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INTRODUCTION

A common problem in computational topology is to try to recover an object embedded in R™ when
only some distorted version of it is known. Inspired by digital imaging we consider specifically the
problem of a pixellated subset of the plane, which is to say that it has been replaced by a set of square
pixels on a grid. Since it is common to represent images by a grid of small pixels, it seems intuitive
that any object could be recovered from its pixelations. Indeed, when the resoultion of an image is
fine it is difficult to detect any difference from the original using only the human eye, and we may
expect to be able to recover even deep geometric invariants.

A pixelation associated to a subset of a plane is simply the set of all pixels in a grid of a certain
size which touch that subset (see Figure 1). By changing the size of the grid, we can view pixelations
of the object with finer and courser resolutions. We call the pixelation associated to a set S C R?
created from a grid of side-length € P-(.S), or the e-pixelation of .S (see Definition 1.1). The variable
¢ is called the resolution of the pixelation.

For small resolutions these pixelations seem to resemble the original shape. However, we need a
precise notion of what it means to resemble the original object. At the very least it seems that the
important topological and geometric invariants of the pixelation will be close to the corresponding
variants of the original set. Even when viewing simple examples, we can quickly see that not all
invariants will converge for small resolutions. Most obviously, the total curvature of P-(.S) will tend
to increase to infinity, since the pixelation contains many corners. Similarly length of the boundary
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FIGURE 1. An example pixelation of a line with slope %

may not converge. To see this consider the line segment from (0,0) to (1,1). The length of the line
is v/2, but each of its pixelations will have a boundary whose length is close to 4.

We see that pixelations do destroy various geometric invariants. However, it may be that con-
vergence of these invariants is too much to ask for. A much simpler request is for the pixelation to
eventually converge in Euler characteristic. Unfortunately not even this is guaranteed. Some pix-
elations will contain fake cycles which do not correspond to any cycle of the original set (indeed
arbitrarily many may appear even if the original set was contractible). Worse yet, these fake cycles
may not disappear for small resolutions. Section A has further information on this phenomenon, but
for now it is sufficient to consider the example of a line of slope 1 and a line of slope % (which is
shown in Figure 2). The e-pixelations have certain scale invariance properties which guarantee that a
fake cycle will always appear, even for very small .

FIGURE 2. The pixelation of the angle A (1, %) contains two holes.

We see that the process of pixelation can destroy a great deal of mathematical information of the
set. However, to the eye, the pixelation can look very close to the original set. Therefore it seems that
it should be possible to use only the pixelation to reconstruct the original set. In this paper we will
create an explicit algorithm which can reconstruct a PL set S from only its pixelations. However, to
motivate this algorithm and to generate the theorems needed to show that this algorithm works, we
will need to examine simpler examples of pixelations.
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In section 2 we deal with pixelations of the graphs of C2 functions. Theorem 2.2, an analogue of
the intermediate value theorem, tells us that these pixelations must be contractible. Therefore we do
not have to worry at this stage about fake cycles. To approximate the graph of a function we attempt
to use a secant line approximation. This is done by connecting points within the pixelation of the
function to create a PL approximation. However, additionally error will be generated from the fact
that our sample points are being selected not from the graph of function, but merely near to the graph.

Theorem 2.6 gives us bounds on the error between a secant line of our function and the approximate
secant line from the pixelation. Note that these bounds depend both on the resolution € and the width
of the secant line. We want to choose our PL approximation in a strict algorithmic way such that these
errors vanish. To do this we use the notion of a spread function.

A spread function is simply a function o : R™ — Z™ such that the following conditions hold:

limo(e) = 00, limeo(e) =0.

e\.0 e\0
The spread function tells how wide the secant lines in our approximations should be in terms of the
resolution of the pixelation. That is, since a pixel is defined to be € wide, the secant lines should
be arranged to be about eo(g) wide. Theorem 2.11 shows that the two conditions of the spread o
guarantee Sobolev WP convergence of the secant line approximation.

In Section 3 we generalize the approximation technique to handle elementary regions, which are
defined to be regions which line in between the graphs of two C? functions (note that the graph of
a C? function is just a special case of an elementary region). In this case we also cannot have fake
cycles. We can easily generalize the secant line approximation of functions to elementary regions by
approximating the top and bottom regions of the elementary region. It is then simple to show that we
maintain the previous Sobolev WP convergence on the boundary of the approximation.

Here the notion of a spread becomes very useful. By restricting the spread function o, we can
dramatically improve the convergence of the approximation. Indeed if require that

. 2
lim £(0(6))” = o0,
so that o increases very quickly, but still does not increase faster than € decreases, we can recover the
total curvature of the boundary of the elementary region. This is shown in Propositions 3.4, 3.6 and
Corollary 3.7 for sets of increasing generality. However each of these sets is defined as the region
between the graphs of two functions.

At this point although we have created an algorithm which strongly approximates an elementary
regions, but we have completely ignored simple sets such as the union of two intersecting lines. Such
a set is potentially difficult to approximate, since its pixelation may have more cycles than the original
set. In Section 4 we tackle the problem of homotopy type as it relates to the pixelations of PL sets.

Corollary 4.2 of Theorem 4.1 shows that eventually there is a bijective correspondence between the
connected components of the pixelation and the connected components of the original set .S. A cycle
in a (reasonably behaved) planar set corresponds to a hole, i.e., a bounded connected component of
the complement of the set. We can again use Theorem 4.1 to show that every hole of the original set
S will eventually correspond to a hole of the pixelation. Therefore any defect in homotopy type is
caused by the addition of holes in the process of pixelation. This means that to ensure convergence in
homotopy type, we need only to delete the extra holes using only information from the pixelation.

An intuitive way to distinguish fake holes from real holes is to note that any real hole must take up
an actual area in the plane. However, fake holes tend to be composed of a relatively small number of
really small pixels. Therefore for small resolutions ¢ the fake cycles will have small areas. Appealing
as it may sound, this idea is difficult to implement rigorously because we do not have an accurate way
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of defining what “small area” means. We rely instead on a more robust approach inspired from Morse
theory.

We consider the linear function on the Cartesian plane that associates to each point its z-coordinate.
For simplicity we assume that its restriction £g to our PL set .S is a stratified Morse function in the
sense of Goresky-MacPherson, [9]. In our case this simply means that no two vertices of our PL set
S lie on the same vertical line.

The topology of the level sets of g is determined by the counting function n

n(x) := the number of components of 651 (z).

A pixelated version of n is the function n., where n.(x) is the number of connected components of
the column of P.(S) located at z;p. Note that for a cycle to appear in S, the function ng must vary
and likewise with the pixelation and n.. Therefore determining whether a cycle in P, (.9) is a fake or
really corresponds to a cycle in S is a matter of determining how closely the function n. agrees with
ng.

The Separation Theorem (Theorem 4.4) states that if = is not a critical value of {g then n(x) =
n.(x) for all € sufficiently small. The critical values of /g correspond to points jumping points of 7,
i.e., points of of discontinuity of . Using the Separation Theorem we prove several results indicating
that the jumping points of n. and the jumping points of ng are not far apart. This culminates in
Proposition 4.10 which states that in the PL case jumping points of 25 must appear close to jumping
points of n. and vice versa. Here “close” means within ev(S) where v/(.S) is an integer determined
by S and called the noise range.

We ultimately want to classify an interval around every jumping point of n. as “noise.” To do this
we must estimate the noise range v/(.S), but this is determined by the original set S and thus unknown
given only the pixelation. However if we estimate the noise range using a spread ¢ note that for small
¢ we can guarantee that o(¢) > v(S) while eo(¢) is small. Therefore if we classify an interval of
width about o (¢) around each jumping point of n. as noise, we can ensure that eventually outside
of the noise n. = ng while the noise region remains small.

The noise intervals are important since they are chosen to eventually contain all fake cycles of
P.(S) while taking up a vanishingly small portion of the real line. Therefore to approximate homo-
topy type within noise intervals we need only cover every cycle (since any cycle appearing will be a
fake cycle). Since noise does not take up much of the plane, we do not need to be careful as to how
we approximate within noise intervals, so we will do this by covering each connected component of
the noise with the smallest rectangle which covers it.

Call the components of the complement of the noise intervals regular intervals. By the definition
of noise, the regular intervals contain no jumping points of n.. Therefore n. is continuous on the
regular intervals, which implies that the parts of P.(S) which lie over regular intervals look like strips
that span the entire regular interval. Each strip can be interpreted as the pixelation of an elementary
set and we have explained how to deal with such objects.

Putting together all these facts we obtain Algorithm 4.12 which associates to each e-pixelation a
PL set. This algorithm works by using the function n. and the spread o to divide the pixelation into
noise and regular intervals, and then approximates within each interval using the appropriate results.
That is to say within noise intervals it covers each connected component with a rectangle and within
regular intervals it connects the tops and bottoms of every o-th column. An example of the result of
this algorithm can be seen in Figure 3 and the Algorithm is restated in terms of a computer program
in Appendix D.

We wish to state that Algorithm 4.12 captures all the important geometric and topological invari-
ants. To do this we use the language of normal cycles. These are 1-currents with supports contained
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FIGURE 3. The result of Algorithm 4.12 as applied to the intersection of two red
lines. Note that near the point of intersection the approximation resembles a rectan-
gle, since this lies within a noise interval.

in the bundle of unit tangent vectors. Appendices B and C are included for readers unfamiliar with
these objects. For purposes of this general discussion it suffices to mention that the normal cycle of
a subanalytic subset S of the plane is a piecewise C'! closed curve in the unit tangent sphere bundle
object which encodes geometric and topological information about of the set .S through integration of
certain canonical 1-forms.

In general the normal cycle can be thought to be approximated by the collection of all unit outer
normal vectors of the set. For example, the normal cycle of a boundad domain with C2-boundary
is the graph of the Gauss map of the boundary. The normal cycle of the square resembles Figure 4.
Of course the normal cycle is actually a subset of the sphere bundle of the plane, not the plane itself.
The fiber of the normal cycle over a point in the interior of an edge each point will consist of only
a single outer normal vector. The fiber over a corner consists of an entire quarter-circle (all possible
outer normal vectors for the corner). Therefore the length of the normal cycle will be the perimeter
of the square plus 2, or the perimeter of the square plus its total curvature.

: ™\

FIGURE 4. A representation of the normal cycle of the square.

If we prove that the normal cycles of our approximations converge weakly to the normal cycle
of the original set, we will have shown that our approximation recovers the important geometric
information of the set. To prove this we use the powerful General Convergence Theorem proved by
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Joseph Fu in [6]. This result is restated in this paper as Theorem 5.5. This theorem tells us that to have
convergence in normal cycles we must prove three things about our approximations. First, they must
all fit within some compact subset of the plane. This is clear from the Algorithm 4.12. Secondly, the
mass of the normal cycles of the approximations cannot explode. Since the mass of the normal cycle
is highly dependent on the total curvature and the perimeter of the set, this follows from Corollary 3.7.
Finally we must have the Euler characterstic of the approximation converge to the Euler characteristic
of the original set when restricted to an arbitrary half plane. This requirement of the approximation
theorem is the most challenging, but it turns to be true as well. Therefore Fu’s General Convergence
Theorem implies convergence of our approximations in normal cycle (Theorem 5.1).

Theorem 5.1 is a powerful result with many corollaries, since the normal cycle encodes many
imporant invariants. Most particularly it implies that the approximation generated by Algorithm 4.12
will recover both the Euler Characteristic as well as the total curvature on the boundary of any generic
PL set.
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1. DEFINITION OF PIXELATIONS

In this section we give the definition of a pixelation and detail the most basic of properties of a
pixelation. Questions about recovery of the original set are not tackled until future sections.

Definition 1.1. (a) Let ¢ > 0. Then we define an e-pixel to be the square in R? of the form
Sij(e) = [(i = Ve, ie)] x [(j — Ve, je)] C R?, i,j € Z.

The € grid of pixels is the collection of all such e-pixels.

(b) A union of finitely many e-pixels is called an e-pixelation. The variable ¢ is called the resolution
of the pixelation.

(c) For any bounded subset S C R? we define the e-pixelation of S to be the union of all the e-pixels
that intersect S. We denote the e-pixelation of .S by P.(S). The pixelation of a function f is defined
to be the piexelation of its graph I'( ). We will denote this pixelation by P.(f).

The variable ¢ is called the resolution, because we think of a pixelation as a representation of
a computerized image. A smaller choice of € will cause a shape to be approximated by a greater
number of pixels, which is like saving an image as a higher resolution file.

Observe that if ||  ||oo : RZ — [0, 00) is the norm

1z, )l = max{la], [y},
then the the pixel S; ;(e) can be identified with the || e ||o-closed ball of radius £/2 and center

ig(@)i= (1= el = ) )

Therefore a pixelation can be thought of as set of points chosen near the original shape. However,
rather than being chosen randomly these points are chosen to be the closest points on a regular lattice.
This by no means makes the problem of a recovering a set from its pixelation trivial. As we will see,
even the homotopy type can be lost during the process of pixelation. Still, the added structure of a
pixelation will allow us to make stronger approximations than can be done with regular pixelations.
For example it is reasonable to expect geometric information like total curvature of the boundary to
be preserved in an approxmiation.

The e-pixelation associated to a bounded set .S is the collection of pixels in this grid that contain
a part of S. A pixelation is a sort of “fattening” of the set, since we include a pixel if any part
of the set lies within the pixel (see Figure 5.) In this way it is somewhat similar to a tube around
the set. However a pixelation differs from a tube in that the boundary of any pixelation will have
corners, and that the distance from the boundary to the set may vary significantly (since pixelations
are formed by taking a collection of squares in a grid.) As we will see in the following sections, the
fact that pixelations approximate via a grid means that the geometric properties of pixelations may
not converge to the geometric properties of the original set as € — 0 (for example, the normal cycle
of the pixelation will not converge to the normal cycle of the original set.) The good news is that
geometric information about the original set can be obtained from its pixelations in indirect ways.

It is easy to see that the pixelation of an set can be fundamentally different from a set. For example,
every pixelation of a line segment will have many corners (as long as the line is not parallel to the = or
y-axis.) This implies that as € becomes small, the total curvature of the boundaries of pixelations of
a line segment will increase in an unbounded fashion. This contradicts the fact that the line itself has
no curvature and shows that essential geometric features of the set are not preserved in the pixelation.

In fact, though it is more difficult to see, pixelations do not preserve the topological properties of
the set. Consider the set S consisting of a line of slope % and a line of slope 1 which both start at the
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FIGURE 5. An example pixelation of a line with slope %

origin. Then it can be shown that for every €, P-(.S) contains a hole which prevents P-(.S) from being
contractible (see Figure 6.) The position of the hole depends on ¢, but it will always exist for any .
This example is far from unique. In fact, by altering the slope of the two lines we can create a set
whose pixelations contain any desired number of holes. This shows that pixelations do not preserve
the topological properties of the underlying set.

FIGURE 6. If S consists of a line of slope % and a line of slope 1 starting at the
origin, then P.(S) is not contractible for any ¢.
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However, when € is very small, it is easy for the human eye to detect the kind of shape that
probably generated a pixelation. Mathematically this corresponds to the fact that it is possible to
create an approximation from the information in the pixelation which will respect topological and
geometric features. The approximation can be algorithmically generated, but we delay defining it
until much later in the paper (since the motivation for it rests on many properties of pixelations.)

The remainder of the paper will examine specifically what pixelations preserve and what they
destroy. Furthermore it will explain how to recover the information “lost” in the process of creating a
pixelation.

We end this section with a few basic properties of pixelations which will be useful.

Proposition 1.2. For any two sets U and V' we have
Pe(U U V) = PE(U) U Pe(v)

Proof. This follows immediately from the definition of a pixelation as the union all pixels which
intersect a set. O

Proposition 1.3. For each ¢ define T2°(S) to be
T2°(S) := {z € R?: 3p € S such that |z — p|eo < €}
i.e. the tube of radius ¢ of S in the || o || norm. Then
P:(5) C T22(S)

Proof. Suppose x € P-(S). Then 3p € S such that x and p lie within the same ¢ pixel. But by the
definition of pixels, this implies that ||z — p||s < €. Therefore x € T2°(S). 0
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2. PIXELATIONS OF FUNCTIONS AND FIRST-ORDER APPROXIMATION

In order to reach our overall goal of recovering sufficiently nice sets from their pixelations, we
must start by examining simple sets. The graphs of C2 functions on compact domains provide a good
starting point. We will find that in this case many analogues of basic theorems from calculus appear
in a pixelated version, and these facts will allow us to approximate the graphs of these functions.

Before we proceed in our investigation we need to introduce a basic vocabulary that will be used
throughout the paper.

Definition 2.1. Fix ¢ > 0 and a bounded set S C R2.

(1) A point a € R will be called e-generic if z € R \ €Z. For such a point a we denote by I.(a)
the interval of the form [ne, (n + 1)e], n € Z that contains a.
(2) For an interval [a, b] C R we define the vertical strip

S[a,b] = [a, b] x R

For every k € Z we denote by 8. j the vertical strip
[ke, (k + 1)e] X R = Sje (k+1)e)
For any e-generic point a € R we denote by S.(a) the strip
I.(a) x R=S.p, k:=|x/k].

(3) A column of P.(S) is the intersection of P;(.S) with a vertical strip 8. , k¥ € Z. The con-
nected components of a column are called stacks.
(4) For every e-generic a € R, we define the column of a pixelation P.(.S) over a to be the set

C.(S,a) := 8-(a) N P-(S).

In other words, C.(S, a) is the union of the pixels in P-(.S) which intersect the vertical line
{z = a}. When S is the graph of a function f, we will use the notation C.(f, a) to denote
the column over a of the pixelation P.(f).

(5) We define the top, bottom and respectively height of a column to be the quantities

Te(S, a) := sup{y : (a,y) € C(S,a)},
B.(S,a) :=inf{y : (a,y) € C(S,a)},
and respectively

he(S, a) == é(TE(S, a) — B.(S.a)).

Since stacks are constrained to be within the same column, a stack can usually be thought of as
two pixels together with all the pixels that fall vertically in between them.
This language allows us to state an analogue of the Intermediate Value Theorem.

Theorem 2.2 (Pixelated Intermediate Value Theorem). If f : [a,b] — R is a continuous function,
then for every x € |a,b] \ €Z, the column C(f, ) consists of exactly one stack.

Proof. We argue by contradiction. Suppose that the column C.(f, z) has at least two stacks. This
means that within the column over x there are two stacks with a gap of empty pixels in between them.
This implies that there exist an interval [ce, de], not contained in the range of f, and real numbers
x1,x2 € I.(z) such that

fxe) < ce < de < f(x1).
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Since f is continuous, this contradicts the Intermediate Value Theorem. Therefore the column over x
has only one stack. U

Note that the Pixelated Intermediate Value Theorem immediately implies that a cycle cannot appear
in the pixelation of a continuous function. Therefore the pathological behavior witnessed in Appendix
A will not occur in the pixelations of C? functions, which is our first hint that pixelations of C?
functions are the nicest type of pixelation to work with.

This analogue of the Intermediate Value Theorem tells us that we can think of the pixelation of
a function that assign a stack of pixels to each value in the domain of the function. The stacks
themselves are worth investigating. To generate a stack in the pixelation, the function must attain
values near the top and bottom of the stack within that column. This means that the average change
of a function over a column must be related to the height of the column. This relation will be shown
in the following two theorems. The first tells us that the height of a stack is bounded by the derivative
of the function.

Proposition 2.3. Let f : [a,b] — R be a Lipschitz continuous function. We denote by || f||oc the best
Lipschitz constant, i.e.,

1 1loe o= sup LB =T WI,
- zHY lz —yl

Then for any € > 0 and any x € [a,b] \ €Z we have
he(f,2) < [1f'lloo +2.

FIGURE 7. If the line on the left were any shorter it would generate the pixelation
on the left. Thus, the minimum range of a function in a column is two less than the
height of the column.
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Proof. We argue by contradiction. This means that there exist ¢ > 0 and x € [a, b] \ €Z such that
he(fo2) > [/ oo + 1. @.1)
Setn := |x/e] € Zso that ne < x < (n + 1)e. The inequality (2.1) is equivalent to the condition
Te(f,2) = Be(f,x) > e(|lf]lo +2).
This implies that
Je,d € (ne, (n+1)e) suchthat |f(c) — f(d)] > ||f'||oct,

because the pixelation can be one pixel higher or lower than the graph of f; see Figure 7. We have
thus found c and d such that

F(0) = F(@)] _ |If oo
c—d  ~

But this contradicts the definition of || /|| - O

=11l

Remark 2.4. (a) Observe that if « € [a, b] N €Z then

he(f,2) < 2(1f o +1).

(b) The above theorem can be used to bound the height of a stack by the derivative of f over that
stack by considering the restriction of f to that column. g

The next theorem suggests that the height of a stack is close, in a crude way, to the absolute value
of the derivative in the column for sufficiently small €. The intuition is that if f is C2, then any
sufficiently small section of its graph will be very close to the graph of a line, and the height of a
stack in the pixelation of the graph of a line must be very close to the slope of that line.lation of the
graph of a line must be very close to the slope of that line.

Proposition 2.5. Let f be a C? function on [a,b]. Then, for any e > 0 and any xo € [a,b] \ €Z we
have

|/ (w0)| < he(fy20)| + || f”]|oce + 2.

Proof. Recall that I.(x() indicates the interval of the form [ne, (n + 1)¢], n € Z, that contains z.
Let L be the linearization of f at x, i.e., the function

L:R—R, L(z):=(z —20)f (o) + f(z0)-
From Taylor’s Theorem we deduce that

[ loo
2

L)~ fao)l < P @ — 20 < 1 Nl < &, Vo€ Le(eo) 0 [0,8)

This implies that
1 1
T(L,z0) < T(f,w0) + §Hf”Hoo€2 +¢e, B(L,x0) > B(f,70) — QHf”Ho&z —€.

Hence,
he(L, x0) < h(f,20) + || f"||oce + 2.
On the other hand, L changes by f’(xg)e over the width of a pixel, which implies

|/ (wo)| < he(L, x0)
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We would now like to approximate f through its pixelations. An intuitive way to do this is by
creating a PL function whose graph lies within P-(f), since this approximation would generate a
similar pixelation. However, in practice this method requires making many choices, and it can be
cumbersome to check that the graph of the function lies within the pixelation of f. A better approach
is to form a PL function by connecting points within P.(f) by straight line segments. However, in
order to preserve higher order properties of the function, we must be careful when choosing these
points.

For example, suppose that the vertices of the PL approximation are centers of the top pixels in
each column. Then the slopes of each line making up the P L function would have integer slopes, and
could never approximate the derivative of f arbitrarily well. We could increase the accuracy of the
approximation by connecting the maxima of every other column, or every third column. However,
doing this decreases the speed in which the approximation converges pointwise to f. This is the
central tension involved in approximating a function from its pixelation.

Before we further describe how to approximate a function from its pixelation, we show how to at
least find the average change of the function, i.e., the slope of the secant line connecting the first and
last points of f.

Theorem 2.6. Let f be a C? function on the interval [a,b]. Fix ¢ > 0. Let c,d € R such that
(a,c) € P(f) and (b,d) € P:(f).

c
+c.
a

Then
(@) = ge (@) < 7(1f'[loo + 2)e + 31|l (b = @) + || /] |oo (b — @) (2.2)

and
d—
7/() = (@)l = 1'@) = 51 < (b= )|/ ]]oe +

forall z € [a,b).

2(11f"loc +2)e
(b—a)

(2.3)

Proof. Note that it suffices to prove the above inequalities in the special case when x € [a,b] \ £Z.
For ease of notation let

f(b) = fla
M= [l N = [1f e, my 2= O
—a
and note that m is the slope of the secant line to f over the interval [a, b]. Define
d—c
My 1=
97 b—a’

and note that this is the slope of g.. Note that ¢ and d differ from f(a) and f(b) by at most the height
of a stack.

Lemma 2.7. With m ¢ and my, defined as above,

2([[f Mo +2)e

—_ (2.4)

Imy —mg| <

Proof of Lemma 2.7. Theorem 2.3 implies that a height of a stack in P-(f) is at most M + 2 so
[f(a) =l [£(b) = d| < (M + 2)e.
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This immediately implies

fb)—fla) d-—c 1 2(M + 2)e
- — — < — —a|) < 2 TAE
my —myl = PO 02) <D (50) )+ 1f(@) — ) < 2
The Mean Value Theorem implies that 3¢ € [a, b] such that f'(§) = my. Let h(x) be the lineariza-
tion of f at {,i.e.,

h(z) := (xz = &m + f(8).

Thus we have

192 () = h(2)| = |(z — a)mg + ¢ — (x = )my — f(£)]
<@ —a)myg — (x = Emyg| +|d = f()] 2.5)
First we will bound the first term on the right hand side of (2.5).
[(x = a)mg — (x = §my| = [(x — a)mg — (x = mg + (x — {)myg — (x — my]
< mgl(lz — al + [& = &) + [mg — my|(lz = &])

To proceed further we need to use the following facts.

o [z —al,|z—¢ <|b—al

o |mg —my| < %
e Since |ms| < M, we have

myl < b 4 202
Therefore
2(M + 2 2(M + 2
= apmy — (&~ myl < 20— )+ ZEL2E) 4 ) 22

=2M(b—a)+6(M + 2)e.
Now we bound the other term from (2.5), |c — f(£)| = |¢ — h(§)]. We have
e = F(OI < le = fa)l + [f(a) = h(a)| + |h(a) — h(E)].

Note that | f(a) —c| < (M +2)e, since stacks are at most M + 2 pixels tall. Taylor’s Theorem implies

that N )
f(a) ~ hia)] < YO

Finally |h(§) — h(a)| < M(b— a), since h has slope at most M, and |{ — a| < (b— a). We conclude
that

(&) — el g(M+2)5+M+M(b—a).

Combining all of these bounds in (2.5) we deduce

|lge(x) — h(z)| < 3M(b—a) + 7(M + 2)e +

Finally,
N(b—a)?
Fla) — h) < TF
so that
|f(z) — g(z)] < T(M 4 2)e +3M(b—a) + N(b— a)?.
which is the bound (2.2).
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The bound (2.3) is obtained as follows.
|f'(z) = gt(2)] = () — my| < [mg —my| + |my — f'(2))|

(2.4)
< 2OERE ey - ey < R e

O

This Theorem tells us that the slope of a secant line to f can be accurately approximated up to its
derivative (by restricting f to various intervals we can approximate any secant line.) We would like
approximate f through the use of multiple secant lines. However to accurately approximate a small
secant line, we will need ¢ to be very small. On the other hand, to accurately approximate f we will
need to use many (and therefore small) secant lines. Thus we will need to know the size of a secant
line that can be accurately approximated for a given €. Before we can describe how to go about this
process, however, we will need additional terms.

Definition 2.8. Fix £ > 0 and a bounded set .S.

(1) An e-profile of S is a set 11 of points in the plane with the following properties.
(a) Each point in II, is the center of an e-pixel that intersects S.
(b) Every column of P.(.S) contains precisely one point of II..
(2) A top/bottom e-profile is a profile consisting of the centers of the highest/lowest pixels in each
column of P.(S).
(3) An e-sample of S is a subset of an e-profile.

d
Definition 2.9. Suppose p1,...,py is a finite sequence of points in R%. (The points need not be
distinct). We denote by
<p17p27 cee ,pn>
the PL curve defined as the union of the straight line segments [p1, p2], ..., [Pn—1, Pn]- O

Observe that each e-profile I1. of a set is equipped with a linear order <. More precisely if p;, p2 =
(x2,y2) are points in I, then
p1 2 p2 <= z(p1) < z(p2),
where 2 : R? — R denotes the projection (x,%) — z. In particular, this shows that any e-sample of
S carries a natural total order.
If = is an e-sample of S, then the P L-interpolation determined by sample = is the continuous,
piecewise linear function I. = L= obtained as follows.

e Arrange the points in = in increasing order, with respect to the above total order,
V={O <& &< <&} n+tl1=]E]
e The graph of Lz is the PL-curve (£, &1, ..., &n)-
In applications, the sample sets = will be chosen to satisfy certain regularity.

Definition 2.10. (1) If o is a positive integer and I1. is an e-profile, then an e-sample with spread
o is a subset
E={% < <&} CIL(9)
such that the following hold.
e The points &y and &, are the left and rightmost points in the profile. (That is for each
p €I, z(&) < 2(p) < (&)
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e For any p € I1, there exists £ € = such that |z(p) — z(&)| < 0.
[ ]

1 1
5 < g|x(§k) —z(&k—1)| <o, VE=1,...,n.

(2) A spread is an increasing function € — o(e) from the positive real numbers to the positive
integers with the following properties:
(@) lim\po(e) = 00
(b) limpeo(e) =0
O

The next theorem tells how to approximate f using profiles and spreads while maintaining first
order properties.

Theorem 2.11. Let f : [a,b] — R be a C*-function and o () be a spread function. Fix ¢ > 0 and let
E be an e-sample of the graph of f with spread o (¢),
E={o <& ==&} &= @), k=0,1,...,n
Denote by f= : [xo, x| — R the PL-interpolation determined by =. Then
| f(@) = f2@) [ S T(If oo +2)e + 31 cea(e) + |/ lloo(e0(€))?, Va € [a,6] N [xo, 2n),

and

v g2 < 20 s +2)
()~ o)l < T

forall x € [a,b] N [xo, zy] \ {0, - .., xn}. In particular, if

+ 1/ llcgo(e),

limeo(e) =0 and limo(e) = oo,
e\0 AN

then as € \, 0, f= converges to f in the Sobolev norm W' for all p € [1, o).

Proof. Letx € [xg,zp) and k € {0,1,...,(n — 1)} such that x € [z, zk+1]. On this subinterval,
the function f= is defined by

Yk+1 — Yk
f2(z) = (2 — 2) =5ty
Th+1 — Tk
Thus f= is a function of the type described in Theorem 2.6, where
a=2xk, b==xkt1, c=yp, d=yk.
Noting that
1
560’(5) <b—a<eo(e),

we obtain the desired error bounds.

Now suppose that lim.\ g o(¢)e = 0 and lim.\ g o(g) = oo. Then note that every term in both
the error bounds of } f— f5| and ‘ f— fé‘ is a constant multiplied by ¢, % or eo(e) all of which
converge to 0 as € \, 0. This implies that

b
i / (1f(x) = fo@)I" + | f'(2) = fo(@)]) dw =0, V1 <p < oo.

Therefore f= converges to f in the Sobolev WP norm.
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This theorem allows us to approximate C? functions using only their pixelations. Note that any
profile can be chosen for the approximation. We can see this in the pixelation by noting that the top
profile and bottom profile both converge to the graph of the function, so any profile chosen in between
will be squeezed onto the graph.

To ensure the correct convergence on the derivative, we only need the two basic features of a
spread: that as ¢ \, 0, o(¢) — oo and eo(g) \, 0. In general we would like the spread to increase
quickly, so as to get an accurate approximation on the derivative. The two conditions on the spread

mean that the quickest increasing spread will look like (5%] where r > 0.
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3. APPROXIMATIONS OF ELEMENTARY REGIONS AND CURVATURE APPROXIMATION

In this section we use the properties of pixelations of functions to study the pixelations of simple
two dimensional sets. We deal with the simplest case: that of a region between the graphs of two C?
functions.

Definition 3.1. A subset S C R? is said to be elementary (with respect to the x-axis) if its can be
defined as

S=58.7)={(2,y) 2 €lab],f(z) <z <7(2) },
where 3,7 : [a,b] — R are C? functions such that 3(x) < 7(x), Va € [a, b]. The function {3 is called
the bottom of S while 7 is called the rop of S. Note that this includes the situation where 3 = 7, in
which case P-(S) = P.(8) = P-(7). 0

In the remainder of this section S will indicate an elementary set. We first note that like the
pixelation of a function, each column of P.(S) contains only one stack:

Proposition 3.2. If S = S(3,7) is an elementary set, then for every x € [a,b] \ €Z, the column
C.(S, x) consists of exactly one stack.

Proof. Fix an e-generic € [a,b]. By Theorem 2.2 the columns C. (3, z) and C.(7, x) consist of
single stacks. If these two columns intersect, then the conclusion is obvious. If they do not intersect,
then any pixel in the strip S.(x) situated below the stack C.(7, x) and above the stack C.(3,x) is a
pixel of P.(S). This again proves that the column C. (S, x) consists of a single stack. O

Definition 3.3. Fix ¢ > 0 and an elementary set S = S(3, 7).

(1) An e-upper/lower profile of S is a profile of the e-pixelation of the top/bottom function. An
e-upper/lower sample is a sample of an upper/lower profile.

(2) An e-upper profile I} is said to be compatible with an e-lower profile IT_ if p* € III and
p~ € IIZ lie in the same column of P.(S) we have p™ € I} and p~ € II lie in the same
column of P.(S) we have

y(p~) < y").

(3) An e-upper sample =7 is said to be compatible with an e-lower sample =, if the following

hold.
e There exist compatible e-upper/lower profiles II* such that =+ C II*.
e A strip 8. j, contains a point in Z7 if and only if it also contains a point in =

(4) Suppose that Egﬁ are compatible upper/lower samples of .S

Er={G <G ==&

The P L-approximation of S determined by these two samples is the P L-set bounded by the
simple closed P L-curve

<£6’§;7"‘7£'I’:7£TT7 :717"')5355[]7)’

We denote this approximation by |S(Z2,E1)]. O

These definitions are extensions of the ideas of profiles, samples and PL approximations found
in section 2. Note that the upper and lower profiles are defined from the pixelations of the top and
bottom function, which might not be known. However, from the definition of an elementary set, every
pixel on the top of a column must intersect the pixelation of the upper function and similarly every
pixel at the bottom of a column must intersect the lower function. Therefore, an upper profile can be
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FIGURE 8. An example of PL approximation. The left figure shows a pixelation of
an elementary subset, together with a compatible upper and lower profile. The upper
profile is indicated in blue while the lower profile is in red. The right figure shows
the PL approximation of compatible samples of these approximations with spread
2. The PL approximation for the combined upper and lower samples would be the
region in between the upper and lower approximations.

thought of as a profile chosen from the top pixels of P-(.S) and a lower profile can be thought of as a
profile chosen from the lower pixels of P.(.5).

In section 2 we noted that the PL approximation preserves first order properties for a good choice
of spread. For elementary sets, we would like to prove something stronger. Namely, we would like to
show that the total curvature of the set is preserved for good choice of spread.

The total curvature of a C2 immersion v : [a, b] — R? is defined as follows. Define a C'*-function
0 : [a,b] — R such that

1
T V(t) = (cos(0(t), sin(6(t))),
[y (?)]
where a dot "denotes the ¢t-derivative. We set

k(1) == |0(t)].

The scalar x(t) is called the curvature of -y at the point y(t). We define the total curvature of y to be

b
K(y) = / (t) dt.
a
Suppose now that 7 : [a,b] — R? continuous and piecewise C2-immersion, i.e., there exist a finite
subset {to,...,t,} C [a,b], ti—1 < t;, for
a=ty<t1 <---<t,_1<t,=0b

such that the restriction ; := ’7|[[t¢_1,t¢] is a C?-immersion for any i = 1,...,v. The curvature of y

at a jump point y(t;) is the quantity

K(ts) = 0(t7) — 0(t;)] = | Jim 6(t) — lim 0(2)].
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We define the total curvature of v to be

v v—1
K(y) =) K(w)+ ) r(t)
i=1 i=1
. {07 1(b) #1(a)
0(t5) = 0(t;)l, (b)) =(a)

For more details we refer to [18] and [20, §2.2].

Proposition 3.4. Let h : [a,b] — R be a C? function. Fix a spread o satisfying the properties

lil“ eoleg) = (). :;.ll)

For every € > 0 let =, be a e-sample spread o. We denote by h. be the PL interpolation of =.. Then
lim K(I'y,) = K(I
lim K(In.) = K(T'n),

where for any function f we denote by Iy its graph.

Proof. Let X, be the ordered set of x-values of the sample =,
X.={zo<z1 <---<zp} Cla,b,

and set
pi = (x5, h(x;)) € Tp.
Define s to be the PL function with graph (pg, p1, . . ., pn). We will prove two things.

lim (K (he) = K(s2)) =0, (3.2)
lim K (s:) = K (h). (3.2b)

Proof of (3.2a). For1 < ¢ < n let mzh indicate the slope of the i-th line segment of h. and mj
indicate the slope of the i-th line segment of s, i.e., the slope over the interval [z;_1, x;].

Since h. has spread o, the width of the interval [z;_1, z;] is at most . Then since mf is the slope
of a line connecting two points in the sample H,, and m; is the slope of the secant line over the same
interval, Lemma 2.7 implies that

|| []oo + 2
a(e)

mf —mg| <2 (3.3)
In particular, |m” —m3| — 0 as e — 0 since o — 0.

Define 0 € (—%, %) as the angle that the (i + 1)-st line component of s. makes with the z-axis
and likewise 67 € (—7, §) as the angle that the (i + 1)-st line component of s makes with the z-axis.
More precisely,

tan(A) = mP, tan(F) = m;.

Therefore, the difference formula for tangent implies:

h _ s
Lhmz — tan(0 — 67)
1+ mim3
so that
0" — 0F = arctan (th> . (3.4)
+mym;
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Now, the estimate (3.3) implies that for small ¢, we have

- (U7 oo +2)
S

1+ mlhmf
Indeed, the denominator is at least % because, for ¢ sufficiently small, we have

14 mhms =1+ ml (mi1 +0 (0'(6)_1))

=14+ M2 +mO(o(e)™ ) =14+ (M) + O (|W|o(e) ).
Then, using the Taylor expansion of arctan around 0, we have

6 =0 —0;=0 (1) . (3.5)
o(e)

n

s K(hs)zz

=1

Recall that

9?—9?_1‘.

n
K(s:) = Zw: — 01
i=1
and we deduce that

K (s2) = K (he)| < Y (16:] + 16i-1])-
i=1

-o2)

>+ D =0 (i )

i=1
Since we have assumed that lim.\_eo(¢)

Note that since =; has spread o,

and (3.5) implies

2 = o0, the last estimate implies (3.2a).

Proof of (3.2b). Define the function 6 by the equation:
1
— (1, h(x)) = (cos(O(x)), sin(f(z
Ty (@) = (cos(O(@), sin(0(z)
The function 0(x) gives the angle between the xz-axis and the tangent line of h at the point z. As
before let m? indicate the slope of the i-th line segment of s. and 6 be the angle that the ¢-th line
segment of s, makes with the x-axis. The Mean Value Theorem implies that for each ¢ there exists a
&; on [z;_1, x;] such that
m; = h(&)
It then follows that
07 = 0(%)
since tan(m;) = 07 and tan(h'(§;)) = 0(&;). Furthermore, for each ¢ > 1, the Mean Value Theorem
guarantees the existence of a (; on [§;_1, &;] such that

R

Recall that the total curvature of s. is calculated by the summation:

K(se) =) 107 =074
1=2
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Using the definitions of ¢; and (; we find that

Z]Q &) —0(&i-1)| = Z M

—&i1) Zm’ W&—&1) (3.6)

=l &i—&ia
Note that last sum in (3.6) is almost a Riemann sum for |¢’|. It is not a Riemann sum because the
values {&1, o, ..., &, } do not form a partition of [a, b] (since £; > a and &,, < b.) However, it is true

that:

hin(lw>|51—a>+2|0'<ci>\(§i—&_1>+9’( (b 5n> /\9' ldz (3.7

i=2
Both (b — &,) and (£ — a) are intervals of size at most €0 (¢) (since our sample was chosen with
spread o.) Therefore both of these terms vanish as € — 0 (by our constraint on ¢.) Therefore equation

(3.7) simplifies to
b
lim <Z 8GN0 51-_1>> - / 0/ ()] da (3.8)

Combining (3.8) with (3.6) shows that

b
i K(s.) = [ (@)lde = K0

which proves (3.2b).
Given both (3.2a) and (3.2b) we simply note that as ¢ — 0 K (h.) approaches K (s.) which in turn
approaches K (h). O

In applications, it will be necessary to deal with sets which resemble elementary sets, but whose
boundarys are possibly only piecewise C2. Let us define precisely the notion of piecewise C? func-
tion.

Definition 3.5. A function f : [a,b] — R is said to be piecewise C? if there exists a finite set
S:{a280<81<--'<8326},

such that the following hold.

(1) The function f is continuous.
(2) Forany j =1,...,¢, and any k£ = 1, 2 the restriction of f to the open interval (s;_1,s;) isa
C? function and the limits
k k
z{ff‘ 1 (@), xh/ngj ¥ ()
exist and are finite.
We say that S is the singular set of f and that the points C; = (s;, f(s;)), j = 0,...,¢ are the
corners of the graph of f. The integer ¢ is called the length of the singularity set. O

Proposition 3.6. Suppose that f : [a,b] — R is a piecewise C? function with singular set
S = {a:so<51 <"'<Sg:b}.

Fix a spread satisfying the properties (3.1a) and (3.1b). For every € > 0 let =. be an c-sample with
spread o satisfying (3.1a) and (3.1b). For any € > 0 we denote by f. be the PL interpolation of =..
Then

lim K (T K(Ty).
6{%(f) (T'y)
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Proof. We will follow the same strategy as in the proof of Proposition 3.4, with some expected mod-
ifications due to the presence of singularities. For the clarity of exposition we will assume that the
length ¢ = 2 so that

S = {a,b,sl; s1 € (a,b) }
Set

7= Flasa)s 1= Flisig-
Let

E. = {(zj,y5); 7=0,...,n=n(e) }.
We denote by X the ordered set of x-values of the sample =,
Xe={xo<z1 < - <zp; n=n(e)} Cla,b,
and set
pi = (i, f(x:)) € Th.

Define g. to be the PL function with graph (pg, p1, - . ., pn). We will prove two things.

m (K(f:) — K(g:)) =0, (3.9a)

li
e—0

lim K (g.) = K(f). (3.9b)

Proof of (3.9a). For 1 <i < nlet m{ denote the slope of the i-th line segment of f. and m{ denote
the slope of the i-th line segment of g., i.e., the slopes of the segments over the interval [x;_1, 2;].
Since f. has spread o, the width of the interval [z;_1, x;] is at most eo.

Since the function f is Lipschitz continuous we deduce from Theorem 2.3 that

[f(zi) =yl < (1]l +2)e.
This implies that
|17 ||oo + 2
o(e)
In particular, ]m{ —mJ| — 0ase — 0 since o(g) — oo as e — 0. We can now conclude as in the
proof of (3.2a).

jmf —mf| <2

Proof of (3.9b). For every ¢ > 0 there exists a unique i € {1,...,n(e)} such that
Tio—1 < 81 < Ty, -
We set y. = f(s1), p« := (81, Yx), and we denote by h. the P L-function with graph

<p07 <o s Pic—1y P Digs - - pn(8)>

We set
h; = h6|[a,51}7 h; = ha’[sl,b]a

We denote by 6. € [0, 7) the angle between the two nontrivial line segments of the graph of h that
have p, as common vertex. Then

K(Tp,)=K(),-)+ K(I)+) + 0.
From Proposition 3.4 we deduce that

lim K (Iy2) = K (I'y2),

e—0
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while 6. converges as ¢ — 0 to the angle between the left and right tangents to the graph of f at p,,
so that

lim K(I'y,) = K(I'y).

e—0

We thus have to prove that
lim(K(FgE) — K(Fhs)) =0. (3.10)

e—0

To analyze the difference K (I'y.) — K (I';,_) we distinguish two cases.
A. s1 = z;_. In this case g. = h. and thus K(I'y.) — K(I';,_) = 0.

B. 51 < z;, i = i.. We introduce the following notation from which we supress the e-dependence.

a_ € [0,7) denotes the angle between the vectors p;_2p; 1 pi_1p;-

ay € [0,7) denotes the angle between the vectors p;—1p; and p;p; 1.
B- € [0, 7) denotes the angle between the vectors p;—ap;—1 and p;—1ps.
B4 € [0, ) denotes the angle between the vectors p,p; and p;p; 1.

6. € [0, 7) denotes the angle between the vectors p;_1p» and p,p;.

m, denotes slope of the line p;_1p..

my denotes the slope of the line p,p;.

My = mf denotes the slope of the line p;_1p;.

Then
K(Lg.) = K(I'n.) = (a— + ay) — (B + B+ + 0-),

, By = ‘arctan m?ﬂ — arctan m*jE ,

oy = ’arctan my,, — arctanm,

Now let us observe that
+
mi, ., =m; +o(1),

where, following Landau’s convention, we denote by o(1) a quantity that goes to zero as ¢ — 0. Thus

Bz = o(1),
We deduce that
K{Ty)—-KIh)=ar+a_—0.+0(1)
= ‘arctan m, — arctan m*‘ + ‘arctan mj — arctan m*} — 0. +o(1). 3.11)
We now remark that!
‘arctan m, — arctan m*‘ —+ ‘arctan mj — arctan m*‘ = 0.. (3.12)

The equality (3.12) is a classical fact of Euclidean geometry. More precisely, in the triangle p;_1p«p;,
the sum of the interior angles at the vertices p;—1 and p;1 is equal to the sum of exterior angle at p,;
see Figure 9. Using (3.12) in (3.11) we obtain (3.10). This completes the proof of (3.9b), and thus
the proof of the Proposition 3.6 O

This will allow us to handle the case of piecewise linear sets. Therefore the following corollary
will be useful.

1Compare with Lemma [18, Lemma 1.1]. A word of warning: while the main conclusion of that Lemma is true (total
curvature never decreases upon adjoining a point to to a P L-curve, the claim that it does not change for planar curves is
not true.



A STUDY OF PLANAR PIXELATIONS 25

X+y+z=T7
O z=T

FIGURE 9. A classical fact of Euclidean geometry

Corollary 3.7. Let S(3,T) be a set which can be expressed as
S={(@y):zelab]fz)<y<7(2)}
where (3,7 : [a,b] — R are piecewise C? functions such that
B(z) < 7(x), Yx € (a,b).

Fix a spread o(g) satisfying the conditions (3.1a) and (3.1b). For each £ we choose compatible &-
upper/lower profiles ZF of S with common spread o(c). We denote by S- the PL approximation of
S defined by these samples. Then

lim K(95.) = K(95).

Proof. Let
=+ + + + + +  +
552{50 <£1 <"‘<£n}7 £k:(xk,yk).
The compatibility condition implies that
x;:xz::xk, y,;ﬁy,j, Vk=0,1,...,n.

Let 3. be the PL function whose graph is the bottom part of the boundary of .S., and 7. to be the PL.
function whose graph is the top part of the boundary of S.. Let m? (¢) indicate the slope of the i-th

)

line segment of the graph of (. and similarly let m] (¢) indicate the slope of the i-th line segment of
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the graph of 7.. We have
K(0S.) = |7 — arctan(m® (¢) )|

n
+ Z | arctan(mf(e) ) — arctan(mfﬁl(s) )|
=2
+ |arctan(m?(¢)) — 71| 4 |7 — arctan(m])|
n
+ Z | arctan(m] (¢) ) — arctan(m]_,(¢) )|
=2

+ | arctan(m, (¢) ) — 7|
which can be rewritten as
K(0S:) = |m — arctan(m?(e) )| + |arctan(mP(e) ) — 7|
+ |7 — arctan(mi(¢) )| + | arctan(m], (g) ) — 7| (3.13)
+ K () + K(7e)
Proposition 3.6 implies
lin K(5.) = K(3) and Loy K(r) = K (7). (3.14)

Now note that each line segment is defined by connecting two points in the pixelation of 3 or 7 over
an interval of at most o (¢). Since as € — 0, eo(¢) — 0, Theorem 2.6 implies that

lim i (¢) = #'(a), L mii(e) = 5'(0),

O (3.15)
lim i (€)= 7'(a), Tmmi(e) = 50).
Combining (3.13), (3.14), (3.15) we find that
li\r_‘% K(8S.) = |r — arctan(f'(a))| + | arctan(B' (b)) — 7|
+ | — arctan(7/(a))| + | arctan(7’'(b)) — 7| (3.16)

+ K(B) + K(7).

Note that |7 — arctan(8’(a))| is the value of the angle between the vertical line = = a and the tangent
line of 3 at a. Similarly each other difference on the right hand side of (3.16) corresponds to an angle
at one of the corners of 0. Therefore the right hand side of the (3.16) is equal to the K (0.5, so the
corollary holds. O
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4. APPROXIMATIONS OF PL SETS AND MORSE THEORY FOR PIXELATIONS

In previous sections we have dealt only with the simple regions and we investigated mainly geo-
metric properties of these regions and their pixelation. In this section we turn our attention to the
relationship between the topology of a P L-set and those of its pixelations.

Surprisingly, this is a nontrivial matter. In general, the homotopy type of a region may not be
not preserved when taking the pixelation. Worse, the homotopy type may never be recovered in any
pixelation, even for small resolutions €. This type of bad behavior can happen even for a simple
PL case. Consider the set S composed of the rays starting from the origin and proceeding in the
positive direction with slopes % and % (see Figure 10). A careful examination of P.(S) reveals the
existence of cycle. Worse yet, the pixelations for smaller values of € are simply contractions of the
larger pixelations. This means that P.(S) contains a cycle for all small €. For a taste of how much
worse can this get we refer to Appendix A.

FIGURE 10. The pixelation of the lines with slope % and % After this point the
pixelations of the upper and lower lines diverge permanently and no more holes are
formed.

First, some good news. The next two results imply that if two compact planar sets are disjoint, then
their pixelations will also be disjoint for sufficiently fine resolutions.

Theorem 4.1. Let S C R? be a compact set and let x € R? such that x ¢ S. Set

:= inf
m ;gsd(x,s),

where d(e, ®) is the Euclidean metric on R?, so that m is the Hausdorff distance from x to S. Then
Ve < %, x ¢ P(S).

Proof. For x to lie in P-(S), both = and a point of S must lie in the same pixel. However the furthest
two points can be apart in a square of side length ¢ is 1/2 (if they lie on opposite corners of the
square.) But since ¢ < 7, V2 < mT\/E < m, so it is impossible for a point of S to lie in the same
pixel as z. Therefore z ¢ P.(95). 0

Corollary 4.2. Let S C R? be a compact set with finitely many connected components. Then for suf-
ficiently small €, the number of connected components of P.(S) agrees with the number of connected
components of S.
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Proof. First note that P.(S) cannot have more connected components than S, since P-(.S) contains
only pixels that intersect S.

Since S is compact with finitely many components, there is a minimum positive distance § between
components. For each component K of S define

o
o)

Tx = {z € R?: inf d(z, k) <
keK
and note that its topological boundary is
)
oI = {x € R? : inf d(z, k) = =
topL K {JJ k}gK (CC ) 2}
Then each point in 9Tk is g away from K in the Hausdorff metric. Furthermore, since 0 is the
minimum distance between components of .S, each point in 07T is at least g away from any connected
component. Therefore, for ¢ < g we have for each K

0Tk N Pg(S) =0

This implies that for sufficiently small £ each connected component of P.(.S) intersects at most one
connected component of S. However, since

S C P.(S)

it is also true that each connected component of .S is contained within one connected component of
P.(S). Therefore for sufficiently small &, P-(S) and S have the same number of connected compo-
nents. s

The corollary guarantees that the zeroth Betti number of a set coincides with those of its sufficiently
fine pixellations. Theorem 4.1 also suggests that, for small ¢, the only way that the topological type
of P.(S) can disagree with that of S is if P.(S) has additional cycles (since every “real” cycle will
show up in the pixelation). We will refer to these cycles as holes. More formally the holes are cycles
in P.(.S) that are not contained in the image of the inclusion induced morphism

Hl(Saz) - Hl(Pa(S)vz)
Thus recovery of .S from P.(.S) will depend on distinguishing the cycles of P-(.S) that correspond to
real cycles from .S from those that are merely artifacts of the pixelation. To discard these holes, we
adopt a strategy inspired from Morse theory.
Definition 4.3. Let S C R? be a compact set and £ > 0
(1) For every e-generic x we set

n.(z) = ng. := # of connected components of C. (.5, x).

(When the set S is understood from context we use the simpler notation n. instead of g ..)
We will refer to n.(x) as the stack counter function of S.
(2) We define
n(z) = ng(x) := # of components of { y € R; (z,y) € S }.
We will refer to ng(x) the component counter of S.
(3) A jumping point of ng is a real number g such that

n(zg) # n(xy ) := xli/n;O n(z) or n(z) #n(z) = xh\rélo n(x).

We denote by Jg the set of jumping points of ng. We will refer to Jg as the jumping set of S.
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(4) A jumping point of n. is a real number zo € €Z such that

ne(zq) # n(zg).
We denote by Jgs . the set of jumping points of g .. We will refer to it as the e-jumping set
of S.

O

The function n. tells us how many stacks are in a column. A cycle has two “walls” and a “gap.”
That is to say, if there is a hole in P.(.S), there will be a set of columns which have more components
than their neighbors, since for a hole to close up stacks must overlap. Thus jumps of n. are a first
indicator of the presence of cycles in P.(S). To decide whether they are holes, as opposed to cycles
coming from S we will rely on our next key technical result which is a substantial refinement of
Theorem 4.1.

Theorem 4.4 (Separation Theorem). Let f, g : [a,b] — R be two Lipschitz continuous functions such
that f(x) < g(x), Vo € [a,b]. Fix e > 0 and suppose that 3xg € [a, b] such that

g(xo) — flxo) < g(x) = f(x), Y € la,b], (4.1)
Then for any € > 0 such that
(34 min([llsc 19'lo0) ) < gl0) = f (o) “.2)

and any e-generic x € [a,b] \ €Z the column C.(G, x) has two components. In other words, if
min (g(z) — f(2)) > (3 +min(|[ /oo, l9'lls) )e,

z€[a,b]

then for any e-generic x € |a,b] we have

nG,e(l‘) = nG(x)

Proof. Note that
C:(G,x) = Cc(f, ) UC(g, 2),
and furthermore, Theorem 2.2 implies that each of these columns is connected. Therefore C. (G, x)
will have two components only if C.(f,x) and C.(g,z) do not intersect. Since f < ¢ and z is
e-generic, this will occur when
T&(f’ w) < Be(g7x)
or equivalently,
BE(gvx) - Tg(f,{E) > €

Now fix z € [a, b] and let i € Z such that ic < x < (i + 1)e. Choose ¢, x4 € [ic, (i + 1)e)] such

that

Flas) = xe[ggﬁ)s} f(@), glwg) = xe[igl(lir}rl)s} 9(z).

Therefore we have
B.(g9,2) > g(zg) —&, To(f,z) < f(xyp) +e,
so that
Bz—:(ga ZL‘) - Ts(fal') > g(l:g) - f(:Ef) — 2e.
We distinguish two cases.

Case 1. ||¢||co < ||f'[|co- We have
Be(g,x) = Te(f, x) = g(xg) — g(wy) +9(2p) — f(ay) — 2
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(4.1)
> g(wg) — g(wy) + g(z0) — f(T0) — 26

)
> g(xo0) — f(x0) —e(2+ lg'l0) > e
Case 2. || f'[lcc < [|9'[lcc- We have

Be(ga$)_Ts(f7x) :g(l'g)_f($g)+f(xg) _f(l'f) — 2
S ge0) = Flao) + flay) — Flag) — 22
> g(z0) — f(zo) —e(2+ 1 f'lloo) (422) €

To proceed further we need to introduce some basic terminology.

We define a convex polygon to be a compact set in R? that is the intersection of finitely many closed
half-planes. Note that points, and straight line segments are examples of convex polygons. A PL set
in R? is a finite union of convex polygons. Note that the topological boundary of a PL set is a finite
union of straight line segments and points. A vertex of a PL set S is a point p on the topological
boundary Oop S of S such that, for all » > 0 sufficiently small, the intersection of OiopS with the
closed ball of radius r and center p is not a straight line segment. We denote by Vg the set of vertices
ofa PL-set S.

Definition 4.5. (1) A convex polygon is a compact subset of R? which is the intersection of
finitely many closed half-planes (note that line segments and points are examples of convex
polygons).

(2) A PL set (or piecewise linear set) in R? is a finite union of convex polygons.

(3) A vertex of a PL set S is a point p on the topological boundary O;.pS such that for all
sufficiently small » > 0, the intersection of Oy,pS with the closed ball of radius r and center
p is not a straight line segments.

(4) Fora PL set S C R?, the set of vertices eV is the collection of all vertices in .S.

(5) A PL subsetin S C R? is called generic if for any two vertices py, p2 € Vg

x(p1) # x(p2).
O

We will restrict our approximation technique to the PL case in order to simplify the conclusion of
Theorem 4.4. Since our technique for determining holes will be motivated by applying Morse theory
to projection onto the x-axis, we will also require the PL set to be generic (to avoid complications
arising from clusters of critical points sharing the same critical value). Note that for a PL set .S, the
set of jumping points is contained in the set of z-coordinates of the vertices of .S, that is

ds c {z(p); peVs}.

This inclusion could be strict. Take for example a V'-shaped set, with the bottom vertex of the letter
V situated at the origin. Then 0 is not a jumping point of n.

Theorem 4.6. Let S be a generic PL set with jumping set Js. Then there exist v = v(S) € Z~o and
g0 = €0(S) > 0, depending only on S, such that, if 0 < € < €y and x is an e-generic value such that

dist(z,dg) > ve,

then ng.(x) = ng(x).
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Proof. Letzg < 21 < --- < xy be the jumping points of n = ng. We set

Ax;:=x;—x;1, Vi=1,...,¢, A:= min Ax;.
1<i<t

Note that n(x) is constant on each of the intervals (x;_1, ;). Fori = 1,...,¢ we set
Si={(z,y) €5; x€ w1,z }.
The set S; is a disjoint union of elementary sets (see Definition 3.1 for notations)
S(BijsTig)s 3="0,...,pi
“stacked one above the other”, i.e.,
Bio(@) < mio(z) < Bin(x) < min(x) < < Bip(w) < Ty (), V€ (Tim1, ). (4.3)

From Proposition 3.2 we deduce that for any e-generic = € (z;_1, x;) we have n(x) = p;.
Each of the functions 3; ; and 7; ; is piecewise linear. Let 7; ; be the smallest width? of a line
segment of the graphs 3; ; and 7; ;, and we set

1
rii=g Og}%i T 4.4)
By definition, r; < %A.’L‘i. We set
Slzi—1 + riy i — 1] = { (x,y) € S; x € [wi_1 + 1i,x; — 1) }

The set S[x;—1 + 71, x; — 4] is a collection of p; elementary sets stacked one above the other which
have positive Hausdorff distance between them. Theorem 4.1 implies that there exists J; > 0 such
that, for ¢ € (0, ¢;) the pixelation P. ( Slxi—1+rx; —r ) has exactly p; components. Therefore we
have proven that

36; > 0 such that; Ve € (0,0;) x € [zi—1 + 15,2 — 1] © n(x) = ne(x). 4.5)

Set

Yi = Tie1 Ty 2 2= T~ T
On the interval [z;_1, y;] each of the functions 3; ; and 7; ; is linear and we denote by m™(/3; ;) and
respectively m ™ (7; ;) their slopes. For each z € (x;_1,2;) andeach j = 1, ..., p; we define the gaps

Yij (@) = Bij(@) — 1ij—1(x), vy =min{vi;(@i-1),7;(vi)} = . min ¥ij (),

€lwi—1,yi]
D= max{7i;(zi-1), %)} = max 5;(x).
z€[zi—1,Y5]
We plan to invoke the Separation Theorem 4.4. We want to prove that there exists g > 0 and v > 0
such that for € < ¢ we have

min{~; ;(z); z;1+ve <z <y —ve} > <3 + min( |m™ (Bi;)|, [m™ (ij-1)]) )5. (4.6)
Note that if 2ve < Ax;, then
min{v;(2); zi1 +ve <x <y —ve p =5+ vimT(Biy) —m (-1
We can now rewrite (4.6) as
Vij = (3 + min( |m™ (Bi;)|, [m ™ (rij—1)| ) —v|m™ (Bi;) — m™ (7i,j-1)| )5. 4.7)

To solve the last inequality we distinguish two cases.

2The width of a line segment is the length of its projection on the z-axis.
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Case 1. 7; ; = 0. In this case the slope of 3; ; must be different from the slope of 7; ;_1 and we
choose v = Vi large enough so that

34 min( [m™ (Bi )|, Im ™ (rij-1)|)—vIm™(Bi;) — m™ (rij-1)] <0,
e.g.,

T im=(Bij) — m~(7i;-1)]

B \‘3+min(|m_(ﬁi,j)|,|m_(TiJ1)|)J 41

We then choose 7 (4, j) small enough such that 2v; jeg < Az, e.g.,

A
10Vz',j '

& (i,7) =
Case 2. ; ; # 0. In this case we choose £ = £¢(¢, j) small enough such that
Yig > (34 min(m= (Biy)], lm~ (riy)1) o,
e.g.,
Yi,g
2((3+ min(|m= (8,5, Im(ri5-1)1) )

Next we choose v = v;; such that 2veg < Ax;, e.g.,

. A
Y0 1020, 7))

)

56(27]) =

Finally, we define set

g€, = min € (4,j), VvV, = max v, ..
t0<i<p (@) v 0<j<pi

Theorem 4.4 implies

7 )

Je; >0, v; >0 suchthat Ve <¢;, Vo€ [z;1+ v, e,xi—1+ 73] 1 n(r) =n.(r). 4.8)

Arguing in a similar fashion we deduce

Je >0, v >0 suchthat Ve <e&f, Va € [x; — i,z — ve]: n(z) = n(z). 4.9
Now set
v = max(v; ,v), vi= 11’I§1?§XZ Vi,
g; = min(e; &, 6;), €= 1%12[51-.
Theorem 4.6 now follows from (4.5), (4.8) and (4.9). O

This theorem tells us that jumps of n. occur within v(.S) pixels from the jumps in n. A priori, it
could be possible that, given a jumping point xo of n, there is no jump in n. within v(S) pixels of
xo.

Theorem 4.7. Let S be a generic PL set, and £g = €o(S), v = v(S) as in Theorem 4.6. Then, there
exists €1 = €1(S) such that if e < min(eg,e1) and xg is a jumping point of n = ng, then n. = ng,
has at least one jumping point in the interval [xo — ve, xg + vel.
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Proof. Since xq is a jumping point of nn we have

n(zq) # n(wo) or n(zo) # n(zg).
We distinguish several cases cases.
Case 1. n(z, ) > n(xg). Since S is compact, n(zg) > 0 so that n(x, ) > 2. For this to happen the
vertical line of x = x¢ must contain at least one vertex of .S. Since .S is generic, this line contains
precisely one vertex of S, which we denote by po.
We can find 0 > 0 sufficiently small such that the interval [z:¢ — J, 2:9] will contain no new jumping
points of S. The set

Szo—s.20) = {(x,y) € S; x € [w0 — 6,20] }
is disjoint union of simple types regions
S(Bj,71), j=0,....m=mn(z;)—1,
“stacked one above the other”, i.e.,
Bo(x) < 1o(x) < Bi(x) < 1i(x) < -+ < B(x) < T (), Vo € (z9 — 0, 20),
where [3;, 7; are piecewise linear functions. Since n(zg) < n(x,) we deduce that there exists
Jo =1,...,m such that
Bjo(20) = Tjo—1(z0) and ~; := Bj(xo) — Tj-1(x0) >0, Vj # jo

In particular, for any € > 0, the e-stack of S(fj,, 7j,) over x( touches the stack of S(5;,—1, Tjo—1)
over xg.

Now choose ¢ sufficiently small so that for j # jo and € < e, the e-stack of S(3;, 7;) over zg is

disjoint form the e-stack of S(3;_1, 7j—1) over zo. Fix ¢ < min(eg, £1). The above discussion shows
that

n(zg) = ne(z; ).
Theorem 4.6 now implies that
n:((xg —ve)”) = n(xy — ve) > n(xy).
This proves that the interval [z¢ — re, x| contains a jumping point of 7.
Case 2. n(z§) > n(zo). This situation can be reduced to the previous case via the reflection
R? 5 (z,y) — (—z,y) € R

Case 3. n(x, ) < n(xg). The vertical line x = z( contains a unique vertex py of S. Moreover, this
vertex has the property that there exists a tiny disk D centered at py such that the intersection of D
with the open half-plane {z < zo} C R?is empty. In particular, this shows that py is an isolated
point of the set

Se<zy = {(:c,y) eS; z<x }
If n(xz,) = 0, the conclusion is obvious. We assume that n2(x, ) > 0. Choose ¢ > 0 such that the
interval [xg — d, z¢) contains no jumping point of S. Set

R = Sigy—520) \ {P0}-
Then R is a union of simple regions
SBri), j=0,1... m=n(z,)—1,
where 3; and 7; are piecewise linear functions such that
Bo(z) < 1o(x) < fr(z) < 71(z) < -+ < Bm(x) < T (), YV € [zo — 9§, x0].
We can find e = £1(S) such that for any € < €1 and any e-generic = € [z¢ — J, o] we have:
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e np.(x) =ng(r) =m+1=mng(z,),and
e the e-column of S|, _5 ;] Over z consists of n(xp) = m + 2 stacks.
Theorem 4.6 implies that

nge(r) =ng(x) =ng(ry) =m+1 Vo € [vrg — 0, x9 — ve| \ Ze.
On the other hand, ng.(x,) = m + 2. Thus the interval [zo — ve, x| must contain a jumping point
of ng,.
Case 4. n(z]) < n(zo). This reduces the the previous case via the reflection
R? 3 (z,9) — (—z,y) € R%
O

Remark 4.8. Theorem 4.6 states that the two functions n and n. coincide at points situated at a
distance at least v(.S) pixels away from the jumping points of . On the other hand, Theorem 4.7
shows that, for a generic PL set, within v(,S) pixels from a jumping point of n there must be jumping
points of 7. g

Definition 4.9. Let S be a generic PL set in R

(1) We will refer to the integer v/(.S) as the noise range of S.
(2) Let go(S) and £1(S) as defined in the Theorems 4.6 and 4.7. We set

A(S) := min(eo(S), €1(5) ),

and we will refer to it as the critical resolution of S.

The next result explains the roles of the noise range and the critical resolution.

Proposition 4.10. Ler S be a generic PL set. If w > 2v(S), € < h(S) and [xg — we, zy + we]
contains no jumping points of n, then n.(xg) = n(xg).

Proof. Suppose that the interval [z — we, 29 + we] contains no jumping points of n., yet n.(xg) #
n(xp). Then Theorem 4.6 implies that the interval
w w
[xo — 5 &0 + 55]
contains a critical z; point of . Then Theorem 4.7 implies that . has a jumping point on the interval
w w
[331 - 55,561 + 55]
But since 1 is at most 4 -pixels from o, this interval is contained within [xg — we, g 4 we]. This
contradicts the assumption that the interval contained no jumping points of 7. and thus n.(zg) =
n(xo). 0

Suppose that € < h(S), where S is a generic PL set. Then the theorems proven in this section up
to this point imply that all the jumping points of n. are contained a fixed numbers of pixels from the
jumping set of n. This simple observation, correctly implemented, will be the key to recovering the
topology of .S from the topology of its sufficiently fine pixelations.

Consider the discontinuities of the function n.. They can only occur within (.S) columns from
a jumping point of n. We do not know what this integer is from the pixelation, but we know that it
exists and it is independent of . Therefore, we know that the noise range v(.S) will eventually be less
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than a properly chosen spread o (&) such that o(e) — oo as ¢ — 0. Using the spread to estimate v/(.S)
will be a dramatic overestimation for small e. However since eo () — 0, if we declare any cycle
which appears less than o (¢) columns from a jumping point of n.(S) as a fake cycle, we will avoid
declaring any real cycles as fake for small resolutions.

The discontinuities n.(.S) (for sufficiently small €) are obviously contained in the set

{z € R:[x —¢eo(e),x + co(e)] contains a critical value of n. }.

We would like to consider this set to be the “noise portion” of .S. This would mean that we could
approximate S from P.(S) over x-values outside of this region using the results from section 3.
However, recall that in section 3 elementary sets were approximated by choosing upper and lower
samples, which were chosen from the midpoints of pixels. This means that to use the methods from
section 3 to approximate .S we need our noise intervals to end at the middle of a pixel. With that in
mind we define the noise interval:

Definition 4.11. Let S be a generic PL set, and let x1, x2,- -+ , N be the jumping points of ng .
For each jumping point z; let the noise interval I;(¢) be the interval [a;, b;] where
zj € lag, by,
a;(e),bj(e) € g + eZ

b; is the smallest number in g + ¢Z such that (b; — x;) > 2e0(e)

a; is the largest number in % + eZ such that (x; — bj) > 2e0(e)
Define the set of noise intervals A, as
AE = [1(8) U---u IN(E).
a

From the definition we see that A, is a union of intervals. Furthermore for small €, each of these
intervals will contain precisely one jumping point of ng. Thus A_(S) has as many components as
the cardinality of Jg. In particular this implies that the measure of A, is bounded from above by
2|ds|eo(e). Since eo(e) vanishes as ¢ — 0, this implies that A, has vanishing measure as ¢ — 0.

Consider the set of z-values which lie outside the noise. It is a finite union of intervals such that for
all z which lie in these intervals, n.(x) = n(z). The part of S situated above a each interval is either
empty, or a disjoint union of regions of simply types. These types of regions can be approximated
using the methods described in Section 3. Therefore, to complete the approximation of S, we need
only describe how to deal with the noise intervals.

The key observation is that the measure of A, goes to zero as ¢ — 0 with the properly chosen
spread. This means that noise intervals make up a very small part of .S, and so it will not be necessary
to approximate them with as high of degree of accuracy as other parts of S. Indeed, we only seek to
ensure that the noise intervals capture the correct homotopy type for small values of €.

Since S is defined by a finite number of piecewise linear functions, for small enough ¢, the part of .S
above A, consists of contractible connected components. Theorem 4.1 implies that these components
separate for small enough €. Therefore the easiest way to get the correct topology within the noise
intervals is to simply cover each component of the pixelation above a noise interval with a rectangle,
destroying any fake cycles (or holes) from P.(S) (see Figure 11.)

Suppose that S is a generic PL set with jump set

HS:{JL‘1<-'-<:UN}.
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FIGURE 11. The approximation of a noise interval. The red rectangles indicate the
rectangles that form the approximation. Since the intersection of a noise interval and
a regular interval always lie on the centers of a column, the edges of the rectangles
will intersect approximations from the regular intervals.

We describe below an the algorithm to create a PL approximation S.v for S using only information
from P.(S) is as follows (this algorithm is restated in a more concrete way in Appendix D).

Algorithm 4.12. (1) Choose a spread o such that eo(¢)? — oo and eo(¢) — 0 as e — 0.
(2) Let A, be the noise intervals of P.(S).
(3) Define R. to be the closure of R \ A.. We call R. the regular set, and its intervals are called
regular intervals.
(4) For the bounded regular interval I € R, do the following:

(a) For each connected component of P.(S) N (I x R), the part of P-(S) over the regu-
lar regular intervals I choose compatible upper and lower profiles IT} and II on that
component.

(b) For each connected component, choose compatible upper and lower samples =} and =2
with spread o.

(c) For each connected component, take the PL approximation of the upper and lower sam-
ples.

(d) Add each PL approximation to the approximation of S.

(5) For each regular point = denote by S.(z) the part of S; over z, i.e.,

Se(z) :== S.n{z} xR.

(6) For a noise interval I;(e) we observe first that Corollary 4.2 implies that the number of con-
nected components of P (.S) over I;(¢) is equal to the number of components of .S over I(¢).
Denote by C;(¢) the set of connected components of P-(S) over /;(e)

(a) Forevery C € Cj(e) of P.(S) we set

Uc :=max{y; (z,y) € C}, Lc:=min{y; (z,y)€C}.

(b) Let Pj denote the pixel whose top boundary lies on the line {y = Uc } and intersects the
line {z = S:(a;())}. Similarly let P} denote the pixel whose top boundary lies on the
line {y = Uc} and intersects the line {x = S.(b;(e))}, let P{* denote the pixel whose
bottom boundary lies on the line {y = L¢} and intersects the line {z = S.(a;(¢))} and
P? denote the pixel whose bottom boundary lies on the line {y = L.} and intersects the
line {x = S.(bj(¢))}. (These pixels lie on the corners of a rectangle which bounds the
majority of C, see Figure 11.)
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(c) Let Ug indicate the center of P} and similarly let U, g, Ut and Ug indicate the centers of
Pf, P¢ and PP.
(d) Denote by P¢(e) the convex quadrilateral with vertices

Bj (e) = (bj(e), L), B (e) := (bj(e), UR),
A (e) = (aj(e), LE), Af (e) = (aj(e), UE)
(7) To the set S, constructed at (4) add the noise union

N
Ne=J U Pcle)

J=1CeC)(e)

This final set .S will be piecewise linear by construction, and will be a good approximation of the
set. O

Our next result offers a first indication that the approximation produced via the above algorithm
does indeed capture the topology of .S.

Theorem 4.13. Let S be a generic PL. For every ¢ sufficiently small we denote by S. the PL
approximation of S produced via the Algorithm 4.12. Then

lim X(Se) = X(S)
e—0
In particular, for e sufficiently small the sets S. and S have the same homotopy type.

Proof. Let X = {x1,x2,---,7,} be the jumping points of S. Furthermore more define ¥ =
{yo,y1,y2, -+, yn} Where

L1 — V(S)v j=0

Lt 0<j<n

So that each x; lies between y;_1 and y;.

For sufficiently small € 4.7 implies that each jump point of 125 corresponds to a jump point of n.g .
at most v(S)e apart from each other. Since the width of each noise interval tends to 0, and the fact
that .S is generic implies that the jumping points of ng are finite distance apart from each other, this
implies that for sufficiently small € each noise interval contains exactly one jumping point of ng. In
other words each z; € I;(¢). Additionally for small ¢ there are exactly n noise intervals.

Observe that ng(x;) is simply equal to the number of components of SN {x = x;}. The construc-
tion of S. together with 4.1 imply that for sufficiently small € ng.(x;) is also equal to the number of
components of this set. Therefore for small ¢, ng(z;) = ng(x;).

For each integer j € (0,n) let

yj =

i = xj +2$j+1
furthermore let yo = xo — v(5) and y,, = =, + v(.5). Note for sufficiently small € each y; must be
at least 4v(S)e away from a jumping point of ng. Therefore 4.10 implies that for small enough &,
yj € Ry and ns(y;) = ns(y;)-
We calculate the Euler characteristic of each set through the inclusion-exclusion principle. Each
x; lies within a noise interval of P.(.S). The set S; is constructed to be a union of disjoint convex
quadrilaterals over this x-value. For each x; let the set Ss,zj be the union of eachc of these convex
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quadrilaterals (hence Sg,zj is the part of S; which lies over the noise interval). For each y; define
Se y; be the closure of the component of

Sg \ (Sg’q:j U SE,Z‘J'+1)

which contains the z-value y;. In other words, S; ,, is the part of S, in between Smj and Ss,gcj +1
which overlaps S, and S;; , on their boundaries.

Since the set S ; is a collection of quadrilaterals covering each component of the noise interval
of P.(.S) around z;, for small € we have that

X(Ss,xj) = nS,a(*'Ej)-
Similarly the set S; ,, is the approximation of S on a regular interval. Hence it is a number of
contractible sets which do not intersect. Therefore

X(Ss,yj) =MNge (y])

To calculate x(S:) we now need only find x(Seu; N Sey;) and X (Sey; N Sy, ;). Recall that
the noise intervals are chosen to at least 2o (<) wide and that as ¢ — 00,2¢0(e) — oo. Therefore
for small ¢ the noise intervals will conver much more than the actual noise. This implies that for
small € the number of components at the edge of a noise intervals will correspond to the number of
components in the adjacent regular interval. Hence, for all appropriate j we have

X(Sa,:r:j N Sayj) =ns(y;)
and
X(SE,yj N Sé,yj+1) = nS,a(Z/j)
Using the inclusion-exclusion principle we see that
n

n n n—1
X(SE) = Z X(S&ﬂcj) + Z X(S&yj) - Z X(S&yj N S€7$j+1) - Z X(S&Z'j N S&yj)
j=1 7=0 7=0

j=1

n n n—1 n
=D mse(zy) + ) mse(y) — Y mse(y) — Y nse(yy)

J=1 Jj=0 j=0 j=1
Note that .S will always have a jumping point at its edges. Therefore ¥ and v, are far away from S.
Therefore for small € we have that ng . (yo) = ns.(y,) = 0. Thus we can calculate x(S;) for small

g as
n n—1
Z nse ($j) - Z nse (yj)
=1 i=1

Now we turn our attention to x(.5). The set S is piecewise linear on the plane. Thus it is homotopy
equivalent to a 1-dimensional PL set P whose vertices are located at the jump points of .S and whose
edges connect adjacent vertices. Since P is homotopy equivalent to S, x(S) = x(P). However
the construction of P makes it easy to calculate its Euler characteristic. It has one vertex for each
component of S at the jumping points of .S. It has one edge for each component of S on the regular
intervals of S. Therefore we have

n n—1
X(S) =x(P) = ng(x;) = > ns(y;)
i=0 i=1

Finally recall that for small €, ng.(x;) = ng(z;) and ng.(y;) = ns.(y;). Therefore we have
shown that for small € x(S) = x(S:).
O
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5. THE MAIN RESULT

Consider a generic PL subset S of the Euclidean plane E = R2. The final theorem of Section
4 shows that at the very least S; is a superior approximation to P.(S). Unlike P.(S), which could
have false cycles, S; captures the topological information of .S. Knowing this, we would like to know
what other type information we can recover from S.. Our next result will show that S; contains a lot
more information about the geometry of S. For any compact PL subset X C E we denote by N its
normal cycle, [7, 21]. For the reader’s convenience we have included in Appendix C a brief survey of
the basic properties of the normal cycle.

Theorem 5.1. Suppose S is a generic PL subset of E, o(¢) is a spread function satisfying (3.1a) and
S. is the PL approximation of S constructed via the Algorithm 4.12. Then the normal cycle N of
S. converges weakly to the normal cycle N® of S.

Proof. Let us first outline the strategy. Recall that Vg indicates the set of vertices of S and denote
by X its projection on the z-axis. Since S is generic the projection E > (z,y) — x € R induces a
bijection Vg — Xg. The jump set Jg is contained in Xg. We will refer to the vertices that project in
ds as essential vertices. The other vertices will be called inessential.

For every ¢ € Jg and any € > 0 small we denote by I.(c) the noise interval that contains c. We set
Iy(c) := {c}. Fix g9 > 0 such that,

1
dist( Ac(c), Ac(d)) < 1 dist(c, '), Ve,d €dg, 0<e <ey.

For ¢ € Jg and any 0 < ¢ < gy we denote by N, (c) the noise strip
Ne(c) == { (z,y) € R?; z € I.(c) }.
Note that Ny (c) is the vertical line {x = c}. Finally we set

Ne= [ Ne(e), Re:=R*\ N, V0<e<e.
c€ds

For uniformity, we set Sy := S.
Observe that there exists 0 < £1 < g¢ such that, if ¢ € [0, 1], the following hold.

e Any component of Ny N Sy is contained in a unique component of N N 5.
e If C is a connected component of R. N S, then the closure of C' intersects exactly two
connected components of N N S..

For any € € [0,e1] we construct a graph I'. as follows. The vertex set V. of I'; consists of the
connected components of N N S,. The edges are the connected components of R. N S.. We have a
well defined map

U, :Vy— Ve,

that associates to the a component C' of Ny N S the unique component of S, N N, that contains C.
which This is easily seen to be a bijection. Moreover, it induces an isomorphism of graphs, i.e., the
vertices v, v’ are adjacent in 'y if and only if the vertices ¥.(v) and W, (v’) are adjacent in .. For
any v € Vy we denote by F,, the set of edges of I'y that are adjacent to v.

Remark 5.2. The graph I'y is known in the literature as the Reeb graph of the (stratified) Morse
function
S>3 (z,y) —xeR

For more information about this concept we refer to [4, V1.4], or the original source [22]. O
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For any vertex v € Vg and € € [0, 1] we denote by C,, . the component of N N S corresponding
to W, (v). Similarly, for any edge e = [v, v’] of 'y and any € € [0, ¢;]| we denote by Ce . the closure
of the component of R, N S. corresponding to the edge [V.(v), ¥.(v')].

Lemma 5.3. Forany ¢ € [0,£1] we have
N = )" NOvep 3" NCee = 3" N NOoeCes, (5.1)
veV) ec&y vEV e€Ey
Proof. The proof use the inclusion-exclusion principle, i.e., the equality
NXUY — NX +NY _ NXOY

for any compact PL subsets X,Y C R2.
Note that we have a decomposition

Se=|J Coc]Uu| U Cec |- (5.2)

veVo ecéy
We need to discuss separately the cases ¢ > 0 and € = 0.
1. Assume that ¢ € (0, &1]. In this case we have
CoeNCre=0=CecNCe., Yo#v', e#e€. (5.3)

The equality (5.1) now follows from inclusion-exclusion principle applied to the decomposition (5.2)
satisfying the overlap conditions (5.3).

2. Assume that € = 0. In this case the overlap conditions are more complicated. We have

CooNCywpo=0, Yvo#v, (5.4a)

Cep N Ce/,() =)= ene = @, (5.4b)

where the condition eNe’ = () signifies that the edges e and e’ have no vertex in common. Moreover,
[ Ceo = Cuo, Yo €V, AC E,. (5.5)

ecA
Using (5.2), (5.4a), (5.4b), (5.5) and the inclusion-exclusion principle we deduce

NS — Z NCvo 1 Z NCeo _ Z Z NCv.0NCe,0

veVy ec&y veVy eEEy,
+ Z Z (—1)l A+ NCoN(Neca)Ce0 Z Z (=1)MAIN eca Cero
vEV DA ACE, vEV DA ACE,
- X N Y NG S Y e
veV) ec&y vEV) ecEy

+ Z Z ((~)HAFL L (—p)ll) | NCoo

veV) D#ACE,

=0

Theorem 5.1 is now an immediate consequence of the following result.
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Lemma 5.4. Forany v € Vy, e € £y we have

lim ch,s — ch,f), (563)
e\o0
hm Nce,s — NCe,O7 (56b)
e\.0

hm Nce,aﬂcv,s — Nce,OmC’qu, (560)

e\o0
where the limits are understood in the sense of weak topology on the space of currents.

The proof of this lemma relies on the General Convergence Theorem proved by Joseph Fu in [6].

Theorem 5.5 (Approximation Theorem). Suppose S is a PL subset of the plane and for each € €
[0,e1] Se is a PL subset of the plane with the following properties.

(1) There is a compact set K C R? which contains each S..
(2) Thereis a M € R such that

mass(N°2) < M, Ve.
(3) For almost every ¢ € Hom(R?, R) and almost every ¢ € R we have
lim (5. N {6 2 ) =x(SN {§ 2 )

Then N5 converges to N° as ¢ — 0 weakly and in the flat norm. O

Proving (5.6a)-(5.6¢c) will involve proving each of the three conditions in the Approximation The-
orem. We begin with an easy consequence of the Approximation Theorem that will be very useful
in the sequel. First, let us define a convex polygon in the plane to be the convex hull of a finite set.
Note that this definition allows for degenerate polygons such as line segments or points. We define
the perimeter of a segment to be twice its length. For 2-dimensional polygons the perimeter is defined
in the usual way. We will denote by L(P) the perimeter of a polygon.

Lemma 5.6. Suppose (S:)e>0 is a family of convex polygons in the plane that converge in the Haus-
dorff metric to a convex polygon S. Then N5 converges weakly to N° as e — 0.

Proof. We argue by proving the conditions of Fu’s Theorem. Observe first that there exists R > 0
such that

dist(S:, S) < R, Ve
and thus the condition (1) of the Approximation theorem. The computations of [20, Chap. 23] show

that mass of the normal cycle of a convex polygon P is equal to 27 + L(P). From the Hadwiger’s
characterization theorem [15, Thm. 9.1.1] we deduce that

lim L(S:) = L(S)

and thus condition (2) is slso satisfied.
Therefore we must show that for almost every ¢ € Hom(R?, R) and almost every ¢ € R we have

R X(Sen{E <c}) =x(Sn{§ <¢})

Note that S and each S; are all convex subsets of the plane. Therfore any intersection with a half-
plane will either be empty or be a contractible set. Therefore to prove the convergence of Euler
characterisic on half-planes we need only prove that a half plane H will only intersect S, for small &
if and only if it intersects S. This is true since H N S, converges in the Hausdorff metric to H N.S. O
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In several places in the remainder of the proof of Lemma 5.4 it will be convenient to discuss the
maximum rate at which S can increase or decrease. With that in mind we set:

a= sup 18|
(3 is a slope of an edge of S

Proof of (5.6a). Note that each Uy is a connected component of a subset of a line. Therefore
each Cy o is either a point or a line segment. By construction of the approximation Se, each C,, .
is a rectangle which contains C', . Therefore to show that C,, . converges to Cy ¢ in the Hausdorff
metric we need only show that its width vanishes and its height converges to the height of Cy . By
construction the width of Cy, . is O(eo(¢)), and since o is a spread this width vanishes as ¢ — 0.
Furthermore Proposition 2.3 implies that the difference in the height of C, . and Cy is O(ac +
aco(e)), where both ae and aeo(e) vanish as € — 0. Therefore C,, . converge to Cy ¢ in the
Hausdorff metric, and Lemma 5.6 implies that

lim NC¢ve = NCvo

e\0
Proof of (5.6c). The set C, . N Ce is a line segment on the edge of the rectangle C, .. We have
already proven that Cy, . converges to Cy o in the Hausdorff metric. Since

Cv,O N C’(-2,0 = C’u,O
to prove that Cy . N Ce  converges to Cy, o N Ce o in the Hausdorff metric we need only prove that

lim su inf dist(z,y) = 0.
5\40 LBGCE;)YO yece,smc‘v,s ( ’ y)
That is to say, we must show that the maximum distance from a point in Cf, o to the set Ce . N Cy ¢
becomes arbitrarily small as ¢ — 0. But note that C. . N CY . is an interval which lies on the edge
of a noise interval. Its distance to a point of C, ¢ in x-coordinates is at most the width of the noise
interval. Its distance to a point of Cj ¢ in y-coordinates is equal to the change of slope of S over the
noise interval, together with the error from S to the approximation S.. Thus (once again using the
fact that a noise interval has width proportional to eo () together with Proposition 2.3) we see that
su inf dist(x,y) = O(eo(e) + ae
S0 o, (z,y) = O(eo(e) + ae)
which implies that the Ce . N Cy - converges to Cp g = Ceo M Cyp in the Hausdorff metric. So
Lemma 5.6 implies that
hm NCE,EﬂCv,E — Nce,Ova,O
e\.0
Proof of (5.6b:) To prove this limit we make further use the inclusion-exclusion principle.
Fix an edge e. Let the set X indicate the projection of vertices of Ce¢ to the z-axis (i.e. the
subset of X5 which contains only projections of vertices in C¢ o). Write

Xeo = {xo,xl,...,xn },
where xg, z1, ..., x, are arranged in increasing order. For each integer 1 < ¢ < n we define the set
Vo= CeoN{z = 2;}
and for each integer 1 < 7 < n we define the set
Ry 0:=CeoN{zim1 <o < 2y}
Note that Ry, 0 N Ry, 1,0 = Va0
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Let X be the projection of the vertices of C . to the z-axis. Note that by construction of .S, each
point in X . will have exactly two vertices of Ce . map onto it. For each ¢ write

xe,s = { L0ey Lles -+ Lm(e),e }
arranged in increasing order and where m(¢) is an integer depending on ¢.
Vaie = Cee N Tjice ST S $k¢,e,s}'

Where j; . is defined to be the largest integer such that xj, . . < x; and conversely k; . is defined to
the smallest integer such that xy, _ . > ;. The set V, - can be thought of as the part of Ce - between
the line segments which cross over x; (see Figure 12). Note that if the critical value z; belongs to
Xe,e, then the set V,, . will be a hexagon, otherwise it will be a quadrilateral.

/\/

7

FIGURE 12. In this picture the grey region is Ce c, the red line is {x = z;} and the
blue region is Vy, ..
Similarly, for each € > 0 and each integer 1 < 7 < n define the set
Ryje =: Cee N {mk(iq),a@ <z < sz‘,a,e}

where j; . and k; . are defined as before. Then the set R, . is the part of C¢ . which lies between
Vi 1eand Vi, o
Dividing Ce o among the sets R, o and recalling that these sets overlap on V;, o we see that

n n—1
NCeo =" NFfzio N " NVeio (5.7)
i=1 i=1
Dividing C, . among the sets R, . and the sets V, . we see that
n n—1 n—1 n—1
NCere — ZNin,s + ZNin,g _ Z NEBej eV e ZNVzi,amRzi+1,a (5.8)
i=1 i=1 i=1 i=1

Although (5.8) looks considerably more complicated than (5.7) note that (5.8) will converge to (5.7)
if the following three equations are true:

lim Nftwie = NTwi0 (5.92)
e\0
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o

FIGURE 13. The region V,, . may be a hexagon if the line {x = x;} occurs at a
vertex of Ce c.

lim NVeie = NVei0 (5.9b)
e\.0
lim NBeieWaie — Jim NVeoeMrie — Va0 (5.9¢)
e\o e\.0

We will prove these equations in reverse order.
Proof of (5.9¢). We start by proving
hm NRzi,sszi,s — szi,O
e\.0
Note that the intersection of R, . and V7, . is a line segment. The set V,, o is also a line segment,
so to prove the convergence of normal cycles we can use Lemma 5.6. For sufficiently small € we
can assume that no vertex of S occurs in between R, . N V,, . and V, 9. Then the top vertex of
Ry, e N Vy, o will differ in z-coordinate from the top vertex of V,, o by at most the width of a line
segment in C¢ . and differ in y-coordinate by a number proportional to the width of the line segment.
This means that the distance from the top vertex of R, . NV, . to the top vertex of V, o is O(eo(¢)).
The same is true of the bottom vertices. Therefore Lemma 5.6 implies that
lim NfzieMWeie = NVeio,
e\0
The above reasoning can be repeated to show that
lim NVeie"Beivie = NVaio
e\o0
which completes the proof of (5.9¢).
Proof of (5.9b). We once again make use of the inclusion-exclusion principle satisfied by the Normal
Cycle. Divide the set V;, . into the following two sets:

Vo o= ((00, 2] x R)NVy, e, V. o= ([w3,00) x R) NV,

Ti,E
Then we have
NVeie — NV:%,E + szli,s _ szoi,aﬂvzli,s
so that (5.9b) will hold if NV V”?i’e, N Viise and N VereVaye all converge to NV Va0,
Note that the set V), _ N'V,! _ is a line segment. If the top and bottom vertex of V;) . NV} _ are
sample points of the approximation, then Proposition 2.3 implies that the Hausdorff distance from
oni e N 1/3512_72S to Vy, 0 is O(ae). If the top and bottom vertices of the line segment are not sample
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points of the approximation, note that they differ in width from a sample point by at most co(¢).
Therefore in all cases the Hausdorff distance from V) . N V! _to V,, 0 is O(ae 4 aco(e)). This
vanishes as € — 0, so that Lemma 5.6 implies that

0 1
lim szi’smvzivs = NVTivO
e\.0
Note that each set oni,e and Vxlhs must be a convex quadrilateral. The width of their union V,, . is
O(g0(e)) by construction. This implies that the widths of each of V) _ and V!, _ vanish as ¢ — 0.
Therefore each set converges to VIDZ.VE N VgclhE in Hausdorff distance as ¢ — 0. This implies

0 1
lim NVeie = lim NVeie = NVoio0
e\0 e\.0

completing the proof of (5.9b).

Proof of (5.9a). The major difficulty in this case is that the regions R, . need not be convex polygons
so we cannot apply Lemma 5.6. Thus we must return to proving the three conditions of Theorem 5.5
directly.

Note that each R, . can be considered the PL approximation with spread o (¢) of the region R, o.
The region R, o is simply an elementary set which lies between two line segments. Theorem 2.11
implies that the distance of the boundary of R, . to the boundary of R, o is O(e+ea(e)+(co(€))?).
Therefore the sets R, - must all be contained in some compact subset of R2.

Since R, . is the PL approximation of an elementary set with spread o (¢), Corollary 3.7 implies
that the total curvature of its boundary converges to the total curvature of the boundary of R, o. The
computations of [20, Chap. 23] show that the mass of a normal cycle of a polygon is equal to the
perimeter of the polygon plus the total curvature of its boundary. Therefore the mass of N %+ cannot
increase to infinity.

The final condition to prove from Theorem 5.5 is that the Euler characteristic of intersection of
R,, . with any generic half-plane converges to the Euler characteristic of the intersection of I, o
with the same half-plane. To prove this we will need a technical lemma whose proof we will defer
until later.

FIGURE 14. The situation of Lemma 5.7. The red line only intersects the boundary
of the blue approximation twice.
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Lemma 5.7. Let S be a single non-vertical line segment and for each € > 0 let E¢ an upper or lower
sample of S with spread o (¢) and for every € let f. indicate the PL-approximation of S determined
by =Z..

Let £ € Hom(RRo, R) and suppose that the line {{ = c} is not parallel to S and intersects S. Then
there exists a £* > 0 depending only on S and & such that for 0 < e < €, the line {§ = c} intersects
the graph of f. exactly once. O

Given this lemma, fix a ¢ € R and a ¢ € Hom(R?, R) such that the line {¢ = ¢} is not parallel to
a line segment of R;, o. We distinguish two cases.
A. The line {{ = c} does not intersect R, o. Theorem 2.11 implies that for all sufficiently small
e, the line {¢§ = c} will not intersect R,, .. Since R,, . converges to R, o in Hausdorff measure,
the half-plane will contain R, . for small ¢ if and only if it contains R, 9. The sets R;, o and R, -
both must be contractible since they are regions which lie between the graphs of two piecewise linear
functions which do not intersect. Therefore in this case

lim X({€ > e} N Ry, e) = x({€ > ¢} N Ry, 0).

B. The line {{ = c} does intersect the set R, . Since R, o is convex, we clearly have

x({€>c}N Ry p) = 1.

Let e € (0,e*(Ras,,0)), where €*(Ry, o) is the constant guaranteed by Lemma 5.7. Then the desired
convergence in Euler characteristic is an immediate consequence of the following lemma.

Lemma 5.8. (a) For any d > c the intersection between the line {{ = d} and Ry, . is either empty
or a closed segment (possibly degenerate).

() x({E>c}NRy ) =1

FIGURE 15. For a line to intersect R, . in a non-connected fashion it must intersect
either the upper or the lower boundary multiple times.

Proof. (a) Assume that the line {£ = d} is the graph of the linear function ¢(z) = max + b. The
boundary of Iz, . has four component: a top, a bottom and two vertical side components. The top
and boundary components are graphs of PL functions 7 (z) and respectively B.(x) (see Figure 15).
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Lemma 5.7 implies that each line {{ = d} intersects each of these components at most once so the
intersection between the line {£ = d} and the boundary of R,, . consists of at most four points.

We consider the set {{ = d} N R,, . which is the union of some number of line segments. Let
D1, P2, - - - Pn, 1 < 4, be the endpoints of these line segments arranged increasingly according to their
x-coordinates. We claim that n < 2 so that the intersection between {{ = d} and R, . is a (possibly
degenerate) line segment. To prove this we argue by contradiction.

Suppose that the intersection consists of at least three points p1, pa2, p3. Let (¢;, u;) be the coordi-
nates of p;, 1 < j < 3, sothatt; < ta < t3. Think of the line {{ = d} as the trajectory of a particle
moving in the plane with constant velocity

r=t, y=4L(t)=mt+b.

The particle first enters R, . at the moment ¢ = ¢; and exits at the moment ¢ = ¢2. Note that the
corresponding exit point po cannot be on either one of the vertical components of the boundary of
R, ¢ so it must be either on the top part or on the bottom of the boundary. Assume that ps is on the
top part of the boundary. (The case when ps is on the bottom is dealt with in a similar fashion.)

Lemma 5.7 implies that the particle will never intersect the top part of the boundary ever again so
that

0t) > To(t) > Ba(t), Vit > to.

This implies that at the moment ¢3 when the particle enters 12, . again, it must do so through one of
the vertical portions of the boundary of R, .. On the other hand at that moment we have

Uz = €(t3) > Tg<t3) > Ba(tg).
so the point p3 cannot lie on the verical segment

{(t3,9); Be(t3) <y < Te(t3) }

which the rightmost part of the boundary of R, ..
(b) Set for simplicity

RSZC:={¢>c} N Ry, ..

Ty

Observe that the set I, := (R%Zg ) C R is connected because £(R;;, ) is a closed interval and
I. = &(Ry,c) N e, 00).
£>c

The map £ defines a continuous surjection £ : ;7 — 1. with contractible fibers. The Vietoris-

Biegle theorem, [23, Thm.15, Chap.6, Sec.9] implies that Ri?? has the same comology groups as the
contractible set ... O

To complete the proof of (5.9a) (and consequently also prove (5.6b), Lemma 5.4 and the overall
Theorem5.1) we need only prove Lemma 5.7

Proof of Lemma 5.7. Let « be the slope of S. Suppose that {(z1, z2) = {121 + {a22. Then
&1+ &a#0

since S is not parallel to {§ = c}. The function f. is differentiable every where except at a finite
number of points. Theorem 2.11 implies that there exists an €y > 0 such that for 0 < € < &g,

&1+ fi(x)&

is either strictly positive or strictly negative for all x in the domain of f. since f!(x) must be close to
aand {1 +&a # 0. We set |7, (v) = &1+ & f (). The notation indicates that £| y, is the restriction
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of £ to the graph of f.. Note that {|, is Lipschitz and

d
i (2) = &1+ ©fl(a),

for all but finitely many .
Now suppose that {{ = ¢} intersects the graph of f. at points (x¢, yo) and (1, y1). Then note &| 7,
is equal to ¢ for xy and x;. Thus we have, [24, Prop. 11.12]

.Ild 1
0=l - &) = [ Bl = [a+asw)i

xo
But &1 + &a fL(x) is either strictly positive or strictly negative. Therefore the integral

LA
°d
/x de "

0

cannot be 0, contradicting our assumption that { = c} intersects the graph of f. at two points. This
completes the proof of Lemma 5.7 g
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APPENDIX A. THE FAREY SERIES AND HOLES IN PIXELATIONS

An unintuitive feature of pixelations is that they do not preserve homotopy type, even for small
values of €. The Figure 10 in Section 4 gives an example of a contractible set whose e-pixelations
always contain a cycle. In this appendix we wish to expand on the nature of these “holes” as well as
show that an arbitrary number of such holes can appear.

We start by defining a convenient class of sets.

Definition A.1. The angle with slopes («a, 3), where 3 > « is the set
A(B,a) = {(:c,y) ER?: >0, (y—oax)(y—PBz) = O}.

Angles are convenient to work with in the context of pixelations since they have nice self similarity

properties. Note that
Pe(A(B, @) = eP1(A(B, @)

where the last equality holds because A(3, a) does not change under rescalings centered at the origin.
This means that different e-pixelations are simply retractions or expansions of any other e-pixelation,
and are thus topologically equivalent. Therefore if a cycle appears in any e-pixelation of an angle,
it will appear in every e-pixelation of an angle. We refer to these false cycles in the e-pixelations as
holes.

Figure 16 is an example of a pixelation of an angle that has a hole, and in particular, the pixelation
is not contractible, while an angle plainly is.

FIGURE 16. The pixelation of the angle A (1, %) contains 1 hole in the 7th column
from the y-axis.

When varying the slopes of the angle A(f3, ) several things become apparent. First, for a hole
to appear either both slopes must be positive or both slopes must be negative. Second, the two lines
must have fairly close slopes for holes to appear. Finally, more holes will tend to appear when one of
the slopes is close to 1.

It is beyond the scope of this paper to classify the behavior of holes for general angles. However,
an easier situation occurs when the two slopes of the angle are adjacent members of a Farey series.

The n-th Farey series F), is the increasing finite sequence consisting of the rational numbers be-
tween 0 and 1 which have denominator of n or less when written in lowest terms. For example,

p_0111231
1T 1132341
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An important property of the Farey sequences is that if § and § are consecutive terms in a Farey
series, then bc — ad = 1, [12, Chap.III]. Using this property, we can prove the following fact.

Proposition A.2. Suppose § and § are consecutive terms in a Farey series. Denote by g(a, b; c,d)
the number of holes of the e-pixelation
c a
P (4(35)):
c d b

and by X1, c.q the set of lattice points (p, q) € Z* such that
0<p<d,
a < ¢ < min(2a,b),
bd+bc+b+d <14 pb+ qd < 2bd + bc+ b+ d.

Then
gla,byc,d) :=ad — #Xapca

Proof. As noted in the earlier discussion, any e-pixelation of the angle is topologically equivalent to
P (A ( 2 %)) Therefore we need only to consider the case € = 1. We set

Cc a
g, mo = —.

my =

For j = 0,1 we denote by ¢; the half-line
y=mjx, v =>0.

For each ¢ € Z~ ¢ we define (using the notations in Definition 2.1)

) lmi(i—1)], mi(i—1)€Z
U - B, (zl, S 1) _ , (A2)
mii—1)—1, m(i—1)eZ

0 1 [moi], mei ¢ Z
Li=T <£0, - > - : (A.3)

2
mot + 1, mgi € Z

In other words, U; indicates the lowest y-value of the 1-pixelation of the half-line ¢; within the i-th
column [i — 1,4] x R, and L; indicates the highest y-value of the 1-pixelation of the half-line ¢y in
the same column. Set D; := U; — L; and observe that (A.2) and (A.3) imply

1

D; < (m1 — ’I’)’Lo)i = @ (A4)
Note also that
Dy =-2, Dye{-1,-2}. (A.5)
More generally, (A.4) implies that
D; <0, Vi=1,...,bd. (A.6)

The quantities U; and L; are useful because they allow us to easily state when there is a gap in a
column or on the edge of a column. The i-th columns of the pixelations of the upper and lower
half-lines overlap if and only if

Ui < L;
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and the two pixelations overlap on the right side of the ¢-th column if and only if
Ui < Lip

A hole is a gap which is closed on both sides. In particular, it is closed on the right side. This means
in each hole there is a column where the pixelations of £y and ¢; do not overlap on the interior of the
column, but do overlap on the right side of the column. In terms of U; and L; this is equivalent to the
condition

L; <U; < Lips (A7)
Note that this condition only occurs when L; 1 > L;. Since % < 1 we have
Lig1 <L;i+1

This means that the condition L;; > L; is equivalent to the condition L;;; = L; + 1.

Suppose that U; — L; = 2. Then it is impossible that U; < L;,; since that would imply that the
lower line increased by at least the length of a pixel in the amount of time that the upper line increased
by less than the length of a pixel. Therefore for (A.7) to occur, it must be true that U; — L; = 1.
Combining this fact with the above discusion about L; and L;;1, we find that (A.7) is equivalent to
the condition

Ui—Li=1and L;11 = L; + 1. (A.8)

Note that L; increases by c every d columns since /1 has slope 5. Hence

Uita = Ui +c,

and similarly
Liyy =L; +a.

Therefore

Uisbd — Litpa = U; + bc — (Li—i—ad) = Ui—Li—I—(bc—ad) =U,—L;+1,

so that

Ditpa = D; + 1. (A9)

We set
ki = mln{k €Z~o; D=1 }
We know that k; exists since (A.9) and (A.5) imply that D, takes on every integer value greater than

or equal to 1. Note that (A.4) implies that, if k; exists, then ky > bd. To finish the proof we will need
a variety of facts about k.

Lemma A.3. (a) k1 := (a+ 1)d+ b+ 1+ bd =bd + bc+ b+ d.
(b) For any i € [ki1, k1 + bd) N Z we have

0<D;<2 (A.10)
(c) For any i > ki + bd we have D; > 0.
Proof. (a) The inequality (A.4) implies that k1 > bd so that
ko:=k1 —bd >0

and
Dy, = 0.
Moreover, the minimality of k1 coupled with (A.9) implies that

ko = min{i >0; D; =0}.
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If D; = 0 then there exists a positive integer ¢ such that
0—1<mo(i—1) <mpyi <. (A.11a)
C<m(i—1)</l+1 (A.11b)

When these conditions are satisfied we have U; = L; = /. The lattice point (i — 1, £) is in the interior
of the angle A(m1, mp) spanned by the vectors

'l_[l = (b, a), 172 = (d, C).

Since bc — ad = 1 we deduce that the vectors i1, 45 form an integral basis of the lattice 72. We
deduce that there exist two positive integers p, ¢ such that

(i —1,0) = pty + qua, ie., i—1=pb+qd, ¢{=pa+ qc.

Observe that
) a ad bc—1 q q
mo(i—1) = g(pb—i—qd) :ap—i-q? :ap—l—qT =ap+qc— 5 =/(— b
Hence (A.11a) is satisfied if and only if
a<q<hb. (A.12)
On the other hand,
myi(i—1) = g(pb—i-qd) :p%—ch:pad;l —i—qc:pa—i-qc—i-g :6—1-%.
Hence (A.11b) is satisfied when
0<p<d. (A.13)
From the equality
1=1+pb+qd

we deduce that

min{i > 0;D; =0} =min{l +pb+qd; 0<p<d, a<qg<b}=1+b+(a+1)d.
This proves (a).
(b) To prove the upper estimate in (A.10) we use (A.4). For i < k1 + bd we have

k1 (a+1)d+b+1 a+1 b+1
Di<l+4-L=1 =1 2T <.
< +bd + bd + b + bd <3

Thus D; < 2 foralli € [ky, k1 + bd) N Z. If D; = 2 for some ¢ in this range then D;_p; = 1,
contradicting the minimality of k;.
To prove the lower estimate part of (A.10) we recall that

k():kl—bd:min{k>0; DkZO}.

Let us observe that
D; > —1, Vi> k.
Indeed the inequality D; < —1 takes place only if mgi > ¢ € Z and m1(i — 1) < {. This implies
ml(i—l)§moi<:>é§§<:>i§bc:ad+l<ko.
Hence, for any ¢ > ko + bd we have D; > 0 proving part (b). Part (c) follows from (b) and (A.9). O
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This lemma narrows down the possible locations of holes. In particular, property (c) implies that
holes can only occur in columns in the interval [k1, k1 + bd). Recall that for a hole to appear, we need
Liy1 = L; +1and D; = 1. In most cases when L; increases in this interval D; will also be equal to
1. However, if U;41 = U; + 1, Ljy1 = L; + 1 and D; = 0, then no hole appears. We want to count
these instances where an increase in L; does not indicate the presence of a hole through the use of the
set X pc.q. We do this through a series of lemmas.

Define a map

D Xa,b,c,d - Zu (pa Q) — 1 +pb + qd
Lemma A.4. The map ® is injective.

Proof. Indeed if ®(p,q) = ®(p/, ¢') then (p —p')b = (¢’ — q)d. Since b and d are coprime we deduce
that (p — p’) must be a multiple of d. Since 0 < p,p’ < d this happens if and only if p = p/. It
automatically follows that ¢ = ¢'. O

We denote by 1,4, .4 the range of ®. From the definition of X, ; . ¢ we deduce that
Ioped C [k, k1 +0d).

Lemma A.5. The following statements are equivalent.
(a)1 € [kl, ki + bd) NZ,U; =L;and Liy1 = L;.
(b)Z € Ia,b,c,d
Proof. Leti € [ki, k1 + bd) N Z such that L; 1 = L; + 1 and D; = 0. Using the notation and the
terminology employed in the proof of Lemma A.3(a) we deduce that the condition D; = 0 holds if
and only if that there exist positive an integer ¢ such that (A.11a) and (A.11b) hold. Moreover
it =14 pb+qd,

where ¢ and p are constrained by (A.12) and (A.13). Once the condition D; = 0 is satisfied the
condition L;y1 = L; + 1 = £ + 1 is equivalent to

éSmo(H—l) <{+1.

. ) 2a —
mo(i+1) =mo(i — 1) +2mo =€ + 4

> /.

Hence a < ¢ < min(b,2a),0 < p <d,andi = ®(p,q), (p,q) € Xapecd i€, € Igpca O

Lemma A.3(c) shows that the conditions of (A.8) cannot be met in the (k + bd)-th column and
beyond. Therefore, the right edge of any hole must occur between the k-th column and the (k + bd)-
th column. Therefore the pixelation of the angle contains a hole for each time that U; — L; = 1 and
L; increases between the k-th and (k + bd)-th column (including % but not (k + bd).) and This is
a total of bd columns, and L; increases by a every b columns. Hence L; will increase ad times in
this range. On the other hand if i € I, .4 the L; increases yet U; = L;. Therefore P- (A (£, %))
contains ad — #1, . 4 holes. The conclusion of the proposition follows from the injectivity of ®. O

Remark A.6. The proof of Proposition A.2 gives us a simple algorithm for computing g(a, b; ¢, d)
that is easily implementable numerically. More precisely we have

k1+bd—1
gla,bie,d) = > (Ui = Li)(Liy1 — Li). O

1=k
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Corollary A.7.
g(n,2n+1;1,2) = 2n. O

Proof. In this case the set X, 2,41,1,2 1s empty and the above equality follows immediately from
Proposition A.2. g

The above corollary shows that the pixelation of even a very simple set can have a complicated
homotopy type.

Example A.8. Let us consider the following situation
c 1 a 2

d 2" b 5
Then
Uiy2 =U; + 1, Lj+5 = Lj +2, Diy10=D;+1.
Using (A.2), (A.3) and the above equalities we get
[ [ 1] 2] 5] 4] 5] o] 7 S[ o[ W[ 1]
U, | —1 0 0 1 1 2 2 3 3 4 4
L; 1 1 2 2 3 3 4 4 4 5 5
D;|-2|-1|-2|—-1|-2|-1|-2|-1|-1|-1]-1

Using this table and (A.9) we deduce that k = 22. Next, using the above table and the equalities
Uiy20 =U; +10, Lijio0=L; +38

<

~

we obtain the following table
| i ]22[23]24[25]26]27[28]29[30]31]
U; 10|10 (11|11 (12|12 |13 |13 |14 |14

L;|9]10{10|11 11|12 (12|12 13|13
D;j1{0(1}j0}111|1]1]1

In this case there are five holes. Two holes are immediately apparent, since in the 23rd and 25th
column a distancce of 1 is followed by a distance of 0. However note that in the 26th column we have
Dyg of 1 and then Usg = Lo7. This indicates that a hole is formed merely because the pixelations of
the upper and lower lines touch at a corner (compare to the case of Figure 16.) Similar holes exist in
the 27th column and the 29th column. No holes exist past this point, since Lemma A.3 implies that
past this point D; > 0. O

~

APPENDIX B. SUBANALYTIC CURRENTS

In this appendix we gather without proofs a few facts about the subanalytic currents introduced by
R. Hardt in [10, 11]. Our terminology concerning currents closely follows that of Federer [5] (see
also the more accessible [16, 20]). However, we changed some notations to better resemble notations
used in algebraic topology. First we need to define the subanalytic sets.

An R-structure is a collection § = { 8" }n>1, 8" C P(R™), with the following properties.

E;.: 8" contains all the real algebraic subvarieties of R”, i.e., the zero sets of finite collections
of polynomial in n real variables.

Es.: For every linear map L : R” — R, the half-plane {Z € R"; L(x) > 0} belongs to 8.

P;.: Forevery n > 1, the family 8™ is closed under boolean operations, U, N and complement.
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Py.: If Ac 8, and B € 8", then A x B € §™1".
P3.: If A 8, and T : R™ — R" is an affine map, then T'(A4) € 8".

Example B.1 (Semialgebraic sets). Denote by R, the collection of real semialgebraic sets. Thus,
A € R?, if and only if A is a finite union of sets, each of which is described by finitely many

alg
polynomial equalities and inequalities. The celebrated Tarski-Seidenberg theorem states that 8, is a
structure. O

Let 8 be an R-structure. Then a set that belongs to one of the 8"-s is called S-definable. If A, B
are S-definable, then a function f : A — B is called 8-definable if its graph I'y := {(a,b) €
A x B; b= f(a)} is $-definable.

Given a collection A = (A;,)n>1, A, C P(R™), we can form a new structure 8(A), which is the
smallest structure containing 8 and the sets in A,,. We say that §(A) is obtained from 8§ by adjoining
the collection A.

Definition B.2. An R-structure is called o-minimal (order minimal) or tame if it satisfies the property

T: Any set A € 8! is a finite union of open intervals (a,b), —co < a < b < oo, and singletons

{r}. O

Example B.3. (a) (Tarski-Seidenberg) The collection R, of real semialgebraic sets is a tame struc-
ture.

(b) (A. Gabrielov, R. Hardt, H. Hironaka, [8, 11, 13]) A restricted real analytig function is a func-
tion f : R” — R with the property that there exists a real analytic function f defined in an open
neighborhood U of the cube C), := [—1, 1]" such that

flx) zecC
Sy =4I TG
0 z € R"\ C,.
we denote by R, the structure obtained from §,;, by adjoining the graphs of all the restricted real
analytic functions. Then R,, is a tame structure, and the R,,-definable sets are called (globally)

subanalytic sets. O

The definable sets and function of a tame structure have rather remarkable fame behavior which
prohibits many pathologies. It is perhaps instructive to give an example of function which is not
definable in any tame structure. For example, the function x +— sinz is not definable in a tame
structure because the intersection of its graph with the horizontal axis is the countable set 7Z which
violates the tameness condition T.

We list below some of the nice properties of the sets and function definable in a fixed tame structure
S. Their proofs can be found in [3, 25]. We will interchangeably refer to sets or functions definable
in a given tame structure & as definable, constructible or tame.

> (Piecewise smoothness of tame functions.) Suppose A is a definable set, p is a positive integer,
and f : A — R is a definable function. Then A can be partitioned into finitely many definable sets

S1, ..., Sk, such that each S; is a CP-manifold, and each of the restrictions f|g, is a CP-function.
> (Triangulability.) For every compact definable set A, and any finite collection of definable subsets
{S1,..., S}, there exists a compact simplicial complex K, and a definable homeomorphism @ :

|| — A such that all the sets ®~1(.9;) are unions of relative interiors of faces of K.

> (Dimension.) The dimension of a definable set A C R" is the supremum over all the nonnegative
integers d such that there exists a C'' submanifold of R" of dimension d contained in A. Then
dim A < oo, and dim(cl(A) \ A) < dim A.
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>(Definable selection.) Any tame map f : A — B (not necessarily continuous) admits a tame
section, i.e., a tame map s : B — A such that s(b) € f~1(b), Vb € B.
> (Local triviality of tame maps) If f : A — B is a tame continuous map, then there exists a tame
triangulation of B such that over the relative interior of any face the map f is a locally trivial fibration.
> (The o-minimal Euler characteristic) There exists a function x, : 8§ — Z uniquely characterized
by the following conditions.

® Xo(XUY) =xo(X) + x0(Y) = xo(X NY), VX, Y € 8.

e If X € § is compact, then x,(X) is the usual Euler characteristic of X .
> (Finite volume.) Any compact k-dimensional tame set has finite k-dimensional Hausdorff measure
HE,
> (Uniform volume bounds.) If f : A — B is a proper, continuous definable map such that all the
fibers have dimensions < k, then there exists C' > 0 such that

F* (1)) < C, Vbe B.
O

Suppose X is a C2, oriented Riemann manifold of dimension n. We denote by Q;(X) the space
of k-dimensional currents in X, i.e., the topological dual space of the space Q’gpt(X ) of smooth,
compactly supported k-forms on X. We will denote by

(0,0) 1 QF (X)) x (X) = R

cpt
the natural pairing. The boundary of a current 7" € (X)) is the (k — 1)-current defined via the

Stokes formula
(a, 0T := (da, T), Va € QF1(X).

cpt
For every a € QF(X), T € Q,(X), k < mdefineanNT € Q,,_x(X) by

(B,anT)=(anB,T), ¥3eQm, ™" X).

cpt
We have
(8,0(anT)) = (dB,(anT),) = (aNdB,T)
= (=D)™d(a A B) —danB,T) = (=1)"(B,andT) + (~1)*(3,da N T)
which yields the homotopy formula
AanT)=(-1)%*(andT — (da) N T). (B.1)

We say that a set S C R" is locally subanalytic if for any p € R™ we can find an open ball B
centered at p such that B N S is globally subanalytic.

Remark B.4. There is a rather subtle distinction between globally subanalytic and locally subanalytic
sets. For example, the graph of the function y = sin(z) is a locally subanalytic subset of R?, but it is
not a globally subanalytic set. Note that a compact, locally subanalytic set is globally subanalytic. O

If S C R" is an orientable, locally subanalytic, C' submanifold of R" of dimension k, then any
orientation org on .S determines a k-dimensional current [S, org| via the equality

(o, [S, org]) :—/Sa, VaeQ’épt( ™).

The integral in the right-hand side is well defined because any bounded, k-dimensional globally
subanalytic set has finite k-dimensional Hausdorff measure. For any open, locally subanalytic subset
U C R™ we denote by [S, org] N U the current [S N U, org].
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For any locally subanalytic subset X C R"™ we denote by Cj(X) the Abelian subgroup of 2 (R")
generated by currents of the form [, org], as above, where cl(S) C X. The above operation [\S, org]N
U, U open subanalytic extends to a morphism of Abelian groups

C(X)2T—TnNU €Cr(XNU).

We will refer to the elements of Cx(X) as subanalytic (integral) k-chains in X .
Given compact subanalytic sets A C X C R" we set

Zi(X,A) = {T € Cx(R™); suppT C X, suppdT C A},
and
Br(X,A) = {8T+ S; T e Zp1(X,A), SeZk(A) }
We set
R. Hardt has proved in [11] that the assignment
(X7A) — J_C'(Xa A)

satisfies the Eilenberg-Steenrod homology axioms with Z-coefficients. This implies that He(X, A)
is naturally isomorphic with the integral homology of the pair.

To describe the intersection theory of subanalytic chains we need to recall a fundamental result of
R. Hardt, [10, Theorem 4.3]. Suppose Ey, E; are two oriented real Euclidean spaces of dimensions
no and respectively n1, f : Eg — Ej is areal analytic map, and T" € C,,,_.(Ey) a subanalytic current
of codimension c. If y is a regular value of f, then the fiber f~!(y) is a submanifold equipped with
a natural coorientation and thus defines a subanalytic current [f~!(y)] in Ey of codimension ny, i.e.,
[f ()] € Cuy—d, (Eo). We would like to define the intersection of 7" and [f~1(y)] as a subanalytic
current (T, f,y) € Cpy—c—n, (Eo). It turns out that this is possibly quite often, even in cases when y
is not a regular value.

Theorem B.5 (Slicing Theorem). Let Ey, Eq, T and f be as above, denote by dVg, the Euclidean
volume form on Ey, by wy,, the volume of the unit ball in E1, and set

R¢(T) := {y € Ex; codim(suppT)Nf ' (y) > c+ny, codim(suppdT)Nf 1 (y) > c+ni+11}.
For everye > 0 and y € Ey we define T o. f~(y) € Qpy—c—n, (Eo) by

(a.T o f7(y)) = —

wp,eM

((FdV) Aa T (F(Baly)) ), Yo € Q055 (F).

cpt

Then for every y € Ry(T'), the currents T o, f ~L(y) converge weakly as € > 0 to a subanalytic
current (T, f,y) € Cpy—c—n, (Eo) called the f-slice of T over y. Moreover, the map

jzf DY <T7 f: y> € edo—c—dl (Rn)
is continuous in the locally flat topology. ]

APPENDIX C. NORMAL CYCLES OF SUBANALYTIC SETS

We follow the presentation in [21]. Let V' be an oriented real Euclidean vector space of dimension
n. Denote by V'V its dual, and by XV the unit sphere in V. We identify the cotangent bundle 7%V
with the product V'V x V. We have two canonical projections

p: VXV VY, 7:VVXV SV,
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Let (—,—) : V¥V x V — R denote the canonical pairing
VVX V5 (6,0) - (€ 3) =€) € R

The Euclidean metric (—, —) on V defines isometries (the classical lowering/raising the indices op-
erations)
VozwmaeVY, VVaemd eV,

(z1,y) = (z,y), (& y)=(Ey), Vo,yeV, eV

Let o € Q!(T*V') denote the canonical 1-form on the cotangent bundle. More explicitly, if 2!, . . ., 2"
are Euclidean coordinates on V, and &1, ..., &, denote the induced Euclidean coordinates on V'V,
then

a= Z &dxt.
i
We denote by w € Q?(T*V) the associated symplectic form
w=—da=Y_ dux'Adg.
i

For any closed subanalytic subset X C V'V x V we denote by Cx(X) the Abelian group of
subanalytic, k-dimensional currents with support on X; see Appendix B. If S € Cx(XY x V), and
¢ € ¥Y, we denote by S the p-slice of S over &,

S§ = <Sapa£> € ek—dimzv(zv X V)

As explained in Appendix B, the slice S¢ exists for all { outside a codimension 1 subanalytic subset
of ¥V and it is supported on the fiber p~1(£) N supp S. More precisely, Sg is well defined if the fiber
p~ (&) N'supp S has the expected dimension, dim S — dim XV,

If S is the current of integration along an oriented k-dimensional manifold, then for generic £ the
slice S¢ is the current of integration along the fiber SN p~1(€) equipped with a canonical orientation.
In general, the slice gives a precise meaning as a current to the intersection of S with the fiber p~1(¢),
provided that this intersection has the “correct” dimension.

If X C V is a compact subanalytic set, £ € ¥V, and z € X we set

Xese) ={v e X; &y) >&) ), ix(€x):=1 *}%X(Br(x) NXese) )

where y denotes the Euler characteristic of a topological space. If z € V' \ X we setix (£, z) = 0.
For generic £ € 3V, we have ix (£, z) = 0, for all but finitely many points = € X.
We have the following existence and uniqueness result due to J. Fu, [7, Tm. 3.2].

Theorem C.1. Let X be a compact subanalytic subset of V. Then there exists exactly one subanalytic
current N € C,,_1 (XY x V) satisfying the following conditions.

(1) The current N is a cycle, i.e., ON = 0.
(2) The current N has compact support.
(3) The current N is Legendrian, i.e.,

(aUn,N)=0, ;Vne Q" ?(2V x V).
(4) For any smooth function p € C*(XY x V) we have

v N) = [ (3 elealix(6.o) dVi. .

zeX
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Remark C.2. Using [5, Thm. 4.3.2.(1)] we deduce that the equality (iv) is equivalent with the
condition
N¢ = Z ix(§,7)d(¢ ), foralmostall & € v, (*)
zeX
where §(¢ ;) denotes the canonical 0-dimensional current determined by the point (&, z). The points =
for which i(x, &) # 0 should be viewed as critical points of the function —¢ : X — R; see [14, §5.4].
Thus, the slice V¢ records both the collection of critical points of —¢ |x and their Morse indices. O

Definition C.3. The cycle /N whose existence and uniqueness is postulated by Theorem C.1 is called
the normal cycle of the compact subanalytic set X and it is denoted by IN~. Using the metric
identification between the unit sphere in V'V and the unit sphere S(V') C V' we will think of N as
a (n — 1)-dimensional cycle on S(V') x V. 0

Example C.4. (a) If X is a compact smooth submanifold of V', then IN X can be identified with the
integration current defined by the total space of the unit sphere bundle associated to the normal bundle
of the embedding X — V.

(b) If X is a bounded domain in V' with sufficiently regular boundary 0.X, then we have a unit outer
normal vector field

n:0X — S(V)
and the normal cycle N is the integration current defined by the graph of the above map.
(¢)If f : V — [0, 00) is a proper, C?, subanalytic function, then the normal cycle of of the sublevel
set { f < e} converges as ¢ — 0 to the normal cycle of the level set { f = 0}.
(d) For a very intuitive description of the normal cycle of a compact PL subset we refer to [2, 27]. O

One can show that the map that associates to a compact subanalytic set its normal cycle is injective;
see [1, 21]. This means that a compact subanalytic set is completely determined by its normal cycle.
The actual reconstruction process is based on a “motivic” Radon transform.

One very useful property of normal cycles is the inclusion-exclusion property, [7, Thm. 4.2], [21,
§4]

NXUY — NX + NY _ NXOY, (C2)

for any compact subanalytic sets X, Y.

The notion of normal cycle is closely related to the concept of curvature measure. Let us observe
that the cotangent bundle is equipped with several canonical SO(V')-invaraint n-forms. To describe
them fix an oriented orthonormal basis (e, ...,e,) of V. Denote by (z!,..., 2") the associated
Euclidean coordinates, and by &1, . .., z,, the dual coordinates on V'V. For t > 0 we define

Qv = (dz' +d&) A~ A (da™ + tdE,) € QY (VY x V).

pi= G+ 48

and denote by d, the radial vector field on (VY \ 0) x V/

1
Dy = fZgjagj.
P

Set

We set
sk:Qka:@desk, k=1,...,n.
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n (VV\0)x V we have

1 n
20,1 Qv =0, /\ (dz? + td€;) = /\ (dz? + td(ps;) )
J=1 J=1
= Z(—l)k_lsk /\ (dz? + td¢;) = Z:(—l)k_lsl.C /\ (dx? + tpds; + ts;dp)
k J#k k J#k

We denote by 1y ; the restriction of %80 19y to XY x V. Along this manifold we have p = 1 and
we deduce

n—1
nve =Y (=" sp A\ (da’ +tds;) = t/pe1y
k j#k j=0

We denote by w;, the volume of the unit k-dimensional ball, and by o1 the area of its boundary.
Then

Sy

s
W = —3———, Op—1—= kwk. (C.3)
r(k+1)
We set
~ 1
Nk = e, k=0,...,n—1
Opn—1—k

Using the metric identification between V' and V'V we will think of of the forms hatn — k as forms
on S(V') x V, the unit sphere bundle associated to the tangent bundle of V.
If X is compact subanalytic set, then the quantities

(X)) = (itg, N)
are called the curvature measures of X. We have the celebrated Wey! tube formula, [26].

Theorem C.5. [f X C V is a smooth compact submanifold of V' of dimension m and T, (X ') denotes
the tube of radius r around X,

T(X):={veV; dist(v,X) <r}

then
m
vol (Tr (X)) = Z )\k (X)wn_krn—k:
k=0
= )‘m(X)wn—an_m + )\m_l(X)wn_m+1rn_m+1 4+
Moreover

An(X) = vol (X), Ao(X) = x(X).

In general, \p,_ok—1(X) = 0, while \,,—21(X) can be expressed as the integral with respect to the
Riemannian volume on X of an universal polynomial of degree k in the curvature of the induced
metric on X. g

In general, for any compact subanalytic set X we have

Ao(X) = x(X).
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Example C.6. Suppose dim V' = 2. Using polar coordinates p, § in the plane V'V we have

& =pcosh, & = psind
d€1 = cosfOdp — psinOd, d&; = sinfdp + p cos 0d0,
Qv = (dz' + tcosOdp — tpsin 0df) A (dx* + tsinOdp + tp cos 6d0)

= da' A dx? + t(cosOdp — psin 0dO) A dx? + tdz! A (sindp + pcos 0dB) + t2pdp A db),
L9, ¢ = cos 6 — sinbda’ + tpdo
7% vt = cosbdx® —sinfdx” + tpdl,

NVt = COS 0dx® — sin 0dz' + tdo,

1 1
no = db, o= —dbf = —db,
(o] 2T

1 1
m = cos 0dz?® — sin@dz', 7 = —n = 5(605 Odz? — sin Odx? )
oo

Suppose now that X is a compact smooth domain with connected boundary. We orient the bound-
ary using the outer-normal-first convention and we fix an arclength parametrization of the boundary
compatible with this orientation

x1 = z1(8), T3 = w2(s), s€0,L],
where L is the length of the boundary. Denote by 7(s) the unit tangent vector
7(s) = (4(s),a5(s))
and by n(s) the unit outer normal. The frame (n(s), 7(s)) and, using polar coordinates, we can write
n(s) = (cosf(s),sind(s) ).
The normal cycle of X is the current of integration given by the oriented, closed path
[0,L] > s -2, (cosf(s),sinb(s); z1(s),z2(s)) € S(V) x V.

Since frame (n(s),T(s)) is positively oriented we deduce that 79s) is obtained from n(s) via a
counterclockwise rotation by 7. This implies that

7y (s) = —sind(s), z5(s) = cosO(s).

L L
1 1 1
(i1, NX) = /0 Oy = 2/0 ((@1(s)* + (25(s))?) = §L =3 X perimeter of X .
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APPENDIX D. THE APPROXIMATION ALGORITHM

In this section we describe Algorithm 4.12 loosely in terms of a computer program. The input for
this program are the pixelations. We encode a pixelation by m x m matrix A with 0, 1 entries, where
a;; = 1 if and only if the pixel with center

. 2%—1 2j—j
Cli, j] :== ( 565 5) (D.1)
belongs to our pixelation. We think of the parameter m as defining a m x m subdivision of a computer
screen, consiting of squares of size % As pixel size we take

1
€= —.
m
Define
o(e)=[m"],

where 7 is a fixed rational number r € (%, 1). Note that
li > =00, i = 0.
lim (o(e))” = 00, lim zo(e)

We denote by P(A) the pixelation determined by the matrix A. The output of the algorithm will be
a PL set P(A) that decomposes in a canonical fashion as a finite union of trapezoids with vertical
bases.

The algorithm uses several basic subroutines. The first one is the the subroutine stack. Its input is
a list

C=0C,...,.Ch, C;=0,1,
which encodes a column of the pixelation P(A). The output of stack is a list of nonnegative integers
TL(C), b <t <by <t <o < bn(C) < tn(C’)v
where n(C) is the number of stacks in the column encoded by C, and the location of the bottom and
top pixel in the j-th stack is determined by the integers b;, ¢;. More formally
Ck=1<:>31§j§n(0): bjgkftj.
If C = C}, the i-th column of P(A), i.e.,
Ci=ai1,...,am
then we will denote the output stack(C;) by
ni, b1 <ti1 < <bin, <tin,.
A number 1 < ¢ < m — 1is called a jump point if
N # M.

The next subroutine that we need is called jump. Its input is an integer k € [1,m) and the output is
an integer ji = jump(k) defined by as follows. If

{i € [k,m)NZ; iisajump point } =0,
then we set
jump(k) :=m + 1.
Otherwise
jump(k) = min{i € [k,m) NZ; iisajump point }.
The noise region is determined by a finite collection of intervals

[fl, 7"1], ey [ga,Ta] C [1,m]
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where the integers {j, r; are determined inductively as follows.
{1 = max(jump(1) — 20(¢),1), r1 =min(m,jump(l) + 20(c)).
Suppose that ¢, 71, ..., ¢;,r; are determined. If jump(r;) > m we stop. Otherwise we set
i1 = max(jump(r;) — 20(¢),1), rj4+1 = min(m,jump(r;) +20(¢) ).
The intervals [¢1,71], ..., [{a, 7] may not be disjoint, but their union is a disjoint union of intervals
[a1,b1],...,[as,bs], b; < ajt1.

The intervals [a;, b;],1 < j < J are the noise intervals. The intervals

[17 a’l]) [bl)CLQ]u ey [bJ*h a’J]u [vam]
are the regular intervals.

The remainder of the algorithm consists of two subroutines which work on noise intervals and
regular intervals. These subroutines will return a number of polygons, indicated by an ordered set of
coordinates.

Given a collection of points

By, Tp,...,By, Ty € R?
such that
:L'(ijl) < x(Bj)v V1 < ] < N?
we denote by polygon(By, Ty, ..., By, Tn) the region surrounded by the simple closed P L-curve
obtained as the union of line segments

[Bo, B1l,...,[BN-1,Bn], [BN,TnN], - .., [T1, To], [To, Bo).

The first subroutine handles the regular intervals. Given a regular interval I := [p, ¢] we observe that
the number of stacks n; is independent of i € [p, g]. We denote by n = n(I) this common number.
We construct inductively a sequence of numbers ig < --- < iy. We set ig = p. If ¢ — p < 20(¢)
we set N = 1 and iy = q. If ig, ..., i are already constructed, then, if if ¢ — i, < 20(e) we set
N=k+1land i, = q,else i1 =ir + o(e).
Note thatif ¢ — p > o(e) then N > 1, ig = p, iy = ¢q and
N=1if g—p<o(e).

We have

stack(Cik) =n, bik,la tipg 15+, bik,na tiy n-
Forj =1,...,n,and k = 0,...,N we denote by By, ; the center of the c-pixel corresponding
to the element entry b;, ; in the column Cj,. Similarly we denote by T}, ; the center of the pixel
corresponding to the entry ¢;, ; of the column Cj, . We set

P;(I) := polygon(By , 1o j, - - - Bn,j, ITn), 1 <j<n(l),

n(I)
PI) = | Pi(I), Preg:= U P(I).
j=1

I regular interval

Suppose now that I = [p, ¢ is a noise interval. We modify the column
Cp =G0apl,---,0pm
to a column

. /
Cp = (Ip717. ..,Clp7m,
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by setting
1, if Zg:p aj >0

a, Py—
Pk T

0, if 0 ;x> 0.

We apply the subroutine stack to the new column C’Z’)and the output is

stack(C,) =n(I), by <t; <--- <by <ty
Forj=1,...,n(I) we set

Boj = Clp,bjl, To;:=Clp,t5], Bij:=Clg,bj], To;:= Clg,t],
where C[i, j] is defined by (D.1). Next, we denote by R;(I) the rectangle
R;(I) = polygon(Bo,;To,;, B1,j,T1,5),

and we set

n(l)
:R(I) = U Rj(I)a :Pnoise = U ?(I)
j=1

I noise interval



A STUDY OF PLANAR PIXELATIONS 65

REFERENCES

[1] A. Bernig: The normal cycle of compact definable sets, Israel J. Math., 159(2007), 373-411.
[2] J. Cheeger, W. Miiller, R. Schrader: Kinematic and tube fromulas for piecewise linear spaces, Indian Univ.
Math. J., 35(1986), 737-754.
[3] M. Coste: An Introduction to o-minimal Geometry, Real Algebraic and Analytic Geometry Network.
[4] H. Edelsbrunner, J. Harer: Computational Topology. An Introduction, Amer. Math. Soc., 2010.
[5] : Geometric Measure Theory, Springer Verlag, 1969.
[6] J. Fu: Convergence of curvatures in secant approximations, J. Diff. Geom. 37(1993), 177-190.
[7] J. Fu: Curvature measures of subanalytic sets, Am. J. Math. 116(1994), 819-890.
[8] A.M. Gabrielov: Projections of semianalytic sets, Funct. Anal. Appl. 2(1968), 282-291.
[9] M. Gorseky, R. MacPherson: Stratified Morse Theory, Springer Verlag, 1988.
[10] R. Hardt: Slicing and intersection theory for chains associated with real analytic varieties, Acta Math.,
129(1971), 57-136.
[11] R. Hardt : Topological properties of subanalytic sets. Trans. Amer. Math. Soc., 211(1975), 57-70.
[12] G.H. Hardy, E.M, Wright: An Introduction to the Theory of Numbers, Oxford University Press, 1980.
[13] H. Hironaka: Subanalytic sets, Number Theory, algebr. Geom., commut. Algebra, in Honor of Yasuo Akizuki,
453-493 (1973).
[14] M. Kashiwara, P. Schapira: Sheaves on Manifolds, Griindlehren der mathematischen Wissenschaften,vol.
292, Springer Verlag, 1990.
[15] D.A. Klain, G.-C. Rota: Introduction to Geometric Probability, Cambridge University Press, 1997.
[16] S.G. Krantz: Geometric Integration Theory, Birkhéuser, 2008.
[17] C. Miller, L. van den Dries: Geometric categories and o-minimal structures, Duke Math. J., 84(1996), 497-
540.
[18] J.W. Milnor: On the total curvature of knots, Ann. Math., 52(1950), 248-257.
[19] F. Morgan: Geometric Measure Theory: A Beginner’s Guide, Elsevier, 2009.
[20] J.M. Morvan: Generalized Curvatures, Springer Verlag, 2008.
[21] L. Nicolaescu On the Normal Cycles of Subanalytic Sets, Ann. Glob. Anal. Geom., 39(2011), 427-454.
[22] G.Reeb: Sur les points singuliers d’une forme de Pfaff complétement intégrable ou d’une fonction numérique,
C. R. Acad. Sci. Paris 222(1946), 847-849.
[23] E.H. Spanier: Algebraic Topology, Springer Verlag, 1966.
[24] ML.E. Taylor: Measure Theory and Integration Grad. Studies in Math., vol. 76, Amer. Math. Soc., 2006.
[25] L. van den Dries: Tame Topology and o-minimal Structures, London Math. Soc. Lectures Notes Series, vol.
248, Cambridge University Press, 1998.
[26] H. Weyl: On the volume of tubes, Amer. J. Math, 61(1939), 461-472.
[27] P. Wintgen: Normal cycle and integral curvature for polyhedra in Riemannian manifolds , Colloquia Math-
ematica Societatis Janos Bolyai 31(1979), In “Differential Geomatery”, (.G Soos & J. Szente Eds), North
Holland, Amsterdam, 1982.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF NOTRE DAME, NOTRE DAME, IN 46556-4618.
E-mail address: browekam@nd.edu
URL: http://www.nd.edu/~browekam


http://www.ihp-raag.org/publications.php
http://www.jstor.org/stable/1969467
http://www.nd.edu/~lnicolae/con-short.pdf
http://www.nd.edu/~browekam

	Introduction
	1. Definition of Pixelations
	2. Pixelations of Functions and First-Order Approximation
	3. Approximations of Elementary Regions and Curvature Approximation
	4. Approximations of PL Sets and Morse Theory for Pixelations
	5. The Main Result
	Appendix A. The Farey Series and Holes in Pixelations
	Appendix B. Subanalytic Currents
	Appendix C. Normal cycles of subanalytic sets
	Appendix D. The Approximation Algorithm
	References

