A LAW OF LARGE NUMBERS CONCERNING THE DISTRIBUTION
OF CRITICAL POINTS OF ISOTROPIC GAUSSIAN FUNCTIONS

LIVIU I. NICOLAESCU

ABSTRACT. We investigate the distribution of critical points of certain isotropic random
functions ® on R™. We show that the distribution of critical points of ®(Rx), suitably
normalized, converges a.s. and L? to the Lebesgue measure as R — co. We achieve this
by producing precise asymptotics of the second moments of these distributions as R — oo.
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1. INTRODUCTION

Denote by Meas(R™) the space of finite Borel measures on R™. Suppose that a : R — R is
an even Schwartz function such that a(0) = 1. We will refer to such functions as amplitudes.
Consider the measure p, € Meas(R™)

nalde] = @wa,m(f)x[dﬂ, wom (€) = a( (€)%

where A denotes the Lebesgue measure on R™.
The characteristic function of u, is the nonnegative definite function

Kq(=) :/m o [ de ] = (2;)m /Rm &ma(1e]) N[ de]. (1.1)

Clearly K () is an O(n)-invariant, real valued Schwartz function. Then K,(x —y ) is the
covariance kernel of a real valued, smooth isotropic Gaussian function ® = &, on R" with
spectral measure .

For R > 0 we set

ap(t) :=a(t/R), VteR.
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Consider the finite Borel measure X € Meas(R™)

HELE] = o (€)ALd€] = gl I/R) A Lde |

(2)

Its characteristic function is the nonnegative definite function

Kl (z)= (271)771 /Rm 6 a([¢|/R)%d¢ = R™Ko( Ra). (1.2)

We deduce that K f( T — y) is the covariance kernel of the Gaussian function
of(z) := R™?®,( Rz).

The Fourier inversion formula shows that
. K (z)dx = a(0)* = 1.

Since Kq(x) is O(m)-invariant and smooth, it has the form W(|x|?) for some function
¥ : [0,00) — R. According to Schoenberg’s characterization theorem [17, Thm.7.13], the
function ¥ must be completely monotone. In particular, ¥ is non-increasing, nonnega-
tive and convex, [17, Lemma.7.3]. This implies that the probability measures K f(m)d:p

converge weakly to the Dirac measure dyg. For example, if a(t) = et/ 4 then
1 _l=f? 1
_ 12 = -
@2y M =R

is the probability density the Gaussian measure on R™ with variance h?1,,.
To use a terminology favored by physicists,

Kf(w—y) —0(x—y).

KE(x) =

a

In other words, as R " oo, the Gaussian random function <I>f‘ converges in distribution to
a Gaussian random “function” &> whose covariance kernel is K*°(x —y) = §(x —y). This
is the Gaussian white noise determined by the Lebesgue measure, [12].

For every R > 0 the random function ®Z is a.s. Morse and there is an associated critical

random measure
R ._
¢l = E Op.

VOE (z)=0

Thus, for any Borel subset S C R™, €£[S] is the number of critical points of ® in S. More
generally, if f : R™ — R is a continuous compactly supported function we set

i = | f@eflde] = 3T f@)
VoL (x)=0

Let €, := ¢E ‘ p—y- The main goal of this paper is to investigate the behavior of ¢l in the
white noise limit, R  co. The main result is the following.

Theorem 1.1. Fiz an amplitude a € S(R). Then the following hold.
(i) There ezists a universal explicit constant Cy,(a) > 0 such that for any f € Cgpt(Rm)
we have

E[¢lf]] = Cm(a)R™ - f(x)de..
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(ii) There exists a constant C’,(,?)(a) > 0, that depends only on m and a such that for

any f € Cg(R™)
Var [ €}[B]] ~ C2)(a)R™ (x)%dz, as R — oo

Rm
g

The case m = 1 of this theorem was proved by M. Ancona and T. Letendre [2, Thm.
1.16] and L. Gass [10, Thm.1.6].

One immediate application of this result is a law of large numbers. For any positive
integer N we denote by £y the random measure

_ b
= N
Theorem 1.1 shows for any f € Cgpt(Rm) we have

Var [ Ln[f]] ~ const x N™™ as N — oo

Since » -1 n~"™ < oo for m > 2, we deduce from Borel-Cantelli the following law of large
numbers.

Corollary 1.2. Let m > 2. Then for any f € CO(R™),

Ly el

Jim L[] = Cp(a)A[f] =Cm(a) | f(z), as. and L? (1.3)
—00 R™

where X denotes the Lebesque measure. a

As detailed in Appendix A the above result can be rephrased as saying that the random
measures £y converge a.s. and L? to the deterministic measure C,,(a)X. In particular,
for any bounded Borel set S, the random variables £y[S] converge a.s. to Cp,(a)A[S] a.s..
Thus, in the white noise limit N — oo, the critical points of @é\] tend to equidistribute with
high confidence.

For any bounded Borel set S C R™ we have €X[S] = &,[N - S] and thus Corollary 1.2
shows that 1

Jim =2 €[N - S] = Cin(a)A[S] as. and L2
In [15] we proved a Central Limit Theorem stating that when S = [0, £]™, then the random
variables

N2 ( ﬁca[zv 5]~ Cul(@AlS])

converge in distribution to a centered normal random variable with positive variance.

The new contribution of Corollary 1.2 the explicit description of the a.s. limit in (1.3).
The fact that this limit does indeed exist a.s., in any dimension m follows from the general
theory of stationary random measures on R". Thus Corollary 1.2 also holds in the case
m = 1. Here are the details.

For any f € Cg,(R™) we have

¢S = &lfn), fn(@) = f(N'z).
Suppose that f € C(?pt (R™) is nonnegative and

Nfl= [ fa)dz) >0
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Then the sequence
1
on(z) = WfN(m)

is asymptotically stationary in the precise sense defined in Appendix A. The random mea-
sure &, is stationary and Theorem A.2 implies that

exists a.s. and L' and it is a random variable @a independent of f. Moreover, we can
identify @a with a measurable function on the space M of locally finite Borel measures on
R™,

The distribution of the random measure ¢, is a Borel probability measure Pg, on M.
The additive group R™ acts on M by translations and, since ®, is stationary, we deduce
that Pg, is invariant under the above action of R™.

In Appendix A we give an alternate ergodic description of /Q\a. The fact that Ea is constant
suggests that the action of R™ on (M, Pe, ) might be ergodic. There is some circumstantial
evidence.

The Gaussian function ®, defines a Gaussian measure T' on C?(R™). The additive group
R™ acts on C?(R™) by translations. Since the Gaussian function ®, is stationary, we
deduce that the above action is I'-preserving. Since the spectral measure of ®, is absolutely
continuous with respect to the Lebesgue measure, the above action of R™ on ( C*(R™),T")
is ergodic; see [6]. This is the fact used in 1960 by V. Volkovski [16] to prove Corollary 1.2
in the case m = 1. We refer to [7, Sec. 11.5] for details.

The paper is organized as follows. In Section 2 we collect several probabilistic facts needed
in the proof of Theorem 1.1: the Kac-Rice formula, the regression formula and Lemma 2.3,
a Holder continuity result concerning certain functions on the space of Gaussian measures
on a fixed finite dimensional Euclidean space. Section 3 contains the proof of Theorem
1.1. We have subdivided this section into several parts corresponding to the conceptually
distinct steps in the proof of Theorem 1.1. Ultimately, two facts lie behind this result: the
stationarity of the random function ®, and the wery weak correlations its values at far
apart points.

2. SOME PROBABILISTIC PRELIMINARIES

We collect in this section several probabilistic facts used throughout the paper. We begin
with the Kac-Rice formula, a key player in our proof.

Theorem 2.1. Let V C R™ an open set. Suppose that F : V — R a Gaussian random
function that is a.s. C? and such that the Gaussian vector VF(v) is nondegenerate for any
v €V. We denote by pyp(y) is probability density. The following hold.

(i) The random function F is a.s. Morse
(ii) We set
Cpi= Y by (2.1)
VF(v)=0
Then €p is a random locally finite measure on ¥ in the sense of [8] or [14]. For
any nonnegative measurable function ¢ : ¥ — [0,00) we set

erlel = [ewellal= 3 o)

VF(v)=0
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(iii) For any box B C ¥, the function F a.s. has no critical points on OB and

E[¢rIpy]] :/BE[|detHessF(v)| | VF(v) = 0]pyr@w (0)¢(v)dv. (2.2)

We will refer to the function
pr(v) :=E[|det Hess F(v)| | VF(v) = O]pvp(v)(O)
as the Kac-Rice density of F.
g

For proof and more details we refer to [1, 4]. In applications, the conditional expectation
appearing in the Kac-Rice density is computed using a classical trick.

Suppose that X,Y are jointly Gaussian centered random vectors valued in the finite
dimensional Euclidean spaces X and Y. If X is nondegenerate, then for any measurable
f:Y — R with polynomial growth at co the conditional expectation E[ f(Y)|X = 0] is
computed using the regression formula

E[£(Y)| X = 0] =E[£(2)]
where Z is the centered Gaussian vector Y — E[Y || X ]! whose variance is
Var [Z] =Var [Y ] — Cov [Y, X | Var [X}_l Cov [ X,Y]. (2.3)

In the proof we will need to compare expectations with respect to different Gaussian
measures. In last part of this section we describe a general method for doing this.

Suppose that V' is an m-dimensional real Euclidean space with inner product (—,—).
Denote by S1(V) the unit sphere in V' and by Sym(V') the space of symmetric operators
V — V, by Sym-,(V) C Sym(V) the cone of nonnegative ones. For A € Sym- (V') we
denote by I'4 the centered Gaussian measure on V with variance A. B

The space Sym(V) is equipped with an inner product

(A,B) =tr(AB), VA, B € Sym(V).

op
We denote by || — ||op the associated norm.

We have a natural map Sym((V') — Sym.,(V), A A2 We will need the following
result, [13, Prop.2.1].

Proposition 2.2. For any u > 0 and VA, B € Sym((V), such that AYV2 4 B2 > ;i1 we

have
1/2

MH A1/2 B Bl/2 Hop < H A-B Hop ’

(2.4)
a

Lemma 2.3. Fir Ag € Sym,(V') such that A(l)/2 > pol, po > 0. Suppose that f:V = R
is a locally Lipschitz function that is homogeneous of degree k > 1. For A € Sym,(V') we
set

Ja(f) == /Vf('v)I‘A[d'v].

IThe conditional expectation E [V || X] is a random variable whereas E[ f(Y) | X =0] is a deterministic

w|»

quantity, whence the difference in notation,

« || ” vs
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Then for and R > ||Ao|lop there exists a constant C = C(f, R, po) > 0 with the following
property: for any A € Sym (V') such that ||, Allop < R

1940 (f) = Ia(f) | < ClA = Ao||'/* < C(k, R)||A — Ao|| 2% (2.5)

In other words, A — JA(f) is locally Hélder continuous with exponent 1/2 in the open set
Sym. ( \ %4 ) .

Proof. The function f is Lipschitz on the ball
Br(V):={veV;|v| <R},
so there exists L = L(R) > 0 such that

[f(u) = f(v)| < Lllu—v|, Yu,v € Bg(V). (2.6)
Note that
4(5) = [ 1(4720)T[av].
SO
9200 =940 < [ | 7(4120) = 1(43 )| T [av]
= U ) [ ) () ot o]
Cm,k
(2.6)

1/2 1/2 (2.4) 1/2
< Cm,k:L(R)/S V) ||A - AO HOP V0151(V) [dv] < C(k,R,MO)HA - AO”op :
1

3. PROOF OF THEOREM 1.1

3.1. Proof of Theorem 1.1(i). To compute the expectation of €£[f] we rely on the Kac-
Rice formula. Note that x is a critical point of ® iff R~z is a critical point of ®, so that,
for any f € C’gpt(Rm), we have

Cllf] = Calfr), fr(z)= f(z/R).

We want to apply the Kac-Rice formula to ®,.
For k € N we denote by D*®, the k-th order differential of ®,

Proposition 3.1. Let N € N. Then the following hold.
(i) The function ®4 is N-ample, i.e., for any distinct points x1,...,xy € R™, the
Gaussian vector
((I)a(wl), ceey @a(w]v) )

is nondegenerate.
(ii) The function ®, is Jy-ample?, i.c., the Gaussian vector

Dy(x) © Do) © - - - © DN Dy ()

is nondegenerate for any x € R™.

2N-th jet ample
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Proof. (i) Since wam(|€|) = a([¢| )2 is positive on an open neighborhood of 0 € R™ we
deduce from [17, Thm. 6.8] that if @1, ...,xy € R™ are distinct points, then the symmetric
N x N matrix

(Ka(z; — ;) )1§i,j§N
is positive definite. This matrix is the variance matrix of the Gaussian vector

(<I>a(a:1), v, Og(xN) )

(ii) Observe that for any multi-indices o € (Zxo)"", we have

E(0%®a(2)0"®o () ) = 000, Ka(x — y) ]m:y

— [ e@uld], ¢ mer g
RrRm

This shows that for any N € N and any * € R" the variance the Gaussian vector
(8“<I>a(m))|a|§N is the Gramian matrix of the functions (SQ)MSN with respect to the
inner product in LQ(Rm, ua). Since a(0) = 1 we deduce that the functions £ are linearly
independent in L? ( R™, ,u,a) so the determinant of their Gramian matrix is nonzero. Hence
the Gaussian vector

Dy(x) ® Do) © - - - © DN Dy ()
is nondegenerate, for any k£ € N and any © € R™. O

Results of Ancona-Letendre [3] or Gass-Stecconi [11] show that the Jy-ampleness of @,
implies that for any function f € C9,(R™), the random variable €4[f] has finite moments
of any order.

Proposition 3.1 shows that the Gaussian vector V®,(x) is nondegenerate for any « € R™.
For any multi-indices «, 8 € (Zzo )m we have

E[0°2a(2)0"Pa(y) ], = 050, %" (@, Y)| o=y

(—1)IBllglel+18] / s ) N (3.1)
= o [ §TTa(g)ds, £ =" G
(27-‘-)m R (| ’) 1
For any multi-index a € (Zxo )m we set
1
M= [ enlde] = i [ ealie)P
o 1ol 98] = Gy [, 100D

We say that the multi-index o = (a1,..., ) is even if o; is even for any j = 1,...,m.

The multi-index « is called odd if it is not even. The radial symmetry of a( |€ |) implies
that
M$ =0 if o is odd. (3.2)

Using spherical coordinates on R™ we deduce that for any o we have

M = (271)7” ( /0 h rm—1+|aa(1~)2dr) x / gvolgnnn [de], (3.3)

+2

Sm=1 = ) (R™). Note that m,, is independent of a. If we let ag := (27)"/2¢~ 7, then

a _ T lEP/24¢ — m/2 2 a; d
My = [ e = om) ]]:[1/R€ v, [ de]
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where 7, denotes the Gaussian measure on R with mean zero and variance 1. If « is even,
a = 2k, then

Mo = (2m)™2 T J(2k; — DI
j=1
On the other hand, using (3.3) we deduce

0
1 g2 T B
Mgg - m2/@/ Tm+2|’i| 16 T /er = \/;mm{/ |x’m+2|f€| 171 [d.ﬁU]
0 R

2|”|+m/2_1mgnf( k| +m/2).

Hence
(27T)ﬂ Hm 1 (265 — 1! QHmﬂ I(kj +1/2) 3.4
may, = |H|+m/2 1F(‘Fc|+m/2) (’/ﬂ\—}—m/Q) ( . )
Above we used the classical identities
I'(1/2) =72, T(z+1) =al(x).
For every k € Z>(o we set
1 = ok 2dr.
@)= [ rtalrar
We deduce . ( 1)
mara 2 ’jn:ll“ kj+1/2
(27T) MQK_ m—1+2|n|(a) F(|I<;|—|—m/2) . (3'5>
We set
Sm :=/ pald€), dm= | &paldE], hum :=/ 1€ pal dg . (3.6)
m Rm R’Iﬂ
Then )
m/2
[ a6DPde = S s (@) = )" (3.7
27Tm/2 . .
| € = s T (0) = (21" d, Vi (33)
2 m/2 '
[ f?s,%ausr)?dg:mfm+3<a>:<2w>mhm, Vi £k (3.9)
[ e = o hs(a) = 3 s i (3.10)

Using (3.1) and (3.2) we deduce that for any & € R™ the Gaussian vectors V®q(x) and
Hesso, () are mdependent Hence

E|[ det Hessg, ( | V@u(x) = 0] = E[ det Hessg, ()| ]
Using (3.1)and (3.8) we deduce that the variance matrix of V®4(x) is
Var [V®q(z)]| = dplm, V& €R™, (3.11)
where 1,, denotes the identity m x m matrix. Hence

PYaa(a)(0) = (2rdy,) ™2
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The space Sym(R™) of real symmetric m X m matrices is equipped with an inner product
(A, B) = tr(A). Moreover, the linear functions ¢;;,w;; : Sym(R™) = R, 1 <i < j <m,

Qg 7= j,
bii(A) = a5, wij(A) = {\/iaw i< (3.12)
17

define coordinates on Sym(R™) that are orthonormal with respect to the above inner
product. We set

Lij(x) := £i;( Hesso(x) ), Qij(x) :=w;;( Hesso(x)). (3.13)
Then

B[00, 0a(0) 020, @] = o [ Esticia(1€P)de, i< <

Note that if i < j, then the above integral is nonzero iff (i, ) = (k, ¢) in which case
2
E[ Lij(x)Lij(x) | = E[ (07,4, @a(2))"]

TiTj
1

(27)m /Rm gi&ia(le?)de .

If i = j, then the above integral is nonzero iff k¥ = ¢, in which case we deduce from (3.9)
and (3.10)

h ik,
3, i=k.

The above equalities can be rewritten in the more compact form

E[ Lij(@) Lig(x) | = b ( 050k + 0inje + 0iedsn ), Vi < j, k < L. (3.14)

E[02,®q(2)07, ®a(x) | = {

These equalities show that the off-diagonal entries of Hessg are i.i.d., and also independent
of the diagonal entries. The diagonal entries have identical distributions but are dependent.
The parameter h,,, describes the various variances and covariances.

The Gaussian measure on Sym(R™) determined by these covariance equalities is invariant
with respect to the action of O(m) by conjugation on Sym(R™).

For v > 0 denote by 87, the space Sym(R") equipped with the O(m)-invariant Gaussian
measure on Sym(R™) determined by the covariances

E[LU(:I})LM(:I})] = ’U((Sz‘j(skg -+ 5ik5j€ -+ 5ié(5jk ), Vi < 7 k<.

Hence
E[ det Hesso, (z)|] = Eghm [|det H|].

We deduce from the Kac-Rice formula (2.2) that
B[Colf)] = [ B[ 1ot H [prae) (0)fo@)A [ dz]

CLY (2mdy) ™/ 2B g, [ | det H] | / fr(z)da.
m Rm

Note that

fr(x)dz. = R™ [ f(y)dy.
R™ R™
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Using the linear change in variables X = (2h,,)”"/?H we deduce

B \ ™2
(27rdm)—m/2[E8%m [|detH|| = <7T6Zn> Egir{z[]detX” :
—=:Cp(a)
Hence
B[ef(f]] = Cu@R" [ [y)dy. (315)

Remark 3.2. One can prove that as m — oo

s (mA3\ [ ha \™P/ 1\
m(a) ~ 227 | —— — —_— .
Cm(a) ~ 22 ( 2 ) <7rdm> <m+1>
Using (3.8) and (3.9) we deduce

hm _ L(1+m/2)  Ipis(a) _ 2L 43(a)
dp T2+m/2)  Inga(a)  (m+2)Imia(a)

Cin(a) ~ 252 (hm(a)>m/2r (m+3> m=1/2

Hence

dm(a) 2
273" Iin-3(a) " ol 3 m~Y2 asm — 0o o
(m+2)In11(a) 2 '

The constant C,(a) tends to grow very fast® as m — oo, but its large m behavior depends
on the tail of the amplitude a. Roughly speaking, the slower the decay at co of a the faster
the growth of Cy,(a). 0

3.2. An integral formula for the variance. We need to introduce some notation. Set
e Define
$:R™ X R™ = R, &(z,y) = Pu(x) + Bo(y), € =C5,

~

H(x,y) := Hessg(x,y), H(x):= Hessg,(x).
e Choose an independent copy ¥, of &, and set

O(x,y) = Po(x) + Vo(y), H(zx,y):= Hessz(x,y), €=C5.

P
e Set || f]| == [ fllcomm)-
e Set
X=R"xR™"\A={(z,y) eR"xR"; z£y}.

Observe that the random function on </I;(zr:, y) is stationary with respect to the action of R™
on R™ x R™ itself by translations

Tv(m,y):(a:—&-v,y—i-v), x,y,vER™, (3.17)

where as @ is stationary with respect to the action by translations of R>™ on itself.
We have

C[Ixf5% = > fr()fR(y) = Calfr)® — CalfR].
V%(m)=z<1>a(y)=0,
TFY

3Think super factorial.
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Bulinskaya’s lemma implies that
P[3z: V() =VU(z)=0]=0

and we deduce

[T f2) = > fr(=@) fr(y)
V%(w):zl/a(y)zo,
7Y

= Y @) frly) = €, B €S, ], as..
V&o(z)=V¥a(y)=0
Hence
E[C[fr, ®a] - €[, el ] = E[€(fr, @e]] - E[€[fn, V]| =E[[fn, 2]’
so that

E[ € [Ixf5]] - B[ € [Ix 5] = E[Culfal?] — E[Culfal]* ~E[Calf3]].

~~

=Var | [ €alfr] ]

We have seen that

E[&[f2]] = R™Cpm(a) A [P (z)da
so we have to show that

I(R) :=E[CIxf5*]] —E[CIxf5%]] ~ Zm(a)R™ (2)%de as R — oo (3.18)
-

for some constant Z,,(a) € R that depends only on m and a.

Lemma 3.3. For any x,y € R™, x # y, the Gaussian vector V&)(:I), y) is nondegenerate.

Proof. We have

Var [V:I;(ac,y)] =

Var [ V®q(x) | Cov [V@qu(x), VPa(y) | ]

Cov [ V®y(y), V() ] Var [ V®,(y) |

As shown in (3.11), for any = € R™ we have

Var [VOu(2) | = dnlp, dm= [ &paldé].
Rn

We have

Cov [V®q(x), VO4(y) | = (92,0, Ka(z — y) )1§j,k§m

and

0,0y Ko(x — y) = / e HET Ve nq [ de]. (3.19)
Since ®, is stationary it suffice to consider only the case £ = 0. On the other hand, ®,
is O(m)-invariant so, up to a rotation, we can assume that  —y = —tej, t # 0, where

{e1,...,en} is the canonical basis of R™. Hence

O, 0y K o — ) = / €6 p1a ] de .

Rm
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Let us observe that if j # k, then either j # 1, or k # 1. Suppose j # 1. The function
e’tflgjﬁk is odd with respect to the reflection &§; — —¢&; so

0,0y K ol y) = / G Epa[dE] = 0, V) # k.

R7

If j =k, then
dn(3) i= 00,0, Kolwy) = [ *0&nalds] = [ cos(ter)éial de]
and we deduce®
' 2 2 _
oni) < [ | costten) [l d¢] < [ €nlde] =

After a reordering
(02, Pa(), - .., 0z, Pa(@), Oy, Ba(y), - - - Dy, Pa(y) )

(02, Pa(x), 0y, Pa(y), - . ., O, Pa(), By, Pa(y) )

we see that
m

3 dm  dm(j)
Var | V& (x, = .o .
ar[ (z y)] je? [ dn(j)  dm
:‘/f7
Note that, for each j, the symmetric matrix Vj is positive definite since

det Vj = d?, — dn(4)? > 0.

O

Since Va(w, y) is nondegenerate for  # y we can use the Kac-Rice formula to compute
E[€R[Txf5?]]. We deduce that for any R >0

E[e[Ix /5]
= / E[|det H(z,y)| ‘V‘/I;(a:,y) = 0]pv</f’(m,y)(0) EQ(m,y))\[dmdy]. (3.20)
R™ xR™\A

=p(z,y)

Since ® is invariant under the translations (3.17) we deduce that p depends only on & — y.
The gradient V®(x,y) is nondegenerate for any x,y and invoking Kac-Rice again we
obtain

E[€[Ix /"]
= / E[|det H(z,y)| |VO(z,y) = O]pv5(m7y)(0) Rz, y) A [dzdy].  (3:21)
R™ xR™\A

:5€:rr7y)

The function pr(x,y) is independent of x,y since the random function P is stationary.
Thus

I(R) = /x (P@.y) = p(@.y)) fr(@) fr(y)A[ dedy]. (3.22)

-~

=:A(z,y)

4At this point we use the fact that a([¢]) > 0 for |¢| sufficiently small.
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There is a serious issue concerning p(x,y) namely it blows up as (x,y) approaches the
diagonal so this Kac-Rice density may not be locally integrable.

3.3. Off-diagonal behavior. We first describe the behavior of A(x,y) away from the
diagonal. Note that A depends only on the x — y.

For every z € R™ we set
T(z):= Y |0°Ka(z)|.
|| <4
Since K is a Schwartz function we deduce that
T(z) =0(|z|">) as|z| — oo.
This means that
Vp >0, T(z) =0(|z|7) as|z| = oco.

Observe that

Var [VEI;(ZL',y)] = |: Var [Voq)a(x)] Var [voq)a(y)] :| = dyLom,
and
R Var [ V®,(x) | Cov [ V®q(x), VP4 (y) |
Var [VO®(z,y) | =
Cov [V@a(y), V@a(m)] Var [V@a(y)]
~ 0 Cov [V®q(x), VPa(y) ]
= Var [V®(z,y) | +
Cov [ V4 (y), V() | 0
=:Rv (x,y)
Hence
H Var [V@(m,y” — Var [V&;(w,y)] H = ||Ry(z,y)|lop = O(Tr(z —y)), (3.23)

The operators Var [V‘i(w, y)] and Var [V (x, y)] are invertible for x # y. In particular

Var [V@(m,y)]_l = ( Var [V:Is(sc y) | + Ry(z, y))_1
N (3.24)
:(]1+Var[V<I>(a:,y vay ) VCIny)] 1,

| Var [V@(a:,y)] — Var [V@(az y) |~ - Hop O(T(x—y))as |z—y|—oo0. (3.25)

Note that Var [ H (x) ] 0
Var [ H(z,y)] = [ 0 Var[H(yH}

Since ®, is stationary, Var [ﬁ(m, y)] is independent of x and y. We have

~ Var [H(x)]  Cov [H(x), H(y)]
Var [H(z,y)]| =

Cov[H(y),H(cc)] Var[H(y)}

0 Cov [H(z), H(y) |
= Var [H H (e, y) |+

Cov [H(y),H(x)] 0

:RH(wvy)
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We deduce that as | — y| — oo we have
| Var [ A(w,y)] - Var [H(@.9)] [, = |Ri@,9)lop = O(T(@—9)).  (326)
We denote by H (x,7)” the Gaussian random matrix
H(z,y) = H(z,y) —E[H(z,y) | Vo(z,y].
Similarly, we denote by H (x,y)’ the Gaussian random matrix
H(z,y) = H(x,y) —E[H(z,y) |, V].

The distributions of H(x,y)” and H (x,y)" are determined by the Gaussian regression
formula (2.3).

Since H (z,y) and V&)(:c, y) are independent we deduce
Var [fl(w,y)b] = Var [f[(w,y)}
Using the regression formula we deduce that for |z — y| > Cy,
Var [ﬁ(m,y)b] = Var [f](az,y)]
— Cov [ﬁ(a}, Y), V&)(w, y) | Var [V@(a:, Y) | ~ Cov [V@(a:, Y), ﬁ[(w, y) ]|
= Var [H(z.y)"| + Ru(.y)
— Cov [ﬁ[(w,y), VZI;(a:,y)] Var [V&)(w,y)]_l Cov [V&)(w, Y), ﬁ(aj, y)].
We have

N N Cov [H(:c), V@a(:n)} Cov [H(:l:), V@a(y)]
Cov [H(x,y),vq)(w,y)] =

Cov [H(y), V@a(a:)] Cov [H(y), V@a(y)}

Cov [0 Cov [ H(z), V®4(y) |
Cov [H(y), V()] 0 ]
This implies
Cov [ﬁ(%y),vzﬁ(w,y)] =0(T(x—1y)) as |z —y| — oo.
We deduce from (3.25) that
Var [V&)(a},y)]_l = Var [V%(w,y)]_l +O0(T(x—y)).
Since Var [V&)(az, y)] is independent of  and y we conclude that

~ ~ ~ —1 ~ ~
Cov [H(z,y), VO(x,y)] Var [VO(x,y)]  Cov[Ve(x,y),H(z,y)| = O(T(z —y)),
(3.27)
Since Var [H (x, y)] is independent of x,y we deduce that there exists pg > 0 such that

Var [ﬁ(w,y)b] > pol, Ve #y.
We deduce from (3.27) and Lemma 2.3 that

‘E[\detﬁ(w,y)"]] — E[|det H(z,y)"|] ‘ = O(T(z —y)/?). (3.28)
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Using (3.25) we deduce that as |z — y| — oo we have

‘ PYd(a,y) (0) - P& (x,y) (0)]

_ _ (3.29)
= (277)_7”/2‘ det Var [V@(m,y)]_l — det Var [Vfb(m,y)]_l ‘ =0(T(z—1y)).
Note also that (3.26) implies that
sup || Var [f[(m,y)b] llop < 00 (3.30)

[z—y|oo>1

We can now estimate the right-hand-side of (3.22). Using (3.28), (3.29) and (3.30) we
conclude that

Ve —y[>1, |A,y)|=0(|z—y| ™), as|z—y| = . (3.31a)
sup | Az —y) | < oco. (3.31Db)
le—y|>1

3.4. Conclusion. Suppose that
supp f C {|&| <ro}.
Denote by X the radial-blowup of R” x R™ along the diagonal. It is diffeomorphic to the
product R™ x ™1 x [0, 00).
Choose new orthogonal coordinates (£,7) given by
1 1
=zty n=z-—ys=z=_E+n), y=5E-n

then
lz—y| = |n|, dedy=2"*"d¢dn.

Recall that p depends only on 7. Note that if «,y € supp f, then |x|, |y| < ro and thus
1 1
z,y € swpp f = [€l, Inl < 1€+l + 3le —ul <o, (332)

The natural projection 7 : X = R™ x R™ can given the explicit description
R™ x ™71 x [0,00) 3 (&,v,7) — (€,1) = (£,rv) € R™ x R™.
We set
w(z,y) = |z —y[" bz, y).
We deduce from [5, Sec. 4.2] or [9, Appendix A.1]

sup  |w(z,y) | < oc. (3.33)
0<jz—y|<1

It is easy to see that p o m admits a continuous extension to the blow-up. Using (3.31a),
(3.31b) and (3.33) we deduce that for any p > 0 there exists a constant K, > 0, such that

& =y A, y) | < Kp(1+|z—y)) 7T Vo Ay (3.34)

Set
3(&,m) = A(w(&m))
Since A(x,y) depends only on y — x we deduce that (£, n) is independent of £. We have

I(R) = /3e A, y) f22 (, y)dady
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22m /m/VI Lre(0.00) r’mT lé(f,TV)f (£+TV)fR(fgry)drvolSm_l[dy}df

(€ = 2R()

(3.52) R™2™ m/|<< (/ullrm_lé(o,ru)f(c+)f((—)drvolsm 1[du]) dc.
=ro >0

=:J(R)

We deduce from (3.32) and (3.33) that for any p > 0 there exists K, > 0 such that for any
R>0, |v|=1and r >0 we have

[ 6(0.w) (¢ 5 ) (¢ = 5 ) | S Kl 1P (1) 7

For p > m we have

/|c< (/(0 ) 1(14—7")p+m1drvolgml[du]> d¢ < oo.
<ro ,00X.S™M—

The dominated convergence theorem implies that J(R) has a finite limit as R — oo. More
precisely

R—o00

lim J(R) = /|<<m (2’” /u|=01 rmlé(O,rl/)drvolsm1[dl/]> f(¢)2dc.
- >

=:Zm(a)

This concludes the proof of Theorem 1.1 (ii) with Cg)(a) = Zm(a) + Cp(a).

APPENDIX A. RANDOM MEASURES

The fact that @, is a stationary random function implies that the random measure €, is
stationary. This in itself has deep consequences. Let us elaborate.
Denote by Meas(R™) the space locally finite of Borel measures pon R™, i.e., u[ B] < oo

for any bounded Borel subset B C R™. Each f € C.,(R™) defines a map

Cpt

Ile\chS(Rm)—)R, p Ip(p) = p[f] = Rmf(a:),u[dx].

The vague topology on @(Rm) is the smallest topology such that all the functions I,
f € CY(R™) are continuous. As shown in [14, Thm. 4.2], this topology is Polish, i.e., it
is induced by a complete and separable metric. We denote by M is metric space. T We
denote by Prob (M) the space of Borel probability measures on M.

A sequence (p1,,) in M converges vaguely to u € M, and we indicate this as p,, — p, if
and only if

:U'n[f]_}u[f]v er cpt(Rm)
A random locally finite measure on R™ is a Borel measurable map

M: (Q,8,P) — M.

Its distribution is a Borel probability measure Pgy on M.
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Recall that a sequence of probability measures u,, € Prob(M) is said to converge weakly
to pu € Prob(M), and we indicate this u,, — p if

lim Fd,un:/qu,
X X

n—oo

for any bounded and continuous function F' : M — R. A sequence of random measures
M, is said to converge weakly to the random measure I if the distributions Pgy, converge
weakly in Prob(M) to Pgy. We use the notation 9, — 9 to indicate this.
A subset Q C R™ is a quasi-boz if it is a product of finite intervals
Q=1 x--x1Ip.

The intervals I need not be closed and could have length zero. A quasi-box @ is called a
box if all the intervals I} are closed and have nonzero lengths.
We have the following result, [8, Prop.11.1.VIII], [14, Thm. 4.11].

Theorem A.1. Consider a sequence (zmn )neN of random locally finite measures Prob (M ) .
The following are equivalent.

(i) The sequence M, converges weakly to the random locally finite measure IN.
(ii) For any f € CY(R™), the random variables My, [ f] converge in distribution to

mlf].
(iii) For any quasi-box Q@ C R™ the random variables ?Jﬁn[Q] converge in distribution

to sm[ Q] .
(iv) For any bounded Borel subset S C R™ random variables EITZn[S] converge in dis-

tribution to M [ S]
O

There are other modes of convergence of random measures corresponding to the various
modes of convergence of random variables. Suppose that
My, M: (Q,8,P) —» Prob(X), neN

are random locally finite measures. We say that 9, converges almost surely to 9 and we
indicate this 9%, =3 M if there exists a P-negligible set N € Q such that

My (w) = M(w), Yw e Q\N,
ie.,
My, =2 M= My, [ ] =DM f], Vf € COL(R™),.
The convergence I, L% 9 is defined in a similar fashion namely
P LP 0 /mm
m, — mT<:>9ﬁn[f] — QJT[f], Vf € Cop(R™),.
One can show (see [14, Lemma 4.8]) that

m,, =% M= M, [ S| 25 M[S], for any bounded Borel set S C R™, (A.1la)
Mm, M= M, [ S| L M[S], for any bounded Borel set S C R™. (A.1Db)

The action of R™ on itself by translations induces an action on M. We denote by J the
sigma-subalgebra of By consisting of translation invariant Borel subsets of M. A measure
P € Prob (M) is called stationary if its invariant with respect to this action. A random
measure 9 is called stationary if its distribution Py is stationary.
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As discussed in [8, Chap.12] or [14, Chap.5], every stationary random locally finite mea-
sure M on R™ has an asymptotic intensity 9t € L' ( M, Py¢). More precisely

M :=E[MC1] 7], C1=[0,1)™

This is an integrable random variable M. It has an ergodic interpretation. Wiener’s ergodic
theorem shows that for any compact convex subset C' C R™ containing the origin in the
interior we have
M= lim __ M[C — x |dx as..
N—oo N™ vol [C’] NC

Thus, if the action of R™ on (M, Pgy) is ergodic, then M is Pop-a.s. constant.

The intensity M has another ergodic interpretation; see [8, Thm. 12.2.IV] or [14, Th.
5.23]. More precisely, for C' as above we have

1
N™vol [C]

a.s. and L'. Moreover, if 9M[C;] € LP, then the convergence holds also in LP. This fact
admits the following generalization.

A sequence pyn € C’gpt(Rm), N € N is called asymptotically stationary if there exists
C > 0 such that

M[NC] - M

and

lim | on(x) — on(x —y) |de =0, Vy € R™.
Rm

N—oo

We have the following result, [14, Thm. 5.24]
Theorem A.2. If (pN)Nen is asymptotically stationary, then
M[on ] — CM,

in L' and a.s.. 0
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