THE STRUCTURE OF THE v,-LOCAL ALGEBRAIC tmf
RESOLUTION

M. BEHRENS, P. BHATTACHARYA, AND D. CULVER

ABSTRACT. We give a complete description of the E;-term of the va-local as
well as g-local algebraic tmf resolution.
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1. INTRODUCTION

Let bo denote the connective real K-theory spectrum. Mahowald and his collabo-

rators used the bo resolution (aka the bo-based Adams spectral sequence) to study

stable homotopy groups to great effect. Specifically, they computed the image of

the J-homomorphism [DMR9], proved the 2-primary height 1 telescope conjecture

[Mah8&1], [LMS&T], computed the unstable v;-periodic homotopy groups of spheres
1
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[Mah&2], and applied homotopy theoretic methods to a variety of geometric prob-
lems [DGMZSI].

The spectrum bo has two distinct advantages that lend itself to these applications
at the prime 2. Firstly, mobo is torsion free and m.bo is Bott periodic (i.e. v;-
torsion free), so it is equipped to detect the zeroth and first layers of the chromatic
filtration. Secondly, vi-periodic homotopy at the prime 2 is more complicated than
at odd primes, and this is witnessed by the elements 1 and n? generating additional
anomalous torsion [Ada66]. These elements and their vi-multiples are detected by
the bo-Hurewicz homomorphism

T, — Ty bo.

At chromatic height 2, the 2-primary stable stems have a vast collection of anoma-
lous torsion, and a significant portion of this vs-periodic torsion is detected by the
spectrum tmf of topological modular forms (see [BMQ23]). As such the tmf resolu-
tion represents a significant upgrade to the bo resolution. Indeed, partial analysis of
the tmf resolution has resulted in numerous powerful results [BHHMOS|, [BHHM20],
[BBBT21], [BMQ23].

For a spectrum X, the ¢tmf resolution of X is the tower of cofiber sequences

1) X~ S EmfAX <~ sl A X~
tmf A X Y~ ltmf A tmf A X S2¢mf A tmf A X

Here tmf is the cofiber of the unit
S — tmf — tmf.

Applying 7, to the tower above results in the tmf-based Adams spectral sequence

fprt(X) = oy (tmf Atmf A X) = m_p X.

Ultimately, the successful applications of the tmf-resolution so far have been limited
by our ability to compute the Ei-page of the tmf-based Adams spectral sequence
— computations to date have relied on computations of the Ej-page in certain
regions. Unlike the bo case, we are not able to completely compute this F; page
for X = S. The goal of this paper is to make a significant step towards rectifying
this deficiency.

The computations of the E;-page that have been successfully performed used the
classical Adams spectral sequence. We focus our attention at the prime 2. Recall
that for a connective spectrum Y, the mod 2 Adams spectral sequence (ASS) takes
the form

@SEYNY) = Ext}’ (Fo, H.Y) = m_ Yy

where H, denotes mod 2 homology and A, is the dual Steenrod algebra. The Fj-
term of the tmf-resolution can then itself be approached by computing the ASS’s

@ss St (tmf A tmf A X) = m_(tmf A tmf ' A X) = ™R8 (X)),
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In practice, given the computation of the Fo-pages, these Adams spectral sequences
can be completely computed, as the majority of the differentials can be deduced
from the Adams spectral sequence for tmf (as computed in [BR21]). The tmf-
resolution can then be studied through the Miller square [Mil81]

@55 3 (tmf A tmf T A X) =222 tmf grot=s(x)

alg tr‘nf res tmf res
4
ass ps+n,t A
E2 (X) ?} Wt—s—nXQ

Here, the left side of the square is the algebraic tmf-resolution, the analog of the
tmf-resolution obtained by applying Ext4, to (1.1)). The starting point is therefore
the computation of the F-page of the algebraic tmf resolution of the sphere

@58 S (tmf A tmf ).

Analogous to the case of the bo-resolution and the BP(2)-resolution [Mah8&1] [Cull9],
we propose the following conjecture.

Conjecture 1.2. The map
@ss S (tmf A tmf ) — vyt B (tmf A tmf )

is injective for s > 0.

This conjecture is consistent with computations in low degrees (see, for instance,
[BOSS19]). It implies a good-evil decomposition of the tmf-resolution of the sphere,
analogous to that of [BBBT20|, [BBB™21].

In this paper we give a complete computation of
vy L 9 B (tmf Atmf").
We now summarize the main results.

For a graded Hopf algebra I' over k, let Dr denote Hovey’s stable homotopy cate-
gory of I'-comodules. Briefly, Dr is similar to the derived category, with the chief
difference that weak equivalences are defined to be the W£7*—isom0rphisms, where
for a I'-comodule M, the homotopy groups 7r£,* are defined to be
T o (M) = Ext*" (k, M).
For M € Dr, we let ¥™*M denote a shift in internal degree by s + n and in
cohomological degree by s, so we have
7-‘-llﬁj,l(znvs‘]\4) = Trg—n,l—s(M)
and
(S, M = 7% (M),
Note that with our conventions ¥" = %™, and exact triangles in Dr take the form
A—B—C—=xh A

For a spectrum X, we shall let
X €Dagy,
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denote the object associated to the mod 2 homology H.X. In this notation the
ASS takes the form

WEYN(X) = mft, (X)) = T X5

Since tmf = (AJA(2)). [Matl6] (where A(2) is the subalgebra of the mod 2 Steenrod
algebra generated by Sq', Sq?, and Sq4), we have a change of rings isomorphism
(1.3) s (tmf ® M) = 72" (M)

for any M € Dy4,. Therefore the Ei-term of the algebraic tmf-resolution takes the
form

assE;’*(tmf A @An) ~ 7T;4),(k2)* (@@n)

There is a decomposition [BHHMOS]

(1.4) @@m ~ @ Es(iﬁ»--ﬂ‘n)mil ®--- ®bo;
1yeeesin >0
in Dy (g),, where bo; denotes the homology of the ith bo-Brown-Gitler spectrum

(see Section [2)).

For an object M € Dy(g),, the localization v;lM denotes the localization of M
with respect to the element

so we have

vy L By (tmf A tmf ") 2 7 (v Himf ).

We will prove
Theorem 1.5 (see Corollary and (2.9)). There are equivalences in D z(a),
U;lmzj ~ z8jv51mj @ 28j+8’1v271b70j,1,

-1 o =108
Vg @2j+1—“2 b @j ®@1-

The splittings of (1.4)) and Theorem 1.5|inductively imply that in D 42, the objects

Uy 1@6% split as a wedge of bigraded suspensions of v, 1m?k. We are left with
identifying these explicitly.

To this end we will introduce an object
TMF (3) € 'DA(Q)*

which serves as an algebraic version of the tmf-module TMF((3) (the theory of
topological modular forms associated to the congruence subgroup I'g(3) < SL2(Z)),
and prove

Theorem 1.6 (Proposition and . There are splittings in D (3,
vy 'ho{? ~ 25161y Tho, @ B2H2TMF,(3),

TMFy(3) ® bo;, ~ ¥2*3TMF(3) @ L40CTMF,(3).
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The splittings of Theorem imply that the objects vy 1@?’“ split in Dy(g), as
a direct sum of bigraded suspensions of copies of vy 'Fy, v 'bo,, vy 'ho{?, and
TMF((3).
Putting this all together, we have the following theorem (see Corollary for a
more precise formulation).
Theorem. There is a splitting of
vy 't € Dy2).
into a well-described sum of various bigraded suspensions of
’L}Q_l]Fg,
vglmh
vy 'bof?,
TMF(3).

The most subtle step to all of this is the first equivalence of Theorem Indeed
an explicit exact sequence (see 1' of [BHHMOS]) implies that vy 1@23- is built
from vnggjmj and v;128j+8’1@j71 in Dy(z),. The hard part is showing that
the attaching map between these two components is trivial. This is accomplished
by showing that if this attaching map is non-trivial, then it is non-trivial after
g-localization where g is the generator of 77540(724)*(15‘2). We then prove the g-local
attaching map is trivial (see Corollary and Theorem , strengthening the
results of [BBT21].

Theorem. There is a splitting of
971@@1 € Dca).

into a well-described sum of various bigraded suspensions of

o g 'Fy,
L4 9_1@17
° g_lm?z.

The vso-local results of this paper may be applied to understand the TMF-resolution,
where

TMF = tmf[A™].
Namely, there are localized ASS’s

2@ (7 mf T ® X) = m (TMF ATME ™ A X)).

Our wve-local results also may be used to understand the vo-localized algebraic tmf
resolution

vy et (mf " © M) = vy el (M),

Here, the vy-localized Ext groups vy '7: are as defined in [MS87].

*, ok

The g-local results of this paper may be applied to understand g-local Ext over the
Steenrod algebra, using the g-local algebraic tmf-resolution

wﬁf)*(g*@@"@M) igilﬁﬁl(Ml
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Organization of the paper. In Section [2] we reduce the study of tmf to the
bo-Brown-Gitler comodules bo;. We review exact sequences which relate these
comodules to @?k . Upon vs-localization, we show that these exact sequences give
complete decompositions of v5 1b0j in terms of bigraded suspensions of vy 1@?’“
for various k, provided certain obstructions 0;: vanish for j' < j/2.

In Sectionwe review the structure of Wﬁ 9)* (@j@k) for 0 < k < 4. These will form

the computational input for the rest of the paper.

In Section {4 we construct TMF((3) € D4(q),, our algebraic analog of TMF(3),
and establish some basic properties.

In Section 5] we prove a few key splitting theorems that inductively give complete
decompositions of @?k € Dy(g), into indecomposable summands. Provided the
obstructions d;, vanish, we therefore get complete decompositions of v, 1@j.

In Section [6] we define certain generating functions which conveniently allow for
algebraic computation of the putative decompositions of v, 1@j.

In Section [7| we explain the analogs of the vs-local decompositions of bo; and @?k
in the g-local category. The decompositions of g_lmj depend on the vanishing of
certain obstructions ;.

In Section [§| we prove our main result: the obstructions 0; and 8; vanish for all j.

This results in a complete decomposition of vy 1Emf>" and g‘ltmf®n.

In Section [9] we relate our g-local results to the computations of Bhattacharya,
Bobkova, and Thomas [BBT21], providing a strengthening of their results.

Appendix |A| contains charts of wﬁ(f)*@?’“ for 0 < k < 4 and wﬁ(*z)*(TMFO(S)).
These are referred to throughout the paper.

In Appendix we discuss a stable splitting of bof3 and its relationship with
Theorem [L6l

Acknowledgments. The authors are grateful for the comments and corrections
of two referees. The results of this paper were made possible with the assistance
of the computational Ext software of R. Bruner and A. Perry, and the computer
algebra systems Fermat and Sage. The first author was supported by NSF grants
DMS-1547292 and DMS-2005476.

2. bo-BROWN-GITLER COMODULES

In this section we reduce the analysis of v; 1@®n to the analysis of vs-local bo-
Brown-Gitler comodules. These are A,-comodules which are the homology of the
bo-Brown-Gitler spectra constructed by [GIM86]. Mahowald used integral Brown-
Gitler spectra to analyze the bo resolution [Mah81]. The bo-Brown-Gitler comod-
ules play a similar role in the algebraic tmf resolution [BHHMOSg|, [MR09], [DMI0],
[BOSS19], [BHHM20], [BMQ23].
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Endow the mod 2 homology of bo

(where (; denotes the conjugate of §; € A,) with a multiplicative grading by declar-
ing the weight of (; to be

(2.1) wt(¢;) = 2771
The ith bo-Brown-Gitler comodule is the subcomodule
bo, C AJA(1).
spanned by monomials of weight less than or equal to 4.
let
DM = Homg, (M,F5)

be its Fao-linear dual. We record the following useful result.

For an object M € D y(y)

%9

Proposition 2.2. In Dy, , there is an equivalence

-1 o~ y—16,—1, —1
vy Dbo; ~ X Uy " boj.

Proof. Consider the short exact sequence
0 — bo, — A(2)JA(1), — X" Dbo, — 0.
Since we have
Sl AQ) J A, 20y E Fy,Fy) = 0
Uy T AQR2)JAQQ)x = vy Extaq), (Fa,Fa) =
it follows that the connecting homomorphism in D 43,
217’112_1Dm1 N 21,—11}2—1m1

is an equivalence. O

Our interest in the bo-Brown-Gitler comodules stems from the fact that there is a
splitting of A(2).-comodules [BHHMO0S8, Cor. 5.5]:

(2.3) tmf 2 (H %o,
i>0
where $%bo; is spanned by the monomials of
m = A//A(2)* = FQ[C?? C;La C??a C47 . ]

of weight 8;j. We therefore have a splitting of A(2).-comodules

(24) @@ﬂ ) @ ES(i1+"'+in)mil R R mzﬂ

01 yeenyin >0
The object , )
y8lttinho, ® -+ @bo; € D).

can be inductively built from @?k by means of a set of exact sequences of A(2),-
comodules which relate the bo,’s [BHHMO8| Sec. 7]:

(2.5) 0 — X%bo; — boy; — A(2) /A(1). ® tmf; ;, — ¥ bo, ;| =0,
(2.6) 0 — X%bo; ® bo; — boy; 4y — A(2) /A1), @ tmf; , — 0.
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Here, tmf; is the jth tmf-Brown-Gitler comodule — it is the subcomodule of tmf
spanned by monomials of weight less than or equal to 8j.

Remark 2.7. Technically speaking, as is addressed in [BHHMOS8, Sec. 7], the
comodules

A(2)J A1)« @ tmf; 4

in the above exact sequences have to be given a slightly different A(2).-comodule
structure from the standard one arising from the tensor product. However, this
different comodule structure ends up being Ext-isomorphic to the standard one.
As the analysis of this paper only requires

vy PA(2) JA(1). ® tmf; | ~0,

97 A2) A1) ® tmf;_; =0,
and these equivalences hold for the non-standard comodule structures, the reader
can safely ignore this subtlety.

Since
vy PA(2) J A1), ® tmf;_, ~ 0,
The exact sequences (2.5)) and (2.6) give rise to a cofiber sequence in D 4(2),

(2.8) 5% 05 bo; — vy 'boy; — ¥ ho,
and an equivalence
(2.9) Esjvglmj ® boy ~ 02_1@2j+1.

Thus, (2.8) and (2.9)) inductively build

vy 'bo; € Daga),
out of vy 'bof*.

The connecting homomorphism of the cofiber sequence (2.8])
(2.10) 9; s vy 'S¥ ¥ bo, | — 0y TEYHE T o,

is the obstruction to the cofiber sequence being split. We will prove in Section
that the connecting homomorphism 9; = 0 for all j, so we have

(2.11) 3 'boy; ~ vy ' S¥bo; ® vy 'Y bo; .

3. THE GROUPS o " (bol)

In the previous section we related the comodules @j to the comodules m?k. We
now review the structure of
Wﬁg)* m?k

for 0 < k < 4. For k = 0, this computation was initially performed by May
[May|] but was first published in [SI67]. For & = 1, the computation appears in
[DMB82]. For k = 2,3 these computations appeared in [BHHMOS| Sec. 6], where a
methodology for performing these computations for & > 2 is explained. This same
methodology was extended by the authors of this paper to perform the computation
for k = 4. It should be emphasized that use of the Ext software of Bruner [Bru93]
and Perry [Per] was crucial for the cases of 2 < k < 4.
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. . A(2).
In order to give names to the vg-torsion-free generators of 7T*’S< ) (bo®), we re-

view the corresponding vg-local computations. The entire structure of the vg-local
algebraic tmf resolution is given in [BMQ23] (see also [BOSS19)]).

Observe that we have
(3.1) vy ' mhD" (Fy) = Fafugf, vi, v3).

Note that c4,c6 € (tmf,)g are detected in the vp-localized ASS by vi and v3v3,
respectively.

We have (regarding bo; as a subcomodule of A/ A(2).)

_ A(2) 4
vy P (boy) = Folui, of, {5, ¢4}

We therefore have an isomorphism
(3:2) v 'l (bof™) = Fafug vf 03] © Fa{(F, 3}

To make for more compact notation, we will use bars to denote elements of tensor
powers:

(3.3) il T, = Q- @ Xy

rﬁ(*z)‘ (Fs) : (Figure

All of the elements are ¢4 = v{-periodic, and v§-periodic. Exactly one v{ multiple
of each element is displayed with the e replaced by a o. Observe the wedge pattern
beginning in ¢ — s = 35. This pattern is infinite, propagated horizontally by hg 1-
multiplication and vertically by vi-multiplication. Here, ho; is the name of the
generator in the May spectral sequence of bidegree (t — s,s) = (5,1), and h‘il =g.

72D+ (ho®*), for k=1,2,3,4: (Figures [B.1} [B.2] [B.3] [B.4)

Every element is v§-periodic. However, unlike w,’: 9*(1?2), not every element of

these Ext groups is vj-periodic. Rather, it is the case that either an element
x € EXtA(g)*(m?k) satisfies vix = 0, or it is vi-periodic. Each of the vi-periodic
elements fit into families which look like shifted and truncated copies of 771475})* (Fy),
and are labeled with a o. We have only included the beginning of these vi{-periodic
patterns in the chart. The other generators are labeled with a e. A [ indicates a
polynomial algebra Fa[hz 1]. Elements which are vp-torsion-free are named in these

charts using (3.2)), in the bar notation of ([3.3)).

4. AN ALGEBRAIC MODEL OF TMF(3)

The spectrum TMF(3) is an analog of TMF associated to the moduli of elliptic
curves with with I'g(3)-structures introduced and studied by Mahowald and Rezk
[MRO9]. In fact, Mahowald and Rezk proposed three different connective spectra
whose E(2)-localizations are TMF(3) (also see [DMI0]).

We will emulate [MR09, DM10] in the category of D 4(g), to construct the TMFq(3).
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Lemma 4.1. The composite

2027, 2 B, < 27 Dbo,

extends to a map

h : £%?bo, — ©"Dbo;.

Proof. The cell structure of bo; implies that the obstructions to this extension is
the product hs - h3ez, and the Massey products (h1, he, h3er) and (hg, hy, he, h3er).
These are all zero for dimensional reasons. ]

Our algebraic model of TMF(3) is defined to be

TMFq(3) := v, " (3***Dbo, U ¥*'bo;)
where 2%%3Dbo; U 2**ho, denotes (the X'™* suspension of) the cofiber of the
map Eg of Lemma

Figure shows a computation of the homotopy of Dbo, U~ %%1ho,. In this
2
figure, the solid dots correspond to Dbo; and the open dots correspond to bo;.
One convenient way of accessing the homotopy of Dbo, is from the short exact
sequence in the proof of Proposition

A chart of wﬁ&Q)*(TMFO(3)) is displayed in Figure Just like in the charts of

Figures each of the v{-periodic elements fit into families which

look like shifted and truncated copies of 71'13(*1)* (F3), and are labeled with a o, and
only beginning of these vi-periodic patterns are included in the chart. The other
generators are labeled with a e. Figure [B.5| actually only displays the homotopy
groups of a connective version of TMF(3) (this is the object X from the proof of
Proposition. However the vs-periodic homotopy groups are easily deduced from
the fact that these homotopy groups are all v§-periodic. Diagram 3.4 of [DMI0]
gives a nice visualization of what these localized homotopy groups look like.

Lemma 4.2. Any map
f: TMF(3) — TMF((3)

which is the identity on 7764,82)* is an equivalence.

Proof. Let lpyp,(s) € wé(()z)*(TMFo(?))) denote the generator. The wﬁg)*(lﬁ‘g)—

module structure implies f is the identity on g - 1y, (3) and vahy. Tt follows from

ho linearity that f is the identity on z17 (see Figure[B.5)). Therefore f is the identity

on vihiz17. It follows from hg, hi, hg, and v} linearity that f is an isomorphism
on valwﬁg)* (TMFg(3)). Here we must use the fact that the vg-localization of f is

a map of vy "7 . (IF2)-modules. Tt then follows that f is a i () _isomorphism. O

We have the following algebraic version of the Recognition Principle of Davis-
Mahowald-Rezk (see [MRQ9, Prop. 7.2]).
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FIGURE 4.1. Computing the homotopy of Dbo; U »%1ho,.
2

11
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Theorem 4.3 (Recognition Principle). Suppose that X € D 42y, satisfies
(4.4) 2@ (X) = 72D (TMF,(3))

where the above isomorphism preserves vy, hi, ha, vi, vov3, v§, vihi, and g mul-
tiplications. Then there is an equivalence

X ~ TMF,(3).

Proof. Let
17 ¢ 217’3F2 — X

represent the generator of 77147(?* (X). Since

A(2). A(2). A(2).
7717(,%4) (X) = 7719(51) (X)= 7723(,? (X) =0,

there exists an extension of x17 to a map
»?43Dbo, — X.
Since
Toss (X) =13 (X) = mag s (X) = magy " (X) =0
there exists a further extension of this map to a map
¥243Dbo, UX*%bo, — X.

The conditions on the isomorphism l) imply that X ~ vy 1X. Thus the map
above localizes to a map

vy (2?3 Dbo, U X*%bo,) — X.

The conditions on the isomorphism l} then force the map above to be a w;‘fﬁf)*-
isomorphism. O

For us, a weak ring object in D 4(3), is an object & € Dy(2), with a unit
u:Fy - R

and a multiplication
m:RQIR— R

such that the two composites
RoF, 2 RO R™ R,
Foo RS RoR ™ R
are equivalences.

Proposition 4.5. TMF((3) is a weak ring object in D 4(2)

.

Proof. We shall need to imitate the “first model” of [MR09], [DM10]. Start with
the A,-comodule Y described in [DM10, Thm. 2.1(a)]. Then the method of proof
for [DM10, Thm. 2.1(b)] shows that there exists a map

hohs : $*2Y —
in Dy, extending hghg, so we can take the cofiber
- o y4,l
X =T, Ui Y.
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Regarding this cofiber as an object of D 4(y),, define
R:= ’U;IX S 'DA(Q)*.
We will show (a) R~ TMF((3) and (b) R is a ring object of D ()

For (a), we will compute 77147 @- (R). To this end, we observe that the methods of
the proof of [DM10, Thm. 2.1(c)] show that there is a map
fiX = AR)JAQ),

which extends the inclusion Fo < A(2)/ A(1).. Let C be the cofiber of f:

(4.6) x5 A@)paq). - c.
Then the proof of [DMI10, Thm. 2.1(d)] shows that

$1A(2)/A(2)(Sq", 84’ Sq")., s =0,

A (A@2), ® C)
s (A2)-®C) = () s> 0.

as an A(2).-comodule. The A(2).-based Adams spectral sequence for C then col-
lapses to give an isomorphism

Tl (C) = Extlyiy (F2, £ A(2)/A(2)(Sq", S Sa*).).-

These Ext groups were computed in [DM10, Thm. 2.9]. The cofiber sequence (|4.6))
gives an equivalence

Rty e,
We see by inspection of Davis-Mahowald’s Ext computation alluded to above that
there is an isomorphism

Dm0y 2 p A (TMF,(3))

satisfying the hypotheses of the Recognition Principle (Theorem . We deduce
that there is an equivalence
TMF((3) ~ R.

We now just need to prove R is a ring object in D4(z),. For this we imitate the
proof of [DM10, Thm. 2.1(e)]. Namely, consider the composite

m: XX ELIN A(2) JAQ), @ A2) JA(1), £ A2) JA(1),.
By the cofiber sequence , the map m lifts to a map
m: XX —X

if the composite

XoX ™ A2 /A1) = C
is null. In the proof of [DMI0, Thm. 2.1(e)], it is established using Bruner’s Ext
software that

(X ®X,Clae), =0.

Therefore, the lift m exists. Since it is a lift of 7, it is the identity on the bottom
cell. Tt follows that the composites
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are the identity on the bottom cell. It follows from Lemma [£2] that after vo-
localization, the composites

R®Fy — R®R - R,
Fo @ R~RRZS R

are equivalences. Thus m gives R the structure of a weak ring object. (In fact, the
analog of Lemma holds for X, and so X is also a weak ring object.) [

5. SPLITTING bo*

In this section we prove our main wve-local splitting theorems, which will be the
basis of all of our subsequent vs-local decomposition results.

Proposition 5.1. There is a splitting
vy ho? ~ 29161y Tho, @ B2H2TMF(3).

Proof. Since we are working in characteristic 2, there is a decomposition
bof’” = (bo{)"“* @ B
where Cs acts by cyclically permuting the terms, and we have
mE 2 (00f?)" ) = 72 (bof ).

It is easily checked, using the names of the generators in Figure that there is
an isomorphism
o ' (o)) = i (TMFy (3)).
A direct application of the Recognition Principle (Theorem shows that
vy L (bo{??)"C o~ B2LETMF ) (3).

Let
16 : £'O1Fy — bof?

correspond to the generator of 71'{46(’21)* (@?2). Then the composite

_ _ 16R1D1IRx _ _
216711} 1@ o 21671,0 1@ 16 16 v 1@@3 S 1B
2 1 2 1 1 2
. A2), . . .
is seen to be a w*,i ) -isomorphism, hence an equivalence. Il

Proposition 5.2. There is a splitting
TMFy(3) @ bo; ~ B2*3TMF,(3) @ S19CTMF,(3).

Proof. Tensoring the splitting of Proposition with bo,;, we have
vy Thof* ~ 25161y ThoP? @ R242TMF(3) ® bo, .
Examination of rﬁ£2)* (bo$*) (Figure ) reveals that
mi" (v "hof) =

2t (P (9161 1h022) @ 72+ (SI85TMF (3)) @ w1 (2 (2048 TMF (3)).
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It follows that there is an isomorphism
723 (TMF(3) ® bo ) & (2" (R243TMFy (3)) @ mi )= (S406TMF,(3)).

Moreover, one can check from the wﬁg)* (F2)-module structure of 77;4, - (bo$*) that

the isomorphism preserves multiplication by
4 2 8 4
Vg, V], VU35, Vg, hi, ha, g, vy h1.

The map
»243F, @ R406F, M ® bo;

which maps the two generators in gives rise to a map of TMF(3)-modules

224’3M ® RO TMF((3) — TMF(3) ® bo; .

One can then use 7r;47 g)*(Fg)—moduIe structures to determine that this map is an

. . A(2).
isomorphism on 7r*75< ) . O

Remark 5.3. Propositions[5.1]and [5.2]allow one to inductively compute a splitting
of vy 'boP* in D4 (2). as a sum of suspensions of vy 'boy, vy ho?? and TMFy(3).
For example, we have

vy 'hoPt ~ (2815 y T ho, @ X242 TMF((3)) ® bo,

25110y Thof’? @ £ TMF0(3) ® bo,
2216,11}2—1@?2 P 248,5M D 264,8%0(3).

In the next case, we can further simplify the answer using v§ periodicity.

vy ho? ~ (28101 Tho?? @ R8PTMF(3) @ X848 TMF,(3)) @ bo,
~ 23101y 1 hof? @ R4S TMF(3) ® bo; @ X648 TMF(3) ® bo,
~ 45322y ho, @ 28403 TMF(3) @ X783 TMF,(3)

@ 2888 TMF ) (3) @ R4 TMF ) (3)
~ 45322y bo; @ S TMF(3) @ 453 TMFy(3) & S TMFy(3).

We similarly may compute

vy 'hof8 ~ 4533224 1ho®? @ BAESTMF(3) @ 554 STMF,(3)

5.4
54 ® 5X32ITMF(3) @ B4 TMF(3).

Finally, we will find the following splitting to be useful.
Proposition 5.5. There is a splitting

TMF(3)®? ~ TMF(3) & 2% 'TMF,(3) & S'2TMF(3) & L35 TMF, (3).
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Proof. Smashing the splitting of Proposition @ with itself, and applying Proposi-
tion and v§-periodicity, we have
vy 'boP® ~ 4532210%? @ 452493 bo, ©® TMF(3) @ S*4TMF(3)®?
~ 4%322ho%? g ANOLOTMF (3) @ 40509 TMFy(3) & L4 4TMF,(3)%?
~ 4%322hoP? g ANOLOTMF (3) @ 4033 TMFy (3) @ L4 4TMF,(3)%?

On the other hand, by (5.4), we have
vy Thof8 ~ 4533224 1hoP? @ RS TMF(3) @ 554 5TMF,(3)
@ 5X32ITMF(3) @ *4TMF(3).

Making use of £ ) (F2) module structures, we deduce that there is an isomorphism

T (TMFo(3)%) =
T @ (20 ITMF (3) & B2 TMF (3) @ £ 3 TMF(3) @ TMF,(3))
~ 72 (20 1TMF(3) @ D102 TMF(3) @ S325TMF, (3) @ TMF,(3))

of 7rA(2)* (F3)-modules. Since TMF((3)%? is a TMF(3)-module, we can extend the
A(Q)*(TMF0(3)) module generators of ’/TA(2)*(TMF0(3)®2) to a map

2O-ITMF(3) @ 162 TMF(3) @ S3*5TMF(3) @ TMF(3) — TMF,(3)%?

- A(2). . . .
which is a 7r*,>(k ) -isomorphism, hence an equivalence. ([l

6. GENERATING FUNCTIONS

In this section we will describe a useful combinatorial way of computing decompo-
sitions of v;lm?k and vz_lmj.
We will represent the objects of D2y, of the form
(6.1) X391y ho®R @ TMFy(3)%" @ - - - & £¥mdnpy TboP*" @ TMF,(3)%!
by elements of Z[sT t*, x,y]:

th Sjll,kl yll I tin Sjnl,kn yln
Propositions [5.1} -2} and ve-periodicity impose some relations on this polynomial
ring — we therefore work in the quotient ring
(6.2)  R:=Z[sT t%,x,y)/(z® = 225z + 135y, xy = 3%y + t°s5y, 1955 = 1).
Note that these relations imply

WP =y + s by + 1262y + t1s5y.

This relation reflects the splitting of Prop
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= sty + 25tz
s5t5y + 2y + 2st%2?
sStTy + 4530y + 13y + 4524w
5558y + 540y + s3t5y + Bstty + 4s%t1x?
6577y + s5t% + 14s*7y + $2t°y + 6st°y + 8535z
205710y + 75218y + Ts* By + 205210y + stOy + thy + 8531622
= 85Tty + s5t% + 4855t% + s*t%y + 8s3tTy + 277y + 2710y
+1654t82
20 = T2y 4+ 3555t10y 4+ 3557410y + 4By + 75533y + 952t8y
+9st5y + 75ty + 1654822
'l = 1057ty 4+ 16650ty + 1055t 1y 4 44549y + 110537y + s2t%
+5%tTy + 110st7y + 447y + 32551102
12 = 1548712y + 1545512y + 512y + 11°t10y + 2765410y
+5453t10y 4 54528y + 2765t3y + 113y + 0y + 32551022
'3 = 584s7t13y + 6555t13y + sty 4 2085ty + 43054ty
+1283tMy + 1253t% + 43052t% + 208st%y + t9y + 65ty + 645°t12x
't = 638sTtMy + 1355ty + 7755112y 4 10145°t12y + 2735412y
+5312y + 5410y + 27353110y 4 10145210y + 77510y + 13s5t3y + 6388y
+6455t1222
215 = 35057ty + s5t10y + 145713y + 9115513y + 165255113y
+90s%t13y 4+ 9054ty + 165283t Ly + 91152ty + 14st!ly + s2t%y
+350st%y + 2092ty + 128s7t!4x
216 = 1045710y 4 4405714y + 374450114y + 1261s°t 4y + 15514y
+1555t12y 4+ 1261512y + 37445312y + 44052112y + st2y + 1045210y
+2563st10y + 256310y + 18y + 128571422

8 8 8 8 8 8 8
© 0w N o ;e W

TABLE 1. Reduced expressions for z¥ in R corresponding to de-
compositions of vy 1b70$§>k-'

We may use the relations of R to reduce z* to a sum of monomials whose terms
are of the form t'sx, t's7z2, and t's’y. These reduced forms of z* correspond to
splittings of vy 1@?]“. For example, the splitting 1) corresponds to the expression
2% = 5508y + 1Oy 4 530y + 5stty + 452t

in R. Table [1] shows the reduced forms of z* in R for k < 16.

In light of Propositions we can also compute the duals of objects of the form
(6.1) represented as an element of R via the ring map:

D:R—R
ts !

sy st
rt 257

y=s-y
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i = =«

fo = tx+st?

f3 = ta?

fi = stlz4+t3x+ st
fs = t3a?+stix

fo = t*a?+ stz + 520

fr = %7y + 25tz
fs = stér?+stTx+t7x + std
fo = stz +t7x?+ stz
fio = 1822 + s%t%z + 2st%x + s2¢10
fii = %My + st922 + 25t102
fio = st1022 441042 4 g2y 4 gplly 4 62412
fiz = %Py + sttla? 4 2122 + 25t
fia = %My + st122? 4 s2tB3x 4+ 25t13x 4 3¢
fis = sttty + B3y + 251322
fie = 30y + stlha? 4+ 252400 + stldz + t102 + st16

TABLE 2. Reduced expressions for f; in R.

Note the formula D(y) = sy is forced by the relations of R since
s 2+t 35y =t 657323
= D(z®)
= D(2t*sz + t35%y)
=2t74s 72z + t 3572 Dy.
We note however that Proposition and Proposition can be used to deduce
that vy ' DTMF(3) ~ L1 TMFy(3).

Now assume that the connecting morphisms 0; are trivial for for 1 < j <
Jjo. (We will eventually prove 9; is always zero in Theorem [8.1}) Then we can
inductively define elements of R which encode the splitting of v5 "bo; for j < 2j0+1.
These are the bo-Brown-Gitler polynomials, introduced in [BHHM20, Sec. 8]. Their

definition comes from and .

fo:=1,

fi=u,
fojp =t fj,

foj =t f+ T s fiq.
Table [2| shows reduced expressions for f; in R for j < 16.

(6.3)

7. g-LOCAL COMPUTATIONS

We will now consider the g-local bo-Brown-Gitler comodules, for

A(2).
g= h%,l € 7720(,4) (F2).
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The g-local results of this section will be crucial for the main result of Section [§

Because the terms A(2) /A(1), ® tmf; _; in (2.5) and (2.6) are g-locally acyclic in
D (2)., we have cofiber sequences

. ; o’ ;
(1) Z¥g7'bo; = g 'boy; — XV g ho;y — BV g ho,

j
and equivalences

(7.2) 97'bog; 1 =~ ¥ g bo; @ boy.

We therefore get a g-local story completely analogous to the vs-local story, except
much easier, because there are no ‘TMF(3)’-terms.

Proposition 7.3. There is a splitting

g~ 'hof? ~ 251197 bo,.

Proof. This follows the proof of Proposition [5.1} except the situation is simpler
because

g (b = 0
since g_lwff)* (bo$?)%s is zero by inspection. (]

We also have the following g-local analog of Proposition|2.2] whose proof is identical.

Proposition 7.4. We have
g_lel ~ 2_167_19_1m1~

Thus we may analyze the decompositions of g_lmj by means of generating func-
tions analogous to Section [6} In light of Proposition instead of working in the
ring R, we work in the ring

R :=Z[s*,tF, x]/(2® = 2t%s2).

By Proposition [7.4] we may encode g-local Spanier-Whitehead duality by the func-
tion

D:R - R
S+ S

ts ¢!

1

=t 257y

Define elements fj’ € R’ by the same inductive definition (6.3) used to define the
elements f; € R. A simple induction reveals the following.

Lemma 7.5. The elements f; € R' take the form
= Zi(ai,jsitj +b;js't9 e + ¢ js'7T20?),  jeven,
I (b st e + ¢ 5Tt 22?), jodd,

fO’I“ Qi 5, bi’j, Cij € N.
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8. THE ATTACHING MAPS 0; AND 0}

Theorem 8.1. The attaching maps 0; and 8’ are zero for all j.

Proof. Write the exact sequence ([2.5)) as a splice of two short exact sequences

el \

0 —= £%bo; — boy; ———> A(2) / A(1). @ tmf;_, — E¥*+7bo; | —0
and let
ESJ’mj — boy; = K 2 28j+1’71mj
LA T 5Kk o A(2) A1), © tmf;_; — ¥¥*bo,

be the cofiber sequences in D (), induced from these short exact sequences. Then
we have the following commutative diagram in D 4(g), -

9;
8j+8,1,~1 ~ —1 8j+1,—1,~1
by vy bo;_4 vy, K — by vy bo;

I R

28j+8,1vflg—1b70_ vy g -1p o N8i+1,-1
2 -] — 1 71 715 -1 _—1

| A

85+8,1 ,—1 1 8j+1,
3387 g b70j 1 K %7

ot ’1b0

‘We therefore have
(8.2) 90, =030,

Now, Assume inductively that 0 and 9), are zero for k < j. Then for k < 25 + 1,
v;l@k and g~ 'bo, decomposes in D4 (2), as a sum of terms corresponding to the
terms of fi and f}, respectively. Note that we have

A2)., —
0j € 7. 2= (v; 'D(bo; ;) ®bo;),
A(2).,
0 € 7757 (97" D(bo, ;) ® bo,).
It follows from Lemma [T that
D(fgl‘ﬂ) : fj/ = Z(Oéisiﬂc + Bisit_lgcz)

for ay, B; € N, and therefore
(83) g 'D(bo;_;) ®bo; =~ P (=g 'bo; + B g ho?).

%
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Note that there is a map of rings
¢: R — R
sending s to s, t to ¢, and = to z. We have

fr=0(f) mody.

We therefore have

D) = Yo+ %) 3wy

7 k,l
It follows that we have
(8.4)
vy ' D(bo; 1) ®bo; ~ (=" v; 'bo, + B85 % v; hof?) & EP i E*F TMF (3).
i K,
Note that

T2 (TMFy(3)) = 0

for all n,m, so the the only potential non-zero components of d; under the decom-
position (8.4) are the components

(8)(1) €y 2_i(04i1)2_1b01)
(8 )( ) € T15,2— ’L(/BZUQ 1bO )
Similarly, let
(a'.)(.” € mr.9_i(aig'boy),
(al) S T15,2— z(ﬂz 7®2)
denote the components of 6;» under the splitting (8.3)).
Note that the splittings (8.3)) and (8.4]) are compatible under the maps
g_lD(@j—ﬂ ®bo; — Uglg_lD(mj—l) ® bo; « ”ng(@j—ﬂ ® bo
since g !TMF((3) ~ 0, and by (8-2) 9} and 0; map to the same element of
s (v3 g~ D(bo; ;) @ boy).
We therefore deduce that under the maps

aig_l@l — aivglg_lbol — a-v;lbol,

Big 1bof? — Bl-v g 'bo®? Bivg > 'bof?
we have
CRCARE A ChI
v @)Y =797,

However, direct inspection of 7 fk ). (bo,) and 7rA(2)* (bo$?) reveals:
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e The maps
m D (g7 boy) < 7" (v 'g T hoy ) > 7 (v bo, ),
AR (g= AR)s (=1~ AQ2). . —
7T15(,s) (97 'bof?) < 7T15(,s) (v3'g~"bof?) = 7T15(75) (vy 'bo$?)

are injections for all s.

o We have
" (97 "bo;) = 0,
Wﬁ(i)*(g*bom) —0

for s > 1.

o We have
7T;1,£*2) (v3 'boy) =0,
T (v 'bof?) = 0

for s <1.

It follows that we must have

@) =0,
@) =0,
9,2 =0,
(@) =0

Corollary 8.5. We have
67 hoy; = Ty ho, @ By b, .
Therefore, if we write fJ’ in the form
fi= Z(aiyjsitj + b, 8 e e st 2a?)
i
then we have

gqmj ~ @(ai,jzgj’igil]FZ o bi7j28(j71),igf1m1 o Ci’jzs(jfz),z‘gflmiw)'

Corollary 8.6. We have
U;lmzj ~ z8jv271mj @ 28j+8’1v271b70j71.
Therefore, if we write f; in the form

fi = Z(ai’jsitj + bivjsitj_lx + Ci,jsitj_%cz) + Z dj,k,lsktly
i k,l
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then we have
vy tboj o @ (ai 5% vy TFa @ by 5800y Thoy @ ¢, 83070y Tho?)
@ P di Z5FTMF (3).
k,l

Corollary 8.7. Consider the element
hi=tfiw + 2 fow?® + 3 f3w® - - € R[[w]].
Write the coefficient of w9 in h" as
Z( (n) giy2j _|_b(n si42i—1, cgz)sitzg‘—%z)+Zd}(:l)sktly

i 3.kl

then the weight 8§ summand of v;1@®n decomposes as
@(a§3)2163‘,iv2—1w2 @ bgz)216j78,z 1b01 @c( )2163 16,i,, vy bo‘?Q)
& @ d'7) BB TMF (3).
Kl

9. APPLICATIONS TO THE ¢-LOCAL ALGEBRAIC tmf-RESOLUTION

Consider the quotient Hopf algebra C, := F2[(a]/((3) of A(2)., with
WS; (]FQ) = IF2 [’Ul, hg,l].

The second author, Bobkova, and Thomas computed the Pj-Margolis homology
of the tmf-resolution, and in the process computed the structure of A/ A(2)%™ as
C,-comodules. From this one can read off the Ext groups

h’2 %ﬂ'f* (tmf®n)

(see [BMQ23, Thm. 3.12]).

The groups h2 1%, O« are closely related to the groups g 1 9)*. In [BMQ23
Cor. 3.11], it is proven that for M € Dy(y),, there is a v§ Bockstein spectral
sequence

—1_A(2)«
(9'1) h2 171-* *(M)®F2[’U2] :>g 7T** (M)
In this section we would like to explain how Corollary [8:5] can be used to compute

g_17rA(2)* (tmf®™). By relating this to [BBT21], we will show that in the case of

M = tmf®", the spectral sequence 1) collapses (Theorem .

We follow [BMQ23] in our summary of the results of [BBT2I]. The coaction of C.
is encoded in the dual action of the algebra E[Q1, P3] on tmf®". Define elements
Ti;=1® - ®1Q(G43®1IQ---®1,

~
J
;=19 ®19¢ 918 - ®1
-

J
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in tmf®".

For an ordered set
J = ((i1, 1), -, (ks Jr)
of multi-indices, let
|J| =k
denote the number of pairs of indices it contains. Define linearly independent sets
of elements
7} C Lnf@n

inductively as follows. Define

Tiigy = {wii}-
For J as above with |J| odd, define

To.g) =17 ®ijtzers,
TJ,(LJ’),(Z'CJ") ={Q1(z - zij)wir jr }rer, U{Q1(2 - Tir j1)Tij}aeTs

Let

NJ C m@n

denote the Fs-subspace with basis

Qlﬂ = {Ql(z)}ZETJ'
While the set 7; depends on the ordering of J, the subspace N; does not.

Finally, for a set of pairs of indices
J = {(ilvjl)a R (ikajk)}
as before, define
Tty = iy giti gy T tin, g
The following can be read off of the computations of [BBT21].

Theorem 9.2 (Bhattacharya-Bobkova-Thomas). As modules over Fo [h;l,vl], we
have

hy 7S (tmfE™) =

Folhz,] ® <]F2[vl]{IJ/tJ/}J/ & P Ni{wststinr=o
|J] odd

& P Falu]vie NJ{xJ’tJ’}JnJ'=(D>
| J]#0 even
where J and J' range over the subsets of
{(4,7) : 1<i,1<j<n}
and vy acts trivially on Ny for |J| odd.

We now explain how the equivalences
971@2]‘ &~ Egjgilbioj @ 28j+8’1971@j—17
gilmzj.u =~ ESjgilbioj ® bo,
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are related to Theorem [9.2] This analysis comes from the definitions of the maps
in the exact sequences (2.5) and (2.6). The definitions of these maps are give in
[BHHMOS, Sec. 7]. For a set J of indices of the form

J = {(ila 1)a Tty (/Lka 1)}7
define J + A to be the set
J+A={(i1+1,1), -, (ix +1,1)}.
Then the induced maps on homotopy are determined by:
P (2% ho,) — 747" (97 boy;)
NJ{LUJ/tJ/} — NJ+A{LL'J/+AtJ/+A}
A(2)4

Wﬁ&Q)*(ESj-i-&lg—lmj_l_)W*’* (g—lmzj)

Ny{xytp} — hoq - Nypa{zi1ti1z1ati1a}

Tl (5¥ g ho; ® bo,) = 7wt (97 bog; 1)
Nyogaopyizrts} = Nupayoranzrsatseat.
We have (with g = h3 )

TP (g71F,)

72" (g7 bo, )

" (g7 hof?)

]FQ[th:,l? U1, ’Ug],
Fa[hay,v1,v5]/ (v1){t11},
]F2[h2i,17 U1, Ug]/(v%){Ql(ml,lxl,Q)}-

Corollary [8.5] therefore implies the following extension of Theorem

Theorem 9.3. As modules over Fq [hil,vl,fug], we have
gt (et ") =

Falhs,, 03] @ (Fz[vl]{xJ'fJ'}J'@ B NzstrYinr-o
|J| odd

® @ Folv1]/v? ® N.]{xJ'tJ’}JﬁJ’—(D>
|70 even
where J and J' range over the subsets of
{(G,5) : 1<i,1<j<n}
and vy acts trivially on Ny for |J| odd.

ApPPENDIX A. CHARTS FOR w:‘,@*@;@k) FOR 0 < k <4 AND wfﬁQ)*(TMFO(3)).

This appendix contains the charts for the homotopy groups of the various funda-
mental components of the vs-local algebraic tmf-resolution.
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APPENDIX B. A SPLITTING OF bo/?

The we-local splitting of Proposition comes from a stable splitting of bo{\3 in-
duced by an idempotent decomposition of the identity element

l=f1+f+ec Z(g)[23]

as described in Remark More precisely, if we set
20

02346677899 1010 11 12 13 13 14 15 16

10 4 1 16
0211 47115 10 5 1 17
0312
0413 5117 111113
0614 5218 11 21 14
0716 5319 11 3115
54112 11 4 1 17
1112
1415 6219 12 4 1 17
15617 6 4113 12 6 1 19
1618 6 6116
17109 67117 1321 16
13 3117
2417 72110 1341 18
26110 73112 13561 19
27112
8119 14 1 1 15
3214 82112 14 2 1 17
3316 841 14
3418 8 5115 15 2 1 18
3519 86117 156 31 19
36112
94115 16 1 1 17
4116 96118
44111 97119 17 2 1 19
45113 181119
46114 1011 12

FIGURE B.6. The A(2)-module structure of H*(Fy) & H*(Fy) as
an input file for Bruner’s program

F; := hocolim{bo/* ey bo}? S .}
for i € {1,2} and
E := hocolim{bo7?® —%5 bo(® % ...},
using the evident permutation action of X3 on bo{\3, then it is easy to see that

(B.1) bot? ~ Fy vV Fy V E.
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In fact, F}y, F5 and E are finite spectra and their mod 2 cohomology as a Steenrod
module can be easily computed using the cocommutativity of Steenrod operations
and a Kiinneth isomorphism (see [Rav92, Appendix C]). For the purposes of this
paper, we only need their underlying A(2)-module structure which we record in the
format of a Bruner module definition file [BEM17, Apx. A] (see Figure and

Figure [B.7))
Remark B.2. In the group ring Z,)[X3], the identity element 1 can be written as
a sum of idempotent elements

O 14(12)—(13)—(123)
B 3

7f2:1+(13)—(;2)—(132) and

f1

1+(123)+(132)
. .

Remark B.3. Note that f; and fy are conjugates and therefore, F} ~ F5.

Bruner’s program is capable of computing the action of 77;4, - (Fs) on 71339)* (MVY),

where MV is the Fa-linear dual of a finite A(2)-module M. Therefore, it can
be used for verifying the details necessary in the proof of Proposition [5.1] and
Proposition [5.2]

Remark B.4. Using Bruner’s program and Figure one can easily verify
vy B (0 (B)) = mt P (S22TMF,(3)).

Then by Theorem we get B242TMF(3) ~ vy 'H,(E) in Do), .
Remark B.5 (A different proof of Proposition. Let M, denote the first integral
Brown-Gitler module. It consists of three Fa-generators {xo, o, 23} where |x;| =i
such that
SqQ(mo) = 9 and Sql(mg) = 3.
It is tedious but straightforward to check that there is a short exact sequence
0— H*(X'bo;) — S*A2) JA(1) @ My — H*E — 0
of A(2)-modules. This short exact sequence translates into an D 42y, -equivalence
vy "H, (F)) & H,(Fy) ~ %1 ho,

which, along with Remark and (B.1)), gives yet another proof of Proposition
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