THE KAC-RICE FORMULA AND THE NUMBER OF CRITICAL
POINTS OF RANDOM FUNCTIONS

LIVIU I. NICOLAESCU

ABSTRACT. This survey has two goals. The first is to present of a proof of the multidimen-
sional Kac-Rice formula in the Gaussian case that highlights in as clear a fashion possible
the central ideas. The second goal is to present the recent results of Gass-Stecconi and
Ancona-Letendre describing sufficient conditions guaranteeing that the nimver of zeros of a
random Gaussian map has finite p-momentum.
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INTRODUCTION

This is an expository paper and I make no claims of originality.
Given a map G : R? — R? and a Borel subset B C R? we denote by Zg(G) the number
of zeros of G inside the set B. When G is random, Zp(G) is a random variable. The basic
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Kac-Rice formula states that, under certain assumptions, the expectation of Zp(G) can be
described as an integral of B of a certain explicit density called the Kac-Rice density. The
first goal of these notes is to describe some simple yet general conditions guaranteeing the
validity of the Kac-Rice formula. The second goal is to describe some sufficient conditions
guaranteeing that Zp(G) has finite moments.

There are currently many different proofs of very general versions of the Kac-Rice formula,
e.g., [1, 4, 21]. In the first section of the paper I describe in detail the recent shorter proof
by Armentao, Azals, Leén [3] with an emphasis on the Gaussian situation.

The second section is devoted to the special case G = VF where F' is a random function. In
this case Zg(B) is the number of critical points of F' in B and we are interested in describing
sufficient conditions guaranteeing that Zp(VF') has finite moments.

In Subsection 2.3 we show that if F' is a.s. C% and, for every u € U the second jet of F at
u is a nondegenerate Gaussian vector, then Zg(VF) € L2

In Subsection 2.4 we investigate the p-th moments of Zg(VF) and we prove Theorem 2.11
stating that if F is a.s. CP*! and, for any v € U the p-th jet of F' at u is a nondegenerate
Gaussian vector, then Zg(VF') € LP. This was proved recently by Gass-Stecconi [10], and
Ancoma-Letendre [2]. This subsection is inspired heavily from work of Gass and Stecconi
[10].

In the final Section 3 we present another proof of Theorem 2.11 based on a simplified
version of the multijet technique introduced by Ancona and Letendre in [2].

Conventions and notations.

e In this paper the set N of natural numbers is the set of positive integers.

e We will we will denote by E[Y || X | the conditional expectation of ¥ given X.
It is a random wvariable. The conditional expectation a measurable function of X,
E[Y | X] = f(X). We will denote the value of f at x by E[Y}X = z|. This is a
deterministic quantity.

e Weset I, :={1,...,n}. For every set U we will think of U™ as functions u : I, — U.
We will often write u = (ug, ..., u,), u; = u(i). For any I C I, we will denote by u;
the restriction of u to I.

e We will denote by &,, the group of permutations of I,,.

e Let U be a finite dimensional Euclidean space. A compact subset B C U is called a
box centered at the origin if there exist Euclidean coordinates (z¢) on U and r > 0
such that B is described by

max |z*| < r.
A box centered at ug is a compact set of the form ug+ By, where By is a box centered

at the origin.

1. THE EucLIDEAN KAC-RICE FORMULA

1.1. Formulation. Assume that V and U are finite-dimensional vector spaces of dimensions
D=dimV >d=dimU.

Suppose that V C V is an open subset. For any Borel subset B C V, any measurable map
F:V — U and any u € U we define the level set

2p(F,u) =2 (F,B)=F Yu)NnBcCWV.

We set
25(F) = F~1(0) N B = 25(F,0).
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If Fis C! and u is a regular value of F, then Z, is a submanifold of dimension D — d of V.
We denote by Hj the k-dimensional Hausdorff measure on V.

We equip the space of X := C1(V,U) of C'-maps V — U with the topology of uniform
convergence on compacts of maps and their first order derivatives. As such, it is a Polish
space. We denote by Prob(X) the space of Borel probability measures on X.

Theorem 1.1 (Kac-Rice formula). Suppose that (Q,8,P) is a complete probability space and
X:QxV->U, QxV>3 (w,v)— X,(v)elU
is a U-valued random field parametrized by the open subset V C 'V satisfying the conditions
(A) and (B) in Theorem 1.3 and the additional condition
(R1) The random field X is a.s. C!, i.e.
]P’[{w; Xo:V=>U isC’l}] =1.
It induces a measurable map X : Q@ — X and we denote by Px € Prob(X) the

distribution of the process X.
(T) 0 €U is a.s. a regular value of X, i.e.,

P[{w; 0 is a reqular value of X, : V= U }| =1.

(Ao) For each v € V, the distribution Px(,) of the random wvector X(v) is absolutely
continuous with respect the the Lebesgue measure on U. We denote by px(y) its
density and we assume that is continuous in u and that for any compact subset
K CV we have

Sup sup px(v)(u) < oo.
veK ueU

(C) For any ug € U, vy €V, and any bounded continuous function o : X — R vp,v € V
the conditional distribution Pox)|x (vg)=u, 15 well defined as a probability measure on
R and depends continuously on ug in the topology of weak convergence of measures.

Then, iHD,d(ZB(X)) 18 a random variable, i.e., the map
Q3w Hp_g(2p(Xs)) €[0,00]

is measurable. Moreover,

E[j‘fD,d(Z,B(X))] :/BE[JX(U)|X(U):O]px(v)(uO)d’U, (KR)

where Jx (v) denotes the Jacobian of X at v € V and E[ Jx(v)| X(v) = ug]| denotes the
conditional expectation of Jx(v) given that X (v) = ug. When D = d the Kac-Rice formula
takes the form

E[#2p(X)] = /BE[JX(U) | X (v) = 0]px(v) (uo)dv, (KRo)

Remark 1.2. (a) Condition (T) is a transversality condition while (Ayg) is closely related to
the ampleness conditions in geometry. We can give a more conceptual interpretation of (C).
We can view X as a measurable map X : {0 — X. Fix vy € V and we obtain another random
map _
Xoy : X x U, wr (X, Xy(vo)).
The distribution of X, disintegrates since X is Polish so there is a kernel X,, from (U, By)
to (x7 BJC)7
Koo : U X By — [0,1], (u,5) — Ky, (u,5)



4 LIVIU I. NICOLAESCU

For fixed up € U the map
Bx 5 B+ vao(uO,B) € [0, OO)

is a subprobability Borel measure on X. More precisely

JCUO (uo, —) = ]P)X} XUO:/U/O.

Condition (C) states that this measure depends continuously on ug and vp.

(b) The random fields satisfying the conditions (R;), (T), (C) are closely related to the
2-KROK random fields introduced in [15].

(c) Let us mention that (KR) for D = d is satisfied under alternate assumptions, [1, Thm.
11.2.1]. O

Concerning the transversality condition (T) we have the following result.
Theorem 1.3 (Transversality). Suppose that (2,8,P) is a probability space and
X:QxV->U, OQxV3 (w,v) = X,()eU
is a random field satisfying the following conditions.
(Rz) The random field X is a.s. C2, i.e.
P[{w; Xo:V=>U isCQ}] =1
(A1) The random vector
YV:VxU\{0} - UxV, (v,ia)— (X(v), X' (v)"1)
satisfies the condition (Ag). Above, X'(u)* : U — V is the adjoint of the differential
X'(v): V—>U.
Then the random field satisfies (T).
Let us observe that (A;) = (Ap) and (R2) = (R1)
Theorem 1.4. Suppose that D = d, (2, 8,P) is a probability space and
X:QxV-=U, OQxV3 (w,v) = X,(v) eU
is a random field satisfying (R1) and (Ao). Then the random field satisfies (T).

1.2. Proof of the transversality theorems. If F' : V — U is a C''-map then the fiber
F~1(0) is a submanifold of V of dimension D — d and it seems natural to expect that it is
highly unlikely that the equation F'(v) = ug will have no solutions inside a given dimensional
subset of V' of dimension d — 1. This is true a.s. in a much more general context.

Lemma 1.5 (Bulinskaya). Suppose that X : V — U satisfies (R1) and (Ap), D > d. Let
K CV be a compact subset of Hausdorff dimension < d. Then

P[ 2k (X, ug) #0] =0.

Proof. We follow the argument in the proof of [1, Lemma 11.2.10]. Fix Euclidean coordinates
(vi)i<i<p on V and (uj)i<j<q on U. We can write X as a collection of random variables
(X1,...,X%). We set

D
Colv) =) (!Xi(v) |+ 100X \) :
j =1

Jj=1
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For every compact set S C 'V we set

Cu(S) :=sup Cy(v).

veS
Then (R;) implies that
P[C(S) <oo] =1.
Hence, for every € > 0 there exists M. = M.(S) > 0 such that
P[C(S) < M.] >1—ce. (1.1)

If we choose S to be a closed ball of radius r > 0 centered at vy and contained in V we deduce
from the mean value theorem that

| X7(v) = X/, (vo) | < Culwo,7)|lv = voll < Cou(wo, 7)r
so that
| Xoo(v) = Xo(vo)|| < Cslvo,m)Vd -1
For r < dist(K, dV) we set

Cu(K,r) = sup Cy(vo,r) < Cu(K,), K, :={veV; dist(v,K) <r}.

voEK
For such an r we set
oscy(r) == sup || Xw(v1) — Xy (v2)]|-
v1,02€K
lv1—va|<r

Note that
0scy (1) < Cu(K, r)Vdr.
Consider the event
E-(r) == { oscy(r) < Mo(K,)Vdr}.
We set M. (r) := M.(K,). We deduce from (1.1) that
P[E.(r)] >1—e.

Pick a sequence h, N\ 0. Since K has Hausdorff dimension < d, its d-dimensional Hausdorff
measure is zero, and we deduce that there exists a sequence r, \, 0 and for any n there exists
a finite collection of closed balls (B, ;)je, ., of radii r, ; < rp, covering K, such that

> (r0)" < b
J€Ins
We denote by A the event “the equation X (v) = ug has a solution v € K” and we set
A, ;=ANBy,;.
Fix € > 0 and r > 0 sufficiently small. Then
P[A] <Y P[An; NE(rn)] + P[Ec(rn)?] <Y P[An; NEc(rn)] +e. (1.2)
j j

Denote by vy, j the center of By, ;. Observe that A, ; # ) iff there exists v such that ||[v—wy,|| <
rn,; and X (v) = ug. On E.(r,) we have

| X (vny) —uo | = | X (vny) — X(0) | < Me(rp)Vdrn;.
This shows that
Apj N Ec(ry) C {| X (vny) —uo | < Me(rp)Vdrn; }.
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We denote by w, the volume of the unit d-dimensional ball and we set

L:= sup sup px,(u).
veKr uelU

Assumption (Ag) implies L < co. We deduce
]P)[{ |X(Un7j) — U ‘ < Mg(T'n)\/ngJ }] < Ldeg( )ddd/2 d

n _]7
= ('fn)

and
ZIP[AH,J- ﬁEE(rn < Eo(rp Zrn] < Ee(rn)hn < Eo(r1)hy.
J
Now choose n such that Z.(r1)h, < ¢ to conclude from (1.2) that
P[A] <2, Ve >0.

Proof of Theorem 1.3 Consider the random field
Y:VxU—=UxV, Y(v,i)— (X(v),X (v)u).

Fix a box B C V and denote by S(U) the unit sphere in U. Let us show that a.s., 0 is a
regular value of X|p. This means that for any solution v € B of X = 0 the transpose of the
differential X’(c)" is one-to-one, i.e., the equations

Y(v,i1) =0<= X(v) =0, X'(v)*a =0,

has no solution (v,4) € B x S(U). Since dim B x S(U) < dim(U x V') we deduce from
Lemma 1.5 that this happens a.s.. O

Remark 1.6. Sard’s transversality theorem requires a bit of regularity. Suppose that
F: VU

is a C¥ map. In [9, Thm. 3.4.3] it is shown that if kK > D — d + 1, then the set of critical
values of F is negligible in U. However, if k < D — d there exist C*-maps V — U for which
the set of critical values is not negligible in U; see [9, Sec. 3.4.4].

In geometry the generic transversality is traditionally obtained as follows. Fix k > D—d+1.
Suppose that N is a positive integer and

F:RYxV U, (\v) = Fy(v)

is a C*-map. We view it as a family in C*(V,U) parametrized by A € RY. We assume that
the family is sufficiently large, i.e., satisfies the ampleness condition

0 is a regular value F. (%)

Then
Z={(\v) RV xV; F\(v)=0}

is a C* manifold and the natural projection 7 : Z — RN, (\,v) — X is a C* map. Since
dimZ — N = D — d we deduce from Sard’s theorem that most A € RV are regular values of
m. One can show that for such A, 0 is a regular value of F\. Thus, a regularity assumption
together with an ampleness condition on the family guarantee that 0 is generically a regular
value of F).
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We approached generic regularity using a different approach. Let N be a (large) positive
integer and suppose that, for each v € V the collection of C%-maps

{ Fk(v)7 F,(v);r }1§k§N

spans the vector space U x Hom(U, V). If we define

N

Fy = Z)\ka, A= ()\1,...,)\]\[) S RN,

k=1

then we see that the family (F)),crn~ satisfies (x). It is however less regular if D —d > 1.
Fix independent standard normal random variables Aq,...,Ay and form the random

Gaussian map

F, =) Apw)Fr.
k

Equivalently, consider the standard Gaussian measure on RY and think of F' as a random
map. This random map satisfies (R2) and (A;) and thus 0 is a.s. a regular value of F. This
implies 0 a regular value of F for A in a set of Gaussian probability 1. for generic . We
have thus obtained generic transversality with reduced regularity, C? instead of CP~4*1 but
the price we had to pay was stronger ampleness assumptions. O

In the remainder of this section we fix Euclidean coordinates (v;)1<i<q4 and (u;)i1<j<q on

V and respectively on U. A box in V is a compact set of the form Hf-l:l[ai, b;]. The box is
called nondegenerate if it has nonempty interior.

Proof of Theorem 1.4 We follow the approach in [3, Sec. 4]. Fix a box B C V. Consider
the quantities

1
wde

T = lim\%lfTr, Ty (w) = Hq[{v e B; | X()| <r}],

where H,; denotes the d-dimensional Hausdorff measure on V. In this case it coincides with
the Lebesgue measure.
Assumption (Ag) implies that T is a.s. finite. We set

2°:={veB; X(v)=0, J,=0}
We will show that P[Z* # 0] = 0. Set

M = sup || X' (v)],
vEB

X 5) — X (vp) — X (v0)é
N(g)=  sup | X (vo +9) .(UO) (o)
veB, 0<||é||<e 9]

Both random variables M and N(e) and N(g) — 0, a.s., as € \, 0.
Let vg € Z°. Lemma 1.5 shows that vy € int B a.s.. Set

Ko =ker X'(vo) C V, k=dimKj.
Since J,,, = 0 we deduce that k < (n —1). Any vector v € V' decoposes as

=19+ 0", 09 € Ky, v e Kg.
Then
1X (vo + 0)|| < | X (vo + B0 + ) = X (vo + o) || + | X (vo + o)
< Mo + ool N (ol )-
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Let € > 0 such that N(¢) < 1 and suppose that
looll < e, [[ot]] < eN(e). (1.3)
We deduce that
1 X (vo + w9 + 95)|| < r(e) := (M + 1)eN(e).
The polydisk
P.:={veB; v=uvy+70, o satisfies (1.3) }
is a.s. contained in B for € > 0 sufficiently small. Thus

1 1

Tre) = wdr(e)dﬂd[{v € B; | X(v)]| < 7"(5)}] > mf}cd[ﬂ]
d k
= conzi.g:]\ef(i\)ff) = constN(e)* ¢ = 0o as e \, 0.
Hence
2% # 0 C {T = oo},
soP[Z°=0] =1. a

Remark 1.7. To better understand the idea behind the above proof it helps to have in mind
the following suggestive example. Consider the map

F:R* =R F(z,y) = (z,9%).

Then
To={|F|<r}={a?+y* <r?} DS = {|a| <272, |y| <2741},
and
3y (S,) = 27343/,
Hence

FHo (T, _3/4 —
#22 34,7112 A as r \, 0.
r

1.3. Proof of the Kac-Rice formula when D = d. We set
Zp = Zp(X) = #Zp(X).

Lemma 1.8 (Kac’s counting formula). Suppose that F :V — U is a C'-map. Let B C'V be
a nondegenerate box. Suppose

(i) that 0 is a regular value of F' and

(ii)

F710)noB = 0.
Denote by N(F, B) the number of solutions of the equation F(v) =0, v € B. Then, forr >0
sufficiently small we have
1

wgyrd

NO(F, B) = NT(F, B) = / I{|F|<T}JF(’U)d’U,
B

where Jp denotes the Jacobian of F.

Proof. Since 0 is a regular value and F~1(0) N 9B = () we deduce from the inverse function
theorem function that F' has a finite number of zeros in B, vy, va,...,v,, n = No(F, B), none
of them located on 0B. Choose d > 0 sufficiently small such that
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e The open ball Bs(v;) is contained
e the closure of the balls Bs(v;) are disjoint, and
e the restriction of F' to each of the open balls Bs(v;) is a diffeomorphism onto its
image.
Set

ro 1= min IIE |-
vEB\UP_, Bs(vi)

Fix r € (0,79). If ||u|| < r then the equation F'(v) =r, u € B has exactly n solutions
vi(u) € Bs(v;), i=1,...,n.
We will use the coarea formula (A.2) where

a=1Ip, B(u)= Iy
We deduce that

/ Jr(v)dv = / #F 7 (w)du = nwqr?.
BO{[|F||<r} {llull<r}

O

Lemma 1.9 (Continuity of roots). Fiz a box B C V. Suppose that F, :V — U, v € N is a
sequence of C' converging in X = C*(V,U) to a map F that satisfies the conditions (i) and
(ii) in Kac’s counting formula with respect to the box B. Then

hﬁm NQ(FV, B) = NQ(F, B)

Proof. Set
2=F"Y0)NB={v,...,0}, n=#2, Z,=F0)NB.

Choose open balls Bs(v;), ¢ = 1,...,n, as in the proof of Kac’s counting formula. Set

C:=B\ O Bs(v;),

i=1
ro := inf ||F'(v)]||.
o= inf | F(v)]
Since F, converges uniformly to F' on the compact set C' we deduce that there exists vy > 0

such that
Vv >y, inf [|F,(v)|| > ro/2 > 0.
velC

Thus, for v > 1y

n
2, C | Bs(v).

i=1

Set
Z.l,ﬂ' =2, N Bg(vi).
We claim that for each ¢ = 1,...,n, there exists v; > 0 such that #Z,; =1, Vv > ;. We
argue by contradiction.
Suppose that there exists a subsequence Z,, ; such that #2Z,, ; > 2. To ease the notation

we will write Z, ; instead of Z,, ;.
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Let vo g, vix € Zg i, Vo # U1k Upon extracting subsequences we can assume that vg
and vk converge to vg oo, V1,00 € €l Bs(v;). Clearly F(vg o) = F(v1,00) = 0 and, since F' a
single zero, v;, in ¢l Bs(v;) we deduce

Vo, Uik — Vi as k — oo.
Consider the unit vectors
1

~ Tore — voxll (o1 = v ).

Wi -

Upon extracting a subsequence we can assume that wy converges to the unit vector w. Since
the differential F'(v;) is invertible we deduce that F'(v;)w # 0. Choose a linear functional
¢ : U — R such that

E(F'(vi)w) =1. (1.4)
Consider now the scalar functions fiz(v) = £( F,,(v)). From the mean value theorem we
deduce that there exists a point pj on the line segment [v, 1, v ] such that

0= fr(vrk) = fe(vor) = llvie — vorlldfi(pr) (wi ) = llvrk — vorll€(Fy, (prx)wr ).
In other words
E(Fy, (pe)wr ) =0, Vk.
Note that py — v;. Letting k — oo we deduce &( F'(v;)w) = 0. This contradicts (1.4). O

Corollary 1.10. Suppose that (£2,8,P) is a complete probability space. Then the map
Q3w Zp(X,) €[0,00]
1s measurable.

Proof. Lemma 1.5 shows that there exists a Px-negligible Borel subset N C X such that any
F € X, = X\ N satisfies the assumptions (i) and (ii) Lemma 1.8. It follows that the map
Zp : Xu — [0,00) is continuous. Set Z% = Iy«Zp. Hence Z% : X — [0, 00) is measurable and
so is Z%(X). Since Zp(X) = Z%(X) a.s. and 8 is P-complete we deduce that Zp(X) is also
measurable. O

Corollary 1.11. Fiz a box B C V. Suppose that X, : QxV — U is a sequence of C*-random
fields such that

e X, = X as. in CY(B,U) and
e they satisfy a.s. the conditions (i) and (ii) in Lemma 1.8.
Then
No(X,, B) — No(X, B) as..

We can finally prove (KR) in the case D = d. We follow the approach in [3, Sec. 5].
Let F : [0,00) — [0, 1] be the continuous piecewise linear function such that

0, =<1/2,
F($>:{1 > 1

For n € N we set F,,(z) = F(nz) and G,(z) =1 — F(z/(2n)). The functions F,, and G,, are
depicted in Figure 1.
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1H2n) 1in
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FIGURE 1. The graphs of F,, (top) and the graph of Gy, (bottom).

For v € V we set J, := Jx(v), i.e., J, is the Jacobian of X at v. Recall that

Jy = \Jdet (X/(0)X ()T ) = det | X'(v)],

where det X’(v) is computed by identifying X'(v) with a d x d matrix using the Euclidean
coordinates (v;) and (u;).
Fix a box B C V. For u € U and n € N and ® € X we set

CH® B):= > Fu(Jo(v))Gn(Ja(v))Fy( dist(v,0B)).
ve®~(u)NB
Lemma 1.12. The functions
X>d— C)(P,B)

and u— CJI(B, ®) are continuous. 0

We proceed assuming the validity of the above lemma. We set

Ci(B):=Cl(B,X)= > Fu(Jy)Gn(Jy)Fn(dist(v,0B)),
veX~1(u)NB

Q1 (B) = Cy(B)Gn(Cy(B)).
These are measurable as compositions of continuous functions X — R with X : Q@ — X.

Note that CJ}(B) is the number of solutions v of the equation X = u in the compact
(random) set

1
K, = {UEB: Sy, 0p > —, JvSQn}.
2n

Intuitively, C'(B) counts the solutions v of F'(v) = u located in B for which that Jacobian J,
is not too small, not too large and they are not too close to the boundary of B. The quantity
Q1 (B) is a sort of truncation of CJ!(B). Note that Q}!(B) = 0 whenever C}(B) > n. For
simplicity we will write

0y = dist(v, 0B).
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Let g : U — [0,00) be a continuous, compactly supported function. The Coarea formula
(A.2) implies that

| sQuB) = [ LEIGA L) Eu(B)G iy (B) g X(0) ).
U B

The above random variables are bounded since the various integrands are bounded. E.g.,
Q7(B) < 2n. Taking expectations we deduce

/ J(WE[Q(B) ] du = / B[ Ju o (Ju) G (o) Fa(00)Gr ( C ) (B) )9 (X (0) ) | do
U B

= /Ug(u) (/BE[Jan(Jv)Gn(Jv)Fn(dv)Gn(C}l((v)(B)) | X (v) = u]dv) Px(v)(w)du

Since the above equality holds for any continuous compactly supported function g we deduce

E[QZ(B)] - /BE[Jan(Jv)Gn<Jv)Fn(5v)Gn(C?((v)(B)) H X(”) = u]pX(v)(u)dU (1'5)

for almost every u € U. To prove that the above equality holds for any v we will show that
both sides of (1.5) depend continuously on wu.
The random function u — CJ}(B) = C}}(B, X) is a.s. continuous since

u— C(B,®)
is continuous for any ® € X. Consider

ay X = R, ay(P) = Jo(v)Fn(Jo(v))Grn(Ja(v)) Fn(é(v))Gn<Cg(v) )

<2n

For fixed v it depends continuously with respect to ® in the topology of X. We can rewrite
the right-hand-side of (1.5) as

/BE[aZ(X)‘ X(v) = u]px(v)(u)dv.

Conditions (Ag) and (C) show that the integrand depends continuously on u. Clearly it
is bounded uniformly in u. The Dominated Convergence Theorem shows that the above
integral depends continuously on u. Hence

E[QZ(B)} - /BE[Jan(Jv)Gn(Jv)Fn(év)Gn(C;L((v)(B) )‘ X(U) = u]pX(v)(u)dU (1'6)

for every u € U. In particular, for u = 0 we deduce
E[Q5(B)] = /BE[Jan(Jv)Gn(Jv)Fn(5v)Gn(CE(U)(B))\ X(v) = 0]px () (0)dv.  (L.7)

The transversality condition (T) and Lemma 1.5 imply that a.s. 0 is a regular value of X
and the equation X (v) = 0 has no solutions on dB. We deduce that
Qy(B) /' Zp(X) as n — oo.

Since F,,G, /1 we can use the Monotone Convergence Theorem in (1.7) as n — oo and
deduce (KR) for D = d assuming the validity of Lemma 1.12.
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Proof of Lemma 1.12. The proof is similar to the proof of Lemma 1.9. Fix &3 € X and
ug € U. For each n € N we consider the compact set

n —

K, = {v € B; dist(v,0B) > 1/n, 2i < Jg,(v) < 271}-

Note that K, C int(K, 1), Vn. Let
Zn(®0) = 05 (ug) N K.
The inverse function theorem implies that Z,(®) is finite.

Zn(q)()) = {’Ul, e ,’Un}

Invoking the inverse function theorem we deduce that there exist r > 0 and pairwise disjoint
open sets 01, ..., 0, with the following properties.

o v €O Cint Ky, Ve=1,...,n. We set

k=1

e The restriction of &y to O is a diffeomorphism onto the open ball B, (ug) C U.

Suppose that [[®, — ®o||c1(p) — 0 as v — co. We claim that
IN>0: Yv>N, &, (u)NK,cCO.
We argue by contradiction. Suppose that there exists a subsequence v, ,/* co and and
wy,, € (I)anl (up) N K, \ O, Ym (1.8)

Upon extracting a subsequence we can assume that w,, converges to w, € K,. Letting
m — oo in the equality @, (w,,,) = ug we deduce ®o(w,) = up € O. This contradicts (1.8).
Arguing as in the proof of Lemma 1.9 we conclude that there exists IV > 0 such that for
any v > N and any k = 1,...,v the equation ®,(v) = ug has at most one solution v € Q.
Let us now observe that for v sufficiently large the equation ®,(v) = up has one solution
v € Of. Indeed this is an immediate consequence of the theory of degree of a continuous
map; see e.g. [19, Chap.1].
This proves that for any continuous function ¢ : B — R such that supp ¢ C K,, we have

lim Y p)= Y ()
ved, (up) vedy ! (uo)

This takes care of the first part of Lemma 1.12. The second part of this lemma follows from
the first part applied to the maps ®, = &g — (u, — up), where u, — uy. O

Remark 1.13. For a wide ranging generalization of this result we refer to [21]. O

The case D > d is dealt with in a similar fashion. We will not discuss it here since we will
not need it in the applications we have in mind. For details we refer to [4, Chap. 11].
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1.4. Gaussian measures and fields. The assumption (C) is trickiest to verify in prac-
tice. In this subsection we will describe a simple yet sufficiently general case when this is
satisfied. We need to introduce some Gaussian terminology in a form suitable for geometric
applications.

Suppose that X is a finite dimensional vector space. We denote by X ™ its dual space and
we denote by (—, —) : X* x X — R the natural pairing

(&) = (& ) == &(x).
A probability measure T' on X is called Gaussian if for any linear functional £ € X™* the
random variable £ : X — R is Gaussian with mean m(§) and variance v(§). A random vector
X :(Q,8,P) — X is called Gaussian if its distribution is is a Gaussian measure on X.
Note that the maps X* 3 & — m(§) € R is linear so m(§) € X = X. The mean of X is
the unique vector m(X) € X such that

& m(X)) =E[(£ X)),
i.e,
m(X)=E[X] = / X(w)B[dw].
Q
The covariance form of X is the nonnegative definite symmetric bilinear form
Cx =Cov|[X]: X"x X" >R
given by
Cov [ X ](&,&) = Cov [ (&1, X), (&2, X)) | = E[ ((&1, X) —m(&1) ) ((&2, X) —m(&2)) .
Note that the space of bilinear forms on X™* can be identified with X ® X. Viewed as an
element of X ® X the covariance form has the simple description
Cx =E[(X -—m(X))® (X -m(X))].

The Gaussian vector X is called nondegenerate if Cov [X ] is positive definite. It is called
centered if m(X) =0

Let us observe that a choice of an inner product on X produces a canonical identification
of X* with X and in this case we can identify Cov [X ] either with a symmetric bilinear
form on X, or with a symmetric operator X — X that we denote by Var [X ] . The Gaussian
vector X is nondegenerate iff Var [X ] is invertible. In this case the distribution of X is

1 ar 71:6,7)
Py[dz] = e~ A da ]
\/det (27rVar [X] )
px (x)
where (—, —) denotes the inner product on X and A denotes the Lebesgue measure on X.

If A: Xg — X is a linear operator and X : (©,8,P) — X is a Gaussian vector with
mean m(X ) and covariance form Cy, then AX is also Gaussian with mean AX and variance
operator form

Cov [AX |(&,n) =Cov [ X | (AT¢, ATy,
where AT : X% — X3 is the dual map. If we equip X and X with inner products, then
the variance operator of AX is given by

Var [AX ] = AVar [ X |A": X1 — X1,
where A* : X1 — X is the adjoint of A determined by the chosen metrics.
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Suppose that X and Y are finite dimensional vector spaces. Given random vectors

X:(8P)—-X, Y: (8P —-Y

we define the covariance form of Y and X to be the bilinear form
COV[Y,X] Y*x X" =R
given by
Cov [KX](n,§) = Cov [(n,Y}, <§,X)], VneY* e X*.
If X and Y are equipped with inner products (—, —)x and respectively (—, —)y, then we
can identify Cov [Y,X ] as a linear operator Cy,x : X — Y uniquely determined by the
condition
(y,C’y7Xx)Y =Cov|[(y,Y)y(z, X)x], Ve e X, yeY.

Concretely, if (e;)icr and (f;)jes are orthonormal bases of X and respectively Y, and we set
Xi:=(e;,X)x,Y;:=(f;Y)y, then in these bases the operator Cy,x is describe by matrix
(¢ji) (jiyesx1» where ¢j; := Cov [ Y;X; |. Hence

Cy,xe; = g cjif -
J

Let us observe that Cxy : X — Y is the adjoint/transpose of Cy x. Note that if T': X — U
is a linear map between Euclidean spaces, then

CY,TX = CY,X oT*:U =Y.
The random vectors are said to be jointly Gaussian if the random vector
XeY: (2,8P) —-XaY

is Gaussian. If X and Y are equipped with inner products, then X @Y is equipped th the
direct sum of these inner products and in this case Var [X &) Y] : XBY - X @Y admits
the bloc decomposition

Var [X ] C XY

Var[XEBY] - CY,X Var[Y]

Proposition 1.14 (Gaussian regression formula). Suppose that X,Y are Gaussian vectors
valued in the FEuclidean spaces X and respectively Y . Assume additionally that

(i) the random vectors X,Y are jointly Gaussian and,
(ii) X is nondegenerate.

Define the regression operator
Ryyx XY, RY,X = CY,X Var[X]fl
Then the following hold.

(a) The conditional expectation E[Y || X | is the Gaussian vector described by the linear
regression formula
E[Y || X] =m(Y) - Ryxm(X) + RyxX (1.9)
(b) For any z € X
E[Y|X =] =m(Y) — Ry xm(X) + Ry xz.
(¢) The random vector vector Z =Y —E|Y || X | is Gaussian and independent of X. It has
mean 0 and variance operator

AY,X = Var [Y] — DY,X 'Y =Y, DY,X = Cy:X Var[X]_le,y. (1.10)
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Moreover, for any bounded measurable function f:'Y — R and any x € X we have
E[f(Y)‘ X = l’] = ]E[f(Z + m(Y) — Ry)(m(X) + RY,X.T) ] (1.11)
O

For a proof we refer to Appendix B. We will refer to the distribution of the centered
Gaussian vector Z as the regression Gaussian measure.

A random field X : Q xV — U is called Gaussian if for any finite subset S C V the
randdom vector

Xls: QU we (X)), g

is Gaussian.
1.5. The Gaussian Kac-Rice formula. We now return to the setup of Theorem 1.1.

Proposition 1.15 (Azais-Wschebor). Suppose that the random field
X:QxV->U, (wv)— X,(v)
is Gaussian, it is a.s. C' and,

for any v € V the Gaussian random vector X (v) : @ — U is nondegenerate. (No)
Then X satisfies all the conditions of (R1), (Ao ) and (C) in Theorem 1.1.

Proof. The condition (R;) is tautologically satisfied while (Ag) follows from the nondegen-
eracy of X (v) for any v.

To prove (C) we will use the regression trick in [4, Eq. (6.11)]. For simplicity we assume
that X is centered and X, € X, Vw € Q.

Fix ug € U and vy € V. From the regression formula we deduce that any v € V' we have

X(U) = RX(U),X(U())X(UO) + Z(”? UO), Z(Ua UO) 1 X(UO)'
and we have
O Xy(v) = (avRX(v)7X(UO) )Xw(vo) + 0vZ (v, v0).
Hence, for any w the map
v = Zy(v,v0)

is also C'!. The resulting map V 3 vg +— Z,(—, vg) € X is continuous for any w.

Fix a continuous and bounded function « : X — R. Then the real number

a(Xw) = a( Rx, (=), Xu(wo) U0 + Zu(—,v0) )

depends continuously on (ug,vp) for any w and since « is bounded we deduce from the
Dominated Convergence Theorem that

E[O{(X)‘X('UO) = UQ] = E[O&(RXJ((UO)UQ —{—Z(—,’l)o))]

depends continuously on (ug, vp). O

We can now formulate the Gaussian Kac-Rice formula in the case D = d.

Theorem 1.16. Suppose that U, V are Euclidean spaces of the same dimension d, V C'V
is an open set and G : V — U is a Gaussian random field that is a.s. C* and satisfies (Np).
For any v € V we denote by pg(.,) the probability density of the Gaussian vector G(v). For

any S C U we set Zg(G) = #G~1(0)N S. Then for any Borel subset S C V we have

E[ZS(G)] :/Spg(v)dv,
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where
pg(u) = E[Jg(u) ‘ G(U) = 0]pp(v)(0).
Moreover, B[ Zs(G)| < oo if S is compact.

Proof. We proved the equality when S is a box. In this case the right-hand-side of the above
equality is finite. Both sides of the above equality are o-finite Borel measures on U that agree
on boxes and thus they must agree for any S. O

Remark 1.17. (a) Note that in the special case U = V', we have
Ja(u) = |det G'(u)],

where det A denotes the determinant of a linear map A : U — U. In particular, if G is the
gradient of a function F';, G = VF, then

Ja(u) = |det Hp(u)|,

where Hp(u) is the Hessian of the function F' at u viewed as a symmetric operator Hp(u) :
U-—-U.

(b) Let G be as in Theorem 1.16. For any continuous compactly supported function ¢ €

Cgpt(\?) we set
Z,(G) = Z ©(0).
G(u):=0
The above arguments can be modified to yield the weighted Kac-Rice formula
B[2,(G)] = | elwpotu)du (1.12)

O

1.6. Zeros of random sections. Suppose that U is a smooth d-dimensional manifold and
mg : E — U is a smooth, rank d, real vector bundle over U. Fix a smooth metric g on U.
There is a high-brow method of defining a random Gaussian section of E (see [17]), but
we want avoid technicalities and we take a more pedestrian approach. A Gaussian section is
a random map G : U — E such that
® 7TEOF: ]lM and,
e for any p € N, uy,...,u, € U the random vector (G(ul), ... ,G(up)) is a Gaussian
vector valued in Fy, X -+ X By .
We can locally view G as a Gaussian random map G : U — R%. We will make the following
standing assumption
We assume that G is a.s. C! and, Vu € U, the random vector G(0) is a centered
nondegenerate E,-valued Gaussian vector.
This assumption guarantees that G intersects the zero section transversally a.s.. Thus, the
zero set of G is a.s. locally finite set. We denote by pg,) the probability density of F'(u) so

that
1

\/det (27 Var [G(u)])
Fix a metric h and connection V on E. Note that for any C! -section s of E and any u € U
we have

P (0)

Vs(u) € T;U® E, = Hom (T,U, Ey, ).
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We denote by adj,(u) the linear map Vs(u) : ;U — E,. It depends on the choice of the
connection V but, if s(u) = 0, it is independent of the connection. In this case it is the
differential-geometric cousin of the adjunction map in algebraic geometry.

We define the Jacobian of s at u to be the Jacobian of the map linear map adj,(u) between
two Euclidean spaces

Ju(u) = \Jdet ( adj,(u) o (adj,(w)" ).

For any continuous, compactly supported function ¢ € C’gpt(U) we define the a.s. finite
random variable

G(u):=0
Then, in this case, the Kac-Rice formula reads
B[2,(0)] = [ etupatu) Y, (w). (1.13)
where
pG(u) = E[ Jg(u) | G(u) = 0]pa (0). (1.14)

When FE is the trivial vector bundle V := U x V' — U equipped with the trivial metric and
connection we obtain the usual Kac-Rice formula.

Remark 1.18. A priori, the function E[ Jg(u) | G(u) = 0]pc(o) depends on the choice of
metrics on U and E and the connection V needed to define Jgz(u). However, the dependence
of V disappears when we condition G(u) = 0.
It is not hard to verify that the Kac-Rice measure (or 1-density in differential-geometric
sense, [18, Sec. 3.4.1]) on U
KRg = po(u) |dVy(u) (1.15)
is independent of the choice of metric on U. Indeed, the Jacobian admits the alternate
description via the equality

Ja(u)|dVr,u| = adjs(u)*|dVE,|

Above, adj,(s)* denotes the pullback between spaces of 1-densities. The 1-density KR is
also independent of the choice of metric on E since the quantity

_ Ja(u)
\/det (27 Var[G(u)] )

Ja(u)pe ) (0)

is independent of the metric on E,.
The Kac-Rice measure is Radon in the sense that it is finite on compact sets when G(u)
is nondegenerate. U

2. CRITICAL POINTS OF (GAUSSIAN RANDOM FUNCTIONS

Let U be a d-dimensional Euclidean space and U C U. Suppose that FF: U — R is a
Gaussian random function. This means that, for any u € U the value F(u) is a Gaussian
random variable. For simplicity we assume that its mean is zero

E[F(u)] =0, Yue U
Let K : U x U — R be the covariance kernel of F'ji.e.,
K (ug,u1) = E[ F(ug)F(u1) ], Vug,u1 €U.
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We assume that F is a.s. C2. Throughout this section we fix Euclidean coordinates (u’);<;<
on U. Fix box B C U and denote by Zp the number of critical points of F' in B, i.e.,

Zp:=Zp(VF)=#{ue B; VF(u)=0}.

We want to investigate two basic invariants of this random variable: its mean and its variance.

2.1. Expectation. We assume that Yu € U
the Gaussian vector G(u) = VF(u) is nondegenerate. (Nyp)

We denote by pp(,) the probability density of the Gaussian vector VF'(u) and by Hp(u) the
Hessian of F' at u. The Gaussian Kac-Rice formula. implies that

E[Zp(F)] = / pr(u)du,

B
where
pr(u) = E[| det Hp(u) | | VE(w) = 0]pyr(o) (0
1
~\f2mdet Var [VF(u)]

pVF(u)(O)

2.2. An analytic digression: Kergin interpolation. The one-dimensional case of this
technique goes back to Newton. Suppose that f : R — R is a continuous function and

x1,...,%p are distinct points on the real axis, We define inductively the divided differences
flzil, fler, z2, ..., flx1, ..., xp] by setting
flz] = f(z), Vx eR,
1] — flx
f[x17x2] _ f[ 1] f[ 2]
Ir1 — T2
flr, o, 3] = flz1, x2] — flwo, ws)
r1 — I3
T, ..., 2k — flro,. ..., x
f[mlng,‘--gxk7$k+1]:f[ 1 k] f[ 2 k-‘rl]”.
1 — Th+1
For simplicity we will write f[z] = f[x1,...,xp]. For distinct z1, ..., z, we have the following
more explicit description (see [14, Sec. 1.3])
n
T
f[xl,...,xn]: l_[f((‘j)_)
=1 Mg 5 — Tk
If f € CP, then we have an alternate integral representation of f|xo,...,x,| called Hermite-

Genocchi formula

1 S92 Sp—1
flzo, 21, ..., zp) —/ d31/ d33---/ P (y,)dsy, (2.1)
0 0 0
where
Yp = pp(sla cee Sp) = (1 — s1)To + (81 — 82)361 +---+ (Sp—1 — Sp)l’p7

1>s512>--->5,>0.
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We refer to [14, Sec. 16] or [7, Thm. 1.9] for a proof. Note that this formula assumes that f
is p-times differentiable. We can rephrase in more revealing terms as follows. Consider the
simplex

P
Ap:{(to’tl"“vtp) € [0, 17, kzotk = 1}.

It is equipped with an Euclidean volume element ,up[dt] normalized so that ,up[Ap] =1

H.
Given z = (zg, x1,...,7,) € RPT we define
P
oz Ap = R, 0,(t) = Zthk.
k=0

Then (2.1) can be rewritten as

fled = [ 19 (oul®)) ). (22)

AP

The righ-hand-side of the above equality is symmetric in the variables xq,...,zp, depends
continuosly on them and it is well defined even if some of them coincide. This allows us to
define flxo,z1,...,zp] even if the numbers zo, ..., x, are not pairwise distinct provided that

f € CP. For example

flevan] = lim fley,za) = f(x1),

flw2, 1] — f'(21)

Tro — 1

f[xla X, 1'2] =
More generally, if the function f(z) is C*, then the function g(z) = f[z, x2] is C*~1 and

flz1, x2, x3) = glx1, x3).

In general, for distinct , z1, ..., xp, we have the equality (see [14, Sec. 1.1])

p—1
f@)=fl)+) (@—a1)- (@ — ) fler, - w4
=1 ) (2.3)

+x—z1) (= xp) flz, 21, ... 1)

The term Py, .. ., f(z) is a polynomial of degree < (p — 1) in = and the above formula is
called Newton’s interpolation formula. The above equality shows that

P:ﬁ,,..,x;;f(xi) = f(xl)a VZ - 17 Ry 22

The divided difference f[z1,...,z,] is well defined even if the numbers z1,...,x, are not
pairwise distinct and thus (2.3) holds for any x,x1,...,2, € R, provided that f € CP. Note
that if x1 = - -+ = x,,, then (2.3) implies that

1
8£Pr1,...,mmf(x1) = Haé;f(xl) VO <k <m.
If we set
[2]m = z0, .. . 70,
S——

m
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then

m
1 - .
Pl (@) = 3 e fO Y (0 = g

= G-

is the degree m — 1 Taylor polynomial of f at z.
Let us observe that for f continuous and injective z : I,, = R the polynomial Q) = P, f is

the Lagrange interpolation polynomial, i.e., the unique polynomial @ of degree < p — 1 such
that

Qzi) = flzi), Vi=1,....p.
This proves that P, is a projector, i.e.,
and that P, is invariant under the action of &, on RP. Moreover, for any I C I, we have

Pyf(zr) = f(z).
The continuous dependence x — P, shows that, for any £ € RP and any I C I, is a
symmetric projector of CP~(R) i.e., for any permutation ¢ € &,
P}f=Pyf =Py,f. VfcC''(R), (2.4)
and
pP,=P,,. (2.5)

Formula (2.2) is the basis of the higher dimensional generalization of the above classical
facts, [11, 13].

Fix a d-dimensional Euclidean space U and U C U an open convex subset. Given a
function f: CP(U) and 1 < k < p, the k-th differential of f at u € U, denoted by D* f(u), is
a symmetric k-linear form on U,

D* f(u) € Sym, (U).

Given u = (ug, u1, ..., ux) € U we define

k
Oy = O'ﬁ A = U, oy t) = Ztiui,
=1

and
flul = [ D*1(oult) [ ] € Symy(©).
k
Given ug, u1, ..., u, € U we define the Kergin interpolator of f to be the polynomial of degree
<pinu,

p
Pogiron f (W) = fluo) + > Fluo, - ug)(u— o, ..., u — up_)
k=1

Suppose that f is a ridge function, i.e., there exists a CP-function g : R — R and a linear
form & € U* such that f(u) = g(&(u)). Then
f[U(),...,Uk] :g[§07"'7§k]a gk :é(uk’)v 0<k <p.

In particular

..... upf (W) = Py e, 9(x), ©=E(u)
Thus
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for any function f that is a linear combination of ridge functions. The linear span of ridge
functions contains the space of polynomials (see [7, Lemma 9.11]) which is dense in C* (U, R)
o (2.6) holds for any f € CP(U).

A similar argument shows that Py, f is symmetric in the variables ug, u1, ..., up.
Given q < p and u = (ug, u1,. .., upy) € UPTL we set [u]q := (ug,...,us). We have
Py, Py = P, (2.7)

Indeed, this is true when d = 1 and thus it is true for arbitrary d and f a ridge function.
The conclusion follows by linearity and density. In particular, when ¢ = p the above equality
shows that P, is a projector. For this reason we will also refer to P, as Kergin projector.

Let p > 1. We denote by RP[U] the vector space of polynomials of degree < p in
u=(u',...,u?). Define

m; : WP = N, my(ug, u, ... JUp) = #{ ky wp =u; }
We refer to m;(u) the multiplicity of u; in u = (uo,...,up), i.e., the number of terms in the
sequence of points uo, ..., u, equal to u;. We have the following result, [11, 13].

Theorem 2.1. Let uw € UP. The map
P,:CP(U) - R,[U] CcC’(U), fr— Puf,
s a linear continuous projector, i.e., Pi = P,. It depends continuously on w. Moreover, for
any i =0,1,...,p and any multi-inder o € N¢ such that || < m;(u) we have
Py f(us) = 0 f(u). (2.8)
O

The Kergin interpolator extends in an obvious way to maps G := CP(O,U). More precisely,
for any u € UP*! the interpolator P, G is the unique polynomial map U — U of degree < p
such that, for any linear functional £ € U™ we have

g(PﬁG) = P@f(G)‘

Even more explicitly, using the Euclidean coordinates (u',...,u%) on U we can view G is a
d-tuple of functions

Gl
G = . )
Gd
and then
PGt
PHG = :
PG4

In the investigation of the finite of the variance of Zp we will need the following result of
Gass and Stecconi [10, Lemma 2.5].

Lemma 2.2. Let u* = (ug,u1,...,uy) € UP and f € CPYL(W). Then for any k =0,1,....p
and any i,7 € {1,...,d} we have
Dyi (Py0yi f) = 0yi (Pu=0yi ).

In other words the polynomial vector field
Vi,..., Vo) = Py=Vf = (Pg*aulf, e ,PE*Gunf)
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is a gradient vector field, i.e., there exists a polynomial h € Ry,1q [U] such that Vh = PV f.

Proof. We first prove that the lemma is true for ridge functions. By choosing the Euclidean

coordinates (u',...,u?) carefully this means that f(u) has the form f(u', ..., u?) = f(u).
In this case the Lemma is obvious since P, f it is a polynomial of degree p in u!. The general
case follows from the density in CP*1(U) of the linear span of ridge functions. 0

2.3. Variance. We now have all the background material needed for proving a sufficient
condition for the finiteness of Var [Z B ] We use an ad-hoc method that works only for the
2-momentum of Zg. For different approaches that work arbitrary moments of Zp but related
approach we refer to [2, 10].

Let F : U — R be a Gaussian random function that is a.s. C3. Let

U2 :=U%\ A,
where A is the diagonal
A= { (up,u1) € U ug = uy }
Define B? in a similar fashion. Consider the random field
G=Gr: W2 > UaU, Guo,ui)=VF(uy)®VF(u)
For S C U2 we denote by Zg(G) the number of solution of the equation

~

G(uo,ul) = (0,0), (uo,ul) es.
Note that R

Zp2(G) = Zp(F)(Zp(F) - 1).
We need to impose some conditions in order to apply the Kac-Rice formula. For any v € U
we denote by Ta[F,u] € Ry [ U] the degree 2 Taylor polynomial of F' at u. We will assume
that for any v € U

the Gaussian vector T5[F, u| is nondegenerate, (N3)

We will identify the second differential D?F(u) of F at u with the Hessian of F' at u denoted
by Hp(u). Observe that (Ng) implies (IN).
The fact that T5F'(u) is nondegenerate has the following immediate consequence.

Lemma 2.3. For any compact subset K C U the random variable
C(K):= Z sup | 95 F(u) |
o2 ¥

is p-integrable for any p € [1,00). O

The differential of G at (uo,u1) is the direct sum of the differentials of G’ at ug and ;.
These coincide with the Hessians of F' at ug and uq,

G (ug, 1) = G'(up) @ G (ur).
The Gaussian random field G is a.s. C2. To apply the Kac-Rice formula we need to assume
that for any (ug,u1) € U2

the Gaussian vector G(ug,u1) is nondegenerate. (N x N)

We will see soon that (N3) implies (N x N), at least if ug and uy are not too far apart.
Set
W =VC*U), ¥ :=V(R3[U]), % =V(R[U]).
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Proposition 2.4. Let F : U — R be a Gaussian random function that is a.s. C°® and satisfies
(N2). Then, for any u € U there exists an open neighborhood O, = O, r of u in U such that,
for any ug,u1 € O, the Vo-valued Gaussian vector P, ., (GF) is nondegenerate.

Proof. For ug,u; € U consider the ¥p-valued Gaussian random vector Py, ., (Gr). Note
that Py, (f) is the degree 1-Taylor polynomial of G at w. Its description involves only
the derivatives of F' of order 1 and 2. The nondegeneracy condition (N3) implies that the
Gaussian vector P, ,(GF) is nondegenerate. Since the projectors P, depend continuously
on u € U? we deduce that there exists an open neighborhood O, of v in U such that for any
ug, u1 € Oy, the Gaussian vector Py, 4, (V f) is nondegenerate. O

For any w € U and any ug,u; € U, such that uy # u;, the map
EVUO’u1 : 7/0 — Uz, G (G(UO),G(Ul))

is onto for any (ug,u1) € U2
Indeed, given g1, g2 € U, there exists f € C3(U) such that Vf(u;) = g, and Evy, ., (V) =
(91,92). Next observe that

Evuo,ul (G) = Evuo,ul (PU07U1G)
so the restriction of Ev,, ., to 7 is onto,
Proposition 2.5. Fix a box B C U such that B C Oy, for some u € U. Then
E[ZB(G)(ZB(G) — 1)] < 00.

Proof. Our approach is a slight modification of the arguments in [5, Sec. 4.2]. For any
ug, u1 € Oy , ug # u1, the Gaussian vector

é(u()v ul) = G(UO) S G(ul) = EVUO,Ul (PUOﬂu (G))

is nondegenerate since the ¥j-valued vector is nondegenerate, and the restriction of Evy 4,

to 7 is onto. We denote by pg(u,),G(u,) the probability density of é(uo, up).
We deduce from Theorem 1.16 that

IE[ZB(G)(ZB(Gf 1)] = /32 pg)(ug,ul)dugdul,

*

where pg) is the Kac-Rice density

P& (un, ur) := E[| det Glug) det G'(u1)| | G(un) = G(u1) = 0]pe(u) ciun) (0). (2.9)
Note that
1
PG(ug,u1) (

0) = ;
\/det (27 Var[G(uo) ® G(uw1)])

SO PG(uo,ur)(0) explodes as (ug,u1) approaches the diagonal since G(ug) @ G(up) is concen-
trated on the diagonal of U x U.
We set

‘ -

(G(ul) — G(UO) )

r(w) = [lur = uoll, =(u) =

—~~
(S
~

r
Note that

A~

G(u) = 0= G(ug) = E(u) = 0.
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Denote by A(u) the linear map U? — U? given by

Au) [ 5(1) } = [ v0+1;’()(g)01 ] - [ %Z r(u(;ILU ] : [ v +17)ﬁo(@)v1 } :

Thus ’ G
G | = aw | G ]
We deduce 1 |
PG(uo),G(ur

- \/det (27 Var[G(up), G(ur)] ) " det AJ/det (2 Var[G(uo), Z(u)))

= t(4) " Pe(uo) 2(w) (0)-
We deduce that for any u € B? we have

pg) (ug,uy) == r(g)*dE[\ det G'x(ug) det G'p(uy)| } Gr(ug) = E(u) = O]pg(uo),g(g) (0). (2.10)
Lemma 2.6. There exists a constant C = C(B) > 0 such that
|E[|det G};(ul)|2‘ Gr(ug) = E(u) =0] ’ < Cr(u)? i=0,1.

Proof. We argue by contradiction. Suppose that there exists a sequence u" = (ug,u1)" in
B? converging to v € B2 such that

1 -
Note that E[|det G’F(ul)|2’ Gr(up) = Z(u) = 0] depends continuously on u € B2. This
shows that the limit point v must live on the diagonal v = (v,v). Upon extracting a subse-

quence we can assume that
1 1 n
Up = —(u, —u
n T(Qn) ( n 0 )
converges to a unit vector e. Extend e to an orthonormal basis (e) of U such that e = e;
Note that

lim =Z(u") = 0.G(v).

n—oo
Moreover, the Gaussian random vector G(v) @ 9.G(v) is also nondegenerate. The regression
formula shows that for any continuous and homogeneous function f = f(G'(uo), G'(u1)) we
have

lim E[ f(G'(uf),G'(u})) |G(uf) = E@W") =0] =E[ f(G'(v),G'(v)) | G(v) = 9eG'(v) =0].

n—o0

Since G(u) is a.s. C? we deduce
| Gu) = Gluf) = r(w")dy, G(ug) | < K (B)r(u)?

where, according to Lemma 2.3 the quantity K (B) is a nonnegative random variable that is
p-integrable Vp € [1,00). Thus, Vp € [1,00) there exists a positive constant Cp,(B) such that
Vn we have

E[|r(@)dy, G(ug) " | Gluf) = Z(u”

u")=0]
=E[|G(u}) - G(uf) — r(u™)dy, Gug) | | Glug) = E(u") =
Hence

0] < Cp(B)r(u)?.

E[]8,,Guf) [* | G(uf) =E(W") = 0] < Cp(B)r(w)’. (2.12)
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Extend (v,,) to an orthonormal basis (e}}) of U such that v, = e} and

lim e} = ey.
n—oo

Then
d
| det G'(ug) | = | det (Oep G (uf), Dey G (uo)", ..., Oen ) | < | Oer G(ug) | ] | Oep Gluf) |-
k=2
Hence

For k =2,...,d we have

E[| OepGlu) || | Gult) = ™) = 0]7 = O(1), as n — oo,
since

lim E[|9ep G(u) || | G(uf) = E(u™) = 0]

= Jim B[] 05 Glu) [*'] | Gu) = = (") = 0]
— E[| 86, G(w) [*| | G(v) = 0.G(v) = 0] < 0.

The last equality follows from the regression formula which is valid also in the limit since the
limiting condition is also nondegenerate. On the other hand (2.12), shows that

IE[ ‘ 86EG(u8) ‘2d| ‘ Gul) = G(ugy) = O]é = O(r(y")Q), as n — 0o.

E[| det G’ (ug) ‘2 | Gu}) = G(uf) =0] = O(r(w")?), asn— .
This contradicts (2.11) and thus completes the proof of Lemma 2.6. O

Lemma 2.6 implies

E[|det G (uo) det G (u1)| | G(uo) =

Q

(u1) = 0]
G(ul) :0] }1/2
Glur) =0] ['/?

< E[| det &' (uo) |” | G(uo)
*E[| det G'(ur) |* | G(uo)

=0( ()2 )
Hence
pi () = O(r(w)™*) on B2
This shows that pg) e Lt ( Bf) and completes the proof of Proposition 2.5. g

Remark 2.7. If F is a.s. C*%, then one can refine Lemma 2.6 to state that
. 1 _
lim oy Bl det Gr(w) | Gr(uo) = Ew) = 0] |

Uo,UL—>U T(UO, Ul

exists and it is finite. Indeed, in this case use the equality

2
G(uf) = G(uf) + 1y, Gluo) + 205, Gu) + O(r3)
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Hence
00y, G(ug) = G(uy) — Glug) — g%afnG(ug) +0(ry).
Similarly
0y, G(ul) = G(ul) — G(ug) + rj@gﬂG(u?) +0(r3).
Extend v, to an orthonormal basis (e, e},...,e}}) of U that converges to an orthonormal

basis of U and e} = v,,. Note that det G'(uf) is the determinant of the d x d matrix with
columns

Oen '
0p, G(ug), k=1,2,...,d, G= :
OenF

Note next that, when conditioned on G(uj) = 0, the first column satisfies

n n n

The (random) error O(r,,) can be controlled by the the C® norm of G = VF.
Let observe that Z(u) is closely related to the divided difference Gug,u1]. Let ug # uy
and set
1

V= ———
[lur — uol|

( up — Ug )
Denote by P the Kergin interpolator
P(u) = G(ug) + Glug, u1](u — up).
Then
G(u1) — G(uo) = P(u1) — P(uo) = Glug, wa}(u1 — uo)
Hence
E(u) = Gluo, u1](v).
(|
Consider now an arbitrary box B and cover it by finitely many open sets of the form O,.

Consider a subdivision of B into finitely many boxes (B;);c; with diameters smaller than the
Lebesgue number of the above open cover. Lemma 1.5 shows that a.s.

Zp(F) =Y Zp,(F).
i€l

Proposition 2.5 shows that each of the random variables Zp,; is L? so that Zp is also L2. We
have thus proved the following result.

Theorem 2.8. Suppose that F : U — R is a Gaussian function that is a.s. C? and satisfies
the nondegeneracy condition (N3). Then, for any box B C U, the random variable Zg(F')
has finite mean and variance. O
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2.4. Higher moments. We want to describe conditions guaranteeing that the p-momentum
of Zp(G) is finite. We follow the approach of Gass and Stecconi [10]. In Section 3 we will
present the alternate approach in [2].

Let p > 2. The fat diagonal A C UP consists of the of points u = (u1,...,u,) € UP such
that there u; = u; for some ¢ # j. We set UY = UP \ A.

For any g > 0 we introduce the condition N,

F is a.s. C97! and Vu € U the Gaussian vector Tq[F, u] is nondegenerate, (Ng)

where Tj[F,u] denotes the degree ¢ Taylor polynomial of F' at u. Note that Ny, = N, if
q1 > qo- We set G := VF. Assume that F' satisfies N, for some ¢ > p.
For ¢,m > 1 we set

W= VOIT (W), ¥ = VR [U].
For each u € UY we have surjections
Ev,: % = UP, Ev,G=(G(u),...,G(up)),
and
E =E, =Y, - UP, E,G)=((G(w),...,G(up)).
The operator E, is onto is onto since Ev,, is onto, P, : # — ¥,_1 C V3, is onto and
E,(P.G) =Ev,(G), VGe¥.

Fix once and for all an inner product on #3,. This induces inner products in all the subspaces
Yo 4 < 2p.

Using (N,) with ¢ > p we deduce that for any u € U that there exists an open neighborhood
0, C U of u such that, Yuy...,u; € Oy, the ¥;_q1-valued Gaussian vector Py, 4G is
nondegenerate. In particular, the vector

Pu1 ..... up(G) - Pul,...,up(Pul,...qu)

is nondegenerate.
Fix a small box B, i.e., a box B contained in a neighborhood O, for some u € U. For
any u € BY the Gaussian vector E, ( PMG) is nondegenerate and we denote by pg,(g) its

probability density. Note that Ey,( PG )) Evy(G) and have the same distribution.
Set
B=B,:=E,E;: U - U".
The operator B, is symmetric and pO;itive (;eﬁ;lite. We set
L,= B '?E,.
Note that ker L, = ker I, and since B2 commutes with EE* we have
LyLy, = 1yr

This proves that the map Ly, : U? — 73, is an isometry.

The Gaussian vector L, (G,,) is also nondegenerate and since B'Y/? commutes with EE* we
deduce that variance operator is

Var [ Ly(Gy) ] = By *E,E,B, "V = L L} = 1.

We denote by pp,(q) its probability density. We have
Var [ E,(G)] = BY?Var [ L,(G) | B/,
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so that
1

172PL.(G)(0)

Pe.@)(0) = ——7
det By,

We have
E[[Zs(F)],] —/ P (w)du, - - - du|
Bp+1x

where, [z], denotes the falling factorial [z], ;= z(x —1)---(z —p+ 1) and

o) = B[ T] | det G'(ui)] | Bva(G) = 0 |ppv, ) 0)
=1

Define
P

Oy W =R, 0y(G) =[[12u(G)], Pu,(G)=detG'(u),
i=1
¢E = (I)H ‘7/2p .
The function ¢,, is a degree-d homogeneous polynomial function on 73,

Lemma 2.9. For any u € U} and any i = 1,...,p the restriction of ®,, to ¥, Nker E, is
nonzero.

Proof. To prove that the restriction of ¢, to ker E, is nontrivial observe that given any
symmetric operators Aj,..., Ay : U — U there exists a function F' € CP(U) such that

Then G, := Py, VF € ¥3, Nker Ev, and G, (u;) = A;. 0

We set
Xi(u) == sup { | ®,,(G) |, G € ¥y, |Gl =1, EG)=0},

AMu) = [[M(w)
=1

Above || — || denotes the norm on %, induced by our chosen inner product. Lemma 2.9
implies that A(u) > 0. We set

_ 1 _ L
Dy = —0,., ,=|] P,
(3 )\(uz) (3 U H 7
Observe that for any u € BY and any 1 =1,...,p we have
sup { | ®,(G) |, G€ %, |Gl =1, Eu(G)=0}

Ssup{’éw(G)‘a Ge%pv HGH:L EQ(G):O}:L

(2.13)

We deduce that
PP (w) = E[|94(G)| | Evu(G) = 0]pgy, () (0)

1
—— 5 - E[[9u(G)] | Bvu(G) = 0], (0
€t Dy
Aw) =
= det B1/2 ’ E[’(I)M(GM | EVH(G) - 0]pL£(G)(O) :
=wp(u

Note that wg is independent of F'!
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Lemma 2.10 (Gass-Stecconi). Suppose that F' satisfies (N, ) for some ¢ > p. Fiz a small box
B, i.e., a box such that Py, . ,,(VF') is a nondegenerate Gaussian vector for any ui, ..., uq €

B.
(i) There exists Cp > 0 that depends only on the distribution of F' and B such that

or(u) < Cp, Yu e BY.

(ii) If ¢ > 2p, then there exists cp > 0 such that that depends only on the distribution of
F and B
op(u) > cp, Yu e BY.

Proof. (i) For u € B? define

Ay W — V= 7y, G (Pﬂu“iG)1<i<p'

Its image is contained in the subspace

Yp(w) = { (G1,...,Gp) € Vp; PuGi=---=P,G,p}.
Observe that since P, : %, — ¥,_1 is onto, the subspace ”1//,;@) has codimension equal
(p —1)dim #,_1, i.e., the codimension of the diagonal in “Vpp_l in ”//pp_l. Since P, depends

continuously on u, the subspace ”fZ,(g) varies continuously with v in the Grassmannian of
subspaces of % of appropriate codimension.
Note that
AQ(G) = AQ(PQ,EG)’ P&u(y/) = Yap
so that
Ay(V) = Au(Vp)-

We have a map
Ev, : Vp(u) = U, Evy(Gi,...,Gp) = (Gi(u1),...,Gplup)).

Note that -
Ev,0A, =Ev,.

We have a natural surjection P, : ”I% — Yp—1 and we set

L,: 7, —UP=L,o0P, = B,Ev,.

Moreover,
ker Ev, = ker L.
Define R R R B R
Oy, Vp o R, Dy (Gry.. ., Gp) = 04, (Gi), By =[] Pu,-
i
We set

and we observe that

Ay (Y5p) N ker E;/H = Ay(Yop NkerEvy, ).

We deduce that from (2.13) the restriction of the homogeneous function |<T>g | to the unit ball
of
Ay (¥3p) Nker BEv, = Ay (%4,) Nker Ly,
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is bounded above by a constant M independent of u € BY.
The Gaussian measure on #  induces via A, a Gaussian measure on #,. Thus we can regard

"I/; as a probability space and regard zﬁﬂ as a random variable defined on this probability space.
The Gaussian vectors L, (G) and L,(G,) have the same distribution. We deduce
or(w) =E[|y(Gu) | [Lu(Gu) = Oh’iﬂ(él)(o)‘
The Gaussian regression formula (B.1) implies
or = ([ Bulldrs )ps, 0,0
ker Ly, -
where T, is a Gaussian measure on ker L, that depends continuously on surjection
Ly : Yop(u) — UP.
Note that this surjection has the property that its adjoint Ly, : UP — 75 is an isometry since
LyL, = 1.
We argue by contradiction. Suppose that there exists a sequence (u") in BY such that
lim ap(g") = 0.
n—oo
Upon extracting a subsequence we can assume that as n — oo the following hold.
o u" = u* € BP.
e The isometries L;. converges to an isometry L.

o Oyn |, L, converges to a homogeneous polynomial ®,, function on ker L.

From Proposition B.1 we deduce that the Gaussian measures I'y» on ker IA/En converge to

the regression Gaussian measure on ker Ly determined by the distribution of G, on ¥ and
the operator Lo,. We deduce that

lim op(u") —/ A @w(égoo )dl o # 00.
ker Loo

n—oo
(ii) We assume that F' satisfies (N,) with ¢ = 2p. For any u € U, define
Ay W — Vop, Ay(G) = Pyuu(G).

We set . R

Ev, = Ev, |‘//2p: Ey, ®,= (i)g |‘//2p: (Z’g'
We deduce from (Ng),) that if B is a sufficiently small box, then for any u € BP, the projection
A, induces a nondegenerate Gaussian measure on 73, and thus the 75,-valued vector the
Gaussian vector Gy, = A,(G) is nondegenerate.

We have
or(@ = ([ Bl ), (0
ker Ly,
where I';, is a Gaussian measure on ker IA@ that depends continuously on surjection
Ly : Y (u) = UP.
By construction, the supremum of the restriction of @uz’ to the unit ball of
ker ZALH = Y9p Nker Ev,,

is equal to 1.
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We argue again by contradiction. Suppose that there exists a sequence (u") in BY such
that

nh_)IEOO'F(Q )=0.

Upon extracting a subsequence we can assume that as n — oo the following hold.
o u' — u™® e BP,
e The isometries Ly» converges to and isometry Ljoco.

e Dy, |1y 1, COnverges to anonzero continuous homogeneous polynomial ®; , function

on ker L.

We deduce that the polynomials ®,» converge to the polynomial
Too = [ [ Piroo-
i

The polynomial Cfoo is also nonzero since the rings of polynonmials in any number of variables
are integral domains.

From Proposition B.1 we deduce that the Gaussian measures I'y» on ker IALEn converge to
the nondegenerate regression Gaussian measure on ker I:Eoo determined by the nondegenerate
distribution of Gyoo on 73, and the operator f/OO. We deduce that

lim op(u") :/ ) :ISOO(GHoo )dfoo % 0.
ker Lo

n—o0

O

Theorem 2.11. Suppose that the Gaussian function F': U — R satisfies (N,) with ¢ > p.
For any box B C U we denote by Zg(VF) the number of critical points of F' in B. Then
Zp(VF) e LP.

Proof. Fix a innerg product on ¥3,. This determines a Gaussian measure I' on 73, with
variance operator 1. We have a linear bijection

Q. =Rop|[U|] 2R XY, Ry [U] 5w (w(0),Vw).

We have nondegenerate Gaussian measure I' = «y; x I', where =, is the standard Gaussian
measure on R, mean 0, variance 1. This induces a nondegenerate Gaussian measure on §2.
We obtain a Gaussian random function

E:AxU—=R, F,(u) =w(u).

This satisfies the nondegeneracy condition (IN,) with ¢ = 2p.
For every u € U there exists an open neighborhood O, of u such that, forall ui,...,usp €
Oy, the Gaussian vectors

Pul,...,up(VF) and Pula---u2p(v8)

are nongenenerate. Suppose that B C U is a small box, i.e., contained in an open set O, for
some u € U.

Bézout’s theorem [6, Lemma 11.5.1] implies that Zg(VE) € L*°. Thus p(ep) is integrable
on B?. We have

pfgp) =w-og,
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and Lemma 2.10 implies

/ PP () dusy - - duy| = / w(w)or(u) |dus - duy|
Bf BP

*

SN
IA
—_
IN

o)

C C
< - w(u)oe(u) |duy - - - duy| = F/ p((gp)(g) |duy - - - duy| < oo.
Ce JBP Ce JpBP

We deduce that E[ Z(VF) | < oo for any small box.
If B C U is an arbitrary box, then it can be decomposed as a finite union of boxes

N
B=|JB
=1

where the boxes B; are small and have disjoint interiors. Then

N
Zp(F)=>_ Zp,(VF) € IP.

=1

3. MULTIJETS

In this section we want the present the ideas of Ancona and Letendre [2]. We will stick to
the simplest context and will skip some technical details.

3.1. The setup. Suppose that U,V are d-dimensional Fuclidean spaces, U C U is an open
set and G : U — V is a Gaussian random map. We denote by Zg(G) the number of zeros of
G inside the Borel set B C U.

Fix p > 2. The “fat” diagonal in U?, denoted by A,, consists of noninjective maps

I, —U.
We set U* := U\ A,. We have a map
G:UW — VP, UL s u— (Gur),...,Gup)).
Note that

Zpp(G) = [2Zp(@)],, lalp =[] (@ -4)
We set Wy = C*(U, V) and we define

Ev: Wy x U — VP, (F,u)— Evy(F) = (F(u1), -, F(u)).

Assume that for any u € UL the Gaussian vector Ev,(G) is nondegenerate. Then,

B[Zu] = [ 0w ldul,

where

1
( det 27 Var[Ev,(G)])

172’
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and
P

Jo(u) = [ | det G’ (we) G’ (up) /2.
K=1

3.2. Renormalizing the diagonal singularities. The integrand pg) (u) might not be inte-

grable because det Var [ EVH(G)} — 0 as u — A,. In Subsections 2.3 and 2.4 we use related
approaches to get a handle of the degeneration of ps near the diagonal. In both cases, the
first step was a appropriate renormalization.

This renormalization is a gauge transformation 7' : U} — GL (Vp ) The renormalized

random field G (u) := T ( G(u) ) has the same zero set as G(u), so counting the zeros of G is
equivalent to counting the zeros of G. The new field G has a different Kac-Rice density ps
which could be more manageable if the renormalization 7Ty, is chosen judiciously.

For example, in Subsection 2.3 we discussed the case p = 2 and we used the renormalization

U1
Ty : U2 — GL(V?), T, UL =
u1,u2 * (V7) uLu2 | g HUQiuln (vg — v1)
Related renormalization are used in [5, Lemma 4.8] to investigate the 3-moments.
In Subsection 2.4 we used different renormalizations. Denote by Poly, (U, V') the space of
maps U — V that are polynomial of degree < k in the variable v € U. For any u € U} we
have an evaluation map

Ey : Polyy, (U, V) = VP E,(P)=(P(u),...,P(up)).

Then, as gauge renormalization we used map T, = (EHE;)_l/ 2

defined in terms of suitable inner product on on Poly,, (U, V).

Ancona and Letendre [2] propose a different way of dealing with the diagonal singularites.
It involves clever renormalizations hidden in a geometric cloak. Let us describe a baby
example to give a taste of this principle.

Think of a function f : U — R not as a function, but as a section of the trivial vector
bundle Ry; = R x U — U. We can trivialize this bundle over the punctured space U* using
the frame

, where the adjoint £y is

e:U" = Ry+, ur— e(u) =|ul
Over the unit ball B(U) of U we use the canonical frame eg(u) = 1. A function f: U — R

can be viewed as a section of Rg;. Using the above trivializations we can view it as a pair of
functions

s:U" =R, so: BU)—R
satisfying the compatibility equation
so = ||ul|s(u), VO < |jul < 1.
The perfectly nice constant function f = 1 is then represented by the pair of functiosn
1
el

Note that s(u) a singularity at the origin although is hides a nicely behaved object. It can
me resolved by an approriate change of gauge, or renormalization.

so=1, s(u)

The Kac-Rice density pg)(g)ldVUp\ is also a section of real line bundle. This section
depends only on G; see Remark 1.18. Ancona and Letendre showed in [2] that its singularities
along the diagonal singularities are only “apparent” and are due to a similar, but much
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more complicated gauge renormalization phenomenon. In the next subsection we describe a
simplified version of their approach. We will omit some technical details that can be found
in [2].

3.3. Multijet desingularization. We need to introduce some notations. For a finite set I
we have a space U’ of functions u : I — U and a configuration space !

Cg[ = %[(U) C UI
consisting of injective maps I — U. For I =1, :={1,...,p} we write
6 = 61, = UL.

We denote by .#, the space of polynomial maps f : U — R of degree p — 1. Each u € %,
defines a surjective map

Ev,: %, =R, f— (f(ul),...,f(up)).

We denote its kernel by K,. It is a codimension-p subspace of .%#,. We denote by Gr? the
Grassmannian of codimension p subspaces of .%,. We have thus have a smooth map

K :¢, — GrP.
We denote by X the graph of K, ¥ C 46, x Gr”. We have a natural projection
T:X =% CcUP, I1: ¥ — GrP.
We denote by Y the closure of ¥ in UP x Gr”. We have a natural projections
T3 UP
which is proper, and surjective. We can be more precise [2, Sec. 5.1].

Proposition 3.1. The following hold.

(i) X is a smooth real algebraic manifold and the projection m : ¥ — 6, is a diffeomor-
phism. B
(ii) X is a real algebraic variety and the map m: % — UP is proper and surjecfive.
(iii) The singular locus of . is contained in A : 771 (A) =X\ X.
O

Invoking Hironaka’s (embedded) resolution of singularities theorem one can prove the
following result, [2, Sec. 5.1].

Theorem 3.2. There exists a smooth manifold S and a proper smooth map
R:S - UP x Gr?
with the following properties.
(i) dimY = dim %, = pdimU.
(i) R(Z) =%.
(iii) The set R_l(E) is open and dense in 3 and the restriction of R to R‘l(E) — X

s a diffeomorphism onto Y.
(iv) The map 7 :=moR: % — UP is smooth and proper. Set A := 7~1(A)

1Conﬁgumtion of distinct points in U labelled by I.
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(v) The map
Kow: X\ A= UP x Gr? L Gr?
admits a smooth extensions to maps K 3 — GrP. The extension K is the compo-
sition & % 1L Gy
O

The pair (ﬁ}, R) with the above properties is not unique. Fix a choice that we denote by
(¢p,R). We set T =moR,
€, =6\ A
and we can identify %Zf with ¢, using the diffeomeorphism 7 : %Z;j — 6p. For any u € U? we
will denote by @ a point in 771 (u) € CKAp. If u € €), there is only one such 4.

The map K determines by pullback a smooth subbundle J#P of codimension p of the trivial
bundlle with fiber .%, over €,

s o
(/p(gpf,/px%p%%p.

We denote by .#, the quotient bundle

My = Ty [ HP = G,

The vector bundle .7, is the bundle of p-multijets.
To a function a function f € CP(U) we can associate a C'l-section of ‘gp(@? namely
)

ﬁ;BQHPﬁ(g)fef/\p.

This projects to a C! section u,[f] of the bundle of multijets .#,. Note that for any u € %,
we have

Ev,(f) = 0= pp[f] (i) = 0

The multijet p,[f] achieves the renormalization alluded to in the previous subsection, and it
comes with many other “gifts”.

More generally given a finite dimensional Euclidean space V' we can define a bundle of
multijets

MyV) = My DV = G,

and a CP-map F : U — V a multijet p,[F]; this is a section of the multijetbundle. ote that
dim %, = p x dimU, rank #,(V)=pdimV.
The map F' defines a map
F*P 6, = VP, F*P(uy,...,up) = (F(ui,...,F(up)),
and 7 defines a bijection
{mp[F]=0}N%F = {F**=0}.

In particular, if dimV = dimU and B C U is a box, then

#Zpp (FV) < #Zsr oy (11p(F) ).
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3.4. Higher moments again. Fix an open subset U C U and an Euclidean space V of the
same dimension as U.
Suppose that G : U — V is a Gaussian random map such that
e (Gisa.s. CP and,
o for every u € U the Gaussian vector Tj,_1 ( G, u) is a nondegenerate Gaussian vector.
Here Tq(G, u) denotes the degree ¢ Taylor polynomial of G at w.
Equivalently, if we set
[ulp = (u,...,u) € UP,
——
P
then the Gaussian vector described by the Kergin projector Pi,, (@) is nondegenerate. In
particular, this means that there exists an open neighborhood O, of u in U such that, for
any u € 0%, the Gaussian vector P, (F) is nondegenerate.
The thin diagonal of UP, denoted by Ay is the subset

Ao:z{geup; ul:--':up}.

Equivalently, Ay is the image of U in U via the diagonal map u — [u], .Set

0:=Jop
uel

The set O is an open neighborhood of the thin diagonal and, for any u € O, the Gaussian
vector P, (G) is nondegenerate.

The multijet random section p,[G] is a.s. C''. The above discussion shows that for any @ €
O := #1(0) the Gaussian vector |G (@) is nondegenerate as the image of the nondegenerate
vector Py (@), u = #(u), via the linear projection #, @ V. — (Fp/ A ) @ V.

Using the Kac-Rice formula for the number of zeros of random sections (Subsection 1.6)
we deduce that for any compact set K € O := #71(0), the number of zeros of ,up[G] in K
has finite mean, i.e.,

E[ Zk (1plG) ] < oo,
Suppose that B is a small box, i.e., a box contained in some O,. Then BP C O and the set

Br=#"1(B")cCO
is compact. We deduce

E[[Z5(@)lp] =E[Zpp(F*")] = E[ Zi-1(pp) (1[G)) | < B[ Z55(1plG]) ] < 0.

As argued at the end of Subsection 2.3 , for any box B C U we can find a finite collection of
small boxes (B;);cr such that
Zp(G) = Zp.(G)
el
and we conclude that Zg € LP for any box B C U.

Remark 3.3. (a) The multijet bundle described in this section is a simplified version of the
construction of Ancona and Letendre but it is based on the same technique they introduced
in [2].

The random multijet y,[G] we described above is nondegenerate only on an open neighbor-
hood O of #71(Ap). It is very likely that this neighborhood does not contain the “exceptional
divisor” 77 1(A,).
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The more sophisticated multijet constructed in [2] is nondegenerate over an open neighbor-
hood of this exceptional divisor. This allowed the authors to prove the more refined result,
namely, that the expectation of p-th combinatorial momentum of the random measure

v = Z Ou
G

(u)=0

(see [2, Sec. 6.3]) is a Radon measure measure over UP.

The small box localization trick has allowed us to bypass that more sophisticated multijet
construction but we proved an apparently weaker result, namely, for any compactly supported
continuous function ¢ on U the random variable

Z,(G) = /unp(u)z/g[du]
is p-integrable. However, as shown in [2, Prop. 6.25], these properties are equivalent.

(b) I want to comment on the renormalization implicit in the multijet approach versus the
renormalizations used in Subsections 2.3 and 2.4.

As indicate earlier, the source of headaches is the degeneration of the Gaussian vectors
Ev,(G) as u = A,. The renormalizations used in Subsections 2.3 and 2.4 take care only
of singularity of Var [ EVQ(G)] as u — A,. Moreover these renormalizations are dependent
on the way u approaches A,. In terms of the resolution constructed above, these renormal-
izations depend on the limit points of @, € Ap as u, — Ap. The Gass-Stecconi technique
described in Subsection 2.4 uses the Grassmannian of codimension p-subspaces of %, in
disguised as the subspaces ker ( Ev,: 7V - U? )

The multijet method shows that on small boxes B the Kac-Rice 1-density K Rgx» on BP
(see (1.15)) is the restriction of a Radon 1-density /measure over a smooth manifold ‘5; where
BL embeds and the image of this embedding is contained in a compact subset of this manifold.
Its singularities are due to a “wrong” choice of trivialization over BY of the line bundle of
1-densities over CJZZ\,.

A good analogy to keep in mind is the description in polar coordinates of the Euclidean
area density |dA| = r|drdf|. This makes no sense at 7 = 0. This is because the trivialization
of TR? given by 0,, %69 does not extend over the origin. The deficiency is addressed by a
renormalization: pass from polar to Euclidean coordinates.

Op = (c0s0)0; + (sinf)0 — Y, 0p = —(rsin)0, + (rcosf)d,.

APPENDIX A. JACOBIANS AND THE COAREA FORMULA

Suppose that U,Y are smooth manifolds such that dimU > dimY and ® : U — Y is a
Cl-map. For u € U we denote by ®'(u) the differential of F' at u. This is a linear map

<I>/(u) LU — TF(u)Y

If we fix Riemann metrics gV, ¢* on U and respectively Y we can associate a Jacobian to
the map ®. This is a function

Jo : U = [0,00), Jo(u) = det (& (u)®'(u)*),
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where ®'(u) : Tp,)Y — T,U is the adjoint of ®'(u) determined by the inner products g¥ on
T, U and g}/(u) on Tpe,)Y . Note that ®'(u) is surjective if and only if Jg(u) # 0.

A Riemann metric gy on U determines a family of Borel measures on U, (IHS )0 <e<dim U
The measure H, = HY is usually referred to as the s-dimensional Hausdorff measure on U.
When s = n = dimU this coincides with the Borel measure dV,vdetermined by the metric
gu- In local coordinates, if

gV = Z gijdudu’ |
i’j

then

dVyo [du] = y/det(gi;) |du" - - du”|.
If X C U is a d-dimensional submanifold, and gx is the metric on X induced by g;7, then
the restriction to X of HY coincides with the (volume measure) measure 3 induced gx.

We refer for more details to [9, Sec. 3.2.46].
We have to following useful result. For a proof we refer to [16, Sec. 3]

Theorem A.1 (Coarea formula). Suppose that (U,g") and (Y,g¥) are smooth Riemann
manifolds, dimU =n > dimY =m. Let ® : U — Y be a C'-map. Then for any nonnegative
Borel measurable functions o : U — R and 8 : Y — R such that o has compact support we
have

[ e au] - |

Y

(/ a(u)?fn—m[du]> Bly)dHm[dy]. (A1)
> (y)

The two sides of the above equality are simultaneously finite or infinite. If dimU = dimY =
n, then the above equality reads

/UJ¢(u)a(u)cI)*6(u)f]-Cn[du] :/Y q)z a(u) B(y)ﬂ{n[dy] (A.2)

(w)=y

Remark A.2. If set denote by Ug the set of regular points of ®, Up = U \ X, then equality
[16, Lemma 4.2] shows that

/ Jo(w)a(w)®* B(u)H, [ du ] = / Jo(w)a(w)®* () Ho | du |
U

Us
and

[ X aw)swstlal=[ | 3 aw ][]
Y\ @)=y AR \ @)=y
APPENDIX B. (GAUSSIAN REGRESSION
Let us first present the proof of the regression formula.
Proof of Proposition 1.14. Assume first that both X and Y are centered. Set
Z=Y - RyxX, Ryx =CyxVar[X]".

Assumption (i) implies that Z is also a centered Gaussian vector.
Let (e;)ier and (f,)aca are orthonormal bases of X and respectively Y, and we set
Xi = (e,-,X)X, Ya = (fa,Y)Y, Za = (fa,Z)Y. We set

V(X)ij =E[XiXj], Cai =E[YaXi]| =Cia, V(Y)ap :=E[YaY3].
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The matrix (V/(X);; )l iy describes the variance operator of X, the matrix (V(Y)ap )a e

describes the variance operator of Y and the matrix (C’ai)a cAicl defines the covariance

operator Covy,x. We denote by V(X)i_j1 the entries of Var [X ] ! and by D,p the entries of
Dy x = Cy x Var[X] 'Cxy. We have

Ry X =37 (Y RoiXi ) X ) fa

where
Ry = Z CajV(X)j_il.
J
Hence
Zo=Yo—> RaiXi, Zsg=Yz—> RgX;,
i J
E[ZQZ5] = V(Y)aﬁ — ZRﬁjCaj — ZRMCM + Z RMVingj.
J i 4,J

We have

DD RaiViRgj=) ) ( > CarV(X)!Vij )R/Bj
=3 (D" Cardii ) Raj = > CarRa, = > Ry Cra = Dy = Dag
J k k k

A similar but simpler computation shows that
> RgiCaj = Dgo = Dog = > _ RaiCip.
j i

Thus Ay x = Var [Y] — Dy, x is the covariance operator of Z.
An elementary computation shows that.

E[ZaXi] =0, Va,i

and assumption (i) implies that X and Z are independent centered Gaussian vectors. Clearly
Z is an X-measurable random vector. If S is and X-measurable event, then

E[ZIp| =E[Z]P[F] =0.

Hence
E[YIp| —E[Ryxslp| =E[ZIr] =0
so that
RyxX =E[Y || X]
and

E[Y|X =] = Ry xz.
Now let f : Y — R be a bounded measurable function. Then Y = E[Y || X ] + Z, with
E[Y HX],Z independent. Then
E[fV) X =2]=E[f(Z+E[Y|X])]| X ==z]

= E[f(Z+IE[Y | X = x])] = E[f(Z+ Ryxx)].
This proves the Proposition 1.14 when both X and Y are centered.
We now reduce the general case to the centered case. Consider the centered vectors

X:=X-m(X), Y=Y -m(Y).
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Then
Ry x = Ry x,
E[Y|X]=m(Y)+E[Y[|X]=m(Y)+E[Y ]| X]
=m(Y)+ RyxX =m(Y) — Ryxm(X) + Ry xX.
If we set
Z=Y —RyxX=Y-m(Y)+Ryxm(X) - RyxX =Y -E[Y | X],
then Z is independent of X and thus also of X. O

Proposition B.1. Suppose that 7, U are finite dimensional Euclidean spaces, V' is a cen-
tered, ¥ -valued Gaussian vector, and E : vV — U a linear surjection. Assume that the
U -valued Gaussian vector E(V) is nondegenerate. Define Y =ker E, X =Y+, Set

L= (EE")"?E.
Denote by X and respectively Y the components of V along X and respectively Y . Then the

following hold

(i) The Gaussian vectors LV and X are nondegenerate.

(ii) The Gaussian vectorsY —E[Y || X | and Y —E[Y || LX | have the same distribution
and their common variance operator is Ay x :' Y — Y described in (1.10) . They
are nondegenerate if and only if V' is nondegenerate. Denote by I'a,,  the regression
Gaussian measure, i.e., the centered Gaussian measure on'Y with variance operator

Ay x.
(iii) If f : ¥ — R is integrable with respect to the distribution of V', then

E[f(V)|EV =0] =/Yf(y)FAy,x[dy] =/ Ef(y)FAy,X[dy]- (B.1)

In particular, if the Gaussian vector V is nondegenerate. and f : V — (0,00) is a nonnegative,
continuous homogeneous function whose restriction to ker E =Y is nonzero, then

E[f(‘/)‘L(V) = . Ef(y)FAY,X[dy] :0] > 0. (B.2)

Proof. The vectors L(V) = (EE*)"Y2E(V), (EE*)~'/? is surjective, E |x: X — U is an
isomorphism and E |x (X) = E(V).
Denote by P the orthogonal projection onto X.Then X = P(V),Y =V — X and

E(V)=E(PV) = E(X).

Note that E*s(U) = X. Set B:= EE* : U — U. The operator B is symmetric and positive
definite. Observe that L := B~Y/2F.

Lemma B.2. The operator of L* induces an isometry U < V. Note that L*(U) =
(ker L)' = (ker E)* = X. Moreover LL* = 1y.

Proof. Let uy,us € U. We have
(L*uy, L*ug) = (E*B~Y?uy, E* B™/?uy)
= (EE*B_1/2’LL1, B_I/QUQ) = (B1/2U1, B_l/QUQ) = (ul, UQ).
Note that LL* = B~Y/2LL*B~1/2 = 1. O
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If A denotes the variance operator of X then the variance operator of L(V) = L(X) is
LAL>,
Var [L(X)] = LVar [ X |L*.
Moreover, Cy,1x) = Cy,x L".
Denote by @) the variance operator of V. With respect to the decomposition ¥ = X @Y

(@ has the block form
Q= A CT
| C B |’

where C = Cy,x, and B is the variance operator of Y. Since X is nondegenerate, the operator
A is invertible. Form the operator

AY,X := Var [Y] - Cy,XVar [X]_lcy7x =B- CA’lC*

Then Schur’s complement formula [20, Prop. 3.9] shows that detQ = det A - det Ay, x, so
that det Ay x # 0 if and only if det @ # 0, i.e., V is nondegenerate. Similarly

Ay,rx = Var[Y] = Cypx Var [LX ]| 'Crxy

— B—CL*LAL*) 'LC* = B—CA™'C = Ay x.

since LL* = 1gy. This proves (ii).

From the equality

E[V]X] =E[X+V|X]=E[Y]X]+X,
we deduce
Z=V-E[V|X]=Y-E[Y|X]

so Z is Y-valued and its distribution is the centered Gaussian measure on Y with variance
operator Ay x. The equality (B.1) now follows from the regression formula (1.11).

To prove (B.2) observe that, since I'a , is nondegenerate, we have I'a,, [O] > 0, for

any open subset O of ker L. Choose ¢ > 0 such that the open set {f |ker L> c} is nonempty.
Then
F@Tayy[dy] > clayy [{f>c}Nker L] > 0.

ker L
O

Remark B.3. The nondegeneracy of I'a,.  is important. If T'a, , were concentrated on a
proper subspace S C ker L it would still be possible that f is nontrivial yet f |¢= 0. O
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