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FIG. 3. Electric field dependence of the oscillator strength. The self-consis-
tent result is similar to that of the simple calculation.

responds to a sheet charge density of 5.65 X 10" /cm? and the
Fermi level lies at 20 meV above the ground state, if deep
traps are ignored and compiete ionization of shallow donors
is assumed. Since most of the carriers are distributed in the
deep {right) side of the step well and the carriers come from
the doped barriers, we found that about 70% of the carriers
are from the right barrier and the remaining from the left
barrier. Although the band bending is guite large in all three
bias conditions, about 25 meV, the local and global energies
seem to track closely, as in the case without band bending.

At the same time, the wave functions refain their shapes even
under various bias conditions.

In Fig. 2, we have calculated the transition energies as a
function of the electric field for the same step well. It shows
that in spite of the large band-bending effect, the self-consis-
tent transition energies are guite close to those of simple
calculation, with about 5 meV difference. (If the local ex-
change-correlation potential is ignored, the difference will
be about 10 meV.) Thus, the large linear Stark shift of the
LOG transition (the ground to second and ground to third
in this case) is confirmed by this more accurate calculation.
The oscillator strength versus field shown in Fig. 3 leads to
the same conclusion. That is, the self-consistent analysis
verifies that the oscillator strength is essentially the same as
that of the simple calculation.

In summary, we have performed self-consistent calcula-
tions for the LOG transitions in a step well structure. De-
spite the fact that the band bending is large due to relatively
high doping, the LOG transition is characterized by a large
Stark shift and a large oscillator strength.
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Herein we report the results of an investigation of the trajectories of horizontally coplanar
droplet pairs of similar charge, falling under the influence of gravity, drag, and electrostatic
forces. Experiments were conducted using ethanol droplets that were generated
electrostatically from the tips of two parallel needles. These droplets were subject to an
external electric field and an initial electrostatic force in the vertical, downward direction, and
an interdroplet electrostatic repulsive force in the horizontal direction. A model was developed
to predict the measured trajectories. Within the range of applied potential differences
investigated (from 1-3 kV)}, the theory and experiment were found to agree to within
approximately 5%. The results alsc showed that the droplet trajectory was influenced
noticeably by the axial electrostatic force on the droplet as it departed from the needle.

The production of micrometer-size liquid droplets by
electrostatic means has been studied for well over two
hundred years. Over the past twenty years, attention has
focused on exploiting this process for practical use. Here,
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emphasis has been placed on relating the operating charac-
teristics of various electrostatic droplet generators to their
resultant droplet size, specific charge, and velocity. Numes-
ous applications have developed, ranging from the everyday
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applications of ink-jet printers,’ paint and crop sprayers,” to
those of colloid thrusters® and liquid droplet radiators® for
use in space.

En some of these applications, multiple parallel streams
of droplets must be produced from needle or micro-orifice
arrays. Because the resultant droplets usually carry a similar
charge, they are repelled from one another during transit. A
primary concern then is to relate these droplet trajectories to
the device’s design, with the eventual goal of being able to
predict droplet trajectories as a function of the device’s oper-
ating conditions.

The present study deals with a very basic part of this
probiem, that is, to determine the trajectories of horizontally
coplanar droplet pairs in air that emanate from two adjacent
needles of an electrostatic droplet generator, as depicted in
Fig. 1. These droplets are produced in a specific electrohy-
drodynamic operating regime of the generator, in which a
relatively small applied potential (up to approximately 4
kV) exists between the generator and a distant, electrically
grounded plate. In this regime, the droplets produced range
in diameter from approximately 500 to 2000 u#m and have
specific charges from approximately 1 X107 % to 1X107°
C/kg, respectively, as compared to the specific charges for
droplets charged to their Rayleigh limit, which range from
approximately 1X 107> to 1 X 1074

Our model of this process considers a force balance ap-
plied to a pair of inflight droplets of similar spherical diame-
ter, d,, mass, m,, and charge, ¢,. In this model, three key
assumptions are made to match with those conditions of the
subject experiments. First, the spacing between dropiets
emanating from an individual needle is assumed to be large
enough so that electrostatic effects between such droplets are
negligible. Second, each falling droplet is paired with an-
other originating from the other needle and the resultant
droplet pairs are horizontally coplanar. Third, the radial
electric field between the needles and the ground plane is
negligible in this region. Newton’s second law, including
gravitational, F, aerodynamic drag, F,, and electrostatic,
F, forces, for this system can be written as

=t

Syringe Pump

j' é‘ S | Voltage L.
Two-Needle o=} {F— Supply
Electrostatic T
Generator ‘
o
Copper Pan Electrometer
Electronic Balance |27
k2

Tripod-Mounted
Camera

FIG. 1. Schematic of the experimental setup.
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and ¥ denotes the droplet velocity, which equals V.2 4 V.2,
C, the drag coefficient, E the electric field strength, p,, the
medium (air) density, g gravitational acceleration, S the dis-
tance between the droplets in a pair, €, the permittivity of
free space (8.85E-12 F/m), which closely approximates that
in air, and 7 and z the radial (horizontal) and axial (vertical)
coordinates, respectively.

This vector equation can be separated into its scalar
components, which can be solved readily by standard
Runge-Kutta numerical integration after reduction to the
following system of four coupled equations:

dv,
AR _y AZ_y o py TTETE
dr dt dt
de I_“Z_‘_‘—Z
7 —g—DV,\[VI+VI+H,

where R=S8/2, C=gq3/l6megn,R?, D= Cymp,d%/
(8my), H, = E_q,/m, and with the boundary conditions
R(0)=8y2, Z(0)=0 V. (0)=0, and V,(})
= 2F;; (0)/. The droplet drag coefficient, C), is a func-
tion of the Reynolds number, Re, which equals
O dd\/_ VZ4VZ/u,. The expression used herein is
Cp = 24(1 +0.15Re***") /Re. This is that reported by
Schiller and Naumann® for 1<Re < 800, which is an empiri-
cal formula that most closely matches measured values for
the Reynolds number range of the presemt experiment
(2 <Re«325).

Because no accurate methods have yet been developed
to predict size and specific charge of electrified droplets as a
function of independent system parameters for this configu-
ration, these guantities were specified a prio#i as inputs to the
model. These inputs were the physical properties of the me-
dium and working fluid (o, p0,, ), the needle spacing (5,
here 1.5 cm), the droplet specific charge (g/m), and the
dropiet diameter (d, ).

For the present analysis the coeflicient #, was deter-
mined by conservatively assuming a uniform electric field (a
linearly varying electrostatic potential ) in the axial direction
equal to the potential difference between the needles’ tips
and the collection pan divided by that distance. The down-
ward, vertical electrostatic force on the droplets immediate-
ly prior to their departure from the needles’ tips, F, £ (0), is
given by Bailey” for a charged pendant drop at the tip of a
needle located above a grounded plane:
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where ¢ denotes the potential difference between the nee-
dles’ tips and the collection pan, $,, that distance (383 cm),
L the needle length (1.905 cm), 7, the needle outer radius
(203 um), r, the droplet radius, and x the distance mea-
sured in the upward direction along the needie’s axis from
the bottom of the droplet. Bailey’s expression, which is valid
when L > 2r,, was developed from that presented by Van
Dyke® for a semi-infinite cylinder. For simplicity, in the
above expression, it is assumed that the droplet is spherical
as it leaves the needle, which yields the /2 term under the
integral.

The experimental apparati, as shown in Fig. 1, basically
consisted of a fluid delivery system, and two-needle electro-
static droplet generator, a droplet collection system, and as-
sociated diagnostic instrumentation. The reader is referred
to Snarski’ for details on the design and specific dimensions
of the system, and to Barton® for details of the procedure for
these experiments.

Liguid ethano! was supplied to the droplet generator at
approximately 1.5 mé/min. A copper pan, was connected
electrically through an electrometer to ground to monitor
the droplet current. An electronic balance measured tem-
porally the accumulated mass of the lignid. Photographs of
the falling droplets were taken using a 35-mm camera. The
average specific charge, g/m, was determined by the ratio £ /
m, where I and 1 were averages determined by linear regres-
sion fits to the data.

A Cline-McClintock® error analysis was conducted to
determine the standard uncertainty in the droplet positions
for both the experimentally and analytically determined val-
ues. The results yielded standard uncertainties of 5.2% and
0.41% for the experimentally determined radial and axial
positions, and 6.6% and 0.03% for the analytically deter-
mined radial and axial positions. The most significant uncer-
tainty was in the needle spacing, which was 3.3%.

The analytically and experimentally determined droplet
trajectories are shown for comparison in Fig. 2. For each
applied voltage case investigated, the error associated with
the analytical results is defined in the figure by dashed lines
about those results. The error associated with the experi-
mentzal data is presented with error bars. There is, in general,
very good agreement between the measured and predicted
values. The maximum percentage difference between them
is 7.5%, which occurred for the 2 kV case at the greatest
axial distance examined. This, however, is still within the
combined analytical and experimental error in the radial po-
sition, which is 12%. All other data agreed with the theory
to within the 5.2% experimental error in the radial direction.

Also apparent from the figure is the increasing droplet
trajectory divergence that occurs in the radisl direction with
increasing applied voltage. This anticipated trend results
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FIG. 2. Comparison of experimental and theoretical results.

from the increased droplet specific charge that cccurs with
increasing applied voltage (from approximately 1£-5 C/kg
at 1 kV to 5E-5 C/kg at 3 kV). Further, the data acquired at
large axial distances for the 2 and 3 kV cases are somewhat
overpredicted by the theory (by approximately 5 to 7%).
This probably is the resuit of underestimating either the axial
electric field strength or the initial droplet velocity in the
axial direction. An increase in the magnitude of either one
would limit further trajectory divergence because of the re-
sulting increase in droplet acceleration in the axial direction.

The sensitivity of the analytical results to these two as-
sumptions can be examined further, The effect that an exter-
nal axial electric field has on the droplet trajectories can be
ascertained by performing additional calculations in which
this field, £, is neglected. These results are compared with
those obtained from the model presented beforehand which
includes the axial field. Both analytical resulis and the ex-
perimental results are shown in Fig. 3 for the 3 kV case,
which was chosen because the greatest comparative differ-
ences occur for this case. The solid line in the figure denotes
the analytical predictions including the field and the dashed
line the predictions without it, The greatest difference
between the two analytical cases is less than 1%. These re-
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FIG. 3. Comparison of underlying theoretical assumptions for the 3-kV
case.

suits support that the axial electric field has little influence
on the droplet trajectories for the conditions examined.
Likewise, the effect of the axial electrostatic force on the
droplet at the instant of separation from the needle, F; (0),
can be determined. The dotted line in Fig. 3 represents the
analytical case in which both the axial electrostatic force,
Fy (0}, and the axial electric field, E,, are neglected. The
greatest difference between this case and that obtained from
the model assuming an axial electric field and an initial elec-
trostatic force is approxzimately 9%. These computational
results suggest for experiments in which droplets are genera-
ted with moderate specific charges above a distant grounded
plate, that, in addition to the normal electrostatic repulsive

and drag forces, the droplet trajectories can be noticeably
influenced by an initial electrostatic force that results in an
initial droplet axial velocity. Further, from these results, it
seems likely that the aforementioned overprediction of the
droplet radial position at large axial positions is probably the
result of a slight underprediction of the droplet’s initial axial
velocity.

In summary, we have found that the measured droplet
trajectories for such electrostatic droplet generators operat-
ed under the subject conditions can be predicted to within
approximately 5% and that the axial electrostatic force act-
ing on the droplet as it departs from the needle’s tip can
significantly influence its trajectory.

The present work was conducted as part of ongoing re-
search efforts to elucidate the droplet characteristics of elec-
trohydrodynamic sprays. A majority of this work consti-
tutes & research study conducted by S. Barton that was
presented at the 1989 Region II ATA A Student Paper Con-
ference in Cincinnati, OH. Partial support from the Univer-
sity of Notre Dame and from the ATAA Region III St. Jo-
seph Valley Section is acknowledged.
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On a resonant-mass superconducting antenna coupled to a resonant
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We show that the gravitational-wave-induced electric field in a superconducting antenna
coupled to a reconant inductance transducer is much smaller than that in a superconducting
antenna without a transducer. The superconductivity property of a superconducting antenna
produces an addtional shift in the resonant frequency of the displacements which might be

detectable, although it is small.

As is well known,' the predicted effects of general rela-
tivity regarding moving sources, i.€., gravitomagnetic effects
and gravitational waves (GW), have yet to be directly test-
ed. In order to reduce the thermal noise, it has been expected
to operate the GW bar detectors with as low an antenna
temperature (7, ) as possible.”* One of the major features of
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plans for the third generation of resonant-mass antennas is
the use of an ultralow temperature of 10-50 mK.* At this T,
an aluminium bar becomes a superconductor. Hereafter we
will refer to antennas with the temperature lower and higher
than the critical temperature 7, as the S and &V antennas,

respectively. When one deals with an § antenna it is neces-
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