A PROBABILISTIC COMPUTATION OF A MEHTA INTEGRAL

LIVIU I. NICOLAESCU

ABSTRACT. We use the Kac-Rice formula to compute the Mehta integral describing the normaliza-
tion constant arising in the statistics of the Gaussian Orthogonal Ensemble.
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1. INTRODUCTION

We denote by Sym(R™) the space of real symmetric m x m matrices. This is a Euclidean space
with respect to the inner product (A, B) := tr(AB). This inner product is invariant with respect to
the action of the orthogonal group O(m) on Sym(R™).

We define

a; i Z j— j,
lii,wii - Sym(R™) - R, l;i(A) = a;i, wii(A):={ "7 11
ij» wij : Sym(R™) i(A) iy wij(A) {ﬁaija i< (L.1)
The collection (w;;)i<; defines linear coordinates on Sym(R™) that are orthonormal with respect
to the above inner product on Sym(R"™). The volume density induced by this metric is

vol [dA] = Hdwij = 2%(7;) Hd&j
1<j i<y
For any real numbers u, v such that
v > 0,mu+ 2v >0, (1.2)

we denote by S;;" the space Sym(R™) equipped with the centered Gaussian measure T';, ,, [dA]
uniquely determined by the covariance equalities

E[ﬁw(A)gkg(A)] = u5ij5k4 + ’U(dik(sj'g + 5%5]'16)7 V1 S i,j, k‘, / S m. (13)
In particular we have
E[&] =u+2v, E[lil;;] =u, E[]=0v, VI<i#j<m, (1.4)

while all other covariances are trivial. The ensemble 8V is a rescaled version of the Gaussian
Orthogonal Ensemble (GOE) and we will refer to it as GOE,,. The inequalities (1.2) guarantee that
the covariance form defined by (1.3) is positive definite so that I',, ,, is nondegenerate.
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For u > 0 the ensemble 8;;" can be given an alternate description. More precisely a random
A € 8" can be described as a sum

A=B+ X1,,, BeGOE;, X € N(0,u), B and X independent.

Above N (0,v) denotes the class of normal random variables with mean zero and variance u. We
write this
8y’ = GOE}, +N(0,u)1,,, (L.5)
where - indicates a sum of independent variables.
In the special case GOE;,, we have v = 0 and
1 —Lira

m(m+1) € v
4

Lo [dA] =

“vol [dA]. (1.6)
(4mv)

Note that GOE}n/2 corresponds to the Gaussian measure on Sym(R"™) canonically associated to
the inner product (A, B) = tr(AB).

We have a Weyl integration formula [2] which states that if f : Sym(R"™) — R is a measurable
function which is invariant under conjugation, then the value f(A) at A € Sym(R™) depends only
on the eigenvalues A1 (A) < --- < A\, (A) of A and we have

1 m A2
Ecogy, [ f(X)] = FOLan) | TT =Nl TTe ™ dra- - da,
=1

Zm (’U) R™ 1<i<j<m

::Qm,v(A)
(L.7)

where the normalization constant Z,,(v) is defined by

i=1

Rm™ 1<z<]<m

= m<m+1> / H A — )\ |H 3 d>\1 d\,

1<i<j<m

=:Zm
The integral Z,, is usually referred to as Mehta’s integral. Its value was first determined in 1960
by M. L. Mehta, [8]. Later Mehta observed that this integral was known earlier to N. G. de Brujin
[4]. It was subsequently observed that Mehta’s integral is a limit of the Selberg integrals, [2, Eq.
(2.5.11)], [6, Sec. 4.7.1]. More precisely, we have

m—1 F(J+3)

Zm:(27r)2jl_[ T5) S”mEI ( ) (1.8)

The goal of this note is to provide a probabilistic proof of (1.8).
The strategy is easy to describe. We argue inductively. An immediate direct computation shows

that
Z, = / e 12t = (2m)1/2.
R
m+1

To compute the ratio == we observe that the eigenvalues of A € Sym(R™*1) coincide with
the critical values of the restriction to the unit sphere of the quadratic function x — (Ax,x). The
Kac-Rice formula will provide a description of the mean distribution of these critical values which
will lead to an explicit evaluation of m“ . Here are the details.
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To a symmetric (m + 1) x (m + 1) matrix A we associated a function on the unit sphere
Sm c RmHL

Dy: 8" >R, Py(x) = %(Ax,ac),

where (—, —) is the canonical inner product on R™*!. When A € GOEY, _ ,, then with probability
1 the matrix A is simple and the Gaussian random function ® 4 is Morse.

To the random matrix A € GOE}, ,; we can associate two random measures on R. The first is
the spectral measure

o4 = Z mult(A)dy,

A€Spec(A)
where d,, denotes the Dirac measure on R concentrated at x. The second one is the discriminant

measure
Da= Y b,
Vb 4 () =0

The critical values of 2® 4 are precisely the eigenvalues of A and the critical points are the unit
eigenvectors of A. The function is Morse iff A is simple, i.e., its eigenvalues are distinct. In
this case to each critical value of 2® 4 there corresponds exactly two critical points: the two unit
eigenvectors corresponding to that eigenvalue. Hence with probability 1, we have D4 = 20 4 so
for any Borel subset C' C R we have

E[Da[C]] =2E[c4[C]]. (1.9)

In particular
E[Ds[R]] =2E[o4a[R]] =2(m+1). (1.10)

The equality (1.10) hides a relationship between Z,,, and Z,,,1. When A € GOE} | ;, a standard
result in random matrix theory shows that E[ 0 4[R ] | can be expressed in terms of Qy,11,0; see
(2.1). On the other hand, the Kac-Rice formula expresses E [ Dy [R] ] in terms of @), , due to an
unexpected identity (3.8). This identity is hidden inside the complexities of the Kac-Rice formula.

Here is the structure of the paper. Section 2 contains several probabilistic digressions. The first
one is a result of Y.V. Fyodorov [7] describing the expectation of the absolute value of characteristic
polynomial of a random matrix A € GOE,. The second one describes a version of the Kac-Rice
formula needed in the proof. The last digression of this section is a well known classical result
commonly referred to as the Gaussian regression formula. We give a coordinate free description
of this result not readily available in traditional probabilistic sources, but very convenient to use in
geometric applications. The last section provides the details of the strategy outlined above.

2. PROBABILISTIC DIGRESSIONS

For any positive integer n we define the normalized 1-point correlation function p,, ,,(x) of GOE},
to be

Pnp(x) = Qno(T, A2, .. ) dA - dAy,.

1
ZTL (U) Rn—1
For any Borel measurable function f : R — R we have [5, §4.4]

%EGOEZ [ tr f(X)] = /IRf(A)pn,v(A)dA 2.1

The equality (2.1) characterizes p,, ,. We want to draw attention to a confusing situation in the exist-
ing literature on the subject. Some authors, such as M. L. Mehta [9], define the 1-point correlation
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function R, (x) by the equality

E oo ] tr F(X)] = /R FOVRA(A)dA.

The expected value of the absolute value of the determinant of a random A € GOEY, can be
expressed neatly in terms of the correlation function py, 1 ,. More precisely, we have the following
result first observed by Y.V. Fyodorov [7].

Lemma 2.1. Suppose v > 0. Then for any c € R we have

52
e Z ) 2 mt+1 £
Ecors, [ |det(4 — cln)|] = z%()pmﬂ,v(c) = e (20) T T2 () )
m m

Proof. Using Weyl’s integration formula we deduce

1 a2
EGOE%“det(A—CHm)” == 7 (1))/]R He 411‘0—)\2"1_[’)\2'—/\j‘d)\l---d)\m
m ™ i=1

(5]
e% o2 m A2
= / e i [Te ale— Xl [T 1N = AjldAr -+ - dm
Zm(v) Jrm paley i<

C2
eEZmH(v) 1
- i to(C AL Am) A -+ A
Zn(v)  Zpyi(v) RmQ +o(e A ) dhi

C2
et Zm_H(U) 2 m+1 Z 1
= = v 2 .
Z 0 (0) pPmr1p(c) = et (2v) 2 Z. Pm+1,0(c)

O

We will need a special version of the Kac-Rice formula. Let (M, g) be a compact Riemann
manifold. Denote by voly[—] the volume element on M determined by g and V¥ the Levi-Civita
connection of g. If F € C%(M), then we define the Hessian of F' at p € M to be the linear operator

Hessp(p) : TpM — TpM, Hessp(p)X = V4 VIF,

where VI F' is the metric gradient of F'.

Suppose that F' : M — R is a Morse function. For any subset S C M we denote by Z (S, F') the
number of critical points of F inside S and B is an open subset We denote by D(F) the discriminant
set of I, i.e., the set of critical values of F'. The discriminant measure of I is the pushforward

Dp =Y Z(F'(t),F)s.
teR

The discriminant measure is concentrated on D(F'). For ¢ € C?

et (R) we set

D[] = /RWDF.

When F'is random, D g [ go] is a random variable. We have the following result [1, Thm. 12.4.1].
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Theorem 2.2. Suppose that F : M — R is a C? Gaussian random function satisfying the ample-
ness condition

for any p € M the Gaussian vector F(p) ® dF (p) € Ty M is nondegenerate. (A)

We denote by Pr, the probability distribution of the random variable F' (p) and by Pdar(p) the
probability density of the Gaussian vector dF (p).
Then F is a.s. Morse and, for any function ¢ € C°

E[Drle]]

= / (/ E[| detHessp(p) | | dF(p) =0, F(p) = t]go(t)]P’F(p)[dtD Par(p)(0) voly [dp |
M \JR

(R) we have

= /MEH det Hessp(p) | SD(F(P)) ‘dF(p) = O}'
2.3)

Above, IE[ — ‘ — ] denotes appropriate conditional expectations.

When applying the Kac-Rice formula we need to evaluate certain conditional expectations. In
the Gaussian case this is readily achieved using the classical Gaussian regression formula. In the
remainder of this section we describe this Gaussian regression in a form convenient in geometric
applications.

Suppose that X and Y are finite dimensional real Euclidean vector spaces. Consider two random

vectors
X: (8P - X, Y: (8P —Y,
where (€2, 8,P)) is a probability space. The mean or expectation of X is the vector

m(X)=E[X] = / X(w)Pldw] € X,
Q
whenever the integral is well defined. The random vector X is called centered if m(X) = 0.
The covariance form of Y and X is the bilinear form
Cov|[Y,X]: Y xX =R

given by

Cov [Y,X](y,x) = Cov [(y,Y),(x,X)], VyeY €Y, xe X.
We can naturally identify Cov [ Y, X | with a linear operator Cov [Y, X | : X — Y. Concretely, if
(€i)ier and (f;)je are orthonormal bases of X and respectively Y, and we set X; := (e;, X)x,
Y; := (f;,Y)y. then in these bases the operator Cov [ Y, X | is described by matrix (¢;;) (j.i)esx1-
where c¢j; := Cov [Yj, X; ] Hence

Cov Y, X]ei=> cjif;
J

We will refer to Cov [ Y, X | as the correlator of Y with X. Observe that
Cov[X,Y]=Cov[Y,X]".

The variance operator of X is Var [X } := Cov [X , X ] . It is a symmetric nonnegative operator
on X . We say that X is nondegenerate if its variance operator is invertible.
We say that X and Y are jointly Gaussian if X &Y is a Gaussian vector. In this case

Var [ XoY]|: XY - XY
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admits the block decomposition

Var [X] Cxy

Var [X®Y] - CY,X Var[Y]

Proposition 2.3 (Gaussian regression formula). Suppose that X,Y are Gaussian vectors valued in
the Euclidean spaces X and respectively Y . Assume additionally that

(i) the random vectors X,Y are jointly Gaussian and,
(i1) X is nondegenerate.

Define the regression operator
Ryx:X =Y, Ryx:=Cov[Y,X] Var[X]™' (2.4)
Then the following hold.

(i) The conditional expectation of Y given X, E [ Y| X ] is the Gaussian vector described
by the linear regression formula

E[Y | X]=m() - Ryxm(X)+ RyxX. (2.5)

(ii) The random vector vector Z =Y —E [ Y| X } is Gaussian and independent of X. It has
mean 0 and variance operator

Ayx=Var[Y] -Dyx:Y =Y, (2.6)
Dy,x = Cov [Y,X ]| Var[X]! Cov [ X,Y].

(iii) For any measurable function f :' Y — R with polynomial growth at oo, and any v € X
we have

E[f(V)|X =2] =E[f(Z+m(Y) - Ryxm(X)+ Ryxz)]. 2.7)
In particular, if X and 'Y are centered we have
E[f(Y)|X =2] =E[f(Z+ Ryxz)]. (2.8)
For a proof we refer to [3, Prop. 2.1].

3. THE COMPUTATION OF THE MEHTA INTEGRAL

As explained in the introduction, when A runs in the Gaussian ensemble GOE}, , ; we obtain a
Gaussian function

Dy: 5" =R, Py(x) = %(Am,zc).

This distribution of this random function is invariant under the natural O(m + 1)-action on S™. The
function is Morse iff A has simple eigenvalues and this happens with probability 1 in the ensemble
GOE;, 1.

The spectral measure of A is

o4 = Z mult(A)dy.
A€Spec(A)
The discriminant measure of ® 4 is

Dy = Z 020 4 (x)-
Vo4 (2)=0
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With probability 1 we have D 4 = 20 4. Then for any Borel subset C' C R we have
1 2
——E|Djy|C || =—E Cl|=2 A)dA. 3.1
o EDAlC]] = =Eleal0]] =2 [ pusnaY) G.1)
Using the Kac-Rice formula (2.3) we will give an alternate description of the left-hand-side of the
above equality. We will need to describe explictly the integrand in this formula.
For € S™ we denote by Hess () the Hessian of ® 4 at « viewed as a symmetric operator
TpS™ — T,S5™.
Denote by (2, 2!, ..., 2™) the canonical Euclidean coordinates on R™ ", Since ® 4 is O(m+1)

invariant, the distribution of Hess 4 () is independent of x so it suffices to determine it at any point
of our choosing. Suppose that x is the north pole

x=n=(1,0,...,0) ¢ R

Then T,,S™ = {2 = 0} and @, := (z',...,2™) are orthonormal coordinates on 7, 5™. The
coordinates x, also define local coordinates on S™. More precisely, the upper hemisphere

ST::{mESm; :v0>0}

1

admits the parametrization
' z(z) = (%), 2*) € S™, 2(z.) = V1= |22
The round metric on S™ satisfies
gij = 6ij + O(||z«||*) nearn. (3.2)

On the upper hemisphere we will view ® 4 as a function of z..
If A = (aij)o<i j<m. then in the coordinates , we have

1 1 & 4 4
Da(@) = 5a00(1 = @l*) + 53 a@)*+ > apa’at
=1 <k
1 o j 0<j<k<m (3.3)
. -
:§a00+52(ajj—a00)(x])2+ Z ijkx]$ ,
j=1 0<j<k<m
m .
VO 4(n) = d®a(@4)|z,—0 = Y _ agjda’. (3.4)
j=1

Since A € GOE;, |, covariance kernel of ® 4 is

Ka(n, @) = E[@a(m)@a(w) ] = { (1~ ll2a?E[dy] = & (1~ [la]?).

Denote by A, the m x m matrix A, = (a;j)1<i<m. Note that A, € GOE},. Using (3.2) and (3.3)
we deduce that
Hess4(n) = Ax — ago L.
Since aqg is independent of A, we deduce from (1.5) that Hess4(n) € 82U where 8% is the
O(m)-invariant Gaussian ensemble defined by (1.3). If we set
Li; = &j( Hessa(n) ), Q= wij( HessA(n)) = Lai Z - ]:’ )
V2L, i<

where /;; and w;; are defined by (1.1), then
E[LijLM] = 21)5Z‘j5kg + U(5ik5jg + 51‘45]'14)7 V1<i,5,.kL<m. (3.5)
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Note that V® 4(n) = (aoz, - - ., aon) is independent of ® 4(n) and Hess 4(n). Since A € GOE}, 4
we deduce from (1.3) and (3.4) that

Var [®4] = vy, (3.6)
Set
%aoo
P a(n) ao1
W .= =
[ Vo,(n) ] :
aom
Note that
Var [ W] = Diag (=,2v,...,2v ). 3.7)
22—

Clearly the matrix Var [ W} is invertible, proving that the ampleness condition (A) is satisfied.

Denote by Hess4 () the random symmetric matrix with variance given by the regression formula
(2.6)

Var [I’?SSA(H)] = Var | Hessa(n) |
— Cov [ Hessa(n), W | Var [W]fl Cov [ W, Hessa(n) .

Set

Ll] = glj (HeSSA(n) ), S)l] = W@J(HeSSA(n) )’
and

Cijir = Cov [Qyj, Wy, ], 1<i<j<m, 0<k<m.
Note that
CZ]\/C = Oa Vi7j7 Vk > O, C@ﬂk = 0, Vi < j, Yk > 0’
and
1 1 9

Clio = §E[(aii — apo)aoo | = —iE[aoo} = —u.

If we write
—1
V&I‘[W} = (t(lb)oga,bgm’
then
Q.0 3.7) 2
E[Q %] = E[Qij(x) Qe( Z Cijlat abCk:£|b ="E[Q(z) () | — ;CijIOCMIO'
a,b=0

We deduce o

E[0:;] = E[Qui(@);(2)] - 20 =0, i #],

E[0] = 2v,
E[Q% ] = E[Qij(z)Qe(x)], V1<i<j, 1<k<L
We deduce from (3.5) that
Hessy € GOE;, . (3.8)

The regression operator

Rtess ., w = Cov [ Hess 4, W] Var [Wﬁl] :R™! — Sym,, (R)
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is
wo
w1
— —2wol,,.
Wiy
We set H = Hessy, so H € GOE?,. Using the regression formula (2.7) we deduce
E[|Hessa(n)||W(n) = (t/2,0)] = Ecogy, | | det(H — vt)]].

Since 2® 4(n) = ag is Gaussian with variance 2v, we deduce from the Kac-Rice formula (2.3) that
for any Borel subset C' C R we have

B[DA[C]] = [ paltrvalit].
where
pa(t) = /SmE[HessA(ac)] |20 4(x) =t, VOA(z) = 0]pye, () (0)dz
(

w

) () 2 /SmE[\HessA(ac) W (@) = (1/2,0)] da

independent of 3.9)
= (QWU)_m/QE[]HessA(nN | W(n) = (t/2,0)] vol [ S™ ]
= (27rv)7m/2vol [S™ |Egogy, [ | det(H — vt)|].
Lemma 2.1 shows that
mr1 022 Ll
EGoR,,,, [ det(H —vt)|] = (2v) 2 e @ Pm+10(vt).
Assume now that v = 1.
t2 m+1 Zm
Ecog, [ det(H —t)|] = e T2 1/ Z+1Pm+1,1(t)-
2
Since o, [dt] = e™ T \}% we deduce
E[D4[C]] =/CpA<t)vgv[dt]
—m/2,m+l m Zm+1 / dt
= (27 272 vol | S| ——— m t)——.
( ) [ ] Zm Cp +1,1( )\/E
On the other hand, we deduce from (3.1) that
1
——E|Dy|C||=2 m t)dt,
B PAlCT] =2 [ a0
so that y
—-m/2,m+tl
(27)""7272 vol [S™ ] Zppia .
L (4m) T2 = 2, 3.10
Using the fact that
vol[§m]  x"

m+l ()
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we deduce
Zm1 _ D("52) 202m)m/2(4m)' /2 23/3F< m+ 3)
Note that

Z, = / e 12t = (2m)1/2.
R

We deduce immediately the equality (1.8)

m—1 m—1

Z. m i+ 3
Zm =20 [] T4 =% F(J——; ).
j=1 =7 j=0
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