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ABSTRACT. Building off of many recent advances in the subject by many
different researchers, we describe a picture of A-equivariant chromatic ho-
motopy theory which mirrors the now classical non-equivariant picture of
Morava, Miller-Ravenel-Wilson, and Devinatz-Hopkins-Smith, where A is a
finite abelian p-group. Specifically, we review the structure of the Balmer
spectrum of the category of A-spectra, and the work of Hausmann-Meier con-
necting this to MU 4 and equivariant formal group laws. Generalizing work
of Bhattacharya-Guillou-Li, we introduce equivariant analogs of v,-self maps,
and generalizing work of Carrick and Balderrama, we introduce equivariant
analogs of the chromatic tower, and give equivariant analogs of the smash
product and chromatic convergence theorems. The equivariant monochro-
matic theory is also discussed. We explore computational examples of this
theory in the case of A = Ca, where we connect equivariant chromatic theory
with redshift phenomena in Mahowald invariants.
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1. INTRODUCTION

The nilpotence and periodicity theorems of Devinatz-Hopkins-Smith [DHSS8S], [HS98]
famously established that periodic phenomena in the stable homotopy category is
detected by complex cobordism. Through Quillen’s Theorem [Qui69], this periodic
structure is reflected in the structure of the moduli stack of formal groups. The
goal of this paper is to discuss how this picture generalizes when MU is replaced by
the equivariant complex cobordism spectrum MUg. We restrict attention to the
case where G = A, a finite abelian group.

Significant work has already been done in this regard. Balmer introduced the notion
of the spectrum Spc(C) of a tensor-triangulated category C [Balll], a topological
space which in the case of the stable homotopy category of finite spectra, specializes
to the content of the Hopkins-Smith Thick Subcategory Theorem [HS98], classifying
finite p-local spectra by types in N := N U {oc}.

Balmer and Sanders [BS17] showed that the underlying set of the Balmer spectrum
Spc(Spf) of the stable homotopy category of finite genuine A-equivariant spectra
can be computed in terms of the non-equivariant case (see also the insightful notes
of Strickland [Str09]). The topology on this Balmer spectrum was determined by
Barthel, Hausmann, Naumann, Nikolaus, Noel and Stapleton [BHN™19|. The types
of finite A-spectra are parameterized by the admissible closed subsets of Spc(Spf).

Barthel, Greenlees, and Hausmann [BGH20], in addition to extending these Balmer
spectrum computations to the case of compact abelian Lie groups, also show that
an equivariant analog of the Devinatz-Hopkins-Smith Nilpotence Theorem [DHSSS]
can be deduced from the non-equivariant counterpart. They prove that the equi-
variant complex cobordism spectrum MU 4 detects nilpotence in SpA.

Cole, Greenlees, and Kriz [CGKO00] introduced the notion of equivariant formal
group laws, and conjectured that 7AMU 4 classifies such, generalizing Quillen’s The-
orem [Qui69]. These equivariant formal group laws were further studied by Strick-
land [Str1d], who introduced equivariant versions of Morava K-theory and Morava
E-theory. The Cole-Greenlees-Kriz conjecture was verified recently by Hausmann
[Hau22]. Hausmann and Meier [HM23] expanded on this picture, giving an explicit
homeomorphism between the invariant prime ideal spectrum of 7AMU 4 and the
Balmer spectrum of Spﬁ, and relating this to an appropriate height stratification
on the moduli stack of equivariant formal group laws.

Examples of periodic self maps in the case where A = Cs were studied by Crabb
[Cra89], Quigley [Qui2I] and Bhattacharya-Guillou-Li [BGL22a], [BGL22b]. Finite
smashing localizations were studied by Hill [Hil19]. Periodic smashing localizations
(generalizing the E(n)-localizations in the non-equivariant context) in the case of
A a cyclic p-group were introduced by Carrick [Car22] and in the case of A elemen-
tary abelian by Balderrama [Bal24]. The RO(C5)-graded homotopy groups of the
KUg,/2-local sphere were computed by Balderrama [Bal22] and computations of
the integer graded homotopy groups of the KUg-local sphere (G a finite p-group,
p odd) were completed by by Bonventre, Carawan, Field, Guillou, Mehrle, and
Stapleton [BGS22], [CFGT23].
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The goal of this paper is to assemble these various threads into a cohesive picture,
which relates the geometry of equivariant formal groups to periodic localizations of
SpA and connects to explicit periodic phenomena in the equivariant stable stems.

To simplify the discussion, we localize everything at a fixed prime p, and assume
that A is a finite abelian p-group. The types of finite p-local A-spectra are param-
eterized by admissible type functions. These are functions
n:Sub(4) - N
satisfying
n(B) < n(C) +rk,(C/B)
for B < C < A. Here Sub(A) denotes the set of subgroups of A, and rk, denotes
the p-rank. A finite p-local spectrum is type n if for all B < A,
X?B is type n(B).

Here, (—)®8 denotes the geometric fixed points.

A finite p-local A-spectrum X of type n is eligible to admit vi—self maps
v: XX -5 X
(where S C Sub(A) and v € RO(A)). These are self-maps with the property that

s _ ) avyp)-self map, B €S,
v nilpotent, B¢S.
We prove many analogs of theorems of Hopkins and Smith [HS98] concerning the
properties of such vfb—self maps, including their asymptotic uniqueness and cen-
trality (Corollary . We are only able to prove a very limited analog of the
Hopkins-Smith Periodicity Theorem (Theorem which establishes the existence
of vB-self maps (the case where S = {B}) from the non-equivariant periodicity the-
orem

Strickland [Str1l] defined equivariant Morava K-theories K (B,n) (B < A). These
equivariant Morava K-theories are in bijective correspondence with the primes of
the Balmer spectrum. We extend Strickland’s construction to define equivariant
Johnson-Wilson theories E(n) (n admissible) which are in bijective correspondence
with admissible open subspaces of the Balmer spectrum. One of our main results
is the Equivariant Smash Product Theorem (Theorem which states that for
n admissible, E(n)-localization is smashing, and

(Xpw)*? = (X*P) gy

This generalizes the work of Carrick [Car22], who proved this in the case where A
is a cyclic p-group, and Balderrama [Bal24], in the case where A is an elementary
abelian p-group and n(B) = n — rk,(B).

As n varies over the poset of admissible type functions, the localizations

XBm)

1Forthcoming work of Burklund, Hausmann, Levy and Meier addresses the existence of more
general vp-self maps.
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form an equivariant chromatic tower. We prove a chromatic fracture theorem (The-
orem , which establishes that these E(n)-localizations can be assembled in-
ductively from the K(B,n)-localizations. These “monochromatic layers” can be
accessed quite directly from the G,-homotopy fixed points of the K (n)-local Borel
A/ B-spectrum

F(E(A/B),E,) € Sppt/”)

(see Remark [7.25). Here E, is the nth Morava E-theory spectrum, and G, is the
corresponding Morava stabilizer group. The theories described above are essentially
the equivariant Morava E-theories introduced by Strickland in [Str1I].

Balderrama proved the Equivariant Chromatic Convergence Theorem in the case
where A is an elementary abelian p-group. The proof is quite subtle, and relies on
both the Equivariant Smash Product Theorem, and the convergence of the non-
equivariant chromatic tower for ¥5°B A, which can be deduced by combining the
results of Johnson-Wilson [JW85] and Barthel [Barl6]. Balderrama directed us to
an unpublished proof of chromatic convergence for BA for general finite abelian p-
groups due to J. Hahn (see [Bal23a]) and explained how our more general Equivari-
ant Smash Product Theorem allows us to prove equivariant chromatic convergence
in the case where A is a finite abelian p-group. Carrick independently explained to
the authors how one could deduce equivariant chromatic convergence using Hahn’s
result. We gratefully include these arguments here.

We end this paper with some explicit computations and examples of this theory in
the case where A = C5. This is the only group where any significant computations
of the equivariant stable stems have been carried out (see [AIS2], [BI22], [BGI21],
[GI24]). We identify explicit elements of 7¢2MU¢, which detect v,-self maps.
We construct explicit examples of v,-self maps, and compare with those studied
by Crabb [Cra89], Quigley [Qui2I] and Bhattacharya-Guillou-Li [BGL22a]E| We
explain how the conjectural redshift property of the Mahowald invariant is related
to Ca-equivariant vy,-periodicity.

Organization of the paper. In Section [2| we review the structure of the Balmer
spectrum

Spc(A) == Spe(Sp,)

in the case where A is finite abelian. The Balmer spectrum describes the shape
of the chromatic structure of Sp*. We explore how the topology of the Balmer
spectrum is related to Greenlees-May isotropy separation, and discuss the result-
ing decomposition of the equivariant stable homotopy category into Borel strata
following Abram-Kriz [AKT5] and Ayala-Mazel-Gee-Rozenblyum [AMGRI7].

In Section [3| we review the Cole-Greenlees-Kriz [CGKO0] notion of an equivariant
formal group, with an emphasis on the coordinate-free perspective of Strickland
[Str11] and Hausmann-Meier [HM23]. We review how inverting and modding out
euler classes is related to the structure of the associated equivariant formal law.

20ne of our self-maps was independently also discovered by Balderrama, Hou, and Zhang
[BHZ25], who have many more examples in their forthcoming work.
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These equivariant formal groups are related to homotopy theory in Section [ by
Hausmann’s equivariant Quillen theorem, which states that MU 4 carries the uni-
versal A-equivariant formal group law. We review the Abram-Kriz isotropy decom-
position of MU 4, and their associated presentation of 72AMU, [AKI5]. We end
this section with a discussion of the p-local theory BP 4, following Wisdom [Wis24].

Starting in Section[5, we assume for the rest of the paper that A is a finite abelian
p-group, and restrict our work to the p-local context. We flesh out the connection
between MU 4 and equivariant chromatic theory by introducing various notions of
height one can associate to an equivariant formal group. Associated to these heights
are the irreducible closed substacks

Vg € (M)

of the moduli stack of A-equivariant formal groups studied by Hausmann-Meier
[HM23]. Hausmann and Meier showed that the space of irreducible closed sub-
stacks of (M?g)(p) is homeomorphic to the Balmer spectrum Spc,,)(A) of (Spf)(p).
We introduce the notion of a v,-generator in wf(MUA)(p) associated to a height
function

n:Sub(A) - N_:=NU{oco} U{-1}.

We end this section by discussing how Hausmann-Meier construct v,-generators,
and how their theory relates such generators to the topology of the Balmer spec-
trum. In particular, we introduce the notion of an admissible height function, and
explain how Hausmann-Meier’s theory implies that v,-generators only exist for
admissible height functions n.

We move on to a discussion of equivariant non-nilpotent self-maps in Section [6]
We review the observation of Barthel-Greenlees-Hausmann [BGH20] that the equi-
variant nilpotence theorem (MU, detects nilpotence) follows formally from the
non-equivariant nilpotence theorem. Following the work of Bhattacharya-Guillou-
Li in the case of A = C3, we introduce the notion of a v,-self map for a height
function n. We explain the Barthel-Greenless-Hausmann notion of a type n com-
plex, where n is an admissible type function, and the constraints type places on
the heights of self-maps. Following Hopkins and Smith [HS98], we deduce the as-
ymptotic uniqueness and centrality of v,-self maps from the equivariant nilpotence
theorem. We explain how the equivariant complexes which admit v,-self maps form
a thick tensor ideal, and use this to deduce the existence of a basic class of such
self-maps.

Chromatic localizations are studied in Section [fl We define the chromatic tower of
E(n)-localizations associated to admissible height functions n, and prove that these
localizations are smashing, generalizing results of Carrick [Car22] and Balderrama
[Bal24]. The relationship between these E(n)-localizations, and their associated
finite variants, is briefly discussed. We deduce a chromatic fracture theorem, which
builds the chromatic tower out of the K (n, B)-localizations, and we explain the how
the equivariant homotopy groups of the K (n, B)-local sphere can be computed from
the homotopy fixed points of the Morava E-theory of Thom spectra on classifying
spaces. As explained to us by Balderrama and Carrick, the chromatic convergence
theorem is deduced from a theorem of Hahn [Bal23al.
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The computational examples in the case of A = Cs, as well as the connection to
Mahowald red-shift, is the subject of Section
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Notation and conventions.
A = a finite abelian group
e = the trivial group
AY = Hom(A,C*), the group of characters of A
K, =ker(a: A — C*), the kernel of a character e € A
R(A) = Z{A"}, the complex representation ring of A
RO(A) = the real representation ring of A
|v] € Z, the virtual dimension of v € RO(A)
U = complete A-universe
Sub(A) = the set of subgroups of A, given a topology where families are closed
Sp = the oco-category of spectra

Sp”t = the co-category of genuine A-spectra
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SpP4 = the oo-category of Borel A-spectra
Spc(A) = the Balmer spectrum of Sp?
Spc(, (A) = the Balmer spectrum of Spé,)}w
mBE =[S*,E|B, for E € Sp*, B < A, and « € RO(B)
7P E = 7B E for % in the subring Z C RO(B)
a~ = the inclusion SY < 87, for an A-representation 7,
regarded as an element of 7Til,YS
E% = F(EF.,E), the completion of F € Sp” at a family F
Eh = E{Ae} = F(FEA,, E), the Borel completion (completion at the trivial family)
E[F1=EA EF, the localization of E € Sp” away from a family F
Fcp = the family of subgroups of A which are contained in B
f;g = the family of subgroups of A with do not contain B
PPE = (E[};é])B e SpA/8 | the B-geometric fixed points of £ € Sp”,
regarded as an A/B-spectrum
E*B = (B E)° € Sp, the B-geometric fixed points of E € SpA,
regarded as a spectrum
= equal up to a unit
= equivalent up to a unit
N =NU{co}
N_ =NU{-1}U{o}
For B < A there are adjoint functors
i% - Sp? = SpP : Indj
gp : SpMP = Spt: (-)P
where
iy = restriction along the inclusion ip : B < A,
qp = restriction along the quotient map ¢p : A - A/B (a.k.a. inflation),
Ind% = Mappg(A4,—) ~ A, Ap —, (co)induction along iz,
()8 = B-fixed points.

In particular Ind‘g is also left adjoint to i}; As a special case, ¢} is the functor

(=)triv : Sp — Sp?

which endows a spectrum with the “trivial A-action.” For a general group homo-
morphism f: A — A’, we denote the associated restriction functor as

e SpA/ — Sp.

”

SInflation does not have a left adjoint (see [Sanl9]).
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If C is a presentably symmetric monoidal stable oco-category, then associated to
every object E € C is a Bousfield localization

X =+ Xg
where Xg is E-local. We denote the associated localization of C which inverts the

E-equivalences by Cg.

We shall use the term homotopy ring spectrum to refer to an equivariant or non-
equivariant spectrum which is an associative monoid in the homotopy category.
All stacks are regarded with respect to the fpqc topology. All formal groups are
implicitly 1-dimensional.

2. THE BALMER SPECTRUM AND FAMILIES

The Balmer spectrum of Spﬁ. The oo-category of A-spectra has a structure
that resembles the derived category of quasi-coherent sheaves on a scheme, which
is made precise by the notion of the Balmer spectrum.

Let K,(n) denote the p-primary nth Morava K-theory spectrum (where we define
K,(0) = HQ and K,(co) = HF,). Recall [BSI7], [BHN"19], [BK24] that the
Balmer spectrum of Spﬁ is given by

Spe(Sps)) = {P(Bpm) : B < A, pprime, 0 <n < 00}/ (P50 ~ P(5.4.0)

wherd]
Ppn) ={X € Sp2 Ky(n) A X®B ~ «}.
To streamline notation, we will use the abbreviation
Spc(A) := Spe(Spa).
There is also a p-local variant, which only involves P(p , ,,) for a fixed prime p:
SPC(p)(A) = SPC(SPé),w)
Because P(p p,0) does not depend on p, we will sometimes denote
P(5.,0) = P(B.p,0)-
The inclusions of these primes is generated by the inclusions
P(B,p,n+1) C P(B,p,n)a 0<n
and the inclusions
Ppn+r) C Pepn)y, 0<n<oo, B<C,C/Bisa p-group of rank 7.

Figure gives a visual depiction of the inclusion structure of Spc(A4). Note that
in this lattice diagram, if P lies above Q, that means that P C Q. We orient things
this way both to conform to what has become the standard way to graphically
represent the Balmer spectrum, and to mesh with our discussion of the chromatic
tower.

4Note that our notation differs slightly from that of [BS17], who define P(B,p,n) to be the
Kp(n — 1) acyclic finite A-spectra for 1 <n < co.
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p(B,Q,oc) p(B,3,oo) p(B,p,oo)

B2 B3
PB22) ®(B3.2)
®B21) ®B3.1)
®Bo) Pco

FIGURE 2.1. Structure of Spc(A) in the vicinity of B < C < A
with C'/B a p-group of rank r.

Remark 2.1. Note that if one is comparing the Balmer spectrum with the Zariski
spectrum of a ring, it is important to note that the correspondence between the
prime ideals of the tt-category of perfect complexes and the prime ideals of a ring
reverses inclusions [Bal20l Sec. 4].

The topology on Spc(A) is determined from these inclusions as follows. The irre-
ducible closed subsets of Spc(A) are of the form

V(P) = {Q € Spe(4) : QC P},
A general closed subset is a finite union of V(P)’s [BS17, Cor. 8.19].

Conceptually, the topology on Spc(A) has a basis of closed subsets given by supports
of objects X € Sp? [Bal20, Defn 2.6]:

supp(X) = {P(B,p,n) : X gtp(B,p,n)}

(22) = {Plopm + Kpln) AX®P o 4} C Spe(A).

The structure and topology of Spc,)(A) is much easier to understand than that of
Spc(A). For a fixed prime p, we define for 0 <n < oo

Pl = {X €800 1 Kp(n) A X =0}

and we have

Sy (A) = {P(zny : B<A, 0<n< oo}



10 MARK BEHRENS AND JACK CARLISLE

FIGURE 2.2. The lattice structure of Spc(,(Cp), and some exam-
ples of open and closed subsets.

The lattice structure and topology is obtained by simply regarding Spc(p)(A) as a
subspace of Spc(A) via the map
Spe(p) (A) = Spe(A)
(B,n) — (B,p,n)

With respect to the lattice diagram of Spc(p), the closed subsets are precisely those
subsets which are upwards closed, and the open subsets are precisely those subsets
which are downwards closed. Figuredepicts the lattice Spc(p) (A) in the example
where A = (), and shows some typical examples of open and closed subsets therein.

Families of subgroups. The Balmer spectrum of Spﬁ naturally maps to the

subgroup lattice of A

Spc(A) — Sub(A4
(2.3) pc(A) (4)
P(B,p,n) — B.

If we give Sub(A) the topology where the closed subsets are the families of sub-
groups F, then this map is continuousﬂ Since the closed subsets of Sub(A) are given
by families, and therefore characterized by being closed under taking subgroups

Be F,C<B=C(CEeF,

the open subsets of Sub(A) are given by complements of families F¢, and are
therefore characterized by being closed under enlargement:

BeF ,B<C=Ce¢eFe.
In order to make the picture compatible with Figure we encourage the reader

to draw the subgroup lattice “upside down” so that the trivial subgroup lies at

5Note this topology is unrelated to the topology of Sub(A) used in [BGH20|, where A is
compact Lie.
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FIGURE 2.3. Closed and open subsets of Sub(Cs x Cs).

the top and the full group lies on the bottom. Figure depicts the example of
Sub(Cy x C3) where
CQ X 02 = (a,b>.

The most important families to consider are the families which, for each C < A,
are given by
Fce:={B<A:B<C(},
Fog ={B<A:C¢B}.
Conceptually:
(2.4) The closed subsets Fc consist of all of the subgroups lying above C (in-

cluding C itself) in the subgroup lattice of A, and every closed subset F of
Sub(A) satisfies

F=J Fee-
CeF

(2.5) The open subsets fég_ consist of all of the subgroups lying below C (in-
cluding C itself) in the subgroup lattice of A, and every open subset F¢ of

Sub(A) satisfies
Fo=|J Fy
CecFe

In particular, the inverse image of a family F under (2.3 gives a closed subset
(2.6) V(F):= {P(B,p,n) : Be F} CSpc(A).
We clearly have

V(FUF)=V(F)UV(F),

V(IFNF)=V(F)nV(F).

The following proposition (c.f. [BS17]) gives a conceptual interpretation of these
closed subsets.
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Proposition 2.7. For a family F of subgroups of A, we have

V(F) = U supp(B°A/C).
ceF

Proof. First note that since for B,C < A we have

0 B¢C,

(4/0)% = {A/C BCC

it follows that
V(Fcc) = supp(EFA/C).

We therefore have

V(F)=V < U fgc)

CeF
= |J V(Fco)
CeF
= U supp(XFA/C).
CeF
O
We let
(2.8) U(F) :=V(F)°

denote the associated open subset of Spc(A). We have
U((FUF)) =UF)NU(F)),
U(FNFH)=UF)UU(F)).

Localization and completion functors associated to families. Given a family
F of subgroups of A, there is a unique (up to equivariant equivalence) A-space EF
such that for B € Sub(A) we have

EFP ~ x, BeF,
0, B¢gF.
The cofiber sequence
EF, - S° 5 EF
and associated completion and localization functors on SpA
Ew E% = F(EF,,E),
E— E[F Y :=EAEF
have been studied extensively, see [GM95] and [MNNI17].
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The F-completion functor
Ew E}
is localization with respect to the F-equivalences, the maps in SpA which
are equivalences on B-fixed points for all B € F. Equivalently, an F-
equivalence is a map which induces an equivalence on B-geometric fixed
points for all B € F. One may think of E% as the completion of E at the
closed subset V(F) C Spc(A):
Ep ~ Ep (7).
For B < A, we have
(B{))P = B"P
and the restriction i3 factors through the Fcp-completion

- x

SpA ' Sp?
7
\ ’(ig)A

A

where the factorization (i) is conservativeﬂ The induction is Fcp-

complete — for E € Sp? we have

Ind; B € (Sph)%,, € Sp™.

In fact, if we let E4, 5, denote Bousfield localization with respect to the ring
spectrum Y®°A/B, ~ D(A/B,) € Sp”, then we have [MNNT7, Defn. 6.2,
Prop. 6.6]

E‘/%QB ~ EA/B+-
More generally, completion at F is Bousfield localization with respect to
V ger A/B. In the special case where B = e, we have

Ef, = F(EA,,E) = E",
the Borel completion of E, and there is an equivalence of co-categories
(SpA)?e} = SpBA'

The F~!l-localization functor
E — E[F7Y

is localization with respect to the F~!-equivalences, the maps in SpA which
are equivalences on B-geometric fixed points for all B € F¢. One may think
of E[F~1] as the restriction of E to the open subset U(F¢) C Spc(A)

E[F ' ~E
U(Fe)
For B < A, we have
—11B . 7®B
E[}—B;t_] ~F

6In fact, there is an equivalence of co-categories (SpA)Q_-CB ~ (SpB)rA/B [MNNI7, Cor. 6.34]
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and the geometric fixed point functor factors through the F5¢-localization

A o8 SpA/B

7
\ ,-(7)13

Sp? [ Fpgl

Sp

where in the above diagram the B-fixed point functor (=) is an equiva-

lence [LMSMS86l Cor. 11.9.6], [AMGRI7, Rmk. 2.12]. The inverse to this
equivalence is the localization of the inflation:

Sp/ P = Sp[F 4]
B (g5 ) Fp}]
The localization E — E[F~!] is a smashing localization, and is therefore

Bousfield localization with respect to the spectrum S[F~1] € Sp. For
B < A, we have

(2.11) BF*E ~ {EQB’ B#7,

*, BeF.

Proposition 2.12. We have pullbacks

By —— B},

Er —— EZqr
and
E[(fﬂlf’)‘l] E[(fl')‘l]
E[FY] E[(FUF)~]

The following isotropy separation theorem is due to Greenlees-May [GM95].
Theorem 2.13 (Greenlees-May). We have pullbacks

E—— E[F1

L

By — 3]

This last theorem is really a special case of the following generalized Sullivan arith-

metic square, using (2.11)).
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Proposition 2.14 (Bauer [Bauld Prop. 2.2]). Suppose that C is a presentable
stable symmetric monoidal oco-category. For E,F, X € C with E® Xp ~ 0, the
canonical square

Xpvr — XEg

L

Xp—XgF

is a pullback (where Xg p denotes the iterated localization (Xg)p).

We might regard Sub(A) as a kind of “coarse Balmer spectrum,” which decomposes
SpA in terms of isotropy in a manner similar to the way that classical chromatic
theory decomposes Sp into its K (n)-local components. This analogy is made precise
in [AK15| (see also [AMGRIT7] and [Bal24]). We briefly explain this perspective.

We shall require the following, which basically asserts that if V' is closed, U is open,
and VNU = 0, then if E € Sp” is U-local, then its completion at V (restriction to
an infinitesimal neighborhood of V') is trivial.

Lemma 2.15. If 7, F' C Sub(A) are families and F' N F¢ = 0, then for all
FE e SpA we have

Proof. Observe that the condition F' N F¢ = () is equivalent to F’' C F. Since for
all B e F' C F, we have

E[F 1B ~«,
it follows that the map
E[F Y —x
is an F’-equivalence, and therefore the F'-completion of E[F~1] is trivial. O

Euler classes. Just as closed hypersurfaces of a variety are parameterized by line
bundles, there are closed subspaces V, C Spc(A) associated to characters a €
AY. The associated localization and completion functors admit explicit formulas
associated to the Euler classes of these representations.

Given a representation - of A, there is a cofiber sequence

S(y)y — 80 25 57
where a, is the Euler class. We regard a, as an element of the RO(A)-graded
stable stems

a, € ﬂfﬂ{S.
For a character o € AV, there is an associated family
Fo ={B<A: a|B:1}.

Note that F, = Fck,, where K, is the kernel of o:

1—K,— A% C*
We let V, = V(F,) denote the associated closed subspace of Spc(A).
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E, 0 F,=supp(5/(a,a,))

F =supp(S/a, ) F —supp(S/a. )
e 8

<a,b>

FIGURE 2.4. Some closed subsets of Sub(Cy x C3) determined by characters.

Lemma 2.16. We have

EF, ~ S(coq).
Corollary 2.17. We have
B~ ),
and
E[F;Y ~ Ela}].

Corollary 2.18. F,-completion is Bousfield localization with respect to S/ay, and
F Y-localization is Bousfield localization with respect to S[a_'].

Corollary 217 and Proposition [2.12] allow for an explicit inductive computation of
the localization away from and the completion at any family F. In particular we
have the following.

Proposition 2.19. For B < A we have

~

A A
E]:gB — E(aa talp=1)
and we have
«

E[};%} ~ Ela,' : a|, #1].

Figure gives an example of some closed subspaces of Sub(A) corresponding to
Euler classes of some characters of Cy x Cy = (a, b) defined by:

a(a) = B(b) =1,
a(b) = B(a) = —1.
Le., K, = (a) and Kg = (b).

The Isotropy Tower. Associated to the poset of open subsets U = F¢ C Sub(A)
there is a diagram of smashing localizations E[F 1], where if F{ C F§, there are
maps
E[F, 1]
N
ElF]
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One may think of this as a sort of coarse chromatic tower which we will call the
isotropy tower of E. Following [AKIH|, [AMGRIT|, and [Bal24], we will explain
how the isotropy tower decomposes the homotopy type of E into its “monoisotropic
layers.”

Definition 2.20. For each B < A, let T(B) € Sp” denote the A-spectrum
T(B) = S A/B. [F5],
SO a map in SpA is a T'(B)-equivalence if and only if it is an equivalence on B-

geometric fixed points. The B-monoisotropic localization of E € Sp” is the the
Bousfield localization of E with respect to T'(B).

The following proposition relates T'(B)-localization to our localization and comple-
tion functors associated to families. The formulation below was suggested by the
referee.

Proposition 2.21. If F, F' C Sub(A) are families, then for E € Sp? the map
(2.22) E — E[F Y%
is localization with respect to
T= \/ T(B).
BEF'NFe

Here, the T-equivalences are the F' N FC-equivalences: the maps in SpA which are
equivalences on B-geometric fized points for all B € F' N F€.

Proof. The map (2.22)) is the composite
E— E[F ' = E[F '
of 7' N F¢-equivalences, hence is a F' N F-equivalence. We just need to show that
E[F~'%, is T-local. Suppose that X € Sp# is T-acyclic, so for all B € F/ N F¢ we
have
XPB ~
We wish to show that
(X, E[F Y%]4 =0.

By (2.11)) we have
X[F %8 ~ «

for all B € F'. It follows that we have
X[F, BF R =0

The result would follow if we could show that E[F ']}, is F~!-local. By Theo-
rem there is a pullback

E[F s ———ElF s

i |

E[F 5 F ] —— EF 1 3nslF ]
But Lemma [2.15] implies that
EIF pnr = *
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The result follows. O
Corollary 2.23. We have
Erp) =~ E[Fpgl3e -

One interesting consequence of Proposition is that if U C Sub(A) is open, and
E € Sp? is U-local, then its completion a closed V C Sub(A) only depends on
V' NU. Said differently, we have the following corollary.

Corollary 2.24. If F, F',F" C Sub(A) are families, and
F NFe=F'nFe.
Then there is a canonical equivalence

E[F Yy ~ B[F Y%

Note the following;:

(2.25) F~llocalization is localization with respect to

\/ 7(B).

BeFe
(2.26) By Corollary there is a equivalence
T(B) ~%*A/By[ag" : B, #1].

We may think of T'(B) as a telescopic localization of a complex with support
Fcp with respect to all non-trivial Euler classes. Thus B-monoisotropic
localization is analogous to T'(n)-localization in the chromatic setting.

(2.27) For E € Sp“, Corollary implies that we have
Erp) = Elag" : Bl # Ulu,  alp=1):
(2.28) In particular, the spectrum Ep(p) is the inverse limit of spectra
E[ULE1 Do, #1)/(aly s al,=1)
and the RO(A)-graded homotopy groups of these spectra exhibit a,-periodicity

for a‘ g7l (tautologically) and u-periodicity for a’ 5 = 1 by the work of
Balderrama [Bal23b].

(2.29) The fixed points of Ep(p) are given by

EC ~ (‘I)BE)hC/Bv B - Ca
T(B) = *, BgZC

for C < A.

(2.30) Tt follows from Corollary[2.23}|(2.10)| and|(2.9)|that there is an equivalence
of co-categories

where the right-hand side is the co-category of Borel A/B-spectra.
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(2.31) Lemma implies that if By C Bs, then
Er(B,),m(B1) = *-
This mimics the behavior of iterated K (n)-localization in chromatic homo-
topy theory, if one follows our practice of drawing subgroup lattices upside

down.
Proposition 2.32. Suppose that F1,Fo C Sub(A) are families with

F5 = Fy U{B}.

Then the square

E[F; "] Er(p)

i |

E[F ' —— Epp)[F ']

is a pullback.

The following picture illustrates the situation described in Proposition [2.32

Proof of Proposition[2.32 The pullback is achieved as a composite of pullbacks

E[Tl] E|Fpg) =——= E[Fg4] E[Fpgl%,
E[F; ') — E[(Fpg UF1) ") == E[F5lIFy | — E[Fgg |3, [Fi ']

where the left pullback is Proposition and the right pullback is Theorem [2.13
The proposition follows from Proposition which implies that there is an equiv-

alence
B[Fpgl%, = Brp).
O

Proposition implies that the homotopy type of E € SpA can be inductively

built out of the monoisotropic layers
{Erm) : B<A}
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by choosing a maximal chain of opens
(Ay=F§ CFLCF5C - C Ff=Sub(4)

and considering the associated isotropy tower. An example of such a tower in the
case of A = Cy x Cy is shown below (compare with G. Yan’s approach in [Yan23]):

\/\/\/\‘/\

~ (x K \\ Q
h \
N \
‘\CZXC \(‘ x('\, \C x C, J X \CxC
Ua ﬂ Uad n UJ sz} ﬁ U3 ] Uad U Dj
Ela,a), af) <—————Bla; a}) Ela,) Elfe} ) E

3. EQUIVARIANT FORMAL GROUP LAWS
Equivariant formal groups. Let k be a commutative ring, and let AY = Spec(kA )=
AY x Spec(k) denote the étale group-scheme over k associated to the group AV.

Definition 3.1. An A-equivariant formal group over k is a pair (G, ¢) where
(1) G is a formal commutative group scheme over k, and
(2) ¢: A — G is a homomorphism, such that
(3) ¢(A)) < G is an infinitesimal thickeningﬂ and

(4) the completion G}, at the identity »; = {1} x Spec(k) — G is a 1-
dimensional formal group over k.

Remark 3.2. We will use multiplicative notation for the group A, and additive
notation for the formal group scheme G.

Examples 3.3. We give some examples of equivariant formal groups.

(1) If G is a formal group over k, and ¢ : A — G is the trivial homomorphism,
then (G, ¢) is an A-equivariant formal group.

(2) If Gy is a formal group over k, G = AY x Gy, and
p: AV = AV x Gy

is the canonical inclusion, then (G, ¢) is an A-equivariant formal group.

(3) If Ais a p-group, G is a 1-dimensional p-divisible group over k, and
0: A -G

7By this, we mean that the map of the completion G/ _ to G is an isomorphism of formal

im ¢
schemes.
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is a homomorphism, then (Gf,, , ) is an A-equivariant formal group law.
In particular, if &' = Opom( AY G)s then G pulls back to a p-divisible group
G’ over k' with a canonical homomorphism

SDI . A;C/l — G/
and ((G')f}, ., ¢') is an A-equivariant formal group — this is the equivari-
ant formal group associated to a tempered cohomology theory (see [Str1i],
[Lur19], [HKS21], [GM23], [Dav23]).

Let X denote Spec(k). For an A-equivariant formal group (G, ¢), for each a € A
we will let

Va={a}x X =G
denote the corresponding subscheme, and we will define

Gy = Gga.

Equivariant formal group laws.

Definition 3.4. A (global) coordinate on an A-equivariant formal group (G, p) is
a regular function # € Og which generates the ideal I,, C Og. An A-equivariant
formal group law over k is a triple (G, ¢, x) consisting of an A-equivariant formal
group over k, and a choice of coordinate.

Remark 3.5. For general (G, p) over X, coordinates only exist Zariski locally in
X.

For each oo € A we will let
ta :G—>G

denote the translation by o map induced by ¢. These give isomorphisms of formal
schemes

to : Gg i} Gag-
Given a global coordinate x of (G, ¢), we define translation coordinates
zo =1t 12 € Og.
Note that (zo) = I,,,. We define Euler classes
€k

Pu—1

€q 1= Tq =

Y1

Remark 3.6. Our conventions are those of [CGKO00], and differ from Hausmann-
Meier [HM23] — the y, of [HM23] is our z,-1 and the e, of [HM23] corresponds
to our e,-1.

Note that we have
®1 N Pa = X

eq=0
Figure [3.1] gives a visualization of the geometric structure of an equivariant formal
group law.



22

MARK BEHRENS AND JACK CARLISLE

FIGURE 3.1. Visualization of an equivariant formal group law
(G, ) over X. This particular picture is meant to represent a
Cs-equivariant formal group. The three curved lines represent the
image im ¢, and G is represented by the dotted “neighborhood” of
im ¢ in this visualization. The straight curve and the bottom curve
represent the closed subsechemes ¢ and ¢, respectively, where
a € CY is a non-trivial character. The dotted “neighborhoods of
these two lines represent the formal subschemes G; and G, re-
spectively.

Given a global coordinate z, we define local coordinates

(3.7)

€ Og,.
Ga

Zo 1= To

‘We then have

Ga = Spf(k[[za]])-

In particular, for ¢ > 1 there exist b$ € k such that

(3.8)

To| =e€q+bz +b527 +--.

G1

We will find it convenient to denote this power series as b*(z), where

(3.9)

b (2) 1= eq + bz + 0522+ - -

It follows that we have

(3.10)

-1
=poP (28).
Gp

Lo
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Let a; ; denote the coefficients of the formal group law (Gq, 21):
21+, 2 = Zai,jzi(zi)j.
i,
Then the multiplication on G restricts to give a local multiplication
GaxGs — Gup
which on local coordinate rings is expressed as
ZaB F*r Za G, 28
Lemma 3.11. We have

GaNGg =Gy

Proof. We have

and we have

Ga = Spf(k[[zll]]e 1 )’
X0

Gp = Spf(k([zslle. ,_,)
X2

Thus it suffices to show that
N A _ A
Hlzalll, = Hllzalll,_, = Hllzslll, -

This follows from ({3.10)). O
Proposition 3.12. On G, NGg = Gg , we have
XA
o

To = €up-1 +G, T3.

Proof. We first assume § = 1. The inclusion
Spec(k) = @o-1 = G

on representing rings sends

T eq-
The map

to-1: Gy — Gy
restricts over Xé\a to a map
to-1: G NGy = G NG,.

On G NGy, the group law of G restricts to the restriction of the formal group law
of G1, and the result for 5 = 1 follows. The general result follows by writing

Tap-1 = €qp-1 +G, T

and then precomposing with ¢%_,. a
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Setting 5 =1 in the above proposition immediately gives:

Corollary 3.13. On G, NG, =G we have
X2,
bo‘(zl) = eq +G, 21-
Corollary 3.14. On X/, we have
b3 (21) = b2 (eq +g, 21).

In particular, we have
€aB = b? ().

Proof. Equation (3.10) implies that
(3.15) Tag| = b%(2a).
Ga
Lemma implies that over X/ we have G, = G1, therefore over X' , we have
Za = Tale, = Tale, =0%(21) = €a +e, 21,

where the last equality is by Corollary Therefore, over X/ , we may restrict

[P)

(3.15) to G; to get the desired result. O
Corollary 3.16. On X(/‘\emeﬁ) we have
€af = €a TG, €5

Proof. The Euler classes e, only depend on the restrictions of =, to Gy. By
Lemma [3.11] we have

G1 :GagﬂGgﬂGl.
Xleaep)
eareg

By Proposition [3.12) on Gl‘ , we have

A
(easep)

Tap = €q TG, T3
=eq +G, €3 TG, T-
The result follows from evaluating this expression at = 0. ]

A

e » we have

Corollary 3.17. Suppose a € AV has order n. Then on X
[n]Gl (ea) =0.

Moduli of equivariant formal groups. Let M;}] denote the moduli stack of
A-equivariant formal groups, and Mgl the moduli stack of A-equivariant formal
group laws. We have

qul = Spec(La)

for L 4 the equivariant Lazard ring. There is a third variant, M?g’l, which is the
moduli stack of (G, ¢,v) where v is a nowhere vanishing section of the relative
tangent bundle T, G. Note that two A-equivariant formal group laws determine
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isomorphic points of Mg’l if and only if they are strictly isomorphic. The multi-
plicative group G,, acts on Mg’l by acting on the vector field v, giving the functions

on ./\/l;?g’1 the structure of a grading.

Over Mgl [ext : @€ AY — 1] we have ¢, N = 0 for all a # 1, and therefore
G=AYxG = ][] Ga

acAY
The A-equivariant formal group is therefore determined by the formal group G;. A
coordinate consists of the choice of a coordinate on Gy (which is the local coordinate
z1, which determines local coordinates z, on G, by translation) plus an extension
x of z; to all of G subject only to the constraint that x is non-vanishing on G, for
«a # 1. This extension is specified by specifying, for a # 1

=eq + be‘za

Go i>1

T

with e, invertible. Thus we have
Lales! : a# 1) = MU, e, b0 - a#1,i>1].

[e I

Over (Mfgl)é\ea . acav) We have
G1 = G.
The homomorphism
p: A = Gy
is then determined by the Euler classes e, and we have
(La) o MU.[[eq : @ € AV]]'
(ea s a€AY) (ea +G, €8 = €ap)

More generally, for B < A:

(3.18) Mgl[egl : a‘B #1] = {(G,p) : kerp C (A/B)"} is the locus where
G = Av X(A/B)V G/
for the A/B-equivariant formal group G’ = Gg((A/B)V). Choosing a set
theoretic section
s:BY = AY
of the surjection AY — BY, there is an isomorphism [£D70], [Gre01l, Cor.
10.4]

Lale;! : a|B # 1] %LA/B[esi(ﬁ),bf(B) :1#£Be€BY,i>1].

[e3

(3.19) My, = {(G,p) : (A/B)Y C kery} is the locus where
(ea=0:a|p=1)
=1 (¢ factors through BY) and there is an isomorphism

LA/(ea : a|B = 1) = LB-

(3.20) (/\/l.;%l)A ) is the locus where Go = Gy for all al, =1

(€éa :a|p=1

¢’|(A/B)v
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4. MU, AND THE EQUIVARIANT LAZARD RING

Hausmann’s Theorem. Given a complex orientable homotopy commutative ring
object E € SpA, Gg = Spf(E*CPZ) has the structure of an equivariant formal
group law coming from the tensor product of A-equivariant line bundles. A choice
of complex orientation of E is the same thing as a choice of coordinate on Gg.

The following fundamental theorem was conjectured by [CGKO00] and is due to
Hausmann [Hau22] (see also [KL] for another approach, and [HWI§|, who first
proved this in the case of A = C5).

Theorem 4.1 (Hausmann [Hau22)). The canonical complex orientation on Gy,
induces an isomorphism

La = 72MU,.
Moreover, the stackification of the Hopf algebroid (w5 MU 4, 75 MU A MU ) is

M?’Cl,, and under this correspondence the graded structure of the former coincides
with the G,,-action on the latter.

Theorem gives a fundamental connection between M;; and equivariant homo-
topy theory, generalizing the connection between M fq and stable homotopy theory
established by Quillen [Qui69].

An essential component of Hausmann’s approach is his use of the structure of
equivariant complex cobordism a global spectrum [Schl8]. In particular, for each
B < A there is an associated equivalence

iEMU4 ~ MUp
which gives an isomorphism
(4.2) mBMU4 = Lp.
The restriction maps associated to the inclusions ig : B < A, under the isomor-
phisms , are given by the maps
ig:La— Lp

which represent the maps

M = M,

(BViMG) — (AV—»BViMG>.

This global structure also associates to the quotient map ¢p : A = A/B a map

ggMUy /g — MU4.
The induced map

a5 : Ly/p = ﬂf/BMUA/B — W*AMUA =LA

represents the map

A A/B
Mfg - Mfg

"D’(A/Bw
(AV 2, G) = [ (4/B)Y =225 G sy
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Elements of 7rfMU A. Because the spectrum MU 4 is complex orientable, for every
character « there is an invertible orientation class

Uo € T3 MU 4.

These orientation classes are determined by the canonical complex orientation of
MU 4. The canonical complex orientation corresponds to a coordinate x of Gy, ,
which gives rise to Euler classes

e € WfQMUA

and elements

be € mot oMU,
for each oo € AY. The orientation classes u, are related to the Euler classes e, by
the formula

(o = UnCq-
The following observations are well known (see, for example, [Gre01]).
Lemma 4.3. There are equivalences

MUaleg'] = MUA[FS]
and

(MU4)z, =~ (MUA)Z, -

Corollary 4.4. For a € AV we have

mMUA[F '] = Lale;'].

Corollary 4.5. For B < A, letting s : BY — AV be a set theoretic section of
AV — BY, we have

ml/POPMUL = Lale;! : af, # 1]
= Laspledy 057 - 1#£8€BY,i>1].

Since the restriction along A — A/B makes ®®?MU4 an MU 4,p-module, and

wf/B@BMUA is free over m,MU 4,p, we have the following.

Corollary 4.6. The spectrum ®EMU,4 € SpA/B has the homotopy type of a wedge
of even suspensions of MU 4.

Corollary 4.7. We have

T (MU = MU (e, 57 - 1# 5 € BY, i > 1)

and (MU 4)®B € Sp has the homotopy type of a wedge of even suspensions of MU.

Finally, we recall the following well-known computation [Lan70].

Proposition 4.8. The Borel completion (completion with respect to the family
F =A{e}) of MU 4 has homotopy groups

MU,[leq : a € AY]]
(ea +6, €8 = €ap)

T (MU4)" = MU *(BA) = = (La)(s, . acav)-
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The Abram-Kriz Theorem. Abram and Kriz [AK15] observe that Corollary [4.7]
and Proposition [4.8| generalizes to give a computation of the monoisotropic layers
72 (MUA)r(5)-

Proposition 4.9 (Abram-Kriz). For B < A, given a set-theoretic section s of
AY — BV, there is an isomorphism

MU*[ej(ﬂ),bj(m 1 1# B € BY,i>1[leallac(a/p)y
(ea +(G71 Ca’ = Eaa’ QO o € (A/B)V)
%LA[egl : ﬂ‘B # l]é\ea:a\3=1)'

Remark 4.10. Geometrically, the ring in Proposition classifies the universal
example of an equivariant formal group

p: AY =G

1%

w2 (MUA)r(5))

over a ring k complete with respect to an ideal I where

(1) kero C (A/B)Y,
(2) ker = (A/B)".
Spec(k/I)

Remark 4.11. The algebro-geometric interpretation of Proposition [£.9] above al-
lows one to calculate the Euler classes of all of the characters in A, and explains
the dependence of the isomorphism on the choice of a set theoretic section

s:BY — AY
of the surjection AY — BY. Namely given v € AV, write it as
vy=s(B)+a, BEBY ac(A/B)".
Then by Corollary we have
ey = 0" (ey,).

Abram and Kriz [AK15] observe that the isotropy fracture cube that arises from
iteratively applying Proposition to the isotropy tower of MU 4 is particularly
well behaved, and this results in a very concrete general description of 7AMU 4 as
a limit of an explicit diagram of rings. This diagram is indexed by the category

Sd Sub(A)

which is obtained by applying barycentric subdivision to the Hasse diagram of the
poset of subgroups of A. Specifically, there are two types of objects of Sd Sub(A):

(1) objects (B) for B < A,

(2) objects (B; < Bs) for By & By for which there does not exist a distinct

=

intermediate subgroup By C C' C Bs.

The non-identity morphisms are of the form

(Bi) — (Bl < BQ), i€ {0, ].}
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We consider the diagram of graded rings

TAT(MU,) : SdSub(A4) — GrRings
which on objects is given by

(B) — 7 (MU4)7(5),

(B1 < Bs) = 7 (MUA)1(8,),7(8)
and on morphisms is given by the corresponding localization maps.
Theorem 4.12 (Abram-Kriz [AKIH]). The canonical map

TAMU, — lim TAT (MU 4)
Sd Sub(A)

is an tsomorphism.

To maximize the effectiveness of this theorem, we explain how Abram and Kriz use
Proposition to explicitly compute the diagram 72T'(MU,4). We deduce from
Proposition 4.9| that for By C Bs, and s; a section of AY — BY, we have

(4.13)

AN
MU*[ei(B)’bil(ﬁ)]1¢ﬂ€B1[[ea”oce(A/Bl)V .

(ea +G1 eyt = €ao¢') [eﬁ/ ]’6/‘327&1

T MUA) (B, T(Bs) =
(eqr 1 a|By=1)
The map
7Tf(l\/IUA)T(Bl) — ﬂ'f(MUA)T(Bl),T(Bg)
is the obvious map from 72(MU A)7(B,) to the completion of its localization. The
map
T (MUA)7(5y) — 72 (MUA)7(By),7(Bs)s
whose explicit source and target are given as

MU*[ei(ﬁ),532(6)]17%63;[[eaHaG(A/BZ)V N

4.14
( ) (ea +G1 €a/ = eaa’)

A

MU. [ 50,5771 pey leallac(a/m) -

(éa +G €’ = €aa’) [eﬁ’ BBy #1 ,

(ea// H a”\32:1)

(where s; are sections of AY — B}’) is more subtle, and relies on the formulas which
govern an equivariant formal group law. For 8 € By, write

s52(8) = s1(B1) + an
where a1 € (A/Bp)Y. Then, by Corollary the map (4.14]) is given by
€s5(8) b81(ﬁ1)(ea1)
bfzw) — coef i (b1 P (e, +¢, 2))
€a F> €y € (A/By)Y.

Note that in the codomain of (4.14), 51 (e,,) is invertible since €s,(8,) 18 in-
vertible, the elements e, for a € (A/Bsy)Y are topologically nilpotent, and the
appropriate relation holds, so the map described above indeed exists.
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Example 4.15. In the case of A = C}, with p prime, Theorem [£.12] was proven by
Kriz [Kri99]. In this case, Theorem is asserting that the map on homotopy
groups

C oC
Ty pMUCP —_— W*MUCP P

| |

hC, tC,
MUY " —— m MU”
P P

is a pullback.

Equivariant BP. There is also an A-equivariant analog BP4 of BP, introduced
by May [May98] and studied in detail by Wisdom in [Wis24]. May shows that
MU 4-modules are tensored over MU-modules, and defines

BP, := MU, Ayy BP.

Wisdom (implementing a proposal of Strickland) defines a p-typical equivariant
formal group law to be a an equivariant formal group law whose underlying non-
equivariant formal group law is p-typical. He observes that p-typicalization realizes
to an idempotent of (MU 4)(,), and the resulting summand is equivalent to BP 4,
and we have

(BP4)+X ~ (MUy,4).X ®uu, BP..

In particular, all of the computations of this section carry over to BP4 by system-
atically replacing MU with BP everywhere.

5. THE HAUSMANN-MEIER CLASSIFICATION OF INVARIANT PRIME IDEALS

The classical chromatic picture linking the Balmer spectrum of Sp(,,) ,, to the prime
ideals of the moduli stack (M ), of formal groups over Spec(Zy)) is predicated
on two important theorems:

(1) The Landweber Filtration Theorem [Lan76], and

(2) The Hopkins-Smith Thick Subcategory Theorem [HS98].

The A-equivariant analog of (2) is the computation of the Balmer spectrum Spc(A)
by [BS17], [BHN"19] discussed in Section Recently, Hausmann and Meier [HM23]
generalized the Landweber Filtration Theorem to the A-equivariant context, by
computing the invariant prime ideals of L.

For simplicity, we focus on the localization Ly (), and for the remainder of the
paper we assume A is a p-group.

The height filtration on (Mg)(p). Much like in the non-equivariant case, the
classification of invariant prime ideals relies on the notion of height. For an abelian
group-scheme G we let G[p| denote the sub-group scheme of p-torsion points.
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Definition 5.1. If G is a formal group or equivariant formal group over a field k
such that p|char(k), then we say G has height n (0 < n < co0) and write

ht(G) =n
if the order of the group-scheme G[p] is given by
Glp]| = p"
If (G, ) is an A-equivariant formal group over k as above, then we define its A-

height by
hta (G, ) := ht(Gy) + 1k, (AY) — rky (ker ).

We make the following remarks (with G, k, as above).

(5.2) The notion of height is compatible with the notion of height for a p-divisible
group.

(5.3) If G is a formal group and char(k) = 0 then ht(G) = 0.

(5.4) If G is a formal group then ht(G) > 1 if and only if char(k) = p, and in
this case ht(G) = oo if and only if G is additive.
(5.5) If (G, ) is an A-equivariant formal group, then
ht(G) = ht(Gy) + rk,(B)
where ker¢ = (A/B)Y < AV. This is analogous to a well-known formula
for height of p-divisible groups.
(5.6) If (G, ) is an A-equivariant formal group, then
bt (G, ) < ht(G)

and if
rk,(AY) = 1k, (ker ) + 1k, (im ¢)
then we have
ht 4 (G, ) = ht(G).
In particular, this always holds if A is an elementary abelian p-group.

(5.7) If B < A and (A4/B)Y C ker ¢, then ¢ factors through BY

and we may regard (G, ¢’) as a B-equivariant formal group. We define the
B-height of such (G, ¢) to be the B height of (G, ¢'):

htp(G, ) := ht (G, ¢).
If we have
rk,(BY) = rky(ker ) + rk, (im ¢)
then we have
ht5(G, ¢) = ht(G).
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In particular, this always holds if ker ¢ = (A/B)".

We phrase the classification of invariant prime ideals of L4 ) in terms of irre-
ducible reduced closed substacks of (M}’%)(p). In the non-equivariant case, Landwe-
ber [Lan76] proved that the irreducible reduced closed substacks of (M, ), are
given by

Vi ={G : ht(G) > n}.

Theorem 5.8 (Hausmann-Meier [HM23| Thm. 4.7]). The non-empty irreducible
reduced closed substacks of (Mg)(p) are given by

B - (A/B)Y Ckery,
Vi) = {(Gv‘P) " ht(G) zn+fkp(B) }

for B< Aand0<n< .

Note that it is elementary to verify from the definition that

Vien) < Vieym)

if and only if B < C and n > m + rk,(C/B). Thus Theorem gives a homeo-
morphism

Spec™ (L, () = Spe, (A)
between the spectrum of invariant prime ideals of L4 (,) and the p-local Balmer
spectrum. Henceforth we will implicitly identify these two spectra.

The notion of B-height is a somewhat contrived notion introduced to describe the
topology of the spectrum of invariant prime ideals of L4 (,). The notion of height,
by contrast, is a completely natural intrinsic aspect of an equivariant formal group
law, extending the notion of height for p-divisible groups. We end this subsection
by noting that height provides a decreasing filtration of (/\/lfg)(p) by reduced closed
substacks. If A is not elementary abelian, these are not irreducible.

Proposition 5.9. The notion of height defines for 0 < n < oo reduced closed
substacks V2 € (M7,)(p) defined by

VA ={(G,¢) : ht(G) >n}.

Proof. We simply must show that the associated subset of VA C Spc, (A) is closed.
Recall from |(5.5)| that for (G, ¢) over a field we have

ht(G) = ht(Gq) + rk,(B)
where ker p = (A/B)V. Tt follows that
VA ={(B,m) : m>n—rk,(B)} C Spc, (A).
To see that this is closed, we have to show that if (B,m) € VA and B’ < B, then
(B',m + 1k, (B/B')) € VA
That is, we need to show

m +rk,(B/B') > n —rk,(B’).
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This follows from the inequalities
m > n —rk,(B)
rk,(B) < rk,(B’) + rk,(B/B’).
|

vp-generators. In the non-equivariant setting, the invariant prime ideal I, <
L,y = mMU,) corresponding to V;, is generated by the regular sequence

(510) In = (’U07U1,...71)n,1).
Here, the element v; € my(pi_1)MU(,) is non-canonical, but is determined up to a
unit modulo (vg, v1,...,v;—1) by the formula

[p]GMU (Z‘) = 'Uixpm +--- mod (vg, -+ ,vi—1)

where Gy is the universal formal group law. In particular, vy = p.

Definition 5.11. Suppose that R is a L,)-algebra, and let 0 < n < oo. We shall
say that z € R is a v, -generator if

r=v, mod (vg,...,Vp_1)-

We say that x is a v_;-generator if z = 0, and we will say that z is a v -generator
if « is a unit.

Let I(pn) < La,p) be the invariant prime ideal associated to the irreducible closed
substack V(g ). Hausmann and Meier give constructions of the generators of these
ideals in [HM23].

The key starting point is their construction, for n > 0, of elements

_ C;'H
v, € 7T2(pn_1) (MUC;L+1 )(p)

with the property that for B < Cjt! with rk,(B) = r, the B-geometric fixed points
of v,, satisfy

(5.12) vPB =y, . mod (p,v1,...,0n_r 1) € W*(MUg?l)(m
and . o
C'nr C'Vl
VT =0emMULT,
P

Remark 5.13. When considering (5.12)), the reader should keep in mind that in
W*(MUngrl)(p) with B # e, there are many units given by Euler classes which are

not in degree zero.

This key property of the elements v,, lead us to make the following definitions,
which are directly adapted from [HM23].

Definition 5.14. A height function on Sub(A) is a function
n:Sub(4) — N_,

where
N_ :=NU{cc}U{-1}.
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Definition 5.15. Let n be a height function on Sub(A). We will say an element
v € ﬂfMUA(p) is a vy -generator if for every B < A, the B-geometric fixed points
of v

v?B e Ty MUi?p)

is a vy(B)-generator.
Examples 5.16.

(1) We see that from (5.12)) that the Hausmann-Meier elements v,, € (LC;H ) ()
are vp[,,)-generators where h[n] is the height function

h[n](B) = n —rky(B).

(2) Letting A be arbitrary, and taking n = ¢[n], the constant height n function
(n > 0) with
¢[n](B)=n, B<A,

then any v,-generator in L,y C Ly () is a vc[,-generator.

(3) Given a character a € AV, define a height function n, by
-1 =1
n(B)={ b o
00, alp#1.

Then ey € L4 (p) is a v, -generator.

In [HM23], Hausmann-Meier construct a variety of v,-generators from their ele-
ments v, as follows. Suppose
fiA—=A
is a group homomorphism, and let
f* cLar— Ly
denote the induced map of rings. There is also an induced map
f« : Sub(A) — Sub(4’)
B f(B)

which allows us to define, for n a height function on Sub(A’) a new height function
f*n on Sub(A) by taking the composite

Sub(A) 5 Sub(4’) & N_.
Then we have the following.

Proposition 5.17. Suppose that f : A — A’ is a homomorphism, and that v € L 4
is a vy-generator. Then f*v is a vg-y-generator.

The v,,-generators are connected to the topology of the Balmer spectrum as follows.

Definition 5.18. Let n : Sub(4) — N_ be a height function. Define a subset
Up :={PB,m) : 0<m <n(B)}.
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We will say that n is admissible if U, is open. Thus n is admissible if and only if
for B < C < A we have

n(B) < n(C) +1k,(C/B).

The topology of the Balmer spectrum puts the following limitation on the existence
of v,-generators.

Proposition 5.19 (Hausmann-Meier (see proof of [HM23|, Thm. 7.5])). Let v €
L (p) be avy-generator, and let V (v) be the associated closed subset of the Zariski
spectrum Specinv(LA,(p)):

V(v) = {P € Spec™ (L)) : vEP}
Then under the homeomorphism Spe,) (A) ~ Speci"V(LAy(p)) we have
V(v) =Uy.

In particular, the height function n is admissible.

6. EQUIVARIANT PERIODICITY

The equivariant Nilpotence Theorem. Recall the Devinatz-Hopkins-Smith
Nilpotence Theorem:

Theorem 6.1 (Devinatz-Hopkins-Smith, [DHSS8S|). Suppose that R € Sp is a
homotopy ring spectrum. Then x € m, R is nilpotent if and only if MU Ax € MU, R
is nilpotent.

As observed in [BGH20], the following equivariant form of the Nilpotence Theorem
follows fairly easily. We add a proof just to emphasize to the reader how imme-
diately this follows from the classical Nilpotence Theorem and the fact that the
geometric fixed points spectra (MU 4)®® are free MU-modules.

Theorem 6.2 (Barthel-Greenlees-Hausmann [BGH20]). Suppose that R € Sp? s
a homotopy ring spectrum. Then the following are equivalent.

(1) x € TAR is nilpotent.
(2) MU4 Az € (MUA).R is nilpotent.
(3) x®B € 7, R®B is nilpotent for all B < A.

(4) K(n) Ax®B € K(n).R*P is nilpotent for all 0 <n < oo and B < A.

Proof. Clearly (1) = (2), (3), (4). Suppose that MU 4 Az is nilpotent with z € W,‘?R.
Then it follows that

MU Az" 'R ~ .
This implies that for all B < A, we have

(MUA A2z R)®P o~ x.
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Let
P ¢ 7T|WB|R¢'B
denote the geometric fixed points of . Then we have
x~ (MUy4 A x_lR)q)B
~MUSE A (z71R)?E
~ MU%P A @8 (2)"1R®S
~ (z®B)"1(MU%E A R®B).
It follows that
MUR? A 2®P € s (MUSP A R®P)
is nilpotent. Since by Corollary MU%? is a wedge of MU’s, it follows from the
Nilpotence Theorem that
2®P € 7,8 (R®P)
is nilpotent. Thus (2) = (3). (3) implies that
(27 R)®B ~ (z®B)"1R?B ~ &

A. Tt therefore follows that £ 'R ~ %, and therefore z is nilpotent.
(1). We get (4) equivalent to (3) by [HS98| Cor. 5]. O

for all B <
Thus (3) =

Thus it follows that MU 4 detects all non-nilpotent self maps, as expressed in the
following Corollary.

Corollary 6.3. Suppose that X € Sp™ is finite and v : ©7X — X is a self-map.
Then v is nilpotent if and only if MU4 A v is nilpotent. In particular, if v is
non-nilpotent, then MU 4 A v is non-zero.

Proof. Take R to be DX A X and x to be the adjoint of v. O

Non-equivariant periodicity. Recall the following fundamental non-equivariant
definitions from [HS9§].

Definition 6.4. For X € Sp(,

(1) For 0 <n < oo, wesay X is typen if K(n) AN X # xand K(n — 1) A X ~ x.
If X ~ % we shall say X is type co.

(2) For 1 <n < o0, a self-map

v:ZFX 5 X
is called a
e v,-self map if K(n)Awv is an equivalence, and K (¢) A v is nilpotent for
1 #n,

® v, -self map if some power of v is multiplication by an element of Z(Xp),

e vg-self map if some power of v is multiplication by an element A € Z,
with p-adic valuation 1 < () < oo,
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e v_i-self map if v is nilpotent.

Remark 6.5. The notion of vg-self map of [HS98] differs slightly from our notion,
in the sense that it combines our notions of vy and vs.-self map.

The Hopkins-Smith periodicity theorem links the notion of “v,,-self map” and “type
n complex”.

Theorem 6.6 (Hopkins-Smith [HS98]). Suppose 0 < n < oo. A complex X €
SP(p)w admits a non-nilpotent vy -self map if and only if it is type n.

Remark 6.7. Note that it follows from the Nilpotence Theorem (Theorem [6.1)
that if X € Sp(,), is a type n complex (0 <n < 00), then for —1 < k < n, a vg-self
map v of X is the same thing as a v_1-self map. Therefore every v,,-self map of X
is exactly one of the following:

e v_p-self map (nilpotent),
e v,-self map,

e vo-self map (equivalence).

Of course if X is type co, then the unique self map of X is a v;-self map for all
—1 < i < o0, and in particular every v,,-self map is a v_1-self map.

vp-self maps. We now seek to extend this story to Spé,). Equivariant periodic
self-maps were introduced and studied by Bhattacharya-Guillou-Li [BGL22a]. They
considered self-maps

v:2"X - X
for which
v*B .y x B _, x B

was a vp-self map as B ranges over the subgroups of B, and observed that the
topology of the Balmer spectrum put constraints on the numbers np (when defined).
To make this idea precise, we will encode the sequences of numbers ng in a height
function

n :Sub(A4) — N_.
We shall define the non-negative domain of n to be the places where n > 0:
domso(n) :={B <A : n(B) >0} C Sub(4).
From this perspective, we define, for
S C domxo(n)
the restriction of n to S, which we will denote n|g, to be the height function
(6.8) nls(B) = {T_L(f . i}i i;ise’

so that dom>o(n|s) = S.
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Definition 6.9. For a height function n, a v,-self map of a p-local finite complex

X e Spé)’ is a self-map

w

v:XX - X
(for v € RO(A)) so that for all B < A, the geometric fixed points
TRLEDIED S ey
is a vy(py-self map.

Examples 6.10.

(1) If a € AY is a character, then the Euler class
Qg XN X - X
gives a vy, -self map of any X € Spé)w, where n,, is the height function of

Example 3).

(2) X e SP(p),«w is a non-equivariant type n complex, and
v:YFX - X
is a v,-self map, then
Voriv + F Xriv = Xoriv

is a v,,-self map, where ¢[n] is the constant height function at n of Exam-
ple[5.16|(2). We will simply refer to this as a v, -self map.

For a fixed height function n, it will be convenient to be able to discuss vy,-self
maps as m ranges over the restrictions of n to the various subsets S C domsq(n).

Definition 6.11. For a height function n, and S C dom>o(A4), a vi-self map is a
Up|s-self map.

As a special case, if S = {B}, then n|s is determined by the single value n(B) = n.
For such n we make the following more specialized definition:

Definition 6.12. Suppose that B < A. A vZ-self map of a p-local finite complex
X e Spé)’w is a self-map

v: XX -5 X
so that v®8 is a v,-self map, and for all B # C < A, v® is nilpotent.

Example 6.13. In the case of A = C}, we may represent a height function as a
tuple of values
n=(n,m)

where n = n(e) and m = n(Cp). In this situation we may talk about v, ,,)-self
maps, and for 0 < n,m < oo, this agrees with the notation of [BGL22a]. However,
in the case where one of these values is —1, the notions of v(_j ,,)-self map or
V(n,—1)-self map where 0 < m,n < oo, correspond to the notions of vy ,)-self map
and v(, niny-self map of [BGL22al. In our notation, a v(_1 ,,)-self map is the same

thing as a v,(,’;”—self map, and a v, _1)-self map is a vy -self map.
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Type n complexes. As discussed in [BGH20], certain closed subsets of Spc,,(A)
correspond to the “types” of equivariant finite complexes through the notion of
support (2.2). These types are parameterized by type functions:

Definition 6.14. A type function is a function
n:Sub(4) — N.

A finite complex X € Spé)),w is said to be type n if for all B < A, the geometric
fixed points X®P is type n(B). The finite domain of n is the subset of Sub(A)
where n is finite:

domeso(n) :={B <A : n(B) < oo} C Sub(B).
The infinite domain is the complement:
dom_(n) ={B <A : n(B) =00} C Sub(B).

Remark 6.15. Just as in the non-equivariant case, where heights of v,,-self maps
range over N_ and types of p-local finite complexes range over N, height functions
take values in N_ while type functions take values in N. Note that if n is a type
function, then n — 1 is a height function.

Only certain type functions n are realized as type functions of actual equivariant
complexes. In [BGH20], these type functions are shown to be precisely the admis-
sible type functions.

Definition 6.16.

(1) A type function
n:Sub(4) - N
is admissible if the subset V;, C Spc(,(A) given by

- B edomes(n),
Vo= {P(B,i) " i >n(B) }

is closed. Said differently, the type function n is admissible if and only if the
associated height function n— 1 is admissible in the sense of Definition [5.18

(2) A closed subset F' C Spc,(A) will be called admissible closed if F' =V,
for n an admissible type function.

(3) An open subset U C Spc,)(A) will be called admissible open if U = V7 for
n admissible. Note that this is the same as asserting that U = U, _; in the
sense of Definition so U is admissible open if and only if U = U, for
an admissible height function m.

Remark 6.17. It may initially seem confusing that there is a notion of admissi-
bility for type functions and height functions, when type functions are really just
height functions that never take on the value of —1. However, the two notions of
admissibility are compatible: a type function n is admissible (as a type function)
if an only if it is admissible when regarded as a height function, or equivalently, if
for all B < C < A we have

n(B) < n(C) +1k,(C/B).
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The distinction between the two is meant more as a convenience — height func-
tions parameterize vy,-generators and admissible open subsets of Spc,, (A), whereas
type functions parameterize types of complexes and admissible closed subsets of

We take note of the following things:

(6.18) The admissible closed subsets of Spc,,) (A) are precisely those subsets which
A

(p),w: and form a basis of the

are of the form supp(X) for some X € Sp
topology on Spe,,) (A) [BGH20].

6.19) A complex X € Sp#, is type n if and only if
(p),w
supp(X) =V,
(and in this case, by the previous remark, n must be admissible).
(6.20) The tt-ideals I < Spé})’w are precisely those of the form
I, ={X e Spé,)yw : supp(X) C V,}
for n an admissible type function [BGH20].

(6.21) For a family F C Sub(A), the closed subset V(F) C Spc(, (A) and the
open subset U(F¢) C Spc,(A) of (2.6), (2.8) are admissible. If we define

{0, BeF,
nr =

oo, B¢&F
then
V(F)= Vi

(6.22) Because we are assuming A is a p-group, if n is an admissible type function,
then the subset domcoo(n) C Sub(A) is a family.

Existence and properties of v,-self maps. We say that a height function m is
finite and write

m < oo
if m(B) < oo for all B < A.
The question is:

Question 6.23. For X € Spé)yw of type n, for which height functions m < oo
does X possess a vp,-self map?

Remark 6.24. The case where m has infinite values is somewhat muddled by the
fact that these infinite values can be manufactured by Euler classes (see Exam-
ple[6.10[1)), so we sidestep it here, as it just complicates the statements.

The following follows immediately from Remark
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Lemma 6.25. Suppose X € Spé,),w is type n, and that
v: 37X - X
s a U, -self map with m < co. Then m < n, and for
S={B<A: n(B)=m(B)}

v is a v -self map.

Thus Question [6.23] reduces to the following more refined question.
Question 6.26. For X of type n, for which S C dom<.(n) does X admit a vi—self
map?
Let xg denote the characteristic function for S C Sub(B):
1, BeS
B — 3 9
xs(B) {o, Bés

Lemma 6.27. If X € Spé,)’w is a type n complex, and v is a vi—self map for
S C domcoo(n), then its cofiber X /v is of type n+ xs.-

We therefore have the following generalization of [BGL22al Prop. 1.9].

is of type n. Then if S C domc(n) and
n + xs is not admissible, then X does not possess a vi-self map.

Proposition 6.28. Suppose X € Spé))’

w

One may optimistically speculate that Proposition [6.28|represents the only obstruc-
tion for the existence of a v3-self map on a type n complexﬂ — the authors know
of no counterexamples to such a conjecture. We can only record some relatively
straightforward special cases which derive from the non-equivariant periodicity the-
orem.

In [HS98], Hopkins and Smith deduce many excellent properties of vy,-self maps for
1 < n < oo from the Nilpotence Theorem (6.1)). Many of their deductions involve
the following lemma.

Lemma 6.29 (Hopkins-Smith [HS98, Lem. 3.4]). Suppose that x and y are com-
muting elements of a Zy-algebra. If x — y is both torsion and nilpotent, then for
N >0,

N N
P o =yP .

Lemma [6.29) does not apply to help us understand self-maps which are not torsion.
In the non-equivariant context, this does not have a great effect, because the only
self-maps which are not necessarily torsion are vy and vs.-self maps, and these
are asymptotically understandable by definition. This is no longer holds in the
equivariant context: if v is a v,-self map, where n(B) = 0 for some B, then v, is
necessarily not torsion, yet in the case where n # 0, the notion of v,-self map is
highly non-trivial.

8Forthc0ming work of Burklund, Hausmann, Levy and Meier addresses the existence of more
general vp-self maps.
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We will therefore have to restrict our observations to v, with n(B) ¢ {0,000} (see
Lemma below). We shall call such height functions finite, non-zero height
functions.

Recall from [HS9§| that for R € Sp(p) a homotopy ring spectrum, an element
z € TR is said to be a v,-element 1 < m < oo if
K(m)Az e K(m).R
is a unit if m = n, and nilpotent if m # n, 0 < m < co. We shall say x is a
vo-element if some power of x is equal to the image of
NS Z(p) — moR

with 1 <wp(A\) < 00, o is a ve-element if some power of x is in the image of

Z(Xp) — (7T0R)X
and x is a v_;-element if it is nilpotent, which, by [HS98, Thm. 3], is equivalent to
K(m) A z being nilpotent for all 0 < m < co.

Definition 6.30. Suppose that R € Spé)) is a homotopy ring spectrum, and n
is a height function on Sub(A). We will say that z € 7AR is a v,-element if
2®B € m,R®P is a v,,(p)-element for all B < A.

Essentially following [HS9§|, [Lurl0, Lec. 27] verbatim, we may now deduce equi-
variant analogs of Hopkins and Smith’s observations concerning v,,-self maps.

Proposition 6.31. Suppose that R € Spéj) is a finite homotopy ring spectrum, n
is a height function on Sub(A), and x* € T2R is a v,-element. Then there exist
integers i and {jg}B<a so that

vffB), 1 < n(B) < oo,m = n(B),
Sijv m:B(B):OaSGZE;)vaZ]-v
s€Ly, n(B)=o,

0, m # n(B) < co.

K(m) A (z9)®8 =

The following elementary observation will be of crucial importance.

Lemma 6.32. Suppose that R € Spé,) is a homotopy ring spectrum, n is a finite
non-zero height function on Sub(A), and x € T2R is a v,-element. Then some
power of x is torsion.

Proof. Suppose that 2V is not torsion for all N. This implies that 2V # 0 € 72 Rg
for all N, which is equivalent to saying that

x_lR@ 2 x.
This is equivalent to there existing a B < A with
(x¢B)71R8B ;ﬁ %,

But this would mean that K(0) A 2P was not nilpotent, which contradicts our
hypotheses. [
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Proposition 6.33. Suppose that R € Spé,) is a finite homotopy ring spectrum,
n is a finite, non-zero height function on Sub(A), and x € 7R is a v,-element.
Then some power of x is central.

Proof. Using Theorem and Lemma the same proof as that in [HS98|
Lem. 3.5] applies. O

To establish asymptotic uniqueness of v,-elements, we must deal with a subtlety
which is not present in the non-equivariant case. We are thankful to Shangjie Zhang
for pointing out this subtlety to the authors.

Definition 6.34. Let v be an element of RO(A). We say that a v,-element x €
W,‘?,R (respectively a vy,-self map v : X o X ) has direction 7 if there exist
i,j € Nyg so that iy = jv'.

Following [HS98|, Prop.3.6], we have the following asymptotic uniqueness result.

Proposition 6.35. Suppose that n is a finite, non-zero height function and r €

7r;4,R and y € ﬂ'f,,R are vy -elements with a common direction . Then there exists

i,7 so that 2* = y7.

Proof. The assumption that x and y have the same direction, combined with Propo-

sition implies that there exists ¢+ and j so that for each B and m we have
K(m) A (z —y7)*B = 0.

The result then follows from Theorem Lemma [6.32, and Lemma [6.29 g

Letting R= X ADX for X € Spé))’w, following [HS98| Cor. 3.3, 3.5, 3.7-8] we have:

Corollary 6.36. Analogous results to Propositions[6.31] and [6.33, and[6.35 apply
with “vy,-element” replaced by “v,-self map.”

We deduce the following theorem.

Theorem 6.37. Suppose that n is a finite, non-zero height function on Sub(A)
and fix v € RO(A). The full subcategory V, of Spé)’w consisting of X which admit
a vp-self map in the direction vy is a tt-ideal.

Proof. The argument of [HS98| Cor. 3.9] applies to show that V, is thick. Suppose
that X € V77, and let

v:Y'X 5 X
be a vy-self map. Then if Y € Spé),w, then
VAY :STXAY - XAY
is a vp-self map. O

The following is an immediate consequence of the classification of tt-ideals of Spé)yw
of [BGH20].
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Corollary 6.38. Suppose n is an admissible height function, fix v € RO(A), and
suppose that S C Sub(A) satisfies

nls is finite and non-zero.

If there exists a single example of a finite type n complex with a vi—self map with
direction vy, then every finite type n complex admits a vi—self map with direction .

As a sample application we have the following limited version of the Hopkins-Smith
periodicity theorem.

Theorem 6.39. Suppose X € Spéj)w is of type n with
domco(n) = Fcp

and n:=n(B) # 0. Then X possesses a vE3-self map.

This theorem follows from the following lemma, which provides the single example
we need to apply Corollary

Lemma 6.40. Suppose that X € Spéj)yw has X®B of type n < oo. Then there
exists a vB-self map on A/By N X.

Proof. By hypothesis, X®? is a type n complex, and so therefore there exists a
non-equivariant v,,-self-map

v:SFXPE 5 X OB
This gives rise to a map of A/B-spectra
’U/ = A/B+ A Utriv * ZkA/B+ AN (X®B>triv — A/B+ A\ (X@B)triv.
Under the equivalence of co-categories
o . spA[f];;Z] ~ SpA/B
this gives a map of A-spectra
V" SFA/BL AN X — A/By A X[f;;é].
Let {a; }§:1 be the set of characters o such that a|B # 1. By the second equivalence
of Corollary it follows that for i; > 0, the map v gives rise to a map
all --aif o pkTheaT e g LA X 5 A/By A XL

Take
" =t th
Note that by construction
("B ~ A/B, AN
and is therefore a v,-self map. If C' ¢ B, then
(A/B)%C ~

and therefore (v")®¢ ~ 0. If C C B, then there exists a character o, which is
trivial on C, but not on B. Since v"” is divisible by aj,, it follows that (v")®¢ ~
0. O



PERIODIC PHENOMENA IN EQUIVARIANT STABLE HOMOTOPY THEORY 45

7. CHROMATIC LOCALIZATIONS

Equivariant analogs of K(n) and E(n). In [Str1l], Strickland defined equivari-
ant Morava K -theories

K(B,n):= A/By A K(n)triv[};é] € Sp(y)-
We define equivariant Johnson-Wilson theories similarly by

E(B,n):= A/B, A E(n)triv[]-'];;é] € Sp{y)-
Since the spectra K(n) and E(n) are associative ring spectra, and the spectra

A/By ~ D(A/By)

are commutative ring spectra, the spectra K(B,n) and E(B,n) are associative ring
spectra.

Proposition 7.1. For C < A we have

K(B n)~i>C2 {A/BJr/\K(n)v C =B,

*, otherwise.

and
A/By NE(n), C=B,
*, otherwise.

E(B,n)%C ~ {

Proof. This follows from the following observations:

(5% A/B,)*C ~ {ZMA/B% ¢< B,

*, C'{i_ B,
E®¢ BcCC
E.F_l oC ~ ’ = ’
[ Bg] *, B ,(Z C,
EXC ~E.

Corollary 7.2. For X € Sp”, we have

K(B,n) AN X ~ x
if and only if

K(n) A X®P ~ x,
and

E(B,n) N X ~x
if and only if

E(n) A XPP ~ «

The following is an immediate consequence of
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Corollary 7.3. There are equivalences of co-categories:

~ B(A/B
SpK(B,n) — SPK((n)/ )

X = (X))

o~ B(A/B
SPE(Bn) — SPEEn)/ )

X = (X®) g

E(n)-localization. Carrick introduced chromatic towers of smashing localizations
C i . . .
for Sp(p”) [Car22)], and Balderrama did the same in the elementary abelian p-group

case in [Bal24]. Here we discuss a generalization to Spé,) for any finite abelian p-
group A. Undoubtedly, the interested reader could adapt these arguments to apply
to any finite abelian group.

Definition 7.4. Suppose
n : Sub(A) — N_
is a height function. Define a spectrum E(n) € Spéj) b

E(n) = S[domewo(n)"']v \/  E(B,n(B)).

Bedom o (n)

Remark 7.5. We will primarily be interested in the spectra F(n) in the cases
where the height function n is admissible. Note that since we are assuming that
A is a p-group, the finite domain domc,(n) € Sub(A) of an admissible height
function n is necessarily a family, and the infinite domaine dom—.(n) C Sub(A4) is
open.

Our main interest in F(n) is the associated localization functor
A A
SPy) = SP(p)
X — XE(Q)'

Note that since geometric fixed points is a monoidal functor, the Bousfield class of
E € Sp” is determined by the collection of Bousfield classes (E®Z) as B ranges
over the subgroups of A. In particular, the Bousfield class (F(n)) is determined by

(E(n(B))), 0<n(B) < oo,
(E(m)*?) = (S), n(B) = oo,
(%), n(B) = —1.

Remark 7.6.
(1) In the case of A = C)p, and 0 < n < o0, our E(n) were introduced by

Carrick in [Car22]. Carrick also introduced different spectra E(n) which
are Bousfield equivalent to our E(n) for A = Cpi, i > 2.

9Here we take E(B, —1) := *.
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Balderrama studied Bousfield localizations of Sp” with respect to E" (Morava
E,-theory regarded as a Borel A-spectrum with trivial action). In this
case we have an equality of Bousfield classes [BHNT19, Thm 3.5] (see also
[Tor02])

(BR)®F) = (E(n —1ky(B)))
(where (E(m)) is taken to be (%) if for m < 0). Therefore we have an
equality of Bousfield classes

(E) = (B(h[n]))
where h[n] is the height function given by
hn)(B) = max(n — rk,B, —1).
Note that the associated admissible closed subset Vj[,41 C Spc(p)(A) is

the subset Vnﬁl of Proposition corresponding to those A-equivariant
formal group laws of height greater than or equal to n + 1.

For B < A, tom Dieck computes the geometric fixed points (KU 4)®Z [£D79,
Prop. 7.7.7]. Bonventre, Guillou, and Stapleton observed that this results
in an equality of Bousfield classes [BGS22] Prop. 3.5,3.10]

(E(1)), B=e,
(KUA)GY) = § (HQ),  Bocyclic,
*, otherwise.

We therefore deduce an equality of Bousfield classes
(KUA)p)) = (E(R[1])).

Let c[n] be the constant height function at n. Then the spectrum E(c[n])
is Bousfield equivalent to F(n)tyiy-
Amap f: X —-Y in Spé)) is an E(n)-equivalence if and only if

f®B is an equivalence, for B with n(B) = oo
and

f®8 is a E(n(B))-equivalence, for B with 0 < n(B) < occ.
There is an equality of Bousfield classes

e ([ v r@)v( v xwmm))

Bedom—q(n) 0<m<n(B)<oco

For n admissible, the reader should think of Xp,) as “X restricted to U,”.

If n’ > n, we have natural maps

Xpw) = Xem)-

The chromatic tower of X € Spé,) is the system

{XE@m) @ nis an admissible height function}.
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Remark 7.8. The reader may prefer to regard the chromatic tower as the tower
of localizations X pg(,) where n ranges over the finite admissible height functions,
as these will eventually be shown to be built out of finitely many chromatic layers.
Balderrama [Bal24] instead considers (by Remark [7.6[2)) the chromatic tower

{Xer} ={Xpmm)}-

Which of these notions is the more appropriate notion probably depends on the
intended application.

The equivariant Smash Product Theorem. Recall the Hopkins-Ravenel Smash
Product Theorem [Rav92].

Theorem 7.9 (Hopkins-Ravenel ([Rav92])). Localization with respect to E(n) is
smashing.

Smashing localizations enjoy many exceptional properties, but in the equivariant
case Carrick shows that smashing localizations are especially advantageous, in that
they can be understood on the level of geometric fixed points.

Proposition 7.10 (Carrick [Car22, Prop. 3.13, Cor. 3.15(1)]). Suppose that local-
ization with respect to E € SpA is smashing. Then X € Sp? is E-local if X®B s
E®B Jocal for all B < A, and we have

(Xg)®P = (X®F) gas.

Carrick showed that in the case of A = Cpi, for n admissible, E(n) is smashing
[Car22]. Balderrama showed that in the case where A is an elementary abelian
p-group, E(h[n]) is smashing [Bal24, Prop. A.4.8]. The following generalizes these
results to all finite abelian p-groups and all n.

Theorem 7.11 (Smash Product Theorem). Suppose that n is an admissible height
function on Sub(A). Then E(n) is smashing.

Hovey-Sadofsky’s Tate blue-shift theorem [HS96, Thm. 1.1] plays a fundamental
role in Carrick’s proof of Theorem for A = C}i. To prove the result for general
A, we will need a variant, which we will derive from the results of [BHN"19.

Suppose that X is a G-spectrum, and let X" denote its Borel completion. We
define

XTG .— (Xh)<1>G.

Theorem 7.12. Suppose that the underlying spectrum of X € Spé,) is E(n)-local.
Then X™ is E(n — r)-local, where r = 1k, (A).

Proof. By [Car22, Prop. 2.7(5)], it suffices to show that STE‘Z‘n) is E(n — r)-local.

This result is proven from following the proof of [HS96|, but replacing their functor
Pg (which is their notation for the Tate spectrum) with (—)74, and replacing their
use of [HS96, Thm. 1.2] with [BHN"19, Thm. 3.5]. O
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Proof of Theorem[7.11} Choose a maximal chain of opens between dom_.,(n) and
dom>¢(n):

(7.13) dom—q(n) = F5 C Fi € -+ C Fj, = dom>o(n).
Define height functions n; by
n; = n|r
(c.f. Equation ) so n;, = n. We will prove the theorem by proving inductively
on i that E(n;) is smashing. Since
XE(QD) = X[f()_l]v

E(ng) is smashing. Suppose that we know F(n;_) is smashing. Then, by Propo-
sition we have

X®e, n(C) = oo
(7.14) (Xpm, )~ (X2 pmey, C € FfyNdome(n),
*, O ¢ ‘/T-vicfl'

By maximality of the chain ([7.13]), we have
Fi =FiU{B}.

Let

n = n(B).
Since B ¢ F{_;, Corollary implies that we have
(7.15) E(B,n) AN Xg@m, )~ *
Since

E(n;) = E(n;_y) V E(B,n)
it follows from Proposition [2.14] that the canonical square

(7.16) XE(n,) XEp(Bn)

| l

Xpm, ) — XB(Bn),En,_,)

is a pullback. Under the equivalence of Corollary E(B,n)-localization is com-
puted to be

B(A/B
Spa‘g) - SPS(B,n) ~ SpEEn)/ )

X = XE(B,n) = (‘bBX)%‘(n)
and therefore we have
@BX)h )TC/B BCC(C
717 Xpgn)2C ~ ( E(n) T
(7.7) (Xp(zm) { Bec

Suppose that C' ¢ F¢_ ;. Then applying (—)®¢ to (7.16) and using (7.14), there is

an equivalence
(7.18) (Xpw,)* ~ (Xpmn)*c.
If C = B, then gives

(Xpw,)*? ~ (X*P)pm).
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If C # B, then (7.18]) implies that C' ¢ F¢. Note that B € F¢, which implies (since
Fi is a family) that B € C, and so C € Fpg. It follows from (7.17) that we have

(XE(Ei))q)C o~ %,

Suppose now that C' € F7_ ;. We claim that the map

(7.19) (XpBm)* = (XpB.m).E0, )"
obtained by applying (—)®¢ to the right vertical arrow of ([7.16)) is an equivalence.
This would then imply that for C' € F¢_,, there is an equivalence

(Xpw)®C = (Xem, ) = (X*) Bwe)

n;_y)
(where the last equivalence is by (7.14)). To verify this claim, we use (7.14) to
identify the map (|7.19) with the map
(7.20) (Xemm)* = (Xemm)*)pmEe)-
In the case where B € C, (7.17)) implies both the source and target of ([7.20) are
trivial, and therefore (7.20) is an equivalence. If B C C, then (7.17)) identifies the
map ([7.20) with the map
(2P X) )™ E = (PP X) b)) Bc))-

To show this map is an equivalence, we simply need to know that ((CIJBX)%(H))TC/B
is E(n(C))-local. By Theorem , the spectrum ((@BX)’PE(n))TC/B is E(n —
rk,(C/B))-local. Since n is admissible, we have

n < n(C) +1k,(C/B)
and therefore

n —r1k,(C/B) < n(C).
It follows that ((@BX)%(H))TC/B is F(n(C))-local. This completes the argument
that (7.19)) is an equivalence for C € F_;.

In summary, we have proven that for C' < A, we have

X n(C) = oo,
(XE(Ei))<I)C ~ (X(I)C)E(Q(C)), C e ]:ic N d0m<oo(@),
%, C & Ff.

It follows that F(n;)-localization commutes with arbitrary wedge products, and
therefore E(n;) is smashing 3.3.2]. O

The following is an immediate consequence of Proposition [7.10}

Corollary 7.21. Suppose that n is an admissible height function on Sub(A). Then
we have

XCDC, n )
(Xpm)* ~ ¢ (X®) ey, 0<n(C) <,
n(C)

*,
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Remark 7.22. We note that Hill [Hil19] considered finite localizations with respect
to E(n) for admissible height functions n, and these localizations are smashing
for formal reasons. Specifically, recall from [BFII, Thm. 4.1] (see also [Mil92],
[HPS97, Thm. 3.3.3]) that associated to any thick tensor ideal of Spé,),w, there is
an associated smashing localization which kills the objects in the ideal. Taking the
ideal to be the finite E(n)-acyclics, there is a smashing localization

Sp(z) = SP(y)

f
X — XE(@y

1) It follows from [Mil92, Defn (3)] that if X € Spi, . is type n, and v is
(p),w
vp-self map, we have

f -1
XE(Q) =v ~X.

(2) As a consequence of the resolution of the non-equivariant telescope conjec-
ture [Mah81], [Mil81], [BHLS23], the only finite n for which the natural
transformation

Xf;(ﬂ) — X

is an equivalence for all X are the n which satisfy n < 1.

Chromatic fracture. We can now prove a general chromatic fracture theorem.

Theorem 7.23. Suppose that n; < n, are a pair of height functions on Sub(A)
such that n; is admissible and

dom_ o (n;) = dom_q.(ny).

Let

T = \V K(B,m).
{(B,m) :n,(B)<m<n,(B)<oco}

Then for each X € Spé,), the canonical square

XE (ﬂz ) XT

-

XE(El) > XTvE(ﬂl)

is a pullback.

Proof. This is a consequence of Proposition Corollary and Corollary[7.2]
([

In particular, we have the following corollary, which illustrates how E(n)-localization
is inductively built out of monochromatic layers.
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Corollary 7.24. Suppose that n is an admissible height function on Sub(A), B < A
is a subgroup with n(B) < oo, and X € Spé)). Then the canonical square

XE(n+xn) XK(Bn(B)+1)

! l

Xpw) — XK(BaB)+1),Bw)
is a pullback.

Remark 7.25. The monochromatic layers of Corollary may be understood as
follows.

(1) The monochromatic layers in Corollary may be accessed in a straight-
forward way by means of Corollary For example, using [DHO04], we

have

B B
(7.26) T (Sieim) = m ST S m (BAET )

where v is a real representation of A, vZ its B-fixed points, regarded as a
representation of A/B, B(A/ B)VB is the associated Thom spectrum, E,, is
the nth Morava E-theory spectrum, and G,, is the extended Morava stabi-
lizer group. Since the homotopy fixed points in are continuous (in the
sense of [BD10]), the last isomorphism requires the K (n)-local dualizablity
of B(A/B)"” (see [HS99, Cor. 8.7]).

(2) There is therefore a homotopy fixed point spectral sequence
s B
(7.27) E3'(v) = H(Gn, ER(B(A/B)")) = i o (Sk (5.m)
for each v € RO(A).

(3) In the case where v = 0, it follows from |(3.18)[ and |(3.20)| that the Ea-term
of 1] is intimately connected to the moduli stack M]‘?g. Indeed, letting
G denote the formal group of E,, for each homomorphism

¢+ (A/B)" = Gy
there is an associated equivariant formal group
p: AV — AY Xa/By G1.
This gives rise to a canonical equivariant formal group over
SpE(EQ(B(A/B))) = Hom((4/B)", G1)

(compare with [Strill, Ch. 11], where Strickland shows that this equi-
variant formal group is a universal deformation). The action of G, on
Gy = Spf(E2(CP>)) induces the action of G,, on E%(B(A/B)V) through
its action on the second variable of Hom((A/B)Y,Gy).

Remark 7.28. The homotopy groups 729 K(e,1) Were computed by Balderrama
[Bal22] in the case of A = (5, and by Carawan, Field, Guillou, Mehrle and Stapleton
in the integer graded case where A is a finite p-group with p odd |[CFG™23].
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Chromatic convergence. The classical Chromatic Convergence Theorem of Hopkins-
Ravenel [Rav02] states that if X € Sp(, , is a finite p-local complex, then

X ~ I'&HXE(H).

This theorem was generalized to all connective p-local spectra X of finite projective
BP-dimension by Barthel [Bar16].

Equivariant chromatic convergence is surprisingly subtle because geometric fixed
points doesn’t commute with inverse limits. Nevertheless, in the case where A is
an elementary abelian p-group and we consider the tower

{XEM0n) In;

Balderrama [Bal24] was able to combine isotropy separation techniques with his
proof that E(h[n]) is smashing to reduce the question to the convergence of the
chromatic tower for X BA. Johnson-Wilson [JW85] showed that X5°BA satisfies
Barthel’s criterion described above.

Balderrama explained to the authors that since we proved the Smash Product
Theorem for A an abelian p-group, his techniques imply that the chromatic con-
vergence theorem is reduced to the convergence of the chromatic tower for X BA.
J. Hahn communicated to Balderrama a proof that the chromatic tower indeed
does converge for BA in the finite abelian p-group case, which Balderrama wrote
up [Bal23a]. Carrick independently sent the authors a different approach using tom
Dieck splitting techniques to reduce the problem to the chromatic convergence of
Y°BA. Thanks to these astute observations, we can deduce the following equi-
variant chromatic convergence theorem.

Theorem 7.29 (Balderrama-Carrick-Hahn). Suppose that (n;); is a non-decreasing
sequence of admissible height functions on Sub(A) such that for each B we have

lim n(B) = co.
71— 00

Then for X € Spa)’w, the canonical map gives an equivalence

X5 lim X p(n,)-

Proof. Tt suffices to prove this for X ~ S, the equivariant sphere. By [Bal24}
Cor. A.2.7], it suffices to show that for all B < C' < A, the map

(7.30) Y¥B(C/B) — @((SE(ﬂi))¢B)hC/B

is an equivalence. By Corollary [7.21] we have
((Sewm)) " Iheys = (S, B)) )nc) B
~ Sp(n, ) N B(C/B),
~ (¥ B(C/B))p(n,(B))-

It follows that (7.30)) is an equivalence if chromatic convergence holds for ¥5°B(C/B),
and this was proven by Hahn (as recorded in [Bal23al). O
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8. THE CASE OF A = (Cy

We now give explicit examples of the theoretical framework of this paper in the
case of A = C5. For the purposes of this section:

o € RO(C3), the sign representation with |o| =1

a:=a, € T92(S)

n € 792(S), the equivariant Hopf map with n®“2 = 2
h:=2—anecni?*(S) so2=h+an
U= Uy € 7525, (MUg,)
e:=e, =u"ta? € 7% (MUg¢,) (regarding o as a complex representation)
b == b7 € my2 ,(MUg,)

Z +Mmu y = the universal formal group law over MU,

= +pp y = the universal p-typical formal group law over BP,

[2]mu () = the 2-series of MU

[2]gp (z) = the 2-series of BP

We will implicitly always be working in the 2-local setting, and we will simply
denote the 2-local sphere as S. Height functions

n : Sub(Cy) — N_

will be represented as n = (n(e),n(C2)), S0 a v(y m)-self map is a v,-self map
with n(e) = n and n(Cs) = m. The height function n is admissible if and only if
n<m-+1.

Homotopy of MUg,. Theorem specializes in this case to give a pullback

(8.1) MU, Theaeh

| |

MU, [[e _
NHL,< [ei, bi]iZl e ﬁ[e 1]

In the right-hand terms of the pullback (8.1]), we have

Zeg = €+MU 2 :e—i—Zbizi.
i>1
where z, is the local coordinate (3.7). Strickland [Str01] used this to obtain the
following explicit presentation of 772MU¢, (see also [Sin01]). Write the formal
group law for MU as

Z+Muw = E a; j2"w’
1,J
with 2-series

2lmu(z) = szzz
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In particular p; = 2 and pon is a v,-generator. Define elements ¢; (¢ > 1) and b; ;
(i > 1,7 > 0) in the right-hand terms of the pullback (8.1) by

(8:2) Gi 1= Di + Pip1€ + Diy2e® -,
(8.3) bij = aij +aijrie+aijrae’ + -
so we have

eq1 = [2]mu(e) = 0,

bio = b;.
Then we have relations
(8.4) ¢ = pi + €giv1, i>1,
(8.5) bij = ai;+ebijt1, i>1,7>0

which allow us to inductively define elements of the lower left hand term of (8.1))
by

q1 = 07
Qi+1 = 671(% - pi),
bio = by,

bijr1 = e H(bij — aiy).
Thus since is a pullback, there are elements
6 € 752 5(MUg, ),
bij € My oi o (MUg,).
Theorem 8.6 (Strickland [Str01]). There is an isomorphism

2O MU, MU, e, ¢, bi j]i>1,5>0
* : (eql = Oa ‘) " )

Remark 8.7. Relations (8.4) and (8.5) imply that we don’t need all of the g¢;’s
and b; ;’s to generate szMUCZ; we only need ¢;, and b; j, for a cofinal collection
of i;’s and j’s.

Corollary 8.8. There is an isomorphism

7C2BP,,, BP.le, gi, b; j]i>1,j>0
* * (eqr =0, (8.4),(8.9))

where the p;’s and a; ;’s in and are taken to be coefficients of [2]pp(z)
and x +p y, respectively.

We extend this computation RO(C5)-degrees.

Proposition 8.9. There is an isomorphism

MU, [a, u®, ¢;, bi j]i>1,j>0
(aq1 = 0, eu = a?, (8.4), (8.5))

and an analogous isomorphism for T€2BP¢,.

7> MUg,
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Proof. Because MU¢, is complex oriented, it has an invertible orientation class
U = Upy € 1525, MUg,. We therefore only have to determine 7<2_. The cofiber
sequence
S77 58— X0,
induces an exact sequence
. TrC2 .
m5eMUq, -5 @52 MUg, = MUy — 752MUg, -% 7572 MUg, — maj,— 1 MU.
Since Tr2(1) = ¢; we may compute for z € MU,
T2 (2) = 2Tr2 (1) = 2q,.

Since this map is injective, and MU,, 7¢2MUy¢, are concentrated in even degrees,
we deduce that 772013 140 MUc, = 0 and there is a short exact sequence

0 — MUy, 25 752 MUg, % 752 MUg, — 0.

The result follows. O
U(n,m)-generators. Clearly the elements v, € 7C2BPg, are U(n,n)-generators, and
the Euler class e € 7¢2BPg, is a U(—1,00)-E€NETALOT.

Proposition 8.10. The elements qan € T¢2BP¢, are U(n,n—1)-generators.

Proof. Letting v; € BP, be the Araki generators, the 2-series is given by
[2]pp(z) = 2= +pp vi2? +pp vox* +pp - - - .

It follows that we have

(8.11) 2lgp(2) = vo122 +vp2? 4+ mod (2,...,vn_2).
We need to show that

(8.12) ¢3¢ € m.BP%¢ = BP, is a v,-generator

and

(8.13) qglc? c mBPi};C2 = BP*[ei7 bili>1 18 a v,_1-generator.

For we note that (—)®¢ is the same thing as restriction, and is given by the
composite
7¢2BP 4 — 7n¢2BP", = BP~*(BA) — BP,.

The last map in the composite above is the map

BP.[[¢]]

([2]sr(e))
of BP,-modules given by sending e to 0. We therefore deduce from and
(8.11)).

— BP.,

Turning our attention to (8.13)), by iterated application of (8.4]) we have

n

0 = 2e + poe? + pged + - - +p2n_162n71 + gone?’.
In . BP%Y2 = nC2BP, [e~!], by (8.11)), the equation above gives

0= vn_leQW_l + gone?”  mod (2,...,0nh_2)

and (8.13)) follows. O
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Geometric fixed points and Mahowald invariants.

Lemma 8.14. Suppose X,Y € Sp™.

(1) The geometric fived points (—)®¢ of maps (aka underlying nonequivariant
map) is given by

[X,Y]C — [X,Y/a]°
X‘I:‘e Y<I>e

(2) Suppose that X is finite. Then geometric fized points (—)®2 of maps is
given by

[X,Y]% —[X,Y]%[a!]

[X@Cg , Y(DCZ]

Proof. (1) follows immediately from the fact that (—)®¢ is restriction, with right
adjoint (co)induction IndeCQ. The shearing isomorphism gives an equivalence

IndS?Y® ~ Ca AY.

(2) follows from the equivalences
$p%fa~1] = Sp% [{e} 1) L 8p
induced from Proposition and O

We recall how Lemma relates Mahowald invariants to a-divisibility [BG95],[GI20].
Given
zemS=n"28a"",

we search for the maximum a-divisibility of x: we want k maximal such that there
exists  which maps to z in the localization

S & 72 e I =)

Cy
S—>7T it (k—2)0

.TE’]T

z+k0 (k; 1)

Since k is maximal, Z is not a-divisible, and therefore the image y under the com-
posite
S 7rz+,wS - 7rz+,mC'a EmiS Dy

is non-trivial. We say that y is a Mahowald invariant of x and write

y € M(x).

This discussion shows that Mahowald invariants have an obvious generalization to
arbitrary elements

fe X YO =X, Y[aT*
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with X finite. Let & be maximal such that there exists fwhich maps to f in the
localization

fe@rx, Y% &4 [mtk-Dox v)O & xk-2ox y]® & S (X Ve )2 5 S
Since k is maximal, f is not a-divisible, and therefore the image g of ]? under the
composite

feZX, Y% = [BFX, Y ACa)® 2 [2FX° Y 5 g
is non-trivial.
Definition 8.15. We say that g as above is a Mahowald invariant of f (with respect
to DX ANY ) and write

g € M(f).

We will call a lift f as above a Mahowald lift of f.
Remark 8.16. Since geometric fixed points commutes with the Spanier-Whitehead

duals for finite equivariant spectra [LMSMS&6] I11.1.9], the concept of Mahowald
invariants and Mahowald lifts of maps [X®%2, Y ?2] and maps [S, (DX A Y)®¢2]

coincide. This is our reason for the terminology “with respect to DX AY.” If jN’is
a Mahowald lift of f, then we have

¥ e M(F*).
The collection of all Mahowald invariants of f forms a coset
M(f) C [ZFXe, Y7
and the collection of Mahowald lifts of f form a coset of
[xko X Y],

The indeterminacy of the Mahowald invariant is a subgroup of [Y*X¢ Y¢]. The
indeterminacy of the Mahowald lift is a subgroup of [£*? X, Y2, and the restriction
map

[ZF X, V]9 = [£F X, Y
and the image of the indeterminacy of the Mahowald lift under the restriction is
the indeterminacy of the Mahowald invariant.

Proposition has the following reinterpretation in terms of Mahowald invariants.
Proposition 8.17. Fvery Mahowald invariant of

Up—1 € 7T2(2n71—1)(BPaC2)
(with respect to BP¢, ) is a vy,-generator in

7T2(2n71)(BP) = 7T2(2n71)(BP602)-

The element

7271—1 C2 BP

u qon S 7T2n72+27lo- Co

is a Mahowald lift of v,_1, and for every Mahowald lift v,_1 of v,_1, the element

n—1__

u? Un—1 € Wgn,,QBPCZ

i8 @ V(n,n—1)-generator. More generally, every Mahowald invariant of vl satisfies

M _) =0 mod (2,...,v,_1).

n



PERIODIC PHENOMENA IN EQUIVARIANT STABLE HOMOTOPY THEORY 59

Proof. The existence of a v, ,_1)-generator implies that there is a v,-generator
v € M(vp—1). Proposition implies that the kernel of a-multiplication is the
ideal generated by ¢;. Therefore the indeterminacy of the Mahowald lift is the
ideal (¢1), and therefore the indeterminacy of the Mahowald invariant is the ideal
(2). This implies that if w is another Mahowald invariant of v,,_1, then

v=w mod 2.

Thus w is also a wy,-generator, and the corresponding Mahowald lift is also a
V(n,n—1)-generator (after multiplication by uzn_l). The last part follows by taking
w® to be a Mahowald lift of v?

v_1, and using the same indeterminacy argument. [

A strategy to inductively produce v(, 5—1)-self maps. Classically, the canon-
ical procedure to construct non-equivariant v,-self maps is to start with S/p (a
type 1 complex), and to find i; minimal such that S/p has a v}'-self map

vit 22 bg/, S/,

Then the cofiber S/(p, v!") of this map is a type 2 complex. Find iy minimal so
that S/(p,v]") has a vi?-self map, and repeat.

We propose a modification to this algorithm to produce Cs-equivariant complexes
of type (n,n — 1), and v, ,—1)-self maps on these.

Algorithm 8.18. Suppose that X € Sp(c’;) ., is a type (n,n — 1) complex.

(Step 1) Since X% is a type n — 1, it admits a v,,_;-self map
v DXP o X
(Step 2) Compute the Mahowald invariants of iterates v’/ (with respect to X) until
you have N ‘
w: XITRXe o X e M(v7)
with w a v,-self map.
(Step 3) The corresponding Mahowald lift
TEDALLD I ¢
is then a v, ,—1)-self map.
(Step 4) The cofiber X /v has type (n + 1,n).
Conjecture 8.19. A power j satisfying the criteria of |(Step 2)labove always exists.
Remark 8.20. Theorem implies that v(_y,) and v(, _1)-self maps always
exist on suitable complexes, but we can make this totally explicit in the case of
A=Cs.
(1) Suppose that X € Sp(y) , is type n, and
v:YFX - X
is a vy,-self map. Then Xi,i,/a € Sp(C;') . 18 type (n,00), and
vALl: Xyiv/a = Xyiv/a
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is a v(,,,_1)-self map. In particular, if S/(2°, vi', ..., vir) exists non-equivariantly,
then

S/(a, v, 1), V1, —1y5 > Vm—1))

exists Cy-equivariantly.

is type (m,n), then X®¢ is type n. Suppose that
v NIXPC o x PO
is a non-equivariant v,-self map. Suppose that
w e [Zke X, X162
is a lift of v in the diagram
[Dithe X, X]C2 & [gi+(k-Dox x]C2 & ... [RiX, X[a~})]C = [2iX®C2, X902,
Then either

C.
(2) I X € Spy

W

(a) w?¢ is nilpotent and w is a V(—1,n)-self map, or

(b) w®¢ is non-nilpotent, and w is potentially a V(m,n)-self mapm and a-w
is a v(_1 p)-self map.

(3) The situation (2)(a) above is most interesting the case where w is a Ma-

howald lift — in this case
z=w® e [EFXe X

is a non-trivial nilpotent self-map with a non-nilpotent equivariant lift w.
In this case x is the Mahowald invariant of v with respect to DX A X. Thus
the nilpotent non-equivariant element x is connected to v(_; ,)-periodicity.
We shall see this in our examples later in this section in the case where
z=mnandn =0, and r = K and n = 1. In these cases these periodicities
has been studied by Quigley [Qui2l], generalizing work of Andrews in the
C-motivic setting [And18]. Quigley, adopting Andrews’ terminology to the
Cs-equivariant context, refers to such periodicities as w,,-periodicity.

v(0,—1)-periodicity and h. The (2-local) sphere S € Sp(g?) ., is a type (0,0) spec-
trum. The following is observed in [BGL22a].

Proposition 8.21. The map
h €[S, 8]
is a v(o,—1)-self map.

Proof. Since 2 = h + an, it follows from Lemma 1) that

h*e =2
Since h is a-torsion, it follows from Lemma 2)
h*e = 0.

O

10Tpe only reason w wouldn’t be a v(p, ,)-self map is if K (i) A w®?2 was non-nilpotent for
some i > m
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It follows from the fact that ah = 0 that we have
Sp(C;) A1) ~ Sp(gcg.

and h-localization is E(0,—1)-localization. We can compute the h-periodic Cs-
stable stems as

ﬂic-ﬁjos[hil] o HQO(Si+jU)C2
~ {Q, i = —jeven,

0, otherwise.

v(_1,0)-periodicity: wo-periodicity and 7. The following is also observed by
[BGL22a] (this is an instance of Remark |8.20(3)).

Proposition 8.22. The map
n € [57, 8]

is a v(_1,0)-self map.

Proof. We have
®Cy _
n =2¢€ 7T0(S).

However, the underlying map is

n® =nem(s),
which is nilpotent. ([
Since
Shp*e ~ %,
Shp~']* ~ Sg,

we deduce that n-localization is E(—1,0)-localization, and we have (c.f. [GI24]
Prop. 8.1])

728" = Qla*].

v(,0)-periodicity. We now come to our first truly interesting example (and the
only example we have of non-trivial “mixed periodicity”). In order to admit a
v(1,0)-self map, our complex must at least be of type (1,0). An example of such
a complex is the cofiber S/h. Since the underlying spectrum S/2 only admits a
vi-self map, we know that we cannot arrange for better on S/h.

Proposition 8.23. The spectrum S/h admits a v?l,o)—self map
UE’LLO) :¥8%S/h — S/h
satisfying

a4v?1,o) ="
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Proof. We follow Algorithm 818
nt: S S

Since the Mahowald invariant of 2 = (p*)®%2 is 80 € 775 [MR93], [GI20], we
deduce that there exists a Mahowald lift

a nt e n$28
of 2% € 1S with

(a=3ph)%e = 80.
To get one additional power of a-divisibility, we must work mod h (which would
kill 8¢ since it is 2-divisible).
Specifically, the S-module structure gives a map

a=*n* € [S7 /h, S/h]“>
The image of this self-map in
[S7 /h, S/h A Ca]©? = [S7/2,5/2]

is 80, which is trivial, since the identity on S/2 is 4-torsion. It follows that a=3p*
is a~divisible as a self-map of S/h, giving

a~n* € S8 /h, S/h)"
We wish to show that this is a Mahowald lift by comparing with BP¢,. A self-map
f:87%7/h — S/h
gives rise to a “Hurewicz image” homotopy element
H(f):S"7 — §""99/h — S/h — BPg, /h.
This gives the following diagram (using (S/h)?¢2 = S v S!)

1552, 5/2] < (557 /h, §/h]C> — 202, [0 v §1, 50 v §1]
7s(BP/2) <2 782 (BP,, /h) ——2> 0 (BPEC? v S1BPEC?)

I N

msBP <" 752 (BP¢,) —— > mo(BPEC?)

Since u is invertible in 72BP,, we have

52250 (BPey [h) = a4 5y (BPey /1),

Since the Hurewicz image of h is ¢;, the cofiber sequence
BPc, % BP¢, — BP¢, /h
gives a long exact sequence
7C2BPe, 25 71 BPe, 2 1oy (BPe, /h) — 752 BPg, = 0

and in particular (x) is surjective.
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Let
v E 7T§2BPCQ

s

be an element which maps under (x) to H(a~*p*). Then

0?0 =24,
By Proposition we have
v?¢ =0 mod (2).

It follows that
H((a'n")*) = o]
and therefore
a~*n*: 8% /h — S/h
is a v(1,0y-self map. O

Remark 8.24. The existence of the U?LO)—self map above was conjectured by
Bhattacharya-Guillou-Li [BGL22al Rmk. 5.6]. Crabb discussed v(;,o) periodicity in
[Cra89]. Balderrama, Hou, and Zhang independently also proved Proposition
This, and many additional examples of v,,-self maps, will appear in their forthcom-
ing paper [BHZ25]|.

Remark 8.25. The existence of the vzll 0)—self map above implies that h-torsion
elements which have non-trivial image under the map

7TE2S — WEQSK(e,l)
should exhibit vzll,o)—periodicity (the target of which was computed by Balderrama

[Bal22]). This explains the apparent v{-periodic patterns in the fixed coweight
charts of Guillou-Isaksen [GI24].

v(—1,1)-periodicity: w;-periodicity and &. This is an instance of Remark 8.20(3).
The Cy-equivariant complex S/n is a type (0, 1)-complex, with

(S/n)®% ~ §/2.
We seek to find a Mahowald lift of the non-equivariant self-map
vl X85/2 — S)2.
Note that the composite

’L)4

S8 s ¥85/2 L5 §/2 — S*
(where the last map is projection onto the top cell) is 8¢. The first author proved
[Beh(7] that

111 € M(80)

This implies that 8¢ has a Mahowald lift

NP4 € 7211, — mr(S) # 1
whose underlying class is n?ny € m15(9).
One notable feature of C-motivic, R-motivic, and Cy-equivariant homotopy theory
is the failure of the existence of a motivic or equivariant analog of & € w95 (detected

by ¢ in the Adams spectral sequence) [[sal9], [BI22], [BGI21]. This deficiency is
rectified by replacing S with S/n, as we will now explain.
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The computations of Guillou-Isaksen [GI24] imply that
n-n*ns =0
and therefore n2ny lifts over the top cell of S/ to give a class which we shall call
R € 75210, (S/m).
Our reason for giving it this name is as follows. Combining [BI22] with [BGI21], the

element hgg in the Cs-equivariant spectral sequence is a permanent cycle, giving
rise to an element

{hog} € m5315,S.
Lemma 8.26. Under the map induced by the inclusion of the bottom cell
(O ngua(s) - nglza(s/n)

we have
i*{hog} = h ‘K.

Proof. Observe that by the definition of the Toda bracket we have
is(h,m’na,m) 3 h-R
so we just must show that

(8.27) {hog} € (h.n*na,m)

and properly bound the indeterminacy. In [[sal9, Lem. 2.3.3, Table 16], Isaksen
shows that in C-motivic cohomology of the Steenrod algebra Ext 4c we have

(8.28) hog = (ho, h3hg, h1)  (no indeterminacy).

Using the map
Ext AR — Ext AC

(consulting [BI22] and checking indeterminacy) we see that (8.28) also holds in
Ext gr. The computations of [BI22], together with [BGI21], then imply (8.27)) with
indeterminacy h{hog} = 2{hog}. O

The following is a Ce-equivariant analog of a C-motivic theorem of Andrews [And18].

Lemma 8.29. The element & € 75215, (S/n) lifts to a self-map

wi =& : S¥T127 /Iy — S/,

Proof. The cofiber sequence
§7 2 85 S/ L ite
gives rise to a diagram

[SS+130, S] Co

[SB+120/,’7’ S/n]Cz L [SS+I2U7 S/n]cz L. [SS+130'7 S/n]cz

[S’H—lla’ 5]02 n [S7+12a7 S]Cz
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where the middle row and right column are exact. To produce & it suffices to show
that

n*k = 0.

We have
PR =n0"pR =118 =0
so there exists a
y € [§8+137, §]C:

so that

1%y =N"K.
However, the computations of Guillou-Isaksen [GI24] show that 7r80+21305 = 0 O

Lemma 8.30. The self-map
% . SS+120/7’ N 5/7)

s a ”?71,1) self map.

Proof. The fact that the geometric fixed points
7T 882 5 8)2

is a v{-self map follows from the fact that the composite
8 8 1o B2 1
S° e 8°/2 —— S/2 8§

is (1%n4)®C2 = 80. Since (S/n)¢ = S/n is a type 0 complex, and & is torsion, it
has to be nilpotent. ([

Lemma then implies that E% is non-trivial, which, together with an analzsis
of a-divisibility using the computations of [BI22], [BGI21], [GI24], shows that & is
a Mahowald lift.

Remark 8.31. Andrews introduced R-periodicity in the C-motivic context in
[Andi8|, where he calls it wi-periodicity, and Quigley studies w} = K-periodicity in
the R-motivic and Cy-equivariant context in [Qui21]. In particular, he constructs

examples of infinite wi-periodic families in the Cs-equivariant stable stems.

Remark 8.32. D. Isaksen has also independently suggested a connection between
K-periodicity and vi-periodicity on geometric fixed points.

HThe Guillou-Isaksen computations only go up to coweight 7, but they compute the E3-page
of the equivariant Adams spectral sequence in coweight 8, and this is already trivial in total degree
21.
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v(2,1)-periodicity? The next step would be to construct a vy 1)-self map on

S/(h7 vzll,o))

Since the minimal vo-self map that S/(2, v}) possesses is a v32-self map [BHHMOS],
we propose the following optimistic conjecture.

Conjecture 8.33. The complex S/(h, U?LO)) has a v?il)-self map
v(322,1) : 564“280/(]17”?1,0)) — S/(h, U?Lo))
such that

32,32 _ =8
a U(Z,l) =K .

Remark 8.34. P. Bhattacharya suggested to the second author that there is an
interesting connection of Proposition [8:23]and Conjecture [8:33]to nilpotence orders.
Indeed, Proposition is related to the fact that n* is a-divisible, and this implies

nt = @m"*% =0 e myS.
Note that this is precisely the nilpotence order of n € m.5S. The authors do not
know the nilpotence order of & € my0S, but as Conjecture [8.33] is related to the
a-divisibility of %8, it would imply
R=0¢ 7T160(S/’I7).

Note that &® € m129(S) was shown to be non-trivial in [BHHM20], and we don’t
know whether &7 is non-trivial

U(n,n—1)-Periodicity and Mahowald redshift. Mahowald and Ravenel have con-
jectured that the classical classical Mahowald invariant takes v, _1-periodic families
to vp,-periodic families [MR&7, Conj. 12], and this has been verified in numerous
specific cases [MS8§|, [MRI3|, [Sad92], [Beh06], [Beh07]. We describe how this
conjectural phenomenon is related to v, ,—1)-periodicity.

Suppose that x € 7;(.9), and let & be a Mahowald lift with corresponding Mahowald
invariant € M (x).

Tig i (8) =2 782, (8) T mi(S)

T | €T } T

Suppose that T is v, m—1)-torsion for m < n, in the sense that there inductively
exist v(p,m—1)-self maps and cofiber sequences

km
Sbmtemo g D S L — S/ g

and a lift

~ Cs P Cs d+eo
V€Ml (ero(5/Tn) = Tilar (400 (577

(where p : S/I,, — S9t¢7 is projection to the top cell). Suppose that S/I,, has a
V(n,n—1)-self map
Vfnm1y : 8T /Iy — S/1,,

12Since the writing of the first version of this paper, the remarkable computer computations
of [LWX25] have shown that &7 = 0.
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Then we have
(S/In)*e = S/(27, ... vl ),

(S/]n)(bc2 ~ S/(291) ... 71131"_*21) v St/(20, .. Jn_21)
and
(Vnin-1) " = v,
(V1)) P =0k

Consider the following diagram (for s > 0).

C
i S e w&jgs o ;S
pee P+ pre?
e Co *C; ®C,
Titisare(S/10) =2 7y (S n) — e Ty a(S/ )
U:Lk Ufﬁ n—1) ’Ui,k—l

Tisjraretsoron(S/Tn)® <= T arsnt (retsoyo S/ In ) e (/)P

pee P pr

PO

e
§—22 o aS

L S
W1+J+S(b+c))s 7Tz+sb+(j+sc)a

Suppose:
(8.35) The elements
va’ilx —p'I’C?vSk @‘I’@ €S
are all non-trivial. Then x is v,,_;-periodic, and v 1x is the v,,_1-periodic
family generated by x.

(8.36) The elements
p*U(S,s n— 1)@ € 7TC2S

are Mahowald lifts of the v,,_1-periodic family vn 1T
Then:

(8.37) The elements

’USkx _pfevsk@@e c 7T*S

are non-trivial and form a v,-periodic family. In particular, Z € M(x) is
vp-periodic.

(8.38) The Mahowald invariant takes the v, _;-periodic family generated by « to
the v,-periodic family generated by Z:

vikz € M(viF |x).

(8.39) The elements

k ~ . _ k ~_ _C
vfn)n_l)x = p*vfnm_l)y en;?S
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are non-trivial, so form the v, ,,_1)-periodic family generated by ¥, and in
particular Z is v(, ,_1)-periodic.
Example 8.40. Mahowald lifts of
2,22 23 2% € my(9)
are given by h-torsion elements
n.n%,n%, a %!
with corresponding Mahowald invariants
n,n%,n°, 80 € 8.
The vy )-self map
U0y 8% /h— S/h
of Proposition generates v?lﬁo)—periodic families
vitom vitom”s viton’s viiga ' € 708
which witness Mahowald invariants
vitn € M(2%+)
vihn? € M(280+2)
vk € M (24k+3)
)

vik8o € M(2*F4).

b
b

)

Example 8.41. Take jo = 1 and v(g, 1) = h. If inductively the self-maps vgm m—1)

exist for m < n, and the appropriate form of[(8.36) holds, then the argument above
shows that
o™ = M(a(nfl) )

Sfn/In—1s-J1 Sfn/In—1s-J1
where a(*) refers to the kth Greek letter construction (see [MRW77]).

Quigley has studied Cs-equivariant generalizations of Mahowald invariants and Ma-
howald redshift [Qui2T].

Question 8.42. Are Quigley’s Cs-equivariant Mahowald invariant computations
related to Cy x Ca-equivariant chromatic homotopy theory?
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