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M20550 Calculus IIT Tutorial
Worksheet 9

1. Calculate the line integral / (y* 4 ) dx +4ay dy where C is the arc of 2 = y? from (1,1)
c
to (4,2).

Solution: First, we need to parametrize the curve C'. Since C'is a part of the curve
x = y?, we can let y = t; then we have o = t2. Moreover, since the curve C is
the part from (1,1) to (4,2), we get 1 < y < 2. So, we have 1 < ¢t < 2. Thus, a
parametrization of C' is as follows:

x(t) =13 y(t)=t for1 <t <2,
Now, [ (y*+z)dx+4xydy is a line integral with respect to x and y because we see
c
the dr and dy. Here,
de =2'(t)dt =2tdt and dy =y'(t)dt = 1dt.

So, for 1 <t <2,

/(y2 +z)dr + dzy dy = /2 {(t2 + 1) 2t + 4(¢7) (1) | dt
C 1

2
:/ 83 dt
1

2
= [2754}1
=2°—-2=230.

2. Evaluate the line integral / 2* dx +x dy +y dz where C is the line segment from (1,0, 0)
C
to (4,1,2).

Solution: First, we parametrize C, the line segment from (1,0,0) to (4,1,2). For
0 <t <1, C can be written as the vector function

r(t) = <1,0,0)+t<<4,1,2>— (1,0,0>) = (1,0,0) +¢(3,1,2) .

So, z(t) =1+ 3t, y(t) =t, and z(t) = 2t for 0 < ¢ < 1. Then,

de =2/ (t)dt =3dt, dy=y'(t)dt =1dt, dz=Z'(t)dt =2dt.
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Hence, for 0 <t <1,

/z2da:+xdy+ydz
c

S— S—

olm

1

1

[(215)2(3) + (14 3t)(1) +¢(2)| dt

[12¢% + 5t + 1] dt

43 + 22 4+t

5 1
2 0
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3. Compute / 2% ds where C is the intersection of the surface 22 + y? + 22 = 4 and
C
the plane z = /3.

Solution: The intersection of the sphere 2 + y% + 22 = 4 and
the plane z = V/3 is the circle

2
$2+y2+<\/§> =4, z2=+/3

or simply 224132 =1, 2z=+/3.

Thus, a parametrization of C' could be

r(t) = <Cost, sint, \/§> for 0 <t < 2.

Then, 1/(t) = (—sint,cost,0) = |r/(t)| = \/(—sint)? + cos?t = 1.
So ds = |r'(t)| dt = 1dt. Finally, for 0 < ¢ < 2,

4. Determine whether or not the following vector fields are conservative:
(a) F = (3+2zy)i+ (2> - 3y%)]
(b) F=i+sinz j+ycosz k

oP - 0
Solution: (a) Since F is a vector field on R?, we use the criterion M = a—Q to see
Yy x

if F is conservative or not. We have F = (3 + 2zy, z* — 3y?). So, P = 3 + 2xy and
Q = 2? — 3y* and

OP 0Q
9= 2%
dy ox
oP 0
Since — = —Q, F is a conservative vector field on R?.

oy ox
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(b) Since F is a vector field on R?, we use the criterion curl F £ 0 to see if F is
conservative or not. We have F = (1,sin z,y cosz). And

i J k
o 0 0

curl F=V x F = oc oy o = (cosz — cos z,0,0) = (0,0,0) = 0.
1 sinz ycosz

Since curl F = 0, F is a conservative vector field on R3.

5. Evaluate/F-dr, where F(z,y,2) = —2ryi+4yjt+kand r(t) = ti+t?j+k, 0 <t < 2.
c

Solution: Since x =t, y =12, z = 1, we have
F(r(t)) = =261 + 4% + k = (=2t 4% 1),
and
r'(t) =i+ 2tj = (1,2t,0)
The line integral of F along C'is

/F-dr:/
C 0
2

= / (=23 42 1) - (1,2t,0) dt
0
J

F(r(t))-r'(t) dt

(—2t* + 8t%) dt

= [ 6t3dt
0
64 |*
=T
3.2
= -0
2
= 24,

Remark: Note that F is not a conservative vector field, so we cannot apply the
Fundamental Theorem of Line Integrals in this example. To see this note that

i j k
0 o 0
1F = F=| — — —|= 2 .
cur V x 9z 9y 02 (0,0,2x) #0
—2zy 4y 1
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6. Evaluate / F - dr, where F = (y? cos(zy?) + 32?) i+ (2zy cos(zy?) + 2y) j is a conserva-
c
tive vector field and C'is any curve from the point (—1,0) to (1,0).

Solution: Since we know F is a conservative vector field, F = V f for some scalar
function f(z,y). So, [, F-dr = [,V f-dr. Then, by the fundamental theorem of
line integral (FTLI), we have [,V f-dr = f(1,0) — f(—1,0). So, let’s go about and
find the potential function f(x,y) of F first.

We know F = V[, so (y* cos(zy?) + 322, 2zy cos(xy?) +2y) = (fs, f,). Thus, we have

fr =y cos(xy?) + 322 (1)
fy = 2wy cos(zy?) + 2y (2)

Using equation (1), we have f = [(y? cos(zy?) +32?) dz = sin(zy?) + 2 + g(y). Now,
we need to find ¢(y) to complete f.

With f = sin(zy?) + 2* + g(y), we compute f, = 2zycos(xy?) + ¢'(y). Then from
equation (2) above, we must have

2ay cos(xy®) + ¢'(y) = 2xy cos(zy®) + 2y = ¢'(y) =2y = g(y) =y* +C.

We only need a potential function to apply FTLI, so we can pick C' = 0. So, a
potential function f(x,y) of the vector field F is

f(z,y) = sin(zy?) + 2° + ¢*.
Finally,
/F~dr:/Vf-dr "Z£(1,0) = £(=1,0)
C c

= (sin0 + 1* + 0?) — (sin 0 + (—1)* 4 0%
2.

7. Use Green’s Theorem to evaluate

3 3
/ (—y—+sinx> dzr + (x——i-y) dy,
c 3 3

where C'is the circle of radius 1 centered at (0, 0) oriented counterclockwise when viewed
from above.
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Solution: Let D be the region enclosed by the unit circle C' in this problem. By
Green’s Theorem, we have

% 23
/ (—— —l—sinx) dzr + (— +y) dy = // ? — (—y?) dA.
c\ 3 3 D
e x? 0
Here, we have P = —Z +sinz and Q = — +y, so — = —y? and —~ = z°.
3 3 oy ox
Y 23
So, instead of computing the line integral / (_3 + sin x) dz + (g + y) dy, we
c
are going to compute the double integral / / 22 + y? dA, where D is the unit disk

D
as shown below.

[

Using polar coordinates,

2 1 1 T
// :U2+y2dA:/ /r3drd9:2ﬂ(—):—.
D o Jo 4 2
3 3
/C(—%—l—sinx) dx + (%+y) dy:g.

Hence,




