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BV-BFV formalism, outline
oeo
Classical BV-BFV theories

Reminder. A classical BV theory on a closed spacetime manifold M:
°o F
e w € O%(F) odd-symplectic, gh = —1
e Qe X(F) odd, gh=1,0Q%°=0
0 ScC®F) gh=0, qw=245
Note: {S, S}, = 0.
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For M with boundary:

M — (F, w, Q, %v') — space of fields
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OM —— (Py, wy = dag, Qa, So) — phase space
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Subscripts ="ghost numbers”.
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BV-BFV formalism for gauge theories on manifolds with boundary
Reference: A. S. Cattaneo, P. Mnev, N. Reshetikhin, Classical BV
theories on manifolds with boundary, Comm. Math. Phys. 332 2 (2014)
535-603.

For M with boundary:

M — (F, w, Q, 9 — space of fields
OM —— (Dy, wy = day, Qa, Sao) — phase space

Relations: Q% =0, tg,ws = 6Sa; Q?=0, ‘LQM =05+ 1ray |.
=CME: %/,Q/Qw =7*Sy

Gluing:
My Us Mir — Fuy Xaos Fumy,

This picture extends to higher-codimension strata!
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Quantum BV-BFV theories

Quantum BV-BFV formalism.
Reference: A. S. Cattaneo, P. Mnev, N. Reshetikhin, Perturbative
quantum gauge theories on manifolds with boundary, arXiv:1507.01221.
e Y closed, dim¥ =n—1 — (1, Qx)
o M,dimM =n —
o (Fres; Wres)
o Zu € Dens? (Fres) ® Hom satisfying mQME:

(EQGJ\/I — ihArcs) Zy =0

h

Reminder: In Darboux coordinates (z°,&;) on Fres,

0 0

Arcs - %87&
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Quantum BV-BFV formalism.
Reference: A. S. Cattaneo, P. Mnev, N. Reshetikhin, Perturbative
quantum gauge theories on manifolds with boundary, arXiv:1507.01221.
@ Y closed, dimX¥X =n—1 — (H3, Q)
e M,dimM=n —
o (Fres,Wres)
o Zu € Dens? (Fres) ® Honr satisfying mQME:

(%QBNI — ihAres> Zu =0

Gauge-fixing ambiguity = Zy ~ Zuy + (3Qon — ihves) (+++).
Gluing:

’ZMIUEMII = P*(Z]WI *% Z]\ln)

*y, — pairing of states in Hy,
P, — BV pushforward (fiber BV integral) for

M M Py rMusM
f I % fresH — ‘Fresl sMrr

res
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Q9 =285 €End(Hs):.

FOF =xnlp {b}

|

Dy
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By > b boundary condition
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Quantization

Quantization
Choose p: ®5 — By Lagrangian fibration, asl,-1(;) = 0.

Ho = DGHS%(BB) Q= 35 S End(Ha)l.

FOF, =n'p b}

|

Dy

d
By > b boundary condition

Partition function:
Zn(b) = / ehS, Zu € Dens? (By)
LCFy

L C Fp gauge-fixing Lagrangian.
Problem: Zj; may be ill-defined due to zero-modes.



BV-BFV formalism, outline

ooe
Quantization

Quantization

Choose p: @9 — By Lagrangian fibration, O‘a|p*1(b) =0.

Ho = DenS%(Ba) , Qo = 579 € End(Hy)1.

FOF =xnlp b}
Dy
di
Bs > b boundary condition

Solution: Split Fp = Fres X F > (¢ms,$). Partition function:
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Quantization

Quantization

Choose p: @9 — By Lagrangian fibration, O‘a|p*1(b) =0.

Ho = DenS%(Ba) , Qo = 579 € End(Hy)1.

FOF =xnlp b}
Dy
di
Bs > b boundary condition

Solution: Split Fp = Fres X F > (¢ms,$). Partition function:

Zpr (b, res) = / B S%S(b,@csﬁ)’ Zy € Dens%(l’j’a) ® Dens%(}}es)
LCF

LCF gauge-fixing Lagrangian.

P / ’
]:res_>]:res = ZM:P*ZJW
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Classical abelian theory, intro

Cellular abelian BF' theory — premise

Reference: A. S. Cattaneo, P. Mnev, N. Reshetikhin,
Cellular BV-BFV-BF theory, in preparation.

@ M - compact oriented PL n-manifold.
@ X - cellular decomposition of M.

o Fields: differential forms — cellular cochains.
F=C*(X)[1]® C*(XV)[n—2].
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CW dual

Dual cellular decomposition

Intersection numbers

@ M closed Cr(X) @ Ch ik (XY) = 7Z

st k-cells of X <+ (n — k)-cells of XV
@ M with boundary

() &
N

Cr(X,Xp)®Cr_i(XV-) = Z
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X\/
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CW dual

Dual cellular decomposition: cobordisms

M a cobordism in out OM = M, U Mgy

X — cellular decomposition of M

Dual XV: use V4 at in-boundary, V_ at out-boundary
b'e

in

o’ out

Ck(X, Xout) & Cn—k(vaXi\g) —Z
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@00
Classical abelian theory

Cellular abelian BF'": fields and bulk 2-form

@ M - compact oriented n-manifold (cobordism).
@ X - cellular decomposition of M.
o Fields:
F=C*'X,E)l]®C*(XY,EY)[n—2] > (A, B).
o Twist by a SL(m)-local system E.

@ In components:

A:ZeCXe*'AE’ ‘B:ZQVCXv Bev _(e\/)*
A, €R™ Bov € (R™)*

e BV 2-form: intersection pairing

w:=(6B,6A) = Y £6B,)AOA — degenerate!
eCX—Xout
) X
in s—e—e—@out
[ ker w spanned by A,.i, Biy.
O TSNP NS S
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Classical abelian BF": bulk and boundary data

Action: S = (B,dgA)+ (B, A)i, =

> > (B, E(e>€¢)oAu)pm + (B, A)iy
eCX—Xout € C Oe

codim=0
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Classical abelian theory

Classical abelian BF": bulk and boundary data

Action: S = (B,dgA) + (B, A)in
Bulk cohomological vector field: Q = (dg A, a%> + (dY.. B, a%)
— lifting of dp ® dY,., to a vector field on F.

Boundary phase space: ¢y = C*(Xp, E)[1] & C*(Xy,EY)[n — 2]
projection 7 : F — ®5 — pullback of cochains to the boundary
symplectic form wg = (6B, 5 A)s (non-degenerate).

out

Boundary 1-form: ayp = (B,5A)out — (0B, A)in = (B,5A)o + 6(B, A)in
Qs — as in bulk, but for cochains of the boundary, Sp = (B,drA)s.
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[ele] ]
Classical abelian theory

Bulk and boundary data (F,w, @, S,7), (Pg,ws = dag, Qa, Sa)
introduced above satisfies the properties of a classical BV-BFV theory

E.g. structure equation ‘ tow = 05 + m*a | — corollary of

cellular Stokes’ theorem (db, a) + (b,da) = (b, a)out — (b, a)in
with b, a test cochains.
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B F theory

m
Set u# = [] J]IPA%I? IPBoeral? € Dens? (F)

eCX a=1

— cellular $-density on fields.

QME:

A(e%s'ﬂ%) =0

with A = )" <
eCX

o 0
0A." OB

Residual fields: Fo, = H*(M)[1] & H*(M)[n — 2.

)
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Quantization for M closed

m

Set u# = [] J]IPA%I? IPBoeral? € Dens? (F)
eCX a=1

— cellular $-density on fields.

i 1 i 0 0
QME: | A (eﬁs ,Nz) =0 |with A = §<<8Ae’ 9B.,.c) >Rm

Residual fields: Fiec = H*(M)[1] & H*(M)[n — 2.
Partition function:

7Z = ftcﬁeiﬁs e (C®Dens%(}'res) ~C®DetH*(M)/{£1}
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Quantization for M closed

m
Set u# = [] J]IPA%I? IPBoeral? € Dens? (F)
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— cellular $-density on fields.

i 1 0 0
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Quantization for M closed

Set ut = [[ [ IPA2I? IPB..yul? € Dens? (F)
eCX a=1
— cellular %—density on fields.

i 1 0 0
QME: A(ehs~u2) =0 |with A = Z <aA " OB.(e) > m

Residual fields: Fies = H*(M)[1] & H'(M)[n —2].
Partition functlon
Z = fﬁc~eh - p? € C®Dens? (Fres) = C @ Det H*(M)/{£1}

Gauge-fixing: fix "induction data” | C'*(X) (g0 H*(M) |- triple of
mapsi: H®* - C® p:C* > H* K:C*— C* !st
dK + Kd =id —ip, K2 =0, pK = Ki = 0.
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Quantization for M closed

m
Set u# = [] J]IPA%I? IPBoeral? € Dens? (F)
eCX a=1
— cellular $-density on fields.

i 1 0 0
QME: A(eﬁs-u?) =0 with A = Z <aA " OB,e(e) > m

Residual fields: F..s = H*(M)[1] & H‘(M)[n —2].
Partition functlon
Z= chfeh -4 € C @ Dens? (Fres) 2 C @ Det H*(M)/{%1}

Gauge-fixing: fix "induction data” | C*(X) (2 f) H*(M)
It induces a Hodge decomposition: C* = i(H*) ® im(d) @ im(K).
—_——

ker p
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m
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Quantization for M closed

m
Set u# = [] J]IPA%I? IPBoeral? € Dens? (F)
eCX a=1
— cellular $-density on fields.

i 1 0 0
QME: A(eﬁs-u?) =0 with A = Z <aA " OB,e(e) > m

Residual fields: F..s = H*(M)[1] & H‘(M)[n —2].
Partition functlon
Z= chfeh -4 € C @ Dens? (Fres) 2 C @ Det H*(M)/{%1}

Gauge-fixing: fix "induction data” | C*(X) (2 f) H*(M)
It induces a Hodge decomposition: C* = i(H*) ® im(d) @ im(K).
—_——

ker p
Fields are split as ' = Fres @ F with “fast fields”
F = kerp[l] @ ker¢* [ -2,
and Lagrangian £ = im(K)[1] @ im(K*)[n — 2] C F.
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Quantization for M closed

m
Set u# = [] J]IPA%I? IPBoeral? € Dens? (F)
eCX a=1
— cellular $-density on fields.

i 1 0 0
QME: A(eﬁs-u?) =0 with A = Z <aA " OB,e(e) > m

Residual fields: F..s = H*(M)[1] & H‘(M)[n —2].
Partition functlon
Z= chfeh -4 € C @ Dens? (Fres) 2 C @ Det H*(M)/{%1}

Gauge-fixing: fix "induction data” | C*(X) (2 f) H*(M)
It induces a Hodge decomposition: C* = i(H*) ® im(d) @ im(K).
—_——

ker p
Fields are split as ' = Fres @ F with “fast fields”
F =kerp[l] ® keri*[n — 2],
and Lagrangian £ = im(K)[1] & im(K*)[n — 2] C F.
The space of choices of (i, p, K) is contractible.
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Quantization for M closed

Partition function for M closed, “renormalization” of
integration measure

Z =71(X,E)-(x,g where
o 7(X,E) = 7(M, E) — Reidemeister torsion, independent of X.

) $ dim £odd

o (x,p = (2mh)z WL (L depends on X.
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Quantization for M closed

Partition function for M closed, “renormalization” of
integration measure

Z =71(X,E)-(x,g where
o 7(X,E) = 7(M, E) — Reidemeister torsion, independent of X.
1 Qim £even i\ 5 dim £odd

° (x.p = (2mh)> - (7)

(x,E = % with £« topological invariant and e extensive.

depends on X.
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Abelian cellular B F' theory
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Partition function for M closed, “renormalization” of

integration measure

Z =71(X,E)-(x,g where

o 7(X,E) = 7(M, E) — Reidemeister torsion, independent of X.
o Cxp = (2uh)3 ML (

depends on X.
G = &

= with £pe topological invariant and £ce extensive. Here
n n

. k
gc. — H(&k)dlmc (X,E) and §H'

H(gk)dim H*(X,E) with
k=0 ‘ k=0
ER D ERE LSO

l) $ dim £odd
h

& = (2mh) 120" L (e
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Quantization for M closed

Partition function for M closed, “renormalization” of

integration measure

Z =71(X,E)-(x,g where
7(X,E) = 7(M, E) — Reidemeister torsion, independent of X.

even ;& dim £09
o (x,p = (2mh)zdm LT (1)3 depends on X.

(x,E = % with £pe topological invariant and £ce extensive. Here
goo = [ (€)™ ) and gye = [ ()4 ") with

k=0 k=0
& = (2mh) A RN (e F )i —RRD"

1
We can renormalize the integration measure u% — Ece ~;ﬁ =: uj, then
Z | Znow = (M, B) - €n+ | € C®DetH*(M, E)/{+1}
— indepenent of X, contains a mod16 complex phase.
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Quantization for M a cobordism

Quantization for M a cobordism

F=CX) e (X)n -2 >F= {(A,B> \

|

Dy = C*(Xp)[1] & C*(X)[n — 2|

A|out =A
Bliw =B

Plpolarization

By = C*(Xout)[1] ® C* (X)) [n — 2] >b=(A,B)
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Quantization for M a cobordism

o Fy =V =C%X, Xou)[l]® C*(XY, X)) [n—2],
Fields split as F ~ By & V.
o Note: wp := w|x, is non-degenerate.

Space of states on the boundary: Hy := Dens%(Ba),
Differential on states (BFV charge)

Qo == —ihp.Qo = —ih ((dphA, &) + (A} B, &)
Modified quantum master equation:

(—ihAy + £Q5) © (e%s pE)=0
Residual fields: Fis := H*(M, Mou)[1] © H* (M, Min)[n—2] 3 (a,b).
) G20 H*(M, Moyt) induces splitting

St ol
~———

Gauge-fixing: choice C*(X, Xout
V ~ Fres @ F and Lagrangian £ C F.

Partition function: _ . )
Z(ABsa,b) = [, 5 e ShtatABFOEE) 2 € Dens? (Fres) @ Ho
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Quantization for M a cobordism

Partition function for M a cobordism

1
Z = Ehe(M Mone) My n T(M, Mous)-

eXp* <<b A>Out + B (l Z Z B;{m(e € %( ))A >

eCXin ¢/ CXout

A
out
A
Where
e n€C" (X x XV) is the matrix of K (the parametrix or
propagator).
1
© Up, h= H |DhAE|% . H |Dh]B§ev|% is the renormalized

eCXout eV CXy
cellular %—density on By.
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Quantization for M a cobordism

Q@ MQME: (—ihAes + £29) 0 Z = 0.

@ Change of gauge-fixing induces a change
Z = Z+ (—ihQres + £Q9) o (- ).

@ Gluing: for X = X; Uy Xy

My My

we have‘ZX =P.(Zx, *y Zx,;)

where Zx, *y Zx,, =

/ ZXI(B7AY?aI,bI)D%AY€7%<]BY’AY>D%BY Zx;;(By,A;arr,brr)
Ay By
P, — BV pushforward along FL_ x FIL — FIUIT

@ Z modulo (—ihAreS + %Qa) o (---) is independent of X if Xj,,
Xout are fixed.

Remark: one can pass to reduced space of states
H§, (Ho) = Dens? (H®(Mout)[1] © H®(Min)[n — 2]),
then Zreduced is completely independent of X (including boundary).
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Non-abelian model

Fix g = Lie(G) a unimodular Lie algebra.
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Non-abelian model

Fix g = Lie(G) a unimodular Lie algebra.
Continuum non-abelian theory: S = [, (B dA+ 1[A, A]) with
(4, B) € @*(M, g)[1] ® Q*(M, g")[n — 2].
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Non-abelian cellular B F' theory

Non-abelian model

Fix g = Lie(G) a unimodular Lie algebra.
Continuum non-abelian theory: S = [, (B dA+ 1[A, A]) with
(4, B) € (M, g)[1] & Q°(M,g")[n — 2].
Cellular model:
@ M — oriented cobordism.
@ X — a cellular decomposition.
e F = Ad(P) — a G-local system in adjoint representation (P a flat
G-bundle).
o Fields, symplectic structures, polarization, states - as in abelian
theory.
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Non-abelian action

Action:

S= 3 3 B Al L)

eCX—Xous k21

. 1.
—ih > > 0 (Ale, - Ale) + (B, A
eCX —Xous k>2
where
o [f = Ze,cé(e')*lzl . AFC*(e,g) — C*(e,g) are local L., algebra
operations on the complex of the closed cell e.

e ¢f: AFC*(é,g) — R are the local unimodular (or “quantum™)
L., operations on e.

o Alo=> () Ele>¢)oAx.

e'Ce
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“Canonical” cellular non-abelian BF' theory

For X a CW complex, set F = C*(X, g)[1] ® Ce(X,g*) > (A,B).
There exist elements S, € Fun(F), associated to cells e C X, of form

_ Closer e -
Fm22 2 Tauiry) (Belectinta 4

k>1 T'y e1,...,exCe

. Cehe],.“,e .
—ihy > > m - Jacobir, (Ae, - - -, Aey)

k>1 Ty e1,...,enCe
with Cp . . € R —structure constants, such that

O S =3, x5S satisfies QME (not modified), Ae#S = 0.
@ S = (B,dA) + higher corrections.

@ For ¢ a point, S, = (B, %[Ae,AeD.

S is defined uniquely by properties (1-3), up to canonical transformation
S ~ S+ {S, R} — ihR with generator R satisfying the same ansatz.
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“Canonical” cellular non-abelian BF' theory

For X a CW complex, set F = C*(X, g)[1] ® Ce(X,g*) > (A,B).
There exist elements S, € Fun(F), associated to cells e C X, of form

_ Closersen -
Fm22 2 Tauiry) (Belectinta 4

k>1 T'y e1,...,exCe

. Cehe],.“,e .
—ihy > > m - Jacobir, (Ae, - - -, Aey)

k>1 T'y e1,...,exCe

Ae1
@ I'y runs over binary rooted trees B,

Aey,

@ I'y runs over 3-valent 1-loop graphs A_;
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Some words on the proof. uL., operations

Direction of the proof:

@ Letey,...,en —cells of X in the order of non-decreasing dimension.
@ We have a filtration X1 C Xy C --- C Xy = X, where
Xj = UiSjei-

@ We go by induction in filtration, X; = X;_1 Ue;.
Note: while e; are O-dimensional, Sx; is fixed by the condition
S. = (Be, 3[Ac, Acll).
e We expand the solution of QME on X;_; into e = e; (adjoining
variables A., B.), order by order in A..
Condition S = (B,dA) + - - - gives initial condition for the induction.
Remark: This is an AKSZ-like construction, inducing from value of
theory on a point (~target) and cell differential on X (~source).
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Non-abelian cellular B F' theory

Some words on the proof. uL., operations

Direction of the proof:

@ Letey,...,en —cells of X in the order of non-decreasing dimension.
@ We have a filtration X1 C Xy C --- C Xy = X, where
Xj = Uigjei-

@ We go by induction in filtration, X; = X;_1 Ue;.

Note: while e; are O-dimensional, Sx; is fixed by the condition

Se = (Be, %[Ae,AeD.

e We expand the solution of QME on X;_; into e = e; (adjoining

variables A., B.), order by order in A..

Condition S = (B,dA) + - - - gives initial condition for the induction.
Remark: This is an AKSZ-like construction, inducing from value of
theory on a point (~target) and cell differential on X (~source).
Taylor expansion
S = Zk21 %<B, lk(A7 .. ,A)> —th ZkZQ qk(A, R ,A) with
I : AFC*(X,g) = C*(X,9), qn: A*C*(X,g) — R - some
multilinear operations on cochains.

QME < quadratic relations on operations
— relations of a unimodular L., algebra.
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Back to cobordisms

Action:

S= 3 3 B Al AL)

eCX—Xout k>1

. 1.
—ih Y Zqu(A|é,...,A\é)+<B,A>m

eC X —Xoup k>2
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Back to cobordisms

Action:

S= 3 3 B Al AL)

eCX—Xout k>1

. 1 .
—ih Z Zﬁqk(mé,...,mé)+<B,A>m

eCX—Xout k>2

- Z S_’e (A|éa Be = B%(e)) + <37 A>in
eCX—Xout
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Back to cobordisms

Action:

S= 3 3 B Al AL)

eCX—Xout k>1
. 1 .
—ih Y Y (Ale Al + (B, A

eC X —Xoup k>2

Boundary BFV action:
So(Ao, Bo) = Y Z 11\ Brae) le(Ale, -, Ale))

eCXpk>1
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Back to cobordisms

Action:

S= 3 Y B (Al AL)

eCX_Xout kZl
. 1.
—ih Y > 0 (Ales -, Ale) + (B, A)in

eC X —Xoup k>2

Boundary BFV action:
So(Ao, Bo) = Y Z 11\ Brae) le(Ale, -, Ale))

eCXpk>1
Differential on the space of states (quantum BFV charge) :

Oy =
> Z,i,<li(Ala--~,Ae), > 0w < () L (A, ...,,Z|é)>
eCXour k21 eC Xin k>1 !
0
here A s = —1ih v
where Alz i Z E(e>¢€)o 3B, o

e'Ce
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Non-abelian cellular B F' theory

We have mQME on the IeveI1 of fields:
(—ihAv + %Qa) o (e%S . u%) =0

Follows from Theorem for “canonical” BF'.

Residual fields Fres = H*(M, Moyt )[1] & H®* (M, Miy)[n — 2] and
gauge-fixing C*(X, Xout) ~> H®*(M, Myyut) — as in abelian case.
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Non-abelian cellular B F' theory

Partition function

1
Z = 5H°<M Mow) “ My n* T(M, Mout) -
_i)loops(+#Va (D)

dr(A,B;a,b
exphz IAU.t | F( ) D5 @, )

Feynman rules for ®r:

bulk (k,0)-vertex —eg oerien
bulk (k,1)-vertex gé;k ' Tieren
inward leaf e i(a)e
outward leaf s P (D) sc(e)
out-boundary vertex t«fm A, ..
in-boundary vertex s B (ein)
edge oted | mle, x(e))
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Theorem: non-abelian cellular BF is a quantum BV-BFV theory

Q@ MQME: (—ihA es + £29) 0 Z = 0.

@ Change of gauge-fixing induces a change
Z = Z+ (—ihDres + £Q0) o ().

@ Gluing: for X = X; Uy Xy;

My My

we have ‘ Zx = Pu(Zx, *y Zx,,) | where Zx, xy Zx,, =

/ ZXI(IB,Ay;aj,bI)D%Ay€7%<]BY'Ay>'D%BY ZXU(By,A;ajj,bII)
Ay ,By
P, — BV pushforward along FL  x FLL — FIUIL

@ Z modulo (fihAreS + %Qa) o (---) is independent of X if Xj,,
Xout are fixed.

Remark: one can pass to the reduced space of states _
Hp, (Ho) = HE p(H® (Mows), {IR"'}) @ (HEp(H® (Min), {I5'})) ",
then Zreduced js completely independent of X (including boundary).
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Comments (on non-abelian model)

o
(2]
o
(%]

Structure constants in cellular action, CF .

be rational.

,v can be chosen to

Reduced space of states is an invariant of rational homotopy type of
the boundary.

Z is an invariant of simple-homotopy type of M.

One can view Fy,er5x ~u§(,h, for different CW decompositions X
of M, as different realizations of the quantum theory, compared by
BV pushforwards along cellular aggregations. Fies, Z is the minimal
realization.

For X a “dense” CW decomposition of M, Sx approximates
continuum non-abelian action [, (B,dA + 3[A, A]).

Q Zg arranges in a family over Mo.(M) = Hom(m(M),G)/G > E.
Z g controls neighborhood of a singularity £ € Mj,.(M) and the
behavior of R-torsion near the singularity.
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Further programme

@ Corners of codim > 2, comparison with Baez-Dolan-Lurie extended
TQFT formalism.

@ Construct more general AKSZ-type cellular examples (e.g. 3D
gravity with cosmological term) via cellular extension up from points.

@ Compare cellular BF for n = 3 with Ponzano-Regge 3D quantum
gravity (constructed via 6j-symbols).

@ (J-exact renormalization w.r.t. cellular aggregations and
(hypothetical) connection to higher Igusa-Klein torsions.

@ More general (than A- and B-) polarizations; Hitchin's connection
comparing them infinitesimally.

o Kontsevich's deformation quantization of g* via cellular theory on a
2-disk.
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