CFT EXERCISES, 2/15/2019

1. EULER-LAGRANGE EQUATIONS IN CLASSICAL FIELD THEORY
Find the Euler-Lagrange equations in the following cases.

(a) Non-free scalar field on a Riemannian manifold (M, g):
(1)

S[¢] = /M %dd)/\ xdp+V(p)dvol, = /M Vdet gd™x (;(gl)“l’&‘#qﬁf)‘m + V(¢))

with ¢ € C°°(M) the scalar field, V(¢) = >1_, %gf)k a fixed polynomial of
degree p > 3, and dvol, = *1 = /det gd"x the metric volume form.
(b) Yang-Mills theory on (M, g):
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(2) S[A] = —3 /M tr Fla A *Fy =-1 /tr E,, F" dvol,

where the field A is a connection in a fixed principal G-bundle P over M (with
G a semi-simple Lie group) and Fa = 1F,, datdz’ € Q*(M,ad(P)) is the
curvature of the connection; tr is the trace in the adjoint representation of the
Lie algebra g = Lie(G).

(¢) Chern-Simons theory on a 3-manifold M:

(3) S[A]:/Mtr <;AAdA+;A/\AAA)

with the field A € Q'(M, g) — the 1-form of a connection in a trivial principal
bundle M x G — M.

2. STRESS-ENERGY TENSOR

Find the stress-energy tensor!

2 5S]V[’g
Vdetg 0guw

for the scalar field theory (1). Then check explicitly the conservation property
V. T"" ~ 0 modulo Euler-Lagrange equations.
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IFor evaluating the variation w.r.t. the variation of metric, the following identities are
useful: §y/detg = tr(g~'dg)y/detg (prove this from detg = etr1989) and §(g~')** =
—(g7 )P 8gap (g71)PY (or in index-free form: dg—! = —g~! §gg~! where r.h.s. is understood
as a matrix product).
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3. BEHAVIOR OF HODGE STAR UNDER WEYL TRANSFORMATIONS

Let *4 be the Hodge star associated to a metric g on an n-dimensional manifold
M. Show that, for ¢ = Q- g, with Q a positive function on M, and for o any
p-form, one has

kgL = Q:P. e
Note that this implies, in particular, that Hodge star is Weyl-invariant when action
on forms of degree § (for n even).
4. EXAMPLE OF A NOETHER CURRENT FOR A MIXED SOURCE-TARGET
SYMMETRY

Consider the free massless scalar field on Euclidean R"™, defined by the action

ste) = [ ydonsdo= [ 30,00,0 d%

And consider the mixed source/target transformation — dilatation on R™ accompa-
nied by a rescaling of the field value

z =0, ¢x) = ¢'(a’) = B g()
with $ > 0 the scaling parameter. Or, equivalently,
$(x) = ¢'(x) = B2 H(67 1)
Show that this is a symmetry (maps solutions of the EL equation to solutions).
Show that the corresponding infinitesimal symmetry changes the Lagrangian den-

sity by a term of form dA — and find A. Finally, find the Noether current corre-
sponding to the symmetry.



