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Abstract—In wireless network analysis, the standard signal-
to-interference ratio (SIR) distribution does not capture per-link
performance. The meta distribution (MD) of the SIR addresses
this limitation by separating the sources of randomness, such
as fading and point processes. While the MD provides a more
detailed performance characterization, its computation typically
depends on moments that are often difficult to obtain. Although
simplified models exist that approximate MDs by ignoring parts
of the interference, a structured modeling framework is needed to
systematically approximate MDs according to specific accuracy
and computational requirements. To address these challenges,
this paper proposes a family of amorphous models, classified into
three types, ordered by increasing accuracy and computational
cost, to approximate the MD. We provide a comprehensive
analysis of each amorphous model type in cellular and bipolar
network models, identifying the scenarios where each is most
suitable and the information lost in each model type. In addition,
we introduce meta statistics (integral mean, integral variance,
and Wasserstein variance), which capture the impact of different
random elements of the network model. Finally, we analyze these
meta statistics across different network models and parameters,
such as fading severity and path loss exponent, for the proposed
family of amorphous models.

Index Terms—Meta distribution, stochastic geometry, Poisson
point process, lattice, interference, signal fraction.

I. INTRODUCTION
A. Motivation

In wireless networks, optimizing network performance re-
quires mitigating interference and ensuring reliable signal
quality. Stochastic geometry provides the mathematical frame-
work to analyze wireless networks with randomly located
nodes. The focus is often on the success probability ps(#) =
P(SIR > 6) of transmissions over the typical link, which
corresponds to the complementary cumulative distribution
function (ccdf) of the signal-to-interference ratio (SIR).

Although this is an important performance metric, it has
limited expressiveness as it obfuscates the impact of individual
sources of randomness by jointly averaging over channel
fading and the point process. Additionally, it quantifies the
overall performance of the network and does not reveal how
link reliabilities vary around ps.

To address these limitations, [1], [2], and [3] introduced the
concept of meta distributions (MDs). MDs are distributions
of conditional ccdfs (cccdfs) that enable the analysis of the
impact of different sources of randomness separately and
capture the disparity in performance of individual links in
networks modeled by stationary point processes.
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The calculation of MDs is challenging since usually only
the moments of the underlying distribution can be computed.
Several methods exist to approximate SIR MDs, each with
its own advantages and drawbacks. The standard approach
to assess the accuracy of these methods is to compare the
differences in MD values at each SIR threshold and reliability
level. Given the importance of MDs, there is a need for models
that reduce the computational complexity of SIR MDs while
maintaining tractability and improving accuracy compared to
existing methods, and that provide a systematic approximation
framework allowing accuracy—complexity trade-offs. In addi-
tion, comparing entire MDs across different networks is often
not informative for clearly identifying which networks offer
better performance or for explaining the differences induced
by the underlying sources of randomness. Therefore, new
statistics are needed to separately capture the effects of fading
and the point process, and for interpreting and comparing MDs
across different networks and models.

B. Related Work

For simplified models, where only the nearest interferer
is considered, [2] and [3] provide closed-form expressions
for MDs. While these models may not provide accurate
approximations for more complete models, they may be used
as bounds and accurately reflect their asymptotic behavior.

Most existing studies focus on networks with an infinite
number of interferers, where obtaining exact closed-form ex-
pressions for MDs seems impossible. To address this, various
approximation techniques based on moment methods have
been proposed. The general problem of finding distributions
(with bounded support) from their moments is discussed in [4].
The beta approximation, introduced in [1], estimates the MD
using only the first two moments of the underlying cccdfs. A
more accurate reconstruction based on all available moments
is proposed in [5]. In [6], the authors employ a Fourier—Jacobi
expansion to reconstruct the MD from its moments. Numerical
methods for computing the MD are also presented in [6]
and [7]. The beta approximation is further applied in [8] to
analyze the SIR MD in multi-tier heterogeneous networks,
and in [9] for the SIR MD of cell-center and cell-edge
users. In [10], the negative moments of the underlying cccdfs
under an inhomogeneous double-thinning approximation are
obtained, and the MD is then approximated via a bounded-
error Euler-sum inversion of these moments. In [11], the
authors derive closed-form expressions for the moments of
the underlying cccdfs by projecting a 2D K -tier heterogeneous
network modeled by the Poisson cluster process (PCP) and the



Poisson point process (PPP) into a single-tier network on R
using the mapping theorem [12]. The beta approximation is
then applied to estimate the MD.

While these methods provide reasonable approximations,
they rely on computing the moments of the underlying cccdfs,
which itself may be difficult, and the MDs can be quite
sensitive to inaccuracies in the moments [13].

In [14], the concept of simalysis is introduced, in which
interference from nodes within a certain distance is simu-
lated, while interference from nodes beyond that distance is
approximated by its analytical mean. This technique improves
computational efficiency and enhances accuracy, particularly
as the path loss exponent decreases to 2, where interference
from distant nodes dominates the total interference.

Based on the same idea, [15] proposes the dominant in-
terferer approximation, where the first j nearest interferers
are modeled exactly, while the remaining interference is
approximated by its analytical mean. The authors analyzed
the nearest interferer (dominant) case and demonstrated that
this approach closely matches the beta approximation and,
in some cases, outperforms it. While this model reduces
computational complexity and enhances tractability, it does
not account for the variance of the aggregate interference
from non-dominant interferers, effectively ignoring the impact
of fading in interference, which can be beneficial. In [16],
a dominant-interferer-based approximation is further used to
approximate the SIR MD in Poisson networks with dynamic
traffic. This approximation enables the analysis of interacting
queues by allowing transmitter activity and queue stability
conditions to be expressed in terms of the conditional success
probability, and is used to study spatial outage capacity under
queue stability constraints. Lastly, [17] proposes a model in
which the dominant interferer’s effect is captured exactly and
the aggregate interference from the remaining interferers is
approximated by a Gaussian random variable characterized by
their mean and variance.

C. Contributions

This work focuses on meta statistics that capture essential
information of the MD, including the overall network perfor-
mance and the individual effects of the two sources of random-
ness, the point process and fading. In addition, it introduces a
systematic approach to approximate the interference model by
progressively increasing the model complexity and accuracy.
The contributions of this paper are as follows:

o We introduce a family of amorphous models designed to

simplify interference representation and analysis. These
models approximate more complete representations by re-
taining only the dominant interferer while approximating
the remaining interference using its statistics. The family
has three types, called amorphous models of Type 0, 1,
and 2, distinguished by the extent to which statistics of
the residual interference are captured.
Previous studies applied models of Type 0 and Type 1,
respectively [3], [15]. In this paper, we introduce and
analyze the Amorphous Type 2 model, together with the
Type 0 and Type 1 models.

o We establish a unified framework for cellular and bipolar
network models, highlighting that their only distinction
is the dependence between the desired and dominant
interfering link distances.

o Based on this framework, we analyze the family of amor-
phous models and derive general analytical expressions
for the signal fraction (SF) MD [18] applicable to all point
processes. The focus of this study is on PPPs and square
lattices. We explore the advantages and limitations of
each amorphous model and identify scenarios where each
is best suited. The accuracy of each model is quantified
using the total distance metric, and efficiency is assessed
based on computational runtime.

o We utilize the Amorphous Type 2 model to demonstrate
that fading in the interference improves the success
probability and, consequently, MDs.

e We introduce three scalar meta statistics: the integral
mean, the integral variance, and the Wasserstein variance,
which effectively capture key features of the MDs and
greatly simplify comparisons across different network
models.

o« We utilize the meta statistics to compare the three
types of amorphous models and evaluate how closely
they approximate the fully granular interference model.
This comparison highlights the specific information each
model type captures, as each statistic reveals distinct
aspects of the MD.

In this paper, we utilize the following notations:
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I(z;a,b) is the regularized incomplete beta function, and
B(a,b) is the beta function.

The remainder of this paper is organized as follows. In
Section II, we review MDs and introduce three scalar meta
statistics, along with their fundamental properties and illus-
trative examples based on the nearest-interferer-only model.
In Section III, we introduce the family of amorphous models
alongside the fully granular model and describe how the
former approximates the latter. Section IV employs this family
to approximate the MDs and derives integral expressions for
the corresponding approximations. In Sections V and VI, the
MD expressions obtained in Section IV are specialized to
cellular and bipolar network models, respectively, considering
both Poisson point processes and square lattices.

II. META STATISTICS IN WIRELESS NETWORKS
A. Definition of the MD

We refer to nonnegative random variables (RVs), such as
the SIR, that characterize the user experience as performance
random variables (PRVs) [5], distinguishing them from perfor-
mance metrics, which are deterministic quantities. The PRVs
depend on two sources of randomness, namely the point
process and fading. The distribution of PRVs is commonly
used to assess wireless network performance. However, due



to the nature of wireless networks, the PRVs strongly depend
on the user’s location and are also time-varying. To analyze
these effects separately, we consider MDs, which are the
distributions of cccdfs conditioned on the point process of
transceiver locations. The cccdfs are given by

PE2P(Z>t|®), teR, ()

where Z is the PRV and @ is the point process. Since the
conditional probability measure accounts for random fading
while conditioning on the point process, MDs dissect spatial
and temporal randomness in the network model [2]. The MD
is the ccdf of P, i.e.,

F(t,u) 2P(P > ), uwel0,1], teR, )
The (b,t)-th moment of the MD is defined as [5]
1
My(t) 2 E(PY) = / bu’ "L F(t, u) du. (3)
0

Comparing entire MDs across different networks does not
easily reveal which network performs better or explain the
reasons behind the differences. To address this, we introduce
three scalar statistics of MDs.

B. Statistics of the MD

Definition 1 (Integral Mean). The integral mean represents
the volume under the surface of the MD and is the mean of
the PRV. It is given by

e’} e’} 1
:/ Ml(t)dt:/ / F(t,u)dudt. (4)
0 0 0

Definition 2 (Integral Variance). The integral variance V is
defined as

Aooart :°° 2 *12 .
V*/o Var(P,) dt /O(M(t) My (t)?)dt

V aggregates the variability of the conditional success prob-
ability P; over all PRV thresholds and measures how strongly
the network performance depends on the point process.
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Definition 3 (Wasserstein Variance). The Wasserstein variance
W is defined as

0 1
w é/ / |F(t,u) — My (t)|dudt. (6)
0 0

W measures the deviation of the MD from the success
probability Mi(t) = P(Z > t). As shown later, without
fading W = 0, and, as the severity of the fading increases,
W approaches a finite supremum value. WV is upper bounded
as follows if the PRV has finite support.

Proposition 1. If the PRV is supported on [q1, g2],
Q2 -0
5
Proof: For every t, the function F'(¢,u) maps [0,1] to
[0, 1] with a mean M (¢). The integral

_ /U \F(t,u) — My (t)] du,

W<

is maximized when F(t,u) deviates from its mean as much
as possible, which occurs if it takes values O or 1 over two
disjoint sub-intervals. Let

F(t,u) = {0

for some a € [0, 1]. This results in m;(¢) = a, and
V =2a(1 —a),
which is maximized at a = 1/2, yielding V' < 1/2. Thus,

q2 (I21
W:/ thg/ =20
q1 q1 2 2
]

To highlight the characteristics of the integral variance
and the Wasserstein variance, we consider different distinct
scenarios based on whether the two sources of randomness,
point process and fading, are considered deterministic (D) or
random (R).

Proposition 2. In the case where both sources of randomness
are present (RR), W > 0, and V > 0.

Proof: Due to the the point process, P; is random, i.e.,
Var(P;) > 0, and therefore V > 0. Also, since Z is a non-
degenerate RV, P, € (0,1) on a set of positive measure. This
ensures that F'(¢,u) is strictly decreasing in u and therefore,
F(t,u) # M;(t). As a result, W > 0. [ |

Proposition 3. For ® = o, i.e., for a realization of the point
process, and random fading (DR), the MD satisfies F(t,u) €
{0,1}, resulting in ¥V =0 and W > 0.

Proof: The conditional success probability
P=P(Z>t|®=y¢p)

is deterministic as a function of ¢. Thus, the MD of the PRV
simplifies to

Ft,u) =P(P, > u) =1 (P, > u), (7

which results in M;(t) = P?. Tt follows that

v- ]
e’} Py 1
0 0 P

:/ 2P,(1 — P,) dt.
0

Due to fading, P; € (0,1) on a set of positive measure. Thus,
w > 0. ||

Proposition 4. Without fading (RD), the MD of the PRV does
not depend on wu, resulting in YW =0 and V > 0.

)dt =0,

dt

Proof: Without fading, the cccdf simplifies to
P=1(Z>t|9P). )]

The MD of the PRV is



TABLE I
SUMMARY OF RANDOMNESS AND RESULTING VARIANCES IN META
STATISTICS. h; IS THE FADING COEFFICIENT.

Scenario Random elements v, W
Random-Random (RR) D, hy V>0 W>0
Deterministic-Random (DR) hi V=0 W>0
Random-Deterministic (RD) (] V>0 W=0
Deterministic-Deterministic (DD) none V=0 W=0
Flt,u)=P(P,=1) =P(Z > 1), )

which does not depend on u. Since M,(t) = P(Z > t), it
follows that

o] 1
W:/ / |F(t7u)_M1(t)|dudt:0,
0 0

and
V= / P(Z > t)(1 -P(Z > t))dt.
0

Due to the point process, P(Z > t) € (0,1) on a set of positive
measure. Thus, V > 0. [ |

Corollary 1. Without any randomness (DD), the MD of the
PRV does not depend on v and satisfies F(t,u) € {0,1},
resulting in YW =V = 0.

Proof: The result follows by combining Propositions 3
and 4.

The above propositions highlight how V and WV are sensitive
to different random elements of the network model. The
integral variance measures the spread in the MD due to the
spatial randomness of the point process and increases with
greater clustering. The Wasserstein variance measures the
disparity in the MD caused by fading and increases as the
variance of the fading increases. A summary of Propositions 2
to 4 and Cor. 1 is provided in Table L.

A particularly important PRV is the SIR, defined as SIR £
S/I € [0,00), where S is the signal power and I is the
interference power. Since the SIR may be unbounded, its
complete distribution cannot be visualized. In contrast, the
signal fraction (SF), defined as SF £ S/(S + I), is supported

n [0,1] [18]; thus, all its positive moments always exist,
and no truncation is needed when visualizing its distribution.
Moreover, the bounded support and range of SF MDs make
it easy to compare the gap between different approximations
of SF MDs. For these reasons, we focus on the SF. The
conditional success probability is defined as the cccdf of SF,
given by
(10)

P,2P(SF>t|®), te]|0,1],

and the SF MD is given in (2).
To illustrate the results in Propositions 1 to 4/ and Cor. 1,
we consider the nearest interferer-only model for the SF MD.

C. Nearest Interferer-Only Model

Consider a downlink cellular network where base stations
(BSs) are distributed according to a stationary point process

TABLE II
EXPRESSIONS FOR THE DR, RD, AND DD SCENARIOS.
(a) DR
Metric Expression
SF MD F(t,u) = 1{G(t) > u}

(b, t)-th moment  MPR(t) = G(t)°
Integral mean MPR = fol G(t)dt
Integral variance VPR =0

Wasserstein variance W™ = [+ 2G(¢)[1 — G(t)] dt

(b) RD

Metric

SF MD
(b, t)-th moment
Integral mean

Expression
F(t,u) = min{1, (t°)~%}
M (t) = min{1, (t9) %}
M =3+ oty — Bi2(1-6,6+ 1)
M0 =2, 5=1
RD
v = six\i(é) - sincl(26) +C, de (071) \ {%}
C = 31/2(1 — 8,0 + 1) - 31/2(1 — 26,20 + 1)
VP = 0.09227, § = 3
Wasserstein variance WP = 0

Integral variance

(c) DD
Metric Expression
SF MD F(t,u) = 1{p® >t}

(b, t)-th moment  MpPP(t) = 1{p® > t}
Integral mean MPP = p®

Integral variance VPP =0
Wasserstein variance WP = 0

® C R? with nearest-BS association and Nakagami-m fading.
If only the nearest interferer is considered, the SF is given by

SF——Toro”

ho?" 0 + h17‘1
where hj are the fading RVs, ry and r; are the distances to
the serving and nearest interfering BS, respectively, and « is
the path loss exponent. The SF MD for the RR scenario is [3]

F(t,u) = min{l, (qgue)e)é} :

where § £ 2/a, and q(u) £ I7'(1 — u;m,m) is the
inverse of the regularized incomplete beta function. The three
statistics of the SF MD can be obtained using (3) to (6) by
numerical integration. From Fig. 1a, we observe that SF MD
varies smoothly, depending on both u and ¢, indicating the
presence of both sources of randomness. The contour plot in
Fig. 1b shows a smooth transition of contour lines from 1
(highest SF MD) to 0 (lowest SF MD) and a gradual decrease
in reliability as the SF threshold increases along each line.
The expressions for the SF MD, its (b,t)-th moment, and
its statistical metrics for the DR, RD, and DD scenarios are
provided in Tables Ila, IIb, and Ilc, respectively, and proofs of
the expressions presented in these tables are provided in Ap-
pendices A, B, and C, respectively. In the tables, p = (r2/r1)%,
and G(t) = 1 — I(t/(t(1 — p) + p);m, m) is the ccdf of the
SF.

For the DR scenario from Fig. 1c, we observe that SF MD
is either 1 or 0 and depends on both w and ¢, indicating that
fading is the only source of randomness. Additionally, the
contour plot in Fig. 1d shows all contour lines collapsing onto

Y
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Fig. 1. Left: Three-dimensional plots of the SF MD. Right: Corresponding
contour plots of SF MD, for o = 4. For the RR and DR scenarios, m = 2.

each other, indicating that SF MD takes only the values O or 1.
It also highlights the transition point, which can be determined
from M; (t) for each ¢.

For the RD scenario from Fig. le, we observe that the SF
MD varies smoothly and remains constant along the u axis,
indicating there is no fading. Additionally, the contour plot in
Fig. 1f shows contour lines gradually decreasing from 1 to 0
and are parallel to the u axis.

For the DD scenario, Fig. 1g illustrates that the SF MD
remains constant along the u-axis and is either 1 or 0, which
indicates there is no source of randomness. From Fig. 1h,
we observe that all contour lines collapse onto each other,
indicating that SF MD takes only 1 or 0 and that the transition
occurs at the same SF threshold for all reliability levels.
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Fig. 2. Left: Three-dimensional plot of the SF MD. Right: Corresponding
contour plot of SF MD, for o« = 4 and extreme fading.
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Fig. 3. Dependence of V on ¢, showing insensitivity of V to § for the SF
MD, under DR and RR scenarios.

For the SF MD, by Proposition 1, W < 1/2. As illustrated
in Fig. 2, under extreme fading, i.e., when the fading variance
goes to infinity, F'(¢,u) € {0,1}, which results in the maxi-
mum deviation from its mean and corresponds to YW = 1/2.
In this case, the SF MD does not depend on ¢. Conversely,
without fading, the SF MD does not depend on u. Together
with Proposition 4, which corresponds to the no fading case
where )V attains its minimum, this shows that the Wasserstein
variance measures the severity of the fading effects in the

network.

Remark: For the RD scenario, from Fig. 3, we observe VRP
as a function of §. As indicated by the red double-headed
arrow, for most values of §, VED e [0.08,0.09227], showing
that the integral variance is insensitive to 6. VYRR varies even
less with §. This behavior is notable, as many performance
metrics in wireless networks strongly depend on the path loss
exponent, such as Mj,(t). However, My (t) and M (t)? exhibit
similar trends with respect to J and are close over most of
the SF threshold range, with a moderate difference emerging
only at high thresholds as m increases. Thus, their difference,
which determines )V, becomes small and results in V' being
insensitive to 9.

To analyze the SF MD statistics in more complete models,
we introduce a family of models in the next section. These
are utilized to approximate the more complete models, and
we compare their statistics to determine which provides the
most accurate results.



TABLE III
SUMMARY OF THE FAMILY OF AMORPHOUS MODELS
Type | Model Properties
Type 0| Ao px =0
Type 1| A px >0,H=1
Type 2| Az |pux > 0,Var(H) >0

III. AMORPHOUS AND FULLY GRANULAR MODELS

A. Family of Amorphous Models

The family of amorphous models characterizes the interfer-
ence as the sum of two terms,

IéID-f—)(7 (12)

where Ip is a RV representing the dominant interference term,
and X is either 0, deterministic, or another RV. We define X
as

X £ Huy, 13)

where H is a positive RV with E(H) = 1, and px = E[X].
The amorphous models are classified into three types based
on the properties of H and px.

1) Type 0: The Amorphous Type 0 model (Ay) is defined
as

I:IDv

ie., ux = 0, and it is the simplest model. An example of this
model is the nearest interferer-only model.

2) Type I: The Amorphous Type 1 model (A;) extends
Type 0 by incorporating a deterministic term and is defined as

I=1Ip+px, (14)

where ux > 0, i.e., H = 1 in (13). This model is applicable
for dominant interferer-based approximations [15]. Addition-
ally, it can be used to model the signal-to-interference-plus-
noise (SINR) MD, where the noise is typically represented
as white Gaussian noise with variance o2 [19]. By setting
wx = o2 in (14), the model accounts for the noise in the
system.

3) Type 2: The Amorphous Type 2 model (A;) extends
Type 1 by incorporating variability in H and is defined as

I=1Ip+ Hpx, 5)

where Var(H) > 0 and px > 0.

A, is mainly used to represent a dominant interferer along
with the mean and variance of the remaining interference.
Another application of this model is in scenarios where
two interferers are considered, such as the first and second
nearest interferers or a dominant interferer along with a special
interferer at a specified distance rs. A summary of the family
of amorphous models is provided in Table III.

This family can be generalized to Aj, Ay,..., A, Where the
subscript indicates the number of matched central interference
moments. In particular, A.,, which matches all moments,
accounts for the interference exactly.

B. Fully Granular Model and Amorphous Approximations

In contrast to the family of amorphous models, the fully
granular model accounts for the complete interference without
any simplification. Let ® = {xq, x1, 72, ...} C R? be a set of
transmitters where g is the desired transmitter. In the cellular
model, ¢ is a stationary point process, and in the bipolar
model, @ \ {zy} forms a stationary point process with
independent of ®. We assume x; to be the strongest interferer
(averaged over fading), i.e.,

il > llzafl, i>1
and define
ri £ Jlal].

The signal power is given by S = hory ®. Then, the fully
granular model is defined as

jéZhi’l”;a.

€N

(16)

Here, h; are independent RVs, with E[h;] = 1, representing
fading. While this model provides an exact representation of
the interference, the infinite sum makes it computationally
intractable. To resolve this, we apply amorphous modeling.
We first express (16) as

I=1Ip+1TI, (17)
where
Ip = hyry @, (18)
and
I'= > hr” (19)
ieN\{1}

The family of amorphous models approximates the fully gran-
ular model (17) with different levels of accuracy by retaining
the dominant interferer effect Ip, and approximating I’ by a
RV X that, like Ip, depends on 7.

For any stationary point process with density A, the mean
interference from the nodes outside a distance c is [14]

& 2T A
J(c)=E Z r = 27r>\/ rl=edr = 21 202_0‘.
iEN\{1} ¢ @~
(20)
Thus, the mean of I’ given ry is
2N o,
px =J(r) = —— ri

Depending on the type of amorphous model, X approxi-
mates I’ either by zero, by its mean, or by matching both its
mean and variance:

Ip, in Ay,
I~{Ip+px, inA, 1)
Ip + Hpx, in Ay,
where
Var(H | 10, 71) = Var(X | ro,71) _ Var(I’ |2’I”0,7‘1). 22)

N%{ Hx



Thus, the family of amorphous models requires the exact
power of only the desired transmitter and the dominant inter-
ferer, while the interference from the remaining transmitters
is captured using at most first- and second-order statistics.

Although Ay may not be a good approximation, it allows for
closed-form expressions that serve as bounds for more com-
plete models and accurately reflect their asymptotic behavior.

A, is more accurate than Ay as it accounts for the mean of
I'. A, provides the best approximation among the three types
of amorphous models since it accounts for both the mean and
variance of I’, through the RV X.

IV. APPLICATION TO THE SF MD
A. System Model

We consider the system model in Subsec III-B, with hg ~
T(mg, mg) and h; ~ T'(m,m) for i > 1. For A,, let X
be a conditionally gamma RV given r¢ and r;. Then, H is
also conditionally gamma distributed with mean 1 and shape
parameter M, given by

3 1 N 1
~ Var(H | ro,m1)  Var(X |re,m1)’

(23)

using (22). M depends on m and the point process model.

B. SF MD for Amorphous Models
The SF is given by

S
SF= ——— 24
S+Ip+1TI (24)
and is approximated by the family of amorphous models as
follows

S
SFy = A
0 S‘i’[D’ 05
SFadSF=— 2 A (25)
~ 1_S+ID+/14X7 1
S
SFp=— >
T S+ 1Ip+ Hux

The conditional success probability under Ay, kK =0,1,2, is

P" = P(SF), > t | ro,71).

1) Amorphous Type 0: For Ay, when mg = m, the SF
MD is provided in (11), and for my = m = 1, closed-
form expressions are given in [3, Eq. 7] for Poisson cellular
networks and [3, Eq. 10] for Poisson bipolar networks.

Theorem 1. For Ay, in the general case where my # m and
for any point process, the SF MD is given by

= FR(at,u)a

where R = rq/r1 € (0,1 is the distance ratio, Fg is its
cumulative distribution function (cdf), and

N mx? 52 A 7—1
010 = = y @y =177(1 —u;mo,m).
0

F(t,u) (26)

Proof: Follows from [20, Thm. 1], where, given the
geometry, the ccdf of the SIR for mg # m is expressed as

maS\ "
P(SIR > 0) =P R<( ") :
m09

with & = t°. Here, this result is used for the SF and
generalized by averaging over the distance ratio probability
density function (pdf) fr for arbitrary point processes. [ ]

2) Amorphous Type 1: For A, with mg = m = 1, the
integral expression of the SF MD is given in [15, Cor. 1],
with corresponding expressions for various point processes
provided in [15, Sec. IV].

Lemma 1. For A;, when mg = m, the conditional success
probability can be expressed by the McKay Type II distribu-
tion [21].

Proof: See Appendix D. [ ]
The pdf of the McKay Type II distribution is given in (66)
in Appendix D.

Theorem 2. For A;, the SF MD for mg = 1 and hy ~
L(m,m) is
B oo rCtu
F(t,u) :/ / U fro.m (W, v) dw dv, 27)
o Jo
where (., VIn((1 + 972 /m)=m /u) [ (kr®), and for

mo = m, the SF MD is

I\TK (1 u)

tu / / o

where k = 27\t° /(o —2), r = w/v, fryr, is the joint pdf of
ro and r1, Fyvk is the cdf of the McKay Type 11 distribution
with parameters

U from (rv,v)dodr,  (28)

2
7(15671)@7

=2(t°r)% — 1,
= ¢ =2(t%)

— 1 —
a=m-—3, b=

and Fl\Z%{ is its quantile function.

Proof: For mg = 1 and hy ~ I'(m,m), the conditional
success probability is

P} = (ho > 978 (hlrl +ux) 7‘077"1)

e (2 )
— efmte Rr? (1 + Ra) ,

where R = ro/r1. Substituting (29) into (2) gives (27). For
mg = m, the conditional success probability follows from
Lemma 1 as

(29)

P, =1- Fuk(kR*r). (30)

Substituting (30) into (2) yields
_ o o0
F(t,u)/ / 1(Fux (kr®0?) <1 =) frgm (w,v) dwdv.
o Jo
(3D

By applying the inverse cdf Fl\Z%{ and changing variables to
r = w/v, we obtain (28). [ |



3) Amorphous Type 2:
Theorem 3. In As, when mo = 1 and hy ~ T'(m, m), the SF
MD is given by

oo o0

F(t,u) ://1(G(w,v;t) > U) from (w,v)dwdo, (32)
00
where
S rwye\ " o o\
G(w,v;t)=<1+m(v> ) <1+Mw MX) )

(33)
and M is obtained based on the point process model and
fading in I'.

Proof: The conditional success probability for As is given

by
Pt(Q) =P (ho > ter(’)l(hlrl_o‘ + X) | ro,rl)
(oS )) ()
m \r MIOHX '
From (2) and (34), (32) can be obtained. [ |
Remarks.

e For Thm. 3, M needs to be obtained based on the
point process and the fading statistics from non-dominant
interferers, while for Thm. 2, the fading statistics of the
other interferers are irrelevant.

e Thms. 2 and 3 do not require integration over an infinite
range, since the indicator functions restrict the effective
support.

o Thms. 2 and 3 express the SF MD as an expectation over
the joint distribution of rog and rq, i.e.,

F(t,u) = ETO,”‘l (]P(Pt >u ‘ To,’l"l)) .

With this formulation, the results apply to any point
process for which this distribution is known, and they
apply to both cellular and bipolar network types, which
will be explored in the next two sections. The only
distinction between the two types is that in the cellular
case, g and r; are dependent, while in the bipolar case,
they are independent.

« From Thms. 2 and 3 it follows that P/* > P!, ie.,
fading in non-dominant interferers is beneficial. This
is obtained by comparing (27) and (33) and applying
log(1+ z) <z for > —1, which yields

o M o, a
(1 + wa,ux> > e tTwi X (35)

M

This is consistent with mg = 1 and general fading in
bipolar network models, where the success probability

is [22, p. 105]
ps =P(SF > t) = exp( ATt 2 E(R)T(1 5)) .
(36)
For my = 1 and Nakagami-m fading in the interferers’
channels, 5
Ps <0, m>o,

om —

which shows that stronger fading in the interference
improves the success probability.

In the next sections, we apply Thms. 2 and 3 to cellular and
bipolar networks.

V. CELLULAR NETWORKS
A. System Model

We consider the system model in Subsection IV-A. We focus
on networks with nearest-BS association (NBA), where xg =
arg min,co ||z||. This is referred to as NBA-m in [18], where
m is the Nakagami fading parameter.

B. Poisson Point Process

Corollary 2. For the PPP under Aj, the SF MD is given
by (28) when mo = m, and by (27) when my = 1 with
hi ~ T (m,m), where

—mAv?
)

from (0, v) =42 \2wve 0<w<wv<oo. (37)

Proof: This is a special case of Thm. 2, with the joint
pdf for the PPP given in [22, Sec. 2.4.1]. [ ]

Corollary 3. Under Ay, with mg = 1 and hy ~ T'(m,m), the
SF MD is given by (32), where f,, r, is given in (37), and

dr A (e — 1)
(a—2)?
Proof: Follows from Thm. 3, and for the PPP,

692

E[I"?|r] = )\/ E[h?] v~ 2270 dv

+/\2/ / 47%E[h

]1a1advds

yom A2 )2 2(2 a)

SR L — AN S 39

(o — 1)m® " (o — 2)2 9

and E(I' | 1) = px,. Thus, the variance of I’ is obtained as
A 1 5 4,

Var[I' | ry] = — 1ﬁrf 2o, (40)

Substituting (40) in (23) yields (38). |

C. Square Lattice

Let @ be a stationary (randomly translated) square lattice
with density A. The joint cdf of ry and r; is provided in (72)
to (76), in Appendix E. To apply Thm. 3 to lattice networks,
we need the variance of I’ to compute M. First, we state an
important fact about the rigidity of lattices.

Fact 1. In lattices, given the distances to the first and second
nearest points, the distances to all other lattice points are
deterministic.

This holds because the reference point must lie at one of two
intersection points of the circles centered at the first and second
nearest lattice points, and the distances from each intersection
point to all other lattice points are identical for both positions
due to the symmetry of the lattice.



From Fact. 1, it follows that, given ro and r;, the only
source of randomness in I’ is the fading. Thus,

Var(X | ro,71) = Var( Z hir;® |7"0»7’1)

iEN\{1}
1
=— Y 41
m
1€N\{1}
To compute (41), we define S, £ ZieN\{l} r; ¥ and
al 2
SVE N [m-a)?+ (-9 gt
m,n=—N
(42)
such that
lim SY =5,
N—oo

where 2N is the size of the lattice. To compute Ss,,, we utilize
the Crandall representation [23, Thm. 2.11], which for a square
lattice is defined as

N

2y 2 e > G (Vim—ar T )
+ Go_y (\/mQ + n2) cos (2mr(mz + ny)) ] , (43)
where
Gy (r) = w

is the Crandall function [23, Def. 2.8]. Hence,

1\}i_r>nooZ,iV —rg" =1y’ =5,

To validate the effectiveness of the Crandall representation
compared to direct summation in (42), we compute S;°°° for
v = 4, N = 1000, and consider it as the ground truth for
Sy4. The Crandall representation is then evaluated for v = 4,
starting from N = 1 and incrementing N until one of the
following two conditions is satisfied:

1) |ZN — 5100 < ¢,

2) ZN > 51000,

The second condition is included because, in cases where the
Crandall series exceeds the target value, increasing N only
leads to a further increase in Ziv , and as a result, the first
condition is never satisfied. The results show that for all pairs
of r¢ and rq, and with € = 0.001, the required value of NV
is at most 2, with an average of N = 1.24. This confirms
that the Crandall series converges rapidly and is significantly
more efficient than direct summation. Hence, in the lattices,
to obtain more accurate results, the mean interference beyond
the nearest interferer is computed using the Crandell series,
given by
px = px = 2.

In Fig. 4, we observe p’y = Z1° for the square lattice with
unit density. The figure shows that u'y is primarily influenced
by rg, with the most significant variation occurring for rg >
0.5. Moreover, for each rg, the corresponding r; is bounded

by \/ré — V2o + A, which is the upper boundery of r( given
in (72) and (74), in Appendix E.
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Fig. 4. Visualization of Z ‘}O -7y 4_ T 4 for the square lattice with A = 1.

The colored shape is the support of fr, ,, and the black curve shows the
maximum 71 for each rq.

Corollary 4. Under A;, when mg = 1 and hy ~ T'(m,m),
the SF MD for the square lattice is given by (32), where the
joint cdf F, ., is given in (72) to (76), in Appendix E, and
M is given by

/
M= (44)
ZieN\{l} T
Proof: Follows from Thm.2, with M obtained by substi-
tuting (41) in (23). |

Corollary 5. For mg = 1, hy ~ T'(m,m), and no fading
in non-dominant interferers, A, reduces to A;. The SF MD is
then given by (27) in Thm. 2, where f,, ., can be obtained
Jrom (72) to (76).

Proof: Follows from Thm. 3 and Fact. 1. |

D. Numerical Results

A ground truth is required to assess the accuracy of the
amorphous models. Although the Gil-Pelaez (GP) theorem
provides an exact integral expression for MDs [24], its numer-
ical evaluation requires careful choices of integration limits
and step sizes, as discussed in [5]. Moreover, GP relies on
the evaluation of moments. While it can be effective in a few
special cases where the moment expressions are simple, these
expressions themselves are generally complicated, consisting
of nested integrals, and the MDs can be quite sensitive to
inaccuracies in the moments [13]. In such cases, Monte Carlo
simulation is particularly useful, especially when the path loss
exponent « is not close to 2. In addition, robust numerical
procedures for evaluating the GP integrals are rarely discussed
in the literature, making numerical accuracy difficult to assess.
Accordingly, the fully granular model obtained via Monte
Carlo simulation is used as the ground truth in this work,
and all proposed models are evaluated relative to it, consistent
with [15].

The family of amorphous models with all links Nakagami-
m fading is evaluated based on simulations in Python for the
PPP and the square lattice cellular networks. For the PPP, the



TABLE IV
TERMINOLOGY FOR THE QUALITY OF THE APPROXIMATION

Terminology perfect excellent good acceptable mediocre bad
d(F1, F2) € [0, 0.004] [0.004, 0.01] [0.01, 0.02] [0.02, 0.04] [0.04, 0.1] [0.1, 1]
0.025, TNy TABLE V
A A Al EZ : 4'0; RUNTIME SPEED-UP FACTORS OF THE AMORPHOUS MODELS RELATIVE TO
- A; (a _ 2'5) THE FULLY GRANULAR MODEL.
0.02} B A (a=40) % <
A - - = -Perfect threshold @ m 1 2
- - - - Excellence threshold 1.25 34.84 93.42
“~0.015¢ 1.5 36.81 92.82
K - 2 7530 75.86
L:“ A . 2.5 3 4297 7234
- AA A 5 4151 7220
< 001 A & - 10 4013 7233
A, ulig H A Average 4526 79.83
* A A A A 125 541  11.99
0.005+ i 1.5 583 12.00
______ -—— - ___. . . .
u, pu® L 2 11.44 9.33
4.0 3 5.95 9.43
0 : ‘ ‘ : ‘ 5 580 922
0 2 4 6 8 10 10 565 921
m Average  6.70 10.19

Fig. 5. Total distance vs. m for A; and A, in Poisson cellular networks.

expressions given in (11) and Cor. 2 are used for Ag and Ay,
respectively. Under Rayleigh fading, Cor. 3 and [1, Thm. 2] are
employed for A, and the fully granular model, respectively.
The fully granular model and A, under general fading for all
links are evaluated through Monte Carlo simulations with 5000
fading realizations and 20,000 location realizations. The fading
realizations vary per iteration, while the PPP realizations are
fixed across iterations. To capture interference accurately, the
simulated PPP area for ov = 2.5 is about 7.5 times larger than
for a« = 4. For a« = 2.5, the mean interference term in (20)
is included, as required when o < 3. For the square lattice,
all models are evaluated using Monte Carlo simulations. For
A, fading realizations are generated only for the desired link
and the dominant interferer. For each user, we compute the
success probability and subsequently obtain the ccdf of the
success probability for each realization.

We define a distance metric to measure how close two
functions are to each other. Let Fy,Fy, : U — Y be two
bounded functions. The total distance between functions F}
and F5 is defined as the L;-norm of F} and F5 over U, i.e., [5]

d(Fl,Fg) £ HFl_F2HL1(U) :/ |F1(.’E)—F2($)|d$ (45)
U

For SF MDs, we set U = [0,1]? and Y = [0, 1], and use
the nomenclature in Table IV [5] to assess the quality of
an approximation. We utilize (45) to assess the quality of
the family of amorphous models in approximating the fully
granular model.

Since A has a poor match for all values of o and m, we
focus on the total distance for A; and A, in the PPP, along
with their speedup factors, as shown in Fig. 5 and Table V,
respectively. The speedup factors are obtained by averaging
three independent runtime measurements for each model.

A; shows an excellent match for o« = 2.5 across all m,
and for « = 4 the match ranges from excellent to good
depending on m. A, shows a perfect match for o = 2.5 except
at m = 5, 10, and for v = 4, the match is excellent except at
m = 0.25,5, 10. For A, the total distance generally increases
as m decreases, indicating reduced accuracy under higher
variance since the variability of I is not captured. Conversely,
for A,, the total distance generally increases with m. In both
models, the total distance becomes larger as we approach the
no fading and severe fading regimes, suggesting that matching
only the first or the first two moments of I is insufficient to
accurately capture the MDs in these regimes, particularly for
larger a. Except at m = 5,10 for @ = 4, A, yields smaller
total distances than A, making it the most accurate amorphous
model overall.

Moreover, these results show a clear ordering in approxi-
mation accuracy as the complexity of the amorphous models
increases. The transition from Ay to A; leads to a significant
improvement, since A, yields a poor match, as discussed
above. From A; to A,, the distances in Fig. 5 are generally
smaller, although the improvement is less pronounced than that
of Ag to A;. Overall, the results indicate that accounting for
higher-order moments of I improves the approximation accu-
racy, while the incremental improvement between successive
approximations becomes smaller.

In terms of computational runtime, Table V| reports the
speedup factors of A; and A, relative to the fully granular
model for m > 1. On average, Ay runs about 1.5x faster
than A, indicating that the integral in (28) is computationally
expensive, although it reduces noise arising from simulating
fading and point processes. We also observe that As, even
when implemented via Monte Carlo simulation, is much faster
than the fully granular model, particularly as « decreases
toward 2. For m = 1, the MD is obtained from simpler
expressions, resulting in much larger speedup factors. In this
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Fig. 6. SF MD statistics for the Poisson cellular networks as a function

of m®, comparing amorphous models with the fully granular model. Red
markers denote for o = 2.5 and blue markers denote ov = 4.

case, A; achieves speedups of 189.80 and 26.96 for o = 2.5
and o = 4, respectively, and A5 yields corresponding speedups
of 163.88 and 22.69. Thus, A is slightly faster than Ao, and
both are considerably faster than the fully granular model,
highlighting the value of Cors. 2 and 3.

From Fig. 6a to Fig. 6¢c, we observe normalized values
of M, V, and W, respectively, for the Poisson cellular
network model, where V is multiplied by 4 and W by 2 so
that all meta statistics are within [0, 1], providing a unified
basis for comparison and interpretation. The corresponding
relative errors of the meta statistics for A; and A, are given
in Tables VI and VII, respectively. In general, we observe
that Ay deviates significantly from the fully granular model.
However, as previously mentioned, it remains valuable due
to its advantages. We also observe that as « increases, the
gaps between Ay and Aj, as well as A, decrease. This is
because, as « increases, the interference from distant BSs
becomes less significant. Conversely, as « decreases to 2, the
gaps increase as the distant BSs have greater influence on the
interference. General observations from the figures and tables
for A; and A, are as follows: meta statistics are approximated
more accurately for lower « values, consistent with the earlier
discussion. A, provides a better approximation of M than A;.
For o = 2.5, V and W are, in most cases, better captured by
A, than A, whereas for o = 4 the opposite holds.

The SF MD statistics for the square lattice are shown in
Fig. 7. We observe that the results for A; and A, are very
close, suggesting that the variance of I’ is negligible in this
case. Interestingly, 1V exhibits a non-monotonic relation with
«, in contrast to the monotonic trend observed under the PPP.

By comparison of both the SF MD statistics and the total
distances, we conclude that A; is the most accurate amorphous
model. Moreover, comparing the meta statistics can provide

TABLE VI
META STATISTICS RELATIVE ERRORS FOR A IN POISSON CELLULAR

NETWORKS.
m a =25 a=4.0
M 4y 2W M 4y 2W
0.25 | 0.0066 0.0027 0.0092 | 0.0215 0.0047 0.0225
0.5 | 0.0058 0.0034 0.0054 | 0.0172 0.0048 0.0115
1 0.0050 0.0039 0.0025 | 0.0090 0.0020 0.0057
1.25 | 0.0047 0.0041 0.0019 | 0.0113 0.0046 0.0058
1.5 1 0.0045 0.0041 0.0015 | 0.0099 0.0049 0.0055
2 1 0.0037 0.0035 0.0017 | 0.0091 0.0044 0.0049
3 10.0037 0.0026 0.0027 | 0.0106 0.0038 0.0040
5 10.0036 0.0012 0.0038 | 0.0102 0.0028 0.0035
10 | 0.0012 0.0026 0.0021 | 0.0104 0.0042 0.0023
TABLE VII
META STATISTICS RELATIVE ERRORS FOR A; IN POISSON CELLULAR
NETWORKS.
m a =25 a=4.0
M 4y 2W M 4y 2W
0.25 | 0.0030 0.0020 0.0041 | 0.0133 0.0029 0.0150
0.5 | 0.0018 0.0014 0.0030 | 0.0041 0.0069 0.0106
1 0.0014 0.0004 0.0037 | 0.0044 0.0130 0.0124
1.25 | 0.0014 0.0001 0.0041 | 0.0004 0.0114 0.0120
1.5 1 0.0013 0.0005 0.0045 | 0.0008 0.0118 0.0123
2 |0.0015 0.0014 0.0038 | 0.0005 0.0098 0.0126
3 10.0016 0.0022 0.0025 | 0.0008 0.0068 0.0100
5 10.0013 0.0035 0.0009 | 0.0004 0.0060 0.0065
10 | 0.0011 0.0045 0.0010 | 0.0007 0.0032 0.0032

deeper insights into the aspects in which an approximation
may differ from the granular model. For instance, if the error
in W is high, we can infer that the discrepancy arises from
the impact of fading.

While the numerical results provide insight into the accu-
racy of the amorphous models, a theoretical characterization
of the approximation error would be valuable but remains
challenging. This is because the contribution of interferers
beyond the nearest one depends strongly on their random
spatial locations; in particular, these interferers may cluster
near the nearest interferer or be located much farther away,
leading to significant variability in the residual interference.
This effect is especially important for A,. In principle, Markov
and Chebyshev inequalities could be applied to A; and A,
respectively, but the resulting bounds cannot be expected to
be tight.

E. SF MD with General Propagation Effects

The method of amorphous modeling extends to general
network models with a variety of propagation effects. To show
this, we employ the path loss point process (PLP), defined as

Eé{W:xGQ}CR+

v (46)

where V,, are iid with E[V°] < oo [18], [25], representing
large-scale propagation effects such as shadowing, line-of-
sight (LOS) and non-line-of-sight (NLOS) conditions, or an-
tenna directionality. Under maximum-average-received-power
association, the desired transmitter and dominant interferer are
given by

]|

To = arg min —— T
xed V£ ’

=arg min W
ved\{zo} Vi
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Fig. 7. SF MD statistics for square lattice cellular networks as a function
of m®, comparing amorphous models with the fully granular model. Red
markers denote o = 2.5 and blue markers denote ov = 4.

respectively. Let 2= = {&,&1,&2,...} be the elements of
the PLP, ordered increasingly. The desired signal, dominant
interference, and residual interference are given by

ho ha ]/:Z@
&

S = - ID = T
€o & =
Substituting the above expressions into (24) yields the
SF, which now incorporates large-scale propagation effects
through the PLP. Under amorphous models, the SFj; follow
from (25), where

px EE[I'| &) = E[V] 6587,

and )
s 1 _ X

Var(H [ §,&1)  Var(X | &, &)
The corresponding SF MD is then given by

F(t,u) = P(PY > u),

where
P® A PSF, >t &, &)

In the case of a PPP, the analysis based on the PLP is
straightforward, since the PLP is itself Poisson with intensity
measure A([0,7]) = ATE[V9]r? [25].

VI. BIPOLAR NETWORKS
A. System Model

We consider the system model in Subsection IV-A, where
the set of interferers @ forms a stationary point process. Each
transmitter has an associated receiver at a distance 7y in a
random orientation [22, Def, 5.8]. The fading and path loss
models are the same as in the cellular case.

In bipolar networks, the joint pdf f;, ,, factorizes due to
the independence of ry and ry. If ro = R is deterministic,

fror (w,v) = 0(w — R) fr, (v),
where §(+) is the Dirac delta function. The following corollar-

ies are derived for this case.

B. Poisson Point Process
Let ®’ be a PPP. For the PPP [22, Sec. 2.4.1]

Fr(v) = 2mAve "™ (47)

Corollary 6. In A,, with mg = 1, the SF MD for the PPP is
given by

F(t,u) = /0001{(1+i (f>a>m

o -M
t o —mAv?
<1 + —R /Lx> > u} 2w Ave dw,

(49)

v > 0.

(48)

where, M is given in (38).
Proof: Follows from Thm. 3 and (47). [ |

C. Square Lattice

Let ®’ be a randomly translated square lattice of density .
In this case [26]

2w v, 0<v < ﬁ7
r\V) =
fn () 2mAv — 8\v arccos (ﬁ), ﬁ<v<\/%.
(50)

Corollary 7. In A,, with mg = 1, the SF MD for the lattice
network model is given by

1

F(t,u) = /2ﬁ 1{G(R,v;t) > u} 2w vdv
0

+ /ﬁ 1{G(R,v;t) > u} lZﬂ')\v

1
—8A — ) |dv, (51
v arccos <2\[\v>] v, (51)

where G(R,v;t) is evaluated by obtaining M from Var(I' |
r1) using the law of total variance, substituting into (23), and
setting w = R in (33).

Proof: Follows from Thm. 3 and (50). |
As in the cellular case, general propagation effects can be
incorporated by using the PLP (46).

VII. CONCLUSION

The widely used methods for approximating MDs rely on
MD moments. However, obtaining MD moments is not always
straightforward. Moreover, comparing MDs across different
networks does not clearly reveal how variations in random
elements, such as fading and the point process, contribute to
their differences. To address these challenges, meta statistics



are introduced, providing comprehensive information about
MDs, including the overall network performance and the
variability induced by fading and the point process.

For a systematic MD approximation, we introduce the
family of amorphous models Ay, A;, and A,, ranked by
increasing computational cost and accuracy. We suggest using
Ay to capture overall trends and asymptotic behavior. A; is
recommended when the randomness of non-dominant inter-
ferers is either small or not critical to the analysis. Moreover,
A; can also serve as a lower bound for A,, since we have
shown that fading in the interference improves the success
probability. A, provides sufficient accuracy for most practical
purposes.

The proposed meta statistics capture the key features of a
two-dimensional distribution in three scalar values, analogous
to how the mean and variance describe distributions. They
separately capture the impact of fading and the point process,
as well as the overall performance of the network. Our
accuracy analysis, based on the total distances for SF MDs
and the relative error for meta statistics, demonstrates that
comparisons across different networks can be based on meta
statistics alone, without requiring the full MD.

APPENDIX
A. Proof of Expressions in Table Ila

For Nakagami fading with a parameter m, we consider only
the nearest interferer BS. Let U = hy/ho, where h; and ho
are iid gamma RVs, and Y = (ry/r1)®, where 1 and ro are
the distances to the serving BS and the nearest interfering BS,
respectively. For DR, the success probability is

G(t) =P(SF > t) = P(U > t%)

e 52
:1—FU(t@y):1—I<t;m,m>, 62
p

where I(-;m,m) is the regularized incomplete beta function
and p = (ro/r1)® is deterministic. From (2) the MD is derived
as follows

F(t,u) = 1(G(t) > u), (53)

and from (3) to (6), the moments and scalars can be obtained.

B. Proof of Expressions in Table I1b

Without fading, we have h; = hy = 1. The conditional

success probability is given by

P(SF>t|®)=P(Y >t° | ) (54)
_ min{l, (t@)*‘s} (55)
1, if t < 3,
{(t@)‘5, ift> 1. (56)
Thus, the SF MD and the moments are obtained as
_ 1 t<i

Ft,u) =< 2 57

1 ift <2
M) =<7 2 58
» (@) {(te)‘57 ift > 1. %)

The V is given by

VRD — ﬁl ((te)fé _ (te)—zs) dt

2

(59)

= [BU-5.5+1) - By1—6.5+1)]

1
2

. [3(1 ~ 25,25+ 1) — By (1 - 20,26 + 1)] . (60)

Since 5
T
Ir'1-46)r 1) =
(1=9r@+1) sin(7d)’
we have
1 1 1
RD _ B B 5 ) 1
v sinc()  sinc(20) c, € (0,1)\ {2}’
where,
C=B1(1-66+1)—B1(1-25,20+1).

C. Proof of Expressions in Table Ilc

For the deterministic transceivers placement with no fading,
the success probability G(t) simplifies to

- 1, ift<p®,
G(t) = 61
®) {0, if t > p®. ©1)
The SF MD is derived as
_ 1, ift<p®
Fltuy={ "'=r (62)
0, otherwise,

and from (3) to (6), the moments and scalars can be obtained.

D. Proof of Lemma 1
In A, for mg = m, let

G = hy — th1 R, (63)

where R = r(/r1, the conditional success probability can be
expressed as

P, =P(G > HR(XT% | 70,71), (64)

where k is defined as
a 2T ALe
T a=—2"

K (65)

For Nakagami fading, G is the difference between two
independent gamma RVs.

Generally, if X1 ~ G(m, 1) and Xs ~ G(m, B2), their
difference Y = X; — X5 follows a McKay Type II distribution.
The pdf of Y is given by [21].

1—c2 at+d | _cy
\/(E2aba)+1F2(l|l{|",%)e b Ka(Lb‘)? y 7é O?
fy(y) = . (66)
(1762)a+§1—‘(a) y = 0

Vm2bL(a+1) 7
where @ > —1, b > 0, and |¢| < 1, with the parameters
defined as

1 20152

a=m-—-, b

_ _ Bi—=pa
2’ B1+ B2

T Bt B




Here, K,(-) denotes the modified Bessel function of the
second kind.
G can be expressed as

G =X, — Xo,

where
X, =hy, Xo=t"hR".

Here, X; and X5 are independent RVs distributed as
1 A
XlNg muﬂlzi ) X2Ng(m7ﬂ2:7R )
m m

Thus, the Type II McKay distribution can be utilized, where
the parameters b and c are given by

2
b=—(t°R™)®

c=2(t°R™)® — 1,

conditioned on R. So, the conditional success probability in
(64) can be expressed using the cdf of the McKay Type II
distribution Fy-, as

p=1—Fy(kR*?). (67)

For Rayleigh fading, where mo = m = 1, we have a = 1/2.
In this case, the cdf of the McKay distribution is given by

%e(l_c)y/b, y < O7
Fy(y) = (68)
1- %e—(l-&-c)y/b’ Yy Z 07

and the conditional success probability in (64) is expressed by
(68) for y > 0, since 7 > 0. The parameters are obtained as

Bi=1, B2 =t"R*, (69)
c= 2(159]%"‘)EB -1, (70)
b=2(t°R™)® (71)
and (64) is expressed as
P, = (t°R?) i

E. Distribution of Distances to the two Nearest Neighbors

The following is the piecewise cdf of the distances to the
first and second nearest points in a square lattice, as derived

in [27, Sec. 2.1].
\%—w<v§\/w2—\/gw+§,

Mw? —v?) + 1)
2w

2 .2

+ 4?2 arccos <)\(vw)+1)
2v/ A\

2y — (Aw? — 02) + 1),

(11)0<w<2f,g/ \/7w+ <v<
T
4

F(w,v) = Arw? + 4 0? (arcsin ( )
— 4V Qvsin (arcsin ( > ) (73)

: 1
M 0<w< 5l

F(w,v) = 4\w? arccos (

(72)

(iii)

(iv)

[1]

[2]
[3]
[4]

[5]

[6]

[7]

[8]

[9]

(10]

[11]

(12]

[13]

BN
ok

< <

%\H

2 __ 2
F(w,v) = 4 w? arccos ()‘(wv)H)
2w

1
— 4\ w? arccos <>
2V w

2 _ 2
+ 4?2 arccos <W>
2\

+ Varw? — 1 — 2\/4w? — N(w?
(75)

1 1
sie <w< =y Jw? \/7w+ <v<

F(w,v) = Mw? — 4 w? arccos (
Vaw
_r
4

+ 4)0? (arcsin (

— 4\Fv sin [ arcsin —
(o))
+ V4 w? — 1.
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