
A LAW OF LARGE NUMBERS CONCERNING THE DISTRIBUTION

OF CRITICAL POINTS OF ISOTROPIC GAUSSIAN FUNCTIONS

LIVIU I. NICOLAESCU

Abstract. We investigate the distribution of critical points of certain isotropic random
functions Φ on Rm. We show that the distribution of critical points of Φ(Rx), suitably
normalized, converges a.s. and L2 to the Lebesgue measure as R → ∞. We achieve this
by producing precise asymptotics of the second moments of these distributions as R → ∞.
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1. Introduction

Denote by Meas(Rm) the space of finite Borel measures on Rm. Suppose that a : R → R is
an even Schwartz function such that a(0) = 1. We will refer to such functions as amplitudes.
Consider the measure µa ∈ Meas(Rm)

µa

[
dξ
]
=

1

(2π)m
wa,m

(
ξ
)
λ
[
dξ
]
, wa,m

(
ξ
)
= a
(
|ξ|
)2
,

where λ denotes the Lebesgue measure on Rm.
The characteristic function of µa is the nonnegative definite function

Ka

(
x
)
=

∫
Rm

ei⟨ξ,x⟩µa

[
dξ
]
=

1

(2π)m

∫
Rm

ei⟨ξ,x⟩a
(
|ξ|
)2
λ
[
dξ
]
. (1.1)

Clearly Ka(x) is an O(n)-invariant, real valued Schwartz function. Then Ka

(
x−y

)
is the

covariance kernel of a real valued, smooth isotropic Gaussian function Φ = Φa on Rm with
spectral measure µa.

For R > 0 we set
aR(t) := a(t/R

)
, ∀t ∈ R.

Date: Last revised November 26, 2024.
Key words and phrases. isotropic Gaussian functions, critical points, Kac-Rice formula, law of large

numbers.

1



2 LIVIU I. NICOLAESCU

Consider the finite Borel measure µR
a ∈ Meas(Rm)

µR
a

[
dξ
]
=

1

(2π)m
waR,m

(
ξ
)
λ
[
dξ
]
=

1

(2π)m
a
(
|ξ|/R

)2
λ
[
dξ
]
.

Its characteristic function is the nonnegative definite function

KR
a

(
x
)
=

1

(2π)m

∫
Rm

ei⟨ξ,x⟩a
(
|ξ|/R

)2
dξ = RmKa

(
Rx

)
. (1.2)

We deduce that KR
a

(
x− y

)
is the covariance kernel of the Gaussian function

ΦR
a (x) := Rm/2Φa

(
Rx

)
.

The Fourier inversion formula shows that∫
Rm

Ka(x)dx = a(0)2 = 1.

Since Ka(x) is O(m)-invariant and smooth, it has the form Ψ
(
|x|2

)
for some function

Ψ : [0,∞) → R. According to Schoenberg’s characterization theorem [17, Thm.7.13], the
function Ψ must be completely monotone. In particular, Ψ is non-increasing, nonnega-
tive and convex, [17, Lemma.7.3]. This implies that the probability measures KR

a

(
x
)
dx

converge weakly to the Dirac measure δ0. For example, if a(t) = e−t2/4, then

KR
a (x) =

1

(2πℏ2)m/2
e−

|x|2

2ℏ2 , ℏ = R−1

is the probability density the Gaussian measure on Rm with variance ℏ21m.
To use a terminology favored by physicists,

KR
a

(
x− y

)
→ δ(x− y).

In other words, as R ↗ ∞, the Gaussian random function ΦR
a converges in distribution to

a Gaussian random “function” Φ∞ whose covariance kernel is K∞(x−y) = δ(x−y). This
is the Gaussian white noise determined by the Lebesgue measure, [12].

For every R > 0 the random function ΦR
a is a.s. Morse and there is an associated critical

random measure

CR
a :=

∑
∇ΦR

a (x)=0

δx.

Thus, for any Borel subset S ⊂ Rm, CR
a [S] is the number of critical points of ΦR

a in S. More
generally, if f : Rm → R is a continuous compactly supported function we set

CR
a [f ] =

∫
Rm

f(x)CR
a

[
dx
]
=

∑
∇ΦR

a (x)=0

f(x).

Let Ca := CR
a

∣∣
R=1

. The main goal of this paper is to investigate the behavior of CR
a in the

white noise limit, R ↗ ∞. The main result is the following.

Theorem 1.1. Fix an amplitude a ∈ S(R). Then the following hold.

(i) There exists a universal explicit constant Cm(a) > 0 such that for any f ∈ C0
cpt(Rm)

we have

E
[
CR
a [f ]

]
= Cm(a)Rm

∫
Rm

f(x)dx..
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(ii) There exists a constant C
(2)
m (a) ≥ 0, that depends only on m and a such that for

any f ∈ C0
cpt(Rm)

Var
[
CR
a [B]

]
∼ C(2)

m (a)Rm

∫
Rm

f(x)2dx, as R → ∞

⊓⊔

The case m = 1 of this theorem was proved by M. Ancona and T. Letendre [2, Thm.
1.16] and L. Gass [10, Thm.1.6].

One immediate application of this result is a law of large numbers. For any positive
integer N we denote by LN the random measure

LN :=
1

Nm
CN
a .

Theorem 1.1 shows for any f ∈ C0
cpt(Rm) we have

Var
[
LN [f ]

]
∼ const×N−m as N → ∞

Since
∑

n≥1 n
−m < ∞ for m ≥ 2, we deduce from Borel-Cantelli the following law of large

numbers.

Corollary 1.2. Let m ≥ 2. Then for any f ∈ C0
cpt(Rm),

lim
N→∞

LN [f ] = Cm(a)λ
[
f
]
= Cm(a)

∫
Rm

f(x), a.s. and L2, (1.3)

where λ denotes the Lebesgue measure. ⊓⊔

As detailed in Appendix A the above result can be rephrased as saying that the random
measures LN converge a.s. and L2 to the deterministic measure Cm(a)λ. In particular,
for any bounded Borel set S, the random variables LN [S] converge a.s. to Cm(a)λ[S] a.s..
Thus, in the white noise limit N → ∞, the critical points of ΦN

a tend to equidistribute with
high confidence.

For any bounded Borel set S ⊂ Rm we have CN
a [S] = Ca[N · S] and thus Corollary 1.2

shows that

lim
N→∞

1

Nm
Ca[N · S] → Cm(a)λ[S] a.s. and L2.

In [15] we proved a Central Limit Theorem stating that when S = [0, ℓ]m, then the random
variables

Nm/2
( 1

Nm
Ca[N · S]− Cm(a)λ[S]

)
converge in distribution to a centered normal random variable with positive variance.

The new contribution of Corollary 1.2 the explicit description of the a.s. limit in (1.3).
The fact that this limit does indeed exist a.s., in any dimension m follows from the general
theory of stationary random measures on Rm. Thus Corollary 1.2 also holds in the case
m = 1. Here are the details.

For any f ∈ C0
cpt(Rm) we have

CN
a [f ] = Ca[fN ], fN (x) := f

(
N−1x

)
.

Suppose that f ∈ C0
cpt(Rn) is nonnegative and

λ[f ] =

∫
Rm

f(x)dx) > 0.
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Then the sequence

φN (x) =
1

Nm
fN (x)

is asymptotically stationary in the precise sense defined in Appendix A. The random mea-
sure Ca is stationary and Theorem A.2 implies that

lim
N→∞

1

λ
[
f
]CN

a [f ]

exists a.s. and L1 and it is a random variable Ĉa independent of f . Moreover, we can

identify Ĉa with a measurable function on the space M of locally finite Borel measures on
Rm.

The distribution of the random measure Ca is a Borel probability measure PCa on M.
The additive group Rm acts on M by translations and, since Φa is stationary, we deduce
that PCa is invariant under the above action of Rm.

In Appendix A we give an alternate ergodic description of Ĉa. The fact that Ĉa is constant
suggests that the action of Rm on

(
M,PCa

)
might be ergodic. There is some circumstantial

evidence.
The Gaussian function Φa defines a Gaussian measure Γ on C2(Rm). The additive group

Rm acts on C2(Rm) by translations. Since the Gaussian function Φa is stationary, we
deduce that the above action is Γ-preserving. Since the spectral measure of Φa is absolutely
continuous with respect to the Lebesgue measure, the above action of Rm on

(
C2(Rm),Γ

)
is ergodic; see [6]. This is the fact used in 1960 by V. Volkovski [16] to prove Corollary 1.2
in the case m = 1. We refer to [7, Sec. 11.5] for details.

The paper is organized as follows. In Section 2 we collect several probabilistic facts needed
in the proof of Theorem 1.1: the Kac-Rice formula, the regression formula and Lemma 2.3,
a Hölder continuity result concerning certain functions on the space of Gaussian measures
on a fixed finite dimensional Euclidean space. Section 3 contains the proof of Theorem
1.1. We have subdivided this section into several parts corresponding to the conceptually
distinct steps in the proof of Theorem 1.1. Ultimately, two facts lie behind this result: the
stationarity of the random function Φa and the wery weak correlations its values at far
apart points.

2. Some probabilistic preliminaries

We collect in this section several probabilistic facts used throughout the paper. We begin
with the Kac-Rice formula, a key player in our proof.

Theorem 2.1. Let V ⊂ Rm an open set. Suppose that F : V → R a Gaussian random
function that is a.s. C2 and such that the Gaussian vector ∇F (v) is nondegenerate for any
v ∈ V. We denote by p∇F (v) is probability density. The following hold.

(i) The random function F is a.s. Morse
(ii) We set

CF :=
∑

∇F (v)=0

δv (2.1)

Then CF is a random locally finite measure on V in the sense of [8] or [14]. For
any nonnegative measurable function φ : V → [0,∞) we set

CF [φ] :=

∫
φ(v)CF [dv] =

∑
∇F (v)=0

φ(v).
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(iii) For any box B ⊂ V , the function F a.s. has no critical points on ∂B and

E
[
CF [IBφ]

]
=

∫
B
E
[
|detHessF (v)|

∣∣∇F (v) = 0
]
p∇F (v)(0)φ(v)dv. (2.2)

We will refer to the function

ρF (v) := E
[
|detHessF (v)|

∣∣∇F (v) = 0
]
p∇F (v)(0)

as the Kac-Rice density of F .

⊓⊔

For proof and more details we refer to [1, 4]. In applications, the conditional expectation
appearing in the Kac-Rice density is computed using a classical trick.

Suppose that X,Y are jointly Gaussian centered random vectors valued in the finite
dimensional Euclidean spaces X and Y . If X is nondegenerate, then for any measurable
f : Y → R with polynomial growth at ∞ the conditional expectation E

[
f(Y )

∣∣X = 0
]
is

computed using the regression formula

E
[
f(Y )

∣∣X = 0
]
= E

[
f(Z)

]
where Z is the centered Gaussian vector Y − E

[
Y ∥X

]
1 whose variance is

Var
[
Z
]
= Var

[
Y
]
− Cov

[
Y,X

]
Var

[
X
]−1

Cov
[
X,Y

]
. (2.3)

In the proof we will need to compare expectations with respect to different Gaussian
measures. In last part of this section we describe a general method for doing this.

Suppose that V is an m-dimensional real Euclidean space with inner product (−,−).
Denote by S1(V ) the unit sphere in V and by Sym(V ) the space of symmetric operators
V → V , by Sym≥0(V ) ⊂ Sym(V ) the cone of nonnegative ones. For A ∈ Sym≥0(V ) we
denote by ΓA the centered Gaussian measure on V with variance A.

The space Sym(V ) is equipped with an inner product(
A,B

)
op

= tr(AB), ∀A,B ∈ Sym(V ).

We denote by ∥ − ∥op the associated norm.

We have a natural map Sym≥0(V ) → Sym≥0(V ), A 7→ A1/2. We will need the following
result, [13, Prop.2.1].

Proposition 2.2. For any µ > 0 and ∀A,B ∈ Sym≥0(V ), such that A1/2 +B1/2 ≥ µ1 we
have

µ
∥∥A1/2 −B1/2

∥∥
op

≤
∥∥A−B

∥∥1/2
op

. (2.4)

⊓⊔

Lemma 2.3. Fix A0 ∈ Sym≥0(V ) such that A
1/2
0 ≥ µ01, µ0 > 0. Suppose that f : V → R

is a locally Lipschitz function that is homogeneous of degree k ≥ 1. For A ∈ Sym≥0(V ) we
set

IA(f) :=

∫
V
f(v)ΓA

[
dv
]
.

1The conditional expectation E
[
Y ∥X

]
is a random variable whereas E

[
f(Y )

∣∣X = 0
]
is a deterministic

quantity, whence the difference in notation, “ ∥ ” vs “
∣∣ ”.
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Then for and R ≥ ∥A0∥op there exists a constant C = C(f,R, µ0) > 0 with the following
property: for any A ∈ Sym≥0(V ) such that ∥, A∥op ≤ R∣∣ IA0(f)− IA(f)

∣∣ ≤ C∥A−A0∥1/2 ≤ C(k,R)∥A−A0∥1/2op . (2.5)

In other words, A 7→ IA(f) is locally Hölder continuous with exponent 1/2 in the open set
Sym>0

(
V
)
.

Proof. The function f is Lipschitz on the ball

BR(V ) :=
{
v ∈ V ; ∥v∥ ≤ R

}
,

so there exists L = L(R) > 0 such that[
f(u)− f(v)

∣∣ ≤ L∥u− v∥, ∀u,v ∈ BR(V ). (2.6)

Note that

IA(f) =

∫
V
f
(
A1/2v

)
Γ1
[
dv
]
,

so ∣∣ IA0(f)− IA(f)
∣∣ ≤ ∫

V

∣∣ f(A1/2v
)
− f

(
A

1/2
0 v

) ∣∣ Γ1[ dv ]
=

1

(2π)m/2

(∫ ∞

0
rn+k−1e−r2/2dr

)
︸ ︷︷ ︸

Cm,k

∫
S1(V )

∣∣ f(A1/2v
)
− f

(
A

1/2
0 v

) ∣∣ volS1(V )

[
dv
]

(2.6)

≤ Cm,kL(R)

∫
S1(V )

∥A1/2 −A
1/2
0 ∥op volS1(V )

[
dv
] (2.4)

≤ C(k,R, µ0)∥A−A0∥1/2op .

⊓⊔

3. Proof of Theorem 1.1

3.1. Proof of Theorem 1.1(i). To compute the expectation of CR
a [f ] we rely on the Kac-

Rice formula. Note that x is a critical point of ΦR
a iff R−1x is a critical point of Φa so that,

for any f ∈ C0
cpt(Rm), we have

CR
a [f ] = Ca[fR], fR(x) = f(x/R).

We want to apply the Kac-Rice formula to Φa.
For k ∈ N we denote by DkΦa the k-th order differential of Φa

Proposition 3.1. Let N ∈ N. Then the following hold.

(i) The function Φa is N -ample, i.e., for any distinct points x1, . . . ,xN ∈ Rm, the
Gaussian vector (

Φa(x1), . . . ,Φa(xN )
)
.

is nondegenerate.
(ii) The function Φa is JN -ample2, i.e., the Gaussian vector

Φa(x)⊕DΦa(x)⊕ · · · ⊕DNΦa(x)

is nondegenerate for any x ∈ Rm.

2N -th jet ample
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Proof. (i) Since wa,m

( ∣∣ ξ ∣∣ ) = a
(
|ξ|
)2

is positive on an open neighborhood of 0 ∈ Rm we
deduce from [17, Thm. 6.8] that if x1, . . . ,xN ∈ Rm are distinct points, then the symmetric
N ×N matrix (

Ka(xi − xj)
)
1≤i,j≤N

is positive definite. This matrix is the variance matrix of the Gaussian vector(
Φa(x1), . . . ,Φa(xN )

)
.

(ii) Observe that for any multi-indices α ∈
(
Z≥0

)m
, we have

E
(
∂αΦa(x)∂

βΦa(x)
)
= ∂α

x ∂
β
yKa(x− y

)∣∣
x=y

=

∫
Rm

ξαξβµa

[
dξ
]
, ξα := ξα1

1 · · · ξαm
m

This shows that for any N ∈ N and any x ∈ Rn the variance the Gaussian vector(
∂αΦa(x)

)
|α|≤N

is the Gramian matrix of the functions
(
ξα
)
|α|≤N

with respect to the

inner product in L2
(
Rm, µa

)
. Since a(0) = 1 we deduce that the functions ξα are linearly

independent in L2
(
Rm, µa

)
so the determinant of their Gramian matrix is nonzero. Hence

the Gaussian vector
Φa(x)⊕DΦa(x)⊕ · · · ⊕DNΦa(x)

is nondegenerate, for any k ∈ N and any x ∈ Rm. ⊓⊔

Results of Ancona-Letendre [3] or Gass-Stecconi [11] show that the JN -ampleness of Φa

implies that for any function f ∈ C0
cpt(Rm), the random variable Ca[f ] has finite moments

of any order.
Proposition 3.1 shows that the Gaussian vector ∇Φa(x) is nondegenerate for any x ∈ Rm.

For any multi-indices α, β ∈
(
Z≥0

)m
we have

E
[
∂αΦa(x)∂

βΦa(y)
]
x=y

= ∂α
x∂

β
yK

a(x,y)
∣∣
x=y

=
(−1)|β||i|α|+|β|

(2π)m

∫
Rm

ξα+βa(|ξ|)2dξ, ξα = ξα1
1 · · · ξαm

m .
(3.1)

For any multi-index α ∈
(
Z≥0

)m
we set

Ma
α :=

∫
Rm

ξαµa

[
dξ
]
=

1

(2π)m

∫
Rm

ξαa(|ξ|)2dξ.

We say that the multi-index α = (α1, . . . , αm) is even if αj is even for any j = 1, . . . ,m.
The multi-index α is called odd if it is not even. The radial symmetry of a

(
|ξ|
)
implies

that
Ma

α = 0 if α is odd. (3.2)

Using spherical coordinates on Rm we deduce that for any α we have

Ma
α =

1

(2π)m

(∫ ∞

0
rm−1+|α|a(r)2dr

)
×
∫
Sm−1

ξα volSm−1

[
dξ
]

︸ ︷︷ ︸
=:mα

, (3.3)

Sm−1 = S1(Rm). Note that mα is independent of a. If we let a0 := (2π)m/2e−
t2

4 , then

Ma0
α =

∫
Rm

ξγe−|ξ|2/2dξ = (2π)m/2
m∏
j=1

∫
R
ξαjγ1

[
dξ
]
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where γ1 denotes the Gaussian measure on R with mean zero and variance 1. If α is even,
α = 2κ, then

Ma0
2κ = (2π)m/2

m∏
j=1

(2κj − 1)!!.

On the other hand, using (3.3) we deduce

Ma0
2κ = m2κ

∫ ∞

0
rm+2|κ|−1e−r2/2dr =

√
π

2
m2κ

∫
R
|x|m+2|κ|−1γ1

[
dx
]

= 2|κ|+m/2−1m2κΓ
(
|κ|+m/2

)
.

Hence

m2κ =
(2π)

m
2
∏m

j=1(2κj − 1)!!

2|κ|+m/2−1Γ
(
|κ|+m/2

) =
2
∏m

j=1 Γ(κj + 1/2)

Γ
(
|κ|+m/2

) . (3.4)

Above we used the classical identities

Γ(1/2) = π1/2, Γ
(
x+ 1

)
= xΓ(x).

For every k ∈ Z≥0 we set

Ik(a) :=

∫ ∞

0
rka(r)2dr.

We deduce

(2π)mMa
2κ = Im−1+2|κ|(a)

2
∏m

j=1 Γ(κj + 1/2)

Γ
(
|κ|+m/2

) . (3.5)

We set

sm :=

∫
Rm

µa

[
dξ
]
, dm =

∫
Rm

ξ21µa

[
dξ
]
, hm :=

∫
Rm

ξ21ξ
2
2µa

[
dξ
]
. (3.6)

Then ∫
Rm

a(|ξ|)2dξ =
2πm/2

Γ(m/2)
Im−1(a) = (2π)msm, (3.7)∫

Rm

ξ2j a(|ξ|)2dξ =
2πm/2

Γ(m/2 + 1)
Im+1(a) = (2π)mdm, ∀j, (3.8)∫

Rm

ξ2j ξ
2
ka(|ξ|)2dξ =

(2π)m/2

Γ(m/2 + 2)
Im+3(a) = (2π)mhm, ∀j ̸= k, (3.9)∫

Rm

ξ4j a(|ξ|)2dξ =
6πm/2

Γ(m/2 + 1)
Im+3(a) = 3(2π)mhm, ∀j. (3.10)

Using (3.1) and (3.2) we deduce that for any x ∈ Rm the Gaussian vectors ∇Φa(x) and
HessΦa(x) are independent. Hence

E
[
detHessΦa(x)|

∣∣∇Φa(x) = 0
]
= E

[
detHessΦa(x)|

]
.

Using (3.1)and (3.8) we deduce that the variance matrix of ∇Φa(x) is

Var
[
∇Φa(x)

]
= dm1m, ∀x ∈ Rm, (3.11)

where 1m denotes the identity m×m matrix. Hence

p∇Φa(x)(0) = (2πdm)−m/2.



THE DISTRIBUTION OF CRITICAL POINTS 9

The space Sym(Rm) of real symmetric m×m matrices is equipped with an inner product
(A,B) = tr(A). Moreover, the linear functions ℓij , ωij : Sym(Rm) → R, 1 ≤ i ≤ j ≤ m,

ℓij(A) = aij , ωij(A) =

{
aii, i = j,√
2aij , i < j

(3.12)

define coordinates on Sym(Rm) that are orthonormal with respect to the above inner
product. We set

Lij(x) := ℓij
(
HessΦ(x)

)
, Ωij(x) := ωij

(
HessΦ(x)

)
. (3.13)

Then

E
[
∂2
xixj

Φa(x)∂
2
xkxℓ

Φa(x)
]
=

1

(2π)m

∫
Rm

ξiξjξkξℓa
(
|ξ|2

)
dξ, i ≤ j, k ≤ ℓ.

Note that if i < j, then the above integral is nonzero iff (i, j) = (k, ℓ) in which case

E
[
Lij(x)Lij(x)

]
= E

[ (
∂2
xixj

Φa(x)
)2 ]

=
1

(2π)m

∫
Rm

ξ2i ξ
2
j a
(
|ξ|2

)
dξ

(3.9)
= hm.

If i = j, then the above integral is nonzero iff k = ℓ, in which case we deduce from (3.9)
and (3.10)

E
[
∂2
xi
Φa(x)∂

2
xk
Φa(x)

]
=

{
hm i ̸= k,

3hm, i = k.

The above equalities can be rewritten in the more compact form

E
[
Lij(x)Lkℓ(x)

]
= hm

(
δijδkℓ + δikδjℓ + δiℓδjk

)
, ∀i ≤ j, k ≤ ℓ. (3.14)

These equalities show that the off-diagonal entries of HessΦ are i.i.d., and also independent
of the diagonal entries. The diagonal entries have identical distributions but are dependent.
The parameter hm describes the various variances and covariances.

The Gaussian measure on Sym(Rm) determined by these covariance equalities is invariant
with respect to the action of O(m) by conjugation on Sym(Rm).

For v > 0 denote by Svm the space Sym(Rm) equipped with the O(m)-invariant Gaussian
measure on Sym(Rm) determined by the covariances

E
[
Lij(x)Lkℓ(x)

]
= v
(
δijδkℓ + δikδjℓ + δiℓδjk

)
, ∀i ≤ j, k ≤ ℓ.

Hence

E
[
detHessΦa(x)|

]
= E

S
hm
m

[
| detH|

]
.

We deduce from the Kac-Rice formula (2.2) that

E
[
Ca[fR]

]
=

∫
Rm

E
S
hm
m

[
| detH|

]
p∇Φ(x)(0)fR(x)λ

[
dx
]

(3.11)
= (2πdm)−m/2E

S
hm
m

[
|detH|

] ∫
Rm

fR(x)dx.

Note that ∫
Rm

fR(x)dx. = Rm

∫
Rm

f(y)dy.
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Using the linear change in variables X = (2hm)−1/2H we deduce

(2πdm)−m/2E
S
hm
m

[
|detH|

]
=

(
hm
πdm

)m/2

E
S
1/2
m

[
|detX|

]
︸ ︷︷ ︸

=:Cm(a)

.

Hence

E
[
CR
a [f ]

]
= Cm(a)Rm

∫
Rm

f(y)dy.. (3.15)

Remark 3.2. One can prove that as m → ∞

Cm(a) ∼ 2
5
2Γ

(
m+ 3

2

)(
hm
πdm

)m/2( 1

m+ 1

)1/2

.

Using (3.8) and (3.9) we deduce

hm
dm

=
Γ(1 +m/2)

Γ(2 +m/2)
× Im+3(a)

Im+1(a)
=

2Im+3(a)

(m+ 2)Im+1(a)
.

Hence

Cm(a) ∼ 25/2
(
hm(a)

dm(a)

)m/2

Γ

(
m+ 3

2

)
m−1/2

∼ 2
m+5

2

(
Im+3(a)

(m+ 2)Im+1(a)

)m/2

Γ

(
m+ 3

2

)
m−1/2 as m → ∞.

(3.16)

The constant Cm(a) tends to grow very fast3 as m → ∞, but its large m behavior depends
on the tail of the amplitude a. Roughly speaking, the slower the decay at ∞ of a the faster
the growth of Cm(a). ⊓⊔

3.2. An integral formula for the variance. We need to introduce some notation. Set

• Define

Φ̂ : Rm × Rm → R, Φ̂(x,y) = Φa(x) + Φa(y), Ĉ = C
Φ̂
,

Ĥ(x,y) := Hess
Φ̂
(x,y), H(x) := HessΦa(x).

• Choose an independent copy Ψa of Φa and set

Φ̃(x,y) := Φa(x) + Ψa(y), H̃(x,y) := Hess
Φ̃
(x,y), C̃ = C

Φ̃
.

• Set ∥f∥ := ∥f∥C0(Rm).
• Set

X = Rm × Rm \∆ =
{
(x,y) ∈ Rm × Rm; x ̸= y

}
.

Observe that the random function on Φ̂(x,y) is stationary with respect to the action of Rm

on Rm × Rm itself by translations

Tv(x,y) =
(
x+ v,y + v

)
, x,y,v ∈ Rm, (3.17)

where as Φ̃ is stationary with respect to the action by translations of R2m on itself.
We have

Ĉ[IXf
⊠2
R ] =

∑
∇Φa(x)=∇Φa(y)=0,

x̸=y

fR(x)fR(y) = Ca[fR]
2 − Ca[f

2
R].

3Think super factorial.
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Bulinskaya’s lemma implies that

P
[
∃x : ∇Φa(x) = ∇Ψa(x) = 0

]
= 0

and we deduce

C̃[IXf
⊠2
R ] =

∑
∇Φa(x)=∇Ψa(y)=0,

x̸=y

fR(x)fR(y)

=
∑

∇Φa(x)=∇Ψa(y)=0

fR(x)fR(y) = C[f,Φa]
]
C[f,Ψa], a.s..

Hence

E
[
C[fR,Φa] · C[f,Ψa]

]
= E

[
C[fR,Φa]

]
· E
[
C[fR,Ψa]

]
= E

[
C[fR,Φa]

]2
so that

E
[
ĈR[IXf

⊠2
R ]
]
− E

[
C̃R[IXf

⊠2
R ]
]
= E

[
Ca[fR]

2
]
− E

[
Ca[fR]

]2︸ ︷︷ ︸
=Var

[ [
Ca[fR]

] −E
[
Ca[f

2
R]
]
.

We have seen that

E
[
Ca[f

2
R]
]
= RmCm(a)

∫
Rm

f2(x)dx

so we have to show that

I(R) := E
[
Ĉ[IXf

⊠2
R ]
]
− E

[
C̃[IXf

⊠2
R ]
]
∼ Zm(a)Rm

∫
Rm

f(x)2dx as R → ∞ (3.18)

for some constant Zm(a) ∈ R that depends only on m and a.

Lemma 3.3. For any x,y ∈ Rm, x ̸= y, the Gaussian vector ∇Φ̂(x,y) is nondegenerate.

Proof. We have

Var
[
∇Φ̂(x,y)

]
=

 Var
[
∇Φa(x)

]
Cov

[
∇Φa(x),∇Φa(y)

]
Cov

[
∇Φa(y),∇Φa(x)

]
Var

[
∇Φa(y)

]
 .

As shown in (3.11), for any x ∈ Rn we have

Var
[
∇Φa(x)

]
= dm1m, dm =

∫
Rn

ξ21µa

[
dξ
]
.

We have

Cov
[
∇Φa(x),∇Φa(y)

]
=
(
∂xj∂ykKa(x− y)

)
1≤j,k≤m

and

∂xj∂ykKa(x− y) =

∫
Rm

e−i⟨ξ,x−y⟩ξjξkµa

[
dξ
]
. (3.19)

Since Φa is stationary it suffice to consider only the case x = 0. On the other hand, Φa

is O(m)-invariant so, up to a rotation, we can assume that x − y = −te1, t ̸= 0, where
{e1, . . . , em} is the canonical basis of Rm. Hence

∂xj∂ykKa(x− y) =

∫
Rm

eitξ1ξjξkµa

[
dξ
]
.
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Let us observe that if j ̸= k, then either j ̸= 1, or k ̸= 1. Suppose j ̸= 1. The function
eitξ1ξjξk is odd with respect to the reflection ξj 7→ −ξj so

∂xj∂ykKa(x,y) =

∫
Rm

eitξ1ξjξkµa

[
dξ
]
= 0, ∀j ̸= k.

If j = k, then

dm(j) := ∂xj∂yjKa(x,y) =

∫
Rm

eitξ1ξ2jµa

[
dξ
]
=

∫
Rm

cos(tξ1)ξ
2
jµa

[
dξ
]

and we deduce4

|vm(j)| ≤
∫
Rm

∣∣ cos(tξ1) ∣∣ξ2jµa

[
dξ
]
<

∫
Rm

ξ2jµa

[
dξ
]
= dm.

After a reordering (
∂x1Φa(x), . . . , ∂xmΦa(x), ∂y1Φa(y), . . . ∂ymΦa(y)

)
↓(

∂x1Φa(x), ∂y1Φa(y), . . . , ∂xmΦa(x), ∂ymΦa(y)
)

we see that

Var
[
∇Φ̂(x,y)

]
=

m⊕
j=1

[
dm dm(j)

dm(j) dm

]
︸ ︷︷ ︸

=:Vj

.

Note that, for each j, the symmetric matrix Vj is positive definite since

detVj = d2m − dm(j)2 > 0.

⊓⊔

Since ∇Φ̂(x,y) is nondegenerate for x ̸= y we can use the Kac-Rice formula to compute

E
[
ĈR[IXf

⊠2
R ]
]
. We deduce that for any R > 0

E
[
Ĉ[IXf

⊠2
R ]
]

=

∫
Rm×Rm\∆

E
[
| det Ĥ(x,y)|

∣∣∇Φ̂(x,y) = 0
]
p∇Φ̂(x,y)

(0)︸ ︷︷ ︸
=ρ̂(x,y)

f⊠2
R (x,y)λ

[
dxdy

]
. (3.20)

Since Φ̂ is invariant under the translations (3.17) we deduce that ρ̂ depends only on x− y.

The gradient ∇Φ̃(x,y) is nondegenerate for any x,y and invoking Kac-Rice again we
obtain

E
[
C̃[IXf

⊠2
R ]
]

=

∫
Rm×Rm\∆

E
[
| det H̃(x,y)|

∣∣∇Φ̃(x,y) = 0
]
p∇Φ̃(x,y)

(0)︸ ︷︷ ︸
=ρ̃(x,y)

f⊠2
R (x,y)λ

[
dxdy

]
. (3.21)

The function ρ̃R(x,y) is independent of x,y since the random function Φ̃ is stationary.
Thus

I(R) =

∫
X

(
ρ̂(x,y)− ρ̃(x,y)

)︸ ︷︷ ︸
=:∆(x,y)

fR(x)fR(y)λ
[
dxdy

]
.

(3.22)

4At this point we use the fact that a
(
|ξ|

)
> 0 for |ξ| sufficiently small.
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There is a serious issue concerning ρ̂(x,y) namely it blows up as (x,y) approaches the
diagonal so this Kac-Rice density may not be locally integrable.

3.3. Off-diagonal behavior. We first describe the behavior of ∆(x,y) away from the
diagonal. Note that ∆ depends only on the x− y.

For every z ∈ Rm we set

T (z) :=
∑
|α|≤4

∣∣ ∂αKa(z)
∣∣.

Since Ka is a Schwartz function we deduce that

T (z) = O
(
|z|−∞ ) as |z| → ∞.

This means that
∀p > 0, T (z) = O

(
|z|−p

)
as |z| → ∞.

Observe that

Var
[
∇Φ̃(x,y)

]
=

[
Var

[
∇Φa(x)

]
0

0 Var
[
∇Φa(y)

] ] = dm12m,

and

Var
[
∇Φ̂(x,y)

]
=

 Var
[
∇Φa(x)

]
Cov

[
∇Φa(x),∇Φa(y)

]
Cov

[
∇Φa(y),∇Φa(x)

]
Var

[
∇Φa(y)

]


= Var
[
∇Φ̃(x,y)

]
+

 0 Cov
[
∇Φa(x),∇Φa(y)

]
Cov

[
∇Φa(y),∇Φa(x)

]
0


︸ ︷︷ ︸

=:R∇(x,y)

.

Hence∥∥ Var
[
∇Φ̂(x,y)

]
−Var

[
∇Φ̃(x,y)

] ∥∥
op

= ∥R∇(x,y)∥op = O
(
TR(x− y)

)
, (3.23)

The operators Var
[
∇Φ̂(x,y)

]
and Var

[
∇Φ̃(x,y)

]
are invertible for x ̸= y. In particular

Var
[
∇Φ̂(x,y)

]−1
=
(
Var

[
∇Φ̃(x,y)

]
+R∇(x,y)

)−1

=
(
1+Var

[
∇Φ̃(x,y)

]−1
R∇(x,y)

)−1
Var

[
∇Φ̃(x,y)

]−1
,

(3.24)

∥∥ Var
[
∇Φ̂(x,y)

]−1 −Var
[
∇Φ̃(x,y)

]−1 ∥∥
op

= O
(
T (x− y)

)
as |x− y| → ∞. (3.25)

Note that

Var
[
H̃(x,y)

]
=

[
Var

[
H(x)

]
0

0 Var
[
H(y)

] ] .
Since Φa is stationary, Var

[
H̃(x,y)

]
is independent of x and y. We have

Var
[
Ĥ(x,y)

]
=

 Var
[
H(x)

]
Cov

[
H(x), H(y)

]
Cov

[
H(y), H(x)

]
Var

[
H(y)

]


= Var
[
H̃(x,y)

]
+

 0 Cov
[
H(x), H(y)

]
Cov

[
H(y), H(x)

]
0


︸ ︷︷ ︸

=:RH(x,y)

.
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We deduce that as |x− y| → ∞ we have∥∥ Var
[
Ĥ(x,y)

]
−Var

[
H̃(x,y)

] ∥∥
op

= ∥RH(x,y)∥op = O
(
T (x− y)

)
. (3.26)

We denote by H̃(x, y)♭ the Gaussian random matrix

H̃(x,y)♭ = H̃(x,y)− E
[
H̃(x,y) ∥∇Φ̃(x,y

]
.

Similarly, we denote by Ĥ(x,y)♭ the Gaussian random matrix

Ĥ(x, y)♭ = Ĥ(x,y)− E
[
Ĥ(x,y) ∥ ,∇Φ̂

]
.

The distributions of H̃(x,y)♭ and Ĥ(x,y)♭ are determined by the Gaussian regression
formula (2.3).

Since H̃(x, y) and ∇Φ̃(x,y) are independent we deduce

Var
[
H̃(x,y)♭

]
= Var

[
H̃(x,y)

]
.

Using the regression formula we deduce that for |x− y| > C0,

Var
[
Ĥ(x,y)♭

]
= Var

[
Ĥ(x,y)

]
−Cov

[
Ĥ(x,y),∇Φ̂(x,y)

]
Var

[
∇Φ̂(x,y)

]−1
Cov

[
∇Φ̂(x,y), Ĥ(x,y)

]
|

= Var
[
H̃(x,y)♭

]
+RH(x,y)

−Cov
[
Ĥ(x,y),∇Φ̂(x,y)

]
Var

[
∇Φ̂(x,y)

]−1
Cov

[
∇Φ̂(x,y), Ĥ(x,y)

]
.

We have

Cov
[
Ĥ(x,y),∇Φ̂(x,y)

]
=

 Cov
[
H(x),∇Φa(x)

]
Cov

[
H(x),∇Φa(y)

]
Cov

[
H(y),∇Φa(x)

]
Cov

[
H(y),∇Φa(y)

]


=

 Cov
[
0 Cov

[
H(x),∇Φa(y)

]
Cov

[
H(y),∇Φa(x)

]
0

 .

This implies

Cov
[
Ĥ(x,y),∇Φ̂(x,y)

]
= O

(
T (x− y)

)
as |x− y| → ∞.

We deduce from (3.25) that

Var
[
∇Φ̂(x,y)

]−1
= Var

[
∇Φ̃(x,y)

]−1
+O

(
T (x− y)

)
.

Since Var
[
∇Φ̃(x,y)

]
is independent of x and y we conclude that

Cov
[
Ĥ(x,y),∇Φ̂(x,y)

]
Var

[
∇Φ̂(x,y)

]−1
Cov

[
∇Φ̂(x,y), Ĥ(x,y)

]
= O

(
T (x− y)

)
,

(3.27)

Since Var
[
H̃(x,y)

]
is independent of x,y we deduce that there exists µ0 > 0 such that

Var
[
H̃(x,y)♭

]
≥ µ01, ∀x ̸= y.

We deduce from (3.27) and Lemma 2.3 that∣∣∣E[ |det Ĥ(x,y)♭|
]
− E

[
| det H̃(x,y)♭|

] ∣∣∣ = O
(
T (x− y)1/2

)
. (3.28)
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Using (3.25) we deduce that as |x− y| → ∞ we have∣∣∣ p∇Φ̂(x,y)
(0)− p∇Φ̃(x,y)

(0)
∣∣

= (2π)−m/2
∣∣∣ detVar [∇Φ̂(x,y)

]−1 − detVar
[
∇Φ̃(x,y)

]−1
∣∣∣ = O

(
T (x− y)

)
.

(3.29)

Note also that (3.26) implies that

sup
|x−y|∞>1

∥Var
[
Ĥ(x,y)♭

]
∥op < ∞ (3.30)

We can now estimate the right-hand-side of (3.22). Using (3.28), (3.29) and (3.30) we
conclude that

∀|x− y| > 1,
∣∣∆(x,y)

∣∣ = O
( ∣∣x− y

∣∣−∞ )
, as |x− y| → ∞. (3.31a)

sup
|x−y|>1

∣∣∆(x− y)
∣∣ < ∞. (3.31b)

3.4. Conclusion. Suppose that

supp f ⊂ {|x| < r0}.

Denote by X̂ the radial-blowup of Rm × Rm along the diagonal. It is diffeomorphic to the
product Rm × Sm−1 × [0,∞).

Choose new orthogonal coordinates (ξ, η) given by

ξ = x+ y, η = x− y⇐⇒x =
1

2
(ξ + η), y =

1

2
(ξ − η)

then

|x− y| = |η|, dxdy = 2−2mdξdη.

Recall that ρ̂ depends only on η. Note that if x,y ∈ supp f , then |x|, |y| < r0 and thus

x,y ∈ supp f ⇒ |ξ|, |η| < 1

2
|ξ + η|+ 1

2
|ξ − η| ≤ r0. (3.32)

The natural projection π : X̂ → Rm × Rm can given the explicit description

Rm × Sm−1 × [0,∞) ∋ (ξ,ν, r) 7→ (ξ, η) = (ξ, rν) ∈ Rm × Rm.

We set

w(x,y) = |x− y|m−2ρ̂(x,y).

We deduce from [5, Sec. 4.2] or [9, Appendix A.1]

sup
0<|x−y|≤1

∣∣w(x,y) ∣∣ < ∞. (3.33)

It is easy to see that ρ̃ ◦ π admits a continuous extension to the blow-up. Using (3.31a),
(3.31b) and (3.33) we deduce that for any p > 0 there exists a constant Kp > 0, such that

|x− y|m−1
∣∣∆(x,y)

∣∣ ≤ Kp

(
1 + |x− y|

)−p+m−1
, ∀x ̸= y (3.34)

Set

δ(ξ, η) = ∆
(
π(ξ, η)

)
Since ∆(x,y) depends only on y − x we deduce that δ(ξ, η) is independent of ξ. We have

I(R) =

∫
X
∆(x,y)f⊠2

R (x,y)dxdy
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=
1

22m

∫
Rm

∫
|ν|=1, r∈(0,∞)

rm−1δ
(
ξ, rν

)
fR

( ξ + rν

2

)
fR

( ξ − rν

2

)
dr volSm−1 [dν]dξ

(ξ = 2Rζ)

(3.32)
= Rm 2−m

∫
|ζ≤r0

(∫
|ν|=1
r>0

rm−1δ
(
0, rν

)
f
(
ζ +

rν

2R

)
f(ζ − rν

2R

)
dr volSm−1 [dν]

)
dζ︸ ︷︷ ︸

=:J(R)

.

We deduce from (3.32) and (3.33) that for any p > 0 there exists Kp > 0 such that for any
R > 0 , |ν| = 1 and r > 0 we have∣∣∣ rm−1δ

(
0, rν

)
f
(
ζ +

rν

2R

)
f
(
ζ − rν

2R

) ∣∣∣ ≤ Kp∥f∥2
(
1 + r

)−p+m−1
.

For p > m we have∫
|ζ|≤r0

(∫
(0,∞×Sm−1

(
1 + r

)−p+m−1
dr volSm−1 [dν]

)
dζ < ∞.

The dominated convergence theorem implies that J(R) has a finite limit as R → ∞. More
precisely

lim
R→∞

J(R) =

∫
|ζ|≤r0

(
2−m

∫
|ν|=1
r>0

rm−1δ
(
0, rν

)
dr volSm−1 [dν]

)
︸ ︷︷ ︸

=:Zm(a)

f(ζ)2dζ.

This concludes the proof of Theorem 1.1 (ii) with C
(2)
m (a) = Zm(a) + Cm(a).

Appendix A. Random measures

The fact that Φa is a stationary random function implies that the random measure Ca is
stationary. This in itself has deep consequences. Let us elaborate.

Denote by M̂eas(Rm) the space locally finite of Borel measures µ on Rm, i.e., µ
[
B
]
< ∞

for any bounded Borel subset B ⊂ Rm. Each f ∈ C0
cpt(Rm) defines a map

If : M̂eas(Rm) → R, µ 7→ If (µ) = µ
[
f
]
:=

∫
Rm

f(x)µ
[
dx
]
.

The vague topology on M̂eas(Rm) is the smallest topology such that all the functions If ,
f ∈ C0

cpt(Rm) are continuous. As shown in [14, Thm. 4.2], this topology is Polish, i.e., it
is induced by a complete and separable metric. We denote by M is metric space. T We
denote by Prob

(
M
)
the space of Borel probability measures on M.

A sequence (µn) in M converges vaguely to µ ∈ M, and we indicate this as µn
v→ µ, if

and only if

µn

[
f
]
→ µ

[
f
]
, ∀f ∈ C0

cpt(Rm).

A random locally finite measure on Rm is a Borel measurable map

M :
(
Ω, S,P

)
→ M.

Its distribution is a Borel probability measure PM on M.
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Recall that a sequence of probability measures µn ∈ Prob(M) is said to converge weakly
to µ ∈ Prob(M), and we indicate this µn → µ if

lim
n→∞

∫
X
Fdµn =

∫
X
Fdµ,

for any bounded and continuous function F : M → R. A sequence of random measures
Mn is said to converge weakly to the random measure M if the distributions PMn converge
weakly in Prob(M) to PM. We use the notation Mn → M to indicate this.

A subset Q ⊂ Rm is a quasi-box if it is a product of finite intervals

Q = I1 × · · · × Im.

The intervals Ik need not be closed and could have length zero. A quasi-box Q is called a
box if all the intervals Ik are closed and have nonzero lengths.

We have the following result, [8, Prop.11.1.VIII], [14, Thm. 4.11].

Theorem A.1. Consider a sequence
(
Mn

)
n∈N of random locally finite measures Prob

(
M
)
.

The following are equivalent.

(i) The sequence Mn converges weakly to the random locally finite measure M.
(ii) For any f ∈ C0

cpt(Rm), the random variables Mn

[
f
]
converge in distribution to

M
[
f
]
.

(iii) For any quasi-box Q ⊂ Rm the random variables Mn

[
Q
]
converge in distribution

to M
[
Q
]
.

(iv) For any bounded Borel subset S ⊂ Rm random variables Mn

[
S
]
converge in dis-

tribution to M
[
S
]

⊓⊔

There are other modes of convergence of random measures corresponding to the various
modes of convergence of random variables. Suppose that

Mn, M :
(
Ω, S,P

)
→ Prob

(
X
)
, n ∈ N

are random locally finite measures. We say that Mn converges almost surely to M and we

indicate this Mn
a.s.→ M if there exists a P-negligible set N ∈ Ω such that

Mn(ω)
v→ M(ω), ∀ω ∈ Ω \N,

i.e.,

Mn
a.s.−→ M⇐⇒Mn

[
f
] a.s.−→ M

[
f
]
, ∀f ∈ C0

cpt(Rm), .

The convergence Mn
Lp

−→ M is defined in a similar fashion namely

Mn
Lp

−→ M⇐⇒Mn

[
f
] Lp

−→ M
[
f
]
, ∀f ∈ C0

cpt(Rm), .

One can show (see [14, Lemma 4.8]) that

Mn
a.s.−→ M⇐⇒Mn

[
S
] a.s.−→ M

[
S
]
, for any bounded Borel set S ⊂ Rm, (A.1a)

Mn
Lp

−→ M⇐⇒Mn

[
S
] Lp

−→ M
[
S
]
, for any bounded Borel set S ⊂ Rm. (A.1b)

The action of Rm on itself by translations induces an action on M. We denote by I the
sigma-subalgebra of BM consisting of translation invariant Borel subsets of M. A measure
P ∈ Prob

(
M
)
is called stationary if its invariant with respect to this action. A random

measure M is called stationary if its distribution PM is stationary.
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As discussed in [8, Chap.12] or [14, Chap.5], every stationary random locally finite mea-

sure M on Rm has an asymptotic intensity M̂ ∈ L1
(
M,PM). More precisely

M̂ := E
[
M[C1]

∣∣ I ], C1 = [0, 1]m.

This is an integrable random variable M̂. It has an ergodic interpretation. Wiener’s ergodic
theorem shows that for any compact convex subset C ⊂ Rm containing the origin in the
interior we have

M̂ = lim
N→∞

1

Nm vol
[
C
] ∫

NC
M[C1 − x

]
dx a.s..

Thus, if the action of Rm on (M,PM) is ergodic, then M̂ is PM-a.s. constant.

The intensity M̂ has another ergodic interpretation; see [8, Thm. 12.2.IV] or [14, Th.
5.23]. More precisely, for C as above we have

1

Nm vol
[
C
]M[NC

]
→ M̂

a.s. and L1. Moreover, if M[C1] ∈ Lp, then the convergence holds also in Lp. This fact
admits the following generalization.

A sequence φN ∈ C0
cpt(Rm), N ∈ N is called asymptotically stationary if there exists

C > 0 such that

φN ≥ 0,

∫
Rm

φN (x)dx = C, ∀N,

and

lim
N→∞

∫
Rm

∣∣φN (x)− φN (x− y)
∣∣dx = 0, ∀y ∈ Rm.

We have the following result, [14, Thm. 5.24]

Theorem A.2. If (φN )N∈N is asymptotically stationary, then

M
[
φN

]
→ CM̂,

in L1 and a.s.. ⊓⊔
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