CFT EXERCISES, 4/26/2019

1. FREE FERMION

Recall that the space of states of the (chiral) free fermion is H = H 4 ®H p where
ng

Ha = Span{--- (b_3)"#(b_1)"% Vaca)bny g efo.}

2
— the Verma module over the Clifford algebra Cla = Span{by}, ¢z, 1 with anti-

commutation relation [by,bm]+ = 0n,—m1 and highest vector |vaca) satisfying
bp|vaca) =0 for n= 3,3 ... Similarly,

Hp = Span{--- (b—2)"*(b-1)"" (b0)"°|VaCP) }ng.n1 na,--€{0,1}

the Verma module over the Clifford algebra Clp = Span{b,, } ez with anti-commutation

relation [b,, by)+ = 6,,—m1 (in particular, (bp)? = 31) and highest vector |vacp)
satisfying b, |vacp) = 0 for n = 1,2, ---. Further, recall that the fermion field 7,/;(2)

acts on Ha as ) ez 1 byz~""% and acts on Hp as 3,5 bpz "3
(a) Show that

(W(2)(w)) E (vaca|R(2)d(w)|vaca) =

(b) Compute

(vacp|R{(2)d(w)|vacp) =
(c) Use Wick’s lemma' to show that

(1) (P(21)(22)9(23)¢(24)) =
I 1 1 1 1

21 — k2 23— 24 21 — 23 22 — 24 21 — 24 22 —Z3

(assume for simplicity |z1] > -+ > |z4]). Show that the r.h.s. coincides with
the Pfaffian of the matrix with entries Ziz

2. VIRASORO GENERATORS IN FREE FERMION THEORY

(a) Show that the operators

2) L= Y (7; + 1) bpmbm : € U(CLY)

4
mEZ+L

Here we need the “odd version” of Wick’s lemma — for the universal enveloping of Clifford
algebra rather than Heisenberg algebra. It works in the same way as the usual Wick’s lemma,
with the correction that one needs to take care the sign appearing when one permutes two odd
generators (this is the origin of the minus in the second term on the r.h.s. in (1)).
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(where U stands for the universal enveloping algebra) and

m 1 1
L, = — 4+ =) b . |
(3) n MEGZ( 5t 4> bn-mbm : —150n01 € U(Clp)

satisfy Virasoro algebra commutation relations with central charge ¢ = %

(b) Show that the formulas (2), (3) arise from the stress-energy tensor
) , 1 - 11
(1) 7(:) = fim (- 5RI@0IE) + 5 )
as coefficients in T'(z) = > ez Lnz"™"2. Show that the definition (4) coincides
in the A-sector with the normally-ordered expression : —3 b(2)09(2) :, while

in the P-sector it differs from the normally-ordered expression by ﬁ.
(¢) Show that there is a certain number a such that

(5) (L_g + aL?))|vacp) =0

Find the value of a.
(d) Let o(z) be the field corresponding to |vacp) by state-field correspondence.

Consider the 4-point correlation function? f(z1, 29, 23, 24) = (0(21)0(22)0(23)0(24)).

From global conformal invariance, show that f satisfies the ansatz

fz1, 22, 23, 24) = ( H Zij)iﬁF()\)

1<i<j<4

with F'(A) some function of the cross-ratio A = 2224 and with z;; = 2 — z;.

From (5) and the Ward identity find a second-order ODE in the variable A that
F(\) must satisty.

21t is a multi-valued holomorphic function on the configuration space, or equivalently a function
on the universal cover of the configuration space.



