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A DEFORMATION OF BOREL EQUIVARIANT HOMOTOPY

ABSTRACT. We describe a deformation of the oo-category of Borel G-spectra for a finite
group G. This provides a new presentation of the a-complete real Artin—Tate motivic
stable homotopy category when G = C, and gives a new interpretation of the a-completed
Cy-effective slice spectral sequence. As a new computational tool, we present a modified
Adams-Novikov spectral sequence which computes the RO(G)-graded Mackey functor valued
homotopy of Borel G-spectra.
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A deformation of Borel equivariant homotopy

1. INTRODUCTION

1.1. Overview. Motivic homotopy theory, developed by Voevodsky and Morel (eg. [MV99]),
was famously used as a tool to attack the Milnor conjecture and the Bloch—Kato conjecture,
as well as other deep problems in number theory and algebraic geometry. It became useful
in stable homotopy theory for a different reason: the “Betti realization” functor from the
C-motivic homotopy category to the stable homotopy category makes computations of stable
homotopy groups of spheres more accessible [[WX23]. The R-motivic homotopy category is
also equipped with a Betti realization functor to the Cy-equivariant stable homotopy category;
Guillou and Isaksen [GI24] use this to aid computing Cs-equivariant stable homotopy groups.
It is natural to ask whether there is a related category that supports an analogous Betti
realization functor to G-equivariant spectra for other finite groups G. However, we do not
expect such a comparison category to come from motivic homotopy theory; the Cy case works
because C is an extension of R with Galois group Cs, and the Artin—Schreier theorem implies
that e and C5 are the only finite groups that can occur as absolute Galois groups.

Instead, we turn to another perspective by building the desired category as a deformation of
the equivariant category. Work of Gheorghe-Wang-Xu [GWX21] (see also [GIKR22], [Pst23])
provided a new characterization of the category of (p-completed, cellular) C-motivic spectra
as a deformation (see Definition 2.4.2) of (p-completed) ordinary spectra. The Tate twist
element 7 (see [HKO11, Lem. 23]) provides a deformation parameter, and Betti realization
can be described as inverting 7. Gheorghe-Isaksen—Krause-Ricka [GIKR22] provided a model
for this deformation using the category of modules over a certain algebra in filtered spectra
coming from the Adams—Novikov filtration.

The filtered spectra model can be further generalized: given a well-behaved filtration functor
(see Definition 2.2.1) in some appropriate category C, the deformation perspective provides
an appropriate new category D equipped with a comparison functor D — C, analogous to
the Betti realization functor. The construction comes with a “deformation parameter” =
and the Betti realization functor is given by inverting 7. Using this perspective, Burklund—
Hahn-Senger [BHS20] showed that a variant of the cellular p-complete R-motivic category
(the Artin—Tate category) arises from a filtration functor on Cs-equivariant spectra. However,
this is not amenable to generalization to an arbitrary finite group G, because this filtration
hinges on the existence of the Cy-spectrum MUk known as Real complex cobordism. No
analogue of MUpg for other finite groups G has been found despite over a decade of searching
(see [HHR11, HSW23]).

In this paper, we overcome this difficulty in the setting of Borel G-spectra for a finite group
G. We give an alternate construction of the filtration that doesn’t involve MUk and can be
generalized to other groups. Our paper gives two interpretations of this filtration:

e as a generalized Adams filtration in Borel G-spectra with an appropriate base (Defini-
tion 2.4.6), or

e as a modified Adams—Novikov filtration which mixes the (non-equivariant) Adams—
Novikov filtration and the homotopy fixed points filtration (see Section 3.2).

We show these are equivalent (Proposition 3.3.3) and show that the G = Cy case of our
construction recovers the a-completion of the motivic category studied in [BHS20] (Theorem
3.4.9). The second construction produces a spectral sequence, which we call the modified Adams—
Novikov spectral sequence (MANSS). We demonstrate that it is amenable to computations in
Section 5.

In the case of G = (5, our construction provides a new description of a completed form
of the Cy-effective slice spectral sequence introduced by the fourth author in [Kon23]. The
Cy-effective slice spectral sequence is defined using Betti realization and Voevodsky’s effective
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slice filtration on the R-motivic homotopy category [Voe02]. It agrees with the Hill-Hopkins—
Ravenel slice spectral sequence [HHR16] for Real orientable Cy-spectra, and in the non-Real
orientable case it is more tractable than the slice spectral sequence. Burklund—-Hahn—Senger
[BHS20] have shown that the Cy-effective slice spectral sequence agrees with the décalage (a
degree-shifting operation) of the M Ug-based Adams—Novikov spectral sequence, and hence
(after completion) with the décalage of the MANSS. Moreover, for other groups G, the MANSS
can be viewed as a Borel G-equivariant analogue of the Cy-effective spectral sequence up to
décalage.

1.2. The main constructions. We will use the presentations expressed in the language of
filtered spectra by [GIKR22] and [BHS20]. A filtered spectrum X, € c% is simply a Z-indexed
sequence of objects X; and maps

e X g X 1= Xge X« Xg ot

in a category C. We regard this sequence as a decreasing filtration of X_,, = colim; X_;.
There is a symmetric monoidal structure on filtered objects given by Day convolution (2.1.4).
Given a filtered object X, and a Postnikov truncation functor 7s,, one can apply a degree-
shifting operation called décalage (see §2.3) to form another filtered object Déc’ (X),. The
central idea, as introduced in [GIKR22], is to study the category of modules over Déc(X):

(*) Mod(C”; Déc™ (X)).
The filtrations relevant to this paper are

(1) the Adams—Novikov filtration MUp®. ® X of a spectrum X (where m denotes the
fiber of the unit map);
(2) the Real Adams—Novikov filtration MUIM@. ® X of a Cy-spectrum X;
(3) the MU[G]-based Adams filtration MU, A G+®. ® X of a (Borel) G-spectrum X;
(4) the modified Adams—Novikov filtration, defined to be the Day convolution in Borel
G-spectra of
(a) the homotopy fixed points filtration of a Borel G-spectrum X" = F(EG,,X),
given by filtering EG by skeleta, and
(b) the (nonequivariant) Adams—Novikov filtration of the sphere.

Filtrations (1) and (2) pertain to the motivating results; (3) and (4) are our constructions.

Theorem 1.2.1 ([GIKR22]). Applying the construction (*) to the Adams—Novikov filtration
with 7 as the Postnikov filtration recovers the cellular C-motivic category SHCQH(C)ZQ.

Here and henceforth, we use (—);,, to denote the category of modules over the p-complete
unit.

Theorem 1.2.2 ([BHS20]). Applying the construction (*) to the Real Adams-Novikov

filtration with 7 as even slice décalage (Notation 2.3.2) gives the Artin-Tate category SH(R)Z@T,

generated by bigraded suspensions »hd Spec(k),, where k € {R, C}.

Note that Spec(R), is the sphere spectrum, so this is analogous to the cellular category
but with one more generator.
Our main construction is the following.

Definition (Definition 2.4.6). Define the category of complete artificial motivic spectra S’ﬁg;
to be the construction (*) applied to the MU[G]-based Adams filtration, with 7 as the even
Postnikov filtration.
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Our main results are the following three theorems, which justify the definition above by
relating it to the construction by [BHS20] in the case G = Cy. The first theorem relates (2)
and (3) in the case G = Cy. The third theorem says that that (3) has the same spectral
sequence as (4).

Theorem (Theorem 3.4.7). For X € Spg, ;, there is an equivalence
, ev.post ;T % , ev.slice ;57777 ®¢ h
Déc (MUy A Cy, ® X) =Déc (MUgpy ©X)

of filtered Borel Cy-spectra, where (—)h = F((ECy)+,—) denotes Borel completion, Déc®" P

denotes the even Postnikov décalage, and Déc®*° denotes the even slice décalage.

Theorem (Theorem 3.4.9). There is an equivalence

—art

A
SHe, 5 = (SH(R)S )a

where the completion of SH(R)%T is with respect to the motivic lift a of the equivariant Euler
class a, defined in [BHS20, Eq. (1)].

Theorem (Theorems 3.4.2). For G = Csy, the spectral sequence associated to the modified
Adams-Novikov filtration agrees with the MU,[C;]-based Adams spectral sequence from the
Es-term onwards. In particular, the construction (*) applied to the modified Adams-Novikov
filtration also recovers (SH(R)?QT);\ .

While the comparison theorems use filtration (3), we are interested in the modified Adams—
Novikov filtration because it is amenable to computation.

1.3. Computing the MANSS. We study the modified Adams—Novikov spectral sequence
(MANSS), the spectral sequence associated to the modified Adams—Novikov filtration as
discussed in the previous section. Computing this spectral sequence is relevant because, in
many cases such as ours, computing the homotopy groups of a construction of the form (*)
boils down to computing the spectral sequence associated to the filtration in question; see
[BHS23, Theorem A.1].

The MANSS is an RO(G)-graded spectral sequence which is a kind of mixture of the
(non-equivariant) Adams—Novikov spectral sequence (ANSS) and the homotopy fixed point
spectral sequence (HFPSS), and as such is very amenable to computations.

We introduce the following tools for computing with the MANSS:

(1) In Section 4.1, we introduce a pair of double complex spectral sequences which converge
to the Fs-term of the p-primary MANSS:

L % 4

(BN (GIH) =Bxt(iyy ) (MU HY(H; (MU,), 57 X)) = Y E(x)(G/H),

k%, %

7 MANSS
7 EQ

(G/H) =H"(H; Ext(yr, ), (MUp)x, (MU,), 57" X)) = EyY(X)(G/H).
(2) We show these double complex spectral sequences collapse in the case where X is
the Borel completion of a genuine Cy-spectrum which is MUg-projective (i.e. its
MUg-homology is free on a set of generators in degrees which are multiples of p). We
give a complete computation of the Eo-term of the 2-primary MANSS for such spectra
in terms of the ANSS FEs-term of the underlying non-equivariant spectrum X°, in a
manner that mirrors the computation of the Fo-term of the Cy-effective slice spectral
sequence for M Ug-projective spectra [BHS20, Thm. 5.6].
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(3) In Section 4.3 we show that these double complex spectral sequences also collapse
in the case where X is a Borel Cy-spectrum with trivial Cy-action and torsion-free
MU-homology. In this case, the MANSS converges to

Co F((ECQ)+,X) = Wz(F(Pjoon))’

Titjo
and we give a complete computation of the MANSS Fs-term of such spectra in terms
of the ANSS Es-term of X, which is different from (2), where the generators are now
parameterized by the cells of the associated stunted projective spectra.

For X as in (3) with MU-homology concentrated in even degrees, we introduce a complex
motivic lift of the MANSS (the motivic MANSS)

MANSS J*,
motE: ¥ *(VCX)

in which X is replaced with the motivic lift vc(X) € SH(C);2 and the stunted projective
spaces Pfo are replaced with the motivic lifts I/(C(Pfo). We have

MANSS R . MANSS 'S -1
motEI:< *(X) = rnotva>1< ¥ *(V(CX)[T ]

We prove the following theorem.

Theorem (Theorem 4.4.16). The motivic MANSS

ANSS ]
AT ER ¥ 7% (1o (X) ® C)

,
is isomorphic (after reindexing) to the accelerated algebraic Atiyah—Hirzebruch spectral
sequence (AHSS)

AHSS k,s,t

ng/sz—2
acc,algEl ’ ! ))

() 2m
(x5 = Bxty o (MU, MU, (X — lmExt}f, o (MUy, MU (X7 ))
* m *

obtained from filtering Pjoo by its even skeleta.'

The significance of this theorem is that the differentials in the algebraic Atiyah—Hirzebruch
spectral sequence are computable in terms of the attaching maps of Pfo. We can then employ
the zig-zag of spectral sequences

(1.3.1)
MANSS s jo, MANSS s jo, MANSS s jo, -1
ot Eori 7 (e (X) ® O7) = M Eari 77 (e (X)) — M e Bari " (ve (X)) 771

AHSS %%, P MANSS %, %+j
acv:,aulgE:< * *(X] ) E2r+1JU(X)

to lift differentials from the algebraic AHSS to the MANSS.
For any G and X we observe that the restriction map

T (X™) = my(X)

induces a map of spectral sequences

(1.3.2) MANSSE:,*(X) . ANSSE:,|*|(X)

from the MANSS to the Adams—Novikov spectral sequence of the underlying non-equivariant
spectrum X (Corollary 4.1.5). This gives another means of determining MANSS differentials.

IBecause the filtration is by even skeleta instead of skeleta, we refer to this spectral sequence as the
accelerated algebraic Atiyah—Hirzebruch spectral sequence.
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1.3.1. Computational examples. We end this paper with some explicit computations of the
MANSS.

e In the case of G = Cy, p = 2, and X = koc,, we show that all of the differentials
and multiplicative structure in the MANSS for koc, can be deduced from (1.3.1) and
(1.3.2). This recovers the main generating differentials in the Cy-effective slice spectral
sequence determined by the fourth author in [Kon23].

e In the case of G = C3, p = 3, and X = tmf(2), the MANSS agrees with the RO(C3)-
graded homotopy fixed point spectral sequence for tmf(2). Following [HHR11, HSW23],
we extend the RO(C3)-grading to an RO™ (C3)-grading which includes the “spoke
sphere” S”. Wilson computed the slice spectral sequence for tmf(2) in [Wil17]. We
record an observation of Senger, that the pg-orientation of tmf(2) [HSW23], the
Hill-Hopkins—Ravenel norm, and known differentials in the integer graded homotopy
fixed point spectral sequence (which is closely related to the decent spectral sequence
for tmf(3)) completely determine the structure of the RO” (C5)-graded MANSS.

1.4. Future work. In future work, we plan to investigate how to extend our deformation
§ﬁi§; of Spg,G to a deformation SHaérfp of Spg ;pp- Let ngp denote Décev'pOSt(M Up[G]®'+1).
In the case of G = (), the idea would be to define the desired filtered Cp-spectrum I'c S, as

a pullback

e, S, ——T¢ ay'S

D D
def —1def
Sc,.» ray Sc,p

where ay is the Euler class of the 2-dimensional representation of C), given by rotation by 27 /p.

This would require the construction of a suitable filtration Fqchpangp of the geometrically local

sphere aKISp which maps to the localized filtration axlSdCf’p.

In the case of G = (s, this amounts to understanding the a-localization of the R-motivic
sphere in the Artin—Tate category. Unfortunately, this is the one object that the authors of
[BHS20] flag as very mysterious, so the proposed program will encounter significant challenges.
Nevertheless, the completion of this program would yield a notable application. The “G-
effective slice spectral sequence”

B (TgX)
associated to the filtered object I'¢ X would potentially allow for much of the computational
payoffs of the hypothetical odd primary analog BP, of BPg discussed in [HHR11], while
circumventing the need to construct BP, itself. Note that Hill-Hopkins-Ravenel [HHR11,
p.1-5] have suggested that if such a spectrum BP,, were known to exist, the its norm

Cp2
NC,, BP,,
could be used to resolve the 3-primary Kervaire invariant problem.

1.5. Organization of the paper. In Section 2, we introduce the foundations of filtered
spectra which will be used throughout the paper. We end this section with our definition of
complete artificial motivic spectra.

In Section 3, we recall the construction of the Cy-effective slice spectral sequence. We then
define, for E an arbitrary ring spectrum, the F-modified Adams spectral sequence. We prove
that this modified Adams spectral sequence is actually the Adams spectral sequence based on
the Borel G-spectrum E[G]. The modified Adams—Novikov spectral sequence (MANSS) is
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the instance of this spectral sequence where EE = MU,. We finish this section by proving that
the Borel completion of the Cy-effective slice filtration is the even Postnikov décalage of the
MANSS filtration.

In Section 4, we introduce our main computational tools. We define the double complex
spectral sequences, and compute their Fo-terms. We then consider for G = (5 the special case
when X is the Borel completion of an M Ug-projective Cy-spectrum (see Definition 3.1.3), and
the special case when X has a trivial Cy-action. We define the motivic MANSS, and show
that mod 7, the motivic MANSS is isomorphic to the algebraic Atiyah—Hirzebruch spectral
sequence.

In Section 5, we apply our methods to completely compute the MANSS in the case of the
Cy-spectrum koc,, and the Cs-spectrum tmf(2).

1.6. Conventions and notation. Throughout, we will use the theory of oco-categories (quasi-
categories) as developed by [Joy02, Lur09, Lurl7]. Since the nerve functor from 1-categories
to oo-categories is fully faithful, we will not include this functor in the notation. We will
also refer to oo-categories simply as categories from this point onwards. Throughout, G will
denote a finite group. We use the following notations:

7 (Z, <) as a partially ordered set

7° 7 as a discrete category

¢t Fun(Z°?,C)

cer Fun(Zé, C)

pr* the category of presentable categories and left adjoints

prhst the category of presentable stable categories and left adjoints
Sp, Spas SpBG the category of spectra, genuine G-spectra, Borel G-spectra
SH(k) Morel-Voevodsky oo-category of motivic spectra over k [MV99]
C; oo-category of modules over the p-complete unit in C

® symmetric monoidal product in the category at hand

Ext® (MU,), X) Extfpr)*MUp((MUp)*, (MU,)+X)

Recall that a presentably symmetric monoidal, stable category is an object in the cat-
egory CAlg(PrL’St). We follow [BHS20, p.16] and use the following conventions: ‘Given
Ce CAlg(PrL’St), let C,, denote the category of p-complete objects in C. For D € {C, ¢t CGr}

and C € {Sp, Spg, SpBG}, let X,, denote the p-completion of X € D and let D;, = Mod(D; 1,)
denote the category of modules over 1,. When working in one of these categories D;,, we
will write ® for the symmetric monoidal structure ®; . We use this convention in Definition
2.4.6, Proposition 2.4.7 and throughout Section 3.1, Section 3.4, Section 4, and Section 5.
Note that we still use the symbol ® g to mean the (underived) tensor product in the category
of modules over a discrete ring and we use ® to mean the usual tensor product of (graded)
abelian groups in these sections. We expect that the meaning is clear from the context. We
also write Xg for Bousfield localization of a spectrum X at a spectrum F.

We write map, for the mapping spectrum of a stable category C or simply map when the
context is clear. Similarly, we write Map, for the mapping space of a category C and Map
when the category C is clear from context. If C is D-linear for some D € CAlg(Pr™*") we
write mapé)(—7 —): C°? X C —» D for the mapping object in D of the category C or simply
map~ when C is clear from the context.

For X € Spg, and V € RO(G), we write

i (X) =[S, X1 = m((=7 x)™)
7
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for the RO(G)-graded H-equivariant homotopy groups of X. As H-varies, these form a
Mackey functor, which we denote
Ev(X ).

For X € SpBG, we will similarly define
H, h -V \hH
Ty (X7) = m((Z X)),
and we denote the associated Mackey functor
h
Ev(X )

We shall write {Eﬂc "™} to denote a spectral sequence valued in abelian groups, and {EZ”} to
denote a spectral sequence valued in G-Mackey functors. Given a spectral sequence {Ef"}

valued in Mackey functors, we will write {Ef "™} (removing the underline) to denote the value
of the spectral sequence of Mackey functors at G/G:

E" = BIM(GIG).

1.7. Acknowledgements. This project was begun in May 2021 at an American Institute of
Mathematics workshop Equivariant techniques in stable homotopy theory and finalized during
a SQuaRE at the American Institute of Mathematics. The authors thank AIM for providing
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work supported by the U.S. National Science Foundation under award No. DMS-2005476,
DMS-2204357, DMS-1926686, and DMS-2506564. % The fourth author was supported
by “the Fundamental Research Funds for the Central Universities” No. 226-2025-00092
(China). The authors thank Andrew Senger, for generously sharing his computations of
the RO}(C’p)—graded homotopy fixed-point spectral sequence of Ej,-1). The authors also
benefited from conversations with Benjamin Antieau, Robert Burklund, Jeremy Hahn, Mike
Hill, Max Johnson, and Noah Riggenbach.

2. FILTERED OBJECTS AND DEFORMATIONS

Throughout this section, let C be a presentably symmetric monoidal, stable category and
assume C is generated by a set S of compact dualizable objects. In this situation, we say that
the set S rigidly generates C.

2.1. Filtered objects. Here we summarize results about filtered and graded objects in C,
denoted €™ and ¢ (see Section 1.6). By our running assumptions on C, we know that

C’FH,CGr € CAlg(PrL’St) where we equip each of these categories with the Day convolution
symmetric monoidal structure [Day71, Glal6]. There is an associated graded functor

G o CGr’
which is symmetric monoidal [GP18, Theorem 1.13]. Given a filtered spectrum A, we define
A(—i), such that A(-i); = Aj,,;. Letting 1¢ denote the unit of the symmetric monoidal
product on C, we write X°1,(—t) for the s-th suspension of the symmetric monoidal unit

shifted by ¢ and note that the homotopy groups in the category of graded objects in C are
bigraded in the sense that for A € CGr,

T+ A = momap(X 1o (—t), A).
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If C is Spg-linear, we have a functor

map™ (=, =) = € x C = Spg

and ¢ and C°" are also Spg-linear. Note that since C is tensored over Sp; we can can tensor
with representation spheres to produce »Wx :=8" ®X for any X € C. We can therefore

consider the RO(G) X Z-graded Mackey functor valued homotopy of A € ¢ with value
Ty A= Zomapspc(zvlc(—t), A)
at (V,t) € RO(G) X Z.

Construction 2.1.1. Given an object I € CFﬂ, the spectral sequence associated to the filtered
object I is the spectral sequence that comes from applying 74 (—) = 7, map(l¢, —) to the
tower of cofiber sequences

In In+1
In/In+1 In+1/In+2

where I,,/I,,41 = cofib(I,41 = I,,). If I, = 0 then we say I is complete and the associated
conditionally convergent spectral sequence has signature

EMM(1) = 7, (Gr' ) = 71,10
where I_,, is the colimit. The differentials take the form
d: BI" o gt
We will also use a variant of this construction for Spgs-linear categories. Suppose C is

Spe-linear and I € ¢, When T, oo = 0 then we say I is complete and there is a conditionally

convergent spectral sequence of Mackey functors with signature
E{’V = EV(GrfI) = 71,1 .

The differentials take the form
d,: EZ,V _)EfH”,V—l‘

One source of filtered objects comes from cosimplicial objects. Given a cosimplicial object

X' :A-C
we get a filtered object {fil,, X"} by taking
(2.1.2) fil, X* = fiber(Tot X* — Tot,_; X ")

(where by convention, we define Toty X * to be trivial if k is negative). The associated spectral
sequence is then the Bousfield-Kan spectral sequence, which we will denote:

EXM(X®) = E"(fil,X").

Remark 2.1.3. Our indexing convention differs from the standard indexing convention for
the Bousfield—Kan spectral sequence. To illustrate this, suppose that F is a flat homotopy
commutative ring spectrum, and that X is a spectrum. Then (with our indexing convention)
the F-based Adams Spectral Sequence (E-ASS) for X is the spectral sequence associated to

®*+l @ X with
s,8+n

the cosimplicial object E
E-ASS

where X7 := Tot E®**' ® X is the E-nilpotent completion of X.

9
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Suppose I and J are filtered objects. Let I ® J denote the Day convolution [Glal6];
concretely, this is

(2.1.4) (I®J), =colimI; ® J;
1+)zn
on objects.

Lemma 2.1.5. Let d{ and di], respectively, denote the d; differentials in Construction 2.1.1
associated to the filtered objects I, J. Then we have

(2.1.6) G"(IeJ)= P Gr're Gy
i+j=n
and whenever
x®y € im (WS(GriI) ® WS(Ger) — @ WS(GI‘il ® Ger))
i+j=n

we have

i® (z®y) = di(z) ey + (-1)"z @ d] (1).

Proof. Equation (2.1.6) follows from the fact that the functor

ar': ¢ - ™
is symmetric monoidal [GP18, Theorem 1.13] (see also [AKSI18, Theorem 3.3.10]). For the
statement about d{&], we first claim that if z € m4(Gr'] ® Gr’.J) then

(2.1.7) di(2) € mg(Gr' ' T ® G’ J) @ 7, (Gr'T ® G/ ™ 7).
To see this, let P; ; denote the pushout in the diagram

Fil

Iiy1® Jjy1 — [;® Jjpq -

| |

Liy1® Jj———F;

There is a map of cofiber sequences

(2.1.8) 2T Gr'l e G g P I;® Jj

l | |

»! P GrI® Gr b7 -2 colim 1, ®Jb—>cohml ® J

a+b=n a+bzn+1 a+bzn

for each pair of integers 7, j such that i + j = n (see [AKS18, Lemma 3.3.1]). The diagram
(2.1.8) shows that the image of P, ; is in the image of the inclusion

G recr Ne (Gr're G ) - Gt (I @ )
proving (2.1.7). Moreover, the diagram

> Gr' e G g P, colim I, ® Jj

a+bzn+1

+1
10
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commutes (see [May01l, Lemma 4.7]) and so, writing di for the map of spectra inducing the
map d{{, we have

HA®J

di®’ = dl ®@id +id ®d; .

Finally, naturality of the map
TrS(GriI) ® WS(Gl“jJ) — @ 7I‘S(G1”i[ ® Ger)
i+j=n
gives rise to the desired statement, where the sign comes from the natural isomorphism

slarre = arre e, O

2.2. Tower functors. Fix a finite group G and a category C € CAlg(Pr™*").

Definition 2.2.1 ([BHS20, p. 71]). A tower functor in C is a lax symmetric monoidal functor
T:C-c™
Next we recall two examples of tower functors that come from different families of truncations
of Spg, namely those arising from the regular slice filtration and the Postnikov filtration.

Definition 2.2.2 ([Ull13]). Let SpSth:n denote the coreflective subcategory of Sp; generated

by the set {G4 Ay S°2 k} where H is a subgroup of G, py is the regular representation of H,
and |pg|k = n. The associated functor
Fil
Pt Spe, = Spe,
is a tower functor (see [BHS20, Construction 4.2]). Similarly, Py, is a tower functor called
the even slice tower.

Definition 2.2.3 ([HY18]). Let Spg?s;n denote the localizing subcategory generated by

Gy Ay S* for H a subgroup of G and k = n. The associated functor

T>e* Sp02 - Spglgl
is a tower functor. Similarly, T-9. is a tower functor called the even Postnikov tower. This
follows because it is a t-structure that is compatible with the symmetric monoidal structure
(the full subcategory Spgoszto clearly contains the symmetric monoidal unit and is closed under
the symmetric monoidal broduct (see [Lurl7, Remark 2.2.1.2])).

The following result will be useful later.

Lemma 2.2.4. There is an inclusion of subcategories Spg(;s‘;n c Spscl~1;ezn Consequently, there

is a natural transformation of tower functors

T>e — P.,.

After postcomposing with the functor (=)°: Spg;l

equivalence.

Fil . .
— Sp ", this natural transformation is an

slice

Proof. We check the generators of Spgzs’tzn are in Sp¢, »,,. By definition, we have Cy, ® s* e

szlwi;’in, for all k > n. Tt suffices to show S* € Spsclvz:in for all £ = n. Since a localizing

subcategory is closed under suspension, it suffices to show S" € Sps’clvl;‘;n For n =1, this is

implied by the cofiber sequence
Cos AS' = 5" = 5.

The case for larger n follows from the multiplicative relation [Ull13, Cor. 4.2].
The underlying equivalence follows from the fact that both filtrations forget to the classical
Postnikov filtration on underlying spectra. O
11
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Remark 2.2.5. Recall that there is a map a: S™7 — S in Spc, called the Euler class with
the property that completion at a

(=)a: Spe, — Spe,

agrees with the cofree functor F(ECy,, —) sending a Cy-spectrum X to its underlying Borel

Cy-spectrum. We also note that we can identify the essential image of the functor (—)2 with
BC,

the category of Borel Cy-spectra Sp~ ~.

Lemma 2.2.6. Let f: X - Y be a map in Spc,. If f is an underlying equivalence, then f
induces an equivalence between the a-completions fi: X — Y.

Proof. Since a-completion is equivalent to the cofree construction
F(ECy,,-): Spe, = Spe,,

it preserves weak equivalences (see, e.g. [HM17, §2.2.1]). The result follows since the essential

image of the functor F(ECs,,—) = (=)5 is SpBC2 whose weak equivalences are detected by
the underlying spectra. (I

We therefore have the following corollary of the last two lemmas.

Proposition 2.2.7. There is a natural equivalence of tower functors
(Ts0(=))a — (P2a(=))at Spg, = (Sp
Fil

Proof. By Lemma 2.2.4 and Lemma 2.2.6 it suffices to check that the functor (=)5: Spc, —
Spg;1 is lax symmetric monoidal. Since (<)) = F(ECs,,-): Spg;l - (SpBCQ )F11 is right
adjoint to inclusion, it suffices to show that the inclusion functor is symmetric monoidal,
which is evident. g

2.3. Décalage. We described (2.1.2) how to associate a filtered object fil,(X*) to a cosimpli-
cial object X°. We now describe how a tower functor allows us to associate a different filtered
object (the “T-décalage” filtration).

Definition 2.3.1. Given a tower functor T: C — CFH, and a cosimplicial object X° € CA,
the T-décalage of X° defined to be the filtered object given by

Déc’ (X°) = Tot T(X").
For example, if T' = 7»,, then DécT(X°)w = Tot; TZin.

Notation 2.3.2. We refer to the P.,-décalage as the slice décalage (Décsnce) and the 7s.-

décalage as the Postnikov décalage (Déc” OSt). We refer to the Pso,-décalage as the even slice

décalage (DéceV'Slice) and the Ts9,-décalage as the even Postnikov décalage (Décev'pOSt).

Remark 2.3.3. The Postnikov décalage described above corresponds to “classical décalage”
on the filtered object fil, X" via the Beilinson t-structure. See [GIKR22, Rmk. 3.7] for a
discussion of this point.

Postnikov décalage has the effect of shifting the pages of the associated spectral sequences.

Theorem 2.3.4 (Hedenlund [Hed20, Thm. I1.3.2]). Suppose X ° is a cosimplicial spectrum.
There is a page-shifting isomorphism of spectral sequences
B (X®) = B (Dé (X)),
12
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Finally, suppose that X° is a cosimplicial spectrum with 7, X* concentrated in even degrees.
Then E"(X") is concentrated in degrees where s + n is even, the associated graded of the
Postnikov décalage of X* is concentrated in even degrees, and we therefore have

s+n

(23.5) By (X*) = By (Déc”™(X°)) = B, 2 (D™ P (X)),

2.4. Deformations. Here we present our deformation of Borel G-equivariant stable homotopy
theory. We will see in Section 3.4 that this gives a different presentation of the a-complete
Artin—Tate real motivic stable homotopy category. We will also demonstrate in Section 4 that
this perspective is useful for computing RO(G)-graded homotopy groups of Borel G-spectra.

First, we need to define a deformation of an object in CAlg(PrL’St).

Notation 2.4.1. Given a C""-algebra D in CAlg(Pr™™), we write 1p(i) = 1p ® 1c(2).
Definition 2.4.2 ([BHS20, Definition C.14]). A deformation of C is a diagram

def

C
N
C i > C

in CAlg(PrL’St) such that
(1) there is a map
it Z — ker moPic(Re)
of abelian groups sending n to 1pdet(n)
(2) the map
Mapedet (1 edet (i), Teaer(5)) = Map(1le, 1¢)
induced by Re is an equivalence for all integers i < j.

(3) the category ¢l is rigidly generated by a set {c(X,)(7)} where C is rigidly generated
by the set {X,}.

Finally, we define our deformation of Borel G-spectra. Though this definition is currently
unmotivated, our project in the next two sections will be to motivate this definition by showing
that it recovers a suitable completion of the Artin—Tate R-motivic stable homotopy category
(see Section 3.4) and that it is useful for computations (see Section 4). First, we define an

object in CAlg(Spgﬂ). This will involve the E-based Amitsur complex

(2.4.3) E=—= E¥ =} ...

which is the standard cosimplicial spectrum whose totalization is the E-nilpotent completion
S% and associated Bousfield-Kan spectral sequence can be identified with the F-based Adams
spectral sequence.

Remark 2.4.4. Given an associative monoid F € SpBG, then the functor DéchSt(— ® E®°+1)
given by the Postnikov décalage of the functor —® £ e+l g again a tower functor (see [BHS20,
Construction C.9]).

Notation 2.4.5. Given an associative monoid E in G-spectra, we write E[G] = E ® G, for
the group ring, which is again an associative monoid in G-spectra.

13
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Definition 2.4.6. Let Sdgei, s= Décev'pOSt(MUp[G]®°+l) be the even Postnikov décalage of

the MU,[G]-based Amitsur complex (2.4.3) in the category SpiG. Define the category of
complete artificial motivic spectra to be

gt BG\Fil def
SHe;, = Mod((Spi, ) ;S p)-

ip
Proposition 2.4.7. The category gﬁgtp is a deformation of Spg)G.

Proof. This follows directly from [BHS20, Proposition C.2] and Remark 2.4.4 using F =

BG\Fil

Déc™ P (- ® MUp[G]®'+1). The fact that S%e; is a commutative monoid in (Sp;,

follows from the proof of [PP21, Theorem 5.64], which generalizes verbatim to Spg,G. (|

3. A TALE OF TWO SPECTRAL SEQUENCES

Work of the fourth author [Kon23] demonstrated the utility of the Co-effective slice spectral
sequence for computing Cs-equivariant homotopy groups. In this section, we give a new
perspective on the Cy-effective slice spectral sequence. Specifically, we construct the modified
Adams—Novikov spectral sequence (MANSS), which is useful for computing the homotopy
groups of Borel G-spectra for any finite group G. In the case of G = (5, we compare this to
the Cy-effective slice spectral sequence.

One advantage of the modified Adams—Novikov spectral sequence is that the differentials
can be computed from the classical Adams—Novikov spectral sequence for the underlying
spectrum and the equivariant attaching maps for EG. When X is a Borel G-spectrum with
trivial action the differentials in the MANSS can often be deduced from the attaching maps of
BG together with the differentials in the Adams—Novikov spectral sequence for the underlying
non-equivariant spectrum X°. We illustrate this phenomenon in Section 5.

3.1. The Cs-effective slice spectral sequence. Recall that we have the Cy-equivariant
Betti realization functor from the R-motivic stable homotopy category:

Bec,: SH(R);2 = Spc, jo-

The Cs-effective slice spectral sequence [Kon23] is the spectral sequence associated to the
filtration we now define. Suppose X = Bec,(X). There there is an effective slice filtration

Co RIFL X - X S
in R-motivic homotopy theory [Voe(02] with filtration quotients
sp(X) = A17X /6151, X
We call the Ca-Betti realization of this filtration the Cy-effective slice filtration of X associated
to X. The Cy-effective slice filtration gives a functor
. Fil
ix * SH(R);2 = Spc, 0
X - Beg, (A1 X).
Slice décalage of the MUy o-based Amitsur complex gives another functor valued in filtered
Cy-spectra:
Fil
Tk 2 Spe, .2 = SPey.i2
X - Décev.slice (X ® MU§73+1) ‘
The main theorem of [BHS20] is the following.
14
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Theorem 3.1.1 (Galois reconstruction). The functor
. AT Fil .
(3.1.2) ix : SH(R);9 — Mod(SpC;’iz;z*SRyg)
is an equivalence, and there is an equivalence
i+Sg2 = I'rS¢;, 2-
It follows that when restricted to Spc, ;2, the functor I'g actually takes values in
Fil .
Mod(Spc, i2; i+Sk.2)
and the composite
—1 AT
VR =iy ©I'r :Spg, 2 = SH(R);
is a section of the functor Bec,. Given X € Spc, ;9, the Cy-effective slice filtration of X
relative to vr(X) is the filtered spectrum I'r X. Therefore we shall refer to the filtration I'g X
of X simply as the Cy-effective slice filtration of X (without reference to the motivic spectrum
vr(X) the Co-effective slice filtration is taken with respect to).

The Cy-effective slice spectral sequence for X associated to X is the RO(Cy) X Z-graded
spectral sequence associated to the filtered Cy-spectrum i, X and it has signature

Co-ESSS f,V =
TS = 1y Bec, (54(X)) = @, X.

In the case where X = vr(X), we shall simply refer to this spectral sequence as the Cy-effective
slice spectral sequence of X (C3-ESSS), and the Ej-term can be identified with

7, Gr' (Tr(X)).

One of the most attractive aspects of the Cy-ESSS is the computability of its Fo-term for
the class of M Ug-projective spectra. Recall the following definition from [BHS20].

Definition 3.1.3. A spectrum X € Sp¢, ;o is MUg-projective if MU o ® X is a retract of a
Cy-spectrum of the form @@, X" MUy ».

For example, the 2-complete sphere is M Ug-projective. The following theorem explains
how the Es-term of the Cy-ESSS for an M Ug-projective X € Sp,, surprisingly only depends
on the Adams-Novikov E,-term for the underlying non-equivariant spectrum X° € Sp,,.

Theorem 3.1.4 (Burklund-Hahn-Senger [BHS20, Thm. 5.6]). Suppose that X € Spg, ;o is
MUg-projective. Then the Fq-term of its Cy-ESSS is given by

Cy-FSSS f,V 2
2 E{ (X) = @Exts T((MU)(X) ® Ty _fprsLs).
S

3.2. The modified E-based Adams spectral sequence. Given X € SpBG, and an
associative monoid F in SpBG we can form the E-based Adams spectral sequence of X. Let
E denote the fiber of the unit map E = fib(S = E). We can then construct the standard
FE-based Adams resolution

X(—E@X(—EM@X(—E@:%@X%...

E®X EQE®X E®E ®X EQE ®X

of X. We view this as a filtered spectrum
FpX ={-- —>E®2®X—>E®X—>X=X=...} c (SpBG)Fil
15
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Let

Xp = Tot(E*" ® X)
be the totalization of the E-based Amitsur complex tensored with X (2.4.3). If the map
X — X7 is an equivalence, we have

ImTg(X), =0
S
Of course, we always have
colimI'g(X), = X.
S

Next, we will set up the homotopy fixed point spectral sequence so that it also conditionally
converges to the colimit. Define

EG™ = |skyB.(G, G, %)

where B,(G, G, %) is the usual two-sided bar construction whose geometric realization is EG.

Let EGUY = @ by convention. The homotopy fixed point spectral sequence of X € SpBG is

the spectral sequence associated to the tower
F(EGY, X) « F(EGY, X) « F(EGY, X) « -

. e el BG .
whose inverse limit in Sp~  is X.
We will explicitly describe the decreasing filtration of X which gives rise to this tower.

Write EG™ for the cofiber of the collapse map
BGlY - s°.
Then there is a cofiber sequence
F(EG®, X) » X - F(EG, X).

It follows that the homotopy fixed points spectral sequence computing 7, (X') arises from the
following decreasing filtration of X:

X+ FECY X)e— FECY,X) — .
(3.2.1) l l l
FEGY X) FEGN 1EGY, x) F(EG? 1EGY, X)

Here, the filtration quotients in this diagram are computed using the diagram of cofiber
sequences

BGtY 'S y BEGtY
EGY v S s BEG
(3.2.2) J ’ l ’ l

EG 1 EGEY 5 0 —— EG®EGETY

which identifies E_lﬁG(S)/EG(S_l) with EG&S)/EGSS_H for s = 0. We regard this construction
as a functor
1-JL: Zop - SpBG.
16
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Specifically, set

h X for s <0
r (X)s = ~ (s-1)
F(EGy 7',X) fors>0.

This has been arranged so that limg Fh(X)S = 0 and colimy Fh(X)S = X. To see this, note
that since the map

EG, — S’
is a non-equivariant equivalence, the space EG is non-equivariantly contractible.

Now we mix these two filtrations in the following way. By tensoring the Adams resolution
for S with X, we produce the E-Adams resolution for X in SpBG. If we also filter X by the
filtration I""(X) as above then we produce an object

X, € Fun(Z® x Z°°, $p”%)

defined on an object (7,7) by

e x fori>0,7<0

(32.3) X, = )—(m o fori<0,5=<0
’ E ®F(EGY 7,X) fori>0,j>0

FEGY™. x) fori<0,j > 0.

Note that X, 4 is simply the exterior tensor product I'g(S).® Fh(X)..
We then consider the Day convolution

(X )e = Tp(S)e ® T"(X)..

By definition, F%(X )e is the left Kan extension in the diagram

Xenm
ZopXZOp LI BG
l, ///////Z
Z h( -

and it is explicitly defined on objects by
PE(X)s = (Tp(8)s ® I (X)), = colim I'p(8), ® " (X),.
a+bzs
Unpacking this, we compute that

ifs<0
colim B @ F(EGY ™, X) if s> 0.

a+bzs

(3.2.4) Th(X), =

Let N°? denote the full subcategory of Z°Y generated by the nonnegative integers and let N’
denote the category whose objects are nonnegative integers and whose only morphisms are
the identity maps. By Lemma 2.1.5 we can identify
(3.2.5) cofib(Th(X) g1 = Th(X),) = (P E@E™ © F(EGY |EGY ™, X),

a+b=s
Notation 3.2.6. For x € RO(G) we write * = * + ¢ where * is the virtual dimension of %
(representing a sum of trivial representations), and ¢ is a virtual representation of virtual
dimension 0.

17
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Using this notation, we have a RO(G) X Z-graded spectral sequence with signature

FUASET(X) = P me (BB @ F(EGY [BGY X)) = 1,,,(XE)
a+b=s
where
(3.2.7) X o= 1im X /T (X),.
S

We shall refer to this spectral sequence as the modified E-based Adams spectral sequence

(E-MASS) for X. If X € Spg, then abuse terminology and refer to the E-MASS for X" as
the E-MASS for X.

3.3. The E-MASS as a generalized Adams spectral sequence. The following lemma
will be useful for identifying certain filtration quotients.

Lemma 3.3.1. There is an equivalence
F(EGY 1EGY Y s) ~ s[G] e S[GT
where S[G] := fiber(S — S[G]).
Proof. By definition, EGH® = |skpBe (G, G, *)|. Consequently, there is an equivalence
F(EG™M | S) = Tot)(F(B.(G, G, *),,S)).
By [MNN17, Proposition 2.14], there is therefore an equivalence
FEGH ) ~ cofibS[GT " = 5).

The lemma then follows from the diagram of fiber sequences

sier S FEGY )
sia” S FEGEY. )

l

®k

S[GT @ S[G] —— 0 —— F(='EGW 1 EGEV s).

0

Remark 3.3.2. When G = Oy, we have S[Cy] = S™7 := F(S’,S). To see this, note that there
is a fiber sequence

S 58" 5 Ca=S[0,]

_ k _
so S[C5] = S77, and the map S[C2]® =S 5 Sis simply a®. Consequently, by Lemma

3.3.1 we have equivalences

EC,H 1EC,EY ~ vh ey

for each k£ = 0.
Now we prove the main result from this section.

Proposition 3.3.3 (The E-MASS is a generalized Adams spectral sequence). The modified
E-based Adams spectral sequence for a finite group G agrees with the E[G]-based Adams
spectral sequence from the Es-term onwards.

18
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Proof. To prove this result, it suffices to prove that the filtered spectrum that we use to
construct the modified E-based Adams spectral sequence is in fact an E[G]-based Adams
resolution.

Since EG is finite, the modified F-based Adams spectral sequence for X is the spectral
sequence associated to the Day convolution

T (X)e = Tp(S)e ® T'(S). ® X.
(see Lemma 3.3.1). We therefore wish to show that
<+ > (Tp(S). ®T"(S)s ® X)1 = (Tp(S)s ®T"(S)s ® X)p = X
is an F[G]-injective resolution of X in the sense of [Mil81]. We need to check that
(1) there is an equivalence Gr" (T'g(S). ® Fh(S). ® X) = E[G] ® M for some spectrum
M and consequently, Gr" (T'(S)s ® I'(S). ® X) is E[G]-injective;
(2) the map
(Tp(S)e ® T(S)e ® X),, = CGr"(T'5(S)e ® T"(S). ® X)
induces a monomorphism after applying E[G ], for all n = 0 (note that the case n =0
is clear because (I'p(S), ® Fh(S). ® X); = E[G]).
The first part, follows from (3.2.5) since
—®a ——Q®b —®a < ~79b
334) (DEeE™es[@leSG] oX=E[G]le (D E”" oSG )ex

a+b=s a+b=s

for each s = 0.
To prove the second part, it suffices to show that the induced map

E[GL((T(S)e ® T"(S)s ® X)p11) = E[GLu((Tx(S). ® T"(S). ® X),,)

is the zero map. To prove this, we first observe that the source and target can be identified
with E[G]s applied a finite colimit. It therefore suffices to show that the maps
—®i _ —=—=®] —®i  —==%j-1
E[Gl«(E~ ®S[G] ") » E[G]«(E~ ®S[G] )

and

—®]’

—®i ®j —®i-1
E[GL.(E” @S[G]") - E[CL(E" ®5[G] )
are the zero maps, but this is the case because E®* ® S[G]®* is an S[G]-Adams resolution

for each i and E®* ® S[G]® is an E-Adams resolution for each j. O

Corollary 3.3.5. The E-MASS for X € SpBG conditionally converges if the underlying
nonequivariant spectrum X is E°-nilpotent complete

Proof. Tt suffices to show that the map
X - Tot B[G]**" © X

is a Borel equivalence, which amounts to showing that it is an underlying equivalence. This
follows from the hypothesis that X© is E°-nilpotent complete and the fact that

E[G] = (P E".
G
O

Corollary 3.3.6. If X € Sp; is a ring spectrum, the F-MASS for X is a spectral sequence
of algebras, and in general the E-MASS is a spectral sequence of modules over the F-MASS
for S.
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Proof. This follows from the fact that E[G] =~ F(2*G,, E). O

Corollary 3.3.7. The E-MASS for G = C5 agrees with the F/a-based Adams spectral
sequence from the Fy-term onwards.

Proof. This follows from the observation that Ca = S[C5] and Proposition 3.3.3. O

3.4. The MANSS and the Cs-effective slice spectral sequence. We now introduce the
main tool that we use this paper.

Definition 3.4.1. In the special case of Section (3.3) where E is the Borel spectrum MU, with
trivial action,” we shall refer to the M U,-MASS as the p-primary modified Adams—Novikov
spectral sequence (MANSS)

MANSS e () = D) x,,, (MU, ® MU, " @ F(EGY) [EGY ™, X)) = =, (X},
a+b=s

where X;\l/[Up is defined as in (3.2.7).

The following corollaries follow from the evident generalization of Proposition 3.3.3 to the
category Spg)G.

Corollary 3.4.2 (MANSS is MU,/a-based ASS). The p-primary MANSS for G = C; agrees
with the MU, /a-based Adams spectral sequence from the Ey-term onwards.

Proof. This follows from Corollary 3.3.7 by taking £ = MU,,. (|

Corollary 3.4.3. If X € Spg ;, is a ring spectrum, the p-primary MANSS for X is a spectral
sequence of algebras, and in general the p-primary MANSS is a spectral sequence of modules
over the p-primary MANSS for S,,.

Proof. This follows from Corollary 3.3.6 by taking E = MU,,. U

The following corollary of Proposition 3.3.3 begins to explain the motivation behind
Definition 2.4.6.
Corollary 3.4.4. In the category Spgi’lip there is an equivalence

Sty = D™ P MUL[G1®T ) = Déc™ P Ty, S,

We already showed that the 2-primary MANSS for the group G = Cy agrees with the
MU, [a-based Adams spectral sequence in Corollary 3.4.2. Therefore to compare the MANSS
with the C-ESSS it suffices to compare the MU, /a-based Adams spectral sequence to the
C5-ESSS. Since the MANSS is a spectral sequence in Borel G-spectra, it corresponds to an
a-complete p-complete filtered object in the Cy-equivariant category under the equivalence

A BG
(SpC’Q,ip)a = szp :

For the rest of this section we will work in the category Spg, ;,,, and objects of Sng will be
regarded as a-complete objects of Spe, ;-

Lemma 3.4.5. Let X € Sp¢, jo. For any i > 1, there is a natural equivalence
(3.4.6) (750 X) ® (Ca)®" = 7, (X ® (Ca)®).

2Here we work in the category SpZG so that all instances of ® should be interpreted as ®s,,
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Proof. Since 7s,, is closed under the operation — ® Ca, the existence of a map follows from

the fact that 7, is part of the data of a t-structure on SpBC2
For any Cy-spectrum Z, we have

1.(Z® Ca), k=n
0, otherwise

7(2), k=n

C.
s d 2 >n ZQC =
and 1" (Tan( a)) {O, otherwise.

T (T2n(Z ® Ca)) = {

By induction, we compute the right hand side of (3.4.6)

WZ(X ® (Ca’)®i_1)) at CQ/CQa

7, ((72,.X) ® (Ca) ) kzn s {WZ(X ® (C’a)m)a at Cy/e,

|0, otherwise.

m(ren(X®(Ca)®)) = |

The Mackey functor valued homotopy of the left hand side equals

(X ®(Ca)® ™), kzn

ﬂ;((TZnX) ® (Ca)@”"l), for Ca/Cp =4 " =7

my( (e X)0(C0) ) = (X ® (Ca)®), k=n

0, otherwise.

WZ((TZnX) ® (C’a)m), for Cy/e = {

Since Mackey functor valued homotopy detects weak equivalences and these identifications
are compatible with the Mackey functor structure maps, the result follows. ]

Theorem 3.4.7 (Comparison of C-ESSS and MU,/a-based ASS). Let X € Spg, ;5. There
is an equivalence of filtered objects in Sp¢, ;o

(D, ev. shce(MUﬂgaﬂ ®X));\ - Décev.post(((MUQ/a)caoH ®X))

Proof. This follows by the composite of natural equivalences
commute limits ®i+1

(h?lngn(MU[gZ;l ® X)): ~ h?l((P22n(MUR2 ® X));\)

Lem.2.2.4+Lem.2.2.6 ..
em Lhem hm((ngn(MUlgl;l ® X));\)

hmhm (T>2n(MUH§ZQ+1 ®X)® Ca®j+1)
J

dlagonal

lim (ngn(MUﬂ?’;l ® X)® Ca®”1)

Lem% 4.5 hm (T>2n((MU]R /a)®z+1 X))

shearing
=

lim (TZ%((JMUQ/OL)@’+1 ® X)).

Here the shearing isomorphism is the equivalence
MUR’Q/CL = MUQ/(Z

which follows from the fact that MU; and MUg 5 have equivalent underlying ring spectra.
The proof is then complete by Corollary 3.4.2. O

Associated to the a-completion of the Cy-effective slice filtration is the a-completed Cs-
effective slice spectral sequence
C5-ESSS f,
2SS phrte )t =1 (G TRX) = 7, (Xhw)-
The following corollary follows from (2.3.5) (note that the hypothesis that MU, (X°) is even
implies that the MANSS has no nontrivial d,. differentials for r even).
21
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Corollary 3.4.8. Suppose that (MUs)4(X°) is concentrated in even degrees. Then for r > 1,
there is a (page shifting) isomorphism of spectral sequences

MANSS C»-ESSS

n+o - 25 nto A
By (X) = E> (X))

We can now give the first evidence for why the category of artificial complete motivic
spectra is a useful deformation of Borel G-spectra.

Theorem 3.4.9 (MANSS Galois reconstruction). There are equivalences

=——art BCy\Fil ~def BG \Fil , . h AT
SHe, 2 = Mod((Spj, 2)" 5 SGa) = Mod((Spy, )" Déc P Ty, Sa) = (SH(R);3 )i

Proof. This follows from Proposition 2.2.7, Theorem 3.4.7, and Theorem 3.1.1. ([l

4. COMPUTING WITH THE MANSS

We compute the Fo-term of (p-primary) MANSS (see Definition 3.4.1) using double complex
spectral sequences in Section 4.1. We then specialize to the case G = Cy, p =2, G/H = Cy/Cy

and write

MANSS _ MANSS

E.(X):= E.(X)(C2/Cy).

We express the Ep-term using A** = Exts’Zt((MUp)*Xe) in two cases:

(1) when X is MUg-projective (Section 4.2), and
(2) when X has trivial Cy-action and (MUs,),X° is torsion free (Section 4.3).

In the first case, we show the MANSS relates to the ANSS and the Cy-effective SS; in the
second case, by studying a motivic version of MANSS, we relate it to the Atiyah—Hirzebruch
spectral sequence.

Assume z € A% (see Notation 4.2.8). In this section, we introduce the following notations.

Notation Degree Definition From

T (t,tp—s) Notation 4.2.14 Cy-effective SS
uzr (t,tp—s+1—0) | Notation 4.2.14 Cy-effective SS
() (s,tp—s) Notation 4.2.8 | double complex SS
(ux) (s,tp—s) Notation 4.2.8 | double complex SS
[z] (5,2t —s) Notation 4.3.6 compare AHSS
[uz] (s,2t —s+1—-o0,t) | Notation 4.3.6 compare AHSS
[z] (s,2t — s,t,t) Proposition 4.4.9 | motivic MANSS
[ux] (s,2t — s+ 1 —o0,t) | Proposition 4.4.9 | motivic MANSS

4.1. The Es-term of the M ANSS. Let X be an object of Spg,G. Recall from Section 3.2
that the Ej-term of the p-primary MANSS is

MANSS f,V
EM(X)= P 1y Zas
a+b=f

where
_ (a) (a-1) ——@b
Zavb—F(EG |EG ,X)®MUI,®MUP .

In other words, the Ej-term (B} (X), dllleNSS) is the total complex of the double complex

b ab™ «(Zap) whose horizontal differential d/fNSS: Ty Zap = T, Zgp+1 is the Adams-Novikov
fpss,

P W Zap = T, Zas1,p is the homotopy fixed point spectral
22
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sequence dy. We wish to compute the cohomology E; * of the total complex. There are two
double complex spectral sequences

a,b,x b a hf] ANSS MANSS a+b,x
(4.1.1) 1By N(X) = H'(HY (P 7, (Ziy),dy "), di ) = B (X)
1,7
a,b,* a b ANSS hfpss MANSS Ha+b,*
(4.1.2) nBy " (X) = H'(H (P r,(Ziy),dr ), dy ) = Ey7(X)
i,J

which come from filtering the double complex by ¢ and j, respectively [McCO01, §2.4]. We use
these spectral sequences to describe the Fo-term of the MANSS.

Proposition 4.1.3. There is an identification
[EYY(XN(GIH) = Ext? T H(H; (MU,)«(S77° ® X))).
In particular, the value of the Ey-term of the MANSS at G/e is

VANSS bV (XY (Gle) = Ext® V(D) (X9)).

Proof. Since EG(i)/EG(i_l) is dualizable, (MU, )4MU, is flat over (MU, )4, and MU, and
MU, have trivial G-action, we have:

Tro(Zis) = 2, (F(EGYV | EGY™ s7° & X) @ MU, ® MU, )

Lx+o

(4.1.4) =, (F(EGY [BG'™V,87° ® X @ MU,)) ®(uv,), (MU,)MU,) 0.

At the G-set G/H, this is (MUP)*MUSJ tensored with the Fs-term of a homotopy fixed
points spectral sequence, and so we have

®(MUp)xJ

a hf; a —i} —
H7,,(Zej))(G]H),d,™") = H*(H; MUL(S™"° ® X)) ®u,), (MU,)«MU,

*+0

This is isomorphic to the cobar complex
C(]}\ZUP)*MUP (HG(H’ (MUP)* (S—ZHO ® X)))

for the (MU, )« MU,-comodule

H(H; (MU,),(S7"° ® X))

and we obtain Iﬁg’b’*M(G/H) by applying d?NSS. In the H = e case, the double complex
spectral sequence collapses at ;E., because it is concentrated in degree a = 0. O

Corollary 4.1.5. The restriction to the trivial subgroup e < G gives a map of spectral
sequences from the value of the MANSS at G/H to the classical Adams—Novikov spectral
sequence. The induced map on Fy-terms is

MANSS b,V bb+|V e
5 (X)(GH) — Ext(yl”) o, (MU,)L(X)).

Proposition 4.1.6. There is an identification
nEy"" T (X)(GIH) = HY(H; Ext"™™" (MU,).(S™° @ X))).

Moreover, when X is M Up-nilpotent complete and the Es-term of the Adams-Novikov
spectral sequence for X is concentrated on the zero line, then this spectral sequence collapses
and we can identify the Ey-term of the MANSS with

EY"(GIH) = H(H;m,(27°X)).
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Proof. Starting with (4.1.4), we have
HESPT(X)(GH) = Ext” T (n, (F(EG |EG ™V, S7° @ X ® MU,)(G/H)))
= (Ext"""" (r (F(EG |EG ™ 87 ® X @ MU,)™)))

R

Ext""""" (m,((S[0]  S[G]”" @ 57° © X ® MU,))))"

13

(
(Ext" ™™ (MU,). (S[G1® S[GT ) ®(uu,), m(S™° @ X ® MU,))))"
(Ext"**"*"(HZ,(S[G] ®S[G] ) @ (MU,)(S° ® X)))"

—]®a

(HZ,(S[G]® S[G] ) ® Ext™ ™" ((MU,).(S™* ® X))))"

R

R

where the third line uses Lemma 3.3.1, the fact that the homotopy fixed points spectral
sequence computing the homotopy groups of the Borel spectrum collapses by H-freeness, and
the fact that H-fixed points is an exact functor on the category of free H-modules. The
last line is precisely the cellular chain complex computing the cohomology of BH with local
coefficients in the Z[ H ]-module given by the Ext group. Thus we have

nEYY(GIH) = HO(H; Ext™™ ™ (MU,).(S™° ® X))). 0

Corollary 4.1.7. The MANSS is independent of a choice of Adams—Novikov resolution. The
MANSS is also independent of the choice of S[ G ]-Adams resolution.

Proof. Given an Adams—Novikov resolution L, of X “ and a map of Adams-Novikov resolutions
M_U; ® X° - L,, Proposition 4.1.6 produces a map of double complex spectral sequences
that is an isomorphism on the Es-terms and satisfies the conditions of [Boa99, Theorem 8.3].
The second statement follows from the same argument using Proposition 4.1.3 and noting
that tower (3.2.1) may be regarded as a S[G]-Adams resolution of X. O

The reader will notice that the E5-terms in Propositions 4.1.3 and 4.1.6 compare to the
FEs-term of the homotopy fixed point spectral sequence. The following proposition gives a
relationship between the E-MASS and the homotopy fixed point spectral sequence.

Proposition 4.1.8. For a G-spectrum X, let hfpssﬂr denote the E,-term of the homotopy

fixed points spectral sequence, which is obtained by applying 7, to the filtration (3.2.1).
There is a map of spectral sequences given on E,-terms by
hfpssEs,V(X) = E-MASSES,V(X)

r ==r

Proof. For each a,b € Z satisfying a + b = n = 0, there is a canonical map
~ —b ~ —®b
F(EG, ® EG') X)) E —> colim F(EG.. ® EGW x)e E®.
a+o=n
Fixing b = 0, this gives a map of filtered spectra producing the map of spectral sequences. [

4.2. The case of M Ug-projective spectra. We now focus on the case of G = Cy and p = 2,

and let

MANSS _ MANSS

E.(X):= E (X)(C2/Cy).

If X € Spg, ;o is MUg-projective (Definition 3.1.3), then Theorem 3.1.4 gives a complete
computation of the Fi-term of the C5-ESSS. However, this does not immediately carry over
to a description of the Ei-term of the a-completed Cy-ESSS, which by Corollary 3.4.8 is the
E5-term of the MANSS. In this section, we will instead argue that the second double complex
spectral sequence

HEéz,b,n—j+ja(X) _ Ha(c2;Extb,b+n((MU2)*(Sj—jo' ®X))) N MANSSE121+b,n—j+jU

24

(X)



G. Angelini-Knoll, M. Behrens, E. Belmont, and H. J. Kong

for such X collapses. This method of computing the Es-term of the MANSS has the added
benefit of giving explicit meaning to the generators.

It is noteworthy that the property of being M Ug-projective is not preserved by a-completion.
Thus we are in the unusual situation of computing the Es-term of the MANSS, an inherently
Borel equivariant construction, by assuming the Borel equivariant spectrum has a genuine
equivariant lift which is M Ug-projective.

Remark 4.2.1. A similar analysis to that performed in this section can be used to prove the
other double complex spectral sequence ;E;"*™(X) also collapses at Ey for MUg-projective
X, but the resulting presentation of the Eo-term of the MANSS will be less useful for us.

We first identify the Es-term
By ") = HY(Cy Bt (MU) (877 @ X))

of the second double complex spectral sequence in the M Ug-projective case. The first task is
to identify the action of Cs.

Lemma 4.2.2. Suppose X € Sp¢, ;o is MUg-projective. Then the action of the generator of
02 on
Ext™* ((MU).(8"77 ® X°))
is multiplication by (—1)"*7.
Proof. Note that as MU, is given the trivial Cy-action, the action of Cy on
2t
Ext e, o, (MU2)x, (MU2)4 (X))
is induced from the action of Cy on the cosimplicial resolution
(4.2.3) X - MU @ X°
arising by the action of Cy on X°. By contrast, letting M U]EQ denote the underlying spectrum
of MUp o with its non-trivial Cy-action by conjugation, the cosimplicial resolution

(4.2.4) X = (MUE )" © X°

has a Cs-action coming from the diagonal action of Cy on (MUH%Q)S.+1 ® X°. We will write

(4.2.5) Ext(yrpre), aroe (MU 2)w, (MUR ) (X))

for the Eo-term of the associated Bousfield Kan spectral sequence as a Cy-module.
However, since the different Cy actions on the two Adams-Novikov resolutions (4.2.3)

and (4.2.4) cover the same Cs-action on X, the induced actions on F,-pages are the same.

We deduce that despite the fact that (M Ufm)*X € may not be equivariantly isomorphic to

(MU,y)4X€, it is nevertheless the case that there is an equivariant isomorphism

5,2t e\ 5,2t e e e
(4-2'6) EXtMU*MUz((MUZ)*a(MU2)*(X )) =EXt(MUDg)*MUE((MUR,Z)*a(MUR,2)*(X ))

Therefore, it suffices to show that the action of the generator of C5 on
2t i—jo
EXt?MUD‘i)*MUHz((MUIE,Q)*a (MUIE,Q)*(SJ e Xe))-
is multiplication by (—1)"*7. This follows directly from the M Ug-projective condition. To see
this, note that Cy acts on the underlying spectrum MU, of MUg 5 by complex conjugation.
Therefore, the generator of Cy acts on o, (MUg 2®S’™*7) by (1) (see [HHR16, Rmk. 5.14]).

O
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Remark 4.2.7. Lemma 4.2.2, and in particular isomorphism (4.2.6), may seem surprising at
first for, e.g., X =S, for it implies that

s,2t
Ext o, v, (MUz) s, (MUs) )

is an Fy-vector space for ¢ odd. However, this is actually true (see [Bur22, Cor. 2.6]).
Notation 4.2.8. For an abelian group A, we let
A[2] ={x € A : 22 = 0}.
Let X € Sp¢, ;o be MUg-projective, and define
A = Ext 2 (M), X°).
Then by Lemma 4.2.2 we have

(4.2.9) A% = 720y Bxt™

(MUy)4 (S ® X)) = By > ™*(X).

Given z € A**", we denote its image under (4.2.9) by (z). By Lemma 4.2.2, there is also an
isomorphism

(4.2.10) A**'12] = HO(Cy; Ext®
0,s s+l-o
_ ][E ,tp—s+

.2t (t+1)=(t+1)o

((MU2)«(S
(X).

® X))

Given z € A¥*[2], we denote its image under (4.2.10) by (uz).
Recall (see [HKO01]) that there is a subring (the “positive cone”)
Z[u?,a]/(2q) c 7$2HZ.

with |a| = —o and |u| = 1 — 0. The images of the elements a and u” in T HZ? induce
isomorphisms

Tl HZy = H " (She,) = H ¥ (Cy; HY(S®)) = Z[u™, a]/(2a).
There is an isomorphism

Zo[u?, a1/ (2a) = H*(Cos Ext?y, ) o (MUy)s, (MU)(85°))) = B3 ™ (Sy).

The elements u> and a detect the corresponding elements in

—-ESSS 0 *+0 MANSS —% k40

7T*+<>HZ2 2 EXt ((MUQ)* ® 7T*+<>HZ) (82)a = (S2)

in the second double complex spectral sequence. Therefore these elements are permanent
cycles in the double complex spectral sequence, and the second double complex spectral
sequence is a spectral sequence of modules over Z[uﬂ, a]/(2a). The following proposition is
an elementary immediate consequence of Lemma 4.2.2 using the well-known group cohomology
of Cy with arbitrary coeflicients.

Proposition 4.2.11. Let X € Spcwg be MUg-projective. As before, define

Then under the isomorphisms (4.2.9) and (4.2.10) we have

*® Z[u*?,a]/(2a)) ® (A**[2] ® Fy[u™?,a]).

), %,k

Corollary 4.2.12. For MUg-projective X, every element of E,"’ (X) is of the form

' (z) or uPa! (uz) for i € Z, j 2 0, and z € A® * (respectively z € A**[2]).
26

nEy (X)) =

E 8 4 (



G. Angelini-Knoll, M. Behrens, E. Belmont, and H. J. Kong

Our strategy for proving that the second double complex spectral sequence collapses will
be to produce elements in MANSSE; ’*(X ) which the generators in Corollary 4.2.12 converge
to. To do this, we will require the following “universal coefficient theorem”.

Lemma 4.2.13. For any torsion-free (M Uy )4 M Us-comodule N, there is a non-canonically
split short exact sequence

p L
%% * % VA *+1,%
0 — Ext (N) ®]F27EX1} (N/2)?TOI‘1 (EXt (N),FQ)HO
If N is an algebra in the category of comodules, then the short exact sequence is a short

exact sequence of modules over Ext™* (), and the splitting is a splitting in the category of
Ext™*(N)-modules.

Proof. The short exact sequence is easily deduced from the long exact sequence in Ext coming
from the short exact sequence

0o N3N N/2-0.

The splitting map p comes from choosing a splitting p' of the short exact sequence of free
abelian groups

k
0 Z*’* C*,*(N) y B*+1,* 0

where C**(N) is the cobar complex for N, and Z** and B** are the subcomplexes of
cocycles and coboundaries, respectively. The composite
I

p:CYY(N) = Z%" - Ext™™(N)

is then verified to be a map of cochain complexes, where the target is given zero differential.
The splitting map p is then obtained by applying H** (=) to the map of cochain complexes

n 1
C*H(N) ® Fy 225 Ext™ (N) @ Fy.

Now assume that N is a comodule algebra. Then the maps « and [ are easily checked to
be maps of modules over Ext™*(N). Because the module structure on Ext™*(N) ® Fy and
Ext™*(N/2) come from the maps of rings

Ext™*(N) - Ext™ (V) ® Fy = Ext™*(N/2),
the fact that p is a map of Ext™*(N)-modules follows from the commutativity of the following
diagram
Ext™*(N/2)
/

Ext™*(N) —— Ext™*(N) ® Fy P

T

Ext™*(N) ® F,
O

Notation 4.2.14. Suppose that X € Spg, ;5 is MUg-projective, and choose an element
T € ExtS’Qt((MUQ)*Xe). Let = denote the image of this element under the map

(4.2.15) Ext™™ ((MU,), X © m5* HZ) - PP g7 (x)
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induced by Theorem 3.1.4. By abuse of notation, we will also use T to denote the image of
this element under the map

(4216) CQ—ESSSEi,tp—s(X) - CQ—ESSSEi,tp—s(X)(/l\ = MANSSEs,tp—s(X).

Now choose a splitting ¢ of the short exact sequence

L

T

T @ Fy — Ext™ M ((MUy) 4 (X°)[2) — Torf (A% Fz) — 0

(4.2.17) 0— A
as in Lemma 4.2.13 (note (MUs),X° is torsion-free by the M Ug-projective hypothesis). For
z € A**'[2] = Tor?(A®* | Fy),

let uz denote the image of t(x) under the maps

Cy-ESSS titp—s+l-c

Ext’ "2 ((MUy) X¢ ® Fo{a}) = Ext™ "> (MUy) X° ® 7_, HZ) — E: (X)
and
CQ—ESSSEi,tp_S‘Fl—U(X) 5 CQ—ESSSEi7tp_S+1_U(X)2 = MANSSE;tp_éH—I_U(X).

Remark 4.2.18. Given z € Ext®™* ((MU,)sX®) of order 2, the element uz defined above is
not unique, as it depends on a choice of lift. However, the short exact sequence (4.2.17) implies

that any two lifts Tz and uz differ by an element of the form ay for y € Exts_l’zt((MUQ)*Xe).

Remark 4.2.19. If X is a ring spectrum, the maps (4.2.15) and (4.2.16) are maps of rings,
and therefore we have
Ty =71Y.
Moreover the map ¢ in (4.2.17) is a map of modules over A" by Lemma 4.2.13. Tt follows
that we have
Ty = uxy.

Proposition 4.2.20. Let X € Spg, ;o be MUg-projective, and A®* as above. For each
xz € A*", the element 7 is detected in the second double complex spectral sequence by the
element (z), and for each x € A**[2], the element Uz is detected by (uz). Therefore, the

double complex Spqetral sequence collapses, and every element of MANSSE; ’*(X ) is of the
J

2j

T— j— . .
form u™“ax or ua ux for j € Z, v = 0, and x as above.

Proof. Using the fact that there is a Chy-equivariant isomorphism (MUs)«((X ® Ca)®) =
(MU,)4(X[C5]), the Es-term of the second double complex spectral sequence for X ® Ca
is given by

A @ Z[u], (=0,

H(Co; Ext™ (MU,)4(S™° ® (X ® Ca)?))) = {07 /s 0

Here we use the powers of u as a placeholder for the fact that the computation is independent
of ¢, but this also reflects the module structure over Z[u*?, a]/(2a) (where a acts as zero).
Therefore, the second double complex spectral sequence for X ® C'a collapses. Consider the
map of second double complex spectral sequences

MANSS %, %+

H*(Co, Ext™* ((MU3)4(S™° ® X)) ———= E,

| |

A @ Z[u] MANSS pro*+® (X ® Ca)
28
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induced by the map

X - X ®Ca.

$2 the elements (z) and T map to u 'z, and for each

element x € A77[2], the elements (ux) and ux map to w1z, Note that by Remark 4.2.18,
this is independent of the choice of ux, because a acts trivially on the second double complex
spectral sequence for X ® C'a. In particular, the map

Under this map, for each element x € A
s,2t

1By (X) = g By (X ® Ca)
is an injection. We may therefore deduce that the elements (x) detect T and the elements
(uz) detect uz in the double complex spectral sequence for X. It follows that the elements
(x) and (uz) in 7By (X) are all permanent cycles in the second double complex spectral
sequence, and thus, by Corollary 4.2.12, the double complex spectral sequence {7 Enr™*(X)}
collapses at the Es-term. O

4.3. The case of a trivial Cy-action. In this section we continue to assume that G = Cy
and p = 2. Instead of assuming that X is M Ug-projective, we simply assume that X is a
Borel Cy-spectrum with (MUs,)4 X torsion-free, but we make the additional assumption that
the action of Cy on X is trivial.

The next lemma says that the Cy/Cy level of the MANSS, which arises from applying 7['*02*
to the filtered Borel Cy-spectrum I‘}MUQ, can also be viewed as a collection of non-equivariant

spectral sequences, one for each weight j. In Section 4.4, we will define a C-motivic analogue
of the MANSS which generalizes this Cy/C5 level version.

Lemma 4.3.1. Suppose X € Spgc2 has trivial action. Fix j € Z and let

p>

(432) hCa (X)L, = X' . . ifs<0
" MU, T | colim (MU, ® X)) if s> 0.
at+b=s

The spectral sequence associated to this filtered object agrees with the Cy/Ch-level of the
MANSS starting in the Ey-term.

This agrees on the level of filtrations with the Cs-fixed points of a variant of the MANSS
which uses a different filtration of FC5, namely the filtration of S7 =~ ECy coming from sko
rather than the skeletal filtration of the bar complex model of EC5; this is reflected in Lemma
4.3.1. Nonetheless, as in Proposition 3.3.3, the resulting spectral sequences agree starting on
the Fo-term.

Remark 4.3.3. The reader may wonder why the tensor with MU, happens inside the
parentheses in (4.3.2), when this tensoring happens outside the parentheses in (3.2.4). However,
the tensor in (3.2.4) is taken in the category of Borel G-spectra, and therefore homotopy fixed
points are taken after taking the tensor.

Next we identify the associated graded of (4.3.2) to give a new description of the Cy/Cy
level of the MANSS E; term (see Definition 3.4.1).

Lemma 4.3.4. There is an isomorphism

MANSS 5,2t —s+j N b —j 2+
Ef ’ jJ(X) = @ Ccell(z ]P]?O;Z) ® CEIMU:)*MUQ((MUZ)*X)-
a+b=s
where C(* ](;Ug)* MU, denotes the reduced cobar complex and Ciy; denotes the cellular cochain
complex.

29



A deformation of Borel equivariant homotopy

Thus, the MANSS E;-term is the total complex of the double complex

®2%+j

C:eH(E_JP;O; Z) ® C(MUZ)*MUQ((MUZ)*X))~
Intuitively, the MANSS is a combination of the ANSS for X and the Atiyah—Hirzebruch

spectral sequence (AHSS) for X F3" . The goal of this subsection and the next is to make this
intuition precise.

We have already related the MANSS to the ANSS in Corollary 4.1.5. In this subsection we
will show that the first double complex spectral sequence always collapses in the case at hand,
giving us a computation of the Fo-term of the MANSS which has an Atiyah—Hirzebruch flavor
to it. In the next subsection we will then add some additional hypotheses on X which will
allow us to relate higher differentials in the MANSS to differentials in the ANSS for X and

the algebraic AHSS for Ext™™* ((MUs,), (XP;O ).
As in the previous subsection, for brevity we adopt the notation
A% = Ext™? ((MU,) X ).

Because both the cobar complex and the cellular chain complex are torsion-free, we have a
non-canonically split Kiinneth short exact sequence

(4.3.5)
0 - @ Aa,2t+j®Hb(E—jP;>o) ﬁ) MANSSE;Qt—s+jo i @ Tor%(Aa,2t+j’Hb(Z—j1D]90)) 0.
a+b=s a+b=s+1

Notation 4.3.6. Let 1 € HO(P(;)O) denote the unit. Given x € AS’2t, we let

MANSS 5,2t—s
[z] € Ey™ (X))

denote the image of  ® 1 under the first map in (4.3.5). This gives a map
s,2t—s

(4.3.7) A% o MANSS p2tzs
Furthermore, there is an isomorphism
Torf (A% H'(S'P%)) = 4%*'[2].

By choosing a splitting of the second map of (4.3.5), we get a map
(438) As,2t[2] o MANSSE;’Qt_S+1_U(X).
If 2 € A¥%[2], then we will denote the image of z under these maps by [uz].

Recall from the previous subsection that MANSSE; *(X) is a module over TP 7 =

Z[a,uﬂ]/(2a). By [BMMS86, Theorem V.2.4] we have
o (HLY) = H'(P),

Titio
Cy

20— (k+2)o
of H?(P%_,;), and the first map of (4.3.5) is a map of WfQ(HZ;\ )-modules.

and under this isomorphism the element v er (H Z;\) corresponds to a generator

Remark 4.3.9. Let 2 be an element in A**'[2]. Analogous to the definition of uz (4.2.14),

the choice of the element [ux] may not be unique, but may depend on the choice of splitting of
(4.3.8). However different lifts [uz] coming from two choices of splitting differ by an element

of the form ,
2\°?
a
> (y) aly;]

i

—1-2i2t
for y; € A° oot
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Remark 4.3.10. If X is a ring spectrum, the map « in (4.3.5) is a map of rings, and therefore
we have

[2]-Ty] = [xy].

Moreover the map (3 in (4.3.5) is a map of modules over A" Tt follows from an argument
analogous to that of Lemma 4.2.13 that any splitting of (4.3.5) is a splitting of modules over

A** and therefore given z € A** and y € A** [2], we have

[2] - [uy] = [uzy].

The following proposition is an immediate consequence of the Kiinneth theorem (4.3.5).

Proposition 4.3.11. For X € Sng with trivial action and MU, X-torsion-free, under the
maps (4.3.7) and (4.3.8) there is an isomorphism

MANSS Pt (X)) = (A™* @ Z[u*?, a]/(2a)) @ (A**[2] ® Fy[u™?, a)).

Corollary 4.3.12. For X as in Proposition 4.3.11, the first double complex spectral sequence

MANSS a+b,2t—a—b—j+jo

By (X)

IE;,b,Zt—a—b—j+ja(X) _ EXta’%((MUQ)*X ® Hb+j(PJOO)) —_

collapses.

Proof. Assume Pjoo is given a finite type cellular structure. Let B c7¥c C’fe”(Pfo) denote

the subgroups of coboundaries and cocycles of the cellular cochain complex. Then we have a
resolution of free abelian groups

0- B" = 72" - H*(P") - 0.
Since (MUy)4(X) is torsion free, we have a short exact sequence of (MUs) 4 (MUs)-comodules
0 - (MU), X ® B » (MUy), X ® Z° = (MUy), ® H*(P°) - 0,
and therefore an exact sequence on Ext:

4% @ BF E)_) A% g 7F Ext“’%((MUQ)*X@Hk(Pf)) L T2 g ph E)_) A2 g b
It follows that we have a short exact sequence (“universal coefficient theorem”)
(4.3.13)

0 — Aa,2t

® H"(P°) - Ext™™ ((MUsy)« X ® H*(P{*)) - Tory (A", H*(P{*)) = 0
involving the cokernel of (1) and the kernel of (2). Comparing the description of ;FEs, in

(4.3.13) with the description of MANSS B in (4.3.5), we see that there can be no differentials
in the first double complex spectral sequence. O

Remark 4.3.14. A similar argument, using the classical Universal Coefficient Theorem for
cohomology, shows that the second double complex spectral sequence also collapses.

4.4. The C-motivic MANSS and the algebraic AHSS. We continue with the assumption
in the last subsection that X € Spgc2 is a Borel spectrum with trivial Cy action, and (M U)X
is torsion-free. We will now proceed with our goal of relating differentials in the MANSS
to those in the Atiyah—Hirzebruch spectral sequence (AHSS). Our strategy will be to use
complex motivic homotopy as a means of intrinsically encoding the Adams—Novikov aspect of
the MANSS. For this purpose we will add the following assumption for the rest of the section.

Assumption 4.4.1. The graded group (MUs;),X is concentrated in even degrees.
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Let
ve * Spgg = SH(C)ip
be the section of Betti realization Be : SH(C);s — Sp;y constructed in [GIKR22]. Letting
TE WéC, _1S5 denote the canonical generator, we let C'7 denote the cofiber of 7, and define for
Z € SH(C)
Zlt=ZeCr.

We shall define a complex motivic lift MAII\TIISO%E: **(veX) of the MANSS (the “motivic

MANSS”). There will then be a zig-zag

MANSS %,% ~ MANSS %, %% -1 MANSS %, %,%
Er (X): motEr (V(CX[T ])‘_ motEr

and we will show that the spectral sequence MAII\IIISOStE: >+ 7*(veX[7) is a variant of the

algebraic AHSS for Ext*’*((MUQ)*(X]‘D;<> )).
Because of our hypothesis that MU, X is even, we have

(4.4.2) (e X [7) = Ext™ T ((MUy) X) = A

(veX) » MR ER T (ue X [ 7)

2t—n,2t

and the 7-Bockstein spectral sequence for v¢ X is equivalent to the ANSS for X. Specifically,
we have isomorphisms
(MUy)9¢(X) = (MGLg)at s (ve X)
and with respect to these isomorphisms we have an isomorphism
(MGL2)*,*(VCX) = (MU2)*(X)[T]

The motivic ANSS (the MG Lay-based ASS in SH(C);2) for v¢ X takes the form

ANSS ,s,n,w C
motE2 (V(CX) = ﬂ—n—s,wV(CX'

We have
ANSS s,2w—s,w ~ AS2w
S (reX)= A

and we denote the image of an element x € A®*" under the above isomorphism by

~ _ ANSS 5,2w—s,w
T € motEQ (V(CX)-

In the case where X = Sy the element 7 € Wg _154 lifts to an element which we also denote

(Sa).
This gives AII\TIISO%E;’*’*(VCX) the structure of a Z[7]-module, and we have

ANSS Sk, - R
mot‘E;< i *(V(CX) = A* *[T]

ANSS

-2,0,—1
motE2

T E

A differential
d2r+1(x) =Yy
in the ANSS for X corresponds to a differential
gy i1 (Z) = 7'
in the motivic ANSS for v X.
Define ,
ve(X, P{°) = limue (X7 ).

m
We take the limit outside the ¢ because v¢ does not commute with limits in general. We
will be interested in the complex motivic homotopy groups

C
Tiwve(X, P;)
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as lifts of the equivariant homotopy groups

Co
it+jo

X" = (X)),

i
Remark 4.4.3. It may be the case that there is an equivalence
ve(X, P}°) = (veX)"

where the spectra L3~ are the stunted versions of Bus studied by [GR23], [Quil9], but we are
unable to determine this.

Lemma 4.4.4. The maps Pj2m - ]-21'1 induce cofiber sequences
2m 2m . .
ch(XPj+1) N V(C(ij ) N E_],_rj/21VCX
ve(X, PRy = ve(X, P) - 2707l x

Proof. Following, for example, [Beh06, Sec. 8], using the torsion-free hypothesis on (MUs)4 X,
we have isomorphisms of (MUs;),-modules

2m koM. m
(MU (X"H0) = (MU (X) ®uary, St 2)elel] e )
(4.45) ("7 '[2](x) i = k)
o k m
P " (MUg)«[2]/(27))
MU (X2 ) = (MUy)«(X) ® .
(022X 2 (U 0) @u, s HIEIL
where |z| = =2 and [2](x) € (MUsy)«[[x]] is the 2-series of the universal formal group law.
Applying v¢ to the cofiber sequences
xPh L xP Ly g
Sy o xPH L x T
the result then follows from [GIKR22, Lem. 3.13, Prop. 3.18]. O

Definition 4.4.6. Consider the following motivic lift Fg/’;éLQ(VCX)[j] € SH((C)Fil

MANSS filtration:

of the

o0 .
oty . ve(X, P;) ifs<0
Pacr, (veX)lils = colim MGLy ®ve(X, Piy)  if s> 0.
a+b=s

where the ® notation is defined by
2m
Z8ve(X,P°) =1limZ ® ve(X' )
for Z € SH(C);o. We define the motivic MANSS to be the spectral sequence associated to
this filtration.

Calculating the associated graded of this object gives a motivic analogue of Lemma 4.3.4:

MANSS 2t—s+jo, - b+, 2t+7,
mot B e X) 2 (D) Coltmar(vePy) ® Clirany, arcn, (MGL) s sve X).

ell,mot
a+b=s
where we are able to commute the limit in ® past the colimit since the former is sequential
and the latter can be taken to be finite. Non-finiteness issues involved in dualizing v (S, Pjoo)
to VC(PjOO) are explained in [GIKR22, Lemma 3.24]. Analogous arguments to (4.3.5) hold in
the motivic case and we obtain the following.
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Lemma 4.4.7. There is a (non-canonically split) short exact sequence
2t b+, MANSS 8,2t—s—j+jo,t—
(44.8) 0> P A" @z, H™ " (e P°) » MG By T (e X)
a+b=s
- @ Tor%2(Aa’2t, Hb+j’w(1/CPjoo)) - 0.
a+b=s+1
The same argument as Corollary 4.3.12 gives the following.
Proposition 4.4.9. There is an isomorphism
(44100 MAISRESTTTIIOT e X) = (B Bxt™ M (MU2)4 X @z, H U (e P)Y)).
a+b=s

In particular, we have

(4.4.11) MANSS B3 * (e X) = MASSEX* (X)) & Z[ 7).

All elements of the Fs-term of the motivic MANSS may be represented by elements of the

form

Tmakum[x] or Tmakuzl[uy]

for k,m=0,l€Z, x €A™ ye AS’%[Q], and

MANSS 2t—s,t MANSS 2t—s+1-0o,t
[x] € motE; ’ (V(CX)7 [uy] € motE; ° 7 (V(CX)7

MANSS ,,—2,0,—1 MANSS ,1,-0,0
motE2 (V(CX), a € motE2 (V(CX)7

2 _ MANSS ,0,2-20,1
u € motE2 7 (V(CX)~
Betti realization induces an equivalence [DI10]
(4.4.12) SH(C)j5[ 71 = Spiy

where SH((C)iTQ denotes the subcategory of SH(C);o of cellular objects. The following is an
immediate consequence of (4.4.11).

Proposition 4.4.13. The 7-local motivic MANSS with Es-term MAIE%%E;’*’*(V@X)[TA] is
isomorphic to the 2-primary MANSS with Fs-term MANSSE: (X)) [

Proof. The canonical map induces an isomorphism on FEs-terms. O

We will now endeavor to identify the spectral sequence we obtain by smashing the motivic
MANSS filtration with C7. Define

Bt (WT2), (X)) o= lim Ext™ (MU (X))

so we have "
Teve(X, P°) = Bxt' ™™ (MU,)«(X7)).

By (4.4.5), there are short exact sequences

2m 2m
(4.4.14) 0 = (MUy) (X 751) 5(MUy) (X7 ) o (MU (2% X) - 0
.xk_l T 2m 2m
(4415) 0 - (MU (22 x) 2B 1) (XY o (MU (XF51) S 0.

Applying Ext(—) produces long exact sequences. We observe that each of the terms in these

long exact sequences as well as each of the kernels and cokernels of the maps in the long

exact sequences, are Mittag—Leffler sequences in m and consequently applying the functor

lim,,, Ext(—) also produces a long exact sequence. These long exact sequences splice together
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to give us an algebraic Atiyah—Hirzebruch spectral sequence (AHSS) (compare with [Beh06,
Sec. 8]):

AHSS l,s,t

RETN(X, PR) = Ext™ ((MU2)« (X))

with
Ext™ (MUy)« (7% X)),  1=2k 2,
ARRET (X, PR = {Ext™ (M U)o (87 X)), 1=2k-12],
0, l<j.
The differentials in the algebraic AHSS are determined by the effects of the attaching maps of
cells in P;° on Ext((MUs),X).
There is a variant of the algebraic AHSS which involves taking 2 cells at a time. Specifically,
applying lim,,, Ext(—) to the decreasing filtration

M XPJQW Ve M XP221:V11 M nggl coe

(MU;)«( ) <« — (MU;)4( )« (MU3)«( ) <
2m

of (MUs)4(X T ) when j is odd and the decreasing filtration

Pj2m P]2J:V1L e P22£_L1 P;I::L—l cee
(MUy) (X )« (MUy) (X ) < — (MUy)«(X ) — (MUy)o (X ) <

when j is even gives rise to a variant of the algebraic AHSS which we will called the accelerated
algebraic AHSS:

AHSS k,s,t b, P
agacc BT (X, ) = Ext™ (MUy)« (X))
with
Ext™ (MU(27*X @ M(2))), k> j/2,
S BV (X, PY) = {Ext™ (MU, (27 X)), j even and k = j/2,

0, otherwise.

Note that the same considerations as before apply so that applying lim,, to the long exact
sequence produces another long exact sequence.
We define the motivic MANSS mod 7 to be the spectral sequence with signature

XSS i
VA ET T e X 1) = T (ve(X, P) [ T)

associated to the filtered motivic spectrum I' }j/[(; L, (veX)[j]/7. Since we have

Lo, b=0,jeven,w=%,
H™ (v ((P°)2)[7) = {Z[2, b>0,b+ j even,w = %22,

0 otherwise,

by (4.4.10) we have

motE2

. b
MANSS poitiow v /T)_{Ext“‘“’((MUg)*X ®z, H' 227 (uc((P{°)2) /7)) b=i+s+j even,
c -
0 otherwise.

The following proposition gives an isomorphism between the motivic MANSS mod 7 and
the accelerated algebraic AHSS. In particular, it implies that mod 7, the differentials in the
motivic MANSS are given by the effects of attaching maps in Pjoo on Ext.
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Theorem 4.4.16. The isomorphisms

i+s+j

Ext”™ ™ (MUR) X @7, H 720727 (e PP [ 7))
Ext® "2 ((MUy) (27 X)), i+s—2w=0,j even,
= {Ext®™ Y (MU« (X ® 277577 0(2))), i+ s—2w> 0,
0, otherwise

induce an isomorphism of spectral sequences

MANSS jo, C
motE;rz:{ w(V(CX/T) _— Wi,w(VC(X> P]OO)/T)

| |

AHSS HJ S —w,2w—1,2w . J— 00
aCcHalgET (X’ PJOO) E EXth Z,Qw((MUQ)*(XP] ))

Proof. The fundamental observation is that if Y € Sp;y and (MUs;),Y even, then
Ext®™ Y ((MUy),Y), i<2w-a,

(4.4.17) mew(MGLy " ® ve(Y)[7) = {2272 ((MU,),Y), i =2w—a,
0, 1>2w—s
where Z2" 7" ((MU,).Y) € 2]\12[;22wMU2((MU2) Y) denotes the subgroup of cocycles in

the normalized cobar complex. This is proven by induction on a using the cofiber sequences

1 —_— —_—
MLy @ up(X)/r —» MGLy " ® ve(X) /7 = MGLy ® MGLs" ® ve(X)/7.

We will prove the theorem by directly comparing the exact couple of the accelerated
Atiyah—Hirzebruch spectral sequence starting from the Fo-term to the exact couple of the
motivic MANSS, run at double speed, starting from the Ei-term. To this end, we will first fix
integers j and s and define a spectral sequence to compute

szPMGLQ(V(CX)[j]S/T'
We define a tower of spectra
h .
Y, — Yo e —— Y1 —— Yo == Tyi&r, (v X)L/ 7
R
i%l lﬁs s
s SO
where
Yy —colblm(MGL2 "®ue(X, Py) /T
az<€s
and

cof (Vi = Yy), if0s<fs<s-1,
Sy =1Ys, if f=3s, and
0 otherwise.
Observe that we have
¢ o {(MGLQ ® MGLy )8ue(X, P2,_;)/7 if1<f=<sand
=

b MGLs ®ve(X, P°) if f=0.
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so when 1 < f < s we have

—f,2w — Py ey . _
(4418) wasf = {C(MU2)*MU2((MU2)*(X ! ))> i=2w - f,

0, otherwise.

Applying WE w, We obtain a conditionally convergent spectral sequence with signature

(4.4.19) BV = 1,8, = Y,
with
Tty iy (T (X)), = 2w =05 f <5
gt 27 (M) (X)), i=2w-s[=s
Ext® ™2 ((MU)«(XT7)), i<2w—s f=s
0, otherwise

by (4.4.18) and (4.4.17). Note that in each stem i, there is at most one non trivial bidegree
(at filtration f = 2w — ¢ when 2w — s < i < 2w, or f = s for i < 2w — s). Therefore, we will
have no extensions and the spectral sequence is strongly convergent. For degree reasons, the
only possibly non-trivial differentials are

—f 2w — P —f+1,2w — P s
(44200 di: Oyt o, (IO (X500) = LU | (BTT)o (X1 )),
and
=s—1,2w — o $.2w, 00
(4.4.21) di: Cypinyao, (U)o (X)) = 22 (MU). (X))

Now, assume that s + i + j is odd. Then j + s + i — 2w + 1 is even so the map
’~*7* ATTT P?is+if w+ A*7* AITT P(')is+i* w
C(MUQ)*MUQ((MU2)*X ) - C(MUz)*MUz((MUQ)*X )

is a surjection by (4.4.15), and the map

—% % =k, %

’ EVEa: P'o-is-%—i— w AT P'ois-%-i— w—
C(MUQ)*MUz((MU2)*X J 2 )QC(MUQ)*MUQ((MUQ)*X J 2 1)

is an injection by (4.4.14). We compute (4.4.20) using the commutative diagrams

C —2w—1,2w —_— P siica Qi+l C
7Tz’,wSZw—i = C(MUQ)*MUQ((MUZ)*X JremmRe ) 7ri—1,u;Y2w—i+1

d
dl \ Jjﬁzw—iﬂ

62w—i+1,2w ((Wg)*XPj””’% )C Wgc—l,ws2w—i+1 _ 672w—i+1,2w ((MAUQ)*XP]“”*MJ)

(MU3)« MU, (MUs3)x MU,
and
C —2w—-i—1,2w — P Qi C
TiwS2w-i-1 = C(MUQ)*MUQ((MU2)*X sranmet) T Y 2w—i

I

() ()

((mz)*XP]+s+i72w) oru-h2w ((mz)*XP]ﬁHiwi).

67210—1'—1,210
d (MU3)« MU,

(MU3)« MU,

We can compute the differential (4.4.21) in a similar way. We therefore have

C h - —1 ATTT io-:—)s— w+j
(4.4.22) Tl yian, (e X)1s/ 7 = Bxt™ 2 (MU,), X -2
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for i + s + j odd. By construction, these isomorphisms are compatible in the sense that

C h . = _'7 AT Pio-:s— w4+
Twl e, (e X)[G1s/m —=— Bxt®™ "2 ((MT,) (X 7re209)

l l

h, . = wW—1.2W s s _0:_’5_ w
WEWFJ\/?L(Q;LQ(VCX)[]]S—Z/f — EXt2 2 ((MUQ)*XPz 2-2 J)

is a commutative diagram. Note that since
MANSS ,,s,i+j0,
motEg ' Jaw(V(CX/T)
is concentrated in degrees with i + j + s even, it only has non-trivial d,-differentials for r odd,
and there are isomorphisms

MANSS ,s,i+j0, . MANSS s,i+jo,
motqu«Z+Jaw(VCX/T) = motE;Z:{Uw(VCX/T)'

To prove the theorem, we must show that under the isomorphism
MANSS s,i+jo, _ AHSS L

motE/jzZ Jo-w(V(C)(/T) = acc,algEl ? (Xv f)joo)
the dy,41 differentials in the motivic MANSS for vcX /7 coincide with the d, differentials
in the accelerated algebraic AHSS for X Fi” . This follows from the following commutative

diagram

—w,2w—1,2w

s,i+jo,w

C (T,
miwli) ¢ %

e l
C MANSS +8,i+jo,w ~ AHSS ~k,a—1,2w
7"—i—l,w(l—‘s+1) motE2 ? acc,algEl
AN
e
C = a2 (7T Pt
Tic1w(Tss2) > Ext™ T ((MU2) X 21)
A AN
C = a2w 37T PS5ty
7Ti—l,w(rs+2r) > FExt ((MUQ) x X 2(k+r) 1)
AN
e
C MANSS s+2r+1,i—1+j0,w ~ AHSS k+r,a,2w
Wi—l,w(Fs+2r+1) motE2 —_— acc,algEl
C Tovoret ) , 5 st2rtli-l+jow
il : Z
v 1,11} (Fs+2r+2 ) N 1
i+j+s—2w

, a=2w—1+ 1, we write

h .
U = Cyréer, (ve X 7051
* % % MANSS ;-%,%,%

and Z;77" € U LBy (ve X [7) denotes the subgroup of dj-cycles. O

where ¢ + j + s is even, k = 3

5. APPLICATIONS

We end with some computations of the MANSS to illustrate our perspective.
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5.1. Example: koc, at p = 2. Using the (2-primary) MANSS (see Definition 3.4.1), we
revisit the computation of the RO(C5)-graded homotopy groups of the Cy-homotopy fixed
points of the 2-complete Cy-equivariant connective real K-theory spectrum Wfi(k()@)g,a.
By [BHS20, §10], this is the same information as the Artin—Tate homotopy groups of the
a-complete very effective Hermitian K-theory ﬂfg*(kqé:a). The MANSS for (kOCQ)é\,a has

signature
MANSS s,i+j A C A
By ((kocy)2.a) = miije((kooy)2.a)-
Recall that the underlying spectrum of (koCQ)Qa is the 2-complete connective real K-theory
spectrum koo, whose Adams—Novikov Fs-term is of the form

ANSS s 2
Ey " (ko) = Zo[hy,v1]/2hy

where the generators have degree |hq| = (1,2) and |v%| = (0,4). Here we use Adams grading
convention.

There are two avenues to computing the Fo-term of the MANSS, namely those given in
Sections 4.2 and 4.3.

Lemma 5.1.1. The results in Section 4.2 apply to the spectrum (koCQ)Q.

Proof. The MUg-projective hypothesis was used in that section in three ways. First, we
use the fact that (MU,)4X° is torsion-free in (4.2.17); this holds for X¢ = koy. Second, in
Lemma 4.2.2, we use this hypothesis to calculate the action of Cy on ng(MUHem ® S’777).
Consider the long exact sequence in MUpg 2-homology associated to the “Wood cofiber
sequence”

57 (koe, )y 2 (koc, ) — kR,

of [GHIR20, Prop. 10.13]. Since the Hurewicz image of [n] € TI'SQ(S) in 7, MUy is trivial,
the long exact sequence splits, and so (MUR’Q)*7*(]€OCQ)§ injects into (MUp,2) «kRqa. So it
suffices to calculate the Cy-action on (MUg 2)« «kRs. Since kRy is strongly even (for example,
using the criterion in [Grel8, Lemma 1.2(ii)] and the calculation of 7T>|C<:2* kR in [BS20]), there
is a splitting MUg ® kRy = \/, Ekka2 by [AKKQ25, Proposition 2.31]. Since the action on
kR comes from complex conjugation, the generator of Cy acts on m, (kRS ® S*) with the same
formula as in Lemma 4.2.2 for MUp 5.

Third, the M Ug-projective property is a hypothesis for Theorem 3.1.4. However, we may
check the result directly using knowledge of the Cy-effective slice spectral sequence for (koc, )%
[Kon23] and the fact ([BHS20, Proposition 1.37]) that the motivic effective slice spectral
sequence agrees with the @-Bockstein spectral sequence. ]

Now it follows from Proposition 4.2.20 and Remark 4.2.19 that we have

MANSS B3 (ke )3 0) = Zo[u™, a, T, 0?1/ (2, 21) © Falu®®, a, Ty, v ]{uhy ).

Here, labelling degrees as (filtration, RO(C5)-stem), we have

lu®| = (0,2 - 20), la] = (1, -0),
|E1| = (170)7 |'U%| = (O,QP),
luhy| = (1,1).

Note that while in general the generator uhy depends on a choice of a lift, by Remark 4.2.18,
this lift is unique in this case because Ext”*(MU,ko) = 0.
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However, as the underlying spectrum ko3 of (kocz)é\’a has a trivial Cy-action, Proposi-
tion 4.3.11 gives a different presentation of the MANSS FEs-term:

MANSS B2 ((koe, )h.a) = Zolu®>, a, [h], [v111/(2a,2[h1]) @ Fo[u*?, a, [y ], [o7 1{[uhy 1}
with

I[h]l = (1,1), [v]] = (0,4),
luby]] = (1,2 = o).

Note that analogous to the case of uhy, the generator [uh] has the potential to depend on a

choice of a lift, but by Remark 4.3.9, because Ext0’2((M Us)«koy) = 0, this lift is also unique
in this case.
Finally, Proposition 4.4.9 and Remark 4.3.10 gives the motivic MANSS FEs-term:

A s ™ (e (ko)) = Zo[w™?, a, [l ], [v1 ], 71/ (2a, 2l 1) @Fa[w*?, a, [y ], [v7 ], 7 1{[uhy 1}

Recording tridegrees as (filtration, RO(Cs)-stem, motivic weight), we have

lu”| = (0,2 — 20, 1), la] = (1, -0,0),
]l = (1,1,1), 071 = (0,4,2),
I[uhi]| = (1,2 - 0, 1), 7] = (-2,0,-1).

Theorem 4.4.16 implies that mod 7 the motivic AHSS can be identified with the accelerated

— p>
algebraic AHSS for Ext((MUj)«ko,” ). Under this correspondence, the class " ]
corresponds to the class

AHSS %, %%

.7}[—2[ - 5] € algEl’ 7 (k02apfz—2l—€)

which represents “z on the (=2 — ¢)-cell of P%;_o;_.".
The following theorem explains the philosophy that in the case of a trivial action, MANSS
differentials can be derived from ANSS differentials and algebraic AHSS differentials.

Theorem 5.1.2. In the MANSS for (k002)$7a, the ds-differentials are determined by
(]‘) d3(a)2= 07 5
(2) d3([g1]) =2[h1],
(3) d3(u”) =a [h%]a
(4) ds([uh1]) = [uhi]

For dimensional reasons we have E; = F,.

Proof. To prove (1), note that the element a is always a permanent cycle in the MANSS due

to the fact that it comes from 7732,80.
To prove (2), note that for dimensional reasons, we have

2
ds([v1]) = a[hi] + S5 oim]

for a, 8 € Fy. Consider the map from the MANSS to the ANSS from Corollary 4.1.5. In
the Adams—Novikov spectral sequence, we have dg(’l)%) = h?. Since [v%] maps to v% and

a[h:f] + /BZ—Z[vfhl] maps to ah?, we deduce that o = 1. In the motivic MANSS for v¢ (ko)
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we therefore have

2
ds([v1]) = ar[hi] + S5 oim]

2
= (81 + 85 [vi ],
u

Therefore in the motivic MANSS for v¢(koy) /T we have
2

2 a - 2
d3([vi]) = 5;[”1%]-
Since the 0-cell splits off of Py~ , we have

2
di([vi]) =0
in the accelerated algebraic AHSS for Ext((MU 2)*k0§° ). By Theorem 4.4.16 we deduce
B =0.
To prove (3), note that for dimensional reasons, in the MANSS we have

d3(u”) = aa’[h]
for o € Fy. This corresponds to a differential

dy(u”) = aa’[I]
in the motivic MANSS for vc(koy), and hence a differential

dy(u”) = aa’[I]

in the motivic MANSS for v (koy) /7. However, since the 0-cell attaches to the -2-cell of P2
by an n-attaching map, we have

dy (u*) = a’[hy]

in the accelerated algebraic AHSS for Ext((MU,)4P%). It follows that a = 1. (Note (3)
could also have been deduced from Proposition 4.1.8.)
To prove (4), note that for dimensional reasons, in the MANSS we have

2
ds([uhy]) = a%[uh%]

for o € F9. This corresponds to a differential

2
d3([uhy]) = af’?[uh%]

in the motivic MANSS for vc(koy), and hence a differential
2

a 2
d3([uhi]) = 04@[“%]
in the motivic MANSS for vc(koy) /7. However, since the 1-cell attaches to the -1-cell of P2}
by an n-attaching map, we have
2
a 2
dy([uhy]) = E[Uhl]
in the accelerated algebraic AHSS for Ext((MUj)4P2]). It follows that a = 1. O

The element [uhy] is not a product in the Fa-term of the MANSS for (k002)§7a because u
does not exist on the Fo-term. The following proposition is therefore needed to completely
MANSS A

E((koc,)2,q)-
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Proposition 5.1.3. In MANSSEQ((ROCQ)Q(L) there is a multiplicative relation
[uli]* = ’[hi] + a”[v]],
Proof. For degree reasons, we know that
[ul]” = aw’[1Y] + fa”[v7]
for some «, 8 € [Fy. By the Leibniz rule, we have
0= dy([uli]’) = dy(aw’[1y] + Ba”[v7])
= aa’[hi] + Ba’[hy].

Therefore, we have @ = 8. Note that under the map of spectral sequences from the MANSS

to the ANSS given by Corollary 4.1.5, we have [uh;] maps to hy. Since h% # 0, we conclude
that o = 6 = 1. O

Next we discuss how to compare the classes [x] and T that appear in the two forms
of MANSSE;’*(XB) when the results of both Sections 4.2 and 4.3 hold for X. If z €
ExtS’Qt((M U)X ), then we have two different MANSS classes:

— _ MAN t—s+t
TE€E S8 peitmst 7(X2), and

(2] € MANSSE;,%—S(XGA)

By Lemma 4.2.2, we either have t = 2k or 2z = 0. Write t = 2k + . By considering the map
to the ANSS (Corollary 4.1.5), we have

2

[z]=u M (mod a).

For example, when X = (koCQ)Qa, we deduce that
[vf] = u*o?,

[hl] = u_hlv and
[uhy] = u”hy

for dimensional reasons. In particular, squaring the last of these equations and using Proposi-
tion 5.1.3 gives
—2
u4h1 = u2[h%] + aQ[v%].
Dividing by u4, we get

(5.1.4) h3 = u_z[h%] + u_4a2[vf].

which gives an example of an x € Ext where [2] # u'T. More generally we have
ok -2p, 2 -4 2r 24\k
nt = (u ]+ e o D)

Analogous to the case of [uh;], the element uhy is not a product in the Ey-term of the
MANSS for (koc2)§7a. We deduce the following exotic multiplicative relation, which was
originally proven by the fourth author in [Kon23] in the C5-ESSS.

Proposition 5.1.5. In MANSS b ((kOCQ)é\,a) there is a multiplicative relation
2 e -
uhy = uzh% + CLZU%.
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Proof. Solving (5.1.4) for [h%], we have
() = uh} +u™*a’ (7]
= u’h? + a*v?.
The result follows from the fact that [hy] = uh. O
We deduce the following differentials in the C5-ESSS naming convention, which correspond
to the generating differentials in the Cy-ESSS for koc, as computed by the fourth author in
[Kon23]. These differentials are implied by the differentials computed in Theorem 5.1.2 and
the multiplicative relation from Proposition 5.1.5 so we only mention them in order to provide
a dictionary between the computations above and the computations in [Kon23].

Corollary 5.1.6. In the MANSS for (koCQ)Q’a, we have
ds(u?) = a%uhy, and  dy(T°) = uhd.

Proof. The first differential follows immediately from Theorem 5.1.2 (1). The second is
computed from Theorem 5.1.2 and Proposition 5.1.3. On the one hand, we have

ds(u*v?) = d3([v1]) = (uhy)

However, the Leibniz rule gives

5.1 — 9=2 93
3 Thm.5.1.2 [h1]3 =uhy - (u2h1 + CLQ’U%).

ds(u*v?) = auhy - v} +ulds(v?).
We deduce that L L
ds(v2) = uhy - Ty = ub®.
]

5.2. Example: tmf(2) at p = 3. We now consider the 3-complete spectrum tmf(2)3 of
topological modular forms for I'(2) studied in depth in [HSW23]. Recall that a I'(2)-structure
on an elliptic curve C'is a choice of isomorphism

Fy & Fy — C[2]

where C[2] denotes the 2-torsion subgroup-scheme of C. Associated to the Deligne-Mumford
compactification of the moduli stack of elliptic curves with level 2 structure is a non-connective
commutative ring spectrum Tmf(2) [Sto12, §5.3]. The group GLy(Fy) = X3 acts transitively
on the set of I'(2)-structures, and this gives Tmf(2) the structure of a commutative Borel ¥3-
spectrum, which we may regard as a genuine commutative ¥3-spectrum. Following [HSW23,
Notation 1.7], we define tmf(2) € Spy, to be the ¥3-equivariant connective cover of Tmf(2).
The periodic version of tmf(2)3 is given by

TMF(2)3 = tmf(2)5[A7'] = (tmf(2) g(2))s.

By [Stol2, Theorem 6.1], we have

TMF; =~ TMF(2)5.

Recall that there is a decomposition X3 = C3 x Cy where Cy acts nontrivially on C5. The

C
HFPSS for the Cs-action on the parametrized C3-homotopy fixed points TMF(2)§CQ *
[GM95] [QS25, 1.6. Definition]) degenerates to give an isomorphism

see

C
7 TMF; = m, (TMF(2)52%)hC2
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We remark that K (2)-locally, there is a maximal finite subgroup G5 = C3 x Cy of the
second Morava stabilizer group where Cj acts nontrivially on C3. We have

3 = Gia/Cy = C3 %1 (Cy/Cy)
where C’é is the subgroup of Cjy of order 2. There is an equivalence

hCHxGal(Fg [F
TMF(Q)K(Q) ~ ) 2 X a( 9/ 3)

where Fy is the Morava E-theory spectrum associated to the formal group of the unique
supersingular elliptic curve over Fg. Thus we have (see [Beh20, Proposition 1.6.12])

h(G1axGal hChxGal\h:
EZ( 12 al) 2 a) 3‘

TMFK(Q) = = (E2

With respect to the decomposition X3 = C3 x Cy, let v be a choice of generator of the
subgroup C3 and u be the generator of the subgroup Cs. We have [Stol2, Sec. 7]

metmf(2)3 = Zs[eq, ea].
The X3-action is encoded by
v(e1) = ez, Y(ea) = —e1 — ez,
puler) = —eg, p(ez) = —ey.

Define the element AY? € motmf(2)3 to be

AY? = derea(er + e3)
= A € moutmf(2)3 [Stol2, Eq. (16)]. Note that

A = —der - y(er) - ().

so we have (A1/2)2

We will now compute the (Cs-equivariant 3-primary) MANSS for tmf (2);1 where
tmf(2)3 := F(ECh,, tmf(2)s)
is the Borel completion of tmf(2)s.

Remark 5.2.1. We warn the reader that the MANSS computation for tmf(2)3 in this
subsection is not particularly novel or deep. We shall see that the MANSS in this case is
isomorphic to the RO(Cj3)-graded HFPSS. This is expected given the fact that Fy is pus-
oriented in the sense of [HSW23] and the MANSS should agree with the homotopy completion
of the slice spectral sequence in this case.

Indeed, the behaviour of the RO(Cj3)-graded HFPSS spectral sequence of Ey is well-known
to experts, and is essentially described in [HHRI11], where it is related to a conjectural
description of the odd primary slice spectral sequence. This conjectural description is verified
in [Will7]. A detailed account of the behavior of the RO(C),)-graded HFPSS for the Morava
E-theory spectra E,,,-1) is the subject of a forthcoming paper of Andrew Senger. We are
grateful to Senger for both generously sharing his results, and allowing us to use the n = 1
case of his computations to illustrate this odd primary example of the MANSS.

Write RO(C3) = Z{1, A}, where X is the standard 2-dimensional representation of C5 given
by rotation by 120 degrees. Note that the real regular representation p = R[C3] of C3 is given
by p =1+ A Following [HHR11, Will7, HSW23], we shall find that the computation will be
cleaner via the introduction of a spoke-enhanced representation grading. Let

s c s
denote the unreduced suspension of the 3rd roots of unity in A (so that S” is the 1-skeleton of

the usual C3-CW complex structure of S)‘). Since S” is the Cjs-analog of the Cy-representation
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)\/2?7

sphere 5’20, in some sense S~ plays the role of “S , as it is the C3 analog of S”. For

example, there is a cofiber sequence
(5.2.2) (C3)y » S° > 8.
However, we avoid taking this analogy too literally, as
S ®S =S5 v (Cy), ®5% ¢S
We define S~ := D(S”), but note that S~ is not invertible. We do have
S)\—>— ~ S>—
which implies that
ST =9 @9

We therefore define
RO(C3) ® Z{>}

(2> =)

RO™(C3) =

and we then have
—(>)=>—-X€ RO (C5).
Given i + jA + &> (with € € {0,1}), we define for X € Spc,,

C3
i+jA+er

™ (X) =[S e (), X1

In this subsection, we will use 7r§3 to denote RO}(C’g)—graded homotopy groups. If R € Sp¢,

. . C! . C
is a ring spectrum, then 7;° R is a module over m,° R. Let

—> 0
as: S -5

denote the Spanier-Whitehead dual of the second map of (5.2.2). The A-suspension of this
map is the canonical inclusion

as: S o s
If we abusively also use ay to denote the Spanier-Whitehead dual of this map
as: SN 87
then it makes sense to form ai, and we have
2
Ay = ay.

For any X € Spg,, the RO” (C5)-graded homotopy groups 7T§3 are a module over Z[as,. ].
Our goal is to compute the RO (Cs)-graded MANSS with signature

MANSSES’*(tmf@)g) = 7T§3tmf(2)§.

Consider the second double complex spectral sequence
B (tmf(2)5) = H*(Cyi Bxt™ ™ ((MUy). (tmf(2)305 7)) = B (tmf (2)3).

Since m,tmf(2)3 is concentrated in even degrees, it is complex orientable, and therefore its
ANSS collapses with Extb’*((MUg)*tmf(2)3) =0 for b > 0. In particular, the second double

complex spectral sequence collapses to give an isomorphism
(5.2.3) MANSS P& (tmf(2)4) = H*(Cs; 7y (tmf(2)5 ® S~ ).

It follows from Proposition 4.1.8 that the MANSS is isomorphic to the HFPSS. We first
identify the Es-term of this spectral sequence.
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Proposition 5.2.4. There are preferred generators ¢4 and ¢g and an additive isomorphism

(5.2.5) MANSSERF(omp(2)h) =

Cs o 1/2 3 2 3, A1/242y = —I I ;
Ty HZ3[cy, cg, A P (asca, arc, ¢ — g = 12°(A?)) (@1, TY, s cq, 14, us 6, ub )

— — —1 —I —1 I I :
(Ca* U1, C* U1, Ay * Uy, Co v VY, Cp* Uy, Ay * Uy Ca,y Gy * Uy Cgy Gy * UsCg, Gy * Uy Cg,y Cg * Us-Cg)
Furthermore the inclusion
Cs h 1/2 3 2 3, A1/242 MANSS %, % h
T HZ3[cq, c6, A" "]/ (as-ca, ascq, ¢4 — g —12°(A77)7) = E77 (tmf(2)3)

is an inclusion of rings, and the isomorphism (5.2.5) is an isomorphism of modules over this
subring.

Proof. Our first task will be to compute m,tmf(2)3 as a C3-module. Let 7" denote the kernel
of the augmentation Z[C3] — Z. Note that we have an isomorphism of C3-modules:

H(S:Z)=7".
As a Z[Cs]-module we have
motmf(2)3 = Z3{1}
matmf(2)3 = Z3 {e1}
mstmf(2); = Zs[C31{el}
motmt(2) = Zo{A'?} @ Zy[Cy){eten)
mgtmf(2); = Z5 {A%e;} @ Z3[C5){el)
maotmf(2)5 = Za[Cs A e, eles)

In general, we have an isomorphism of C3-modules
(5.26)  metmf(2); = Z[A?] @ (Z{1} @ Z {e1} @ Z[Cs){ei'e5 : i > 0,¢ € {0,1}}).

Note that we have (using the analog of [BMMS86, Theorem V.2.4])

Cs
i+jA+er

HZY = H((ECy)s ®c, 87 Z3)
~ H—i—Qj—s(Cg'Z?— .

’

It follows from elementary group cohomology computations that we have

(5.2.7) TP HZY = Zs[u}, 0, 1/ (3a,.)

with

|luy| =2 - X, and |a,| = —>.
Observe that we have
MANSSEO,)\+>—+1(tmf(2)3) _ HO(C’3;7r0(tmf(2)3 ® S—A—)——l))
= H(C3;Z5 ® 7))
= H(Cy;Z3) ® H'(Cy; Z3[ C3])
=73 @ Zs.
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We let v; denote a generator of the first summand, and 5'1 denote a generator of the second
summand. We let ¢4 be a generator of

MANSS 08 (emf(2)5) = HO(Cs; mstmfo(2)3)
= H'(C3; Z5[C5]{et))
= Z37

and let u, ¢y and uLC4 denote the generators of

MANSS 0T (tme(2)5) = HO(Cy; mrtmto(2)3 ® 577)

0 2
= H'(C3;Zs[C5){e1} © Z)
= Z3 ® Zg.
Similarly we take cg to be a generator of the second summand of
WNSEES (tmi(2)5) = H'(Ci miotmiy(2)s)

0 1/2 2
= H(Cyi Z5{A"?} @ Zy[ Gy {eles))
= Zg & Zg

1/2

where the first summand is generated by A™'". We let u, cg and uLcG be the generators of

the first and second summands of
WIS (tmi (2)5) = H(Cyimitmig(2); @ S77)
= H'(Cy; Z{A"") @ 2 © Zs[Cy){eles) @ Z7)
= 73 ® Zs.
If we take ¢4 and cg to be the generators coming from the image of
metmfsy - metmf(2)3
then the result follows from (5.2.3), (5.2.6), and (5.2.7). O
The pg-orientation of tmf(2) in [HSW23, Theorem 1.9.] gives rise to a C3-equivariant map
7 ST S tmf(2),

which is an isomorphism on 7j (after 3-completion). Since tmf(2)3 is a Cs-commutative ring
spectrum, the norm-restriction adjunction [HHR16, Prop. 2.27] gives rise to a map

N%Res*tmf(2)5 — tmf(2)s.

Therefore, we may norm the element e; € mytmf(2)3 to get an equivariant enhancement of
Al/ 2,

_1/2 Cs3 Cs3

A= 4N (eq) € my, tmf(2)3.

Proposition 5.2.8. In the MANSS for tmf(2)3 there are differentials

)2

—1/2

ds(uS(A1H)?) 2 aSul (B

d5(u)\) = af—alv
do(aruy Ty (A1) 2 ul (B
dg(Uiﬁl) = a?_ZI/Q.
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These generate all of the differentials in the MANSS under the Leibniz rule and in particular
we find that

i € J i € J — 3
UNUy-Cqy Uy-Cqy UN\UY-Cgy Uy-Cgy UNVT, Vp, Up
—1/2
are permanent cycles. It follows that (Al/ 2)3 = ui\Q(A / )3 is a permanent cycle, and the
MANSS is therefore (A1/2)3-periodic.

Proof. The HFPSS/MANSS for tmf(2)3 maps to the HFPSS for TMF(2)3 converging to the

homotopy groups of

TMF(2)4“* = TMF; v S TMF;.

The structure of the HFPSS for TMF(2)3 in integer degrees is well known. It is a shifted
direct sum of two copies of the HFPSS which converges to m, TMF3 [Bau08]. The Ea-term is
given by

Z3[C4acﬁ7 il/Qaﬁ] ®E[Oé:|
(i = cg = 12°(AY?)?, 30,38, acy, acs, Bea, fico)
and under the map from the MANSS for tmf(2)3 to the HFPSS for TMFy(2) we have

asu)\v1 — «, and aiuizlm - (.
In the HFPSS for TMF(2)3 there are differentials

ds(A) = af?, and dg(A%a) = 3°

HFPSS st o
E2 (TMF(2)3) =H (C3J7TtTMF(2)3)

Here, we use = to indicate both sides of the equation are equal up multiplication by an element
of Z3. This implies that in the MANSS for tmf(2)3, we have differentials

ds(uy (A7) 2 aul ('),
doaruy T (B %)Y 2 alPulS (AP,

The element ay is a permanent cycle because it is in the Hurewicz image, and the elements v;
—1/2 .
and A f are permanent cycles because we constructed elements of wg“tmf (2)2 which these

converge to. It follows that we have differentials

ds(uy) = iy, and do(u3Ty) = agzl/%

By dimension considerations, we observe that these differentials generate all of the differentials
in the MANSS under the Leibniz rule and the result follows. O
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