine exit must have a highetemperature than the gas
at the compressor exit. If the compression ratio is high, theompressor exit temperature is
high, and there is little bene t to regeneration.

Now consider the regenerator, which is really a heat exchamg&@he rst law holds that

dE,
= + mh h, + mh hy: 2.256
& &y MAQ}V mh, mhy + mh, mhy; ( )
. =0 =0
0 = hy, hy+hsy hy (2.257)
= (T2 T+ c(Ta Ty); (2.258)
=T, T+Ts T, (2.259)

Now consider the inlet temperatures to be known. Then the rstaw constrains the outlet
temperatures such that

T2 + T4 = Tx + Ty: (2260)

If the heat exchanger were an ideato- ow heat exchanger one might expect the outlet
temperatures to be the same, that isTy = Ty, and one would haveT, = T, = (1=2)(T,+ Ty).
But in fact one can do better. If acounter- ow heat exchangelis used, one could ideally

expect to nd
Tx = Ty Ty = Tz (2.261)
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The thermal e ciency is
Vz:t; (2.262)
i : We. (2.263)
(Tz Ta) (T2 Ti), (2.264)
Cp(T3 Tx) ’ .
Ts To) (T, T
(T: T42, (T2 1), (2.265)
X
Ts To) (T, T
(Ts 111 §|-42 1); (2.266)
T, T
1 Tj Ti; (2.267)
T, 2 1
1 T—u (2.268)
T, 1 It
(k 1)=k
T, g
1 CRTE (2.269)
Ts 1 B
(k 1)=k
T, E
1 CRE (2.270)
1 B
_— K Dk 1 % (k 1)=k
2 .
1 . P =T (2.271)
1 5
T. p, (kD
1 T_; P—j : (2.272)

This is the Carnot e ciency moderated by the pressure ratio. As the pressure ratio rises,
the thermal e ciency declines.

The regenerator itself will not be perfect. To achieve the prmance postulated here
would require in nite time or an in nite area heat exchanger As both increase, viscous
losses increase, and so there is a trade-o. One can summarthe behavior of an actual
regenerator by an e ciency de ned as

_ hy hy actual
“07 he  h, ideal

(2.273)
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If we have a CPIG, then

SELTLY (2.274)

re .
ST T,

I
Example 2.7
(adapted from Moran and Shapiro) How would the addition of a regenerator a ect the thermal

e ciency of the isentropic version of the previous example goblem?

One may take the rash step of trusting the analysis to give a pediction from Eq. (2.272) of

(k 1)=k

=1 % E—j ; (2.275)
300 K @4 -1

= 1 go5x OF 4 = [0:586279 (2.276)

Without regeneration, the thermal e ciency of the ideal Bra yton cycle had a value of 3482053. Had
the engine used a Carnot cycle between the same temperaturenits, the e ciency would have been

0:785714.

2.4.3 Ericsson cycle

If one used isothermal compression and expansion, which ews and impractical, in place
of isentropic processes in the Brayton cycle, one would obtahe Ericsson cycle Diagrams
for P{v and T{s for the Ericsson cycle are shown in Figure 2.10.

P T
A A

isotherm .
isobar .
isobar

Y

Y

Figure 2.10: P{v and T{s diagram for the Ericsson cycle.
One can outline the Ericsson cycle as follows:
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" 1! 2: isothermal compression,

~ 21 3: isobaric heating in the combustion chamber,
" 3! 4: isothermal expansion in turbine, and

" 41 1: isobaric heat transfer in surroundings.

One also takes thecontrol volumeapproach.

First consider the work in the isothermal compressor. For #hcontrol volume, one recalls
that the work is given by the enthalpy di erence, and thatdh= T ds+ vdP = g, W,
with g.= T dsand w.,= v dP, so

z 2 Z 2
W, = vdP = RT; d—P = RTiIn &: (2.277)
1 1 P Pl

Note that P,=P; > 1, sow, < 0; work is done on the uid in the compressor.

For the turbine, again for the control volume, the key is the mthalpy di erence and
dh=Tds+vdP= q; w¢ with g.=T dsand wy{= v dP. The turbine work would
be z, 7

W = vdP = RT3 — = RT3In —: (2.278)
3 3 P P3

But becauseP, = P3; and P, = Py, the turbine work is also

P P
W= RTzln =% = RT3ln -2; (2.279)
P> P1

BecauseP,=P; > 1, the turbine work is positive.
In the combustion chamber, one has from the rst law

O = h3 h2 = Cp(T3 Tz): (2280)

For the isothermal turbine, one hasdh = ¢, dT =0= g W, sog = w;. The heat
transfer necessary to keep the turbine isothermal is

G = Wy = RTzln %: (2.281)
1

So the total heat that one pays for is

H=0+q=0C(Ts Ti)+ RTsln %: (2.282)
1
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So the thermal e ciency is

+
= WtChWC; (2.283)
_ R(Ts Ty)ing (2.284)
&(Ts  T1)+ RTgin £2°
1 5L nk
T (2.285)
k 1 T3 P1
(k 1)=k
1 & In &
= 2 T (2.286)
1 & +In 2 -
T3 P1
0 1
- 1 &b 1 ; (2.287)
T 17
3 1+ T3
n Py (k 1)=k
0 o1 1
T 1 3
1 2B Tk (2.288)
|z n B
Carnot | P1 {Z }

correction

This is expressed as a Carnot e ciency modi ed by a correctiowhich degrades the e ciency.
The e ciency is less than that of a Carnot cycle. For high temgrature ratios and high
pressure ratios, the e ciency approaches that of a Carnot aine.

Now if one used multiple stagedntercooling on the compressors and multiple staged
expansions with reheat on the turbines, one can come closer the isothermal limit, and
better approximate the Carnot cycle.

2.4.4 Jet propulsion

If one modi es the Brayton cycle so that the turbine work is j$t su cient to drive the
compressor and the remaining enthalpy at the turbine exit istilized in expansion in a
nozzle to generate thrust, one has the framework for jet prafsion. Here thecontrol volume
approach is used. A schematic for a jet engine is shown in Figu2.11. Diagrams for
P{v and T{s for the jet propulsion Brayton cycle are shown in Figure 2.12An important
component of jet propulsion analysis is the kinetic energyf the ow. In the entrance region
of the engine, the ow is decelerated, inducing &am compressione ect. For high velocity
applications, this e ect provides su cient compression fo the cycle and no compressor or
turbine are needed! However, such a device, known as a ramjstnot self-starting, and so
is not practical for many applications.
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burner 3

compressor turbine

________________________________ <________________________________
environmental exhaust return

Figure 2.11: Schematic for jet propulsion.

P T
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isentrope

isobar

N, Y,
> >

\ S

Figure 2.12: P{v and T{s diagrams for jet propulsion Brayton cycle.

One can outline the ideal jet propulsion cycle as follows:
" 1! a: deceleration and ram compression in di user,
a! 2: isentropic compression in the compressor,
~ 21 3: isobaric heating in the combustion chamber,
~ 3! 4: isentropic expansion in turbine,
" 41 5: isentropic conversion of thermal energy to kinetic engrgn nozzle, and
" 51 1: isobaric heat transfer in surroundings.
The goal of the jet propulsion cycle is to produce a thrust fee which is necessary to
balance a uid-induced aerodynamic drag force. When such allance exists, the system is

in steady state. One can analyze such a system in the refererfame in which the engine
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is stationary. In such a frame, Newton's second law gives

d i .
Ot (McyVey) = |{§} + |°1A1| {z PsAsj +Mvy  Mvs: (2.289)

Eh 4

=0

} thrust force small

Solving for the thrust force, neglecting the small di erenes in pressure, one gets,
F=m(vs Wwv): (2.290)

The work rate done by the thrust force is the product of this fice and the air speedy;.
This gives

JWpj = jF wij = jm(vs V1) Vij: (2.291)
Now the e ciency of the cycle is a bit di erent. The net work of the turbine and compressor
is zero. Instead, the overall e ciency is de ned as

_ propulsive power _ jWoj _[jmvi (Vs va)j_

energy input rate  jQyj mi(hs  hy)j (2.292)

Note the following unusual behavior for ight in an ideal invscid atmosphere in which
the ow always remains attached. In such a ow D'Alembert's paadox holds: there is
no aerodynamic drag. Consequently there is no need for thtugeneration in steady state
operation. Thrust would only be needed to accelerate to a gawlar velocity. For such
an engine then the exit velocity would equal the entrance \@dity: vs = v; and F = 0.
Moreover, the overall e ciency is o, =0.

Other e ciencies are often de ned in jet propulsion. Thepropulsive e ciency, |, is often
de ned as the propulsive power scaled by the net change in kitic energy per unit time.
Using our notation, and assuming negligible mass ow rate ohe fuel relative to that of the
air, we have

_ Woj
p = —V\;lp IR (2.293)
m 3 3
mvi(Vs VvV
- mMulvs Vi) 1(ng v;); (2.294)
m 3 3
_ (Vs vi),
= =5 7 (2.295)
2 2
2vi(Vs V)
= : 2.296
(Vs V1) (Vs + vi) ( )
2V
= L. (2.297)
Vs + Vg
2 .

\%1
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If vs = v1, we get , = 1. However, there is no thrust force in this limit!
We can think of

o= o= (2.299)
] KE] JQu]
It is common in propulsion to de ne the thermal e ciency 4, as
_ | KE].
th — — . -
1Qu]

With these de nitions, we get the overall e ciency to be the product of the thermal and
propulsive e ciencies.

(2.300)

0= th p- (2.301)

I
Example 2.8
(adopted from Gengal and Boles). A turbojet ies with a velo city of 850 ft=s at an altitude where
the air is at 5 psia and 40 F. The compressor has a pressure ratio of 10, and the tempsure at
the turbine inlet is 2000 F. Air enters the compressor at a rae of m = 100 Ibm=s. Assuming an air
standard with CPIG air, nd the

" temperature and pressure at the turbine exit,
" velocity of gas at nozzle exit,
" overall e ciency, and

propulsive e ciency.

For the English units of this problem, one recalls that

lbm ft Btu ft2

1 Btu=777:5 ft Ibf; O =32:2 of 2 1 ibm = 25037 S—z: (2.302)
For air, one has
Btu ft Ibf ft2 Btu
cp = 0:240 B R’ R =53:34 bm R 1717:5 FR- 0.0686m, k=1:4 (2.303)

First one must analyze the ram compression process. An engrdalance gives

Vi V1
2

Va Va

1B}

small

hy + = hy + (2.304)

It is usually su cient to neglect the kinetic energy of the u id inside the engine. While it still has
a non-zero velocity, it has been slowed enough so that enthgy dominates kinetic energy inside the
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engine. So one takes

ViV
ha = hi+ =
ViV
0 = hy hy+ =
ViV
= c(Ty Ta)+ 12 1;
Vi V1
Ta = T1+ :
a 1 ZCp

The ambient temperature is
Ti= 40+460=420 R:

So after ram compression, the temperature at the inlet to thecompressor is

ft 2 B
8505 Lon 480 Rr:

Ta=(420 R)+ — >
2 0:240 524« 250371

Now get the pressure at the compressor inlet via the isentrojg relations:

k=(k 1) 1:4=(1:4 1)
B Ta _ . 480 R
P,=P; T—l = (5 psia) 220 R

=8:0 psia

Now consider the isentropic compressor.
P, =10P, = 10(8:0 psia) = 80 psia
Now get the temperature after passage through the compresso

P, (k 1)=k

T2=Ta & = (480 R)(10)** D4 =027 R:
a

(2.305)
(2.306)
(2.307)

(2.308)

(2.309)

(2.310)

(2.311)

(2.312)

(2.313)

The temperature at the entrance of the turbine is known to be D00 F = 2460 R. Now the turbine

work is equal to the compressor work, so

We = W,
ho ha = hz hy
(T2 Ta) = (T Ta);
T, Ta = T3 Ty
Ty = T3 Tot Ty

= 2460 R 927 R+480 R;
= ]2013 R:
Use the isentropic relations to getPy:

T, k=(k 1)

Ps = P3 T, = (80 psia)

2013 R 1:4=(1:4 1)
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(2.314)
(2.315)
(2.316)
(2.317)
(2.318)
(2.319)

(2.320)

(2.321)
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Expansion through the nozzle completes the cycle. Assume aisentropic nozzle, therefore

p. (k D=
Ts = Ta — ; (2.322)
P4
(k 1)=k
= T Py : (2.323)
P4
5 psia (1:4 1)=1:4
= =(2013 R) —— ; 2.324
(2013 R 397 psia (2.324)
= 1114 R: (2.325)
Now consider the energy balance in the nozzle:
he+ 25 = pg ST (2.326)
|-&-}
small
V2
0 = hs hy+ 55; (2.327)
= (T T+ 2% (2.328)
q___ 2
Vs = 26(Ty  Ts); (2.329)
E Bt 25037“!
u i~
= 2 024 2013 R 1114 R) ——=— 2.
0 OIbm R (2013 ) 180 ; (2.330)
ft
= |3288—: (2.331)
s
Now nd the thrust force magnitude
Fi = mvs vo= 100P™  3288™ gsolt :243800ﬂ|2m; (2.332)
s s s s
24380019
"< Ibf s2
= 75714 Ibf: (2.334)
The power is the product of the thrust force and the air speed,so
G . : ) ft Btu ]
B
- 8277 %; (2.336)
!
_ Btu 1:415hp .
= 80T T (2.337)
S
= 11711 hp: (2.338)
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Now for the heat transfer in the combustion chamber

Qu = m(hs hy); (2.339)
= mep(Ts  Tp); (2.340)

Ibm Btu
= 100—~  0:240,_—— (2460 R 927 R); (2.341)
= 36792 B%: (2.342)

So the overall e ciency is

0= — = ————=— = |0:225 (2.343)

Qu 3679284

The remainder of the energy is excess kinetic energy and exaxthermal energy, both of which ultimately
dissipate so as to heat the atmosphere.
The propulsive e ciency is

2 2
PT LT T T q g IEESs 0:410826 (2.344)
Vi 850 ft=s
We also get the thermal e ciency to be
o 0:225
= —= ——_ =0:547677 2.345
" T, T 0:410826 (2:349)

Other variants of the turbojet engine include the very impaiant turbofan enginein which
a large cowling is added to the engine and a an additional fan front of the compressor
forces a large fraction of the air tdbypassthe engine. The turbofan engine is used in most
large passenger jets. Analysis reveals a signi cant increas overall e ciency as well as
a reduction in jet noise. Other important variants include he turboprop, propfan, ramjet,
scramjet, jet with afterburners and rocket

2.5 Reciprocating engine power cycles

Here are some common notions for engines that depend on pigtamiving in cylinders. The
piston has a bore diameteB. The piston is connected to the crankshaft, and the strok8
of the piston is twice the radius of the crankR¢ank :

S = 2Rerank : (2.346)

See Figure 2.13 for an illustration of this geometry for a disn-cylinder arrangement in two
con gurations. The total displacement for all the cylindes is

Vaispl = Neyl(Vmax — Vimin ) = NeyiAcyi S: (2.347)
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A
Y

Figure 2.13: Piston-cylinder con gurations illustratinggeometric de nitions.

Note that
BZ
Acyl = 7: (2.348)
The compression ratio is not the ratio of pressures; it is theatio of volumes:
V
r,= CR= Vmax: (2.349)
min

For these engines the volumes are closed in expansion and paession, so the net work is
I

Wnet = P dV: Pmeff (Vmax me ). (2.350)

Here one has de ned anean e ective pressure Pnets . The net work per cylinder per cycle
is
Whet = MWhet = Prett M(Vmax ~ Vmin ) = Pmett (Mmax ~ Viin ) (2.351)

Now consider the total power developed for all the cylinderddAssume the piston operates at
a frequency of cycless:

Wiet = I\Icyl Pmeft (Vmax ~ Vmin ) - (2.352)
It is more common to express in revolutions per minute: RPM = (60 —=-), so
RPM
= P V, Vhin ) —— 2.353
Wnet meff I\lcyl( ma& mm? 60 %1 ( )
= Vdispl
RPM
Pmett Vdispl 60 5 (2.354)

min
This applies for a two-stroke engine. If the engine is a foutreke engine, the net power is
reduced by a factor of £2.
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2.6 Otto

The air-standard Otto cycle approximates the gasoline eng. It employs a xed mass
approach. Diagrams forP{v and T{s for the Otto cycle are shown in Figure 2.14.

isentrope _
isochore

Y

Figure 2.14: P{v and T{s diagrams for the Otto cycle.

One can outline the Otto cycle as follows:

~ 11 2: isentropic compression in the compression stroke,

~ 2! 3: isochoric heating in the combustion stroke during sparkymition,
" 3! 4: isentropic expansion in power stroke, and

" 41 1: isochoric rejection of heat to the surroundings.

For isochoric heating, such as 2 3, in a xed mass environment, the rst law gives

Uz Uy = ; 2.355
3 U 208 QN\Z ( )
= 20 P dv; but v, = v3; (2.356)

z"”

V2
= 20 P dv, (2.357)

| Z{z—}
=0

208 = Uz Uy (2.358)
= ¢(Ts Ty); if CPIG: (2.359)
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The thermal e ciency is found as follows:
= Whet, (2.360)
(o
= % 9. (2.361)
O
-1 4. (2.362)
O
C(Ta Ty)
=1 X = 2.363
o(Tz T2) ( )
T, Ty
=1 ; 2.364
T, &1
=1 :1 (2.365)
T, £ 1
Now one also has the isentropic relations:
T, v !
2= 1 : 2.366
T v <!
—= — 2.367
But V, = V; and Vo = V3, so
Ts_ Vi T
3= = < 2.
Ty V, T, (2.368)
Cross multiplying the temperatures, one nds
T3 T4
== — 2.369
T, T ( )
Thus the thermal e ciency reduces to
Lk
=1 2.370
I (2:370)
In terms of the compression ratia, = % one has
1
- 1k — :
=1 r, =1 T (2.371)

If the compression ratio increases, the thermal e ciency icreases. High compression ratios
introduce detonation in the fuel air mixture. This induces g8ong pressure waves in the
cylinder and subsequent enginknock It can cause degradation of piston walls.

Some deviations of actual performance from that of the aitamdard Otto cycle are as
follows:
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" speci ¢ heats actually vary with temperature,
" combustion may be incomplete (induces pollution and lowefgel e ciency),
work of inlet and exhaust ignored, and

" losses of heat transfer to engine walls ignored.

I
Example 2.9
(adopted from Moran and Shapiro). The temperature at the begnning of the compression process
of an air-standard Otto cycle with a compression ratio of 8 is540 R, the pressure is 1 atm, and the
cylinder volume is 002 ft3. The maximum temperature is 3600 R. Find
" temperature and pressure at each stage of the process,
" thermal e ciency, and

" Pmetf In atm.

For the isentropic compression,

V. k 1
T, = T, \71 : (2.372)
2
= (540 R)(®)™* (2.373)

= [124069 R: (2.374)

One can use the ideal gas law to get the pressure at state 2:

Pa2Vs PV1
= : 2.375
T, T’ ( )
_ ViTy,
P, = P %, (2.376)
124069 R
= [183792 atm (2.378)

Now V3 = V, because the combustion is isochoric. And the maximum tempeture is T3 = 3600 R.
This allows use of the ideal gas law to geP;:

PsVz PV,
T = T, (2.379)
Py = Py o2 1, (2.380)

iz 2
=1
3600 R

= (183792am)(1) oo (2.381)
= [533333 atm (2.382)
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One uses the isentropic relations for state 4:

k 1
Ts V4
- = . - 2
T, Vs ; (2.383)
k 1
Ty _ V3 _
T C Vi : (2.384)
k 1
T, = Ta % : (2.385)
1
_ vi b
=Ty (2.386)
= (3600 R)(8)! 4 (2.387)
= |156699 R: (2.388)
For the pressure at state 4, use the ideal gas law:
PsVa _ PaVs
T, = Ty (2.389)
V3 Ty
Py = P3——=; 2.
4 3V, Ty’ (2.390)
Vo Ty
3V, T (2.391)
1 156699 R
= (583:3333 at - —— 2.392
( am g 3600 R (2:392)
= |2:90184 atm (2.393)
The thermal e ciency is
1
= 1 (2.394)
My
1
= 1 gt (2.395)
= |0:564725 (2.396)
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Now get the mean e ective pressurePmess -

Whet =  Preft (Vmax ~ Vimin ); (2.397)
w
Pmett = ﬁ (2.398)
m(u Ug) + m(u u
SC \‘2 Vz( L ). (2.399)
_ mV&lTs '|:'L4 + g; T2; (2.400)
_ il;/ll v% Ts T14 +¥Til T2, (2.401)
- % & Ts T14 MERSL (2.402)

Vi
Pl 1 T3 T4 + Tl Tz_

= eI " , (2.403)
+
_ lam 1 3600 R 156699 R f40 R 124059 R. (2.408)
540 R14 1 14
= [7:04981 atm (2.405)

2.7 Diesel

The air standard Diesel cycle approximates the behavior ofldiesel engine. It is modeled as
a xed masssystem. Here the compression is done before injection, sorthes no danger of
premature ignition due to detonation. No spark plugs are usediagrams forP{v and T{s
for the Diesel cycle are shown in Figure 2.15. One can outlittee Diesel cycle as follows:

~ 1! 2: isentropic compression in the compression stroke,
~ 21 3: isobaric heating in the combustion stroke,
" 3! 4: isentropic expansion in power stroke, and

" 41 1: isochoric rejection of heat to the surroundings.
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isentrope

4 isochore

Y

Figure 2.15:P{v and T{s diagrams for the Diesel cycle.

The thermal e ciency is found as follows:

Whet
= X 2.406
& ( )
- % a. (2.407)
O
-1 & (2.408)
O
_ Ug Up,
=1 (2.409)
c(Ts Ti)
=1 — 2.410
C(Ts Tp) ( )
_ 1T 1
- AT (2.411)

All else being equal, the Otto cycle will have higher e ciencythan the Diesel cycle.
However, the Diesel can operate at higher compression ratiescause detonation is not as
serious a problem in the compression ignition engine as itirsthe spark ignition.

I
Example 2.10
(adopted from BS). An air standard Diesel cycle has a compreson ratio of 20, and the heat
transferred to the working uid has 1800 kJ=kg. Take air to be an ideal gas withvariable speci ¢ heat.
At the beginning of the compression processP; =0:1 MPa, and T; =15 C. Find
" Pressure and temperature at each point in the process,

Thermal e ciency,

" Pmeff , the mean e ective pressure.
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The enthalpies and entropies at the reference pressure foraviable specic heat air are tabulated
as functions of temperature in Table A7.1. Recall that

Z
h(T) = hrer + o (T) df: (2.412)
ref
Recall further that
Tds = dh vdP; (2.413)
dh v
ds = T T dP: (2.414)

Now for an ideal gas it can be shown thatdh = c,(T) dT; one also hasv=T = R=P. Making these
substitutions into Eq. (2.414) gives

oo G AT dP

T F: (2.415)
Integrating gives
Zy
S(T:P) = S + (M 4t RrinP_. (2.416)
T f Pref
I {z }
:SEIZ
o P
= s7(T) RiIn : (2.417)
Pref

Here the reference pressure B, = 0:1 MPa. This happens to be the inlet state, which is a coincidene;
so at the inlet there is no correction to the entropy for pressire deviation from its reference value. At
the inlet, one hasT; =15+ 273:15 = | 28815 K: | One then gets from interpolating Table A7.1 that
kJ kJ kJ
h,; =288:422 —; 9 =5 =6:82816——; =205:756 —: 2.418
1 kg’ ST, = st kg K’ Uz kg ( )
For the isentropic compression, one has

kJ 1

82 = S]_ = 6 82816kg7K, V2 = ?OVl (2419)
Now from the ideal gas law, one has
PaVe  _ PiVi,
T, = T, (2.420)
P> T>V;
Pp . TV (2.421)
P> T>
= 20 : 2.422
Now
. — 0 P, .
S2(T2;P2) = s7, Rin ; (2.423)
Pref
kJ kJ T,
6:82816 —— = s 0:287 —— In 20 ; 2.424
kg K STz kgK 288K (2.424)
kJ Ts kJ
= s° 287 —— In 2 182816 —— F(Ty): (2.42
0 ST, 0:28 kg K n 0288K 6886kgK (T2): «( 5)
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T2 (K)

ST,

K K
WK F(T2) ©x

900
1000
800
850
899347

8:01581| 857198 10 4
8:13493| 897387 10 2
7:88514| 9:60091 10 2
7:95207| 4:64783 10 2
8:01237| 2:37449 10°3

Table 2.3: Iteration for T,.

This then becomes a trial and error search in Table A7.1 for tle T, which satis es the previous equa-
tion. If one guessesT, 900 K, one getss?, = 8:01581 k¥kg=K, and the right side evaluates to
0:000857198 kdkg=K. Performing a trial and error procedure, one nds the results summarized in

Table 2.3. Take T, = 900 K| as close enough!

Then
T>Vy
P p, < - 2.42
2 = Pig (2.426)
900 K
= (0:1 MPa)———(20); 2.427
= |6:25 MPa: (2.428)
Now at state 2, T, = 900 K, one nds that
kJ kJ
h, =933:15 kg’ u, = 674:82 kg’ (2.429)
The heat is added at constant pressure, so
0 = hs hy (2.430)
hs = hy+ OH (2431)
kJ kJ
15— + 1 — 2.432
93315 kg 800 kg (2.432)
kJ
= 2733:15 —: 2.4
33:15 kg (2.433)
One can then interpolate Table A7.1 to nd T3 and s?,
273315 1 269231 [
T3 = (2350 K)+ ((2400 K) (2350 K)); (2.434)
2755 & 269231 1
= |238217K; (2.435)
kJ
(0] — .
st, = 9.16913—kg K
273315 2 269231 {2 K K
. k9 910586 Y 916013 . (2.436)
27550 269231 kg K kg K
kJ
= 1 — 2.437
9:18633 kg K (2.437)
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Ta(K) | s, @x | F(T) gx

400 7:15926| 9:34561 101
800 7:88514| 4.07614 101
1400 8:52891| 7:55464 10 2
1200 8:34596| 6:31624 10 2
1300 8.44046| 836535 103
1250 8:39402| 2:68183 10 2
1288 842931 123117 104

Table 2.4: Iteration for Ty,.

One also hasP; = P, = | 6:25 MPa: | Now get the actual entropy at state 3:

P
s3(Ta;Ps) = %, Rin>; (2.438)
Pref
kJ kJ 6:25 MPa
= 1 — 287 | : 2.4
9 8633kg K 0:28 kg K n o1 MPa (2.439)
kJ
= 7. 4 ——: 2.44
9995 kg K ( 0)

Now 3! 4 is an isentropic expansion to state 4, which has the same vaine as state 1;V; = V4. So
the ideal gas law gives

PaVa _ PV
. T (2.441)
Py T4 V1
Pp . TV (2.442)
Py T4 V1
= —— 2.443
Pref Tl V4 ( )
Now consider the entropy at state 4, which must be the same ashtat at state 3:
. — 0 P4
Sa(Ta;Pa) = 57, Ring5—; (2.444)
¢ IDref
0 1
s3 = s7, RIn % % § ; (2.445)
L4
=1
kJ kJ Ty
7 4 — = 0 287 | 2.44
9995 kg K ST, 0:28 kg K N a8 K ( 6)
kJ Ta kJ
- 0 . . = .
0 = s3, 0:287 kg K In 288 K 7.99954—kg K F(Ta): (2.447)
Using Table A7.1, this equation can be iterated until T4 is found. SoT, = | 1288 K: | At this temperature,
one has . ‘
J J
hy =1381:68 —; =1011:98 —: 2.44
4 =1381:68 kg’ us = 1011:98 kg ( 8)
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Now one can calculate the cycle e ciency:
Ug U

= 1 : 2.44
R (2.449)
1011:98 % 205756 '%
=1 . s (2.450)
273315 kg 93315 kg
= |0:552098 (2.451)
Now one has
kJ kJ kJ
0 = U Ug= 205756@ 101198 k—g = 806224 @ (2.452)
so kJ kJ kJ
= + = 1 — 224 — = 776 —: 2.4
Whet = OH + 800 kg 806 kg 993:776 kg (2.453)
So
Wnet
P = Vet . 2.454
meff Vmax Vmin ( )
= Ve . (2.455)
Vmax Vmin
= Wnet . (2.456)
Vi V2
_ Whet .
= e (2.457)
P P2
993776 XL
- kJ 288 Kkg 900 K ; (2.458)
0:287 (5% Too kPa 6250 kPa
= [126558 kPa (2.459)
2.8 Stirling

Another often-studied air-standard engine is given by the 8ling cycle. This is similar to
the Otto cycle except the adiabatic processes are replacedibothermal ones. The e ciency
can be shown to be equal to that of a Carnot engine. Stirling gmes are di cult to build.
Diagrams forP{v and T{s for the Stirling cycle are shown in Figure 2.16.

One can outline the Stirling cycle as follows:

" 1! 2: isothermal compression in the compression stroke,
~ 21 3: isochoric heat transfer in the combustion stroke,
~ 3! 4: isothermal expansion in power stroke, and

" 41 1: isochoric rejection of heat to the surroundings.
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Figure 2.16: P{v and T{s diagrams for the Stirling cycle.

2.9 Refrigeration

A simple way to think of a refrigerator is a cyclic heat engineperating in reverse. Rather
than extracting work from heat transfer from a high temperatre source and rejecting heat
to a low temperature source, the refrigerator takes a work [put to move heat from a low
temperature source to a high temperature source.

2.9.1 Vapor-compression

A common refrigerator is based on a vapor-compression cycléhis is a Rankine cycle in

reverse. While one could employ a turbine to extract some wqrit is often impractical.

Instead the high pressure gas is simply irreversibly thrd#d down to low low pressure.
One can outline the vapor-compression refrigeration cycés follows:

"~ 1! 2: isentropic compression,
~ 21 3: isobaric heat transfer to high temperature reservoir inandenser,
" 3! 4: adiabatic expansion in throttling valve, and

"~ 41 1: isobaric (and often isothermal) heat transfer to low temgrature reservoir in
evaporator.

A schematic and associated {s diagram for the vapor-compression refrigeration cycle is
shown in Fig. 2.17.

The e ciency does not make sense for a refrigerator as 0O 1. Instead a coe cient
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Figure 2.17: Schematic and {s diagrams for the vapor-compression refrigeration cycle.

of performance, , is de ned as

what one wants

= what one pays fot (2.460)
_ 14
= (2.461)

A heat pump is e ectively the same as a refrigerator, exceptne desiresy; rather than
q . So for a heat pump, the coe cient of performance, © is de ned as

o ™.

wc' (2.462)

It is possible for both and °to be greater than unity.

I
Example 2.11
(from Moran and Shapiro) R 12 is the working uid in an ideal vapor-compression refrigeation
cycle that communicates thermally with a cold region at 20 C and a warm region at 40 C. Saturated
vapor enters the compressor at 20 C and saturated liquid leaves the condenser at 40C. The mass
ow rate of the refrigerant is 0:008 kg=s. Find

" compressor power in kW,

refrigeration capacity in ton,
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"~ coe cient of performance, and

" coe cient of performance of an equivalent Carnot cycle.

At the compressor inlet for the ideal cycle, one has a saturad vapor.

T, =20 C; Xy =1: (2.463)
The tables then give
h; =195:78 K3, s; =0:6884 L P, =5:6729 bar (2.464)
1= . kg. 1 — V. kg K, 1—=9. A .

Now at the end of the condenser (state 3), one ha3; =40 C. The condenser is on an isobar, so the
pressure is the saturation pressure at the temperature, with is

P; = P, =9:6065 bar. (2.465)

So, two properties at the end of the compression are known: pssure and entropy. The allows deter-
mination of the enthalpy at the end of compression via the tables:

kJ
h, =205:1 —: 2.4
2 =205 kg (2.466)
State 3 is at the end of the condenser, saz = 0, and one nds the enthalpy from the tables to be
kJ
hs = 74:59 ko' (2.467)
Now the throttling device has constant enthalpy, so
hy = h3 =74:59 %: (2.468)

However, the uid has been throttled to a lower pressure: tha of the evaporator, which is the same as
state 1, the compressor inlet, so

P4 = P; = 5:6729 bar (2.469)
The compressor work is
W, = m(hy hy); (2.470)
k k k
- 000859 2051 % qos7s} . (2.471)
s kg kg

(2472)

Now one desires the heat which leaves the cold region to be tigor a good refrigerator. This is the
heat transfer at the low temperature part of the T{s diagram, which here gives

Q. = m(h1 hy); (2.473)
- 0008 9 10578 1Y 7450 . (2.474)
S kg kg
= 0:9695 kW, , (2.475)
k 1ton
= ogegs 80s  ltn (2.476)
S min 211 -

min

@a77)
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The unit of ton is used for power and is common in the refrigeréion industry. It is the power required
to freeze one \short ton" of water at 0 C in 24 hours. It is 12000 Btu=hr, 3:516853 kW, or 47162 hp.
A short ton is a U.S ton, which is 2000 Ibm. A long ton is British and is 2240 Ibm or 1016.047 kg. A
metric ton, also called a tonne, is 1000 kg and is 2204 Ibm.

The coe cient of performance is

= Q. (2.478)
W
0:9695 kW
0:075 kW'’ (2.479)
= [1293 (2.480)
The equivalent Carnot refrigerator would have
max =~ %; (2.481)
We
_ Q. (2.482)
Qi Q@
_ 1 ; (2.483)
Q1
Q
1
= 5 1; (2.484)
TL
To
= — 2.4
T (2.485)
20+ 27315
~ 40+27315 (20+273:15)' (2.489)
= |14:6575 (2.487)

2.9.2 Air standard

This is e ectively the inverse Brayton cycle. It is used in tke liquefaction of air and other
gases. It is also used in aircraft cabin cooling. It has thelfowing components:

" 1! 2: isentropic compression,

" 2! 3: isobaric heat transfer to a high temperature environment
" 3! 4: isentropic expansion through an expander, and

" 41 1: isobaric heat exchange with low temperature surroundisg

A schematic for the air standard refrigeration cycle is shawin Figure 2.18. AT{s diagram
for the air standard refrigeration cycle is shown in Figure.29.
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Figure 2.18: Schematic for air standard refrigeration cyel

2.10 Rejected thermal energy on a national scale

We see that the second law characterizes the necessary r#gacof heat in processes involving
heat and work. Let us brie y examine this on a national scaleFigure 2.20 reports US energy
usage in 2022 from a wide variety of sources directed to a widariety of applications. The
basic unit of energy here is the quad where 1 quad =*%0Btu=1:055 10'® J=1:055 EJ,
where EJ is an \exajoule.” Much can be gleaned from this chartOverall US energy use
is estimated at 1008 quad for the year indicated. As far as the second law is conced,
electricity generation rejects 22 quad waste heat per annum and transportation rejects
217 quad waste heat per annum. In total, 68 quad is rejected, and 3B quad is directed
towards a useful intended purpose. Thus, the thermal e ciecy of the US in 2022 was

B 330 quad
US ™ (33:0 quad) + (67:3 quad)

= 0:329 (2.488)

Figure 2.21 shows a comparable plot for 2011. One can see @mh of the energy
budget.

I
Example 2.12
If all the waste heat in the US in 2022 were directed into Lake Mchigan, nd its temperature rise.
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isobar

4 isobar

Y

Figure 2.19: T{s diagram for air standard refrigeration Brayton cycle.

In more convenient units, the waste heat for a given year is

1:055 10' J

=(67:3quad) ———= =7:10 10 J: 2.489

Q=(67:3 quad) = (2.489)

Now, Lake Michigan has a volume of 4900 ki Therefore the mass of water in Lake Michigan is
roughly

3
m=V = 997"—9’3 4900 kn? ©0°m =4:88 10" kg: (2.490)
m km

If all the waste energy were dumped into Lake Michigan, we cold expect from a rst law analysis to
nd a temperature rise of

. 9
1= Q = 710 1099 =35 K: (2.491)

MC  (4:88 10 kg) 4180

Locally on the University of Notre Dame campus, both St. Mary's and St. Joseph's Lakes would be
vaporized many times over.
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Figure 2.20: Chart of distribution of energy sources and uga in the US in 2022. Data from
Lawrence Livermore National Laboratoryhttps://flowcharts.linl.gov/
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Figure 2.21: Chart of distribution of energy sources and uga in the US in 2011. Data from
Lawrence Livermore National Laboratoryhttps://flowcharts.linl.gov/
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Chapter 3

Gas mixtures

Read BS, Chapter 11.

See for background Powers, 2016, Chapter 2.

See for background Sandler, Chapter 7.

See for background Smith, van Ness, and Abbott, Chapter 10.
See for background Tester and Modell.

One is often faced with mixtures of simple compressible swlsces, and it the thermody-
namics of such mixtures upon which attention is now xed. Hera discussion of some of
the fundamentals of mixture theory will be given. In generalthermodynamics of mixtures
can be a challenging topic about which much remains to be lesd. In particular, these
notes will focus on ideal mixtures of ideal gases, for whicksults are often consistent with
intuition. The chemical engineering literature contains dull discussion of the many nuances
associated with nonideal mixtures of nonideal materials.

3.1 Some general issues

Here the notation of BS will be used. There is no e ective conssus on notation for mixtures.
That of BS is more unusual than most; however, the ideas areroect, which is critical.
Consider a mixture of N components, each a pure substance, so that the total mass and
total number of moles are

m=mi+ my+ my+ + my = m;; mass, units=kg (3.1)

n=ny+ny+ nzg+ + ny = n;; moles, units=kmole (3.2)
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Recall 1 mole = 8602214179 10?2 molecule. The mass fraction of componeitis de ned as
G

c —; mass fraction, dimensionless (3.3)

The mole fraction of componeni is de ned asy;?:

n; . : ,
Yi FI; mole fraction, dimensionless (3.4)

Now the molar mass of specieisis the mass of a mole of species It units are typically
g=mole. This is an identical unit to kg=kmole. Molar mass is sometimes called \molecu-
lar weight,” but this is formally incorrect, as it is a mass masure, not a force measure.
Mathematically the de nition of M; corresponds to

m; kg g
M —; = 3.5
o kmole mole (3.5)
Then one gets mass fraction in terms of mole fraction as
= . 36
G pae (3.6)
niM;
= L 7
o (3.7)
= P (3.8)
j=1 M;
= P (3.9)
_, M
j=1 "
= Py (3.10)
T =1 MM
= P ”M; (3.11)
=L n
= p N (3.12)
j=1 YiM;

INote that ¢ is the unusual notation for mass fraction used by BS, to whichwe adhere. A more common
notation for mass fraction from the combustion and physicalchemistry literature is ;.

2The notation y; for mole fraction is also the notation of BS and much of the corbustion and physical
chemistry literature.
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Similarly, one nds mole fraction in terms of mass fraction ¥ the following:

n.
yi = _'; (3.13)
n
mi
= Py (3.14)
i=1 My
mj
— Mim .
= PW, (3.15)
j=1 Mjm
G
= Py (3.16)
j=1 M;
The mixture itself has a mean molar mass:
m
M E; (3.17)
N
o M;
= =1 3.18
T (3.18)
XM
= - (3.19)
i=1 n
= yiM;i: (320)
i=1
I
Example 3.1
Air is often modeled as a mixture in the following molar ratios:
O, +3:76Ny,: (3.21)
Find the mole fractions, the mass fractions, and the mean malr mass of the mixture.
Take O, to be species 1 and K to be species 2. Consider the number of moles of, (o be
n; =1 kmole; (3.22)
and N, to be
n, = 3:76 kmole (3.23)

The molar mass of Q is M1 = 32 kg=kmole. The molar mass of N is M, = 28 kg=kmole. The total
number of moles is

n =1 kmole + 3:76 kmole = 4:76 kmole (3.24)
So the mole fractions are
- _Lkmole _ 55701 (3.25)
Y17 276 kmole '
3:76 kmole
Y2 = 276 Kmole 0:7899 (3.26)
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Note that
X
yi =1: (3.27)
i=1

That is to say y; + y2 =0:2101 + 0:7899 = 1: Now for the masses, one has

kg
= M1 = (1 kmol 2 —— =32kg; 2
mj n;M; = (1 kmole) 3 kmole 32 kg; (3.28)
kg
= M, =(3:76 kmole) 28 —— =105:28 kg 2
m, n,M, = (3:76 kmole) 8kmole 05:28 kg (3.29)
So one has
m = my + my = 32 kg + 105:28 kg = 137:28 kg (3.30)

The mass fractions then are

. my _ 32kg _ = -

c, = o = 13728 kg_ 0:2333; (3.32)
. m2 _ 10528 kg

c, = = 13728 kg 0:7669 (3.32)

Note that

¢ =1: (3.33)
i=1
That is ¢, + ¢ =0:2331 + 0:7669 = 1: Now for the mixture molar mass, one has

_m _ 13728 kg _ | ... kg
M= = 276 kmole ~ | 2584 kmole (3.34)
Check against another formula.
M= ML= yaMa ¢ yaM = (0:2101) 32 X9 +(0:7899) 28 <9 =-28:84 <9 . (335
= ViV = M F yaMa = (O kmole ' kmole ~ ~ " kmole’ '

i=1

Now postulates for mixtures are not as well established as t® for pure substances.
The literature has much controversial discussion of the sygrt. A strong advocate of the
axiomatic approach, Truesdell (1984), proposed the follamg \metaphysical principles" for
mixtures, which are worth considering.

1. All properties of the mixture must be mathematical conasences of properties of the
constituents.

2. So as to describe the motion of a constituent, we may in imagtion isolate it from the
rest of the mixture, provided we allow properly for the actig of the other constituents
upon it.

3. The motion of the mixture is governed by the same equatiams is a single body.
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Most important for the present discussion is the rst princple. When coupled with uid
mechanics, the second two take on additional importance. €happroach of mixture theory
is to divide and conquer. One typically treats each of the cafituents as a single material
and then devises appropriate average or mixture propertiéom those of the constituents.

The best example of this is air, which is not a single materiabut is often treated as
such.

3.2 ldeal and nonideal mixtures

A general extensive property, such ad, for an N -species mixture will be such that

U= U(T;P;ng;ng::i;ny): (3.36)

A partial molar property is a generalization of an intensive property, and is de nedush that
it is the partial derivative of an extensive property with respect toumber of moles, withT
and P held constant For internal energy, then the partial molar internal eneryg is

@u .
@n T,Pnj;i6j .

Ui (3.37)

Pressure and temperature are held constant because those eonvenient variables to control
in an experiment. One also has the partial molar volume

_ @v .
@n T,P;nj;i6j .

v (3.38)

It shall be soon seen that there are other natural ways to thinof the volume per mole.
Now in general one would expect to nd
] piinnN); (3.39)
Vi = Vi(T;P;ngng;:ii;ny): (3.40)

1]
=
~—
-
i~
S
e
S
w

This is the case for what is known as aonideal mixture An ideal mixture is de ned as a
mixture for which the partial molar propertiest; and v; are not functions of the composition,
that is

0 = U(T;P); if ideal mixture; (3.41)
vi = Vi(T; P); if ideal mixture: (3.42)

An ideal mixture also has the property thath; = h;(T;P), while for a nonideal mixture
hi = hi(T;P;ng;:::;ny). Though not obvious, it will turn out that some properties d an
ideal mixture will depend on composition. For example, thentropy of a constituent of an
ideal mixture will be such that

S =S(T;P;ng;ng;iii;ny): (3.43)
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3.3 Ideal mixtures of ideal gases

The most straightforward mixture to consider is an ideal miture of ideal gases. Even here,
there are assumptions necessary that remain di cult to vefy absolutely.

3.3.1 Dalton model

The most common model for a mixture of ideal gases is tialton model Key assumptions
de ne this model

A

Each constituent shares a common temperature.

A

Each constituent occupies the entire volume.

A

Each constituent possessespartial pressurewhich sums to form the total pressure of
the mixture.

The above characterize a Dalton model for any gas, ideal ormdeal. One also takes for
convenience

A

Each constituent behaves as an ideal gas.
" The mixture behaves as a single ideal gas.

It is more convenient to deal on a molar basis for such a theoryror the Dalton model,
additional useful quantities, the species mass concenti@t ;, the mixture mass concentra-
tion , the species molar concentration;, and the mixture molar concentration™—, can be
de ned. As will be seen, these de nitions for concentrationare useful; however, they are not
in common usage. Following BS, the bar notatior, will be reserved for properties which
are mole-based rather than mass-based. As mentioned earlidye notion of a partial molal
property is discussed extensively in the chemical enginegy literature and has implications
beyond those considered here. For the Dalton model, in whielach component occupies the
same volume, one has

Vi= Vv (3.44)

The mixture mass concentration, also called the density isngply

m kg
= V; p— (3.45)
The mixture molar concentration is
. n kmole
= v; p—e : (3.46)
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For specied, the equivalents are

m; k

i = VI; m—% : (3.47)
n; kmole

o= V; p— (3.48)

One can nd a convenient relation between species molar camtration and species mole
fraction by the following operations

= nvﬁ, (3.49)
= Y (3.51)

A similar relation exists between species molar concentrah and species mass fraction via

_ ni mM;
= o —— .52
! Vm Mi ’ (3 > )
m
- MM,
= VmM, (3.53)
alt
= L = 54
m Mi’ (3 S )
G
= — 3.55
M (3.55)
The speci ¢ volumes, mass and molar, are similar. One takes
V Vv
v = —; v= —; (3.56)
m n
Vv Vv
o= . V= —: 3.57
VI ml ] | nl ( )

This de nition of molar speci ¢ volume is not the partial molar volume de ned in the chem-
ical engineering literature, which takes the fornv; = @V=@fp;, ;is;:
For the partial pressure of specieg one can say for the Dalton model

P=" P (3.58)
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For specied, one has

PV = nRT;
nRT
P = lV ;
X X nRT
Pi = V;
(Hzy 7
=P
o . RTX
= 5 i
[z}
=n
So, for the mixture, one has
PV = nRT:
One could also say
P= — RT="RT:
{2}

(3.59)
(3.60)

(3.61)

(3.62)

(3.63)

(3.64)

Here n is the total number of moles in the system. AdditionallyR is the universal gas

constant with value

_ kJ J
R =8:314472————— =8:314472 : .
8:3 kmole K 8:3 mole K (3.65)
Sometimes this is expressed in terms &k, the Boltzmann constanf and N, Avogadro's
number:
R = kgNa; (3.66)
N, = 6:02214179 107 molecule (3.67)
mole
J
ke = 1:380650 10 ® —— : 3.68
B K molecule (3.68)
|
Example 3.2

Compare the molar speci c volume de ned here with the partial molar volume from the chemical

engineering literature.

The partial molar volume Vvj, is given by

@V

@n T;Pn;;i6j
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For the ideal gas, one has

PV
V

Qv
@n T;P;n;;i6j
Vi

D\
RT Nk, (370)
k=1
B N
RT = Nk, (3.71)
RT |, &
5 , (3.72)
RT Py
k= K. (3.73)
P
o S
Z
R @Z}li{‘fzzi‘* + ot N A
5 : (3.74)
RT
R (3.75)
Vi
- ; (3.76)
k=1 Nk
V .
o (3.77)

Here the so-called Kronecker delta function has been empley, which is much the same as the identity

matrix:

ki = 0; k6 i (3.78)
ki o = 1; k=i (3.79)

Contrast this with the earlier adopted de nition of molar sp eci ¢ volume

V .

Vi= —:
n;j

(3.80)

So, why is there a dierence? The molar specic volume is a simle de nition. One takes the
instantaneous volumeV, which is shared by all species in the Dalton model, and scadeit by the
instantaneous number of moles of speciegs and acquires a natural de nition of molar speci ¢ volume
consistent with the notion of a mass speci c volume. On the oher hand, the partial molar volume
speci es how the volume changes if the number of moles of spiesi changes,while holding T and P
and all other species mole numbers constanOne can imagine adding a mole of specids which would
necessitate a change it/ in order to guarantee the P remain xed.

3.3.1.1 Binary mixtures

Consider now abinary mixture of two componentsA and B. This is easily extended to a
general mixture ofN components. First the total number of moles is the sum of thegpts:

N=np+ Ng: (3.81)
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Now, write the ideal gas law for each component:

PaVa = nAﬁTA; (382)
PsVs = ng ﬁTB . (383)
But by the assumptions of the Dalton modelVa = Vg = V,and Tpo = Tg = T, so
PAV = naRT; (3.84)
PsV = ngRT: (3.85)
One also has
PV = nRT: (3.86)
Solving forn, ny and ng, one nds
PV
n = —; (3.87)
RT
P,V
Na = —; 3.88
A =T (3.88)
PsV
Ng = —: 3.89
B =T (3.89)
Now n = np + ng, SO one has
PV P,V P
PV _ PV PeV. (3.90)
RT RT RT
P = Pa+ Pg: (391)

That is the total pressure is the sum of the partial pressuresThis is a mixture rule for

pressure

One can also scale each constituent ideal gas law by the mirdudeal gas law to get

P,V nAﬁT
= —: 3.92
PV nRT ( )
Prn _ na.
== (3.93)
= Yai (3.94)
Pn = yAP: (395)
Likewise
PB = yBP: (396)

Now, one also desires rational mixture rules for energy, ewitlpy, and entropy. Invoke Trues-
dell's principles on a mass basis for internal energy. Thehd total internal energyU (with
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units J) for the binary mixture must be

U=mu = maUua + MgUg; (397)
Mp Mg
= —Up + — X 3.98
m -~ Suat+ - s (3.98)
= m(CaUa *+ CgUB); (3.99)
U = CalUa + CgUg: (3.100)
For the enthalpy, one has

H=mh = mAhA + mBhB; (3101)
= m M, Mg (3.102)

- m A m B 1 .
= m(caha + cghg); (3.103)
h = CAhA + CBhB: (3104)

It is easy to extend this to a mole fraction basis rather than anass fraction basis. One can
also obtain a gas constant for the mixture on a mass basis. Fbe mixture, one has

PV = nRT mRT; (3.105)
PV _
- mR = nR; (3.106)
= (na+ne)R; (3.107)
Mp mg —
= —+ — R; 3.108
Ma Mg ' ( )
R R

= — + _ .
Mmp Ma Mg Mg ; (3 109)
= (maRa+ mgRg); (3.110)
R = Map +Mep . (3.111)

- m A m B ) .
R = (CARA + CBRB): (3112)

For the entropy, one has

S=mS = mMmaSa+ MgSg; (3.113)
= m Mg+ Meg . (3.114)

- m A m B l .
= m(CaSa + Ca3SB); (3.115)
S = CaSat CgSg: (3.116)

Note that s, is evaluated atT and P, while sg is evaluated atT and Pg. For a CPIG, one
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has
T P
SA = Syegat Caln —  Raln A (3.117)
’ To Po
I {z }
S'?';A
T P
= S%ea+ Caln —  Raln 2T . (3.118)
' To Po
Likewise
T P
S8 = Soggg * G IN — Rg In ys (3.119)
’ To Po
I {z }
S%;B

Here the \0" denotes some reference state. As a superscript,typically means that the
property is evaluated at a reference pressure. For examp#,, denotes the portion of the
entropy of componentA that is evaluated at the reference pressui, and is allowed to vary
with temperature T. Note also thatsy, = sa(T;P;ya) and sg = sg(T;P;ys), so the entropy
of a single constituent depends on the composition of the nhixe and not juston T and P.
This contrasts with energy and enthalpy for whichua = ua(T), ug = ug(T), ha = ha(T),
hg = hg(T) if the mixture is composed of ideal gases. Occasionally,eomds h and h3
used as a notation. This denotes that the enthalpy is evaluad at the reference pressure.
However, if the gas is ideal, the enthalpy is not a function ofrpssure ancha = h3, hg = hg.

If one is employing a calorically imperfect ideal gas moddhen one nds for specied
that

s=s2, R yF')P . = AB: (3.120)

(]

3.3.1.2 Entropy of mixing

I
Example 3.3
Initially calorically perfect ideal gases A and B are segregated within the same large volume by

a thin frictionless, thermally conducting diaphragm. Thus, both are at the same initial pressure and
temperature, P; and T;. The total volume is thermally insulated and xed, so there are no global heat
or work exchanges with the environment. The diaphragm is remved, andA and B are allowed to mix.
Assume A has massmp and B has massmg. The gases are allowed to have distinct molar masses,
Ma and Mg. Find the nal temperature T,, pressureP,, and the change in entropy.

The ideal gas law holds that at the initial state

MaRAT mgRg T
Var= —2 A0 v = BB L (3.121)
P1 P1
At the nal state one has
T
Vo= Vaz= Vg2 = Va1 + Va1 = (MaRA + Mg Rp ) == (3.122)

P:
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Mass conservation gives
Mo =My = Ma+ Mg: (3.123)
One also has the rst law
U U = 1Q2 Wy (3.124)
U, = U (3.126)
MaUz = MaUa1+ MpUB1; (3.127)
(Ma + Mg)uz = mMaUa1+ MpUp1; (3.128)
0 = ma(uaz Uz)+ mp(uss U2); (3.129)
= maca(Tr T2)+ megce(Ty T2); (3.130)
+
T, = maCa T+ MeCp Ty, (3.131)
MaCya + MpCyp
= (3.132)
The nal pressure by Dalton's law then is
P> = Paz+ Pgo; (3.133)
MaRAT2 | mgRp T,
= + . .
v, v, (3.134)
MaRAT: | mMgRpg Ty
= + : A
A v, (3.139)
_ (maRa + mg RB)Tl: (3.136)
\
Substitute for V, from Eq. (3.122) to get
Ra + Rg)T
p, = (MARa*MeRa)Ts, (3.137)
(MaRA + mgRg)
= (3.138)
So the initial and nal temperatures and pressures are idenical.
Now the entropy change of gasA is
Sa2  Sa1 =  Cpa In E Ra In E X (3139)
Ta1 Pa1
T2 Ya2P2
= In —= Raln ——= 3.140
A T A ya1P1 ( )
= caln % Ra In % ; (3.141)
|—{z—} e
=0
Ya2P1
= Ra In ; 3.142
A P, ( )
= Ra INya2: (3.143)
Likewise
Sg2 Sp1 = Rg In YB2: (3144)
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So the change in entropy of the mixture is

S

Ma (Sa2
maRa In YAz

e

=m

A

ﬁ(l'rle INyas + ng Inyg>2);
U

Sa1)+ Me(Ss2 SB1);

mg Rp Inyg»;
Inya2 an MB?

%, 1 e

=Ra =Rgp

= R%nA In

Na ng
+ng In %;
Na + Np Na + N

| —fz—13 | —fz—}
0 0
0:
We can also scale Eq. (3.148) byRrn to get
0 1
1 s . % INyas + N8 Iny §
=— = — A2 T — B2
R (% It 2
= s =Ya2 =YB2
5
" = (YazInyaz + yg2Inys2);

(InyX52 +1n y§32);
VA2, ,YB 2 -
In (Y25 yg%') :

(3.145)
(3.146)

(3.147)

(3.148)

(3.149)

(3.150)

(3.151)

(3.152)

(3.153)
(3.154)

For an N -component mixture, mixed in the same fashion such th@& and T are constant,

this extends to

R

R

X
N INyy;

! !

%7

ny In P— 0;
<

X

%n In yg;

k=1

X

n~ i Vi

k=1

X

—  YkIny
k=1
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(3.159)



3.3. IDEAL MIXTURES OF IDEAL GASES 97

X
= Rm InyJk; (3.160)
k=1
= Rm(ny*+Iny?2+ +Inyl); (3.161)
=  Rmin(yj'yy: i:yK,N ); (3.162)
w
= Rmlin AR (3.163)
k=1

Dividing by m to recover an intensive property andR to recover a dimensionless property,
we get

= In AR (3.164)

There is a fundamental dependency of the mixing entropy on ¢hmole fractions. Because
0 vyk 1, the productis guaranteed to be between 0 and 1. The naturalgarithm of such
a number is negative, and thus the entropy change for the mixte is guaranteed positive
semi-de nite. For the entropy of mixing, Truesdell's third principle is not enforced.

Now if one mole of pure N is mixed with one mole of pure @, one certainly expects
the resulting homogeneous mixture to have a higher entrophan the two pure components.
But what if one mole of pure N is mixed with another mole of pure M. Then we would
expect no increase in entropy. However, if we had the unusuabikty to distinguish N,
molecules whose origin was from each respective originahgiber, then indeed there would
be an entropy of mixing. Increases in entropy thus do corregpd to increases in disorder.

3.3.1.3 Mixtures of constant mass fraction

If the mass fractions, and thus the mole fractions, remain ostant during a process, the
equations simplify. This is often the case for common nonaeting mixtures. Air at moderate
values of temperature and pressure behaves this way. In tlase, all of Truesdell's principles
can be enforced. For a CPIG, one would have

Uz U = CaCa(T2 Ti)+ cece(Te Ty); (3.165)
= (T, T (3.166)
where
G/ CaCya* CaCp: (3.167)
Similarly for enthalpy
ho hy = caCa(To Ti)+ ceCe(T2  Ti); (3.168)
= (T2 Ty): (3.169)
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where
C CaGoa + CBGoB: (3.170)
For the entropy
S2 S1 = Ca(Saz sa1)+ Ce(Ss2  Sm1); (3.171)
= C Culn % RaIn iizi +C Cugln % Rg In zz ii ;
= C Caln % Ra In E—i +C Cugln % Rg In E—i 1(3.172)
= Gln % RiIn E—i : (3.173)

The mixture behaves as a pure substance when the appropriatexture properties are de-
ned. One can also take

(3.174)

x
1
oL

3.3.2 Summary of properties for the Dalton mixture model

Listed here is a summary of mixture properties for alN -component mixture of ideal gases
on a mass basis:

X
M = yiM;; (3.175)
i=1
= i (3.176)
i=1
v = PN1—1= 1 (3.177)
i=1 v;
X
u = GU;; (3.178)
i=1
h = Ghi: (3.179)
i=1
_ Al _
R N X yMR _ RX
R = M B GRi = B WM ) Yis (3.180)
Yi M |-{Z-}
[ =1
[—{z—}_u
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X
c = G Cvi (3.181)
i=1
& = 6 R if ideal gas, (3.182)
X
C = Gi Cpi; (3.183)
i=1
_ 9.
k = —; 3.184
a, ( )
X
s = GSi; (3.185)
i=1
oYM
c = ™ (3.186)
P, = vyP; (3.187)
= G; (3.188)
Vi = X:i; (3.189)
G [
V = V; (3.190)
T = T (3.191)
hi = h?; if ideal gas (3.192)
_ Pi_ _ .
hi = uy+ _| =u + Py = I.I,_'I‘{ﬁ_fli, (3193)
if ideal gas
Z 1
hi = hdggi+  Gu(T) df; (3.194)
I e }
if ideal gas
T (M) P,
S = Shegi t 'Td‘f R; In P—' : (3.195)
I 2 } °
=S%;i
I {z }
if ideal gas
s = 2, Rin yFi)P =, RiIn o (3.196)
I {z—>1} | {z—2}
if ideal gas if ideal gas
P = RT= RTGg= R\'/_T (3.197)
I {z -}
if ideal gas
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100 CHAPTER 3. GAS MIXTURES

X~
p - rT = RT 9 =RL (3.198)
=1 Mi \/
| if idial gas }
X Zq
h = Ghdesi +  Go(T) df; (3.199)
2 22 )
if ideal gas
h = u+E=u+Pv= Pj{ﬂ; (3.200)
if ideal gas |
X Z+ v
s = GSO0gi + %(f) af RIn = Rin Yo
|i:1 ’ 298 f {Z Po i=1 }
if ideal gas
(3.201)

These relations are not obvious. A few are derived in exampléere.

I
Example 3.4
Derive the expressionh = u+ P=.

Start from the equation for the constituent h;, multiply by mass fractions, sum over all species,
and use properties of mixtures:

h o= u+ (3.202)
i
Pi
ahi = cu+c—; (3.203)
1
X X X p
chi = Gui +  G—; (3.204)
i=1 i=1 i=1
X X X R.
chi = Gu+ Gl (3.205)
2z} Sz T
=h =u
X
h = u+T GRi; (3.206)
|2z}
=R
= u+ RT; (3.207)
= |u+ E: (3.208)
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I
Example 3.5
Find the expression for mixture entropy of the ideal gas.

Zr _
S = S+ @M gp g P (3.209)
' 208 T Po
T ) )
GSi = GSggi * G & () df cRiln Pi ; (3.210)
' 208 T Po
X X XooLr o X .
s=  Gs = GSSgi + G i (1) df GRiln L} ; (3.211)
i=1 i=1 ’ i=1 208 T i=1 Po
2T oo _
= CiS0g: + a i (T) df GRiln il ; (3.212)
o ' 298 i _ T i= Po
i=1 i=1 i=1
= g+ oM gp * crm P (3.213)
208 T Po

i=1

All except the last term are natural extensions of the propety for a single material. Consider now the
last term involving pressure ratios.

X P X : P P
GRilIn =X = GRiln =t +RIn— RIn— ; (3.214)
i=1 Po i=1 0 Po PIO
R, P P P
= R —In — +In— In— ; 3.215
., R Po Po Po ( )
!
R=M; P P P
= R GPy——=—I o +Ino Ing- (3.216)
Oizl j_lch—Mj ¢} ¢} 01
|
X! =M P P P
= R S LU L R L o (3.217)
. N =M, Po Po Py
i=1 j=1,G =M;
I z }
=Yi |
X P P
= R iln =~ +In — In— 3.218
~ Yi P, P, P, ( )
1
P P P
= R In — In—+In — ; 3.219
. P P, Po (3.219)
| |
Yoo v P P
= R In ! +In 2 +In — 3.220
. Po P Po ( )
| |
W yi
= R In Po il +In — (3.221)
P i=1 0 0
! !
P 1 , P
= R In —2 P (P)' +In — (3.222)
P i=1 Vi PO i=1 Yi i=1 PO
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W P; Yi P
= R In — +In —
_ P Po
i=1 | |
yiP P
= R In +In — ;
=1 I|D I Po
P
= R In y'' +In —
_ Po
i=1
So the mixture entropy becomes
I I
P
S = S5+ %D 4t R In y' +In —
208 T i1 Po
P
= |S3gg + y df Rin 5= Rin y)
—= Ve
classical entropy of a single body non  Truesdellian

(3.223)

(3.224)

(3.225)

(3.226)

(3.227)

The extra entropy is not found in the theory for a single material, and in fact is not in the form suggested
by Truesdell's postulates. While it is in fact possible to rede ne the constituent entropy de nition in
such a fashion that the miﬁure entropy in fact takes on the chssical form of a single material via
the de nition s = SJgg; + ,05(Coi ()=F) df  RiIN(Pi=P,) + RiIny;, this has the disadvantage of
predicting no entropy changeafter mixing two pure substances. Such a theory would suggéshat this

obviously irreversible process is

On a molar basis, one has t

in fact reversible.

he equivalents

R
i=1 Vv M’
1 V 1
vV = P—l = —= -—= VM,
i=1 v; n
X
u = yit; = UM;
i=1
h = yihi = hM;
=1
X
c = yiCi = o/M;
i=1
% =% R
X
G = YiGoi = C,M;
i=1
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K = %; (3.235)
X
S = ViSi = sSM; (3.236)
i=1
TO= W= M— (3.237)
|
v, = n!=§=_1=vi|v|i; (3.238)
i i i
Vi = @v -V V=VM; (3.239)
@nern L —fz—1)
if ideal gas
P, = yP; (3.240)
P = —RT = %; (3.241)
y4
| if ide{al gas}
P, = —RT= . (3.242)
| —{z—0)
if ideal gas
h = o+ 5:U+ Pv = P—+{F—1I = hM; (3.243)
if ideal gas
h = hy; ifideal gas (3.244)
ﬁi = Ui+§:Ui+PiVi:Ui+PVi:_i+ﬁ :hiMi; (3245)
. I"_{z_
I if ideal gas
hi = hyg+  GCu(T) df = hiMy; (3.246)
I &g }
ifZideaI gas
T & - .
S = S + C%T\) df Rin yF')P : (3.247)
I 22 } °
| &z }
if ideal gas
s = &2, R yFi)—P = sM;; (3.248)
I {z—>1}
if ideal gas I
X Zr _ W
S = YiSo0si + CLT\) df RiIn PE Rin y/" = sM: (3.249)
|i=l 298 f {Z o] i=1 }
if ideal gas
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3.3.3 Amagat model

The Amagat model is an entirely di erent paradigm than the Daton model. It is not used
as often. In the Amagat model,

" all components share a common temperaturk,
" all components share a common pressulre and
" each component has a di erent volume.

Consider, for example, a binary mixture of calorically peetct ideal gasesA and B. For
the mixture, one has

PV = nRT; (3.250)
with
N=na+ Ng: (3.251)
For the components one has
PVa = naRT; (3.252)
PV = ngRT: (3.253)

Then n = na + ng reduces to
PV _ PVa, PV

= = (3.254)
RT RT RT
Thus
V. = Viy+ Vg, (3255)
Va Vs
= —+ —: 3.256

3.4 Gas-vapor mixtures

Next consider a mixture of ideal gases in which one of the compamts may undergo a phase
transition to its liquid state. The most important practical example is an air-water mixture.
Assume the following:

" The solid or liquid contains no dissolved gases.
" The gaseous phases are all well modeled as ideal gases.

" When the gas mixture and the condensed phase are at a givenaipressure and tem-
perature, the equilibrium between the condensed phase arnsd vapor is not in uenced
by the other component. So for a binary mixture oA and B whereA could have both
gas and liquid component$, = Pgs;. That is the partial pressure ofA is equal to its
saturation pressure at the appropriate temperature.
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Considering an air water vapor mixture, one models the waterapor as an ideal gas and
expresses the total pressure as

P=P,+Py: (3.257)

Here v denotes vapor anda denotes air. A good model for the enthalpy of the water vapor
is to take

hy(T;low P) = hg(T): (3.258)
If T is given in degrees Celsius, a good model from the steam tabie

kJ kJ
he(T) = 2501:3 Wt e T (3.259)

Some de nitions:

" absolute humidity ! , the mass of water present in a unit mass of dry air, also calle

humidity ratio,
my
! —; 3.260
m. ( )
M,n,
= ; 3.261
Mana’ ( )
My &7
= _LRL. (3.262)
PaV
Ma T
M, P,
= ; 2
VP, (3.263)
. k
_ 18.015—k:(ng|e PV; (3.264)
2897 9 P,
P
= 0:622—"; (3.265)
Pa
Py
= |0:622 ; 3.266
P P, ( )

" dew point temperature at which the vapor condenses when it is coolesbbarically.

~

saturated air. The vapor in the air-vapor mixture is at the saturation temperature and
pressure.

" relative humidity: The ratio of the mole fraction of the vapor in the mixture to the mole
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fraction of vapor in a saturated mixture at the same temperatre and total pressure:

ny
g (3.267)
n
Ny

= — 2
- (3.268)
BV

= B (3.269)
RT

— PV.

= |5 (3.270)

Here the subscriptg denotes saturated gas values. Combining, one can relate the
relative humidity to the absolute humidity:

P,

= G6ap, (3.271)

|
Example 3.6

(from CGengal and Boles) A5 m 5m 3 m room contains air at 25 C and 100 kPa at a relative
humidity of 75%. Find the

" partial pressure of dry air,
"~ absolute humidity (i.e. humidity ratio),
" masses of dry air and water vapor in the room, and the

" dew point.

The relation between partial and total pressure is
P=P,+ Py (3.272)
Now from the de nition of relative humidity,
Py= Py (3.273)

Here Py is the saturation pressure at the same temperature, which i25 C. At 25 C, the tables give

Pgi,s ¢ =3:169 kPa (3.274)
So
P, = 0:75(3:169 kPa) = 2:3675 kPa (3.275)
So from the de nition of partial pressure
P, = P Py (3.276)
= 100 kPa 2:3675 kPg (3.277)
= |97:62 kPa (3.278)
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Now for the absolute humidity (or speci ¢ humidity), one has

= 0:622&; (3.279)
Pa
2:3675 kPa
=0 .GZZW, (3.280)
kg H,O
= 00152 ——————: 3.281
kg dry air ( )
Now for the masses of air and water, one can use the partial pssures:
PaV
m, = ﬁf"—TMa; (3.282)
— PaV .
= R (3.283)
(97:62 kPa) 75 m?
- 8:314 K — ; (3.284)
28:97|m||:m‘%’|eK (298 K)
= |8561 kg. (3.285)
P,V
my = %—TMV; (3.286)
— I:)VV .
= R (3.287)
(2:3675 kPa) 75 m®
= ; (3.288)

8:314 K !
kmole K
18:015 9 (298 K)

kmole

(3.289)

Also one could getm, from

my = Img; (3.290)
= (0:0152)(8561 kg); (3.291)
= 1:3kg: (3.292)

Now the dew point is the saturation temperature at the partial pressure of the water vapor. With
P, = 2:3675 kPa, the saturation tables give

Tdew point = |20:08 C: (3.293)

3.4.1 First law

The rst law can be applied to air-water mixtures.
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|
Example 3.7

(adopted from BS). An air-water vapor mixture enters the coding coils of an air conditioner unit.
The inlet is at Py = 105 kPa, T =30 C, 1 =0:80. The exit state is P, = 100 kPa, T, =15 C,
2 =0:95. Liquid water at 15 C also exits the system. Find the heat transfer per kilogram 6 dry air.

Mass conservation for air and water give

Ma1 = Ma2 Mg,
Mmy1 = My + Myo!

At state 2, the mass ow of water is in both liquid and vapor for m.
The rst law for the control volume give

= Qe Tfé}v +Mahar + Myihys  Mahaz  myohyo

1643 2
=0

Qev + Mahar + mythyy = mMahgo + myshyo +(Myr mMy2)hy;
ch rﬂvl fﬂvz n_1v1 rﬂv2
+ ha + hyi = ha+t hyo + ———h;
Na Na Ma Ma
Qev _
+ hai+ Vihyt = hax+ 1ohea+ (11 o)hig;
Ma
Qv

haz  har  !'ihys + Iohya+ (11 To)hg;
Coa(T2 T1) !lihys+1ohyo+ (11 !o)hp:

Now at the inlet, one has from the de nition of relative humid ity

Ma

mizhio;

(3.294)
(3.295)

(3.296)

(3.297)

(3.298)

(3.299)

(3.300)
(3.301)

(3.302)

(3.303)
(3.304)

. = Pvl .
Pgl'
Here Py is the saturated vapor pressure at the inlet temperature,T; =30 C. This is Py; = 4:246 kPa.
So one gets
Pvi = 1Pg1;
= (0:80)(4:246 kPa),
= 3:397 kPa

Now the absolute humidity (humidity ratio) is

I:)vl
! = 622——
! 0:6 P1 Pyr’
— 0622 3:397 kPa

105 kPa_ 3.397 kPa’
0:0208

At the exit temperature, the saturation pressure is Py, = 1:705 kPa. So

Pvo = 2Pg;
(0:95)(1:705 kPa),
1:620 kPa
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Now the absolute humidity (humidity ratio) is

PVZ
| = . .
o 0'622P2 Py (3.312)
) 1:620 kPa )
= 0022955 iPa 1620 kPa (3.313)
= 0:0102 (3.314)
Then, substituting, one gets

Qv _ 1:004 K (15 C 30 C) 0:0208 25563 K

Ma kg K kg

kJ kJ
+0:0102 25289 kg +(0:0208 0:0102) 6299 kg ; (3.315)

kJ
= 4177 —— 31

kg dry air (3.316)

3.4.2 Adiabatic saturation

In an adiabatic saturation process, an air-vapor mixture guacts a body of water in a well
insulated duct. If the initial humidity of the mixture is less than 100%, some water will
evaporate and join the mixture. If the mixture leaving the dat is saturated, and the process
is adiabatic, the exit temperature is the adiabatic saturabn temperature. Assume the liquid
water entering the system enters at the exit temperature ohe mixture.

Mass conservation for air and water and the rst law for the catrol volume give

air
dme Ma1 Mgz air (3.317)
|-
=0
d water
Mo ™~ o+ m my  water (3.318)
|3
=0

| {jzt} = |%}/ Pﬁé(}v + rﬂalhal + rl]vlhvl + m hI rﬂazhaz rﬂvzhvz: (3319)
"L =0
=0

=0

For steady state results, these reduce to

0 = Mar Ma; air (3.320)
0 = myy+m  myy; water (3.321)
0 = maha + myihya + mihy mMaohee  myohyo: (3.322)
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Now mass conservation for air gives

Ma1 = Ma2 Mg
Mass conservation for water gives
my = My My;:
Then energy conservation becomes
0 = rDahal + r_nvlhvl + ( my2 rnvl)hl rﬂahaZ mvzhvz;
My1 My My My2
= hg+ =—hp+ = == h; h —=hyy,;
al Na vl M, M, | a2 M, V2,
= ha+lihy+(t2 'a)h ha  !ahyy
= hal ha2 + 1(hv1 hl) + Z(hl hv2);
Pi(hve  hi) = har haa+ 1o(hy hya);
i(hve  h) = ha ha+ !o(he hy;
= Ca(T2  To)+ !ohgga:
I
Example 3.8

(3.323)

(3.324)

(3.325)
(3.326)

(3.327)
(3.328)
(3.329)
(3.330)
(3.331)

(adopted from BS). The pressure of the mixture entering and éaving the adiabatic saturater is
14:7 psia, the entering temperature is 84 F, and the temperaturdeaving is 70 F, which is the adiabatic
saturation temperature. Calculate the humidity ratio and t he relative humidity of the air-water vapor

mixture entering.

The exit state 2 is saturated, so

(3.332)

(3.333)
(3.334)

(3.335)

(3.336)
(3.337)

(3.338)

(3.339)

Py2 = Pga:
The tables givePy, = Py, = 0:363 psia. Thus one can calculate the absolute humidity by itsle nition:
Pv2
| = . ) Ye .
Iy 0.622PZ Py
0:363 psia
= 0:622 - —;
(14:7 psia) (0:363 psia)
- 0:01574g5 M H20 .
Ibm dry air
The earlier derived result from the energy balance allows daulation then of ! ;:
Pathve  hy) = (T2 Ti1)+ !ahggo;
|, = Coa(T2  T1)+ !2htg2,
. hvl hI '
_ 0:240 ;2U_((70 F) (84 F)) +0:0157485 10540 -
10981 Bu. 3g1 Bu
- | 0:012895 PM H20 .
Ibm dry air
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Here hy; was estimated as the saturated vapor value afl = 84 F by interpolating the tables. In the
absence of more information regarding the initial vapor stde, this estimate is good as any. The value
of h; is estimated as the saturated liquid value atT =70 F. Now

Pvl

! = 0:622 ; 3.340
1 P Pu ( )
Pty |
Pv1 %T""l’ (3.341)
(14:7 psia)(0:0124895)
= . . 42
0:622 + 0:0124895 (3.342)
= 0:28936 psia (3.343)
For the relative humidity
I:’vl
= ; 344
LT g (3.344)
0:28936 psia
= —— 3.345
0:584 psia ( )
= |0:495 (3.346)

3.4.3 Wet-bulb and dry-bulb temperatures

Humidity is often measured with apsychrometer which has awet bulband dry bulb ther-
mometer.

" The dry bulb measures the air temperature.

The wet bulb measures the temperature of a water soaked theometer.

" If the two temperatures are equal, the air is saturated. If thy are di erent, some of
the water on the web bulb evaporates, cooling the wet bulb theometer.

The evaporative cooling process is commonly modeled (withrse error) as an adiabatic
saturation process.

These temperatures are also in uenced by non-thermodynamissues such as heat and
mass transfer rates, which induce errors in the device.

Capacitance-based electronic devices are often used as léeraative to the traditional
psychrometer.

3.4.4 Psychrometric chart

This well-known chart summarizes much of what is importantdr binary mixtures of air and
water, in which the properties depend orthree variables, e.g. temperature, pressure, and
composition of the mixture. A psychrometric chart is shownn Fig. 3.1.
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%
A

Figure 3.1: Psychrometric chart for air-water mixtures,
https://commons.wikimedia.org/wiki/File:Psychrometr ic.Sealevel.Sl.svg
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Chapter 4

Mathematical foundations of
thermodynamics

Read BS, 12.2-12.4, 12.9, 14.1-14.4.

See Abbott and van Ness, Chapter 3.

See Powers, 2016, Chapter 3, for a similar treatment.

See Powers, 2024, Chapters 4, 5, 9, for more background.
See Vincenti and Kruger, Chapter 3, for more background.

4.1 Exact di erentials and state functions

In thermodynamics, one is faced with many systems of the forof the well-known Gibbs
equation, Eq. (1.15):

du=Tds P dvi (4.1)

This is known to be an exact di erential with the consequencghat internal energy u is a
function of the state of the system and not the details of anyrpcess which led to the state.
As a counter-example, the work, Eq. (1.13),

2)

can be shown to be an inexact di erential so that the work is ideed a function of the process
involved. Here we use the notation to emphasize that this is an inexact di erential.

[
Example 4.1
Show the work is not a state function.

Let us employ the mode of argumentation commonly known aseductio ad absurdumin which we
show the denial of the contention leads to an absurdity.If work were a state function, one might expect
it to have the form

w = w(P;V); provisional assumption, to be tested. (4.3)

113
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In such a case, one would have the corresponding di erentialorm

W= 8w @w

— dv+ — dP: 4.4
@v, @P, (4.4)
Now becausew = P dv from Newtonian mechanics, one deduces that
@w
— = P 4.5
av, (4.5)
@w
— 0: 4.6
op, (4.6)
Integrating Eq. (4.5), one nds
w= Pv+ f(P); 4.7)
where f (P) is some function of P to be determined. Di erentiating Eq. (4.7) with respect to P, one
gets
@w _ _d(P),
@Pv =v+ P (4.8)
Now use Eq. (4.6) to eliminate @w=@# in Eq. (4.8) so as to obtain
d (P)
= + : .
0 % P (4.9)
dP) _ :
- Vv: (4.10)

Equation (4.10) cannot be: a function of P only cannot be a function of v. So,w cannot be a state

property:
11

Consider now the more general form

X
pdxs+ o dXx, + + N dxy = i dx;: (412)
i=1
Here ; and xj, i = 1;:::;N, may be thermodynamic variables. This form is known in

mathematics as aPfa an di erential system of degree one. As formulated, one takes at this
stage

" X;i: independent thermodynamic variables, and

A

i. thermodynamic variables which are functions af;.

Now, if the di erential in Eq. (4.12), when set to a di erential dy, can be integrated to form
the function

Y = Y(X1; X231 XN); (4.13)
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the di erential is said to be exact In such a case, one has

X
dy: L dxs+ o dxy + + N dXxy = i dx;: (414)
i=1
Now, if the algebraic de nition of Eqg. (4.13) holds, what amouats to the de nition of the
partial derivative gives the parallel result that

dy= — dx; + — dx, + + — dxy : (4.15)

1dxp+ 2 dxo+ + N dXy = =2 dx; + — dx, + + — dxy:

Rearranging, one gets
! ! !

— @y L dxg + @y 5> dXp + + @/ N dXn:
@X Xj;j 61 @% Xjj 62 @N Xj;j 8N
(4.17)
Because the variables;, i = 1;:::;N, are independentdx;, i =1;:::;N, are all inde-

pendent in Eq. (4.17), and in general non-zero. For equaljtpne must require thateachof
the coe cients be zero, so

_ @y . _ @y

- @ S e = 9 : (4.18)
@x Xj ;j 61 Q@x X;j :j 62 @x SELL

the notation for the partial derivatives. It becomes espeally confusing for higher order
derivatives, and is fairly obvious for all derivatives.
If y and all its derivatives are continuous and di erentiable, hen one has for alli =

@ _ @y .
@x@x @x@x (4-19)
Now from Eq. (4.18), one has
@y @y
= =7 . = =7 - 4.2
‘T ex,’ @x,, (4.20)
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Taking the partial of the rst of Eq. (4.20) with respect to x; and the second with respect

to Xk, one gets
@« _ @y | @ _ @y .
@x, @y @x, @x@x

Because by Eqg. (4.19) the order of the mixed second partialees not matter, one deduces
from Eq. (4.21) that

(4.21)

@ _o .
@x, @x,
This is a necessary and su cient condition for the exact-nesof Eq. (4.12). It is a gen-
eralization of what can be found in most introductory calculs texts for functions of two

variables.
For the Gibbs equation, (4.1),du= P dv+ T ds, one has

yl u, X! v, X! s; 1! P > T (4.23)

(4.22)

and one expects the natural, ocanonical form of
u=u(v;s): (4.24)
Here, P is conjugate tov, and T is conjugate tos. Application of the general form of
Eq. (4.22) to the Gibbs equation (4.1) gives then
er _ er.
@v, @s,

Equation (4.25) is known as avlaxwell relation Moreover, specialization of Eq. (4.20) to
the Gibbs equation (4.1) gives

(4.25)

_ @u. _ @u.
P= —; T—@%. (4.26)

Vs

If the general di erential dy = i dx; iIs exact, one also can show

P
=
Rg P
A i=1

" The path integral yg  ya = i dx; is independent of the path of the integral.

" The integral around a closed contour is zero:
dy = i dx; =0: (4.27)

" The function y can only be determined to within an additive constant. That$, there
is no absolute value ofy; physical signi cance is only ascribed to di erences iy. In
fact now, other means, extraneous to this analysis, can beeadsto provide absolute
values of key thermodynamic variables. This will be importat especially for ows
with reaction.
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I
Example 4.2
Show the heat transferq is not a state function. Assume all processes are fully revsible.

The rst law gives

du = q Ww; (4.28)
q = du+ w (4.29)
= du+ P dv: (4.30)

Take now the non-canonical, although acceptable, formru = u(T;v). Then one gets
@u @u

du = @VT dv + @Tv dT: (4.31)
So
qg = g\le dv + g#v dT + P dv; (4.32)
@“ +P dv+ — (4.33)
=& @z.}
= Mdv+ N dT: (4.34)

Now by Eq. (4.22), for g to be exact, one must have

ev _en
@r\,_ @VT' (4.35)

This reduces to

@u @P _ @u .

@Tev @T, @veT
This can only be true if @P=@J = 0. But this is not the case; consider an ideal gas for which
@P=@J= R=v. So q is not exact.

(4.36)

I
Example 4.3
Show conditions fords to be exact in the Gibbs equation.

du = Tds P dv; (4.37)
du P
ds = Tt T dv; (4.38)
1 @u @u P
= = = dv+ =— dT + — dv: 4.39
T av, ' aT, T (4.39)
- 10u P s10u, (4.40)

|T_@l%_} |_?_}
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Again, invoking Eq. (4.22), one gets then
@ 1 @u P _ @ 1 @u

@erTtev, T, @vTaer (4.41)

1 @u 1 @u 1 @P P 1 @u
T@TevT @v, ' T@r, T - TaveT (4.42)
t@u 1ep P _ ., (4.43)

= + — =

T2 @v;, T @T, T2
This is the condition for an exact ds. Experiment can show if it is true. For example, for an ideal @gs,
one nds from experiment that u = u(T) and Pv = RT, so one gets

1R 1RT
+77 —_— = - .
Tv T2 v 0; (4.44)

0 = 0: (4.45)

Sods is exact for an ideal gas. In fact, the relation is veri ed for so many gases, ideal and nonideal,
that one simply asserts that ds is exact, renderings to be path-independent and a state variable.

4.2 Two independent variables

Consider a general implicit function linking three variabts, x, vy, z:
f(x;y;z)=0: (4.46)

In x{y{z space, this will represent a surface. If the function can baverted, it will be
possible to write the explicit forms

X = x(Y; 2); y = y(X; 2); z=2z(X;y): (4.47)
Di erentiating the rst two of the Egs. (4.47) gives
_ @x @x .
dx = @yz dy+ @Zy dz; (448)
_ @y Qy .
dy = @XZ dx + @Zx dz: (4.49)
Now use Eq. (4.49) to eliminatady in Eq. (4.48):
@ @y, @, L @x
dx @y, @x dx + @Zxdz + @zy dz; (4.50)
| {z }
=dy |
@x @y @x @y , @x
ay,ex, ¥ @y ez @z ¥ o oD
_ @x @y @x @y , @x
0dx+0 dz = @y, @Xz 1 dx+ @y, @2, + @Zy dz: (4.52)
I iz } {z }
= =0
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Becausex and z are independent, so arelx and dz, and the coe cients on each in Eq. (4.52)
must be zero. Therefore from the coe cient ondx in Eq. (4.52)

%i %ﬁz 1 = 0 (4.53)
%’;Z %}{Z (4.54)

So
%’;Z = g; (4.55)

and also from the coe cient ondz in Eq. (4.52)

@x @y N @x

& = 0 4.56
@y, @2, @z, (4.56)
@x @x @y
= = - =7 457
@z, @y, @z, (*.57)
So
@x @y @z
=25y EL - g 4.58
@z, @x, @y, (4.38)

If one now divides Eq. (4.48) by a fourth di erential,dw, one gets

dx =  @x dy+ @x dz.

d_\N - @yz d_VV @Zy d_VV (459)
Demanding that z be held constant in Eq. (4.59) gives
@x @x @y
— = = = 4.60
Q@Qw, @y, @w, (4.60)
@x
ow: - OX. (4.61)
@ : '
@3/Vz @yz
@x @w @Xx
R —_— = —_— 462
@w, @y, @y, (4.62)
If x = x(y;w), one then gets
@x @x
dx= — dy+ — dw: 4.63
oy, V" @, (4.63)
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Divide now by dy while holding z constant so

@y, @y,

@x _ @x N @x @W_
@w, @y,

(4.64)

These general operations can be applied to a wide variety dfefmodynamic operations.

|
Example 4.4

Apply Eqg. (4.64) to a standard P{v{T system and let
@x _ @t
@y, @vg

SoT = x,v=y,ands= z. Let now u= w. So Eq. (4.64) becomes

@T _ @T ,@T @u,
@v, @u, @v,

@v,

Now by de nition
_ @Qu
% ot

er _ 1.
@u, ¢
Now by Eq. (4.26), one has@u=@w= P, so one gets

@T _ @T P,

SO

@v, @v, ¢

For an ideal gas,u = u(T). Inverting, one gets T = T(u), and so @T=@y= 0, thus

@T _ P,

@v, o

For an isentropic process in an ideal gas, one gets

dr P _ RT
dv Cv eV’

dT R dv.

=
|
n

—
=

e
|
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(4.66)

(4.67)

(4.68)

(4.69)

(4.70)

(4.71)
(4.72)
(4.73)

(4.74)

(4.75)
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4.3 Legendre transformations
The Gibbs equation (4.1),du = P dv+ T ds, is the fundamental equation of classical

thermodynamics. It is a canonical form which suggests the stonatural set of variables in
which to express internal energy are s and v:

u=u(v;s): (4.76)
However, v and s may not be convenient for a particular problem. There may betler
combinations of variables whose canonical form gives a ma@nvenient set of independent
variables for a particular problem. An example is the enthajpfrom Eq. (1.20):
h u+Pv: 4.77)
Di erentiating the enthalpy gives
dh=du+ P dv+ v dP: (4.78)

Use now Eq. (4.78) to eliminatedu in the Gibbs equation to give

Ph P 92/ v dl'}> = P dv+Tds: (4.79)

=du

So

(dh= T ds+ v dP] (4.80)

So the canonical variables foh ares and P. One then expects
h = h(s;P): (4.81)
This exercise can be systematized with the Legendre transfmation,! which de nes a set of
second order polynomial combinations of variables. Additi@l and more general develop-
ment of the Legendre transformation is given in the Appendixp. 295.
Consider again the exact di erential Eq. (4.14):

dy = 1 dX]_ + 5 dX2 + + N dXN . (482)

For N independent variablesx; and N conjugate variables ;, by de nition there are 2N 1

Two di erentiable functions f and g are said to be Legendre transformations of each other if thei rst
derivatives are inverse functions of each otherDf = (Dg) !. With some e ort, not shown here, one can
prove that the Legendre transformations of this section saisfy this general condition.
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Legendre transformed variables:

1= 2 UXaXg X)) =Y 1Xa; (4.83)

2 = o0X1; 2iXglILXN) T Y 2Xg; (4.84)

N = N(XXoiXsriii N)E= Y NXN (4.85)

12 = 120 15 22Xz iinXN) =Y 1X1 2X2; (4.86)

13 =  13( 15Xz, 3iinXN) =Y 1X1 3X3; (4.87)
X

LN = L::uN ( 1: 21 B1e++; N) =Yy i Xj: (4-88)

Each is a new dependent variable. Each has the property that when it is known as a
function of its N canonical variables, the remainindN variables from the original expression
(the x; and the conjugate ;) can be recovered by di erentiation of . In general this is not
true for arbitrary transformations.

I
Example 4.5
Let y = y(X1;X2;X3). This has the associated di erential form

dy= 1dx;+ 2dxp+ 3dxs: (4.89)
Choose now a Legendre transformed variable;  z( 1;X2; X3):
zZ=y 1X1: (4.90)

Find expressions forx;, »,,and 3 interms of z, 1, X,, and Xxs.

From the de nition of z, we have

@z @z @z
dz= — d .+ — dx, + — dxs: 491
@1,,x, & @x 27 @x : (4.92)

Now di erentiating Eq. (4.90), one also gets

1.X3 1,X2

dz = dy 1 de_ X1 d 1- (492)
Elimination of dy in Eq. (4.92) by using Eq. (4.89) gives

dz = | 1 dxq + 2{(ij2 + 3 dx§ 10Xy X1d g (4.93)
:dy
= X1d 1+ odxo+ 3 dXs: (4.94)
Thus from Eg. (4.91), one gets
@z @z @z
X1= = ; = — ; = — : 4.95
' @1 4, ? @% i, : @% ( )
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So the original expression had three independent variables;, X,, X3, and three conjugate variables
1, 2, 3. Denition of the Legendre function z with canonical variables 1, x,, and x3 allowed
determination of the remaining variablesx;, 2, and 3 in terms of the canonical variables.

For the Gibbs equation, (4.1),du= P dv+ T ds, one hasy = u, two canonical variables,
X1 = vand X, = s, and two conjugates, ; = P and ,=T. Thus N =2, and one can
expect Z 1 =3 Legendre transformations. They are

1=y 1X1 = h= h(P;s)
2=y X =a=av;T)
2=y  1X1 X2 = 9= g(P;T)

u+ Pv; enthalpy, (4.96)
u Ts; Helmholtz free energy, (4.97)
u+ Pv Ts; Gibbs free energy (4.98)

It has already been shown for the enthalpy thath = T ds+ v dP, so that the canonical
variables ares and P. One then also has

@h @h
dh= = ds+ —_ dP; 4.99
@s. @P, (4.99)
from which one deduces that
@h @h
T= — ; v — 4.100
@s, aP, ( )

From Eq. (4.100), a second Maxwell relation can be deduced Hbyerentiation of the rst
with respect to P and the second with respect te:

QT _ @v _
@Ps_ @s. (4.101)

The relations for Helmholtz and Gibbs free energies each sip@additional useful relations
including two new Maxwell relations. First consider the Helioltz free energy

a = u Ts; (4.102)
da = du Tds sdT; (4.103)
= ( Pdv+Tds Tds sdT; (4.104)
= P dv sdT: (4.105)

So the canonical variables foa arev and T. The conjugate variables are P and s. Thus

@a dv + Qa

v & dT: (4.106)
T \Y
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So one gets
@a @a
= — S= — 4.107
ov, er, (4100
and the consequent Maxwell relation
@P _ @s
—_— = = 4.108
@r,” @v ( )
For the Gibbs free energy
g = pHPy Ts; (4.109)
Ftz-Y
= h Ts; (4.110)
dg = dh T ds sdT,; (4.111)
= ﬁT dsrzv dP? Tds sdT,; (4.112)
=dh
= vdP sdT: (4.113)

So for Gibbs free energy, the canonical variables afeand T while the conjugate variables
arev and s. One then hasg = g(P; T), which gives

@g @g
dg= — dP+ — dT: 4.114
g @P. aT, ( )
So one nds
@g @g
v — S= — . 4,115
@P, ar, ( )
The resulting Maxwell function is then
@v @s
—_— = = 4.116
@T, @P, ( )
I
Example 4.6
If we have the canonical form forh(s; P) of
p R s
h(s;P) = cTo o exp g +(he cTo); (4.117)

and ¢y, To, R, Py, and h, are all constants, derive both thermal and caloric state eqations P (v; T)
and u(v;T).

© 03 August 2026, Joseph M. Powers. All rights reserved.



4.3. LEGENDRE TRANSFORMATIONS 125

Now for this material

@h p R s
= = T, — exp — 4.118
@s. ° B p & ( )
@h RT, P F& ! s
—_— = — exp — 4,119
@P, P, Pu p & ( )
Now because
%2 = T (4.120)
P
%2 - v (4.121)
S
one has
R=c, S
o Cp
RT, P F= ! s
v = — exp — 4,123
P P. p & ( )
Dividing Eq. (4.122) by Eq. (4.123) gives
% - %; (4.124)
Pv = RT; (4.125)

which is the thermal equation of state. Substituting from Eq. (4.122) into the canonical equation for
h, Eq. (4.117), one also nds for the caloric equation of state

h=cT+(he GTo)= (T To)+ ho; (4.126)

which is useful in itself. Substituting for T and T,, we get

Pv  Pov

h=c =3 qu + ho: (4.127)

Using, Eqg. (4.77),h u+ Pv, we get
u+ Pv=og % Povo Uo + Povo: (4.128)

So

u = % 1 Pv % 1 Pyve+ Ug: (4.129)
= % 1 (Pv  PoVo)+ Uo; (4.130)
= % 1 (RT RTo)+ Uo; (4.131)
= (¢ R)(T To)+ uo; (4.132)
= (6 (6 c)(T To)+ U, (4.133)
= o (T To)+ U (4.134)

Soone canonical equation gives us all the information one needs. f&n, it is di cult to do a single
experiment to get the canonical form.
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4.4 Heat capacity

Recall that
@u @h
C @T, G @, ( )
Then perform operations on the Gibbs equation
du = Tds P dyv; (4.136)
@u @s
— = T == ; 4.137
@s
= T =" 4.138
C aT, ( )
Likewise,
dh = T ds+ v dP; (4.139)
@h @s
— = T = ; 4.140
_ 1 @s
c, = T @Tp : (4.141)
One nds further useful relations by operating on the Gibbs guation:
du = Tds P dv; (4.142)
@u @s
— = T = P; 4.143
ov. ov. (4.143)
@P _
T @Tv P: (4.144)
So one can then say
u = u(T;v); (4.145)
@u @u
du = — dT+ — dv; 4.146
@, @v, ( )
_ @P
= ¢dT+ T @Tv P dv (4.147)
For an ideal gas, one has
@u @P R RT
— = T = P=T — —; 4.14
@v; @T, v v (4.148)
= 0: (4.149)

© 03 August 2026, Joseph M. Powers. All rights reserved.



4.4. HEAT CAPACITY 127

Consequently,u is not a function ofv for an ideal gas, sa = u(T) alone. Because Eq. (4.77),
h=u+ Py, for an ideal gas reduces tb = u+ RT

h = u(T)+ RT = h(T): (4.150)

Now return to general equations of state. Withs = s(T;v) or s= s(T;P), one gets

@s @s
ds = — dT+ —= dv; 4,151
Q@T, Q@Qv; ( )
@s @s
ds = — dT+ — dP: 4.152
Now using Eqgs. (4.101, 4.116, 4.138, 4.141) one gets
Y @pP
ds = T dT + @Tvdv, (4.153)
R
ds T dT @T, dP: (4.154)

Subtracting Eq. (4.154) from Eqg. (4.153), one nds
& G @P @v

0 = = dT + @Tv dv + @Tp dp; (4.155)
@P @v
dT = T — dv+T —_ dP: 4.156
(% ©) o, oT. (4.156)
Now divide both sides bydT and hold either P or v constant. In either case, one gets
@P @v
=T — — : 4.157
G G @T, @, ( )
Also, because@P=@,\T= (@P=@Vy(@v=0)d), Eq. (4.157) can be rewritten as
2
@v " @P. (4.158)

= T = =
® “ @T, @v,

Now becauseT > 0, (@v=@Hd)? > 0, and for all known materials@P=@v< 0, we must
have
C, > Cy: (4.159)

[
Example 4.7
For an ideal gas nd ¢, ¢y.

© 03 August 2026, Joseph M. Powers. All rights reserved.



128 CHAPTER 4. MATHEMATICAL FOUNDATIONS OF THERMODYNAMICS

For the ideal gas,Pv = RT, one has

@P R @v _ R,
o, = 7@Tp =5 (4.160)
So, from Eq. (4.157), we have

RR
= T——; 4.161
& O VB (4.161)

R2
= T—; 4.162
RT (4.162)
= R: (4.163)

This holds even if the ideal gas is calorically imperfect. That is

G(T) o(T)=R: (4.164)

For the ratio of speci ¢ heats for a general material, one camse Eqs. (4.138) and (4.141)
to get

k = “ - ﬁ' then apply Eq. (4.55) to get (4.165)
o, = %v, . (4. .
= g'IS'P %Zv; then apply Eq. (4.57) to get (4.166)
@s @P @T @v
@r, @T,  @v, @s (@167
@v @s  @P eT . (4.168)

@s; @P; @T, @v,

So for general materials

_@v eP.
k = op. Ov.' (4.169)

The rstterm can be obtained fromP{v{T data. The second term is related to the isentropic
sound speed of the material, which is also a measurable quant

I
Example 4.8
For a calorically perfect ideal gas with gas constantR and specic heat at constant volume c,,
nd expressions for the thermodynamic variable s and thermodynamic potentials u, h, a, and g, as
functions of T and P.
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So

First get the entropy:
du
T ds

ds

ds

Tds P dv;
du+ P dv;
c, dT + P dv;
dT P
4+ — .
Tt
dT d
o=+ R
7 T
dl + Ry
Cv T v
T v
In—+ RIn—;
& To Vo
In l+ EIn RT=P .
To Cy RTOIPO,
R=c
T TP v
N — +In —-2 ;
To To P
T 1+ R=c, PO R=c,
In — +In — ;
To P
T 1+(cp cv)=cy PO (cp cv)=cy
In — +In — ;
0 P ’
k k 1
T Po
| — +1 — :
n T n 3

S= g+ Inl + Inp—
=St G T Cv p

Now, for the calorically perfect ideal gas, one has

For the enthalpy, one gets

So

h

U= U+ ¢, (T To):‘

u+ Pyv;

u+ RT;

Uo+ ¢ (T To)+ RT;

Uo+ ¢ (T To)+ RT + RT, RTy;

Fo_"{ZF\E?"'Cv(T To)+ R(T  To);
=h,

ho+ﬁc\, + Rg(T To):

—{z—
=Cp

(h=ho+ (T To)|
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(4.170)
(4.171)
(4.172)

(4.173)
(4.174)

(4.175)
(4.176)

(4.177)

(4.178)

(4.179)

(4.180)

(4.181)

(4.182)

(4.183)

(4.184)
(4.185)
(4.186)
(4.187)
(4.188)

(4.189)

(4.190)
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For the Helmholtz free energy, one hasa= u Ts: Thus,

T K p, kT

a= U+ (T To) T sp+cin T + ¢,/ In FO : (4.191)
0

For the Gibbs free energy, one hag= h Ts: Thus
k K 1

T Po

g=ho+ (T To) T sSp+cyin T + ¢/ In B : (4.192)
0

4.5 Van der Waals gas

A van der Waals gas is a common model for a nonideal gas. It caapture some of the
behavior of a gas as it approaches the vapor dome. Its form is

RT a
PV = — o (4.193)

where b accounts for the nite volume of the molecules, an@ accounts for intermolecular
forces.

I
Example 4.9

Find a general expression fou(T; V) if
P(T:V) = VRTb \%: (4.194)
Proceed as before: First we have
du = S$V dT + g\i dv; (4.195)
recalling that
g#v =G g\le =T g?v p: (4.196)
Now for the van der Waals gas, we have
g:v = Vib; (4.197)
T giv Po= NP (4.198)
= % % \% = viz (4.199)
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So we have
@u _  a.
ev. = (4.200)
u(Tv) = §+ £(T): (4.201)

Heref (T) is some as-of-yet arbitrary function of T. To evaluate f (T), take the derivative with respect
to T holding v constant:

@u o
— = — = 4,202
@T, dT ( )
Becausef is a function of T at most, here ¢, can be a function of T at most, so we allowc, = ¢,(T).
Integrating, we nd f (T) as

Z1
f(Ty=C+ ¢ /(T)df; (4.203)
To
where C is an integration constant. Thus u is
u(T;v)= C+ o (T) df o (4.204)
T,

Taking C = u, + a=V, we get

L7
1 1
u(T;Vv) = Ug + o(fydf+a = = (4.205)
To Vo V
We also nd
2T 1 1
h=u+Pv=ug+ o(Mydf+a = = +Pyv; (4.206)
To Vo V
Z
1 1 RTv a
h(T;v) = uo + . o (f) df + a T T (4.207)
I
Example 4.10
A van der Waals gas with
R = 200 J_. (4.208)
- kg K’ '
Pa m®
a = 150 k792; (4.209)
m3
b = 0.001@, (4.210)
- 3502 + 022 (T (300 K)); (4.211)
“ = kg K " kg K2 : '
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begins atT; =300 K, P, =1 10° Pa. It is isothermally compressed to state 2 wheré®, =1  10° Pa.

It is then isochorically heated to state 3 whereTz = 1000 K. Find ;ws, 103, and s3

surroundings are at 1000 K.

Recall

SO at state 1

200 -2~ (300 K) 150Pam®

10° Pa = wr o
vi  0:001 - Vi
Expanding, one gets
K kg? kg?
015+ 1509 v; 601002 VZ+ 100000-% V3 =0
m m m

This is a cubic equation which

Vi, =
Vi, =

Vi, =

Now at state 2, P, and T, are

10° Pa

has three solutions:

3

m H -
0:598 kg physical;
m3
0:00125 0:009% kg not physical,
m3
0:00125 + 00091 kg not physical:

known, sov, can be determined:

200 il (300 K) 150 Pam®

v, 00017 v3

s;. Assume the

(4.212)

(4.213)

(4.214)

(4.215)
(4.216)

(4.217)

(4.218)

The physical solution isv, = 0:0585 nP=kg. Now at state 3 it is known that vz = v, and Tz = 1000 K.

Determine Pj3:

P3:

200 2 (1000 K) 150 P2’
0:085%  0:001 1 0:0585 ° '

(3478261 Pa) (43831 Pa)
3434430 Pa
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R R R
Now 1W3 = 1Wy + oW3 = fP dv+ 23 P dv= 12 P dv because 2 3 is at constant volume. So

Z v, RT a

v b v2
V2. dv

v b
Vo b

V1 b

W3 =
Vi

= RT]_

Vi

RT, In

3

2
00,

6
+ 150 Pa m

+a — =

(300 K)In @

V6 Vi

0:0585 T—g 0:001 T—g A

. m3 . m3
0:598 X '0.001 o

1 1

kg?

1404087+
kg

1380052 :
kg

= 138095 ki:
kg

- 3
0:0585 TT;

. 3
0:598 %

J
2313 kg

The gas is compressed, so the work is negative. Becausds a state property:

Now

SO

us

us

uz Up=
T1

J
350 kg K

290 ——

290—— + 02
Tl kg K

J

290 kg K

(Tz T+

J
290 kg K

Pa mS 1
+ 150 &M

¢ (T)dT+ a vi —

01— T

(1000 K) (300 K))+ 01— _
!

1
1 V3

kg K2 (T (300 K));

0:2 W T:

L otoatea 1L

kg K2 Vi Vg

1
T2 +a — — ;
kg K2 ! Vi V3

J 2

(1000 K)?> (300 K)?

kg K2
1

2 . 3
kg 0:598 -

203000i + 9loooi
kg kg

291687 i;
kg

kJ
292 kg

. 3
0:0585 T—g

J
2313 kg

(4.222)

(4.223)

(4.224)

(4.225)

(4.226)

(4.227)

(4.228)

(4.229)

(4.230)

(4.231)

(4.232)

(4.233)

(4.234)

(4.235)
(4.236)

(4.237)
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Now from the rst law

us up = 1B 1W3;
18 = Uz U1+ 1Wg;
kJ kJ
= 292 — 138 —
1B 9 kg 38 kg
kJ
= |154 —:
1B 5 kg

The heat transfer is positive as heat was added to the system.
Now nd the entropy change. Manipulate the Gibbs equation:

T ds

ds =

S3 S1 =

du+ P dv;
1 P
—_ + — .
T du T dv;
1 a P
T ¢ (T) dT + v dv + T dv;
1 a 1 RT a
T c\,(T)dT+V—2dv +? v b 2 dv;
o (T) R )
. T dT + v b dv;
T3
&M 41+ rin P
T, T vi b
1
Z 1000 290 -
kg K J v b
————+ 02 —> A dT+RI ;
300 T O kg K2 d n V]_ b,
J 1000 K
290 —— o Y
90 kg K In 300 K 0:2 kg K2 ((1000 K) (300 K))
0:0585 ™ 0:001 ™
+ 2ook‘]K In il I
g 0:598 - 0:001 &
J J J
49— + 140 —— 468 —
39kgK OkgK 68kgK '
J
T ik’
kJ
0:021 ——:
kg K

Is the second law satis ed for each portion of the process? Ftlook at 1! 2:

U U = 1 1Wo,
1 = Uz U+ Wy, |
Z, 1 1 V2 b 1
= (M) dT+a = = + RTiIn 2 +a —
T Vi Vo vi b Vo
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(4.238)
(4.239)

(4.240)

(4.241)

(4.242)
(4.243)

(4.244)

(4.245)
(4.246)

(4.247)

(4.248)

(4.249)

(4.250)

(4.251)

(4.252)

(4.253)
(4.254)

(4.255)
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Recalling that T; = T, and canceling the terms ina, one gets

@ = RTn 22, (4.256)
\1 b 0
] 0:0585  0:001 7
200 —— (300 K)In @ A (4.257)
kg K 0598 ™ 0001 ™
598 0011
J
= 140408, (4.258)
Because the process is isothermal,
s s, = Rl 2P (4.259)
Vi b 0 1
] 0:0585T  0:001 7 R
= 200 ko K In @ p— — : (4.260)
=90 ig 00 %
J
= 4680 —: 4.261
kg K ( )

Entropy drops because heat was transferredut of the system.

Check the second law. In this portion of the process in which he heat is transferred out of the
system, that the surroundings must have Tq 300 K. For this portion of the process let us take

Tourr =300 K.
S %? (4.262)
4680 > 14040855 4.263
kg K 300K (4.263)
J J
4680 |~ 4680 |~ ok: (4.264)

Next look at 2! 3:

- + . 4.2
208 Uz Uzt 2W3; 1 0 1 (4.265)
Z T3 1 1 Z V3
= % c(T)dT + a v v § + P dv( ; (4.266)
T2 | 2{z—1} | 2z}
=0 =0
— ¢ (T) dT; (4.267)
T2
Z 1000 k J J
= 20— + 02 —— T dT; (4.268)
300 K kg K kg K2
J
= 294000 —: (4.269)

kg
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Now look at the entropy change for the isochoric process:

Zy
3 (T
S3 Sy = # dT; (4.270)
0 1
_ o @% + 02— _ A gT: (4.271)
T T " kg K2 ’ :
J 1000 K J
= 290kgiK n S0k * 02 QK ((1000 K) (300 K)); (4.272)
J
489 —— - 4.27
89 ko K (4.273)

Entropy rises because heat transferrednto system.

In order to transfer heat into the system we must have a di erent thermal reservoir. This one must
have Tsyr 1000 K. Assume here that the heat transfer was from a reservoheld at 1000 K to assess
the in uence of the second law.

5 S %7’ (4.274)
489 29400055 4.275
kg K 1000 K ' (4.275)
J J
489 204 - k: 4.27
89 oK 9 oK °© (4.276)

4.6 Redlich-Kwong gas

The Redlich-Kwong equation of state is

RT a

P=3b vvepTE

(4.277)

It is modestly more accurate than the van der Waals equatiom ipredicting material behavior.

I
Example 4.11
For the case in whichb= 0, nd an expression for u(T;v) consistent with the Redlich-Kwong state
equation.

Here the equation of state is now

RT a
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Proceeding as before, we have

@u @P
= = T = P: 4.279
@v, @, (4279)

R a RT a

=T Vtaerem v e (4.280)

3a
= sarem (4.281)

Integrating, we nd

u(T;v) = T2 + f(T): (4.282)

Here f (T) is a yet-to-be-speci ed function of temperature only. Now the speci ¢ heat is found by the
temperature derivative of u:

@u 3a o
T;vV)= — = ——— + —: 4.283
“(TV)= @7, = a2 ot (4.263)
Obviously, for this material, ¢, is a function of both T and v.
Let us de ne c,o(T) via
a (M): (4.284)
gt Sl '
Integrating, then one gets
Z
f(T)= C+  cpofT) df (4.285)
To

Let us take C = Uy +3a=2=V,=Ta . Thus we arrive at the following expressions forc, (T;v) and u(T;v):

3a

a(T;v) = cwo(T)+ Wi (4.286)
y 5
a1 1
u(T;v) = U+ N e () af + = I T (4.287)

4.7 Compressibility and generalized charts

A simple way to quantify the deviation from ideal gas behaviois to determine the so-called
compressibility Z, where
Pv

Z — 4.288
RT ( )
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For an ideal gas,Z = 1. For substances with a simple molecular structureZ can be
tabulated as functions of the so-called reduced pressu?e and reduced temperaturel,. T,
and P, are dimensionless variables found by scaling their dimeosal counterparts by the
speci ¢ material's temperature and pressure at the critidgpoint, T, and Px:

P o (4.289)

Often charts are available which give predictions of all reated thermodynamic properties.
These are most useful to capture the nonideal gas behaviorroéterials for which tables are
not available.

4.8 Mixtures with variable composition

Consider now mixtures ofN species. The focus here will be on extensive properties and
molaf_f, properties. Assume that each species hasmoles, and the total number of moles is
n= iNzl ni. Now one might expect the extensive energy to be a function dfé entropy,
the volume and the number of moles of each species:

U= U(V;S:n): (4.290)

The extensive version of the Gibbs law in whiclll of the n; are held constantis

du= P dv+TdS: (4.291)

Thus @u @u
— = P; — =T: 4.292
@VS;ni @Sv;ni ( )

In general, becausdJ = U(S;V;n), one should expect, for systems in whickhe n; are
allowed to changehat

X QU
i=1 @nS:V?nj

_ @u

= — + @U
@VS;ni

du —
@Sv;ni

dv dsS+ dn;: (4.293)

De ning the new thermodynamics property, thechemical potential—;, as

7 @u ; (4.294)
@n S;Vin;
one has the importantGibbs equation for multicomponent systems
X
du= P dv+TdS+ = dn;: (4.295)
i=1
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Obviously, by its de nition, —; is on a per mole basis, so it is given the appropriate overline
notation. In Eq. (4.295), the independent variables and theconjugates are

X1 =V, 1= P (4.296)
Xo = S 2= T, (4.297)
X3 = Ny, 3= 1 (4.298)
X4 = Ny 4= "y (4.299)
Xn+2 = Ny, N+#2 = N- (4.300)

Equation (4.295) has 2** 1 Legendre functions. Three are in wide usage: the extensive
analog to those earlier found. They are

H = U+ PV; (4.301)
A = U TS (4.302)
G = U+PV TS: (4.303)

A set of non-traditional, but perfectly acceptable additimal Legendre functions would be
formed fromU 7 n;. Another set would be formed fromU + PV  7,n,. There are

many more, but one in particular is sometimes noted in the Erature: the so-calledgrand

potential, . The grand potential is de ned as

Uu TS —n;: (4.304)

Di erentiating each de ned Legendre function, Eqgs. (4.304.304), and combining with
Eq. (4.295), one nds

X
dH = T dS+V dP+ — dng; (4.305)
i=1
X
dA = SdT P dv+ = dn; (4.306)
i=1
dG = S dT+V dP+ = dng; (4.307)
i=1
d = Pdv SdT ny d—: (4.308)

i=1

Thus, canonical variables foH areH = H(S;P;n;). One nds a similar set of relations as
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before from each of the di erential forms:

T - %gv;m . %:P;m; (4.309)
P = %\Z;m _ %Cm - %VT;i; (4.310)
vV = g_:')s;m _ %Sm; (4.311)
s = %ﬁvmi - %‘?Pmi - %Tv;i ; (4.312)
n = %V;T;j; (4.313)
. _ @u _@ed _er _@c (4.314)

I @n S;Vin; @n S;P;n;j @n T.Vin; @n T,P:n; .

Each of these induces a corresponding Maxwell relation, almed by cross di erentiation.
These are

%\T/S;m _ %Zv;m; (4.315)
%;S;ni - %\S’P;m; (4.316)
%$V;ni . %\?m; (4.317)
%¥P;ni _ %im; (4.318)
%Tp;nj = g‘fv;nj; (4.319)
%Pm = g—;‘/v;nj; (4.320)
%\i;i . %?V;i; (4.322)
@n - @n (4.323)

@k VT 8Kk @i VT 6i
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4.9 Partial molar properties

4.9.1 Homogeneous functions

PO xn) = M(xagixe): (4.324)
If m=1, one has
f(xqiinyxn)= f (Xepiixn): (4.325)

Thermodynamic variables are examples of homogeneous fuos.

4.9.2 Gibbs free energy

Consider an extensive property, such as the Gibbs free enger§. One has the canonical
form

G=G(T;P;ng;ny;:::;ny): (4.326)

One would like to show that if each of the mole numbens; is increased by a common factor,
say , with T and P constant, that G increases by the same factor:

G (T;Pinsng;iiiiny) = G(T;P; nyg; ngiiiiyny): (4.327)

Di erentiate both sides of Eq. (4.327) with respect to , while holdingP, T, and n; constant,
to get

@ dn), @  dny), , @6  dnw). g
@ n l) nj;P;T d @ n 2) nj;P;T d @ n N) njP;T d
_ @G n+ @6 e+ + _©C nn: (4.329)
@n 1) n;P;T an ) njP;T @nn) nP;T
This must hold for all , including =1, so one requires
G(T;P;n;ng;iiiiny) @G nﬁge Ny + + @6 nn;
@m nj;PT @B nj;PT @N nj;P;T
(4.330)
X
- 7 es (4.331)
i=1 @n nj:PT

Recall now the de nition partial molar property, the derivative of an extensive variable with
respect to species; holdingn;; i 6 j, T, and P constant. Because the result has units per
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mole, an overline superscript is utilized. The partial molkaGibbs free energy of specigs g,
is then

@G
L= : 4,332
% @n, . (4.332)
so that
X
G= gini: (4.333)

i=1

Using the de nition of chemical potential, Eq. (4.314), one lao notes then that
G(T;P;n;;ng;:izny) = 7N (4.334)

The temperature and pressure dependence Gfmust lie entirely within —;(T; P; n;), which
one notes is also allowed to be a function of as well. Consequently, one also sees that the
Gibbs free energy per unit mole of speciegs the chemical potential of that species:

g =i (4.335)
Using Eg. (4.333) to eliminateG in Eq. (4.303), one recovers an equation for the energy:

X
U= PV+TS+ —ini: (4.336)

i=1

4.9.3 Other properties

A similar result also holds for any other extensive propertguch asV, U, H, A, or S. One
can also show that

X

v="na2 (4.337)
i=1 @n njAT

U = n; QU (4338)
- @Ngus

H = n; @_' ; (4.339)
i=1 @n n;:P:S

A = n; QA : (4340)
i=1 @n nj;TVv
X

S = n; @S X (4.341)
i=1 @n nj;uT
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These expressions do not formally involve partial molar pperties becausd® and T are not
constant.

Take now the appropriate partial molar derivatives ofG for an ideal mixture of ideal
gases to get some useful relations:

G H TS: (4.342)
@G _ @H T@S

== = = — , (4.343)
@n T;Pin; @n T;Pin; @n T;Pin;

Now from the de nition of an ideal mixture h; = h;(T;P), so one has

X
H = nkhk(T;P), (4344)
k=1 |
@H @ X _
@nT;PmJ @n - N k( ) ) ) ( 3 5)
XN
= @ ﬁk(T; P); (4.346)
=1 @n
X
= ik he(T; P); (4.347)
k=1
= hy(T;P): (4.348)

Here, the_Kronecker delta function \; has been again used. Now for an ideal gas one further
hash; = h;(T). The analysis is more complicated for the entropy, in which

X . . Py
S = n Sy RIn — (4.349)
’ PO
k=1
X P
= " ne 2, RInh X . (4.350)
’ PO
k=1 I
X o — P — Ny
= N S RIn o Rn pg— (4.351)
k=1 0 =1 Ng I
)(\] P _)(\l Nk .
= ng 5%, RIn — R nin P—— (4.352)
k=1 ’ Po k=1 ¢=1 Nq
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@S @X o = P
—_— = — ng S5 RiIn —
@n T:Pin; @n k=1 ‘ Po Il
_ X
R @ nen Pk (4.353)
@n TP k=1 g=1 Ma
M en o gy, P
1 () ;
Tk " I
R 2 neln Pk (4.354)
@n T:Pinj k=1 =1 Ng "
B - " I
-, Rmn -~ RrZ2 ndn P :(4.355)
Po @nTan k=1 =1 Ng

Evaluation of the nal term on the right side requires closeexamination, and in fact, after
tedious but straightforward analysis, yields a simple re#tuwhich can easily be veri ed by

direct calculation: | |

X .
o ndn P = In P (4.356)
@n T:Pinj k=1 g=1 Ng g=1 Nq
So the partial molar entropy is in fact
!
S _ P .
0 ®, Rin — RIn pg— ; (4.357)
@n T;Pin; Po =1 Ng
_ p _
= 5%, RIn — Riny;i; (4.358)
’ PO
— ) =) P; .
= 5% RIn — ; (4.359)
, PO
= 5 (4.360)
Thus, one can in fact claim for the ideal mixture of ideal gasethat
g=h Ts: (4.361)
4.9.4 Relation between mixture and partial molar propertie S

A simple analysis shows how the partial molar property for amdividual species is related
to the partial molar property for the mixture. Consider, forexample, the Gibbs free energy.
The mixture-averaged Gibbs free energy per unit mole is

G .

9= 2 (4.362)
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Now take a partial molar derivative and analyze to get

@ _ 166 s@en (4369
@n T,Pin;j n @n T,P:nj n2 @n T,Pinj I
W !
= E @G Ez Q Ne (4.364)
n @n T.P;n;j n @n T,P:n; k=1
_ 1@6 X an (4.365)
n @nT;PnJ n? k=1 @nTPnJ ,
X
_ 106G ST (4.366)
n @nT?Pinj n k=1
. 1es o (@367
n @n T,P:nj n
_ 1 g.
= ﬁgi e (4.368)
Multiplying by n and rearranging, one gets
@]
g=0+n— : (4.369)
I @n T;Pin;

A similar result holds for other properties.

4.10 Irreversible entropy production in a closed system

Consider a multicomponent thermodynamic systerslosed to mass exchanges with its sur-
roundings coming into equilibrium. Allow the system to be exchanging w& and heat with
its surroundings. Assume the temperature di erence betwedhe system and its surround-
ings is so small that both can be considered to be at tempera&uT. If Q is introduced
into the system, then the surroundings su er a loss of entrgp
Q

dSsur = B (4.370)
The system's entropyS can change via this heat transfer, as well as via other inteah
irreversible processes, such as internal chemical reantid’he second law of thermodynamics
requires that the entropy change of the universe be positigemi-de nite:

dS+ dSg,r O: (4.371)
Eliminating dSs,; , one requires for the system that
ds %: (4.372)
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Consider temporarily the assumption that the work and heatransfer are both reversible.
Thus, the irreversible entropy production must be associatl with internal chemical reaction.
Now the rst law for the entire system gives

du = Q W, (4.373)
= Q Pdv; (4.374)
Q = dU+Pdv: (4.375)

Because the system is closed, there can be no species ergeoinexiting, and so there is
no changedU attributable to dn;. While within the system the dn; may not be 0, thenet
contribution to the change in total internal energy is zeroA non-zerodn; within the system
simply re-partitions a xed amount of total energy from one pecies to another. Substituting
Eq. (4.375) into Eq. (4.372) to eliminate Q, one gets

1
dS  £{dU+p dvy; (4.376)
=Q
TdS dUu Pdv O (4.377)
dU TdS+Pdv O (4.378)

Eq. (4.378) involves properties only and need not require asnptions of reversibility for
processes in its derivation. In special cases, it reducessimpler forms.
For processes which are isentropic and isochoric, the seddaw expression, Eq. (4.378),
reduces to
dUjg, O (4.379)

For processes which are isoenergetic and isochoric, theosellaw expression, Eq. (4.378),
reduces to
dSj,y O (4.380)

Now using Eq. (4.295) to eliminatedS in Eq. (4.380), one can express the second law as

X
% du + ; dv % — dn 0; (4.381)
7 i=1
| {z. }
1 X
= dn; o: (4.382)
|—z )

irreversible entropy production

The irreversible entropy production associated with the ternal chemical reaction must be
the left side of Eq. (4.382). Often the irreversible entropproduction is de ned as , with
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the second law requiringd 0. Equation (4.382) in terms ofd is

d = = 7;dn O (4.383)
i=1
Now, while most standard texts focusing on equilibrium thermdynamics go to great lengths

to avoid the introduction of time, it really belongs in a diseission describing the approach
to equilibrium. One can divide Eq. (4.382) by goositive time increment dt to get

1 X o dni
T . s (4.384)
BecauselT 0, one can multiply Eq. (4.384) by T to get
X dni
s 0: (4.385)

i=1

This will hold if a model for dnj=dt is employed which guarantees that the left side of
Eq. (4.385) is negative semi-de nite. One will expect thenof dn;=dt to be related to the
chemical potentials™,.

Elimination of dU in Eq. (4.378) in favor ofdH from dH = dU+ P dV + V dP gives

fH _Pgdy Vdp TdsS+Padv 0; (4.386)
=du

dH V dP T dS o: (4.387)
Thus, one nds for isobaric, isentropic equilibration that
dHjps O (4.388)
For the Helmholtz and Gibbs free energies, one analogouslyds

dAjr.y 0 (4.389)
dGip 0 (4.390)

The expression of the second law in terms dfs is especially useful as it may be easy in an
experiment to control so thatP and T are constant. This is especially true in an isobaric
phase change, in which the temperature is guaranteed to benstant as well.

Now one has

%

G = nig;; (4.391)
= N (4.392)
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One also has from Eq. (4.307)YdG= S dT+V dP+ P iN:l — dn;, holding T and P constant
that
X
dGj;p = — dn;: (4.393)
i=1
Here thedn; are associated entirely with internal chemical reactionsSubstituting Eq. (4.393)
into Eq. (4.390), one gets the important version of the secdriaw which holds that

X
dGj;p = dn O (4.394)

i=1

In terms of time rates of change, one can divide Eq. (4.394) laypositive time increment
dt > 0 to get

@ _ X _dn
@t;, ., 'dt

i=1

0: (4.395)

4.11 Equilibrium in a two-component system

A major task of non-equilibrium thermodynamicsis to nd a functional form for dn;=dt
which guarantees satisfaction of the second law, Eqg. (4.39%nd gives predictions which
agree with experiment. This will be discussed in more detaih the following chapter on
thermochemistry. At this point, some simple examples will & given in which a nave but
useful functional form fordn;=dt is posed which leads at least to predictions of the correct
equilibrium values. A much better model which gives the coect dynamics in the time
domain of the system as it approaches equilibrium will be pgsented in the chapter on
thermochemistry.

4.11.1 Phase equilibrium

Here, consider two examples describing systems in phase kopiim.

I
Example 4.12
Consider an equilibrium two-phase mixture of liquid and vapor H,O at T =100 C, x = 0:5. Use
the steam tables to check if equilibrium properties are sas ed.

In a two-phase gas liquid mixture one can expect the followig reaction:
H20(|) HQO(g): (4396)

That is one mole of liquid, in the forward phase change, evapates to form one mole of gas. In the
reverse phase change, one mole of gas condenses to form ondenad liquid.
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BecauseT is xed at 100 C and the material is a two phase mixture, the pressure is alsaxed at a
constant. Here there are two phases at saturationg for gas andl for liquid. Equation (4.394) reduces
to

Tpdn+ Tgdng O (4.397)

Now for the pure H,O if a loss of moles from one phase must be compensated by the dition to
another. So one must have

dn; + dng = O: (4.398)
Hence
dng = dn;: (4.399)
So Eq. (4.397), using Eq. (4.399) becomes
Tpdn T4 dny 0; (4.400)
dni(7, ) 0: (4.401)
At this stage of the analysis, most texts, grounded in equilbrium thermodynamics, assert that ™~ = —,

ignoring the fact that they could be di erent but dn, could be zero. That approach will not be taken
here. Instead divide Eq. (4.401) by a positive time incremet) dt 0 to write the second law as

dn|

e S 0: (4.402)
One convenient, albeit nawe, way to guarantee second lawatisfaction is to let
dn. _ o .
ri ok 0; convenient, but nasve model (4.403)

Here is some positive semi-de nite scalar rate constant which ditates the time scale of approach to
equilibrium. Note that Eq. (4.403) is just a hypothesized madel. It has no experimental veri cation; in
fact, other more complex models exist which both agree with xperiment and satisfy the second law.
For the purposes of the present argument, however, Eq. (4.48) will su ce. With this assumption, the
second law reduces to

i ) O 0; (4.404)
which is always true.

Eq. (4.403) has three important consequences:

" Dierences in chemical potential drive changes in the numbe of moles.

~ The number of moles of liquid, n;, increaseswhen the chemical potential of the liquid is less than that
of the gas,™ < 7,. That is to say, when the liquid has a lower chemical potentid than the gas, the
gas is driven towards the phase with the lower potential. Beause such a phase change is isobaric and
isothermal, the Gibbs free energy is the appropriate variake to consider, and one takes = g. When
this is so, the Gibbs free energy of the mixture,G = n;~, + ng™ is being driven to a lower value. So
when dG = 0, the system has a minimum G.

" The system is in equilibrium when the chemical potentials ofliquid and gas are equal:™} = —.

The chemical potentials, and hence the molar speci c Gibbs ree energies must be the same for
each constituent of the binary mixture at the phase equilibiium. That is

9 = gy (4.405)

Now because both the liquid and gas have the same molar massn® also has the mass speci ¢ Gibbs
free energies equal at phase equilibrium:

O = gy: (4.406)
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This can be veri ed from the steam tables, using the de nition g= h Ts. From the tables

kJ kJ kJ
= hy Tsy=2676:05 kK ((100 + 273:15) K) 7:3548 K 68:4 K, (4.408)
% = Mo TSe= kg ' ' kg K " kg’ '

The two values are essentially the same; the di erence is lié&ly due to table inaccuracies.

Let us look at this in another way that does not require a nave model fordn;=dt. Say att = 0,
we have n, moles of vapor and zero moles of liquid. Then, as a phase traiti®n occurs, we might
instantaneously haven; moles of liquid andn, n; moles of vapor. Then the total G of the mixture is

G=ng + ngGy = MG +(no NGy (4.409)

To extremize G, we must have

dG )

an g 0y=0; (4.410)
g = O (4.411)
g = Oy (4.412)

I
Example 4.13
This example is adopted from BS. A container has liquid waterat 20 C, 100 kPa, in equilibrium
with a mixture of water vapor and dry air, also at 20 C, 100 kPa. Find the water vapor pressure and
the saturated water vapor pressure.

Now at this temperature, the tables easily show that the presure of a saturated vapor isPsy =
2:339 kPa|. From the previous example, it is known that for the water liquid and vapor in equilibrium,

one has
Oig = Ovap- (4.413)

Now if both the liquid and the vapor were at the saturated state, they would be in phase equilibrium
and that would be the end of the problem. But they have slight deviations from the saturated state.
One can estimate these deviations with the standard formula

dg= sdT+ vdP: (4.414)

The tables will be used to get values at 20 C, for which one can takedT = 0. This allows the
approximation of dg v dP. So for the liquid,

z
Oig & = vdP  vi (P Psa); (4.415)

g + Vi (P Psa): (4.416)

Jiig

© 03 August 2026, Joseph M. Powers. All rights reserved.



4.11. EQUILIBRIUM IN A TWO-COMPONENT SYSTEM 151

For the vapor, approximated here as an ideal gas, one has

z
Qvap Qg = v dP; (4.417)
z
= RT %P; (4.418)
Pvap
= RTIn -2 (4.419)
Psat
Qap = Gg+ RTIn Puap . (4.420)
Psat

Here, once again, one allows for deviations of the pressurd the vapor from the saturation pressure.
Now at equilibrium, one enforcesgiq = Qvap, SO One has

prt v (f Psatg = gg+ RTIn Dvep . (4.421)
z sat
= Qiig l _{Z_
= Gvap
Now gr = gy, SO one gets
Vi (P Psa) = RT In MI (4.422)
Psat
Solving for Py4p, ONne gets
P P
Pup = Pogexp JP__Pea) (4.423)
iy 1
0:001002’;‘—; (100 kPa  2:339 kPa)
= (2:339 kPa) exp@ A (4.424)
0:4615kgk—JK (293:15 K)

(@429

The pressure is very near the saturation pressure. This justes assumptions that for such mixtures, one
can take the pressure of the water vapor to be that at saturaton if the mixture is in equilibrium. If the
pressure is higher, the pressure of the vapor becomes highas well. Figure 4.1 shows how the pressure
of the equilibrium vapor pressure varies with total pressue. Clearly, a very high total pressure, on the
order of 1 GPa is needed to induce the vapor pressure to deviatsigni cantly from the saturation value.

4.11.2 Chemical equilibrium: introduction

Here consider two examples which identify the equilibrium ate of a chemically reactive
system.

4.11.2.1 Isothermal, isochoric system

The simplest system to consider is isothermal and isocharicThe isochoric assumption
implies there is no work in coming to equilibrium.
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Figure 4.1: Pressure of water vapor as a function of total pgsure for example problem.

I
Example 4.14
At high temperatures, collisions between diatomic nitrogen molecules induce the production of
monatomic nitrogen molecules. The chemical reaction can bdescribed by the model

N,+N, 2N+Nj: (4.426)

Here one of the N molecules behaves as an inert third body. An N molecule has to collide with
something to induce the reaction. Some authors leave out the third bog and write instead N, 2N,
but this does not re ect the true physics as well. The inert third body is especially important when
the time scales of reaction are considered. It plays no roleniequilibrium chemistry.

Consider 1 kmole of N and 0 kmole of N at a pressure of 100 kPa and a temperature of 60K.
Using the ideal gas tables, nd the equilibrium concentrations of N and N, if the equilibration process
is isothermal and isochoric.

The ideal gas law can give the volume.

nn,RT
P, = L; ; (4.427)
v = MeRT. (4.428)
P1
_ (L kmole) 8:314 K~ (6000 K)_
- 100 kPa ’ (4.429)
= 498:84 nr: (4.430)

Initially, the mixture is all N ,, so its partial pressure is the total pressure, and the inital partial pressure
of N is 0.
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Now every time an N, molecule reacts and thus undergo a negative change, 2 N moldes are
created and thus undergo a positive change, so

1
dny, = Ean: (4.431)
This can be parameterized by a reaction progress variable, also called thedegree of reaction de ned
such that
d = dny,; (4.432)
1
= éan : (4.433)
As an aside, one can integrate this, taking = 0 at the initial state to get
= nsztzo nn,; (4434)
1
= Znn: (4.435)
2
Thus
N, = NMNoli=g (4.436)
nN = 2: (4.437)

One can also eliminate to get ny in terms of ny,:
NN =2( NNyl NNG) - (4.438)

Now for the reaction, one must have, for second law satisfaain, that

N, (d)+ T (2d) 0; (4.440)
N, F2n d 0 (4.441)

- _ d _
NeF 2N g 0: (4.442)

In order to satisfy the second law, one can usefully, but nasely, hypothesize that the non-equilibrium
reaction kinetics are given by

d —
dt
There are other ways to guarantee second law satisfaction.nlfact, a more complicated model is well

known to t data well, and will be studied later. For the prese nt purposes, this nawe model will su ce.
With this assumption, the second law reduces to

K( "N, ¥2700 k O convenient, but nave model (4.443)

k( 7N, 2737 0 kO (4.444)

which is always true. Obviously, the reaction ceases whed =dt = 0, which holds only when

2N = TN, (4.445)

Away from equilibrium, for the reaction to go forward, one must expectd =dt > 0, and then one
must have

wt2w O (4.446)

2N TN (4.447)
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The chemical potentials are the molar speci ¢ Gibbs free eneies; thus, for the reaction to go forward,
one must have
209y On,: (4.448)

Substituting using the de nitions of Gibbs free energy, onegets

2 HN T SN ENZ T SN, (4449)
_ _ P _ _ P
2 hy T 2, R N Ay, T %, Rin M (4.450)
| Po Nz Py
" =0 Py =0 =} yNP B ysz .
2hy TS, hy, TS, RTIn N 4 RTIn MN (4.451)
o (o]
- - _ P _ P
2Ry T, + Py, T, RTIn M2 RTIn y% : (4.452)
[0} o
= yaiP? Po
RT In : 4.453
P& Pyn, ( )
2
_ p
RTin NT . (4.454)
YN, Po

At the initial state, one has yy = 0, so the right hand side approaches1 , and the inequality holds.
At equilibrium, one has equality.

_ _ - 2 ]
2hy T, + hy, T2, =RTIh M. . (4.455)
' ' yNz PO

Taking numerical values from Table A.9:

K kJ
2 5:9727 105m; (6000 K) 216926, —— —~
2:05848 105Wo|e (6000 K) 292984 . _— —~
kJ ya P
= 314 — K l R
8:3 kmole K (6000 K)In YN, Po
(4.456)
_ _ Yo P
7635 = In IR P 4.457
28% = n o 450
In KP
_ _ W P.
o = g e
2
. RT
N+nN2
= — + TRV ’
T+ ) py (4.459)
NN+ NN,
_ N} RT. (4.460)
T i, PV '
@i NN,)2 RT
_ = ut (4.461)
2 .
_ (@ kmole ny,)* (8:314)6000) , o
™~y (100)(49884)
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This is a quadratic equation for ny,. It has two roots
Ny, = 0:888154 kmole physical;  ny, =1:12593 kmole non-physical. (4.463)

The second root generates more Nthan at the start, and also yields non-physically negativeny =
0:25186 kmole. So at equilibrium, the physical root is

nn=2(1 ny,)=2(1 0:888154) = 0223693 kmole (4.464)

The diatomic species is preferred.

In the preceding analysis, the termK p was introduced. This is the so-called equilibrium \constart"
which is really a function of temperature. It will be described in more detail later, but one notes that it
is commonly tabulated for some reactions. Its tabular valuecan be derived from the more fundamental
quantities shown in this example. BS's Table A.11 gives for his reaction at 6000 K the value of
InKp = 2:876. Note that Kp is fundamentally de ned in terms of thermodynamic properties for a
system which may or may not be at chemical equilibrium. Only & chemical equilibrium, can it can
further be related to mole fraction and pressure ratios.

The pressure at equilibrium is

(nN2 + nN)ﬁT .

P, v : (4.465)
_ (0:888154 kmole + 0223693 kmole) 8:314 X~ (6000 K) (4.466)
B 49884 : '
= 111:185 kPa (4.467)

The pressure has increased because there are more moleculdéth the volume and temperature being
equal.
The molar concentrations —; at equilibrium, are

0:223693 kmole kmole mole
N = ———— = " "=4:484 10 4 =|4:484 10 " —; 4.4
N 49884 m3 8 0 m3 8 0 cmd’ (4.468)
0:888154 kmole kmole mole
N, = —————"=1:78044 10 3 ={1:78044 10 © : 4.4
N2 49884 m? 80 0" = 80 0" o (4.469)

Now consider the heat transfer. One knows for the isochoric qocess that1Q, = U, U;. The
initial energy is given by

U = nn,On,; (4.470)

= nn,(hn,  RT); (4.471)

= (1 kmole) 2:05848 10° K 8:314k7‘3 (6000 K) ; (4.472)
kmole kmole K

= 1:555964 10° kJ: (4.473)

The energy at the nal state is

U, = ny,Un, + NNUy; (4.474)
= nn,(hy, RT)+ ny(hy  RT); (4.475)
kJ kJ
= (0:888154 kmole) 2:05848 10° moie 8:314m (6000 K)
+(0:223693 kmole) 5:9727 10° K 8:314k7‘] (6000 K) (4.476)
kmole kmole K
= 2:60966 10° kJ: (4.477)
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So

1Q2 = Uz Ug;
2:60966 10° kJ 1:555964 10° kJ;
1:05002 10 kJ:

(4.478)
(4.479)
(4.480)

Heat needed to be added to keep the system at the constant tengpature. This is because the nitrogen

dissociation process iendothermic.

One can check for second law satisfaction in two ways. Fundaentally, one can demand that

Eq. (4.372),dS  Q=T, be satis ed for the process, giving

Z 2
Q
S, S —_—.
. T

For this isothermal process, this reduces to
S S
(NN,SN, + NNSNDIL

(NN, SN, + NNSND)y

NN, Sy, RIN y“;jop +ny 2y RIn ygf’ 2

NN, Sty, RIN % +ny 2 RIn YSOP 1

NN, Stn, RN Pil\: +ny Sty RIn 'F;—i 2

NN, Stn, RIN Ppil\: +ny 5y Rln l:)—'z 1

0 1

@ny, sty, Rin n';,Z\R/T + iy Stw Rin nF“)‘O'?/T A
=0

1
Now at the initial state ny = 0 kmole, and RT=P,=V has a constant value of

RT _ 8314 X (6000 K) _ 1
P,V (100 kPa)(49884 m?)  ~ kmole’
so Eq. (4.486) reduces to
= R AN, + Rin "™
e Stve RIN e v Sty Rin 1 kmole
=0 D NN,
N: Stin, R 1 kmole

((0:888143) (292984  8:314 In (0:88143)) + (0:223714) (216926  8:314In (0:223714))),
(1) (292:984 8:314In(1)))j,

kJ

194181 K 17:5004
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(4.482)

(4.483)

(4.484)

(4.485)

(4.486)

(4.487)

1Q2
T 1
(4.488)

105002

6000 ’
(4.489)

(4.490)



4.11. EQUILIBRIUM IN A TWO-COMPONENT SYSTEM 157

Indeed, the second law is satis ed. Moreover the irreversite entropy production of the chemical reaction
is 194181 17:5004 = +1:91772 kJFK:

For the isochoric, isothermal process, it is also approprige to use Eq. (4.389), dAj ., 0, to
check for second law satisfaction. This turns out to give andentical result. Because by Eq. (4.302),
A=U TS A, A;=(Ux T,S) (U T1S;). Because the process is isothermalh, A; =
U U T(Sg S]_)Z ForA, A; 0, one mustdemandJ, U; T(SQ S]_) 0,orU, U; T(SZ Sl),
ors, S (U, Up)=T. Because;Q, = U, U; for this isochoric process, one then recovers
S S 1Q2=T:

4.11.2.2 Isothermal, isobaric system

Allowing for isobaric rather than isochoric equilibration ntroduces small variation in the
analysis.

[
Example 4.15
Consider the same reaction
N>+Ns 2N+ Nos: (4.491)

for an isobaric and isothermal process. That is, consider 1 kmole of Bland 0 kmole of N at a pressure
of 100 kPa and a temperature of 6000 K. Using the ideal gas tabk, nd the equilibrium concentrations
of N and N if the equilibration process is isothermal and isobaric.

The initial volume is the same as from the previous example:
Vi = 498:84 nv: (4.492)

The volume will change in this isobaric process. Initially, the mixture is all N,, so its partial pressure
is the total pressure, and the initial partial pressure of N is 0.
A few other key results are identical to the previous example

NN =2(NNylizg NNL) S (4.493)
and
20y On,: (4.494)
Substituting using the de nitions of Gibbs free energy, onegets
2 HN T SN ﬁNz T SN, » (4495)
2 By T 2, Rin NP e, T s, Rin MP . (4.496)
’ Po N2 Po
2hy TS,y hy, TS, RTin MNP L jrm WP (4.497)
[0} (o]
2Ry TS, + hy, Ty, 2RT In y;P RTIn P (4.498)
(o] [0}
= yaP? Po
RTIn — — 4.499
Pg PyN2 ( )
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In this case P, = P, so one gets

2
2y TSy + hy, TSy, RTIn ;LN : (4.500)
N2
At the initial state, one has yy = 0, so the right hand side approaches1 , and the inequality holds.
At equilibrium, one has equality.

2
2y TSy + hy, TSy, =RTIn ;LN : (4.501)
N2
Taking numerical values from Table A.9:
kJ kJ
2 59727 105m§ (6000 K) 216926kg—K
kJ kJ
2:05848 10° mojg (6000 K) 292984@7
- . kJ YR
= 8314, — (6000 K)In o
(4.502)
. _ YR
2:876 = | — 4.503
|_§Z_%5 n YN, ( )
InKp
2
(:0563399 = I (4.504)
= T YN,
Kp
2
nn
= _fwtiwe (4.505)
nN2
nN+nn,
n2
= — N (4.506)

NN, (N + N,)”

2(Mnieo NN,))°

= . ; (4.507
nNz(z(nNz]t:O nNz)+ nNz) ( )
(2(1 kmole nNz))2
= : 4.
Nn, (2 (1 kmole ny,) + ny,) (4.508)
This is a quadratic equation for ny,. It has two roots
nn, = 0:882147 kmole physical;, ny, =1:11785 kmole non-physical. (4.509)

The second root generates more Nthan at the start, and also yields non-physically negativeny =
0:235706 kmole. So at equilibrium, the physical root is

ny =2(1 ny,)=2(1 0:882147) = 0235706 kmole (4.510)

Again, the diatomic species is preferred. As the temperatug is raised, one could show that the
monatomic species would come to dominate.
The volume at equilibrium is

(nN2 + nN)ﬁT .

Vo = e (4.511)
_ (0:882147 kmole + 0235706 kmole) 8:314 K (6000 K)_ 4510
B 100 kPa ’ (4.512)
= 557:630 nt: (4.513)
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The volume has increased because there are more moleculeshathe pressure and temperature being

equal.
The molar concentrations —; at equilibrium, are
_ 0:235706 kmole_ 4 kmole _ | 7 mole,
N T T e7gag e =4:227 10 e 4:227 10 e (4.514)
_ _0:882147 kmole_ | . 5 kmole _ | g mole
N: T T oorgae e - 1:58196 10 e 1:58196 10 e (4.515)

The molar concentrations are a little smaller than for the isochoric case, mainly because the volume is

larger at equilibrium.

Now consider the heat transfer. One knows for the isobaric pycess that1Q, = H, Hi. The

initial enthalpy is given by

_ k
Hi = ny,hy, = (1 kmole) 2:05848 10° Wf)le =2:05848 10° kJ: (4.516)
The enthalpy at the nal state is
Ho = ny,hy, + nnhy; (4.517)
= (0:882147 kmole) 2:05848 1C° O +(0:235706 kmole) 5:9727 10° K (4.518)
kmole kmole
= 3:22368 10° kJ: (4.519)
So
1Q2=H, H;=3:22389 10° kJ 2:05848 10° kJ=1:16520 10° kJ: (4.520)

Heat needed to be added to keep the system at the constant tengpature. This is because the nitrogen
dissociation process indothermic. Relative to the isochoric process,more heat had to be added to

maintain the temperature. This to counter the cooling e ect of the expansion.

Lastly, it is a straightforward exercise to show that the seond law is satis ed for this process.

4.11.3 Equilibrium condition

The results of both of the previous examples, in which a furiohal form of a progress
variable's time variation, d =dt, was postulated in order to satisfy the second law gave a

condition for equilibrium. This can be generalized so as tequire at equilibrium that

X

2z}

~ . =0: (4.521)

Here ; represents thenet number of moles of speciesgenerated in the forward reaction.
This negation of the term on the left side of Eq (4.521) is sortimes de ned as thechemical

anity ,

- e (4.522)
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So in the phase equilibrium example, Eq. (4.521) becomes
S0 D+ 741 =0: (4.523)
In the nitrogen chemistry example, Eq. (4.521) becomes
N D+ (@) =0: (4.524)

This will be discussed in detail in the following chapter.

Determining the equilibrium concentrations of chemicallyeacting mixtures is of founda-
tional importance in combustion, high speed aerodynamicphysical chemistry, and atmo-
spheric science. At high temperatures, such as might exist & internal combustion engine,
a turbojet engine, or in the air surrounding an atmospherice-entry vehicle, the chemical
composition of air is a strong function of the local temperate. This has profound e ects
on engineering design. The chemical equilibrium behaviof the components of air is clearly
displayed in Fig. 4.2. Here we see at low temperatureB,< 1000 K, diatomic N, and O, are

Figure 4.2: Equilibrium composition of air at low density ad various temperatures. Figure
from W. E. Moeckel and K. C. Weston, 1958, Composition and tlheodynamic properties
of air in chemical equilibrium, NACA Technical Note 4265.

dominant in air. Both of these major components begin to dissiate at higher temperatures.
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For T > 6000 K, we no longer nd diatomic N and O,, but instead nd their monatomic

components N and O. At higher temperatures still, the molede loses electrons, and positive
ions remain.
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Chapter 5

Thermochemistry of a single reaction

Read BS, Chapters 13, 14.

See Powers, 2016, Chapter 4.

See Abbott and Van Ness, Chapter 7.

See Kondepudi and Prigogine, Chapters 4, 5, 7, 9.
See Turns and Hawarth, Chapter 2.

See Kuo, Chapters 1, 2.

This chapter will further develop notions associated withhe thermodynamics of chemical
reactions. The focus will be on single chemical reactions.

5.1 Molar mass

The molar mass of a molecule is a straightforward notion frochemistry. One simply sums
the product of the number of atoms and each atom's atomic masgs form the molar mass.
If one de nesL as the number of elements present in specigs j as the number of moles
of atomic elementl in speciesi, and M | as the atomic mass of element the molar mass
M; of specied

hS
M, = My i i=1;:::;N: (5.1)
I=1

In vector form, one would say
MT=MT ; or M= T M: (5.2)

Here M is the vector of lengthN containing the molar massesiM is the vector of length
L containing the elemental masses, and is the matrix of dimensionL N containing the
number of moles of each element in each species. We can calhé species-element matrix.
Generally, isfullrank. If N>L, hasrankL. If N<L, hasrankN. In any problem
involving an actual chemical reaction, one will ndN L, and in most caseN > L . In
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164 CHAPTER 5. THERMOCHEMISTRY OF A SINGLE REACTION

isolated problems not involving a reaction, one may hawd <L . In any case,M lies in the
column space of T, which is the row space of .

[
Example 5.1
Find the molar mass of HO.

Here, one has two elements H and O, sb = 2, and one species, siN = 1; thus, in this isolated
problem, N <L . Take i = 1 for species HO. Take | = 1 for element H. Take | = 2 for element O.
From the periodic table, one getsM ; = 1 kg=kmole for H, M , = 16 kg=kmole for O. For element 1,
there are 2 atoms, so 13 = 2. For element 2, there is 1 atom so »; = 1. So the molar mass of species

1, H,O is
My = M; Mo My (5.3)
21
= M1 11+ My ; (5.4)
kg kg .
kmole @)+ 16 kmole (1); (5.5)
_ kg .
= |18 Kol (5.6)
[
Example 5.2

Find the molar masses of the two species §H,g and CO..

Here, for practice, the vector matrix notation is exercised In a certain sense this is overkill, but
it is useful to be able to understand a general notation. One bs N = 2 species, and takes = 1 for
CgHig andi = 2 for CO»,. One also hasL = 3 elements and takesl =1 forC, | =2 forH, and | =3
for O. Now for each element, one ha#! ; = 12 kg=kmole, M , = 1 kg=kmole, M 3 = 16 kg=kmole. The
molar masses are then given by

0 1
11 12
Mi M = Mj; My Mz @, A, (5.7)
0 131 32
8 1
= 12 1 16 @18 OA; (5.8)
0 2
= | 114 44: (5.9)

That is for CgHg, one has molar masdM; = 114 kg=kmole. For CO,, one has molar masiM, =
44 kg=kmole.
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5.2 Stoichiometry

5.2.1 General development

Stoichiometry represents a mass balance on each element ahamical reaction. For example,
in the simple global reaction
2H, + O > 2H,0; (510)

one has 4 H atoms in both the reactant and product sides and 2 @as in both the reactant
and product sides. In this section stoichiometry will be sysmatized.
Consider now a general reaction wittN species. This reaction can be represented by

X X
0 00 .. (5.11)

Here ; is the i!" chemical species, ? is the forward stoichiometric coe cient of the i™
reaction, and is the reverse stoichiometric coe cient of the i reaction. Both %and 2°
are to be interpreted as pure dimensionless numbers.
In Equation (5.10), one hasN = 3 species. One might take ; = H,, >, = O,, and
3 = H,0. The reaction is written in more general form as

(2) 1+(@1) 2+(0) s 0) 1+©) 2+(2) 3 (5.12)
(2)H2+(1)0 2+ (0)H 0 (O)H2 +(0)O 2 + (2)H 20 (5.13)
Here, one has
P= 2 %= 0; (5.14)
7 = 1; 2= 0; (5.15)
§ = 0; = 2: (5.16)

It is common and useful to de ne another pure dimensionlessumber, the net stoichio-
metric coe cients for species, ;. Here ; represents the net production of number if the
reaction goes forward. It is given by

= 0 ¢ (5.17)

For the reaction 2H + O, 2H,0, one has

1= P =0 2= 2 (5.18)
» = ¥ 9=0 1= 1 (5.19)
3 = 9 9=2 0=2 (5.20)
With these de nitions, it is possible to summarize a chemidaeaction as
X
i i=0: (5.21)
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In vector notation, one would say

T =o0: (5.22)
For the reaction of this section, one might write the non-trditional form

2H2 02 + 2H zo =0: (523)

It remains to enforce a stoichiometric balance. This is aahied if, for each element| =

i i =0; l=1;:::;L: (5.24)

That is to say, for each element, the sum of the product of theet species production and
the number of elements in the species must be zero. In vectatation, this becomes

529

One may recall from linear algebra that this demands that lie in the right null spaceof

|
Example 5.3

Show stoichiometric balance is achieved for 2H, 0O, +2H,0 =0.
Here again, the number of elementd. = 2, and one can takel = 1 for H and | = 2 for O. Also
the number of speciesN = 3, and one takesi =1 for H,, i =2 for O,, and i = 3 for H,O. Then for

element 1, H, in species 1, b one has

11=2;H in H»: (526)
Similarly, one gets
12 = 0; Hin Og; (5.27)
13 = 2; Hin H20; (5.28)
21 = O0; O in Hy; (529)
»n = 2; Oin Oy; (530)
23 = 1; O in H0: (5.31)
P
In matrix form then, = L, ;i ; =0 gives
0 1
2 0 2 ot 0
A = -
0 2 1 @, 0 - (5.32)
3

This is two equations in three unknowns. Thus, it is formally under-constrained. Certainly the trivial
solution ;= ,= 3 =0 will satisfy, but one seeks non-trivial solutions. Assunme 3 has a known value
3= . Then, the system reduces to

0 1 _ 2
0 _ : (5.33)

2
0
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The inversion here is easy, and one nds; = , o= =2. Orin vector form,
0O 1 o0 1 0 1
1 1
@,A=-0@ % A= @ %A ; 2 RL: (5.34)
3 1
Again, this amounts to saying the solution vector ( 1; »; 3)7 lies in the right null space of the coe cient
matrix . Here is any real scalar. If one takes =2, one gets
0O 1 0 1
1 2
@,A=@ 1A; (5.35)
3 2
This simply corresponds to
2H, O, +2H,0=0: (536)
If one takes = 4, one still achieves stoichiometric balance, with
O 1 0 1
1 4
@,A=@2A: (5.37)
3 4

which corresponds to the equally valid
4H, +20, 4H,0=0: (5.38)

In summary, the stoichiometric coe cients are non-unique but partiall y constrained by mass conserva-
tion for each element Which set is chosen is to some extent arbitrary, and often baed on traditional
conventions from chemistry. But others are equally valid.

There is a small issue with units here, which will be seen to kb cult to reconcile.

In practice, it will have little to no importance. In the previous example, one might be
tempted to ascribe units of kmoles to ;. Later, it will be seen that in classical reaction
kinetics, ; is best interpreted as a pure dimensionless number, consigt with the de nition
of this section. So in the context of the previous example, enwould then take to be
dimensionless as well, which is perfectly acceptable foretlexample. In later problems, it
will be more useful to give the units of kmoles. Multiplication of by any scalar, e.g.
kmole=(6:02 10®), still yields an acceptable result.

I
Example 5.4
Balance an equation for hypothesized ethane combustion

{CoHg+ 30,  3€0O,+ JH0: (5.39)

One could also say in terms of the net stoichiometric coe ciets

1CoHg + 202+ 3CO2+ 4H,0=0: (5.40)
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Here one takes ; = C,Hg, 2 =0,, 3=C0, and 4 =H,0. So there areN = 4 species. There

are alsoL =3 elements: 1 =1:C, [ =2:H, | =3:0. One then has

C in CyHeg;
Cin Oy;

Cin COy;
C in H,0;
H in CoHe;
Hin Oy;

H in COy;
H in H,0;
O in C,Heg;
Oin Oy;

O in COy;
O in H,0:

1 -

12 =

13 -

14 -

21—

22 =

23

24—

|
R NN ODNOOOORFR,r ONDN

P
So the stoichiometry equation, iN:1 i i =0, is given by
0 1

(5.41)
(5.42)
(5.43)
(5.44)
(5.45)
(5.46)
(5.47)
(5.48)
(5.49)
(5.50)
(5.51)
(5.52)

(5.53)

Here, there are three equations in four unknowns, so the sysin is under-constrained. There are many
ways to address this problem. Here, choose the robust way ofsting the system into row echelon form
This is easily achieved by Gaussian elimination. Row echefoform seeks to have lots of zeros in the
lower left part of the matrix. The lower left corner has a zero already, so that is useful. Now, multiply

the top equation by 3 and subtract the result from the second b get

0 1 0 11 01
2 0 1 O 0
@ o 3 2ABR 2C = @A (5.54)
02 2 1 °3 0
4
Next switch the last two equations to get
0 191 o0
2 0 1 O 0
@ 2 2 A % 2§ = @oA (5.55)
00 32 3 0
4
Now divide the rst by 2, the second by 2 and the third by 3 to get unity in the diagonal:
0 . 1%t o
1035 O 0
@ 1 1 %A%Zﬁ @oA : (5.56)
0 01 2 3 0

So-calledbound variableshave non-zero coe cients on the diagonal, so one can take thbound variables
to be 1, », and 3. The remaining variables arefree variables Here one takes the free variable to be
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4. S0, set 4 = , and rewrite the system as
0 ;10 10 1
1 O 2 1 0
@ 1 h@,A=Q@ L A: (5.57)
001 3 2

Solving, one nds
0 11 0 ;1 0 ;1
, 3 3
BE-BiE- B o 559
4

Again, one nds a non-unique solution in the right null space of . If one chooses = 6, then one gets

01 0 1
1 2
2§ - % 7§ :
% Z 4K (5.59)
4 6
which corresponds to the stoichiometrically balanced reation
2C,Hg + 705 4C0O, +6H,0: (560)

In this example, is dimensionless.

I
Example 5.5

Consider stoichiometric balance for a propane oxidation raction which may produce carbon monox-
ide and hydroxyl in addition to carbon dioxide and water.

The hypothesized reaction takes the form
dCsHg+ %0, o, + o+ H,0+ 20OH: (5.61)
In terms of net stoichiometric coe cients, this becomes
1C3Hg+ ,0,+ 3CO,+ 4,CO+ s5H,O+ gOH=0: (5.62)
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There areN = 6 species andL = 3 elements. One then has

1 =
12 =
13 =
14 =
15 =
6 =
21 =
2 =
23 =
24 =
25 =
26 =
31 =
32 =
33 =
34 =
35 =

36 —

The equation =0 then becomes

8w
o w
N OO
N OB

Multiplying the rst equation by  8=3 and adding it to the second gives

8.°
o w
N O O
N F

Trading the second and third rows gives

8.7
o w
O N O
wlo N

P P P NMNNOPFPDNOOOOWMOORr,PEPr OoOoOWw

R OR
P wjo P

wio M

N O

0
2
1

Nk o

Cin C3Hg;
Cin Oy;
C in COy;
Cin CO;
Cin H,0;
C in OH;
H in C3Hg;
Hin Oy;
H in COy;
Hin CO;
Hin H,0O;
H in OH;
O in C3Hg;
O in Oy;
O in COgy;
O in CO;
O in H,0;
O in OH:

|

1
0

Hl-}o,d
o g A W N B

0 1

1
0
A

=

(=Y
o 0 A W N

=
o U A W N P
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1

0
= @A :
0

01

0
@0A :
0

o
=

(5.63)
(5.64)
(5.65)
(5.66)
(5.67)
(5.68)
(5.69)
(5.70)
(5.71)
(5.72)
(5.73)
(5.74)
(5.75)
(5.76)
(5.77)
(5.78)
(5.79)
(5.80)

(5.81)

(5.82)

(5.83)
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Dividing the rst row by 3, the second by 2 and the third by  8=3 gives
0 1

= O
o

1
A

N
Blw
N

3

0 01
= @A : (5.84)
: 0

@ o

o -
[N N e]
NN
= NIPwWl=

o U A W N P

Take bound variables to be 1, », and 3 and free variables to be 4, 5, and . So set 4 = 1,
5= »,and = 3, and get

0 ;10 10 1
L0 3
@ 1 A@,A=@ 2 2 2A; (5.85)
O O 1 3 1+%2+%23
Solving, one nds
o1 0 |
1 g( 2, 3)
@,A=@L4, 10, 73)A: (5.86)
3 5( 81+6 2+3 3)
For all the coe cients, one then has
0 1 0 1 1 0 1 0 1 0 1
1 s 22 3) 2 1
2 %(41 10, 73) 4 1 7
st~ Bg( 8146 243 g)¢x_ 1B 8= 2B 6 383 5.87
4 1 8 8 8 0 8 0 (5:87)
5 2 0 8 0
6 3 0 0 8

Here, one ndsthree linearly independent vectors in the right null space. The dd product of any vector
in the right null space with any vector in the row space shouldbe zero. For example, take the dot
product of the third row space vector with the rst right null space vector and nd

0 1

0 22111 =0+8 16+8+0+0=0": (5.88)

oooooo.bo

To simplify the notation, take ", = =8, > = ,=8, and "3 = 3=8. Then,
0 1 0 1 0 1 0 1

1 0 2 1

) 4 1 7

3¢ _ A 8 A 6 A 3

4 - 1 8 + 2 0 + 3 0 (589)
5 0 8 0

6 0 0 8

The most general reaction that can achieve a stoichiometridalance is given by

AN

( 2% ")CsHg+(@ "y 10% 7%3)0,+( 81 +6%+3"%)C0,+8" CO+8", H,0+8"3 OH=0: (5.90)
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Rearranging, one gets

(2% + 3)CaHg+( 4% +10%+773)0, ( 84 +67,+3%)C0,+8% CO+8", H,0+8"; OH: (5.91)

This will be balanced for all "y, %, and 5. The values that are actually achieved in practice depend
on the thermodynamics of the problem. Stoichiometry only provides some limitations.
A slightly more familiar form is found by taking " = 1=2 and rearranging, giving

(1+ "3) CaHg+(5 41 +773) 0, (3 8% +3%) CO,+4H,0+8" CO+8"; OH: (5.92)

One notes that often the production of CO and OH will be small. If there is no production of CO or
OH, ", = "5 =0 and one recovers the familiar balance of

C3Hg +50, 3CO, +4H,0: (593)

One also notes that stoichiometry alone admits unusual solions. For instance, if "y =100, % =1=2,
and 3 =1, one has

2C3Hg +794C0O, 3880, +4H,0 +800CO + 80OH: (5.94)

This reaction is certainly admitted by stoichiometry but is not observed in nature. To determine
precisely which of theF;n nltely many possible nal states are realized requires a consideration of the
equilibrium condition = L, ;—; =0:

Looked at in another way, we can think of three independent chsses of reactlons adm|tted by the
stoichiometry, one for each of the linearly independent nulspace vectors. Taking rst "y =1=4, ", = 0,
"3 =0, one gets, after rearrangement

2C0+0, 2CO,; (5.95)

as one class of reaction admitted by stoichiometry. Taking ext 4 =0, > =1=2, "5 =0, one gets

C3Hg +50, 3CO, +4H,0; (596)
as the second class admitted by stoichiometry. The third clas is given by taking™, =0, 5 =0, 5 =1,
and is

CsHg+70,  3CO, +80OH: (5.97)

In this example, both and " are dimensionless.

In general, one can expect to nd the stoichiometric coe ciats for N species composed

of L elements to be of the following form:

IX L
= Di «; i=1;:::;N: (5.98)
k=1

Here Dy is a dimensionless component of a full rank matrix of dimemsi N (N L)
and rank N L, and  is a dimensionless component of a vector of parameters ofddn

N

L. The matrix whose components ar®;, are constructed by populating its columns
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with vectors which lie in the right null space of ;. Multiplication of by any constant
gives another set of j, and mass conservation for each element is still satis ed.

For later use, we associate; with the number of molesn;, and consider a di erential
change in the number of moledn; from Eq. (5.98) and arrive at

IX L
dn; = Dik d i=1;:::;N: (5.99)
k=1

5.2.2 Fuel-air mixtures

In combustion with air, one often models air as a simple mixte of diatomic oxygen and
inert diatomic nitrogen:
(O, + 3:76Ny,): (5.100)

The air-fuel ratio, A and its reciprocal, thefuel-air ratio, F, can be de ned on a mass
and mole basis.

Mair Nair
A = ; A = : 5.101
mass Mtyel mole Niel ( )
Via the molar masses, one has
My Nair M air M air
A = = = A - 5.102
mass Miyel Niyel IVlfuel mole Mfuel ( )

If there is not enough air to burn all the fuel, the mixture is aid to be rich. If there is

excess air, the mixture is said to béean. If there is just enough, the mixture is said to be
stoichiometric. The equivalence ratio , is de ned as the actual fuel-air ratio scaled by the

stoichiometric fuel-air ratio:

Facuar  _ Astoichiometric | (5.103)

F stoichiometric A actual

The ratio is the same whether F's are taken on a mass or mole basis, because the ratio of
molar masses cancel.

I
Example 5.6
Calculate the stoichiometry of the combustion of methane wih air with an equivalence ratio of
=0 :5. If the pressure is 01 MPa, nd the dew point of the products.
First calculate the coe cients for stoichiometric combustion:
CH,+ 20,+3:76N,) €0, + JH,0+ Ny, (5.104)
or

1CHs + 5,0, + 3CO, + 4H20+( 5+3:76 2)N2:0: (5105)
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Here one hasN = 5 species andL = 4 elements. Adopting a slightly more intuitive procedure for
variety, one writes a conservation equation for each elemerno get

1+ 3 = 0 (0% (5.106)
4,+2 4 = 0 H; (5.107)
2,+2 3+ 4 = 0; (OK (5108)
376 ,+ 5 = O; N: (5.109)
In matrix form this becomes
0 1 ° 11 01
1 0 1 0 O 0
4 0 0 2 2 _%8§_
> o 1 ﬁ‘%gg_ : (5.110)
0 376 0 0 1 * 0
5

Now, one might expect to have one free variable, because ona$ ve unknowns in four equations.
While casting the equation in row echelon form is guaranteedo yield a proper solution, one can often
use intuition to get a solution more rapidly. One certainly expects that CH, will need to be present
for the reaction to take place. One might also expect to nd ananswer if there is one mole of ClJ. So
take 1= 1. Realize that one could also get a physically valid answeryassuming ; to be equal to

01

any scalar. With ; = 1, one gets
0 10 1
1
B of R 5111
0
One easily nds the unigue inverse does exist, and that the dation is

0 0
Bo o1 &
7 1
01 0 .1
%i§ = % ; §: (5.112)
5

oONO B
oL N O

6

a b~ W N

3
7:52

If there had been more than one free variable, the four by foumatrix would have been singular, and
no unique inverse would have existed.
In any case, the reaction under stoichiometric conditions $

CHs 20, +CO,+2H,0+(7:52+(3:76)( 2))N, = O; (5.113)
CHy +2(0 2 + 3:76Ny) COp +2H,0+7:52N,:  (5.114)

For the stoichiometric reaction, the fuel-air ratio on a mole basis is

1

Fstoichiometric = m =0:105Q (5.115)
Now =0 :5, so
Factva = F stoichiometric (5.116)
= (0:5)(0:1050} (5.117)
= 0:0525 (5.118)

© 03 August 2026, Joseph M. Powers. All rights reserved.



5.3. FIRST LAW ANALYSIS OF REACTING SYSTEMS 175

By inspection, one can write the actual reaction equation as

CH; +4(0,+3:76N;) CO; +2H,0 + 20, + 15:04N;: (5.119)
Check:
F = ! = 0:0525 (5.120)
actual — 4+4(3Z76) - V. .
For the dew point of the products, one needs the partial pressre of H,O. The mole fraction of
H,O is
2
YH,0 = 1+2+2+15 :04—0.0998 (5.121)
So the partial pressure of HO is
Pu,0 = Yu,0P =0:0499(100 kPa) = 998 kPa (5.122)

From the steam tables, the saturation temperature at this pressure iSTsat = Tdew point = |457 C| If
the products cool to this temperature in an exhaust device, he water could condense in the apparatus.

5.3 First law analysis of reacting systems

One can use the rst law to learn much about chemically reactg systems.

5.3.1 Enthalpy of formation

The enthalpy of formation is the enthalpy that is required toform a molecule from combining
its constituents at P = 0:1 MPa and T = 298 K. Consider the reaction (taken here to be
irreversible)

C+0,! COa: (5123)

In order to maintain the process at constant temperature, its found that heat transfer to
the volume is necessary. For the steady constant pressure@pess, one has

U U = 1Q 2W2; (5.124)
2

= 1Q2 P dv; (5.125)
1

= 1Q2 PV Vi), (5.126)

1Q = Uy U+ P(V2 V) (5.127)

= H; Hy; (5.128)

= Hproducts H reactants : (5.129)
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So
X — X —
1Q2 = nih; nih;: (5.130)
products reactants
In this reaction, one measures thatQ, = 393522 kJ for the reaction of 1 kmole of C

and O,. That is the reaction liberates such energy to the environmé So measuring the
heat transfer can give a measure of the enthalpy di erence tweeen reactants and products.
Assign a value of enthalpy zero to elements in their standardase at the reference state.
Thus, C and O, both have enthalpies of 0 kdkmole at T = 298 K, P = 0:1 MPa. This
enthalpy is designated, for specids

70

R = Moo (5.131)

and is called theenthalpy of formation So the energy balance for the products and reactants,
here both at the standard state, becomes
1Q2 = ncozﬁ?; co, ncﬁzc nozﬁ]?; Oy (5132)

393522 kJ = (1 kmolefitco, (1 kmole) 0 <> (1 kmole) O knl:(])Ie

kmole
(5.133)

Thus, the enthalpy of formation of CQ is ﬁz co, = 393522 k¥kmole, because the reaction
involved creation of 1 kmole of CG.

Often values of enthalpy are tabulated in the forms of enthpy di erences h;. These
are de ned such that

h = hy +ﬁﬁ_{ ﬁig (5.134)

= f
= hy + hg (5.135)
Lastly, one notes for an ideal gas that the enthalpy is a funicn of temperature only,

and so does not depend on the reference pressure; hence

—0 —

hi=h; hy= h; ifideal gas (5.136)

Example 5.7
(adopted from BS). Determine the heat of reaction of the folbwing irreversible reaction in a steady
state, steady ow process con ned to the standard state ofP =0:1 MPa, T =298 K:

CHs +20,! CO,+2H,0(): (5.137)
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The rst law holds that

X _ X _
Qo = ni hi nih;:
products reactants
All components are at their reference states. Table A.10 gigs properties, and on
Qo = nco,hco, + Nu0hw,0  Newhern,  No,ho,;
k k
= (1 kmole) 3935227‘J + (2 kmole) 2858307‘]
kmole kmole
kJ kJ
1 kmol 74873 —— 2 kmol
(1 kmole) 8 3kmole (2 kmole) 0 kmole '

890309 kJ

e nds

(5.138)

(5.139)

(5.140)

(5.141)

A more detailed analysis is required in the likely case in wthi the system is not at the
reference state.

I
Example 5.8

(adopted from Moran and Shapiro) A mixture of 1 kmole of gaseas methane and 2 kmole of oxygen
initially at 298 K and 101:325 kPa burns completely in a closed, rigid, container. Heatransfer occurs
until the nal temperature is 900 K. Find the heat transfer an d the nal pressure.

The combustion is stoichiometric. Assume that no small conentration species are generated. The

global reaction is given by
CH;+20,! CO, +2H,0:

The rst law analysis for the closed system is slightly di erent:
Uz Up=1Q2 Wz
Because the process is isochorigWW, = 0. So

1Q2 = Uz Uy

= Nco,Uco, * NH,o0UH,0 NcH,UcH, No,Uo,;

= nco,(hco, RT2)+ nn,o(h,o RT2)  new,(hew,
= hco, +2hpy,0 hcw, 2ho, 3R(T2 Ty);

RT,)

= (Féoz;f"' ﬁc02)+2(ﬁgzo;f"' Ri,0) (ﬁgH4;f+ hen,)

3R(T,  Tu);

3(8:314)(900 298);

745412 kJ

2(ﬁ002;f + hoz)

No, (ﬁoz

(393522 +28030) + 2( 241826 +21937) ( 74873+0) 2(0+0)

(5.142)

(5.143)

(5.144)
(5.145)

RT1); (5.146)

(5.147)

(5.148)

(5.149)
(5.150)
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For the pressures, one has

PiVi = (ncu, + No,)RTy; (5.151)
. _
v, = (ema* o )Ry, (5.152)
Py
(1 kmole + 2 kmole) 8:314kg—~1K (298 K)
B 101:325 kPa ' (5.153)
= 73:36 n: (5.154)
Now V, = Vi, so
. _
p, = (Nco:* Nk0)RT2, (5.155)
Vo
(1 kmole +2 kmole) 8:314 (k5 (900 K)
B 7336 m3 ’ (5.156)
= [3060 kPa: (5.157)

The pressure increased in the reaction. This is entirely attibutable to the temperature rise, as the
number of moles remained constant here.

5.3.2 Enthalpy and internal energy of combustion

The enthalpy of combustions the di erence between the enthalpy of products and reaatés
when complete combustion occurs at a given pressure and teangture. It is also known
as the heating valueor the heat of reaction The internal energy of combustions related
and is the di erence between the internal energy of productand reactants when complete
combustion occurs at a given volume and temperature.

The term higher heating valueefers to the energy of combustion when liquid water is in
the products. Lower heating valuerefers to the energy of combustion when water vapor is
in the product.

5.3.3 Adiabatic ame temperature in isochoric stoichiomet ric sys-
tems

The adiabatic ame temperaturerefers to the temperature which is achieved when a fuel and
oxidizer are combined with no loss of work or heat energy. Thuit must occur in a closed,
insulated, xed volume. It is generally the highest temperare that one can expect to
achieve in a combustion process. It generally requires aernative solution. Of all mixtures,
stoichiometric mixtures will yield the highest adiabatic ame temperatures because there is
no need to heat the excess fuel or oxidizer.

Here four examples will be presented to illustrate the follawg points:
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The adiabatic ame temperature can be well over 5000 K for seengly ordinary mix-
tures.

Dilution of the mixture with an inert diluent lowers the adiabatic ame temperature.
The same e ect would happen in rich and lean mixtures.

Preheating the mixture, such as one might nd in the compregsn stroke of an engine,
increases the adiabatic ame temperature.

" Consideration of the presence of minor species lowers theadihtic ame temperature.

5.3.3.1 Undiluted, cold mixture

I
Example 5.9
A closed, xed, adiabatic volume contains a stoichiometric mixture of 2 kmole of H, and 1 kmole
of O, at 100 kPa and 298 K. Find the adiabatic ame temperature and nal pressure assuming the
irreversible reaction
2H, + O, ! 2H,0: (5.158)

The volume is given by

(nHz + nOz)ﬁTl .

v = T2 2l o (5.159)
Py
_ (2 kmole + 1 kmole) 8:314 X (298 K)
N 100 kPa ’ (5.160)
= 74:33 nr: (5.161)
The rst law gives
U U =

> (5.162)
i1

= 0; (5.163)
NH,0UH,0 NH, U4, No,Uo, = O; (5.164)
Nu,0(hw,0 RT2) np,(hy, RT1) no,(ho, RT1) = 0; (5.165)
ZEHZO ZEE}Z E?}z +ﬁ( 2T, +3T1) = O0; (5.166)
=0 =0

2hu,0 +(8:314) (( 2)To+(3)(298)) = O; (5.167)
huy,0 8:314T,+3716:4 = O; (5.168)

A .0+ Puyo  8314T,+3716:4 = 0 (5.169)
241826+ hy,0 8314T,+3716:4 = O0; (5.170)
238110+ hu,0 8:314T, 0: (5.171)

At this point, one begins an iteration process, guessing a \‘ae of T, and an associated hy,o. When
T, is guessed at 5600 K, the left side becomes6507.04. When T, is guessed at 6000 K, the left side
becomes 14304. Interpolate then to arrive at

T, = 5725 K: (5.172)
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This is an extremely high temperature. At such temperatures in fact, one can expect other species to
co-exist in the equilibrium state in large quantities. These will include H, H,, O,, OH, O, HO,, and
H,0,. Detailed calculation reveals the energetics of the cheméd reactions are such that the presence
of minor species induces the achieved temperature to be cddsrably lower than 5725 K, in fact near
3200 K.

The nal pressure is given by

RT
P, = in’/ 2, (5.173)

(2 kmole) 8314 K (5725 K)

- kmole K 174
7433 m3 ’ ® )

128071 kPa (5.175)

The nal concentration of H,O0 is

2 kmole kmc;le: (5.176)
m

oS oo = 2: 10 2
H20 ™ 7433 m3 69 10

5.3.3.2 Dilute, cold mixture

Example 5.10

Consider a variant on the previous example in which the mixtue is diluted with an inert, taken
here to be Nb. A closed, xed, adiabatic volume contains a stoichiometrc mixture of 2 kmole of H,,
1 kmole of G,, and 8 kmole of N, at 100 kPa and 298 K. Find the adiabatic ame temperature and
the nal pressure, assuming the irreversible reaction

2H, + O, +8N, ! 2H,O + 8N3! (5.177)

The volume is given by

(nH2 + No, + nNz)ﬁTl_

v - , (5.178)
P1
_ (2 kmole +1 kmole + 8 kmole) 8:314 ;K (298 K). (5.179)
100 kPa ’ '
= 272:533 nv: (5.180)
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The rst law gives

U U

NH,0UH,0 NH, Un, No,Uo, + nNz(Usz UNzl)
NH,0(hH,0  RT2) nu,(hw, RT1) no,(ho, RT1)+ nn,((hn,, RT2) (hn,, RT1))

0 ZREO'}Z R%}z +R( 10T, +11Ty) + §( EPZ-} I".Pz.})

= HNZ =0
2hy,0 +(8:314) ( 10T, +(11)(298)) +8 hy,,
2hu,0 8314T, +272533+8 hy,,
Moy ,0+2 hu,o 8314T,+272533+8 hy,,
2( 241826)+2 hy,o 8314T,+272533+8 hy,,
456399 + 2 EHZO 83147, +8 ﬁsz

1Q2 Wy,

At this point, one begins an iteration process, guessing a \‘ae of T, and an associated hy,o. When
T, is guessed at 2000 K, the left side becomes280067. When T, is guessed at 2200 K, the left side

becomes 33898. Interpolate then to arrive at

T, = 2090:5 K:

(5.181)

The inert diluent signi cantly lowers the adiabatic ame te mperature. This is because the N serves as
a heat sink for the energy of reaction. If the mixture were at ron-stoichiometric conditions, the excess
species would also serve as a heat sink, and the adiabatic amtemperature would be lower than that

of the stoichiometric mixture.
The nal pressure is given by

b, = (Nh,0 + NN, )RT2 .
2 - V y

(2 kmole + 8 kmole) 8:314 X (20905 K)

kmole K

272533 n?
The nal concentrations of H,O and N, are

2 kmole kmole

- = soopan =734 10° ;
H20 272533 n? m3

8 kmole kmole

N, = o= =2:94 10 2 :
N2 272533 n? o 0 m3

(5.182)

(5.183)
(5.184)

(5.185)

(5.186)

5.3.3.3 Dilute, preheated mixture

I
Example 5.11

Consider a variant on the previous example in which the dilued mixture is preheated to 1000 K.
One can achieve this via an isentropic compression of the abimixture, such as might occur in an engine.
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To simplify the analysis here, the temperature of the mixture will be increased, while the pressure will
be maintained. A closed, xed, adiabatic volume contains a ichiometric mixture of 2 kmole of H»,

1 kmole of O,, and 8 kmole of N, at 100 kPa and 1000 K. Find the adiabatic ame temperature and
the nal pressure, assuming the irreversible reaction

2H, + O, +8N, ! 2H,O + 8N3! (5.187)

The volume is given by

(Nu, + No, + Ny,)RTy .

v - ’ (5.188)
P1
_ (2 kmole +1 kmole + 8 kmole) 8:314 g3 (1000 K) (5.189)
100 kPa ' '
= 914:54 m?: (5.190)

The rst law gives

U U = IJ{%z Mo

=0 =0
= 0 ;

NH,0UH,0  NH,UH, No,Uo, + Nn,(Un,,  Un,y) 0

Ni0(hi,o RT2)  nu,(hu, RT1) no,(ho, RT1)+ nn,((hy,, RT2) (hn,, RTy) = 0;
An,0 2Py, ho,+ R( 10T, +11Ty)+8(hy,, hn,) = O;

o
0

2( 241826+ hu,0) 2(20663) 22703+ (8:314)( 10T, +(11)(1000)) +8 hy,, 8(21463) =
2 hy,o 8314T, 627931+8 hy,,

At this point, one begins an iteration process, guessing a \‘iae of T, and an associated hy,o. When

T, is guessed at 2600 K, the left side becomes11351. WhenT; is guessed at 2800 K, the left side
becomes 52787. Interpolate then to arrive at

T, = 2635:4 K| (5.191)

The preheating raised the adiabatic ame temperature. The peheating was by (1000 K) (298 K) =
702 K. The new adiabatic ame temperature is only (26354 K) (20905 K) = 544:9 K greater.
The nal pressure is given by

(Nh,0 + NN, )RT2Z

P, = v : (5.192)
. k. ,
_ (2 kmole + 8 kmole) 8:314 joB - (26354 K) ; (5.193)
91454 m3
= | 23958 kPa (5.194)
The nal concentrations of H,O and N, are
2 kmole kmole
- = — =21 1 3 ; 1
H20 91454 m3 9 107 =% (5.195)
8 kmole kmole
- = ———— =875 10 ° ——: A
N2 orasame o0 107 (5.196)
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5.3.3.4 Dilute, preheated mixture with minor species

I
Example 5.12
Consider a variant on the previous example. Here allow for nmior species to be present at equilib-
rium. A closed, xed, adiabatic volume contains a stoichiometric mixture of 2 kmole of H,, 1 kmole
of O,, and 8 kmole of N, at 100 kPa and 1000 K. Find the adiabatic ame temperature andthe nal
pressure, assuming reversible reactions.

Here, the details of the analysis are postponed, but the redtis given which is the consequence of a
calculation involving detailed reactions rates. One can ao solve an optimization problem to minimize
the Gibbs free energy of a wide variety of products to get the ame answer. In this case, the equilibrium
temperature and pressure are found to be

T = 2484:8 K; P =227:89 kPa (5.197)

Equilibrium species concentrations are found to be

. kmol
minor product ~ —,, = 1:3 10* rrr:]ca) © (5.198)
. kmol
minor product  —; = 1:9 10° Tnc; © (5.199)
. kmol
minor product 5 = 5:7 10° Tnc; © (5.200)
. kmol
minor product o, = 3:6 10° Tnc; € (5.201)
. kmol
minor product o4 = 519 10° Tnc; €. (5.202)
. kmol
major product  T,o = 2:0 10° Tncf:e; (5.203)
kmol
trace product o, = 1:1 108 Tnc; €. (5.204)
kmol
trace product .o, = 1:2 10° r:g € (5.205)
kmol
trace product —, = 1:7 10 ° r:g € (5.206)
kmol
trace product  —y = 3:7 101 22 © (5.207)
kmol
trace product .y, = 1:5 10 1° nnlg © (5.208)
kmol
trace product .y, = 3:1 10 1° nnlg © (5.209)
kmol
trace product Ty = 1:0 10 nnlge; (5.210)
. kmol
minor product o = 3:1 10° r:}cg; € (5.211)
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kmole

trace product o, = 5:3 10 ° — (5.212)
kmole

trace product  ,,o = 2:6 10 ° — (5.213)
kmole

trace product T4 = 1:7 10 ° — (5.214)
. kmole

major product —, = 8:7 103 = (5.215)

The concentrations of the major products went down when the nnor species were considered. The
adiabatic ame temperature also went down by a signi cant amount: 2635 24848 = 150:2 K. Some
thermal energy was necessary to break the bonds which indudbe presence of minor species.

5.4 Chemical equilibrium

Often reactions are not simply unidirectional, as alludeda in the previous example. The
reverse reaction, especially at high temperature, can be portant.
Consider the four species reaction

Tit 22 gt 24 (5.216)
In terms of the net stoichiometric coe cients, this becomes
11+ 2 2% 33+ 4 4=0: (5.217)

One can de ne a variable , the reaction progress Take the dimension of to be kmoles.
When't = 0, one takes = 0. Now as the reaction goes forward, one taket > 0. And a
forward reaction will decrease the number of moles of and , while increasing the number
of moles of 3 and 4. This will occur in ratios dictated by the stoichiometric ce@ cients of
the problem:

dn, = od; (5.218)
dn, = 9d; (5.219)
dns = + °d; (5.220)
dn, = + 2°d: (5.221)

If n; is taken to have units of kmoles, % and Care taken as dimensionless, then must
have units of kmoles. In terms of the net stoichiometric coecients, one has

dn, = 1d; (5.222)
dn, = ,d; (5.223)
dn; = 3d; (5.224)
dn, = 4d: (5.225)
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Again, for argument's sake, assume that at= 0, one has

Nijizo = DNio; (5.226)
N2jig = Nao; (5.227)
N3jizg = Nao; (5.228)
Najig = Nao: (5.229)
Then after integrating, one nds
Nt = 1 + Ny (5.230)
N, = 5 + Ny, (5.231)
N3 = 3 + Ng; (5.232)
Ng = 4 T Ngot (5233)

One can also eliminate the parameter in a variety of fashions and parameterize the
reaction one of the species mole numbers. Choosing, for epéann, as a parameter, one
gets

ng n
=+ lo (5.234)
1
Eliminating then one nds all other mole numbers in terms oh;:
LS (5.235)
1
ng n
Ng = 32+ Na; (5.236)
1
n; n
Ny =  4——224 N (5.237)
1
Written another way, one has
N1 N _ N2 N2 _ N3 Nz _ N4 Nao _ : (5.238)
1 2 3 4
. . Py .
For an N -species reaction, .-, i i =0, one can generalize to say
dnj = = id; (5.239)
ni = i + Np, (5.240)
i Mo -, (5.241)
i
Note that
dn;
d—': i (5.242)
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Now, from the previous chapter, one manifestation of the sewb law is Eq. (4.394):

X
dGj;p = dny O (5.243)

i=1

Now, one can eliminatedn; in Eq. (5.243) by use of Eq. (5.239) to get

dGj;, = —;d O (5.244)
i=1

ec  _ T - o (5.245)

@ TP i=1

= — o (5.246)

Then for the reaction to go forward, one must require that the nity be positive:

- 0 (5.247)

One also knows from the previous chapter that the irreverdi entropy production takes the
form of Eq. (4.382):

1 X
T —; dn; 0; (5.248)
i=1
1 X
?d T 0; (5.249)
i=1
1d _ _
Tt R 0: (5.250)
i=1
. . P .
In terms of the chemical a nity, — = iz1 i i» EQ. (5.250) can be written as
1d
- X 251
T dt 0 (5.251)

Now one straightforward, albeit nasve, way to guarantee patsve semi-de niteness of the
irreversible entropy production and thus satisfaction oftie second law is to construct the

chemical kinetic rate equation so that

X
% = k i = kT k 0; provisional, nasve assumption (5.252)

This provisional assumption of convenience will be suppleed later by a form which agrees
well with experiment. Herek is a positive semi-de nite scalar. In general, it is a funabin of
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temperature,k = k(T), so that reactions proceed rapidly at high temperature andlowly at
low temperature. Then certainly the reaction progress vable will cease to change when
the equilibrium condition

1 =0; (5.253)

is met. This is equivalent to requiring

—=0: (5.254)

Now, while Eq. (5.253) is the most compact form of the equilibrm condition, it is not
the most commonly used form. One can perform the following alysis to obtain the form
in most common usage. Start by equating the chemical poteatiwith the Gibbs free energy

per unit mole for each species —; = §,. Then employ the de nition of Gibbs free energy
for an ideal gas, and carry out a set of operations:

«
I

0; at equilibrium, (5.255)

(hy Ts); = 0; at equilibrium. (5.256)

For the ideal gas, one can substitute foh;(T) and 5;(T;P) and write the equilibrium con-
dition as

0 0 1
Z; _
é hagg; + (T\) daf T S C%T\) df
| 28 {Z—} | 2z }
= hT Hl = §?’;i
y 9 o
—hTy, —hT;i L

(5.257)

Now writing the equilibrium condition in terms of the enthalpes and entropies referred to
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the standard pressure, one gets

X o :
h, T 82, Rin yF')P i, = 0; (5.258)
i=1 0
X X ,
RS, T, = RT .n P . (5.259)
=1 | —{z—} -1 Po
X X _ i
®, i = RT I yF',P , (5.260)
|i 7 i=1 o
| GO}
) X p
ﬁCT; = " n yF') : (5.261)
i=1 0 |
W . i
= In ngP : (5.262)
i=1 o
0 W . i
exp & yiP . (5.263)
RT P
| {z—} =0
Kp
W : i
Ke = yF')—P : (5.264)
i=1 0
P L\
p =Y
= B ' (5.265)
0 i=1
So
Y p oo
Kp = P—' ;| at equilibrium. (5.266)
i=1 0

Here Kp is what is known as the pressure-basestuilibrium constant It is dimensionless.
Despite its name, it is not a constant. It is de ned in terms otthermodynamic properties,
and for the ideal gas is a function of only:

G o
RT

Kp exp generally valid. (5.267)

Only at equilibrium does the propertyKp also equal the product of the partial pressures
as in Eq. (5.266). The subscriptP for pressure comes about because it is also related to
the product of the ratio of the partial pressure to the refemece pressure raised to the net
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stoichiometric coe cients. Also, the net change in Gibbs fre energy of the reaction at the
reference pressure, G°, which is a function of T only, has been de ned as

X
G° w0 (5.268)

i=1

The term  G° has units of kJ=kmole; it traditionally does not get an overbar. If G°> 0,
one has K p < 1, and reactants are favored over products. If G° < 0, one getXp > 1,
and products are favored over reactants. One can also dedubat higher pressures? push
the equilibrium in such a fashion that fewer moles are presemll else being equal. One can
also de ne G° in terms of the chemical a nity, referred to the reference pessure, as

G°= (5.269)

One can also de ne another convenient thermodynamic proggrwhich for an ideal gas
is a function of T alone, the equilibrium constantK .

PN ]
PO i=1 i GO
p—— e pr—
RT RT

K ; generally valid. (5.270)

This property is dimensional, andptne units depend on the sichiometry of the reaction.
The units of K. will be (kmole=m3) = ',

The equilibrium condition, Eq. (5.266), is often written interms of molar concentrations
and K. This can be achieved by the operations, valid only at an edilirium state:

Y - i
Kp = RT ; (5.271)
- Po
i=1
___ Pw VW
G° RT = .
ex — = —_— =5 5.272
P — 5. . (5.272)
PN
P ji=1 i o W )
% exp ﬁf = o (5.273)
I {z } =1
Ke
So
\N
K¢ = o at equilibrium. (5.274)
i=1

One must be careful to distinguish between the general detion of K. as given in Eq. (5.270),
and the fact that at equilibrium it is driven to also have the \alue of product of molar species
concentrations, raised to the appropriate stoichiometripower, as given in Eq. (5.274).

© 03 August 2026, Joseph M. Powers. All rights reserved.



190 CHAPTER 5. THERMOCHEMISTRY OF A SINGLE REACTION

5.5 Chemical kinetics of a single isothermal reaction

In the same fashion in ordinary mechanics that an understaidy of statics enables an under-
standing of dynamics, an understanding of chemical equitibm is necessary to understand
to more challenging topic of chemical kinetics. Chemicalretics describes the time-evolution
of systems which may have an initial state far from equilibam; it typically describes the

path of such systems to an equilibrium state. Here gas phasedéidics of ideal gas mixtures
that obey Dalton's law will be studied. Important topics sut as catalysis and solid or liquid
reactions will not be considered.

Further, this section will be restricted to strictly isothermal systems. This simpli es the
analysis greatly. It is straightforward to extend the analgis of this system to non-isothermal
systems. One must then make further appeal to the energy edwa to get an equation for
temperature evolution.

The general form for evolution of species is taken to be

— 4 == (5.275)

Multiplying both sides of Eq. (5.275) by molar massvi; and using the de nition of mass
fraction ¢ then gives the alternate form

dg

LMy
dt '

(5.276)

5.5.1 Isochoric systems

Consider the evolution of species concentration in a systewhich is isothermal, isochoric
and spatially homogeneous. The system is undergoing a saaghemical reaction involving
N species of the familiar form

i i =0: (5.277)
Because the density is constant for the isochoric system, E&.275) reduces to

% =1 isochoric. (5.278)
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Then, experiment, as well as a more fundamental molecularlicgion theory, shows that the
evolution of species concentration is given by

A

D

d- E VY 1Y
—L= ;aT exp — - ¥ 1 — kG
dt RT K K k
J— AL " kg
— | S )
orwara r tion reverse reaction
I effr }

isochoric system. (5.279)

This relation actually holds for isochoric, non-isothermasystems as well, which will not be
considered in any detail here. Here some new variables are iwed as follows:

" a: a kinetic rate constant called thecollision frequency factor Its units will depend
on the actual reaction and could involve various combinatis of length, time, and
temperature. It is constructed so thatd™;=dt has units of kmolem?3=s; this requires it

to have units of (kmoleem?®)@

A

EES O

. a dimensionless parameter whose value is set by experinggr#gometimes combined

with guiding theory, to account for weak temperature deperghcy of reaction rates.

A~

E: the activation energy It has units of kJ=kmole, though others are often used, and is

t by both experiment and fundamental theory to account for the strong temperature

dependency of reaction.

In Eq. (5.279) that molar concentrations are raised to the? and  powers. As it does not
make sense to raise a physical quantity to a power with unitene traditionally interprets the
values of , 72, as well as °to be dimensionless pure numbers. They are also interpreted
in a standard fashion: the smallest integer values that ac#illly correspond to the underlying
molecular collision which has been modeled. While stoichietric balance can be achieved
by a variety of  values, the kinetic rates are linked to one particular set wth is de ned

by the community.

Equation (5.279) is written in such a way that the species caentration production rate

increaseswhen

" The net number of moles generated in the reaction, measureg b increases,

" The temperature increases; here, the sensitivity may be yehigh, as one observes in

nature,

" The species concentrations of species involved in the fordlaeaction increase; this
embodies the principle that thecollision-basedreaction rates are enhanced when there

are more molecules to collide,
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" The species concentrations of species involved in the reseereaction decrease.

Here, three intermediate variables which are in common usabave been de ned. First one
takes the reaction rate to be

0O 1
\v) S

!
E Y 0 1 VW
r aT exp T - 1 < e (5.280)
| —z——} | <y k)
k(T) forward reaction reverse reaction
or
0 1
E W 0 1 W 00
r=afl exp —— - — L C: (5.281)
RT . Ke .
|l—fz—} = {2z | )
k(T); Arrhenius rate | forward reaction {Z reverse reaction }
law of mass action

The reaction rater has units of kmolem?3=s.
The temperature-dependency of the reaction rate is embodien k(T) is de ned by what
is known as anArrhenius rate law.

E

k(T aT ex
(T) P =

(5.282)

This equation was advocated by van't Ho in 1884; in 1889 Arrhens gave a physical justi -
cation. The units ofk(T) actually depend on the reaction. This is a weakness Fgf thedary,
and precludes a clean non-dimensionalization. The units siube (kmole=m3)® S
In terms of reaction progress, one can also take
1d

RRvET (5.283)

The factor of 1=V is necessary becausehas units of molar concentration per time and
has units of kmoles. The over-riding importance of the tempa&ture sensitivity is illustrated
as part of the next example. The remainder of the expressionvblving the products of the
species concentrations is the de ning characteristic of sems which obey thdaw of mass
action. Though the history is complex, most attribute the law of mas action to Waage and
Guldberg in 1864

Last, the overall molar production rate of species is often written as! ;, de ned as

I ir (5284)

1p. Waage and C. M. Guldberg, 1864, \Studies Concerning A nit y, Forhandlinger: Videnskabs-Selskabet
i Christiania, 35. English translation: Journal of Chemical Education, 63(12): 1044-1047.
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As ; is considered to be dimensionless, the units bf must be kmoleem®=s. So we can say
for isochoric systems combining Egs. (5.284) and (5.278)ath

% = i isochoric. (5.285)

I
Example 5.13
Study the nitrogen dissociation problem considered in an edier example, see p. 152, in which at
t =0 s, 1 kmole of N, exists at P = 100 kPa and T = 6000 K. Take as before the reaction to be
isothermal and isochoric. Consider again the elementary nitrogen dissociation reamn

N, +N > 2N+ No; (5286)
which has kinetic rate parameters of

3 1:6
a = 7.0 10t SR (5.287)

mole s
= 1:6; (5.288)
E = 2240284 2. (5.289)

mole
In Sl units, this becomes
cm® K16 1m % 1000 mole m3 K16
a = 70 10* =7:0 10 : 5.290
mole s 100 cm kmole kmole s ( )
— cal J kJ 1000 mole kJ

E = 2249284 —— 4:186 — = 941550 ——: 5.291
mole cal 1000 J kmole kmole ( )

At the initial state, the material is all N ,, soPy, = P =100 kPa. The ideal gas law then gives at =0

Piizo = PNaizo = "N, 5 RT: (5.292)
- _ Pl .
Ny t=o = #, (5.293)
_ 100 kPa . (5.200)
8:314 XK (6000 K)' '
kmol
= 2:00465 10 3 Tn‘;e: (5.295)

Thus, the volume, constant for all time in the isochoric process, is

= 1 kmol
V = Tszt—O - mole — _ 4-0884 102 m3: (5296)
N2 t=0 2:00465 10 3 ¥0%e
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Now the stoichiometry of the reaction is such that

1
dnn, = éan; (5.297)
1
i = = ii=a); 2
QI |n_N{£t;(}) 2(nN |n_h{12‘_c})’ (5.298)
=1 kmole =0
ny = 2(1 kmole ny,); (5.299)
27'\‘ - 5 1k\r;10|e ncz (5.300)
_ 1 kmole _ )
N T 2 Zogsa 1w mE M (5-301)
kmol
= 2 200465 10 3 f;ge " (5.302)

Now the general equation for kinetics of a single reaction, §. (5.279), reduces for N molar con-
centration to

d- E 0 0 1
d’;‘z = Nn,al exp ’T (Tny) M) v 1 Kf(sz) Ne(Ty) M (5.303)
(o4
Realizing that §, =2, §=0, n,= 1,and y =2, one gets
d™n, E _, 1% .
at = aT exp ’T . N 1 K= : (5.304)
| z } ¢ N
=k(T)

Examine the primary temperature dependency of the reaction

E
k(T) = aT exp — ; 5.305
M P = | (5.305)
3K L . 941550 K0
= 70 108 I';nKI T Loexp —— > kmole . (5.306)
mole s 8314 (s T
7.0 10 1:1325 10°
TT6 exp - (5.307)

Figure 5.1 gives a plot ofk(T) which shows its very strong dependency on temperature. Fothis
problem, T = 6000 K, so

7.0 10 1:1325 1P
k : .
(6000) 500056 exp 6000 ; (5.308)
m3
= 40071 : .
0071:6 mole < (5.309)
Now, the equilibrium constant K. is needed. Recall
P N
Po = G°
Ke= =— ex — : 5.310
‘" RT P RT ( )
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k(T)(m? /kmole/s)
10*
10"
1012
1020

10-28

103° T (K)
1000 1500 2000 3000 5000 7000 10000

Figure 5.1: k(T) for nitrogen dissociation example.

p
For this system, because iNzl i =1, this reduces to
2 0
Ke = Po g O G (5.311)
RT RT |
Po @My Tshy) (Ay, Tshy,)
= —  exp A 2 2 : (5.312)
RT RT
_ 100 ox (2(597270 (6000)216926) (205848 (6000)292984)) (5.313)
= (8314)6000) P (8:314)(6000) e
= 0:000112112"M%€. (5.314)
m
The di erential equation for N 5 evolution is then given by
|
o 3 2 2:00465 10 3 kmoe - 2
Na = 400716 2 2 1 r - omi N2
dt kmole ™2 0:000112112055 N2
| {z }
f(Tny)
(5.315)
= f(Tn,): (5.316)

The system is at equilibrium whenf (7y,) = 0. This is an algebraic function of ~y, only, and can be
plotted. Figure 5.2 gives a plot off (7,) and shows that it has three potential equilibrium points. It
is seen there are three roots. Solving for the equilibria ragjres solving

|
2"

m 1 2 200465 10 8 kmoe -

0= 400716 —— 5.317
N2 0:000112112kmde. N> (5.317)

kmole
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f(px,) = &N (Py,) (kmole/m?/5)

unstable
equilibrium

v

0.0005 0.001 0.0015 A 0:002— 00025

, (kmole/m?)
-1
unstable stable,
equilibrium physical
equilibrium
2t

Figure 5.2: Forcing function,f (7,), which drives changes of, as a function of 7, in
isothermal, isochoric problem.

The three roots are

kmol kmol kmol
N, =0 S0S 00017812150 0:00225611 (5.318)
= —f— | ——{—T
unstable stable unstable

By inspection of the topology of Fig. 5.2, the only stable rod is 0:00178121 kmolem?. This root
agrees with the equilibrium value found in an earlier exampé for the same problem conditions. Small
perturbations from this equilibrium induce the forcing fun ction to supply dynamics which restore the
system to its original equilibrium state. Small perturbati ons from the unstable equilibria induce non-
restoring dynamics. For this root, one can then determine that the stable equilibrium value of = =
0:000446882 kmolem?3.

One can examine this stability more formally. De ne an equilibrium concentration *ﬁqz such that

f(e)=0: (5.319)

Now perform a Taylor series off (7,) about —y, = \}:

fCn) TS0+ Sy 1O )2+ 5.320
N y_; G W ZOFZ(Nz D2+ (5.320)

Now the rst term of the Taylor series is zero by construction. Next neglect all higher order terms as
small so that the approximation becomes

_ o _ .
FOn) (n, R0 (5.321)
N2 *szflqz
Thus, near equilibrium, one can write
d- o _ _
sz T (n, TN (5.322)
t N, 7N2=7§q2
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©> 0.002

5 PN,
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S 0.001
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= _
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0.001 0.002 0.003 0.004 0.005 e

Figure 5.3: 7, (t) and ~(t) in isothermal, isochoric nitrogen dissociation problem.

Because the derivative of a constant is zero, one can also weithe equation as

d, _ _ o _ _eqy.
G N o (ny ) (5.323)
This has a solution, valid near the equilibrium point, of
0 1
— —eq — Cr A -
(n. ) = Cexp@— tA (5.324)
o T 1
— —  —€q @ o A -
N, = N, T Cexp = tA (5.325)
N2 7N2:7ﬁ‘q2

Here C is some constant whose value is not important for this discusion. If the slope off is positive,

that is,
o
> 0 unstable, (5.326)
diz — - —eq
N2~ N3
the equilibrium will be unstable That is a perturbation will grow without bound as t!1 . If the
slope is zero,
of
— =0; neutrally stable, (5.327)
d N2 7N2:A'11q2

the solution is stable in that there is no unbounded growth, aaxd moreover is known asneutrally stable
If the slope is negative,

N, — =—¢d

<0 asymptotically stable, (5.328)

N2 N2

the solution is stable in that there is no unbounded growth, and moreover is known asasymptotically
stable

A numerical solution via an explicit technique such as a Rung-Kutta integration is found for
Eqg. (5.315). The solution for 7y, along with — is plotted in Fig. 5.3.
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Linearization of Eq. (5.315) about the equilibrium state gives rise to the locally linearly valid
d

p TN, 0:00178121 = 120939(7y, 0:00178121)+::: (5.329)
This has local asymptotically stable solution
N, =0:00178121 +C exp( 12093%) : (5.330)

Here C is some integration constant whose value is irrelevant for ltis analysis. The time scale of
relaxation is the time when the argument of the exponential is 1, which is

— 1 —Q- 4 o

One usually nds this time scale to have high sensitivity to temperature, with high temperatures giving
fast time constants and thus fast reactions.

The equilibrium values agree exactly with those found in theearlier example; see Eq. (4.469). Here
the kinetics provide the details of how much time it takesto achieve equilibrium. This is one of the key
questions of non-equilibrium thermodynamics.

5.5.2 Isobaric systems

The form of the previous section is the most important as it isasily extended to a Cartesian
grid with xed volume elements in uid ow problems. However, there is another important
spatially homogeneous problem in which the formulation nde slight modi cation: isobaric
reaction, with P equal to a constant. Again, in this section onlysothermal conditions will
be considered.

In an isobaric problem, there can be volume change. Considest the problem of isobaric
expansion of an inert mixture. In such a mixture, the total nunber of moles of each species
must be constant, so one gets

dni

ot =0; inert, isobaric mixture. (5.332)
Now carry out the sequence of operations, realizing the totalassm is also constant:
1d
o (ni) 0; (5.333)
d n;
— — = 0; 5.334
dt m ’ ( )
d ni V
— —— = 0; 5.335
d Vm ’ ( )
d a3 - (5.336)
dt - '
1d5 —d
at 2 dt 0; (5.337)
da, _ —d_ : . N
9 - ar inert, isobaric mixture. (5.338)
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So a global density decrease of the inert material due to vohe increase of a xed mass
system induces a concentration decrease of each species. rAaside, we could also analyze
inert isobaric mixtures as follows, rst dividing both sides of Eq. (5.338) by :

1d5 _ 1d
_—IE = Tar (5.339)
d, . _d _
g _i) = g () (5.340)
In—~- = In—; (5.341)
_io 0
— = — inert, isobaric mixture. (5.342)
io o]

The ratio of instantaneous species molar concentration tésiinitial value is the same as the
ratio of the instantaneous mass density to its initial value

Extending to a material with a single reaction rater, one can nasvely, but correctly, add
the just-described inert expansion e ect, Eq. (5.338), tohe isochoric Eq. (5.285) to get

dy _ | 5d .
= e 15 (5.343)

We can rearrange Eq. (5.343) as follows

d—t‘ —‘a = n (5.344)
1d_i _i d ir
d _i i L ;
i =; generally valid. (5.346)

Equation (5.346) is identical to Eq. (5.275) which was poslated as the most generally valid
form for a spatially homogeneous chemical reaction. It is @@lly valid for general systems
with variable density, temperature, and pressure.

However, in this section, it is required that pressure and teperature be constant. Now
di erentiate the isobaric, isothermal, ideal gas law to gethe density derivative.

P= —RT: (5.347)
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We can take the time derivative of both sides and get

dpP A d

— = RT —; (5.348)
- dt
I{g} i=1
X
0 = d—'; (5.349)
i=1 t
= ir+ —'% ; (5.350)
i=1
X X
= r i + }d— Y (5.351)
dt !
i=1 i=1
Solving ford =dt, we get
d r P i
rri —Pt (5.352)
i=1l
= lp =i (5.353)
i=1
Now invoke the ideal gas law to get
q P
= L= i (5.354)
RT,
RTON
= Tl' (5.355)
RTr .
- ' oL k. (5.356)
P

If there is no net number change in the reaction, ., x = 0, the isobaric, isothermal
reaction also guarantees there would be no density or volunchange. It is convenient to
de ne the net number change in the elementary reaction asn:

X
n K- (5.357)
k=1

Here n is taken to be a dimensionless pure number. It is associatedtiwthe number
change in the elementary reaction and not the actual mole chge in a physical system; it
is, however, proportional to the actual mole change.
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Now use Eq. (5.356) to eliminate the density derivative in Eq5.343) to get
!

— D P N
d_i r i RT r k=1 k

dt ’ P
| {z }
d =dt
2}l {
. _ —“RTX .
{z} P %
reaction e ect | {f—l }
expansion e ect

I
+
|

: (5.358)

o
[

(5.359)

or

(en]

1
S

d-
i . : A -
il @ 2 \f/.,{z.? : (5.360)

reaction e ect expansion e ect

There are two terms dictating the rate change of species moleoncentration. The rst, a
reaction e ect, is precisely the same term that drove the isthoric reaction. The second is
due to the fact that the volume can change if the number of maechange, and this induces
an intrinsic change in concentration. The ternT;RT=P = y;, the mole fraction.

I
Example 5.14
Study a variant of the nitrogen dissociation problem considgered in an earlier example, see p. 157, in
which at t =0 s, 1 kmole of N, exists at P = 100 kPa and T = 6000 K. In this case, take the reaction
to be isothermal and isobaric. Consider again the elementary nitrogen dissociation reaon

N2+N2 2N+Ny; (5.361)
which has kinetic rate parameters of

1 Cm3 Kl:G.

a = 7:0 10 : (5.362)
mole s
= 1:6; (5.363)
E = 2240284 2. (5.364)
mole
In Sl units, this becomes
cmd K16 1m ° 1000 mole m3 K1:6
= 70 10* =7:0 10 : 5.365
a mole s 100 cm kmole kmole s’ ( )
— cal J kJ 1000 mole kJ

E = 2249284 —— 4:186 — =941 —_— .

9284 mole 86 cal 1000 J kmole 941550 kmole (5.366)
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At the initial state, the material is all N ,, soPy, = P =100 kPa. The ideal gas law then gives at =0

P = Py,=RT; (5.367)
_ P
N2 t=0 - ﬁT ’ (5368)
100 kPa
= — = : (5.369)
8:314 K (6000 K)
= 2:00465 10 3 KMo, (5.370)
m
Thus, the initial volume is
. i 1 kmol

Vi, = M=o mo'e =4:9884 107 m: (5.371)

TNy oo 2:00465 10 3 kmoe
In this isobaric process, one always ha® = 100 kPa. Now, in general
P= ﬁT(*Nz + 7N (5.372)

therefore, one can write™y in terms of 7, :

- _ P _
NS ORT Np» (5.373)
~ 100 kPa _ (5.374)
8:314 K (6000 K) "' '
kmol
= 200465 10 ® r:;’e " (5.375)

Then the equations for kinetics of a single isobaric isothenal reaction, Eg. (5.359) in conjunction
with Eq. (5.280), reduce for N, molar concentration to
I

d- E o o0 1 - . RT
G- AT e = (W) MW 1 )Y e Tt )
I {z }
=r
(5.376)
Realizing that § =2, =0, n,= 1,and n =2, one gets

!

d- E —2 —n, RT
%: aT exp ; 21 Kif—'“ 1 NZT (5.377)

| {z } ¢ N
=k(T)
The temperature dependency of the reaction is unchanged fra the previous reaction:
E
k(T) = aT exp =— ; 5.378
(T) P = | (5.378)
3K L6 . 941550 K0
- 70 10w MK Loexp —— > kmole (5.379)
kmole s 8314 w1
7.0 1018 11325 10°

TTs exp - (5.380)
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For this problem, T = 6000 K, so
7.0 10%® 11325 10
k(6000) =005 5000 : (5.381)
m3
= 401302 (5.382)
The equilibrium constant K is also unchanged from the previous example. Recall
P N
K o G° 5.383)
= p—— eX pr— .
‘" RT P RT (
P
For this system, because v, ;= n= 1, this reduces to
Po QR &®,)
¢ rRT OF RT ( )
P 270 O
= == exp (@0 9) I On) : (5.385)
RT RT |
Po @My Tstw)  (hy, Tsty,)
= = exp — d 2 ; (5.386)
RT RT
_ 100 ox (2(597270 (6000)216926) (205848 (6000)292984)) (5.387)
- (@314)000) P (8:314)(6000) -
= 0:000112112”:12'9: (5.388)
The di erential equation for N , evolution is then given by
_ 2
N - ao1300 ™ 2 1 2:00465 1073 ko N,
dt kmole ™2 0:000112112kmoe N,
!
v, 8314 X (6000 K)
N> kmole K .
100 kPa ' (5.389)
f(Tn,): (5.390)

The system is at equilibrium whenf (7,) = 0. This is an algebraic function of =, only, and can be
plotted. Figure 5.4 gives a plot off (7,) and shows that it has four potential equilibrium points. It is

seen there are four roots. Solving for the equilibria requies solving

|
2

3 1 2:00465 10 3 kmoe -
0 = 401302 _ 2 — _m N
kmole 2 0:000112112xmoe N
o ’
—y. 8314 K __ (6000 K
R (5391)
The four roots are
kmole kmole kmole kmole
N, T O:OOZOOSW; T 0:001583 3 : 0:00254 - : (5.392)
I {z } | {22} | {z } I {z }
stable ;non physical unstable stable ;physical unstable

By inspection of the topology of Fig. 5.2, the only stable, plysical root is 0:001583 kmolem?3. Small
perturbations from this equilibrium induce the forcing function to supply dynamics which restore the
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f(pn,) = o, (Py,) (kmole/m?/s)

4
unstable 3 unstable
equilibrium equilibrium
2
1 \
I
-0.4§2 -0.001 0.001 4 002~ 0.003 7, (kmole/m®)
-1
stable,
stable, .
) physical
non-physical equilibrium
equilibrium

Figure 5.4: Forcing function,f (7y,), which drives changes ofy, as a function of 7, in
isothermal, isobaric problem.

system to its original equilibrium state. Small perturbati ons from the unstable equilibria induce non-
restoring dynamics. For this root, one can then determine ttat the stable equilibrium value of =y =
0:000421 kmolem?. A numerical solution via an explicit technique such as a Rumge-Kutta integration
is found for Eqg. (5.391). The solution for ™, along with — is plotted in Fig. 5.5.

Linearization of Eq. (5.391) about the equilibrium state gives rise to the locally linearly valid

% N, 0:001583 = 967.073(7, 0:001583)+::: (5.393)
This has local solution
N, =0:001583 +Cexp( 967.073): (5.394)

Again, C is an irrelevant integration constant. The time scale of rebxation is the time when the
argument of the exponential is 1, which is

1

- — 1. 3 o
= Se707aST =103 10°s (5.395)

The time constant for the isobaric combustion is about a facbr 1:25 greater than for isochoric combus-
tion under the otherwise identical conditions.

The equilibrium values agree exactly with those found in the earlier example; see Eq. (4.515).
Again, the kinetics provide the details of how much time it takesto achieve equilibrium.
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Figure 5.5: 7, (t) and ~(t) in isobaric, isothermal nitrogen dissociation problem.

5.6 Some conservation and evolution equations

Here a few useful global conservation and evolution equat®mre presented for some key
properties. Only some cases are considered, and one couldettgo more relations for other

scenarios.

5.6.1 Total mass conservation: isochoric reaction

One can easily show that the isochoric reaction rate modelgE(5.279), satis es the principle
of mixture mass conservation. Begin with Eq. (5.279) in a cqmact form, using the de nition
of the reaction rater, Eq. (5.281) and perform the following operations:

T o
dt - (L]
d ¢ _
a ™M, "
d
a(ci) = iMin,
XX
= My irn
Lz}
=M;j
b
= M,y in

1=1

(5.396)

(5.397)

(5.398)

(5.399)

(5.400)
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206 CHAPTER 5. THERMOCHEMISTRY OF A SINGLE REACTION

Xy AN
a(ci) = \Y TR (5.401)
'O—-l 1 i=1 |=1
d X XX
a G = M i i (5402)
i = =1 i=1
1423
d X X
@ - " M I (5.403)
1=1 |Ii Z_}
=0
Therefore, we get
% =0: (5.404)
P
Theterm 2, ;i ; =0 because of stoichiometry, Eq. (5.24).

5.6.2 Element mass conservation: isochoric reaction

Through a similar series of operations, one can show that thmass of each element, =

1;:::;L, in conserved in this reaction, which is chemical, not nude. Once again, begin
with Eq. (5.281) and perform a set of operations,
d-
G - " (5.405)
d-
"d_tl il | =1;::00L (5.406)
d
a( i) =T =101, (5.407)
Xy X
a( i) = ri i =1L (5.408)
i=1 | i=1
d X X
dat i =T i i =101 (5.409)
- [~z
=0
= 0; =1L (5.410)
P
The term [, i~ represents the number of moles of elemehtper unit volume, by the
following analysis
X - X' moles element moles species _ moles element (5.411)
i=1 " _, Mmoles species volume volume b '
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5.6. SOME CONSERVATION AND EVOLUTION EQUATIONS 207

Here theelemental mole density—, ¢, for elementl has been de ned. So the element concen-
tration for each element remains constant in a constant voloe reaction process:

da,®
dt

=0; | =1;:::;L: (5.412)

One can also multiply by the elemental massd\l | to get the elemental mass density |:
PMoOTS [=1;:::;L: (5.413)
BecauseM | is a constant, one can incorporate this de nition into Eqg. (%412) to get

d?
— =0; l=1;:::;L: 5.414
pm ( )
The element mass density remains constant in the constantlume reaction. One could also
simply say because the elements' density is constant, ancetimixture is simply a sum of the
elements, that the mixture density is conserved as well.

5.6.3 Energy conservation: adiabatic, isochoric reaction

Consider a simple application of the rst law of thermodynarnts to reaction kinetics: that
of a closed, adiabatic, isochoric combustion process in axtore of ideal gases. One may
be interested in the rate of temperature change. First, beaae the system is closed, there
can be no mass change, and because the system is isochorig,tttal volume is a non-zero
constant; hence,

%—T = 0; (5.415)
%(V) = 0; (5.416)
v% = 0; (5.417)
% = 0: (5.418)

For such a process, the rst law of thermodynamics is

(jj—LtJ =Q W (5.419)
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208 CHAPTER 5. THERMOCHEMISTRY OF A SINGLE REACTION

But there is no heat transfer or work in the adiabatic isochac process, so one gets

i 0: (5.420)
%(mu) = 0, (5.421)
m%+ ud—m = 0; (5.422)
1
=0
du
e 0: (5.423)
Thus for the mixture of ideal gasesy(T;7;;:::; y) = Uo. One can see how reaction rates
a ect temperature changes by expanding the derivative in Eq5.423)
!
a X
dt i=1
X g
—(Gu) = 0; (5.425)
i=1 dt
X du . dg
- .EJ, uiE = 0; (5.426)
X dudT | dg
2 L0 = o 5.427
IR L (5.427)
X dT . dg
GCi— + U—- = O0; (5.428)
- dt dt
X X .
ar™ e, = u 9. (5.429)
dt i=1 i=1 dt
—{z_}
=Cy
dT Xg
— = i— — 4
&t - Yt ’ (5.430)
daT d-;
CVE - - U|M|E, (5.431)
= uM; r; (5432)
P P
dT _ r |N=1 i _ iN=1 Ui!_1
i . = . (5.433)
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5.6. SOME CONSERVATION AND EVOLUTION EQUATIONS 209

If one de nes the net energy change of the reaction as

X
U iUi; (5.434)
i=1
one then gets
dT r U
e = (5.435)

The rate of temperature change is dependent on the absoluteeggies, not the energy dif-
ferences. If the reaction is going forward, so> 0, and that is a direction in which the net
molar energy change is negative, then the temperature wilke.

5.6.4 Energy conservation: adiabatic, isobaric reaction

Solving for the reaction dynamics in an adiabatic isobarig/stem requires some non-obvious
manipulations. First, the rst law of thermodynamics saysdU = dQ dW. Because the

process is adiabatic, one hagdQ = 0, so dU + P dV = 0. Because it is isobaric, one gets
d(U+ PV)=0, or dH =0. So the total enthalpy is constant. Then

d

gh =0 (5.436)
d .
g(mh) = 0; (5.437)
dh
@ - 0: (5.438)
g X h'
» i:lq .= o (5.439)
DA
—(ch) = 0; (5.440)
_, dt
X' dh | dg
) e thig = O (5.441)
X . :
dndT p 98 - . (5.442)

L Sdara T Mar
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X dr X dc

GiCoi— + hi— = 0; (5.443)
i=1 dt i=1 dt
dT X X dg
S Gt hl =0 (5.444)
I:_l{Z_} i=1
:Cp
dT X d —M;
G-+ h— ——' = 0; (5.445)
dt = dt
dar X d -
Ggrt  hMig — =0 (5.446)

Now use Eq (5.346) to eliminate the term in Eq. (5.446) involag molar concentration
derivatives to get

G-+ h—— = 0; (5.447)

N h o Nohilg

— = =1l =74 (5.448)
dt b Cp

So the temperature derivative is known as an algebraic furigh. If one de nes the net

enthalpy change as

X
H hi i; (5449)
i=1
one gets
dT r H
— = ) 4
at cy (5.450)
Now di erentiate the isobaric ideal gas law to get the densitderivative.
X
P = - RT; (5.451)
i=1
X -
P ‘FZ—T + ﬁT%; (5.452)
@ A, dt
=0
X X -
0 = dr o+ T r+ a4 ; (5.453)
dt . dt
i=1 i=1
tarX X 1d X
i=1 i=1 i=1
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Solving, we get

d 1dT P N — r P N
= _Tda ipl =1 | (5.455)
t i=1 -
One takesdT=dtfrom Eq. (5.448) to get
PN & P
1r i-g hi N — N
£ —1 _ r.-
d _ T it =1 (5.456)
t i=1 -
Now recall that == =M andtc, = ¢;M, so~ ¢, = c,. Then Eq. (5.456) can be reduced
slightly:
2 |
i N Hi i )(\I _I P
q ';T ~ = i=1 |
— = r 2 : (5.457)
dt i= _|
Py n. P
= TR (5.458)
= i=1 1
h:
o= 1
i=1 ! gT
= r — ; (5.459)
RT
rRT X h X h
- r% LU R _h—'T 1 (5.460)
B BRI

where M is the mean molar mass. For exothermic reactiolr:: iNzl ih; < 0, so exothermic
reaction induces a density decrease as the increased tenapgne at constant pressure causes
the volume to increase.

Then using Eg. (5.460) to eliminate the density derivativen Eq. (5.343), and changing

the dummy index fromi to k, one gets an explicit expression for concentration evolati:

: - X h
5 = ir+ rM K i 1 ; (5461)
dt 1 CT
0 1
— XN Hk
= r%i+—'M K =T 1 §; (5.462)
|z} @
=VYi I
W _ !
= r ity « h—_kr 1 (5.463)
L
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De ning the change of enthalp¥, of the reaction as H
number of the reaction as n N, k» one can also say

Exothermic reaction,
molar concentrations of the species in the isobaric reaatio

N «hx, and the change of

(5.464)

H < 0, and net number increases, n > 0, both tend to decrease the

Lastly, the evolution of the adiabatic, isobaric system, sabe described by the simul-
taneous, coupled ordinary di erential equations: Egs. (848, 5.456, 5.463). These require
numerical solution in general. One could also employ a mgrentjamental treatment as a

di erential algebraic system involvingH = Hi, P = P, = RT

5.6.5 Entropy evolution: Clausius-Duhem relation

i1 ; and Eq. (5.343).

Now consider whether the kinetics law that has been posed aatly satis es the second law
of thermodynamics. Consider again Eq. (4.382). There is ailgabraic relation on the right
side. If it can be shown that this algebraic relation is posite semi-de nite, then the second
law is satis ed, and the algebraic relation is known as a Claius-Duhem relation.

Now take Eq. (4.382) and perform some straightforward opeians on it:

1 X
dSj,y = T = dn 0; (5.465)
| —fz—}
irreversible entropy production
ds v X dn1
d,, T, ‘dv (5.466)
v X d .
= T @ o; (5.467)
. 0 1
v X E 1 VW
= - _I i aT exp —— %1 —_— _k k § O,(5468)
T RT , Ke.
— E. |—E—)
| forward re{aftlon reverse reaction }
I r
y X Yoo, 1 W
= T = ik(T) h 1 K - 0; (5.469)
i=1 (k=1 k=1 |
v W : 1 ¥ : S :
= FkM L = S 0 (5.470)
k=1 € k=1 | E{Z_}
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Change the dummy index fromk back toii:

W 0 W
d_S = Xk(T) = 1 L -t T (5.471)
dt uv T i=1 Ke i=1
= ¥r‘,’ (5.472)
—d
= oo (5.473)

Consider now the a nity — term in Eq. (5.470) and expand it so that it has a more useful
form:

h\ A
= i = G i (5.474)
i=1 i=1
_ 0 D Pi .
= Or; + RTIn — i (5.475)
i=1 Po
X _ X p.
= o, i RT In P—' : (5.476)
. : o]
|Ii{z_ i=1
o ¢ 1
o X i
S S (5.477)
1IR3 i« o
=In Kp |
_ Yo opooi
= RT InKp In P—' ; (5.478)
i=1 ° |
- W 0
= RT InKi+In P ; (5.479)
P i=1 Io
. 1 Y P i
. (o]
- 1
Po i T W -5 i
= RTInN@FR RT A (5.481)
¢ i=1 PO
|
_ A
= RTiIn e P (5.482)

Equation (5.482) is the common de nition of a nity. Another f orm can be found by em-
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214 CHAPTER 5. THERMOCHEMISTRY OF A SINGLE REACTION

ploying the de nition of K. from Eq. (5.270) to get
P !

AP ge Y

_ = _
— = RTIn % exp — = (5.483)
Pr =
(o] ji=1 i
s ﬁF’_T - (5.484)
- i=1 |
o Po iz W )
= G RTIn =2 - (5.485)

i=1
To see clearly that the entropy production rate is positive emi-de nite, substitute
Eq. (5.482) into Eq. (5.470) to get
!

Vv Yo 1Y _ N
Z—S = ?k(T) 7 T K. i RT In reE 0,
Uy i=1 €i=1 ©i=1
| | | (5.486)
— W o- 1 W . 1 W
= RVK(T) R = R U 0.  (5.487)
i=1 Ci=1 Ci=1
De ne forward and reverse reaction coe cients,R® and R respectively, as
W 0
R Kk(T) —'; (5.488)
i=1
W
roo  K(T) =% (5.489)
Ke

i=1
Both R%and R%have units of kmolem3=s. It is easy to see that
r=R°R ® (5.490)

Becausek(T) > 0,K.> 0,and™; 0, that both R® 0andR% 0. Because;= 0 0
one nds that

W W 00
10 DT e R (5.491)
Ke - KcK(T) - RO
Then Eqg. (5.487) reduces to
ds B o 0 ROO ROO .
gt oy = RVR" 1 RO In RO 0: (5.492)
Finally, we get
ds = RO
r RV (R° R %in 250 o: (5.493)
uUv
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5.7. SIMPLE ONE-STEP KINETICS 215

Obviously, if the forward rate is greater than the reverse ta R° R %> 0, In(R%=R% > 0,
and the entropy production is positive. If the forward rate $ less than the reverse rate,
R R %< 0, In(R%=R% < 0, and the entropy production is still positive. The produdbn
rate is zero whenR%= R

The anity — can be written as

. RO
= RTIn ﬁo . (5494)
And so when the forward reaction rate exceeds the reverse, thaity is positive. It is zero
at equilibrium, when the forward reaction rate equals the reerse.

5.7 Simple one-step kinetics

A common model in theoretical combustion is that of so-caliesimple one-step kinetics.
Such a model, in which the molar mass does not change, is qutatively appropriate only
for isomerization reactions. However, as a pedagogical t@d well as a qualitative model for
real chemistry, it can be valuable.
Consider the reversible reaction
A B (5.495)

where chemical specied and B have identical molar massedl, = Mg = M. Consider

further the case in which at the initial state,n, moles ofA only are present. Also take the
reaction to be isochoric and isothermal. These assumptionan easily be relaxed for more
general cases. Specializing then Eq. (5.240) for this casee has

Na = EZ}l + @é}), (5.496)
ng = |{31;} + I?:f;}’ : (5.497)
Thus
Na = + No; (5.498)
ng = (5.499)

Now n, is constant throughout the reaction. Scale by this and de néhe dimensionless
reaction progress a$§  =n, to get

DA ryg (5.500)

Mg _ & (5.501)
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216 CHAPTER 5. THERMOCHEMISTRY OF A SINGLE REACTION

In terms of the mole fractions then, one has

ya = 1
A

YB =

The reaction kinetics for each species reduce to

da . - _ Mo _ .
ot r A(0) = IV
d- _
d_tB = 5(0)=0:
Addition of Eqgs. (5.504) and (5.505) gives
d _  _
a( A g) = 0;
At B T o
__A + __B = 1
A& N

In terms of the mole fractionsy;, one then has

yatys =1:
The reaction rater is then
rr= ki, 1 Kic:—i ;
- 17%=, .
=KD 1 eE
Koya 1 Kici//_i ; |
R IR

(5.502)
(5.503)

(5.504)

(5.505)

(5.506)
(5.507)
(5.508)

(5.509)

(5.510)
(5.511)

(5.512)

(5.513)

Now r = (1=V)d =dt = (1=V)d(n,")=dt = (ny,=V)d(")=dt = —,d=dt. So the reaction
dynamics can be described by a single ordinary di erentialggation in a single unknown:

!
A

d A 1
- — = k(1 1 — :
oGt ol ) K.l ~
!
d" A 1 "
— = k(1 1 —
dt ( ) Ker 2
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Equation (5.515) is in equilibrium when

A 1 1
= 1 —+ 5516
v 1K (5:516)

As K !1  the equilibrium value of *! 1. In this limit, the reaction is irreversible. That
is, the specieB is preferred overA. Equation (5.515) has exact solution

1
A_l exp k1+K—Ct

= I K_lc : (5.517)
For k > 0, K. > 0, the equilibrium is stable. The time constant of relaxatio is
1
= — (5.518)
k 1+ &

For the isothermal, isochoric system, one should considdret second law in terms of the
Helmholtz free eBergy. Combine then Eq. (4.389)Aj+,, 0, with Eq. (4.306), dA =

SdT P dv+ [, — dn and taking time derivatives, one nds
!

X
dAj;, = SAT Pdv+ — dn 0; (5.519)
i=1 TV
X gn
A % _dn (5.520)
dt ., 'dt
X g
LdA_ VA _di (5.521)

TdT T d

This is exactly the same form as Eq. (5.487), which can be ditty substituted into Eq. (5.521)

to give . ! !

1 dA — Yo 1 YW 1 YW
= dd_ = RV k(T) n P " 0 & o 0;
Uy i=1 Ci=1 Ci=1
: | | (5.522)
_ W ' W ' W
‘ZI_A RVTKT) ' 1 Ki S in Ki IR
try i=1 €i=1 €i=1
(5.523)
For the assumptions of this section, Eq. (5.523) reolluces to |
dA _ A 1 N 1 N
— = RTk,V(1 1 — In — 0; 5.524
dt TV ° ( ) Kcl N KCl AN ( )
1 N I N I
= kn,RT@L %) 1 = In — 0: 5.525
RT(L ) 1 s In s (5.525)
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218 CHAPTER 5. THERMOCHEMISTRY OF A SINGLE REACTION

Because the present analysis is nothing more than a speciake of the previous section,
Eqg. (5.525) certainly holds. One questions however the befar in the irreversible limit,
1=K.! 0. Evaluating this limit, one nds

1

0

, dA — 1

im = = knoRT %fl “; In — +@ M @ Nin@ H+ :::§ o:
1=Kt o dt 4, —{z— c
' >0 | —{Z—

1
(5.526)

Now, performing the distinguished limit as” ! 1; that is the reaction goes to completion,
one notes that all terms are driven to zero for smal=K.. Recall that1 " goes to zero faster
than In(1 ") goes to 1 . The entropy inequality is ill-de ned for a formally irreversible

reaction with 1=K = 0.
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Chapter 6

Thermochemistry of multiple
reactions

See Powers, 2016, Chapter 5.

See Turns and Hawarth, Chapters 4, 5, 6.

See Kuo, Chapters 1, 2.

See Kondepudi and Prigogine, Chapter 16, 19.

This chapter will extend notions associated with the thermdynamics of a single chemical
reactions to systems in which many reactions occur simultaausly.

6.1 Summary of multiple reaction extensions

Consider now the reaction oN species, composed &f elements, inJ reactions. This section
will focus on the most common case in which (N L), which is usually the case in large
chemical kinetic systems in use in engineering models. Whihuch of the analysis will only
require J > 0, certain results will depend onJ (N L). Itis not di cult to study the
complementary case where€J < (N L).

The molar mass of speciesis still given by Eq. (5.1):

X_ -
M, = My i i=1;:::;N: (6.1)
1=1
However, each reaction has a stoichiometric coe cient. Thg" reaction can be summarized
in the following ways:

B =100 (6.2)

iij = 0; j =100 (6.3)
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Stoichiometry for thej ™ reaction andI™ element is given by the extension of Eq. (5.24):

X
i i =0; =100 ] =100 (6.4)

i=1

The net change in Gibbs free energy and equilibrium constanbf thej ™ reaction are de ned
by the extensions of Egs. (5.268, 5.267, 5.270):

X
Gy onois| =10 (6.5)
i=1
0
Kpj exp ﬁTJ =1 (6.6)
PiN:1 ij o
Ke; g_.?. exp ﬁ_fj ; =100 (6.7)

The equilibrium of the j " reaction is given by the extension of Eq. (5.253):

»l -
T =0 =100 (6.8)
i=1
or the extension of Eq. (5.255):
X\l .
g i =0; =100 (6.9)

i=1

The multi-reaction extension of Eq. (4.522) for a nity is
o= i j=1;:0d (6.10)

In terms of the chemical a nity of each reaction, the equilitbium condition is simply the
extension of Eq. (5.254):

- =0; =215 (6.11)

At equilibrium, then the equilibrium constraints can be shan to reduce to the extension
of Eq. (5.266):

Kpj = — ; ] =100 (6.12)
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or the extension of Eq. (5.274):

Kej= "5 =105 (6.13)

For isochoric reaction, the evolution of species concenti@ i due to the combined e ect
of J reactions is given by the extension of Eq. (5.279):

z i 8 H
!
d _ X EE Y 1 Y .
—L = iaTiexp =2 Y 1 e i=1;::0N:
dt : k K . k
=t {z RT } | k=t cl )
o = |
| | orwar rfictlon reverse reaction }
ri=(1=v)d j=dt

(6.14)
The extension to isobaric reactions is straightforward, ahfollows the same analysis as for
a single reaction. Again, three intermediate variables whicare in common usage have been

de ned. First one takes the reaction rate of thg " reaction to be the extension of Eq. (5.280)
a) 1

!
j E v — 4 1 Y — K
o aTlexp = K 1 G =103 (6.15)
RT k=1 Kc;j _
| {z Pl 22z | —Z—)
ki (T) forward reaction reverse reaction
or the extension of Eq. (5.281)
0 1
E. & 0 1 W 00 ]
r=aTiexp —— Y —— T .NC| =153 (6.16)
RT -1 Kej o
| 2——1} " (2 |
kj (T); Arrhenius rate | forward reaction {z reverse reaction }
law of mass action

= 1d; .
Foovodt’
Here ; is the reaction progress variable for th¢™ reaction.

Each reaction has a temperature-dependent rate functidq(T), which is an extension of
Eq. (5.282):

(6.17)

E
ki (T T iexp —2 =100 6.18
i(T) & Xp =T J ( )
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The evolution rate of each species is given by, de ned now as an extension of Eq. (5.284):

X
L i Fjs P=1;000N; L= (6.19)
j=1

Here! has dimensionN 1, has dimensionN J, andr has dimension] 1.

The multi-reaction extension of Eq. (5.239) for mole change terms of progress variables
is

X
dn; = i dij; i=1;::::N: (6.20)
j=1
One also has Eqg. (5.243):
_ X X X
dGJT;P = T dni = T ik d Ks (621)
i=1 i=1 k=1
X X b\ X X
@G = T ik@ = i ik ki = i (6.22)
@ , ok @ j=1 i=1
= 7 =150 (6.23)

For a set of adiabatic, isochoric reactions, one can show thgtension of Eq. (5.435) is

I_)
r U N m1. T u !
_ i Y. _mUL_ o U UL (6.24)
dt CV CV CV CV

)
j:

where the energy change for a reactionU; is de ned as the extension of Eq. (5.434):

X
U= Tqy; =150 u=(@ )= "Tm (6.25)

i=1

Note that U has dimension) 1, T has dimension] N, and U has dimensionN 1.
So we then easily see

rm U=r" Tuo=( " ou=1"Tou=0u L: (6.26)

Similarly for a set of adiabatic, isobaric reactions, one nahow the extension of Eq. (5.450):

N
j:

dT _ 1T Hj
dt Cp Cp

(6.27)
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where the enthalpy change for a reaction H; is de ned as the extension of Eq. (5.449):

X . _
' i d; =(h )= T h: (6.28)

T h=h' 1; (6.29)

Moreover, the density and species concentration derivaés for an adiabatic, isobaric set can
be shown to be extensions of Egs. (5.460, 5.464):

d hd X h ( \
— = M i — 1 ; 6.30
dt =1 = T
d X H,
— = ri ity == n : (6.31)
dt i=1 CT
where
X
n = kj - (632)

In a similar fashion to that shown for a single reaction, oneata further sum over all
reactions and prove that mixture mass is conserved, elemenass and number are conserved.

Example 6.1
Show that element mass and number are conserved for the multieaction formulation.
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Start with Eq. (6.14) and expand as follows:

d * (6.33)
— = ij I’j X .
dt -
da- X
I ditl = i fis (6.34)
j=1
d X
a( i) = R (6.35)
j=1
X g XX
a( i) = i Ty (6.36)
i=1 | i=1 j=1
g X ' XX
- i = i T (6.37)
| i:l{Z } j=1i=1
:7‘9
d-© x X
ol rj i (6.38)
e e
=0
a® _ . . .
G = 0 I=lumk (6.39)
%(M %) = 0; l=1;:::5L; (6.40)
d,* _ . e, )
L (6.41)

It is also straightforward to show that the mixture density i s conserved for the multi-reaction, multi-
component mixture:

G =0 (6.42)

The proof of the Clausius-Duhem relationship for the secordw is an extension of the
single reaction result. Start with Eq. (5.465) and operate uth as for a single reaction model.

. 1 X
dSj,y = T —; dn; 0; (6.43)
|—fz—)
irreversible entropy production
ds vX dn1
- = - — == 0 6.44
dt .y T, ldtv 7 (6.44)
_ vX _a .
= T & 0; (6.45)
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v X X
= 7 T (6.46)
i=1  j=1
vV XX
= ? _i i rj 0; (647)
i=1 j=1
v X h\ ( )
= — I i i 0} 6.48
T j=1 i=1 I
V X 0 1 v X
= = k 3" 1 = 5 0 (6.49)
ji=1 =1 ¢ =1 | =l I
v X 0 1 ¥ 1 ¥
= — K o001 o RT In o o
T j=1 i=1 KCJ i=1 KCJ i=1
| | (6.50)
_ XY 1 Y 1 Y
= RV K -1 K ' In K o 0} (6.51)
j=1 i=1 G iz G =1

Note that Eq. (6.48) can also be written in terms of the a nities (see Eq. (6.10)) and reaction
progress variables (see Eq. (6.17) as

s _ 1% _d,
dt ,, T _ ldt

i=1

o: (6.52)

Similar to the argument for a single reaction, if one de nesx¢ensions of Egs. (5.488,
5.489) as

Yoo
RjO =k 5" (6.53)
i=1
00 Ki ¥ i
Cl =1
then it is easy to show that
=R’ R (6.55)
and we get the equivalent of Eq. (5.493):
ds _ X RO
— =RV R°R PIn L O (6.56)
dt .y =1 y J RJQO

Becausek;(T) > 0, R > 0, andV 0, and each term in the summation combines to
be positive semi-de nite, one sees that the Clausius-Duhemequality is guaranteed to be
satis ed for multi-component reactions.
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6.2 Equilibrium conditions

For multicomponent mixtures undergoing multiple reactios, determining the equilibrium
condition is more di cult. There are two primary approaches both of which are essentially
equivalent. The most straightforward method requires fora minimization of the Gibbs free
energy of the mixture. It can be shown that this actually ndsthe equilibrium associated
with all possible reactions

6.2.1 Minimization of G via Lagrange multipliers

Recall Eq. (4.390),dGjrp O. I%ecall also Eq. (4.392)G = P iNzl gin;. lé,ecause—i =g =
@G=@jA:1n,, One also hasG = L, —n;. From Eq. (4.393),dGjrp = [, — dni. Now
one must also demand for a system coming to equilibrium thahé element numbers are
conserved. This can be achieved by requiring

i(Mo M)=0; =1L (6.57)

Here recallnj, is the initial number of moles of specieisin the mixture, and | is the number
of moles of element in species. Iprne interpretsni, n; as  j, the negative of the net
mole change, Eq. (6.57) becomes iN=1 i j =0, equivalent to Eq. (6.4).

One can now use the method of constrained optimization givéy the method of Lagrange
multipliers to extremize G subject to the constraints of element conservation. The esdmum
will be a minimum; this will not be proved, but it will be demorstrated. De ne a set ofL
Lagrange multipliers ;. Next de ne an augmented Gibbs free energy functio® , which is
simply G plus the product of the Lagrange multipliers and the constiats:

b X
G =G+ | k(Mo Ni): (6.58)

Now when the constraints are satis ed, one ha& = G, so assuming the constraints can be
satis ed, extremizing G is equivalent to extremizingG . To extremizeG , take its di erential
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with respect ton;, with P, T and n; constant and set it to zero for each species:
!

@G @G @ x X _
o = == + = ! k(Nko Nk) =0; i=1;100N;
@n TP |@_[j{£2} @nT;P:nj =1 k=1
(6.59)
X X
= 7 | u<@ =0; i=1;:10N; (6.60)
=L ke |@{£2}
ki
X X
= ! k ki =0; PT=1;0000N; (6.61)
1=1 k=1
= 7 i = 0; P=1;00N: (6.62)

Next, for an ideal gas, one can expand the chemical potentia as to get

S

i+ RTIn il | i =0; i=1:::::N; (6.63)

| _{E 0} =1

0 o 1
I

. . ' b
—$;i+RTIn PE'L Pié i =0; i=1;:::;N: (6.64)

_. Nk o _

|——) =

: P : :
Recalling that  ;_, nx = n, in summary then, one hadN + L equations

_O =} nl P X_ — . H — s s s e .
i+ RTIn e i = 0; i=1;000N; (6.65)
0 I=1
i(Nic ny) = 0; l=1;:::;L: (6.66)
i=1
in N + L unknowns: n;;i =1;:::;N; ;1 =1;:::L
I
Example 6.2
Consider a previous example problem, see p. 157, in which
N2+N, 2N+Nj: (6.67)
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Take the reaction to be isothermal and isobaric withT = 6000 K and P = 100 kPa. Initially one has
1 kmole of N, and 0 kmole of N. Use the extremization of Gibbs free energy tond the equilibrium
composition.

First nd the chemical potentials at the reference pressureof each of the possible constituents.
0

0 =g0=h T = hogg + b TS (6.68)

For each species, one then nds

kJ

—0 _ —_ .
N, = 0+205848 (6000)(292984) = 15520567km0|e, (6.69)
k
N = 472680+ 124590 (6000)(216926) = 704286@3: (6.70)
To each of these one must add b
__ n; )
RT In Py

to get the full chemical potential. Now P = P, = 100 kPa for this problem, so one only must consider
RT = 8:314(6000) = 49884 k¥kmole. So, the chemical potentials are

nn,

N, = 1552056 + 49884 In (6.71)
NN + ﬂN2
—, = 704286 +49884In — N 6.72)
nNn + Ny,

Then one adds on the Lagrange multiplier and then considerslement conservation to get the
following coupled set of nonlinear algebraic equations:

1552056 +49884In — ™2 2 . = 0; (6.73)
NN + Ny,

704286 +49884In — N | = 0; (6.74)
ny + Ny,

nN+2ny, = 2: (6.75)

These nonlinear equations are solved numerically to get

NN, = 0:88214 kmole (6.76)

ny = 0:2357 kmole (6.77)
kJ

N = 781934m. (6.78)

These agree with results found in the earlier example probla, see p. 157.

I
Example 6.3
Consider a mixture of 2 kmole of B and 1 kmole of G, at T = 3000 K and P =100 kPa. Assuming
an isobaric and isothermal equilibration process with the poducts consisting of K, O,, H,O, OH, H,
and O, nd the equilibrium concentrations. Consider the same mixture at T =298 K and T = 1000 K.
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The rst task is to nd the chemical potentials of each species at the reference pressure and
T = 3000 K. Here one can use the standard tables along with the geeral equation

Hi=w = TS = hogg v By TS (6.79)
For each species, one then nds
5, = 0+88724 3000(202989) = 520242k7‘]' (6.80)
H2 kmole’
kJ
—0 = + - R
0, 0+98013 3000(284466) 755385 kmole” (6.81)
kJ
R0 = 241826 + 126548 3000(286504) = 974790m; (6.82)
kJ
2y = 38987 +89585 3000(256825) = 641903W0Ie; (6.83)
kJ
B = 217999 +56161 3000(162707) = 213961W0Ie; (6.84)
kJ
Q@ = 249170+ 56574 3000(209705) = 323371Wo|e : (6.85)

To each of these one must add

— niP
RT In :
nP

to get the full chemical potential. Now P = P, = 100 kPa for this problem, so one must only consider
RT = 8:314(3000) = 24942 k¥kmole. So, the chemical potentials are

—., = 520243 +24942In dLE (6.86)
NH, ¥+ No, + NH,0 + Nox + N + No
~, = 755385+ 24942In No. (6.87)
Ny, + Np, + Ny,0 + NoH Ny + Np
n
“wo = 974790 +249421In H20 (6.88)
2 NH, + No, + NH,0 + Non + NH + No
n
“on = 641903 +249421n o (6.89)
Ny, + No, + Ny,0 + NoH Ny + No
—n = 213961 +24942In H (6.90)
NH, ¥+ No, ¥+ NH,0 + Nox + N + No
—5 =  323371+24942In No (6.91)
Ny, + Np, + Ny,0 + NoH Ny + No

Then one adds on the Lagrange multipliers and then considerslement conservation to get the following
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coupled set of nonlinear equations:

520243 +249421In NHz 24 = 0; (6.92)
nH2 + I’]O2 + nHzo + Noy + Ny + Npo
755385 + 24942 In No. 206 = 0; (6.93)
NH, + No, * NH,0 + Non + NK + No
974790 + 24942 In dLELS 2h o = 0; (6.94)
N, ¥+ No, + NH,0 + Nox + N + No
n
641903 + 24942 In oH H o = 0; (6.95)
NH, * No, ¥ NH,0 + Nox + N + No
213961 + 24942 In NH H = 0; (6.96)
Ny, + No, + Ny,0+ Nox + Ny + Np
323371 +249421In fo o = 0; (6.97)
Ny, + No, + Ny,0 + Non + N + No
2Ny, +2NH,0 + Noy + Ny = 4, (6.98)
2ng, + NH,o+ Now + Ng = 2: (6.99)

These nonlinear algebraic equations can be solved numeribavia a Newton-Raphson technique.
The equations are sensitive to the initial guess, and one camse ones intuition to help guide the
selection. For example, one might expect to haveny,o somewhere near 2 kmole. Application of the
Newton-Raphson iteration yields

ng, = 3:19 10 ! kmole; (6.100)

no, = 1:10 10 ! kmole; (6.101)

N,o = 1:50 10 kmole; (6.102)

Noy = 2:20 10 ! kmole; (6.103)

ny = 1:36 10 ! kmole; (6.104)

No = 5:74 10 ? kmole; (6.105)
kJ

W o= 285 10 mole: (6.106)
kJ

o = 416 10° mole: (6.107)

At this relatively high value of temperature, all species casidered have a relatively major presence.
That is, there are no truly minor species.

Unless a very good guess is provided, it may be dicult to nd a solution for this set of nonlin-
ear equations. Straightforward algebra allows the equatios to be recast in a form which sometimes
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converges more rapidly:

2
Ny, 520243 H
= e e ; 6.108
Nk, + No, + Nryo + Nom + N + No P Zaga2 P 24012 (6.108)
2
no, 755385 o
= ex ex ; 6.109
Nk, + Mo, + Nryo + Nom + N + No P 22022 P 22042 (6.109)
2
Ny,o 974790 o H
= . (6.110
Nr, * No, + Mo + Non + i + Mo P Sa942 P g0z P Zg0zp ¢ (6:110)
Non 641903 o ’
= ex ex exp ——— ; 6.111
Nk, + Mo, + Nryo + Nom + N + No P 22042 P 220220 P 22082 (6.111)
n 213961 y
= ex ex ; 6.112
Nk, + Mo, * Nryo + Nom + N + No P 22042 P 22022 (6.112)
o 323371 o
= e e ; 6.113
Ny, + No, ¥+ Ny,0+ Noy + Ny + Np xP 24942 Xp 24942 ( )
2I"I|-|2 +2nHzo +Noy +hy = 4, (6114)
2n02 + Np,0ot Noy + No = 2: (6115)

Then solve these consideringn;, exp ( 0=24942), and exp ( y=24942) as unknowns. The same result is
recovered, but a broader range of initial guesses converge the correct solution.

One can verify that this choice extremizesG by direct computation; moreover, this will show
that the extremum is actually a minimum. In so doing, one must exercise care to see that element
conservation is retained. As an example, perturb the equilirium solution above for ny, and ny such
that

, 3:19 10 '+ ; (6.116)
Ny 1:36 10 2: (6.117)

Ny

Leave all other species mole numbers the same. In this way, velh = 0, one has the original equilibrium
solution. For 6 O, the solugon moves o the equilibrium value in such a way that elements are
conserved. Then one has = 1, —in; = G( ):

The dierence G( ) G(O0) is plotted in Fig. 6.1. When =0, there is no deviation from the value
predicted by the Newton-Raphson iteration. Clearly when =0, G( ) G(0), takes on a minimum
value, and so then does5( ). So the procedure works.

At the lower temperature, T = 298 K, application of the same procedure yields very di erent

results:
nu, = 4:88 10 ¥’ kmole; (6.118)
no, = 2:44 10 ?' kmole; (6.119)
NH,o = 2:00 10° kmole; (6.120)
Noy = 2:22 10 ?° kmole; (6.121)
Ny = 2:29 10 “° kmole; (6.122)
no = 1:67 10 °* kmole; (6.123)
Ho= 954 10 %ﬂ)le; (6.124)
kJ
o = L07 10° ol (6.125)

At the intermediate temperature, T = 1000 K, application of the same procedure shows the minor
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G(x) - G(0) (k)
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Figure 6.1: Gibbs free energy variation as mixture compogin is varied maintaining element
conservation for mixture of B, O,, H,O, OH, H, and O at T = 3000 K, P = 100 kPa.

species become slightly more prominent:

Ny, = 4:99 10 " kmole; (6.126)
no, = 2:44 10 ' kmole; (6.127)
NH,o = 2:00 10° kmole; (6.128)
Now = 2:09 10 8 kmole; (6.129)
Ny = 2:26 10 2 kmole; (6.130)
no = 1:10 10 3 kmole; (6.131)
wo= 136 10 %ﬂ)le; (6.132)
kJ
o = L77 10° ol (6.133)

6.2.2 Equilibration of all reactions

In another equivalent method, if one commences with a multeaction model, one can require
each reaction to be in equilibrium. This leads to a set of algeaic equations forr; = 0, which
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from Eq. (6.16) leads to
=) A Ge ¥
Kej = =— exp —=— = ; j=Elinnd (6.134)
RT K1

With some e ort it can be shown that not all of the J equations are linearly independent.
Moreover, they do not possess a unique solution. However, fdosed systems, only one of
the solutions is physical, as will be shown in the followingestion. The others typically
involve non-physical, negative concentrations.

Nevertheless, Eqs. (6.134) are entirely consistent with thpredictions of theN + L equa-
tions which arise from extremization of Gibbs free energy wa enforcing element number
constraints. This can be shown by beginning with Eq. (6.64)ewritten in terms of molar
concentrations, and performing the following sequence gberations:

|
n=v P X

—$;i+§TIn Pi———% i = 0; i=1;:::;N;(6.135)
klnk_vp 1=1
o .
+RT|n P—_P— ri = 0; 1=1;:::;N; (6136)
k=1 0 I=1
— - P .
4+ RTIn :'P— i = 0; i=1;:::;N;(6.137)
0 I=1
_ RT .
—$;i+RTIn _ip_ ' = 0; i=1;:::;N;(6.138)
© I=1
RT
u_$|+ i RTIn = — j Lo = 0 I=1;:000N;
0 I=1
=159 (6.139)
>(\| —0 >(\l D —ﬁT >(\| ><_ — . - R .
i T;i+ i RT In iP— i ri = 0; j—l,...,J, (6140)
||-1 (z—} i=1 0 i=1 I=1
D\ RT XX
Gj°+ RT i In _iP_ | i = 0; ] =1;:::;3; (6.141)
i=1 0 =1 | {Z—}
__X RT .
Gy + RT. ij In —ip—o = 0; j=1;:::;J:(6.142)

Here, the stoichiometry for each reaction has been employen remove the Lagrange multi-
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pliers. Continue to nd

X RT ' GP
In - — = — j=1;:00:0; (6.143)
i=1 PO | RT

X RT G?
exp In — — = exp — j=1;::0:3; (6.144)

i1 o RT

¥ RT ' G?
- — = ex 1 i =1;::0:0; 6.145
- | PO p RT J ( )

RT PiNzl i W Go
— -7 = ex L ; =100 6.146
P i P =7 J ( )

P N
__ Py Gy |
= == exp = j=1;::::3:(6.147)
_ RT RT
=1 | {z }
=Kyj
In summary,
W
0= Ky j =150, (6.148)
i=1

which is identical to Eq. (6.134), obtained by equilibratig each of theJ reactions. Thus,
extremization of Gibbs free energy is consistent with eqibrating each of theJ reactions.

6.3 Concise reaction rate law formulations

One can additional analysis to obtain a more e cient represgation of the reaction rate law
for multiple reactions. There are two important cases: 1J (N L); this is most common
for large chemical kinetic systems, and 2) < (N L); this is common for simple chemistry
models.

The species production rate is given by Eq. (6.14), which rades to

a; _ 1X¥  d .
— = — i : =1:;::::N: 6.149
t v 'dt ' ( )
j=1
Now recalling Eqg. (5.99), one has
IX L
dn; = Dy d; i=1;::::N: (6.150)
k=1
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Comparing then Eq. (6.150) to Eg. (6.20), one sees that

X XL
j dj = Di« d ; i=1:::::N; (6.151)
j=1 k=1
1 X 1 X"t .
— j dj= = Dy d g; i=1;:::;N: (6.152)
vV vV
j=1 k=1

6.3.1 Reaction dominant: J (N L)

Consider rst the most common case in whichl (N L). One can say the species
production rate is given

1 Xt d, X .
v Dikd—tk = i T I=1;:::;N: (6.153)
k=1 j=1

ai _
dt

One would like to inv%;t and solve directly flgrd k=dt. However,Dj is non-square and has no
inverse. But because |\, iDjp =0,and L, ;i j =0, L of the equationsN equations
in Eqg. (6.153) are redundant.

At this point, it is more convenient to go to a Gibbs vector noation, where there is an
obvious correspondence between the bold vectors and theimal counterparts:

ac 1_d
vl a T r (6.154)
DT D % = VD' r (6.155)
% = v(b" D)?! DT r: (6.156)

Because of thd linear dependencies, there is no loss of information in tmsatrix projection.
This system ofN L equations is the smallest number of di erential equationshiat can be
solved for a general system in which > (N L).

Lastly, one recovers the original system when forming

d .
D F - VIZ) (DT {9) ! DT} r: (6.157)

Here, theN N projection matrix P is symmetric, has norm of unity, has rank oN L,
hasN L eigenvalues of value unity, and. eigenvalues of value zero. And, while application
of a general projection matrix to  r Iters some of the information in  r, because the
N (N L) matrix D spans the same column space as the J matrix , no information
is lost in Eq. (6.157) relative to the original Eq. (6.154). Mthematically, one can say

P = - (6.158)
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6.3.2 Species dominant: J< (N L)

Next consider the case in whicli < (N L). This often arises in models of simple chemistry,
for example one- or two-step kinetics.

The fundamental reaction dynamics are most concisely gowed by the J equations
which form

1d
Vi r: (6.159)

However,r is a function of the concentrations; one must therefore reger — as a function
of reaction progress . In vector form, Eq. (6.149) is written as
ad _1 d
d Vv dt’
Take as an initial condition that the reaction progress is ze at t = 0 and that there are an
appropriate set of initial conditions on the species conctations ~:

(6.160)

= 0; t=0; (6.161)
- = T t=0: (6.162)

Then, because is a constant, Eq. (6.160) is easily integrated. After applgg the initial
conditions, Eq. (6.162), one gets

1
=0ty (6.163)

Last, if J =(N L), either approach yields the same number of equations, arslequally
concise.

6.4 Adiabatic, isochoric kinetics

Here an example which uses multiple reactions for an adiabaisochoric system is given.

I
Example 6.4
Consider the full time-dependency of a problem consideredni a previous example in which the
equilibrium state was found; see Sec. 5.3.3.4. A closed, xk adiabatic volume contains att =0 s a
stoichiometric mixture of 2 kmole of H,, 1 kmole of G, and 8 kmole of N, at 100 kPa and 1000 K.
Find the reaction dynamics as the system proceeds from its itial state to its nal state.

This problem requires a detailed numerical solution. Such asolution was performed by solving
Eq. (6.14) along with the associated calorically imperfectspecies state equations for a mixture of
eighteen interacting species: H, H, O, O,, OH, H,0, HO,, H,O,, N, NH>, NH3, NoH, NO, NO,, N,0O,
HNO, and N,. The equilibrium values were reported in a previous example
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H, 10
- o, HZO N,
10 | hydrogen- ) No
oxygen-related 10™° 20
= .| SPecies ° “
Z 10 | evolution < 20
2 Ho, — < 10 nitrogen
g o g and nitrogen
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I IS evolution
20 e 2
10 6/ 4 2 10.40 6 4 2
10 10 10 10 10 10
t (s) t(s)
3000 250
2500
. E 200
~ 2000 <
= o
. . 150
1500 induction
time
C) d)
1000 100
10° 10" 107 10° 10 107
t (s) t(s)

Figure 6.2: Plot of &)™, (t), "x(t), “o(t), "0,(t), "o (1), “h,0(t), THo, (1), "h,0,(1), B) T\ (1),
“no (1) o, (1), Thn,o(t), T, (1), ©) T(t), and d) P(t) for adiabatic, isochoric combustion of
a mixture of 2H, + O, + 8N, initially at T = 1000 K, P =100 kPa.
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The dynamics of the reaction process are re ected in Fig. 6.2 At early time, t< 4 10 * s, the
pressure, temperature, and major reactant species concemttions (H,; O,; N;) are nearly constant.
However, the minor species, e.g. OH, NO, H® and the major product, H,O, are undergoing very
rapid growth, albeit concentrations whose value remains smrall. In this period, the material is in what
is known as theinduction period.

After a certain critical mass of minor species has accumulad, exothermic recombination of these
minor species to form the major product H O induces the temperature to rise, which accelerates furthe
the reaction rates. This is manifested in athermal explosion A common de nition of the end of the
induction period is the induction time, t = t;, the time when dT=dt goes through a maximum. Here
one nds

ti=4:53 10 *s (6.164)

At the end of the induction zone, there is a nal relaxation to equilibrium. Often the induction time is
called the ignition delay time.
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Chapter 7

Kinetics in some more detall

See Powers, 2016, Chapter 1.

Here we give further details of kinetics. These notes are alased to introduce a separate
combustion course and have some overlap with previous chars.

Let us consider the reaction of N molecular chemical specmmmposed ot elements via
J chemical reactions. Let us assume the gas is an ideal mixtwkideal gases that satis es
Dalton's law of partial pressures. The reaction will be coidered to be driven bymolecular
collisions. We will not model individual collisions, but instead attenpt to capture their
collective e ect.

An example of a model of such a reaction is listed in Table 7.1.h&re we nd aN =9
species,J = 37 step irreversible reaction mechanism for ah = 3 hydrogen-oxygen-argon
mixture from Maas and Warnatz? with correctedf ,, from Maas and Pop€&. The model has
also been utilized by Fedkiw, et af. We need not worry yet aboutf,, which is known as
a collision e ciency factor. The one-sided arrows indicatgéhat each individual reaction is
considered to be irreversible. For nearly each reaction, eparate reverse reaction is listed;
thus, pairs of irreversible reactions can be considered tooehel reversible reactions.

In this model a set of elementary reactions are hypothesizeBor the j " reaction we have
the collision frequency factoig;, the temperature-dependency exponent and the activation
energy E;. These will be explained in short order. Other common formsxist. Often
reactions systems are described as being composed of révierseactions. Such reactions are
usually notated by two sided arrows. One such system is reped by Powers and Paolucdéi
reported here in Table 7.2. Both overall models are compliteal.

IMaas, U., and Warnatz, J., 1988, \Ignition Processes in Hydpgen-Oxygen Mixtures," Combustion and
Flame, 74(1): 53-69.

2Maas, U., and Pope, S. B., 1992, \Simplifying Chemical Kinetcs: Intrinsic Low-Dimensional Manifolds
in Composition Space," Combustion and Flame 88(3-4): 239-264.

3Fedkiw, R. P., Merriman, B., and Osher, S., 1997, \High Accuracy Numerical Methods for Thermally
Perfect Gas Flows with Chemistry," Journal of Computational Physics 132(2): 175-190.

4Powers, J. M., and Paolucci, S., 2005, \Accurate Spatial Reslution Estimates for Reactive Supersonic
Flow with Detailed Chemistry," AIAA Journal , 43(5): 1088-1099.
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CHAPTER 7. KINETICS IN SOME MORE DETAIL

. . (mol :CmS)(l l(\)/l:j ’ iN=l i(i) = kJ
] | Reaction a K i i ol
1/0,+H! OH+O 2:00 10 0:00 70:30
2/OH+0O0! O,+H 1:.46 101 0:00 2:08
3/H,+O! OH+H 5:06 10 2:67 26:30
4 OH+H! H,+O 2:24 10 2:67 1840
5/ H,+OH! H,O+H 1:.00 10 1:60 13.80
6 H,LO+H ! H,+OH 4:45 1C° 1.60 7713
7/ OH+0OH! H,O0+0O 150 10° 1:14 0:42
8| H,O+0O! OH+OH 1:51 109 1:14 7164
9/ H+H+M ! H,+M 1:80 104 1:00 0:00
10 H,+M ! H+H+M 6:99 10°® 1:00| 43608
11 {H+OH+M ! H,O+M 220 10% 2:00 0:00
12 HbLO+M! H+OH+M 380 10° 2:00| 49941
13|0+0+M ! O, +M 2:90 10Y 1:00 0:00
14/ O0,+M! O+0O+M 6:81 1018 1:00 49641
15|H+0O,+M ! HO,+M 2:30 10°® 0:80 0:00
16| HO,+M ! H+0O,+M 326 10°® 0:80| 19588
17| HO,+H ! OH+OH 1:50 10% 0:00 4:20
18| OH+OH ! HO,+H 1:33 10% 0:00 16830
19| HO,+H! H,+0, 2:50 108 0:00 2:90
20| H, +0O,! HO,+H 6:84 10° 0:00 24310
21| HO,+H! H,O0+0 3:00 10% 0:00 7:20
22| H,O0+0O! HO,+H 2:67 10° 0:00 24252
23| HO,+O! OH+O0, 1:80 101 0:00 1:70
24| OH+0O,! HO,+0O 2:18 108 0:00 23061
25| HO,+OH ! H,O0+O0, 6:00 10% 0:00 0:00
26| H,O+0,! HO,+OH 7:31 10 0:00 30353
27| HO, +HO,! H,0,+0, 2:50 10“ 0:00 5:20
28| OH+OH+M | H,0,+M 325 107 2:00 0:00
29| H,O,+M ! OH+OH+M 210 10* 2:00| 20680
30| HbO,+H ! H;,+HO, 1:70 10% 0:00 1570
31 H, + HO o | H202 +H 1:15 10% 0:00 80:88
32| H,O,+H! H,O+OH 1:.00 10% 0:00 15.00
33| H,O+OH ! H,0,+H 2:67 10% 0:00 30751
34| H,0,+O ! OH+HO, 2:80 10% 0:00 26.80
35| OH+HO,! H,0,+0 8:40 10% 0:00 84:09
36| H,O,+OH ! H,O+HO, 5:40 10 0:00 4:20
37| H,O+HO,! H,0,+OH 1:63 10% 0:00 13271
Table 7.1:  Third body collision e ciencies with M are fy, = 1:00, fo, = 0:35, and
szo =6:5.
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P
j | Reaction g Mo o)’ &.;j ol i | B s
s K
1/ H,+0O, OH+OH 170 10° 0:00 47780
2/ OH+H, H,O+H 1:17 10 1:30 3626
3|H+0O, OH+O 5:13 10 0:82 16507
4/ 0+H, OH+H 1:80 10 1.00 8826
5/|H+0,+M HO, + M 2:10 1018 1:00 0
6 H+O,+0, HO, + O» 6:70 10° 1:42 0
7/ H+O,+N, HO,+N; 6:70 10% 1:42 0
8 OH+HO, H,O0+O0, 5.00 109 0:00 1000
9  H+HO, OH+OH 250 10% 0:00 1900
10| O+HO, 0O,+O0OH 4:80 101 0:00 1000
11| OH+ OH O+H,0 6:00 1C° 1:30 0
12| H,+ M H+H+M 2:23 10v 0:50 92600
13| O, +M O+0+M 1:.85 10“ 0:50 95560
14/ H+OH+M H,O+ M 750 107 2:60 0
15| H+HO 2 H, + O 2 2:50 108 0:00 700
16 | HO, +HO, H,0,+0, 2:00 10% 0:00 0
17| H,O, + M OH+OH+M | 1:30 10Y 0:00 45500
18| H,O, +H HO, +H» 1:60 107 0:00 3800
19| H,O, + OH H,O + HO, 1:.00 10 0:00 1800

Table 7.2: Nine species, nineteen step reversible reactioeahanism for an H=0,=N, mix-
ture. Third body collision e ciencies with M are f5(H,0) = 21, f5(H,) = 3:3, f12(H,0) =6,
f12(H) =2, f12(H2) =3, f14(H20) = 20.
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7.1 Isothermal, isochoric kinetics

For simplicity, we will rst focus attention on cases in whit the temperature T and vol-
ume V are both constant. Such assumptions are known as \isotherthand \isochoric,"
respectively. A nice fundamental treatment of elementaryeactions of this type is given by
Vincenti and Kruger in their detailed monograph?

7.1.1 O O, dissociation

One of the simplest physical examples is provided by the digsation of O, into its atomic
component O.

7.1.1.1 Pair of irreversible reactions

To get started, let us focus for now only on reactions 13 and fbm Table 7.1 in the limiting

case in which temperaturel and volumeV are constant.

7.1.1.1.1 Mathematical model The reactions describe oxygen dissociation and recom-
bination in a pair of irreversible reactions:

13:0+0+M |  O,+M; (7.1)
14:0,+M | O+0+M,; (7.2)
with
mole 2K —_ kJ
a;3=2:90 10Y oE 5 B 1:000 E3=0 e (7.3)
mole 'K — kJ
=6:81 10 —: = 1 E.,=496:41 —: 7.4
a4 =6:8 o P S’ 14 0G, 14 96 mole (7.4)

The irreversibility is indicated by the one-sided arrow. Tlough they participate in the overall
hydrogen oxidation problem, these two reactions are in faself-contained as well. So let us
just consider that we have only oxygen in our box witiN = 2 species, Q@ and O, J = 2
reactions (those being 13 and 14), and = 1 element, that being O.

Recall that in the cgs system, common in thermochemistry, #t 1 erg = 1 dyne cm =
10 7 J = 10 9 kJ. Recall also that the cgs unit of force is the dyne and that tlyne =
1 gcnes? =10 ° N. So for cgs we have

k] 109 erg
mole kJ

=4:96 102 9. (7.5)
m

Eizs=0 —; E 14 = 496:41
13 e 14 ole

SW. G. Vincenti and C. H. Kruger, 1965, Introduction to Physical Gas Dynamics, Wiley, New York.
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The standard model for chemical reaction induces the follimg two ordinary di erential
equations for the evolution of O and @ molar concentrations:

d E E
d_to = 2apT Pexp —— oo wm+2auT “exp ?14 “o, my (7.6)

| {z } | {z }

| = k13 (T){Z } | = kl4 (T{Z }

=Tri3 =T
d- E E
—2 = aT Bexp —— oo m aul “exp —— o, (7.7)
dt | {z RT ) | {z RT )
I =ki3 (T){Z } | = k14(T{Z }

=ri3 =ri4

Here we use the notation; as the molar concentration of specigs Also a common usage for
molar concentration is given by square brackets, e.go, = [O;]. The symbol M represents
an arbitrary third body and is an inert participant in the reaction. We also use the common
notation of a temperature-dependent portion of the reactiorate for reactionj, ki (T), where

E.
ki(T)= aTiexp =~ : 7.8
i(T)= & p RT (7.8)
The reaction rates for reactions 13 and 14 are de ned as
ris = Kiso o wms (7.9)
g = kl4_02_M: (710)

We will give details of how to generalize this form later. Thesystem Eq. (7.6-7.7) can be
written simply as

9o - L +2rw (7.11)
dt
d™o,
: 7.12
at iz ria ( )
Even more simply, in vector form, Egs. (7.11-7.12) can be wgn as
d-
— = : 7.13
gt r (7.13)
Here we have taken
- = o (7.14)
O2
_ 2 2
= 1 7 (7.15)
= B (7.16)
M4
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In general, we will have™ be a column vector of dimensiotN 1, will be a rectangular
matrix of dimensionN J of rank R, and r will be a column vector of length) 1. So
Egs. (7.11-7.12) take the form

d 0 2 2 M3

sl = 7.17
dt "o, 1 1 ry (7.17)

Here that the rank R of isR = L = 1. Let us also de ne a species-element matrix of
dimensionL N. The component of , | represents the number of elemertin species
i. Generally will be full rank, which will vary because we can havé <N , L = N, or
L>N . Here we haveL <N and is of dimension 1 2:

=1 2: (7.18)
Element conservation is guaranteed by insisting that be constructed such that
= 0: (7.19)

So we can say that each of the column vectors oflies in the right null space of .
For our example, we see that Eq. (7.19) holds:

_ 2 2 _ .
=12 [ ¢ =o00: (7.20)

The symbolR is the universal gas constant, where

— J 10’ erg erg
R =8:31441 =8:31441 10 ; 7.21
8:3 mole K J 8:3 0 mole K ( )
Let us take as initial conditions
Tot=0)= by, o, (t=0)= By (7.22)
Now M represents an arbitrary third body, so here
M~ ot o (7.23)
Thus, the ordinary di erential equations of the reaction dyramics reduce to
d_O — E13 - - — _
g 2a;3T * exp =T oo ot o
+2ay,T Eu . 7.24
aia exp RT 0, O3 o (7.24)
d7o Eis _ _ _ _
dt2 = apT ®exp =T oo ot o
14 _ _ _ .
apaT *exp o 0, o0, o " (7.25)
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Equations (7.24-7.25) with Egs. (7.22) represent two nonkar ordinary di erential equations
with initial conditions in two unknowns ~5 and—,,. We seek the behavior of these two species
concentrations as a function of time.

Systems of nonlinear equations are generally di cult to inégrate analytically and gen-
erally require numerical solution. Before embarking on a moerical solution, we simplify as
much as we can. Note that

d_O d_Oz — .
d

We can integrate and apply the initial conditions (7.22) to gt
o0 +27, = By +2B, = constant: (7.28)

The fact that this algebraic constraint exists for all time § a consequence of the conservation
of mass of each O element. It can also be thought of as the cama&on of number of
O atoms. Such notions always hold for chemical reactions. &y do not hold for nuclear
reactions.

Standard linear algebra provides a robust way to nd the cormint of Eq. (7.28). We
can use elementary row operations to cast Eq. (7.16) into aweechelon form. Here our goal
is to get a linear combination which on the right side has an yger triangular form. To
achieve this add twice the second equation with the rst to fon a new equation to replace
the second equation. This gives

d o _ 2 2 Mrs .
dt o+25 - 0 0 iy (7.29)

2

Obviously the second equation is one we obtained earliet=di(" + 27,) = 0, and this
induces our algebraic constraint. We also note the systemrcae recast as

10 d o 2 2 K]
hal = 7.30
1 2 dt _02 0O O [EV ( )
This is of the matrix form
LtP - r: (7.31)
. : )

HereL andL 'areN N lower triangular matrices of full rank N, and thus invertible.
The matrix U is upper triangular of dimensionN J and with the samerankas ,R L.
The matrix P is a permutation matrix of dimensionN  N. It is never singular and thus
always invertable. It is used to e ect possible row exchangego achieve the desired form;
often row exchanges are not necessary, in which cd3e= I, the N N identity matrix.
Equation (7.31) can be manipulated to form the original equen via

C(;—: = F—l{f—ti r: (7.32)

© 03 August 2026, Joseph M. Powers. All rights reserved.
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What we have done is the standard linear algebra decompositiof =P ! L U.
We can also decompose the algebraic constraint, Eq. (7.28),a non-obvious way that
is more readily useful for larger systems. We can write

_ 1 _ _
0, = bOz é o bO . (7.33)
Deningnow o= By, we can say

0] 0]

_° = + o (7.34)
e 1 1a
= - B =D =

This gives the dependent variables in terms of a smaller numbof transformed dependent
variables in a way which satis es the linear constraints. Iwector form, the equation becomes

—=b+D (7.35)

Here D is a full rank matrix which spans the same column space as does Note that
may or may not be full rank. Becausd® spans the same column space as doeswe must
also have in general

D=0: (7.36)
We see here this is true:

1

12 5
2

=(0): (7.37)

We also note that the term exp( E;=RT) is a modulating factor to the dynamics. Let
us see how this behaves for high and low temperatures. Firstrflow temperature, we have

. E, _ ..
ll!moexp BT =0: (7.38)
At high temperature, we have
. J — .
TI!{n exp T 1: (7.39)

And lastly, at intermediate temperature, we have

Ej
R

|| M|

exp O (1) when T=0 (7.40)
A sketch of this modulating factor is given in Figure 7.1. Note
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E;/R
Figure 7.1: Plot of exp( E;=R=T) versusT; transition occurs atT  E;=R.

~ for small T, the modulation is extreme, and the reaction rate isery small,
~ for T E;=R, the reaction rate is extremely sensitive to temperature,ral

" forT!1 ,the modulation is unity, and the reaction rate is limited oty by molecular
collision frequency.

Now ~ and ~, represent molar concentrations which have standard unit{ mole=cm?®.
So the reaction rates o 4
—9  and 92

dt dt

have units of molecm®=s.

After conversion ofE; from kJ=mole to erg-mole we nd the units of the argument of

the exponential to be dimensionless. That is
E; _ ergmoleK1l

—_— — dimensionless (7.41)
RT mole erg K

Here the brackets denote the units of a quantity, and not molaconcentration. Let us get
units for the collision frequency factor of reaction 13a;3. We know the units of the rate
(mole=cm®=s). Reaction 13 involves three molar species. Becausg = 1, it also has an
extra temperature dependency. The exponential of a unitleswumber is unitless, so we need
not worry about that. For units to match, we must have

mole mole  mole  mole K L

= 7.42
cm3 S [2a3] cm3 cm3 cm3 ( )
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So the units ofa;; are

mole K
ais] = —: 7.43
sl = 5 o (7.43)
For a;4 we nd a di erent set of units! Following the same procedureywe get
mole mole  mole 1
s =la : 7.44
cm3 L@l cm?® cmd (7.44)
So the units ofay, are
mole 'K
aiq] = —: 7.45
EME (7.45)

This discrepancy in the units ofg; the molecular collision frequency factor is a burden of tra-
ditional chemical kinetics, and causes many di culties whe classical non-dimensionalization
is performed. With much e ort, a cleaner theory could be formlated; however, this would

require signi cant work to re-cast the now-standarda; values for literally thousands of re-

actions which are well established in the literature.

7.1.1.1.2 Example calculation Let us consider an example problem. Let us take =
5000 K, and initial conditions B, = 0:001 molecm® and B,, = 0:001 molecm®. The
initial temperature is very hot, and is near the temperatureof the surface of the sun. This
is also realizable in laboratory conditions, but uncommomimost combustion engineering
environments.

We can solve these in a variety of ways. | chose here to solvetbBgs. (7.24-7.25) without
the reduction provided by Eq. (7.28). However, we can checkt@f numerical solution to see
if Eq. (7.28) is actually satis ed. Substituting numericalvalues Ifor all the constants to get

E 13 _ mole °? K 1
2a,,T = — = 2 29 10 — (5000 K 0);
a-13 eXp RT Cm3 S ( ) exp( )1
le 21
= 116 10¢ TOF (7.46)
cm S |
Ewu mole 'K 1
2a.T “e — = 2 681 10 — = (5000K
14 Xp RT e s ( )
exp 496 102 29 _
mole 11
= 1:77548 10 — = 7.47
cm3 s ( )
Eqs mole 21
ansT B e — = 5:80 108 — = 7.48
Ewu mole '1
T — = 88774 10 = 7.49
14 exp BT ome ( )
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Po»Po, (mole/cm?)

0.00150,
OZ
0.00100
0.00070}
0.00050}
0
101 101 10° 10¢ 107 108 ()

Figure 7.2: Molar concentrations versus time for oxygen digciation problem.

Then the di erential equation system becomes

(z—f = (116 10%)3( o+ o,)*(1:77548 10 (o+ o,); (7.50)
d;(t)z = (5:80 10%)2( o+ o, (88774 1) 0,( o+ o) (7.51)
0(0) = 0:001T—r?]|f; (7.52)
.0 = 0:001T%% (7.53)

These nonlinear ordinary di erential equations are in a stadard form for a wide variety
of numerical software tools. Solution of such equations an®t the topic of these notes.

7.1.1.1.2.1 Species concentration versus time A solution was obtained numer-
ically, and a plot of “5(t) and ~,(t) is given in Figure 7.2. Signi cant reaction does not
commence untilt 10 ° s. This can be shown to be very close to the time between molec-
ular collisions. For 10° s<t < 10 8 s, there is a vigorous reaction. Fot > 10 ’ s, the
reaction appears to be equilibrated. The calculation giveke equilibrium values™3 and 73,
as

mole

H — - —e = . .

tI!llm 0= o= 0.0004424m, (7.54)
. _ e _nA. mole

tI!llm 0, = 0,= OOOQ?W’ (7.55)

At this high temperature, O, is preferred over O, but there are de nitely O molecules prest
at equilibrium.
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r

1.5x10% f

1.0x107®

5.0x10%

: : : : t(s
0% 100 10°  10° 107 100 O

Figure 7.3: Dimensionless residual numerical errorin satisfying the element conservation
constraint in the oxygen dissociation example.

We can check how well the numerical solution satis ed the adipraic constraint of element
conservation by plotting the dimensionless residual errar

0t270, b, 2b02

r =
bO + 2b02

: (7.56)

as a function of time. If the constraint is exactly satis ed,we will haver = 0. Any non-zero

r will be related to the numerical method we have chosen. It magontain roundo error

and have a sporadic nature. A plot of (t) is given in Figure 7.3. Clearly the error is small,
and has the character of a roundo error. In fact it is possild to drive r to be smaller by
controlling the error tolerance in the numerical method.

7.1.1.1.2.2 Pressure versus time We can use the ideal gas law to calculate the
pressure. Recall that the ideal gas law for molecular spegieis

P,V = n,RT: (7.57)

Here P; is the partial pressure of molecular specids and n; is the number of moles of
molecular species. We also have

N —
P, = V'RT: (7.58)

By our de nition of molar species concentration that
= (7.59)

So we also have the ideal gas law as
P, = —RT: (7.60)
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Now in the Dalton mixture model, all species share the samk and V. So the mixture
temperature and volume are the same for each specMs= V, T; = T. But the mixture
pressure is taken to be the sum of the partial pressures:

P= P (7.61)

Substituting from Eq. (7.60) into Eq. (7.61), we get
X _ X
P = “RT=RT 7 (7.62)
i=1 i=1
For our example, we only have two species, so

P=RT( o+ o,): (7.63)

The pressure at the initial statet =0 is

P(t=0) = RT(®,+by); (7.64)
_ , erg mole mole
= 831441 100 -~ p— . (7.65)
= 8:31441 10° yne (7.66)
= 8:31441 1@ bar. (7.67)

This pressure is over 800 atmospheres. It is actually a li&ltoo high for good experimental
correlation with the underlying data, but we will neglect that for this exercise.

At the equilibrium state we have more Q@ and less O. And we have a di erent number
of molecules, so we expect the pressure to be di erent. At @fjorium, the pressure is

P(EI1 ) = lim ﬁT(—O+—02); (7.68)
= 831441 107m o (5000 K) 0:0004424™ mo'e :

(7.69)

= 7:15 10° d{:e (7.70)

= 7:15 1 bar: (7.71)

The pressure has dropped because much of the O has recombiteeéorm O,. Thus there
are fewer molecules at equilibrium. The temperature and wohe have remained the same.
A plot of P(t) is given in Figure 7.4.
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P (dyne/cm?)

8 x10°

7x1C

104 1010 10° 108 107 10° t(s)
Figure 7.4: Pressure versus time for oxygen dissociationaexple.

7.1.1.1.2.3 Dynamical system form Now Egs. (7.50-7.51) are of the standard form
for an autonomous dynamical system:

dy

— = f(y): 7.72
() (7.72)
Herey is the vector of state variables{; ",)". And f is an algebraic function of the state

variables. For the isothermal system, the algebraic funan is in fact a polynomial.
Equilibrium

The dynamical system is in equilibrium when
f(y)= 0: (7.73)

This nonlinear set of algebraic equations can be dicult to slve for large systems. For
common chemical kinetics systems, such as the one we are idgalith, there is a guarantee
of a unigue equilibrium for which all state variables are phsical. There are certainly other
equilibria for which at least one of the state variables is mephysical. Such equilibria can
be quite mathematically complicated.

Solving Eq. (7.73) for our oxygen dissociation problem gis@is symbolically from Eq. (7.6-
7.7)

E E
23,3 €XP ﬁ—Tl?’ —e—e— T 13 4 23, exp ﬁ—TM ST = 0;  (7.74)

E E
a;zT “Bexp —ﬁTB O o m @l *exp ﬁ_lel _gz_el\/l = 0: (7.75)
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We notice that 7}, cancels. This so-called third body will in fact never a ect he equilib-
rium state. It will however in uence the dynamics. Removingy}, and slightly rearranging
Egs. (7.74-7.75) gives

Eis — Eu _
a;sT 2 ex — &€ = a; T “ex — e . 7.76
13 p RT o0 14 p =T 0, ( )
aisT B exp B e aT * exp _Bu : (7.77)
RT ©°° RT @

These are the same equations! So we really have two unknowmsthe equilibrium state g
and 73, but seemingly only one equation. Rearranging either Eq. (#) or (7.77) gives the
result

m|

—e—e a4 “exp 14

© 0 - T = K(T): (7.78)

—e
02 a;sT B exp le3

x|

m|

Py}

That is, for the net reaction (excluding the inert third body), O, ! 0O+0O, at equilibrium the
product of the concentrations of the products divided by theroduct of the concentrations
of the reactants is a function of temperaturel. And for constant T, this is the so-called
equilibrium constant. This is a famous result from basic cimeistry. It is actually not complete
yet, as we have not taken advantage of a connection with theodynamics. But for now, it
will su ce.

We still have a problem: Eq. (7.78) is still one equation forwo unknowns. We solve
this be recalling we have not yet taken advantage of our algetic constraint of element
conservation, Eq. (7.28). Let us use the equation to elimite ™, in favor of 73:

_ 1 _ _
%75 Po o b, (7.79)
So Eq. (7.76) reduces to
E13 —e — E14 1 —
a;T Bexp — e = g T “exp — - b e +b, : (7.80
13 p BT 00 14 p BT | 5 O {Zo 02} ( )
:%2

Equation (7.80) is one algebraic equation in one unknown.slsolution gives the equilibrium
value 3. It is a quadratic equation for—g. Of its two roots, one will be physical.We note
that the equilibrium state will be a function of the initial onditions. Mathematically this
is because our system is really best posed as a system of dirgral-algebraic equations.
Systems which are purely di erential equations will have aglibria which are independent
of their initial conditions. Most of the literature of mathematical physics focuses on such
systems of those. One of the foundational complications dfiamical dynamics is that the
equilibria is a function of the initial conditions, and thisrenders many common mathematical
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f(Po) = @o(po) (mole/em®/s)
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Figure 7.5: Equilibria for oxygen dissociation example.

notions from traditional dynamic system theory to be invalil Fortunately, after one accounts
for the linear constraints of element conservation, one caeturn to classical notions from
traditional dynamic systems theory.

Consider the dynamics of Eq. (7.24) for the evolution of,. Equilibrating the right
hand side of this equation, gives Eq. (7.74). Eliminating,, and then—, in Eq. (7.74) then
substituting in numerical parameters gives the cubic algehic equation

339483 (1:78439 10")(n)? (58 108)()%=f () =0: (7.81)

This equation is cubic because we did not remove the e ect of,. This will not a ect
the equilibrium, but will a ect the dynamics. We can get an icea of where the roots are by
plotting f (") as seen in Figure 7.5. Zero crossingsfdf ) in Figure 7.5 represent equilibria
of the system, g, f ("g) = 0. The cubic equation has three roots

I .
& = 0003 %38; non-physical (7.82)
e . mole ,
5 = 0.000518944m, non-physical (7.83)
e AL mole ,
5 = 0 '000442414W’ physical (7.84)

The physical root found by our algebraic analysis is identit to that which was identi ed
by our numerical integration of the ordinary di erential equations of reaction kinetics.

Stability of equilibria

We can get a simple estimate of the stability of the equiliba by considering the slope of

f nearf =0. Our dynamic system is of the form
do _ ¢\
e f(To): (7.85)
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" Near the rst non-physical root at =3 = 0:003, a positive perturbation from equi-
librium induces f < 0, which inducesd y=dt < 0, S0 returns to its equilibrium.
Similarly, a negative perturbation from equilibrium indue@sd 5=dt > 0, so the system
returns to equilibrium. This non-physical equilibrium pont is stable. Stability does
not imply physicality!

Perform the same exercise for the non-physical root af = 0:000518944. We nd
this root is unstable

" Perform the same exercise for the physical root ay = 0:000442414. We nd this
root is stable

In general iff crosses zero with a positive slope, the equilibrium is ungta. Otherwise, it
is stable.

Consider a formal Taylor series expansion of Eq. (7.85) ingmeighborhood of an equi-
librium point —3:

d o
at o 0= [ _Z(e)?"' a (o Q)+ (7.86)
-_0- 0 =7%
We nd d=d by di erentiating Eq. (7.81) to get
o

e = (356877 10")( (1:74 10'%73: (7.87)
We evaluated=d—5 near the physical equilibrium point at™5 = 0:0004442414 to get
i = (3:56877 10')(0:0004442414) (1:74 10'%)(0:0004442414)
d7o

1
1:91945 1¢° = (7.88)

Thus the Taylor series expansion of Eq. (7.24) in the neighldmod of the physical equi-
librium gives the local kinetics to be driven by

%(—o 0:000442414) = (1:91945 10F)(~, 0:0004442414) +::: (7.89)
So in the neighborhood of the physical equilibrium we have

~o = 0:0004442414 A exp 191945 10°t : (7.90)

Here A is an arbitrary constant of integration. The local time congant which governs the
times scales of local evolution is where

1
©1:91945 108

This nano-second time scale is very fast. It can be shown to berrelated with the mean
time between collisions of molecules.

=5:20983 10 °s (7.91)
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7.1.1.1.3 E ect of temperature Let us perform four case studies to see the e ect of
T on the system's equilibria and it dynamics near equilibrium

" T =3000 K. Here we have signi cantly reduced the temperature, i it is still higher
than typically found in ordinary combustion engineering evironments. Here we nd

B mole
& = 8:9371 10° g (7.92)
= 1:92059 10 ’s: (7.93)

The equilibrium concentration of O dropped by two orders of mgnitude relative to
T =5000 K, and the time scale of the dynamics near equilibrium@ved by two orders
of magnitude.

T = 1000 K. Here we reduce the temperature more. This temperateiis common in
combustion engineering environments. We nd

B mole
e 2:0356 10 o (7.94)

2:82331 10's: (7.95)

The O concentration at equilibrium is greatly diminished tathe point of being di cult
to detect by standard measurement techniques. And the time ale of combustion has
signi cantly slowed.

T =300 K. This is obviously near room temperature. We nd

_ mole
e 1:14199 10 * el (7.96)

1:50977 10! s: (7.97)

The O concentration is e ectively zero at room temperatureand the relaxation time
is e ectively in nite. As the oldest star in our galaxy has an @je of 44 10" s, we see
that at this temperature, our mathematical model cannot bexperimentally validated,
So it loses its meaning. At such a low temperature, the theotyecomes qualitatively
correct, but not quantitatively predictive.

T = 10000 K. Such high temperature could be achieved in an atnseric re-entry
environment.

B mole
& = 2:74807 10°3 pmec (7.98)
= 1:69119 10 s (7.99)

At this high temperature, O become preferred over £ and the time scales of reaction
become extremely small, under a nanosecond.
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7.1.1.2 Single reversible reaction

The two irreversible reactions studied in the previous sdéoh are of a class that is common
in combustion modeling. However, the model su ers a defect iat its link to classical
equilibrium thermodynamics is missing. A better way to modeessentially the same physics
and guarantee consistency with classical equilibrium therodynamics is to model the process
as a singlereversiblereaction, with a suitably modi ed reaction rate term.

7.1.1.2.1 Mathematical model

7.1.1.2.1.1 Kinetics For the reversible O O, reaction, let us only consider reaction
13 from Table 7.2 for which

13:0,+M O+0+M: (7.100)

For this system, we haveN = 2 molecular species inL = 1 elements reacting inJ =1
reaction. Here

| 1 _ _ |
500 %% 19=05  E;3=95560 - (7.101)

C
a;3=1:85 10"
13 mole

Units of cal are common in chemistry, but we need to convert ta@ which is achieved via

— cal J 10" er er
Eis= 95560~  4:186-— 9 -4.00014 102 9. (7102
mole cal J mole
For this reversible reaction, we slightly modify the kinetts equations to
E 1
do . 2357 Pexp —— 0, M 0o M (7.103)
e s
| :kl3(T) {Z }
=ri3
d- E 1
—22 = apT Pexp —==— o, u oowMm - (7.104)
dt I {Z RT } Kc;13
=ki13(T)

I {z }

=ris

Here we have used equivalent de nitions fok,3(T) and r3, so that Egs. (7.103-7.104) can
be written compactly as

4
d_f = 2r13; (7105)
0

?02 = i (7.106)
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In matrix form, we can simplify to
d _O

_ 2 .
& -2 % 1 (F13): (7.107)

|22}

Here theN Jor2 1 matrix is

_ 2
= 7 (7.108)

Performing row operations, the matrix form reduces to
d _O

& —o+2, = 5 (ri3); (7.109)
or
10d —» _ 2 _
D2 g L = o () (7.110)
SoheretheN N or2 2matrixL tis
1 1 0 |
L= ], (7.111)

The N N or2 2 permutation matrix P is the identity matrix. Andthe N Jor2 1
upper triangular matrix U is

_ 2,
U= 0" (7.112)
Note that =L U or equivalentlyL ! = U:
L o= o (7.113)
| {z—}{z-}  [{z}
=L 1 = =U
Once again the species-element matrix is
=1 2: (7.114)
And we see that = 0 is satis ed:
2
12 1 = 0 : (7.115)

As for the irreversible reactions, the reversible reactiorates are constructed to conserve
O atoms. We have

G 0*270 =0 (7.116)
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Thus, we once again nd

0 +27, = by +2b, = constant: (7.117)
As before, we can say
- b _
o = o 4 L e (7.118)
[ R v R B e
= _b =D -

This gives the dependent variables in terms of a smaller numbof transformed dependent
variables in a way which satis es the linear constraints. Iwector form, the equation becomes

—=b+p (7.119)

Once again D = 0.

7.1.1.2.1.2 Thermodynamics Equations (7.103-7.104) are supplemented by an ex-
pression for the thermodynamics-based equilibrium constiaK ;.13 which is:

PO Ggl.)?:
c;13 RT p RT ( )

Here P, = 1:01326 1C° dyne=cm? = 1 atm is the reference pressure. The net change of
Gibbs free energy at the reference pressure for reaction 1359, is de ned as

Gi3 =205 Uo,: (7.121)

We further recall that the Gibbs free energy for speciasat the reference pressure is de ned
in terms of the enthalpy and entropy as

(0]

o°=h TsX (7.122)
It is common to nd ﬁio and s in thermodynamic tables tabulated as functions of .
We further note that both Egs. (7.103) and (7.104) are in eglibrium when

1
= oo (7.123)
c;13

—e —e
O, M

We rearrange Eq. (7.123) to nd the familiar

e Q
K og = 00 _ 0 [products]:
' o, [reactants]

(7.124)

If K13 > 1, the products are preferred. IK .13 < 1, the reactants are preferred.
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Now, K13 is a function of T only, so it is known. But Eq. (7.124) once again is one
equation in two unknowns. We can use the element conservatigonstraint, Eq. (7.117) to
reduce to one equation and one unknown, valid at equilibrium

—e —€

Keas = e (7.125)
: b02 + %(bo o)

Using the element constraint, Eq. (7.117), we can recast thgmamics of our system by
modifying Eq. (7.103) into one equation in one unknown:

Eis

4
° 2a,3T exp =

dt

0
1 _ 1 _ _ 1 _ 1 _ _ )
%l(boz + %{({:o o)i |(b02 + E(bci o)t To) Ko © © l(b02 + é(bo o) * ogg ,

2 - M - M

(7.126)

7.1.1.2.2 Example calculation Let us consider the same example as the previous sec-
tion with T = 5000 K. We need numbers for all of the parameters of Eq. (7.82 For O, we
nd at T =5000 K that

R = 3:48382 10V %; (7.127)
_ . erg
sy = 2:20458 10° s (7.128)
So
®© = 348382 107 99 (5000 K) 2120458 10 9 _ .
morle mole K
= 753908 102 9. (7.129)
mole
For O,, we nd at T =5000 K that
he, = 1:80749 1042 %; (7.130)
. = 3:05406 10° m;regK: (7.131)
So
o _ 1 , erg . erg
g3, = 180749 10' —me?'e (5000 K) 3:05406 1C° %
= 134628 10% 9. (7.132)
mole
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o, Po, (mole/cm?)
0.00150

/ ©,
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Figure 7.6: Plot of "5 (t) and ~, (t) for oxygen dissociation with reversible reaction.

Thus, by Eq. (7.121), we have

o.=2( 7:53008 101) ( 1:34628 10%)= 161536 102 9. (7.133)
mole

Thus, by Eq. (7.120) we get for our system
1:01326 10 dne

KC,13 = Y4 er sz
8:31441 10 =9 (5000 K) '
1:61536 102 =9
ex mole : 7.134
P 8:31441 10 =9 (5000 K) ( )
mole

= 1:187 104 —: 7.135
e ( )

Substitution of all numerical parameters into Eq. (7.126) ad expansion yields the fol-
lowing
dY
dt
A plot of the time-dependent behavior of , and ~, from solution of Eq. (7.136) is given

in Figure 7.6. The behavior is similar to the predictions gen by the pair of irreversible
reactions in Fig. 7.1. Here direct calculation of the equiliium from time integration reveals

=3899:47 (2:23342 1073 (7:3003 1072 = f(7); o(0) = 0:001(7.136)

|
- = 000393328%: (7.137)
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f(Po) = wo(po) (mole/em?/s)
40 000F
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10 000F
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Figure 7.7: Plot off (T) versus— for oxygen dissociation with reversible reaction.

Using Eq. (7.117) we nd this corresponds to

_ . mole
0, =0 '00130334W' (7.138)

We note the system begins signi cant reaction far 10 ° s and is equilibrated fot 10 ’s.
The equilibrium is veri ed by solving the algebraic equatia

f (7o) =3899:47 (2:23342 103 (7:3003 10)= =0: (7.139)

This yields three roots:

I .
& = 0003 %36 ; non-physical (7.140)
e _ . mole ,
5 = 0'000452678W’ non-physical (7.141)
e AL mole :
5 = 0 '0003933280W’ physical (7.142)
(7.143)

is given in Figure 7.6.

Linearizing Eq. (7.136) in the neighborhood of the physicaquilibrium yields the equa-
tion

%(—o 0:000393328) = (2:09575 107)(~, 0:000393328) +:: (7.144)

This has solution

—5 =0:000393328 A exp 2:09575 10t : (7.145)
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Again, A is an arbitrary constant. Obviously the equilibrium is stalle. Moreover the time
constant of relaxation to equilibrium is

1

= 500578 19 - 4:77156 10°%s (7.146)

This is consistent with the time scale to equilibrium which omes from integrating the full
equation.

7.1.2 Zel'dovich mechanism of NO production

Let us consider next a more complicated reaction system: thaf NO production known
as the Zel'dovick mechanism. This is an important model for the production of anajor
pollutant from combustion processes. It is most importantdr high temperature applications.

7.1.2.1 Mathematical model
The model has several versions. One is

1: N+ NO N, +O; (7.147)
2. N+0O, NO+O: (7.148)

similar to our results for O, dissociation, N and O, are preferred at low temperature. As
the temperature rises N and O begin to appear, and it is poss&bwhen they are mixed for
NO to appear as a product.

7.1.2.1.1 Standard model form Here we have the reaction d =5 molecular species

with
=B nCE (7.149)

We havelL = 2 with N and O as the 2 elements. The species-element matrix of dimension
L N=2 5is

(7.150)

1120 0,
1001 2°

The rst row of is for the N atom; the second row is for the O atom.

6Yakov Borisovich Zel'dovich, 1915-1987, proli ¢ Soviet physicist and father of thermonuclear weapons.
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And we haveJ = 2 reactions. The reaction vector of length] =2 is

0 ; 1
aiT texp =L 7 el
r= =@ ne L Ay (7.151)
0 2 aT 2exp T'l N O, Kgz NO O
- — 1 — —
_ Ki "NNo R N2 O A (7.152)
ko "NTo, Kiz_NO_O
Here, we have
T.
ki = aT ‘exp %1 : (7.153)
T.
kp = aT 2exp ?2 (7.154)
In matrix form, the model can be written as
0 1 O 1
NO 1 1
- 1 1
d N
E%_Nzg - %1 OE :1 : (7.155)
o 1 1 2
- 0 1
Z | —z—

Here the matrix has dimensionN J whichis 5 2. The model is of our general form

a
— = : 7.156
at ' (7.156)
Our stoichiometric constraint on element conservation foeach reaction = 0 holds
here:
0 1
1 1
1 1
11200 0 0 |
_10012%1 OE_OO' (7.157)
1 1
0 1

We get 4 zeros because there are 2 reactions each with 2 eldnzenstraints.

7.1.2.1.2 Reduced form  Here we describe non-traditional, but useful reductions, ung
standard techniques from linear algebra to bring the modebeaations into a reduced form in
which all of the linear constraints have been explicitly rewved.
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Let us perform a series of row operations to nd all of the lirer dependencies. Our aim
is to convert the matrix into an upper triangular form. The lower left corner d already
has a zero, so there is no need to worry about it. Let us add thest and fourth equations

to eliminate the 1 in the 4 %)slot. Thislgive8

Next, add the rst and thir%equations {o ge(}

1
NO 1 1
- 1 1
N
%% - E - %1 OE S (7.158)
not o 0 2 ?
o, 0 1
1
- 1 1
dg_  N_ r
&%_NO + —NZE = %o 1§ r; ; (7.159)
not oo 0 2
o, 0 1
Now multiply the rst equa(t)ion by 1 alnd aéjd it to thle second to get
d Y 0 2 [
ot ‘_NO + ‘_Nz = 0O 1 r : (7.160)
not o 0 2
"0, 0 1

Next multiply the fth e(()]uation by 2 andladdoit to the slecond to get

NO 11
d Nno TN 0 2 r
it o+ T, =BO0 1 rl ; (7.161)
t 4 - 0 2 2

NO

O
ot N 2o, 0 0
Next add the second and fourth equations to get
0 - 1 0 11 1
d Nno TN 0 2 [
m _EO + _‘Nz =R 0 1 ry (7.162)
Nt o 0O O
ot N 2o, 0 0
Next multiply the third equation by 2 and add it to the second toget
0 - 1 0 11 1
d N0 TN 0 2 r
at ‘Noi- N ir 2\, ¢=RBO0 O ty : (7.163)
Nt o 0O O
ot N 2o, 0 0
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Rewritten, this becomes

0 1 0 1 0 1
1 000 A 1
1100 of By 0 2k
1 120 0 B vc=BO0 O rl (7.164)
0 101 0 o 0 0 2

—e e

A way to think of this type of row echelon form is that it de nestwo free variables, those
associated with the non-zero pivots df): 7o and 7. The remain three variables™,, 7o
and ~,, are bound variables which can be expressed in terms of theefreariables.

The last three of the ordinary di erential equations are homgeneous and can be inte-
grated to form

not nt27y, = Gy (7.165)
Nt o = Gy (7.166)
Nt N 2o, = Ca (7.167)

The constantsC,, C, and C; are determined from the initial conditions on all ve state
variables. In matrix form, we can say

0 1
0 1, No 0 1
1 120 0 B~y C:
@0 1 01 O0A %_Mg: QC,A : (7.168)
1100 2 @ Cs
-

Considering the free variables; o and ~, to be known, we move them to the right side
to get
0 10 1 O 1
2 0 O N, C: no N
@ 1 0A@,A=Q@ c, -, A: (7.169)
00 2 7, C:+ no N

Solving, for the bound variables, we nd

0 1 0, 1
- ic 1-— 1-—
N2 2~1 2 NO 2 N
@ ,A=@ ) c21 N . A (7.170)
"o, 5Cs 3 not 3N
We can rewrite this as
0 1 0, 1 0 1
- ic 1 1
N2 21 2 2 -
@, ,A=@c,A+@0 1A No . (7.171)
- ic 11 N
(o]} 23 2 2
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We can get a more elegant form by de ningno = “no and n = ~. Thus we can say our
state variables have the form

0O 1 0 1 0 1

" 0 1 0

o 0 0o 1&

N, T %Cl + % % N : (7.172)
o C132 01 11

"o, 5Cs 3 3

By translating via no = no + Pno @and n =  + By and choosing the constant€;, C,
and C; appropriately, we can arrive at

o 1 o0 1 o 1
_b 1

NO NO 0
N By 0o 1& -
—_Nz = sz + : 3 NO . (7.173)
"o Po 0 {2

2=y 12
:7 :ﬁ -

This takes the form of
= b+ D _Z (7174)

Here the matrix D is of dimensionN R, which here is 5 2. It spans the same column
space as does th® J matrix which is of rankR. Here in factR = J =2, so D has the
same dimension as . In general it will not. If ¢; and c, are the column vectors oD, we
see that c¢; ¢, forms the rst column vector of andc; ¢, forms the second column
vector of . Note that D =0:

0 1

1
_ 00,
g_ 00" (7.175)

0
1
2

0

Equations (7.165-7.167) can also be linearly combined in awwhich has strong phys-
ical relevance. We rewrite the system as three equations irhieh the rst is identical to
Eq. (7.165); the second is the di erence of Egs. (7.166) and.167); and the third is half of
Eq. (7.165) minus half of Eq. (7.167) plus Eq. (7.166):

11200
D= 10012

1
0

(NI N = O

NI

Nt nt27y, = Cp (7.176)
ot not270, = G Gy (7.177)
1
Nt Nt Nt OoF o, T é(cl Cs) + Cy: (7.178)
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Equation (7.176) insists that the number of nitrogen elemés be constant; Eq. (7.177)
demands the number of oxygen elements be constant; and Eq.1(#) requires the number
of moles of molecular species be constant. For general réacs, including the earlier studied
oxygen dissociation problem, the number of moles of moleaukpecies will not be constant.
Here because each reaction considered has two moleculestirggto form two molecules, we
are guaranteed the number of moles will be constant. Hence, wet an additional linear
constraint beyond the two for element conservation. Beca@sour reaction is isothermal,
isochoric and mole-preserving, it will also be isobaric.

7.1.2.1.3 Example calculation Let us consider an isothermal reaction at
T = 6000 K: (7.179)

The high temperature is useful in generating results whichre easily visualized. It insures
that there will be signi cant concentrations of all molecuar species. Let us also take as an
initial condition
_ _ _ _ _ ¢ Mole
bo=By=b,=0b,=8,=1 10 s (7.180)
For this temperature and concentrations, the pressure, wth will remain constant through
the reaction, isP = 2:4942 1P dyne=cn?. This is a little greater than atmospheric.
Kinetic data for this reaction is adopted from Baulch, et al. The data for reaction 1 is
mole '1

a; =2:107 10% = = 1=0; Tu=0K: (7.181)

For reaction 2, we have

mole ' 1
Cm3 Kl:Ol S’

a, =5:8394 10° ,=1:01; Ta = 3120 K: (7.182)

Here the so-called activation temperaturdl,; for reactionj is really the activation energy
scaled by the universal gas constant:

E
Taj = ﬁj: (7.183)
Substituting numbers we obtain for the reaction rates
0 mole '1
- . 3 0 -9 3 -
ki, = (2:107 10)(6000Y exp 5300 2:107 10 p— = (7.184)
. 3120 mole 1
k, = (5:8394 10°)(6000)+%* ——— =2:27231 108 — =
2 = )(6000j"> exp 5505 e s
(7.185)

’Baulch, et al., 2005, \Evaluated Kinetic Data for Combustion Modeling: Supplement 11," Journal of
Physical and Chemical Reference Data34(3): 757-1397.
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We will also need thermodynamic data. The data here will be k&n from the Chemkin
database® Thermodynamic data for common materials is also found in moghermodynamic
texts. For our system at 6000 K, we nd

Bo = 158757 108 "% (7.186)
o® = 704286 107 %?e; (7.187)
o, = 155206 109 %?e; (7.188)
© = 977148 102 %ﬁ’e; (7.189)
9@, = 165653 10 %?e: (7.190)

Thus for each reaction, we nd Gj°:

G = R+t RN Ros (7.191)

=  1:55206 102 9:77148 10'+7:04286 10'+1:58757 10(7.192)

= 237351 107 %?e; (7.193)

G = o+ W T, (7.194)

=  1:58757 108 9:77148 10 +7:04286 10'2+1:65653 10(7.195)

= 203897 102 9. (7.196)
mole

At 6000 K, we nd the equilibrium constants for the J = 2 reactions are

K = ex G (7.197)
cl p ’RT ; .
2:37351 1012
= : 7.198
P @314 10(6000) ° (7.198)
= 11652 (7.199)
Koy = ex G2 . (7.200)
c;2 p ﬁT ’ .
2:03897 1012
= e X 7.201
P (8312 107)(6000) (7.201)
= 59:5861 (7.202)

Again, omitting details, we nd the two di erential equation s governing the evolution of

8R. J. Kee, et al., 2000, \The Chemkin Thermodynamic Data Basg" part of the Chemkin Collection
Release 3.6, Reaction Design, San Diego, CA.
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Figure 7.8: NO and N concentrations versus time fof = 6000 K, P = 2:4942
10° dyne=cm? Zel'dovich mechanism.

the free variables are

.

d“t'o = 0:723+222 10—\ +1:15 1083 944 10 320 10° \o:
(7.203)

.

d—tN 0:723 233 10—, 113 10®¥Z%+5:82 10, 100 108 \o:

(7.204)

Solving numerically, we obtain a solution shown in Fig. 7.8The numerics show a relaxation
to nal concentrations of

o I - mole,
tI!|lm no = 7:336 10 pecl (7.205)
o g mole
tI!llm v = 3:708 10 el (7.206)
Equations (7.203-7.204) are of the form
a
e
d_tN = fn(Tnos Tn): (7.208)
At equilibrium, we must have
fno(Thnos N) = 05 (7.209)
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We nd three nite roots to this problem:

1 : (hoi-n)=( 1605 10° 3060 109 Tinf; non-physical (7.211)
2 (ol w)=( 5173 108 2:048 10 9) Tinf; non-physical (7.212)
3 (woiTy)=(7:336 10 ;3708 10 ®) Tr‘;'ge; physicat (7.213)

Obviously, because of negative concentrations, roots 1 adare non-physical. Root 3
however is physical; moreover, it agrees with the equilibnin we found by direct numerical
integration of the full nonlinear equations.

We can use local linear analysis in the neighborhood of eachu#ibria to rigorously
ascertain the stability of each root. Taylor series exparmi of Eqs. (7.207-7.208) in the
neighborhood of an equilibrium point yields

d -
at If-?Q!F * gﬁz ("no NO) T %ﬁf v N5
=0 € e

dt NO _NO)

(7.214)
d N . ~ @f . _
el = + — + — + i 7.215
dt( N N) If{\g}g @ e( NO NO) @, e( N N) ( )
Evaluation of Egs. (7.214-7.215) near the physical root, ob 3, yields the system
d 7y 7336 10 [ 2129 1P 4155 10 o 7336 10°
dt —y 3708 108 | 2111 10 . 3:144 107} v 3708 108
-3 i,
(7.216)
This is of the form
d _ _ @ _
— = — =J °): 7.217
gt ) @ . ( ) ( ) ( )

It is the eigenvalues of the Jacobiahmatrix J that give the time scales of evolution of the
concentrations as well as determine the stability of the Iat equilibrium point. Recall that
we can usually decompose square matrices via the diagoretiian

J=5S st (7.218)

Here, S is the matrix whose columns are composed of the right eigentars of J, and is
the diagonal matrix whose diagonal is populated by the eigeaslues ofJ. For some matrices

9after Carl Gustav Jacob Jacobi, 1804-1851, German mathematian.

© 03 August 2026, Joseph M. Powers. All rights reserved.



272 CHAPTER 7. KINETICS IN SOME MORE DETAIL

(typically not those encountered after our removal of lineadependencies), diagonalization
is not possible, and one must resort to the so-called neaadonal Jordan form. This will
not be relevant to our discussion, but could be easily handléf necessary. We also recall the
eigenvector matrix and eigenvalue matrix are de ned by thetandard eigenvalue problem

J s=s (7.219)

We also recall that the components of are found by solving the characteristic polynomial
which arises from the equation

det(J 1)=0; (7.220)
wherel is the identity matrix. De ning z such that
Sz — ¢ (7.221)

and using the decomposition Eq. (7.218), Eq. (7.217) can bewritten to form

d _ 1 .
a(s z) = ﬁ_{fi} E{ZQ (7.222)
S % = S zZ; (7.223)
sts % = sts z; (7.224)
dz
G Z: (7.225)

Eq. (7.225) reduces to the diagonal form
dz

at = z: (7.226)
This has solution for each component af of
z; = Cpexp( 1t); (7.227)
z, = G exp( 2t); (7228)
(7.229)

Here, our matrixJ, see Eq. (7.216), has two real, negative eigenvalues in theghborhood
of the physical root 3:

1

1 = 3143 10 = (7.230)
1

, = 2132 10 = (7.231)
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Thus we can conclude that the physical equilibrium is linedr stable. The local time con-
stants near equilibrium are given by the reciprocal of the ngmitude of the eigenvalues.
These are

1 = 15 4j=3:181 10%s (7.232)
, = 15 ,j=4:691 10 's (7.233)

Evolution on these two time scales is predicted in Fig. 7.8.His in fact a multiscale problem.
One of the major di culties in the numerical simulation of combustion problems comes in
the e ort to capture the e ects at all relevant scales. The poblem is made more di cult as
the breadth of the scales expands. In this problem, the brethdof scales is not particularly
challenging. Near equilibrium the ratio of the slowest to théastest time scale, thesti ness
ratio , is

. 7
-2 4091 10°s_,, 05 (7.234)
1

© 3181 108s

Many combustion problems can have sti ness ratios over 40 This is more prevalent at
lower temperatures.

We can do a similar linearization near the initial state, ndthe local eigenvalues, and
the local time scales. At the initial state here, we nd thosdocal time scales are

1 2:403 10 %s (7.235)
, = 21123 108%s (7.236)

So initially the stiness, =(2:403 10 8 s)=2:123 10 8 s) =1:13 is much less, but the
time scale itself is small. It is seen from Fig. 7.8 that thisnitial time scale of 108 s well
predicts where signi cant evolution of species concentiahs commences. Far< 10 8 s, the
model predicts essentially no activity. This can be correfed with the mean time between
molecular collisions{the theory on which estimates of theodlision frequency factorsg; are
obtained.

We brie y consider the non-physical roots, 1 and 2. A similaeigenvalue analysis of root
1 reveals that the eigenvalues of its local Jacobian matrixe

1 = 1193 10 é; (7.237)
, = 5:434 1 %: (7.238)
Thus root 1 is a saddle and is unstable.
For root 2, we nd
1 = 4:397 10+ i7:997 10 %; (7.239)
» = 4:397 10" i7:997 1¢° %: (7.240)
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Figure 7.9: NO and N phase portraits forT = 6000 K, P = 2:4942 1P dyne=cn?
Zel'dovich mechanism.

The eigenvalues are complex with a positive real part. Thisdicates the root is an unstable
spiral source.

A detailed phase portrait is shown in Fig. 7.9. Here we see aliree roots. Their local
character of sink, saddle, or spiral source is clearly digged. We see that trajectories are
attracted to a curve labeled SIM for \Slow Invariant Manifold." A part of the SIM is
constructed by the trajectory which originates at root 1 andravels to root 3. The other
part is constructed by connecting an equilibrium point at imity into root 3. Details are
omitted here.

7.1.2.2 Stiness, time scales, and numerics

One of the key challenges in computational chemistry is acately predicting species concen-
tration evolution with time. The problem is made di cult bec ause of the common presence
of physical phenomena which evolve on a widely disparate s#ttime scales. Systems which
evolve on a wide range of scales are known as sti, recogngia motivating example in
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Figure 7.10: —\o and — versus time for Zel'dovich mechanism a = 1500 K, P =
6:23550 1C° dyne=cnv.

mass-spring-damper systems with sti springs. Here we wilkamine the e ect of tempera-
ture and pressure on time scales and sti ness. We shall alswk simplistically how di erent
numerical approximation methods respond to sti ness.

7.1.2.2.1 E ect of temperature Let us see how the same Zel'dovich mechanism be-
haves at lower temperatureT = 1500 K; all other parameters, including the initial specie
concentrations are the same as the previous high temperatuexample. The pressure how-
ever, lowers, and here i® = 6:23550 10° dyne=cnv’, which is close to atmospheric pressure.
For this case, a plot of species concentrations versus tingegiven in Figure 7.10.

At T = 1500 K, we notice some dramatic di erences relative to theaglier studied
T = 6000 K. First, we see the reaction commences in around thensatime,t 10 8s. For
t 10 © s, there is a temporary cessation of signi cant reaction. Waotice a long plateau
in which species concentrations do not change over severatddes of time. This is actually
a pseudo-equilibrium. Signi cant reaction recommencesrfé  0:1 s. Only aroundt 1's
does the system approach nal equilibrium. We can perform amigenvalue analysis both
at the initial state and at the equilibrium state to estimate the time scales of reaction. For
this dynamical system which is two ordinary di erential egations in two unknowns, we will
always nd two eigenvalues, and thus two time scales. Let usalt them ; and ,. Both
these scales will evolve with.

At the initial state, we nd

2:37 10 8%s (7.241)
4:25 10 7's (7.242)

=
1
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The onset of signi cant reaction is consistent with the preittion given by ; at the initial
state. Moreover, initially, the reaction is not very sti ; the stiness ratiois =17:9.
At equilibrium, we nd

. |
lm o = 46 109%??; (7.243)
o 14 Mole,
lim= = 42 10 o (7.244)
and
1 = 7:86 10 's (7.245)
, = 3:02 10's (7.246)

The slowest time scale near equilibrium is an excellent iraditor of how long the system takes
to relax to its nal state. Near equilibrium, the sti ness ratio is large, = ,=,; 38 1.
This is known as thesti ness ratio. When it is large, the scales in the problem are widely
disparate and accurate numerical solution becomes chaligng.

In summary, we nd the e ect of lowering temperature while l@ving initial concentrations
constant

" lowers the pressure somewhat, slightly slowing down the ksion time, and slightly
slowing the fastest time scales, and

A

slows the slowest time scales many orders of magnitude, sing the system signi -
cantly, because collisions may not induce reaction with tirelower collision speed.

7.1.2.2.2 E ect of initial pressure Let us maintain the initial temperature at T =
1500 K, but drop the initial concentration of each species to

mole
bNO = bN = sz = b02 = bO =10 8 e : (7247)

With this decrease in number of moles, the pressure now is

dyne
cm@

This pressure is two orders of magnitude lower than atmospie We solve for the species
concentration pro les and show the results of numerical pdiction in Figure 7.11 Relative to
the high pressureP = 6:2355 10° dyne=cn?, T = 1500 K case, we notice some similarities
and dramatic di erences. The overall shape of the time-prdes of concentration variation
is similar. But, we see the reaction commences at a much lateme, t 10 ¢ s. For
t 10 4 s, there is a temporary cessation of signi cant reaction. Waotice a long plateau
in which species concentrations do not change over severatddes of time. This is again
actually a pseudo-equilibrium. Signi cant reaction recomnences fot 10 s. Only around

P =6:23550 10° (7.248)
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P Puo (mole/cm?)
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NO
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10712f
10714F
N
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Figure 7.11: —\o and ~ versus time for Zel'dovich mechanism al = 1500 K, P =
6:2355 10° dyne=cm?,

t 100 s does the system approach nal equilibrium. We can perfo an eigenvalue analysis
both at the initial state and at the equilibrium state to estimate the time scales of reaction.
At the initial state, we nd

2:37 10 °s; (7.249)
4:25 10°s (7.250)

1

2

The onset of signi cant reaction is consistent with the prerttion given by ; at the initial
state. Moreover, initially, the reaction is not very sti; the stiness ratio is = 17:9.
Interestingly, by decreasing the initial pressure by a faot of 1¢, we increased the initial
time scales by a complementary factor of 20moreover, we did not alter the sti ness.

At equilibrium, we nd

, mole.

lim = = 46 101! e (7.251)
. |
lm—y = 42 10% Timf; (7.252)
(7.253)
and
1 = 7:86 10°s (7.254)
, = 3:02 10's (7.255)
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By decreasing the initial pressure by a factor of 0we decreased the equilibrium concentra-
tions by a factor of 1¢ and increased the time scales by a factor of 2, deaving the sti ness
ratio unchanged.

In summary, we nd the e ect of lowering the initial concentrations signi cantly while
leaving temperature constant

" lowers the pressure signi cantly, proportionally slowinglown the collision time, as well
as the fastest and slowest time scales, and

" does not a ect the sti ness of the system.

7.1.2.2.3 Sti ness and numerics The issue of how to simulate sti systems of ordinary
di erential equations, such as presented by our Zel'dovicimechanism, is challenging. Here a
brief summary of some of the issues will be presented. Theantsted reader should consult
the numerical literature for a full discussion. See for exagpte the excellent text of Iserles?

We have seen throughout this section that there are two timecales at work, and they are
often disparate. The species evolution is generally chatagzed by an initial fast transient,
followed by a long plateau, then a nal relaxation to equilibium. We noted from the phase
plane of Fig. 7.9 that the nal relaxation to equilibrium (shown along the green line labeled
\SIM") is an attracting manifold for a wide variety of initia | conditions. The relaxation onto
the SIM is fast, and the motion on the SIM to equilibrium is redtively slow.

Use of common numerical techniques can often mask or obscune tctual dynamics.
Numerical methods to solve systems of ordinary di erential quations can be broadly cat-
egorized asexplicit or implicit. We give a brief synopsis of each class of method. We cast
each as a method to solve a system of the form

a
— =f(): 7.2
5= O (7.256)
" Explicit: The simplest of these, the forward Euler method, discretizeEq. (7.256) as
follows:
0 t N= () (7.257)
so that
ol = ot i) (7.258)

Explicit methods are summarized as

{ easy to program, because Eq. (7.258) can be solved exphcith predict the new
value —,,; in terms of the old values at stem.

104, Iserles, 2008,A First Course in the Numerical Analysis of Di erential Equa tions, Cambridge Uni-
versity Press, Cambridge, UK.
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{ need to have t< {5 IN Order to remain numerically stable,

{ able to capture all physics and all time scales at great comgational expense for
sti problems,

{ requiring much computational e ort for little payo inthe S IM region of the phase
plane, and thus

{ ine cient for some portions of sti calculations.

" Implicit: The simplest of these methods, the backward Euler method, sdretizes
Eq. (7.256) as follows:

Nt n = () (7.259)

so that

The1 = pt (o) (7.260)

n+l n
Implicit methods are summarized as
{ more di cult to program because a nonlinear set of algebraiequations, Eq. (7.260),
must be solved at every time step with no guarantee of solutip
requiring potentially signi cant computational time to advance each time step,
capable of using very large time steps and remaining numaily stable,

suspect to missing physics that occur on small time scales t,

~n M A

in general better performers than explicit methods.

A wide variety of software tools exist to solve systems of ardary di erential equations.
Most of them use more sophisticated techniques than simplerivard and backward Euler
methods. One of the most powerful techniques is the use @fror control. Here the user
speci es how far in time to advance and the error that is ableatbe tolerated. The algorithm,
which is complicated, selects then internal time steps, faither explicit or implicit methods,
to achieve a solution within the error tolerance at the speed output time. A well known
public domain algorithm with error control is provided bylsode.f , which can be found in
the netlib repository!?

Let us exercise the Zel'dovich mechanism under the condmi® simulated in Fig. 7.11,
T = 1500 K, P = 6:2355 10 dyne=cm?. Recall in this case the fastest time scale near
equilibriumis ;=7:86 10 °s 10 * s at the initial state, and the slowest time scale is

=3:02 10' s at the nal state. Let us solve for these conditions usindlsode.f , which
uses internal time stepping for error control, in both an exit and implicit mode. We
specify a variety of values of t and report typical values of number of internal time steps
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Explicit | Explicit | Implicit | Implicit
t(S) Ninternal teff (S) Ninternal teff (S)
107 10 10 4 10 107
10 10 10 4 10 10
17 10t 10 4 1@ 1
101! 10° 10 4 1 10!
10 ? 10 10 4 1 10 ?
10 3 10t 10 4 10 10 3
10 4 1@ 10 4 10 10 4
10 ° 1@ 10 ° 1@ 10 °
10 © 1@ 10 © 1 10 ©

Table 7.3: Results from computing Zel'dovich NO production sing implicit and explicit
methods with error control in disode.f .

selected bydisode.f , and the corresponding e ective time step tess used for the problem,
for both explicit and implicit methods, as reported in Table7.3.

Obviously if output is requested using t > 10 * s, the early time dynamics neat
10 # s will be missed. For physically stable systems, codes suatisode.f will still provide
a correct solution at the later times. For physically unstate systems, such as might occur in
turbulent ames, it is not clear that one can use large time &ps and expect to have delity
to the underlying equations. The reason is the physical irsbilities may evolve on the same
time scale as the ne scales which are overlooked by largé.

7.2 Adiabatic, isochoric kinetics

It is more practical to allow for temperature variation within a combustor. The best model
for this is adiabatic kinetics. Here we will restrict our attation to isochoric problems.

7.2.1 Thermal explosion theory

There is a simple description known ashermal explosion theorywhich provides a good
explanation for how initially slow exothermic reaction indices a sudden temperature rise
accompanied by a nal relaxation to equilibrium. For simplesystems, this theory can provide
a good estimate of the ignition delay time.

Let us consider a simple isomerization reaction in a closedlyme

A B: (7.261)

YHindmarsh, A. C., 1983,\ODEPACK, a Systematized Collection of ODE Solvers," Scientic Com-
puting, edited by R. S. Stepleman, et al., North-Holland, Amsterdam, pp. 55-64. Source code at
https://www.netlib.org/alliant/ode/prog/Isode.f
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Let us take A and B to both be calorically perfect ideal gases with identical ntar masses
Ma = Mg = M and identical specic heats,C,a = T = C; Ca = Cg = G. We can
considerA and B to be isomers of an identical molecular species. So we h&ve 2 species
reacting inJ =1 reactions. The number of elements here is irrelevant.

7.2.1.1 One-step reversible kinetics

Let us insist our reaction process be isochoric and adiab@gtiand commence with onlyA

present. The reaction kinetics with =0 are

T aexp E - !
dt o RT, * K.
| —{z—} ¢
|—=  {z
=r
ds _ aexp E - 1
dt RT, " K B’
| —f{z—} ¢
| — {2
=r
“a0) = By
s(0) = O:
For our alternate compact linear algebra based form, we notkat
r= aex E - 1.
TP RT A KB
and that
d =» _ 1 ..
m - = (r):
Performing the decomposition yields
d A -1
@t St -0 (r):
Expanded, this is
10d — _ 1,
11a — - o (OF

Combining Egs. (7.262-7.263) and integrating yields

a(_A +75) = 0;

|
+
| |
i
>0' (=2
|

(7.262)

(7.263)

(7.264)
(7.265)

(7.266)

(7.267)

(7.268)

(7.269)

(7.270)

(7.271)
(7.272)
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Thus, Eq. (7.262) reduces to

d- E _ 1 _
_d'? = aexp =T A bA A (7.273)
C
Scaling, Eq. (7.273) can be rewritten as
d 4 E 1 1 A
— A = — A — 1 A 7.274
dat) b, P Rr,T=T, b, K. = b, (7.274)

7.2.1.2 First law of thermodynamics

Recall the rst law of thermodynamics and neglecting poten&l and kinetic energy changes:

du
G- QW (7.275)

Here U is the total internal energy. Because we insist the problens iadiabatic Q = 0.
Because we insist the problem is isochoric, there is no workre, soW. = 0. Thus we have

— =0: (7.276)
Thus, we nd
U= U, (7.277)

Recall the total internal energy for a mixture of two calorially perfect ideal gases is

U = nala + NgUg; (7.278)
= v r\'/—AuA+ r\‘/—BuB : (7.279)
= V(TaUa + gUs); (7.280)
VAR RO R (7.281)
= V —, ha ﬁTA + hs RT B; (7.282)
=V "4 &(T To)+hia RT +75 (T To+hre RT ;(7.283)
=V (a+ )T To) RT)+ Ahi .+ ghrg (7.284)
= V (a+ 8% RT GT)+ ahpa+ shrs ; (7.285)
= V (a+ )% RT (& R+R)To)+ ahp.a+ shis ; (7.286)
= V (a+ B)GT (©+R)To)+ Ahpa+ shie (7.287)
= V (a+ )T To+ a(hra RT)+ s(hr.s RT) ;  (7.288)
= V (Ta+ )T To)+ AU% A+ UL (7.289)
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Now at the initial state, we haveT = T,, SO
U=V BT%.\+B,00 5 (7.290)
So, we can say our caloric equation of state is

U U = V (4t B)C(T To)+(7a bA)U'(IJ'O;A-I_(_B bB)U'OrO;B , (7.291)

V B+ b)e (T To)+(Ta B +(Ts Po)uds @ (7.292)
As an aside, on a molar basis, we scale Eq. (7.292) to get

U Uo=C(T To)+(Ya Yao)Ut,a+(¥Ye VY8o)UT,s: (7.293)

And because we have assumed the molar masses are the sdine= Mg, the mole fractions
are the mass fractions, and we can write on a mass basis

U Up=C(T To)+(Ca Cao)uf,.ao+(C8 Cgo)UT 5" (7.294)
Returning to Eq. (7.292), our energy conservation relatiqreq. (7.277), becomes
0 =V B +B)c(T To)+(n BURA+(Ts Be)ule : (7.295)

Now we solve forT

0 = (By+B)c(T To)+("a BULA+(Te bBg)U%e: (7.296)
- b - b
0 = (T T+ {HU%);A + ﬁu%m; (7.297)
b, -, 0. b. - @ge.
T = T.+ A A Ut,a + B BUTO,B: (7.298)

° bA+bB Cy bA+bB [o}

Now we impose our assumption thabg = 0, giving also 5 = B, 4,

b, -, W
T = To+ A2 ;:A = ;:B; (7.299)
A A
b, -, 0., 0.
= To+ A AR LB, (7.300)
b, [oF
In summary, realizing thatﬁ?o;A ﬁ?O;B = U7,.4 U7 .z WecanwriteT as a function of
-
b, —) _ _
T = To+ %(h%%\ hr.e): (7.301)
A
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We see then that ifh;_ ., > h7 5, that as —, decreases from its initial value oP, that T
will increase. We can scale Eqg. (7.301) to form

0 0

hy . hy.
=1+ 1 A ToA T8 . (7.302)

T
TO b A C\/ TO

We also note that our caloric state equation, Eq. (7.293) cafor yao =1, Ygo =0 as

U U, = (T To)+(ya 1)U A+ YsUT 5; (7.303)
= (T T)+((1 vys) 1)UL.A+ YeUL5; (7.304)
= (T To) ys(Uf,a UL ) (7.305)

Similarly, on a mass basis, we can say,
u U, = (T To) CB(u‘(l)'o;A u‘(I)'O;B): (7.306)

For this problem, we also have

GO
K¢ =ex — ; 7.307
cTOXP = ( )
with
G° = Oz G (7.308)
= hg TSy (ha T=R); (7.309)
= (hg h) TS SR (7.310)
—0 —0
= (hr,g hra) T(Re St (7.311)
So
—0 —0 !
hroa hre T(St,a  St,8)
Ke = ex 2 e = ; 7.312
c p =T ” ( )
Ry, hlg T(2., $0.)
= exp Cv_To ToA 1B (St,a  StuB) ; (7.313)
RT aTo |
_ 1 1 ﬁ'(I)'O;A ﬁ'(I)'O;B T (§$0;A §%)'O;B) i
= exp " 1§ o T T (7.314)

Here we have used the de nition of the ratio of speci ¢ heatk = ¢,=¢, alongwithR = ¢, G,.
So we can solve Eq. (7.273) by rst using Eq. (7.314) to elimate K. and then Eq. (7.301)
to eliminate T.
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7.2.1.3 Dimensionless form

Let us try writing dimensionless variables so that our syste can be written in a compact
dimensionless form. First lets take dimensionless timeto be

= at; (7.315)

Let us take dimensionless species concentration to bevith

- A.
z= A (7.316)

A

Let us take dimensionless temperature to be with

= —: 7.317
T (7.317)
Let us take dimensionless heat release to lgevith
hra  Pre
= —= o= 7.318
q T ( )
Let us take dimensionless activation energy to be with
E
= = (7.319)
RT,
And let us take the dimensionless entropy change to bewith
0 0
= o Stas). (7.320)
(o}
So our equations become
dz 1
— = — —(1 ; 7.321
. exp z KC( 7) ; (7.321)
= 1+(1 2)q; (7.322)
1 1
Ke = exp 1 (q ) (7.323)
It is more common to consider the products. Let us de ne for geral problems
_B _B
= = : 7.324
_A + _B bA + bB ( )
Thus is the mass fraction of product. For our problem',@B =0so
_ e -
B A A.
= B - : (7.325)
bA bA
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Thus,
=1 z (7.326)

We can think of as a reaction progress variable as well. When= 0, we have =0, and
the reaction has not begun. Thus, we get

d 1
— = — 1 — 7.327
= e © ) @ (7.327)
= 1+ q; (7.328)
11
Ke = exp ———(¢q ) (7.329)
k 1
7.2.1.4 Example calculation
Let us choose some values for the dimensionless parameters:
7
=20 ; =0; g=10; k= E: (7.330)
With these choices, our kinetics equations reduce to
d 20 25
q - exp 1+ 10 @a ) exp 1510 ; (0)=0: (7.331)

The right side of Eqg. (7.331) is at equilibrium for values of which drive it to zero.
Numerical root nding methods show this to occur at 0:920539. Near this root, Taylor
series expansion shows the dynamics are approximated by

d
g 0920539)= 0:17993(  0:920539) +::: (7.332)

Thus the local behavior near equilibrium is given by
=0:920539 +Cexp( 0:17993 ): (7.333)

Here C is some arbitrary constant. Clearly the equilibrium is stale, with a time constant
of 1=0:17993 = 555773.
Numerical solution shows the full behavior of the dimensioe$s species concentration
( ); see Figure 7.12. Clearly the product concentration is small for some long period of
time. At a critical time near =2:7 1(P, there is a so-called thermal explosion with a rapid
increase in . The estimate of the time constant near equilibrium is ordersf magnitude less
than the explosion time5:55773 2:7 1(P. Thus, linear analysis here is a poor tool to
estimate an important physical quantity, the ignition delayime. Once the ignition period
is over, there is a rapid equilibration to the nal state. The dimensionless temperature
plot is shown in Figure 7.13. The temperature plot is similain behavior to the species
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Figure 7.12: Dimensionless plot of reaction product condestion versus time for adia-
batic isochoric combustion with simple reversible kinetg
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Figure 7.13: Dimensionless plot of temperature versus time for adiabatic, isochoric
combustion with simple reversible kinetics.
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concentration plot. At early time, the temperature is cool.At a critical time, the thermal
explosion or ignition delay time, the temperature rapidly ises. This rapid rise, coupled
with the exponential sensitivity of reaction rate to tempeature, accelerates the formation
of product. This process continues until the reverse reaon is activated to the extent it
prevents further creation of product.

7.2.1.5 High activation energy asymptotics

Let us see if we can get aanalytic prediction of the ignition delay time, 2.7 1(P. Such
a prediction would be valuable to see how long a slowing reamd material might take to
ignite. Our analysis is similar to that given by Buckmaster ad Ludford in their Chapter
1_12

For convenience let us restrict ourselves to = 0. In this limit, Egs. (7.327-7.329) reduce
to

q
@a ) exp ; (7.334)
(k DA+q)
with (0) = 0. The key trouble in getting an analytic solution to Eq. (7.334) is the presence
of in the denominator of an exponential term. We need to nd a wayo move it to the
numerator. Asymptotic methods provide one such way.
Now we recall for early time 1. Let us assume takes the form

= exp

Q.|Q.

1+q

= .+ 3+ i (7.335)

Here we will assume & landthat () O (1), 2() O (1), :::, and will de ne
in terms of physical parameters shortly. Now with this assuntjpn, we have

1 1
1+q 1+ q 1+ 20 .+ 3qa+ . (7.336)
Long division of the term on the right side yields the approxnation
1
1rq - L 91 AP T g2+ (7.337)
=1 q.+0(?: (7.338)
So
&P 11 exp (1 q1+0(?) ; (7.339)
e exp q 1+0(?): (7.340)

We have moved from the denominator to the numerator of the most important &ponential
term.

123, D. Buckmaster and G. S. S. Ludford, 1983 ectures on Mathematical Combustion SIAM, Philadelphia.
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Now, let us take thelimit of high activation energyby de ning to be
1: (7.341)

Let us let the assume the remaining parameterg,and k are both O(1) constants. When
is large, will be small. With this de nition, Eq. (7.340) becomes

exp e Fexpq.+0(? : (7.342)

1+q

With these assumptions and approximations, Eq. (7.334) cdve written as

d _
g (it = e " expqgi+O(?

q
1 T + ::1)ex
(7.343)
Now let us rescale time via
= }e 1= (7.344)
With this transformation, the chain rule shows how derivatves transform
d d d 1 d
With this transformation, Eq. (7.343) becomes
1 d 1
PSER 1+ ) = el—:equ1+0(2)
q
1 T + ::1)ex
( 1 ) (1 ) p(k DA+q 1+ )
(7.346)
This simpli es to
d
d_( 1+ 1) = exp g1+ O 2)
q
1 T + ::1)ex
( 1 ) (1 ) p(k DA+q 1+
(7.347)
Retaining only O(1) terms in Eq. (7.347), we get
d
= =exp(q 1): (7.348)

4
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This is supplemented by the initial condition 1(0) = 0. Separating variables and solving,
we get

exp( qq1)d, = d; (7.349)
éexp( qi) = + C: (7.350)
Applying the initial condition gives
% exp( q0) = C; (7.351)
- ¢ (7.352)
q
So
1 1
—ex = —; 7.353
a p( q 1) q ( )
exp( q1) = q +1; (7.354)
1
exp( q1) = q a ; (7.355)
1
qg: = In ¢ q ; (7.356)
1 1
= —In - 7.357
1 q q q ( )

For g = 10, a plot of 4( ) is shown in Fig. 7.14. We note at a nite that ; begins to
exhibit unbounded growth. In fact, it is obvious from Eq. (7348) that as

L

q’
that
111
That is there exists a nite time for which ; violates the assumptions of our asymptotic
theory which assumes ; = O(1). We associate this time with the ignition delay time, ;:

1

i = a: (7.358)
Let us return this to more primitive variables:
lexp 1 = é; (7.359)
exp 1
P = —; (7.360)
q
- equ : (7.361)
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Figure 7.14: | versus for ignition problem.

For our system with =20 and g = 10, we estimate the dimensionless ignition delay time
as

exp 20
(20)(10)
This is a surprisingly good estimate, given the complexityfahe problem. Recall the nu-

merical solution showed ignition for 2.7 1CF.
In terms of dimensional time, the ignition delay time prediton becomes

=2:42583 10 (7.362)

g = P (7.363)
a g '
- 1 R —5 Q’TO_O exp E (7.364)
a E hroa br.s RT,

Ignition is suppressed if the ignition delay time is length®ed, which happens when

A

the activation energy E is increased, because the exponential sensitivity is Stigper
than the algebraic sensitivity,

the energy of combustion E?o;A Fﬁo;B) is decreased because it takes longer to react
to drive the temperature to a critical value to induce igniton, and

the collision frequency factora is decreased, which suppresses reaction.

7.2.2 Detailled H, O, N> kinetics

Here is an example which uses multiple reactions for an adidizasothermal system is given.
Consider the full time-dependency of a problem similar to # thermal explosion problem
just considered.
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A closed, xed, adiabatic volume,V = 0:3061251 crf, contains att = 0 s a stoichiometric
hydrogen-air mixture of 2 10 °® mole of H,, 1 10 ® mole of G, and 376 10 ° mole of
N, at P, = 2:83230 10° Pa and T, = 1542:7 K.*3 Thus the initial molar concentrations are

4, = 6:533 10 ° molecm?®; (7.365)
o, = 3:267 10 ° mole=cm’; (7.366)
Ty, = 1:228 10 * mole=cm®: (7.367)
The initial mass fractions are calculated viag = M;—;= . They are
cq, = 0:0285 (7.368)
Co, = 0:226 (7.369)
cn, = 0:745 (7.370)

To avoid issues associated with numerical roundo errors atery early time for species
with very small compositions, the minor species were inifiaed at a small non-zero value
near machine precision; each was assigned a value of!¥@nole. The minor species all have
~ =(10 ¥ mole)=(0:3061251 cr#) = 3:26664 10 > mole=cm®. They have correspondingly
small initial mass fractions.

We seek the reaction dynamics as the system proceeds fromiitgial state to its nal
state. We use the reversible detailed kinetics mechanismTeble 7.2. This problem requires
a detailed numerical solution. Such a solution was performedy solving the appropriate
equations for a mixture of nine interacting species: HH, O, O,, OH, H,O, HO,, H,0,,
and N,. The dynamics of the reaction process are re ected in Figs.1b-7.16.

At early time, t < 10 7 s, the pressure, temperature, and major reactant speciesneo
centrations (H; O,; N,) are nearly constant. However, the minor species, e.g. OH, KO
and the major product, H,O, are undergoing very rapid growth, albeit with math fractons
whose value remains small. In this period, the material is what is known as theinduction
period.

After a certain critical mass of minor species has accumulateexothermic recombination
of these minor species to form the major product 4D induces the temperature to rise, which
accelerates further the reaction rates. This is manifested a thermal explosion. A common
de nition of the end of the induction period is the ignition delay, t = t;, the time whendT =dt
goes through a maximum. Here one nds

t;=66 10's (7.371)

A close-up view of the species concentration pro les is given Fig. 7.17.

13This temperature and pressure correspond to that of the samambient mixture of H,, O, and N, which
was shocked from 101325 10° Pa, 298 K, to a value associated with a freely propagating deination.
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Figure 7.15: Plot of mass fractionscy,(t), cu(t), Co(t), Co,(t), Con(t), Cu,o(t), Cuo,(t),

CH,0,(t), Cn,(t), for adiabatic, isochoric combustion of a mixture of 2H+ O, + 3:76N\,
initially at T, = 15427 K, P, =2:8323 1(f Pa.
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Figure 7.16: Plot of T(t) and P(t), for adiabatic, isochoric combustion of a mixture of
2H, + O, + 3:76N, initially at T, = 1542.7 K, P, = 2:8323 1(° Pa.
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Figure 7.17: Plot near thermal explosion time of mass fracis ¢y, (t), c4(t), co(t), Co,(t),
Con (1), Cu,0(t), Cho, (1), Ch,0,(t), Cn,(t), for adiabatic, isochoric combustion of a mixture of
2H, + O, + 3:76N, initially at at T, = 1542:7 K, P, = 2:8323 10° Pa.

At the end of the induction zone, there is a nal relaxation toequilibrium. The equilib-
rium mass fractions of each species are

Co, = 1:85 10 7% (7.372)
cht = 5:41 104 (7.373)
Con = 2:45 102 (7.374)
Co = 3:88 103 (7.375)
Ci, = 3:75 103 (7.376)
C,o = 2:04 10 % (7.377)
Co, = 6:84 10 % (7.378)
Ch,0, = 1:04 10> (7.379)
cn, = 7:45 10 % (7.380)

We note that because our model takes Nto be inert that its value remains unchanged.
Other than N,, the nal products are dominated by HO. The equilibrium temperature is
33823 K and 553 10° Pa:
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Appendix

This appendix will consider two peripheral topics: Legenértransformations, rstintroduced
in Sec. 4.3, and the method of least squares.

Legendre transformations

Here we will draw upon the work of Zia, et al* to better understand Legendre transforma-
tions in general and how they relate to thermodynamics. The ethod is general and is often
applied to other problems in physics, especially in dynansc
Consider a functionF (x). Let us insist that F be such that
d’F
o
That is to say, its slope increases or does not change»ascreases. Such a function may
possess a minimum value, and can be considered todomvex Formally, one can say that
F is convex when the region above it, known as thepigraph forms a so-callecconvex set
A set is convex if special linear combinations of any of itsezhents also reside within the
set. Examples of convex and non-convex functions are shownHig. 7.18. For the convex
function F(x) = x2, shown in Fig. 7.18a, we havel’F=dx? = 2 > 0. We also see that
special linear combinations of any points within the epiggh will lie within the epigraph.
Mathematically, this is expressed as follows: fa&2 [0; 1] we must haveF (sx;+(1  S)X»)
sF(x1)+(1 s)F(xp). Thisis illustrated by a sample line whose interior pointall lie within
the epigraph. For the non-convex functiorF (x) = x3 x2 X, shown in Fig. 7.18b, we have
d’F=dx?> = 6x 2: Obviously, this is not positive for allx, and so the function is non-convex.
And we see that lines exist connecting points within the epigph that contain points outside
of the epigraph. Hence it is non-convex.
Let us de ne the slope ofF asw. Mathematically, we can say
dF

ax = w(X):

BecauseF is a function of x, its derivative also is a function ofx. Now because we have
insisted that w is increasing asx increases, we can always nd a unique inverse such that

1R. K. P. Zia, E. F. Redish, and S. R. McKay, 2009, \Making senseof the Legendre transform," Ameri-
can Journal of Physics 77(7): 614-622.
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Figure 7.18: Plots illustrating a) the convex functionF (x) = x2 and b) the non-convex
function F(x) = x3 x? x.

x(w) exists. That is to say, just as the slope is a function ok, x can be identied as a
function of slope. Now let us de ne the Legendre transformain G as

G(w) = wx(w) F(x(w)):

Given F (x), and convexity, it is always possible to comput&. We can write this in a form
that will be more useful for thermodynamics:

G(w) + F(X) = wx:
Here we see a symmetry in the relationship. Now di erentiat& with respect tow. We get

dG dx dF dx

WV = WWV + X(W) &WV

Rearrange to get
G _ dx w dr +Xx(w)
dw

dw dx
I —{5—}

Now becausalF=dx = w, we getdG=dw= x: Thus we get a set of symmetric relations

dF _ w- dG _ «
dx dw
We could also say then that
dGdF
G(w)+ F(x) = awax:

It can remarkably be shown that the Legendre transformationf G returns us to the original
function F.
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We also have
PF _dw  dC_ dx,

dx2 ~ dx’ dx2 ~ dw’
So
FF O _ dwol _
dx2 dw?2  dxdw
[
Example 7.1

Find the Legendre transformation of F (x) = €*.

First, we nd that

dF d
= i &(e")— e
We also see that &2F
€70

soF is convex. We also see thatv(x) exists, as does its inversex(w):
w(x) = €; x(w) =1In w:

For the inverse to be real valued, we must require thatw > 0, which is the case forw = €. So

G(w) wx(w)  F(x(w));
= winw exp(lnw);
= wihw w;

= w(nw 1)

I
Example 7.2
Find the Legendre transformation of F (x) = x(Inx 1). The function F has the same form as the
Legendre transformation ofe* studied in the previous example.

We easily see that

d—F =In x
dx '
o)
w(x) =In x:
We also see that
d?’F 1
axz ~ x’

soF is convex as long as< > 0. We then get that

x(w) = e":
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The Legendre transformation is

G(w) = wx(w) F(x(w));
= we' eY(ne¥ 1)
= we' e¥(w 1)

= "

The Legendre transformation of the Legendre transformatiom returns us to the original function. Thus,
the transform is its own inverse.

I
Example 7.3
Find the Legendre transformation of F(x) = x 2=2, where is a positive scalar constant > 0.

First, we nd that

W:dF: d x?2 .
dx dx 2
We also see that
d’F
v

Because > 0, F is convex. We also see thatv(x) exists, as does its inverse(w):

w(x) = Xx; X (w) = w:
So
G(w) = wx(w) F(x(w);
—_— W W 2.
= W— 5 — :
-— W2.
= o
I
Example 7.4

Find the Legendre transformation of F(x) = x?=(2 ), with > 0. The function F has the same
form as the Legendre transformation of x 2=2 studied in the previous example.

We easily see that

dF _ x
dx ~

SO
w(x) = i:
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We also see that

°r_ 1
dx2 =~
soF is convex. We then get that
x(w)= w
The Legendre transformation is
G(w) = wx(w) F(x(w));

= w(w) - (w)?

The Legendre transformation of the Legendre transformatim returns us to the original function. Thus,
the transform is its own inverse.

I
Example 7.5
Apply the formalism of Legendre transformations to a linear mass spring system.

We know the potential energy of such a system is
1
U(x) = Skx?;
where k is the spring constant, andx is the displacement of the mass from its equilibrium position of
x = 0. We think of U(x) as standing in for F (x). Let us let then let f stand in for w and take

du
f—d—x—

Thus, we associatef with the traditional spring force kx. We see

kx:

d’u
—_— = k'
dx? '
and becausek > 0, U(x) is convex.
Now we also see ¢
fy= —:
x(f)= ¢

Let us let V stand in for G and de ne the Legendre transformation
V(f)=xf U(x):

So )
f2 1 f
V=1 3k g
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Thus,

112
V(f)= e
Note that YR
e x(f):

Our Legendre transformation then gives
U(x)+ V(f) = fx;

%kx2 + %; = fx;
(kx)?+ f2  2kfx =0;
(f kx)2=0:
This yields
f = kx;

as it must. We can think of U(x) as a potential associated with the position. We can think ofV(f ) as
a potential associated with the control parameterf , the spring force.

I
Example 7.6
Consider the Legendre transformation in terms of traditional Lagrangian and Hamiltonian dynamics
for a particle of massm with position g, velocity v = g, momentum p = mv = mgq, LagrangianL(q;q;9,
and Hamiltonian H(p; q;f). The particle moves in a potential eld with the potential a known function
of position, V(g). We consider the so-called \coordinates” to bep and q

We typically think of Hamiltonian systems as non-dissipative; for particle dynamics, this implies
that the sum of the kinetic energy T = mv2=2 and potential energyV = mgz is a constant independent
of time:

H =T+ V =constant:

The kinetic and potential energy can change with time, but their sum does not for the non-dissipative
system. Herez is a traditional position coordinate that we take to be z = g. And we simply require the
potential V to be a general function of position only: V(q). The kinetic energy in terms of momentum
pis

So
2

H(Piai) = 5+ V(O

For the Legendre transformation formalism, we wish to condier the variablesp and g. Let us then
de ne the \slope”

@

_p_
@pq;t m g
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With the de nition of momentum p= mv, we see that
q=v

We see thatH is convex by computing

becausem > 0.
The Legendre transformation allows us to de ne the Lagrangan L in terms of the Hamiltonian H:

L(g;9=pa H (p(Q);q;1):

So ( g)2
. . — m
L(g;a;9 = pa om T V(@
Simplifying, we get
B — 2 mg?
L(g;9;9 = ma’ ?*'V(CI)
or ) )
mv
L@aiy=mT V@@= - V@=T V:
So we have

H=T+V; L=T V:
We could then say
L@wa:;9+ H(p;a;9 = pa:
Note that a @
p
—_— =mg= mv = p; _— - —=VvV=2qQ:
@an + P @pq;t m .

Now with L = L(q;q;t), we have the total derivative

@ Q@ Q

dL = dg+ — dg+ — dt
@' @™ et
Now p= @Q. =@, SO
Q
dL = — dq+ —dt
@q 9 p dg+
With the product rule, we say
Q Q
dL = — dgq+d dp+ — dt:
@qq () gdp ot
Rearranging gives
Q
d(L = d d+—dt
(L pa= @qq adp* o
Q@ Q
d L)= —dg+qdp — dt
(pa L) @q 9t a4 5
Recallingpg L = H, we get
Q@ Q
dH= —dg+gdp — dt
@qq g dp ot
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Scale bydt to get
dH = @ dp @ .

+

T @qt Ya @t
daH _ @ da a.

dt - eqt dda ot
Now becauseH = pgq L , we have

@ @

@t pa @tp;tl

And because for non-dissipative system#d is constant, it does not vary with time, so we also have
@Q.=@t= 0, along with dH=dt = 0. Thus, after scaling by g, we get the well-known Euler-Lagrange

equation:
@ E@ =0
@q dt @
We can get the so-called Hamilton's equations for a Hamiltoran system by the following. For a
constant Hamiltonian, we haveH = H(p;q. So

@ @
dH = dp+ —— dq=0:
@p, 7 @,
Scale bydt to get
dH _ @A @
— = — + — q=0:
&t = @p, > @q,*
Because we already havej = @H=@pwe get
@ Fl+ @-I @ =0
@p, = @q, @p,
For this to hold, we must require p= @1 =@qThus, we have the well-known Hamilton's equations:
e _ . o
@p, & @q, -

Let us see how this ts with thermodynamics. We will need somanusual notation to
identify the similarities. Let us take
P P; h h; & a, o g:
Our de nition of enthalpy, h = u+ Pv, can be rewritten as
u h= Pv:

Now recall from Eg. (4.76) that the canonical form fou is u(v;s), and that from Eq. (4.81),
the canonical form forh is h(P;s). Also invoking Eqg. (4.26) to eliminateP and Eq. (4.100)
to eliminate v, we get

uvis hp;g= &Y en.

@v, @P,’
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In terms of P and R, we could say

u(v;s) + h(P;s) = eu a :
Qv, @

Recognizing thats is a frozen variable here, we see that this is precisely therrfo of the
Legendre transformationG(w) + F(x) = wx, with dF=dx= w, dG=dw= x. We could also
say

u(v;s) = vP(v;s) R(P(v;s);s);
to be consistent with the original formG(w) = wx(w) F(x(w)). Sou is playing the role
of G, v is playing the role ofw, P is playing the role ofx, and h is playing the role ofF.
Rearranging gives

( N(P(v;s);s) = u(vis)+( P(v;9))v;
h(P(v;s);s)) = u(v;s)+ P(v;s)v:

For convexity, we needd?F=dx?> 0. This extends to

@;Fl 0)
@ S

In terms of h and P, this becomes
@h
— 0)
@P

This is a requirement for convexity for a general equation cftate. For example, we can
consider a CPIG, which has by Eq. (4.117} = ¢, To(P=P)* Y= exp(s=¢) + (ho ¢,To).
For this special case, we easily compute
S P Tk
@h (k DoTee® 5
@P k2P2

AsP >0,P,>0,T,> 0,k > 1, g > 0, the convexity condition is guaranteed. It is also
easy to show that
@h @u

Bethe!®, Zel'dovich®, Thompson'’, and many others have explored consequences of non-
convexity of equations of state in what are now known as BZT us. As they explain,

5Bethe, H. A., 1942, \The theory of shock waves for an arbitray equation of state,” Technical Report
No. 545, O ce of Scienti ¢ Research and Development.

167el'dovich, Y. B., 1946, \On the possibility of rarefaction shock waves," Zhurnal Eksperimental'noi i
Teoreticheskoi Fiziki, 16(4): 363-364, (English translation: Joint Publications Research Service 7320, Ar-
lington, VA., 1960).

Y Thompson, P. A., 1971, \A fundamental derivative in gasdynamics,” Physics of Fluids 14(9): 1843-1849.
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non-convexity can be introduced by nonideal e ects such a® ected in a van der Waals
equation of state.
Let us repeat this fora and g. First for Helmholtz free energy from Eq. (4.102) we get

u a=Ts:

Invoking Egs. (4.26) and (4.107), we get

_ @u @a
v % @s, e,
In terms of & we get
, . @Qu @& |
u(s;v)+a(T;v) = @Sv @Tv.

Recognizing thatv is a frozen variable here, we once again see that this is psaty the form
of the Legendre transformationG(w) + F(x) = wx, with dF=dx= w, dG=dw= x.
For Gibbs free energy, from Eq. (4.110), we can say

h g=Ts:

Invoking Egs. (4.100) and (4.115), we can say

@h Q@g
h = — —
9 @s.  @T,
Invoking g, we can say
@h @&

h(s;P)+9(T;P)= — —
SP)+9(TiP)= Ge o)
Recognizing thatP is a frozen variable here, we once again see that this is pesty the form
of the Legendre transformationG(w) + F(x) = wx, with dF=dx= w, dG=dw= x.

Method of least squares

One important application of data analysis is the method ofelast squares. This method is
often used to t data to a given functional form. The form is mat often in terms of polyno-

mials, but there is absolutely no restriction; trigonometic functions, logarithmic functions,

Bessel functions can all serve as well. Here, we will restriourselves to strictly scalar
functions of the form

x=f(a), j=1;0M

where x is a dependent variablet is an independent variablef is an assumed functional
form, and & is a set ofM constant parameters in the functional form. The analysis ca
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easily be extended for functions of many variables. Genenalathematical background is
given by Strang®®
Mathematically, the fundamental problem is, given

" a set ofN discrete data points,x;, tj, i =1;:::;N, and

" an assumed functional form for the curve tf (t;&) that has M parametersa;, j =

that v
u

X
LEixi f(ta)i, t i f(t;a)5

i=1

is minimized. Here, , represents a total error of the approximation. It is sometiras called a
\norm" of the approximation or an \L-two norm." The notation jj jj . represents the L-two
norm of a vector represented by \" In that it is a square root of the sum of squares, it can
be thought of as an unusual distance, as motivated by Pythagas® theorem.

In the least squares method, one

A

examines the data,
makes a non-unique judgment of what the functional form migtbe,

substitutes each data point into the assumed form so as to faran over-constrained
system of equations,

uses straightforward techniques from linear algebra to s@l for the coe cients that
best represent the given dataf the problem is linear in the coe cients g,

uses techniques from optimization theory to solve for the eaients that best represent
the given dataif the problem is nonlinear ing;.

The most general problem, in which the dependencs is nonlinear, is dicult, and
sometimes impossible. For cases in which the functional fioiis linear in the coe cients a; or
can be rendered linear via simple transformation, it is podde to get a unique representation
of the best set of parameters;. This is often the case for common curve ts such as straight
line, polynomial, or logarithmic ts.

Let us rst consider polynomial curve ts. Now, if one has sayten data points, one can
in principle, nd a ninth order polynomial that will pass thr ough all the data points. Often
times, especially when there is much experimental error ihe data, such a function may
be subject to wild oscillations, that are unwarranted by theaunderlying physics, and thus is

18G. Strang, 1988, Linear Algebra and its Application, Harcourt Brace Jovanovich, Orlando, Florida.
9pythagoras of Samos, ¢. 570 B.C.-495 B.C., lonian Greek phisopher and mathematician.
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not useful as a predictive tool. In such cases, it may be morseful to choose a lower order
curve that does not exactly pass through all experimental pats, but that does minimize

the error.

Unweighted least squares

This is the most common method used when one has equal con denin all the data.

I
Example 7.7

Find the best straight line to approximate the measured datarelating x to t.

A straight line t will have the form

—

X
5
7

10

12

15

D WNPEFLO

X = a; + aot;

where a; and a, are the terms to be determined. Substituting each data pointto the assumed form,

we get ve equations in two unknowns:

5
7
10
12
15

a; +0ay;
ap +1ay;
a; +2ay;
a; +3ay;
a; +6ax:

This is an over-constrained problem, and there is no uniquedution that satis es all of the equations!

If a unique solution existed, then the curve t would be perfect. However, there does exist a solution
that minimizes the error, as is often proved in linear algeba textbooks (and will not be proved here).
The procedure is straightforward. Rearranging, we get

0

%

A

1
1

1

:

This is of the form A a= b. We then nd

AT A a
a

0 1
5
7
2; = B1ok:
12
15

AT b:
AT A AT b:
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Substituting, we nd that
2 13,

0
0
alzglllllg §%
a 0123 6%
6

So the best t estimate is

e

0 1
5
7
1111 l%log_ 5:7925 |
01 2 3 6 12 1:6698
15

(=Y

X =5:7925 + 1:6698t:

The least squares error i§JA a bjj, = 1:9206. This represents what is known as thé, error norm
of the prediction. In MATLARHhis is found by the command norm(A a b) where A a, and b are the
coe cient matrix A, the solution a and the input vector b, respectively. If the curve t were perfect,
the error norm would be zero. A plot of the raw data and the best t straight line is shown in Fig. 7.19.

20 T T T T T T

16

Data Points —

12

x=5.7925 + 1.6698 t 1

Figure 7.19: Plot ofx t data and best least squares straight line t.

Weighted least squares

If one has more con dence in some data points than others, ogan de ne a weighting

function to give more priority to those particular data poirts.
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I
Example 7.8
Find the best straight line t for the data in the previous exa mple. Now however, assume that we
have ve times the con dence in the accuracy of the nal two data points, relative to the other points.
De ne a square weighting matrix W :
1
§§
5

0

=

=

1

[eNe)
[oNoNeoN Ne
OOPr oo
ol NeoNoNe]

o

Now, we perform the following operations:

A a = b;
W A a = W b;
W AT W A a = (W A" W b;
1
a= (WA WA W A" W b

With the above values of W, direct substitution leads to

a= a; _ 80008 .
T a, 11972 -
So the best weighted least squares t is

X = 8:0008 + 1:1972t:

A plot of the raw data and the best t straight line is shown in F ig. 7.20.

When the measurements are independent and equally reliabl§ is the identity matrix.
If the measurements are independent but not equally relialW is at most diagonal. If the
measurements are not independent, then non-zero terms cgmpaar o the diagonal in W .
It is often advantageous, for instance in problems in whichne wants to control a process in
real time, to give priority to recent data estimates over oldlata estimates and to continually
employ a least squares technique to estimate future systerethavior. The previous example
does just that. A famous fast algorithm for such problems isfown as aKalman? Filter.

Power law/logarithmic curve ts

It is common and useful at times to t data to a power law form, specially when the
data range over wide orders of magnitude. For clean units, i$ advisable to scale bothx

20Rudolf Emil Kalman, 1930-2016, Hungarian-American electrical engineer.
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20

I weighted data points 1
16 T~
12 g

< ]
8
o X =8.0008 + 1.1972 t

D

a4l ]
2 4 6

Figure 7.20: Plot ofx t data and best weighted least squares straight line t.

andt by characteristic values. Sometimes this is obvious, andmsetimes it is not. Whatever
the case, the following form can usually be found
X (t) t

—a —
Xc te

Here,x is a dependent variablet is an independent variablex. is a characteristic value ok
(perhaps its maximum),t. is a characteristic value ot (perhaps its maximum), anda; and
a, are curve t parameters. This tis not linear in the coe cients, but can be rendered so
by taking the logarithm of both sides to get
x(t t t

) =ln a — =In(a) + axln  —

XC tC tC
Often times one must not include values at = 0 because of the logarithmic singularity
there.

In

I
Example 7.9

An experiment yields some data, shown next.
t(s) x(nm)
0:0 0.0
1 103 1 1@
1 102 5 10
1 1 3 100
1 10t 7 1@
1 1° 8 109
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Analyze.

A plot of the raw data is shown in Fig. 7.21. Notice that the linear plot obscures the data at small

x 10t
8 : 10t
a) | b)
o
6 L
16 |
& E
S £
<4 x o
100
2 L
(@]
o

‘ ‘ ‘ ‘ 10° ‘ ‘
20 40 60 80 100 10* 10?2 10 1¢

t(s) t (s)
Figure 7.21: Plot ofx t data in a) linear and b) log-log plots.

time, while the log-log plot makes the trends more clear. Nowto get a curve t for the log-log plot, we
assume a power law form. We rst eliminate the point at the origin, then scale the data, in this case
by the maximum values oft and x, and take appropriate logarithms to get to following values

t (s) X (M) t=tmax X=Xmax In ﬁ In X

1 10° 1 10° 1 10° 125 10 1 11:5129 25:1053
1 102 5 100 1 104 625 1010 9:2013 21:1933
1 10° 3 106 1 102 375 10°6 4.6052 12:4938
1 10 7 10° 1 10! 875 10?2 2:3026 2:4361
1 17 8 1019 1 1 1 10° 0:0000 00000

Now, we prepare the system of linear equations to solve

X

In = Ina;+ axlin ;
Xmax max
251053 = Ina; + ap( 11.5129)
21:1933 = Ina; + ay( 9:2013)
124938 = Ina; + ax( 4:6052)

2:4361 = Inag + ax( 2:3026)

0:0000 = Inay + a,(0:0000)
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In matrix form, this becomes

0 1 0 1
1 115129 251053
%1 9:2013§ na E@ 21:193%
1 46052 g S 12:493g~ :
1 2:3026 2 2:4361
1 00000 0:0000
This is of the form
A a=b:

As before, we multiply both sides byAT and then solve fora, we get

a= AT A " AT b:

Solving, we nd
0:4206 .
2:2920

So that
Ina; =0:4206 a, =2:292Q

or
a; =1:5228
So the power law curve tis

2:2920
XV _ygpg b :
8:000 100 nm 100 s

or
2:2920

_t
100 s

A plot of the raw data and curve tis shown in Fig. 7.22.

x(t)= 1:2183 10" nm

Higher order curve ts

As long as the assumed form for the curve t is linear in the coecients, it is straight-
forward to extend to high order curve ts as demonstrated inte following example.

I
Example 7.10
An experiment yields the data that follows.

t X

0.0 10
07 16
09 18
1.5 20
26 15
30 11

Find the least squares best t coe cients a;, ay, and az if the assumed functional form is

311



102t

1¢ |

X (nm)

100 +

10

10 ‘ ‘ ‘
10 102 10° 10°
t(s)

Figure 7.22: Plot of rawx t data and power law curve t to the data: x(t) =
(1:2183 10" nm) - *#%:

a; + apt + agt?;

1. x
2. x=a +asin ¢ +agsin § :

Plot on a single graph the data points and the two best t estimates. Which best t estimate has the
smallest least squares error?

T X=a;+ ax+ a3t2:

We substitute each data point into the assumed form and get tte following set of linear equations

10 = a;+ ay(0:0) + az(0:0)%;
16 = ap+ ax(0:7) + az(0:7)%:
18 = ap+ ay(0:9) + a3(0:9)%:
20 = a;+ ay(1:5)+ az(1:5)%;
15 = a;+ ay(2:6) + az(2:6)%;
L1 = a;+ ax(3:0) + a3(3:0)%:

These can be rewritten as 0 1 0O 1
1 00 OO0 1.0
1 07 04 Oall 1:6
1 09 08 1:8
1 15 22 @ZZA‘ 2:0
1 26 67 3 1:
1 30 900 11
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This is of the form
A a=bh:
As before, we multiply both sides byA T and then solve fora to get
a= AT A " AT b
Solving, we nd 0 1
0:9778
a= @1:2679A:
0:4090
So the best quadratic curve t to the data is

x(t) 0:9778+1:267% 0:409G72:

The least squares error norm is
jA a Xxjj2=0:0812
X=ap+asin ¢ +agsin §:
This form has applied a bit of intuition. The curve looks like a sine wave of wavelength 6 that has
been transposed. So we suppose it is of such a form. The tereq is the transposition; the term on

a, is the fundamental frequency, also known as the rst harmonge, that ts in the domain; the term
on az is the second harmonic; we have thrown that in for good measu.

We substitute each data point into the assumed form and get tte following set of linear equations

1.0 = a+asin@+asin%
. - 1 2 6 3 3 y
.07 .07
16 = + — + -
a; + azsin 6 az sin 3
. 09 .09
1.8 = a;+ axsin 3 + azsin 3 ;
.15 . 1.5
20 = a + axsin 3 + az sin 3 ;
. 26 . 26
15 = + — + -
aj + ap sin 6 ag sin 3
11 = a+asin@+asin%
. 1 2 6 3 3
This can be rewritten as 0 1 0O 1
1 0.0 0.0 1.0
1 01164 0231 0a 1 1:6
1 01494 0295 1. B8
@azA =
1 02474 0479 a 2:0
1 04199 0762 3 1:
1 04794 08415 1:1
This is of the form
A a=b:

As before, we multiply both sides byAT and then solve fora, we get

a= AT A " AT b:
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Solving, we nd 1
1:0296

a= @ 37:1423A :
21:1848

So the best curve t for this form is

x(t) 1:0296 37:14233in(t_73 +21:18485in;£3

The least squares error norm is
JjA a Xxjj,=0:1165
Because the error norm for the quadratic curve t is less thanthat for the sinusoidal curve t, the

guadratic curve t is better in this case. A plot of the raw dat a and the two best t curves is shown
in Fig. 7.23.

two-term sinusoidal
curve fit

/

;

guadratic
polynomial
curve fit

Figure 7.23: Plot ofx
0:409@2; and x(t)

t data and two least squares curve ts«(t)

1:0296 37:1423sin (=6) + 21:1848 sin (=3).
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edition appeared in 1965.

W. C. Reynolds and P. Colonna, 2018, Thermodynamics: Fundamentals and Engineering Applicatios,
Cambridge University Press, New York.

This is a modern and thorough update of the 1965 edition of therst author. It is an outstanding
treatment of modern thermodynamics.

S. I. Sandler, 2017,Chemical, Biochemical, and Engineering ThermodynamicsFifth Edition, John Wiley,
Hoboken, New Jersey.

This is an advanced undergraduate text in thermodynamics fom a chemical engineering perspective
with a good mathematical treatment. It rst appeared in 1977.

E. Schredinger, 1989, Statistical Thermodynamics, Dover, New York.
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