Two-dimensional BF theory as a CFT

Pavel Mnev

University of Notre Dame, PDMI RAS

The Art of Quantization (L.D. Faddeev 85 anniversary conference),
PDMI RAS,
May 27, 2019

Joint work with Andrey S. Losev and Donald R. Youmans,
arXiv:1712.01186, 1902.02738



2D BF theory - reminder
o

2D BF theory - reminder

Reminder. 2D BF theory:
Fix G a group, X - a surface.

o Action: Sy = [,,(B,dA + 1[A, A])
o Fields: A€ Q'(X,g), Be Q% g%
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Reminder. 2D BF theory:
Fix G a group, X - a surface.

1
e Action: Sy = [(B, dA+ i[A,AD
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o Fields: A€ Q!(X,g), Be Q% g%
e Equations of motion: F)4 =0, d4aB =0
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2D BF theory - reminder

Reminder. 2D BF theory:
Fix G a group, X - a surface.

Action: Sg = [(B,dA + 1[A, A])

Fields: A € Q'(Z,g), B € Q°(%,g%)

Equations of motion: F4 =0, daB =0

Gauge symmetry: A g 'Ag+ g 'dg, B+ g 'Byg.
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Classical abelian theory

Reminder. Abelian 2D BF theory:
Fix X - a surface.

Action: Sq = [ B dA

Fields: A € Q}(X), BeQ(X)
Equations of motion: dA =0, dB =0
Gauge symmetry: A— A+da, B— B
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[ ]
Classical abelian theory

Reminder. Abelian 2D BF theory:
Fix X - a surface.

Action: Sq = [ B dA

Fields: A € Q}(X), BeQ(X)
Equations of motion: dA =0, dB =0
Gauge symmetry: A— A+da, B— B

Want to impose Lorenz gauge
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Gauge-fixing.

Faddeev-Popov (gauge-fixed) action

S:/BdA+)\d*A+bd*dc

@ )\ — Lagrangle multiplier, b, ¢ — ghosts
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Gauge-fixing

Gauge-fixing.

Faddeev-Popov (gauge-fixed) action

S:/BdA+)\d*A+bd*dc

@ )\ — Lagrangle multiplier, b, ¢ — ghosts
F=Q'o R’ ®oR[1]®R[-1]
A B c b

o (A, B, A\ b,c) — section of l

b
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Gauge-fixing

Gauge-fixing.

Faddeev-Popov (gauge-fixed) action

S:/BdA+)\d*A+bd*dc

@ )\ — Lagrangle multiplier, b, ¢ — ghosts
F=Q'o R’ ®oR[1]®R[-1]
A B c b

o (A, B, A\ b,c) — section of l

b

A
@ BRST operator @ : b
B,
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Abelian B F' theory
o
Gauge-fixing

Gauge-fixing.

Faddeev-Popov (gauge-fixed) action

S’:/BdA—l-)\d*A—i—bd*dc = a4+ @ /bd*A
e

U —g.f.fermion

@ )\ — Lagrangle multiplier, b, ¢ — ghosts

F=Q'oR*oR[l] @ R[-1]
A B c b

e (A, B, A\ b,c) — section of

A
@ BRST operator @ : b
B,
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Complex fields

Complex fields: |y
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Abelian B F' theory
L]

Complex fields

Complex fields

A+ iB A—1iB
= il , ¥ = ! ;alsosplit A= adz+adz
2 2 ~—

Complex fields: |y

Gauge-fixed action in terms of complex fields

S = 2i/ —y0a + 703 + bddc
>




Complex fields

Complex fields

Complex fields:

Abelian B F' theory
L]

B
;also split A=adz+adz

Gauge-fixed action in terms of complex fields

S:4/ d%z (75a+’73&+b85c)
5
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L]

Complex fields

Complex fields

B
;also split A=adz+adz

Complex fields: |y

Gauge-fixed action in terms of complex fields

S:4/ d%z (75a+’73&+b85c)
5

@a =0=0a
@ Equations of motion: 9y =0 =9y
00b =0 = 00c
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Complex fields

Complex fields

B
Complex fields: |y 5 , = ! ;also split A=adz+adz

Gauge-fixed action in terms of complex fields

S:4/ d%z (75a+’73&+b85c)
5

@a =0=20a
@ Equations of motion: 9y =0 =9y
00b = 0= 00c
a = —0c
a —  —0c
@ BRST operator @ : b - 7
vy, = 0
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L]

Complex fields

Complex fields

Complex fields: |y

B
5 5= ; also split A=adz+adz

Gauge-fixed action in terms of complex fields

S:4/ d%z (75a+’73&+b85c)
5

@a =0=20a
@ Equations of motion: 9y =0 =9y
00b = 0= 00c
a = —0c
a — —0dc
@ BRST operator @ : b - 7

vy, = 0
@ Note: S is invariant under Weyl transformations of metric
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Stress-energy tensor, BRST current

-1 4
V9 oghr

o Stress-energy tensor: 1), =

- (@ - exact!

SzQ(

-1 4

Guv

)

Nz
—_—
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Stress-energy tensor

Stress-energy tensor, BRST current

-1 -1 4
o Stress-energy tensor: 1), = S=Q ( \I/)

Vg o9t V9 09"
G
- (@ - exact!
e Explicitly: G** = (dz)2+(d2)2c_z\(;§_l;
—— >

G
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L]
Stress-energy tensor

Stress-energy tensor, BRST current

-1 -1 4
o Stress-energy tensor: 1), = S=Q ( \I/)

Vg ogh V3 ogh
~—_————
Guv
- (@ - exact!
o Explicitly: G*t = (dz)2[a 9b]+(dz)? a bb
=
G

o || Tt = QG™* || = (d2)2(| ObOc + a dv |) + (d2)?(Obdc + a 07
Q (d2)2( b e+ a dy ) + (d2)*( 7 7)

T T
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Stress-energy tensor

Stress-energy tensor, BRST current

-1 -1 4
o Stress-energy tensor: 1), = S=Q ( \I/)

VG g VG 6g*
N————
G
- (@ - exact!
o Explicitly: G*t = (dz)2[a 9b]+(dz)? a bb
S ~~
G G
o || T = QG™" || = (d2)%(|ObOc + a O |) + (dZ)?(0bOc + a I7)
S —— H_/
T T

o Noether current for Q-symmetry: J©t = 2i(dz|vdc |—dz Fdc
Q-sy y ( 3 )

J J
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L]
Stress-energy tensor

Stress-energy tensor, BRST current

-1 -1 4
Stress-energy tensor: 1), = S=Q ( \I/)

/g gm NI
—_———
Gy
- (@ - exact!
o Explicitly: G*t = (dz)2[a 9b]+(dz)? a bb
e <~
& el
o || T = QG™" || = (d2)%(|ObOc + a O |) + (dZ)?(0bOc + a I7)
S —— —_————
T T
o Noether current for Q-symmetry: J©t = 2i(dz|vdc |—dz Fdc
@-sy y ( 3 )
) J
G ~ 0~ 0G
@ Conservation laws: 0T ~ 0 ~ 0T

0J ~0n~0J
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Quantization

Quantization (on C)

Fix ¥ =C.

Correlators

@1(a) Bl = 5 [ eTHID (1) Do)

— given by Wick's lemma with propagators

(@(2(w) = ——, (@(2)7(w)) = ——,

2 — W zZ—w

(c(2)b(w)) = 2log |z —w|+ C

Composite fields:

®(z) € F, = {differential polynomials in fields a,~,a,¥,b, c}/e.o.m.
o (F,,-, Q) — free cdga, with - the normally-ordered product.
o [V, is freely generated by:

kb, 0%¢c,d'a, 8'v; b, ¢; OFb, 0 ¢, 0'a, 8'y  withk>1,1>0

holom. sector antiholom. sector
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First examples of correlators and OPEs

First examples of correlators and OPEs

An example of a correlator..

o a Sl _ - _1
(iva:(2) ya:(w)) = ZO“H- zé:@w =——
a Y < a Yo~ (wa)Z

—_———

prohibited by normal ordering
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L]
First examples of correlators and OPEs

First examples of correlators and OPEs

An example of a correlator..

o a Sl _ - _1
(iva:(2) ya:(w)) = ZO“H- zé:@w =——
a 7y -7 < (z —w)?

—_———

prohibited by normal ordering

Operator product expansion (OPE):

D (w)Po(z) = sum of diagrams with external legs <I>1(w)@q>2(z)

Example of an OPE:

(706)(w) (adb)(z) ~—— ¢ ywalz):  :de(w) 9b(z):
—_— e (w—2)3 (w—2) >

J(w) G(z)
-1 va:(z) T(z)
(w— 2)3 * (w — z)? +w_z+reg
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Important OPEs

Some important OPEs

TT OPE

0 N 2T(z) +8T(z)

T(w)T(z) ~ (w—2)* (w—2)?2 w-z treg

Thus, central charge: .
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Important OPEs

Some important OPEs

TT OPE

0 N 2T(z) +8T(z)

T(w)T(z) ~ (w—2)* (w—2)?2 w-z treg

Thus, central charge: .

part of S | vda  70a bddc
(Ca E) ‘ (270) (072) (_27_2)
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o0
Important OPEs

Some important OPEs

TT OPE

0 N 2T(z) +8T(z)

T(w)T(z) ~ (w—2)* (w—2)?2 w-z treg

Thus, central charge: .

part of S | vda  7da bddc
(Ca E) ‘ (270) (072) (_27_2)

1(z) | ()

2

2G(2) +8G(z)+reg, T(w)J(z) ~

(w—2)?2 w—z (w—2) treg

w—z

l.e. G, J are primary, of dimensions hg =2, hy = 1.
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Important OPEs

Mode operators

dw
21
dw

T(w — 2)" T (w)®(z) — Virasoro generators
i

0 G, :P(2) — (w — 2)" T G (w)®(2)

SO~ S

o L,:®(z)—

. 1
° Qqua,mum . (I)(Z) — 7% JtOt(’w)(I)(Z)
am |,
Generators {G,,, Ly,; Gy, Ly; Q} span a super-Lie algebra with relations

(L, Lin) = (0 —=m) Loy,  [Ln,Gm] = (0 —m)Gnim, [Q,Gn]= Ly
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@00

Witten's descent

Witten's descent

Descent equation

QOW = gow-1
with OP) € F, @ APT}Y
—_———

]F(zp)

Solution of descent equation via G_;

SetT'=—dzG_; —dzG_;. Let O©) be Q-closed (a 0-observable), then
00 _ o0 _10® _ 0@ _ lrepo
2

is a solution of descent. Note: [Q),T] = d.
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Witten's descent

Descent explicitly

@ 0-observables in abelian BF: Hg(F,) = {polynomials in B, c}
——

0,
@ In N-component theory, with F — E®§f/,
1%
0. =TPW(V[1]) = Clc*, By = “2&7].
c —  —a
o G_;: vy —  0b Also, G_1 acts as a derivation.
¥,b,a,a — 0
c A

@ Descent operator: T': B — —sxdb

e For p(B,c) a 0-observable, the total descent
0* =00 + 0 1 OO = \ p(B — *db,c + A) \
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oeo
Witten's descent

Descent explicitly

@ 0-observables in abelian BF: Hg(F,) = {polynomials in B, c}
——

0,
@ In N-component theory, with F — E®§f/,
1%
0. =TPW(V[1]) = Clc*, By = “2&7].
c —  —a
o G_;: vy —  0b Also, G_1 acts as a derivation.
¥,b,a,a — 0
c A

@ Descent operator: T': B — —sxdb

e For p(B,c) a 0-observable, the total descent
0* =00 + 0 1 OO = \ p(B — *db,c + A) \

o Remark: O* = p(B, A)|;, where B = B+ AT + ¢,
A=c+ A + BT — superfields of AKSZ formulation of BF, with
SAKSZ — [ BdA + Abt, and with
L: AT = —xdb, bF =d* A, BT =ct = AT =0 the gauge-fixing
Lagrangian.
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Witten's descent

Why care about descent?

@ Topological correlators, e.g.

(B(2) fc Aw) = 1x K(C,2) @

T'e

o Deformations of CFTs S — S+ g [ O?).
o Example: 0¥ = %fﬁcBacbcC — non-abelian deformation.
o Example: O©) = W (c) an even polynomial of ghosts — (odd)
Landau-Ginzburg superpotential deformation.
@ BV algebra structure on Q,:

(£.9)= 3= § CNW) g(z). Gy = 5:(Go—Ga)



Abelian B F' theory
[ele] J
Witten's descent

Why care about descent?

@ Topological correlators, e.g.

(B(2) fg Aw) = 1x K(C, 2) a

T'e

@ Deformations of CFTs S +— S + ng(z).
o Example: 0 = %fﬁcBacbcC — non-abelian deformation.
o Example: O©) = W (c) an even polynomial of ghosts — (odd)
Landau-Ginzburg superpotential deformation.
o BV algebra structure on Q,:
82

(B,C):l7 Ga:m



Abelian B F' theory
[ele] J
Witten's descent

Why care about descent?

@ Topological correlators, e.g.

(B(2) fc Aw) = 1x K(C,2) @

T'e

o Deformations of CFTs S — S+ g [ O?).
o Example: 0¥ = %fﬁcBacbcC — non-abelian deformation.
o Example: O©) = W (c) an even polynomial of ghosts — (odd)
Landau-Ginzburg superpotential deformation.
@ BV algebra structure on Q,:

(£.9)= 3= § CNW) g(z). Gy = 5:(Go—Ga)

— It comes from the Ef-algebra structure on F, given by

multi-OPE.
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Abelian B F as a B-twisted (2,2)-SCFT

Abelian BF as a B-twisted N = (2,2)-SCFT

Let — Noether current for U(1) symmetry a > e%a, v+ e=%~.

N = (2, 2)-superconformal model (“untwisted” abelian BF theory)

1
Untwist: T+~ [ T5VSY =T — 58]' . Mode operators of
TSUSY @, J ,j satisfy NV = 2 super-Virasoro relations with ¢ = —3.
~—~—
supercharges
‘ a v b ¢ G J
hop |1 0 0 0 2 1
hsusy |3 3 0 0 § 3
Fields: FSUSY = K®2 @ K®2 ¢ K®2 @ K®2 @ R[1] @ R[-1]
a ¥ a ¥ & b




Abelian B F' theory

(o] J
Abelian B F as a B-twisted (2,2)-SCFT

Comparison of abelian BF' to B model

Recall N/ = (2,2) supersymmetric sigma model (Landau-Ginzburg
theory) with target X = CV:

S = [ a(61090" — it 0% — it 00" )
+ - hol/anti-hol on ¥;

®, ® - hol/anti-hol on X.

abelian BF | coeff V=RN & b, d~aF ¥ FF
B model | target X =CN ¢F  ¢p  ¢F F g,y
ab BF B model
st T parit;z—_re;ersal T owist
untwisted ab BF

LG



Abelian B F' theory

(o] J
Abelian B F as a B-twisted (2,2)-SCFT

Comparison of abelian BF' to B model

Recall N/ = (2,2) supersymmetric sigma model (Landau-Ginzburg
theory) with target X = CV:

S = [ a(61090" — it 0% — it 00" )
+ - hol/anti-hol on ¥;

®, ® - hol/anti-hol on X.

abelian BF | coeff V=RN & b, d~aF ¥ FF
B model | target X =CN ¢F  ¢p  ¢F F g,y
ab BF B model
st T parit;z—_re;ersal T owist
untwisted ab BF

LG
@ Theories on the left and right have different deformations due to
different parity!
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Towards Gromov-Witten invariants

Towards Gromov-Witten invariants

Idea: (G- -G ®1(21) - Pp(zn)) — closed p-form p on My ,,.

P
fC p — Gromov-Witten period on a p-cycle C.

Toy example

(20 — 21)(22 — #3)
(20 — #2)(21 — 23)

p=(T(cl0) Bzt) O(2) elz))),,, =2deg
bo(v)e(7)

cross—ratio

= Qil(COnf4(CP1))PSLz((C)_baSiC _ Qtlcl(MOA)

GW period:

?{ p = 47 k(C, [21] — [22])
C3z0
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Non-abelian theory as a deformation of abelian

Non-abelian BF' theory (as a deformation of abelian)

Feynman vertices : ' 7<7——o< » < ab <
° Q = QO +9 Ql
T =T T —
° otg I Q( €] )
=G — does not deform!

5(0b,la,c])
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Non-abelian theory as a deformation of abelian

Non-abelian BF theory (as a deformation of abelian),
cont'd

da— %la,a) =0
8’}/—"_%[&’7_’7]_%[67513]:0 _ ’ :
e E.om aéb—k %L’gb] 4+ 4[a, 0] = 0 don’t preserve chiral
d0c+ £0[a, ) + £0[a,c] =0
sectors anymore!
o J®' =2i(dzJ —dzJ)with J=Jy+g Ji
~—

B (7,[@,6])7%{61),[6,6])
dJtt ~ 0 but the chiral parts .J,.J are no longer conserved

e.o.m.

separately! — No twisted N = (2,2) supersymmetry!
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[ Je]

Correlators

Correlators

Correlators of fund. fields are finite sums of Feynman trees given by
convergent! integrals

fields v,7,b_ -~ o 1
A .

field a,a,c

LUnless there is a bare b field — IR divergence
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oe
Correlators

Examples of correlators

Example: 3-point function

v(z1)

_ 1 21 — 22 o) 4 %
c _ c 1 a(zg) v
Qe Vitez)a” (o) = ofy 2 tos| 2| e
N ¥(22)
Example: 4-point function
(a®(21) o (22) Ve(23) Ya(24)) = 9 (fir fealiosa + [ G 1as2),
~(22) 7(23)
y(22) Zy \O/
b@ _|_
® (z) ’y(k A
a(z1)® ¥(z4)
1
I1934 = 7(iD(@)7iD< )Jrl og |— log +log log 223 )’
2212 214 224 214 224 234

D(z) = ImLis(2) + arg(l — 2) log |2| - BIoch—ngner dilogarithm



Non-abelian B F theory

OPE of fund. fields (or derivatives): @(% y g 0, (2)

a®(w)T(2) ~ gl log [w — 2| |a°(2) + reg

Examples:

oy

w—z

a®(w)y(2) ~

9 ra
+§fbc

w—Zz

w—z

a°(z) + reg

Here reg are continuous (not holomorphic) terms at w — z.



Non-abelian B F theory

OPE of fund. fields (or derivatives): @(% y g 0, (2)

Examples:
a®(w)Ye(z) ~ —gfpq log |w — 2] |a®(z) + reg

a

a 5 a
a (w)(z) ~ ——+ 2 fy.

w—Zz

a°(z) + reg

w—z

Here reg are continuous (not holomorphic) terms at w — z. E.g.,

c*(w)by(z) ~ 0p2log |w — z| + reg

~ 032 og [w—z|+g fi. log Jw — 2| ((w = 2)a*(2) + (@ — 2)a*(2) )+ reg!

C! at w—z



Non-abelian B F theory
[ lo]e}
Composite fields

Composite fields

Composite fields are built via renormalized products

(®13,)(z) := lim (cpl(w)@g(z) — [<I>1(w)¢’2(2)ng)

w—z

sing part of the OPE

@ Sing. part of the OPE is of the form

[@1@)a(=)] = 3 (w—2) 0= ) log” fw — 2 e (2)

sing
p,q,7

— It is defined relative to the local coordinate z.

e Composite fields built as ®; - - - ®,, depend on the order of merging
of factors.
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[ lo]e}
Composite fields

Composite fields

Composite fields are built via renormalized products

(®13,)(z) := lim (cpl(w)@g(z) — [<I>1(w)¢’2(2)ng)

w—z

sing part of the OPE

@ Sing. part of the OPE is of the form

[@1@)a(=)] = 3 (w—2) 0= ) log” fw — 2 e (2)

sing
p,q,7

— It is defined relative to the local coordinate z.
e Composite fields built as ®; - - - ®,, depend on the order of merging
of factors.

o Examples composite fields: T',G, J**, e.o.m. (when endowed with
merging-order data). 9T, G, dJ*" and e.o.m. vanish under the
correlator.
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Composite fields

Examples of correlators and OPEs of composite fields

Example

log |w — 2|

(@) (w) (ve7a) (2)) = 9* frefea
T OO

Example

s g" o | log” |w — 2|
<(aa7b1 o /Ybn)(w) = 7' < Z fbg(l)el T bec,(nic> w— 2

oeS,

| |
A\

Example of an OPE

(a™36) (w) 7e() ~
—gf& log |w — 2/(a*3)(2) — & (fiuféy = Feufiy)log? fw = 2laf (2) + veg

| \

\
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Composite fields

Non-abelian BF as a TCFT

1 tot
= }1{” J (w) G(2)
—_———

quntum

oT
27 (z )2 (ZZ) + reg - corresponds to ¢ = 0 CFT.

)
2G(z) | 0G(z)
T(w)G(z) ~
o TW)G() ~ (o
e Fund. fields a,a,~,%, b, c are all primary, with same dimensions as in
the abelian case.

o T(z)

o T(w)T(z) ~

(wz

+ reg
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Vertex operators

Vertex operators

Fix u € g; fix v € g — eigenvector of ad, with eigenvalue «;
p € g* — eigenvector of ad], with eigenvalue —a.

Examples of fields with a quantum correction to dimension

(“vertex operators”)

Field V,, , := (p, a)e{*7) is primary, of dimension (h = 1 — &3, h == =
o 3 « _
Field W, ,, := (v,y — ¥)e{®7) is primary, of dimension (h = 79 h= 1)

Dimension (e.g. for V') can be seen from:
e TV OPE computation.

e Coordinate dependence (under scaling) of the singular subtractions
inV.

—n

e Fields |V, = %(p,a} (u, 7)™ |, n >0, with 2 = —2* form an

infinite Jordan block of Lg: LoV, =V, + V,,_1. Therefore,
V =30, %"V, has dimension h =1 + .

— ag
Example of a correlator: <V(w) (U,’Y(Z)>> = (p,v)%



Summary
°

Summary

Summary

@ Gauge-fixed BF theory isa TCFT.

@ Abelian theory is a B-twisted A/ = (2,2) supersymmetric CFT with
an odd target. Its deformations are different from the even case (B
model).

© Non-abelian theory has answers given by convergent integrals (—
polylogarithms).

@ OPEs of non-abelian theory contain expressions z Pz ?log" |z|.

@ One has infinite Jordan blocks for Ly and fields with anomalous
dimension.

Where we want to go with this:
@ Gromov-Witten invariants coming from BF. WDVV equation?
@ BF — AKSZ as a CFT.

@ Understand better the delta-function observables necessary to define
the theory on CP!.

References: arXiv:1712.01186, 1902.02738.
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