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Abstract

Over the complex numbers, the algebraically defined Galois group of a dominant map between
irreducible complex varities of the same dimension corresponds with the geometric monodromy
group. The Galois/monodromy group encodes subtle structure associated with the branched
covering. One can similarly define monodromy behavior over the real numbers yielding the
real monodromy group. Since it is often the case that the real monodromy group is trivial
and thus does not capture structure present in the branched covering, the first and second
authors proposed real monodromy action based on tiered behavior of individual collections of
real solutions rather than the entire set of real solutions simultaneously. Since real monodromy
action arises from smoothly connected semialgebraic sets, this paper describes an approach to
compute real monodromy action using fiber products and routing functions. Several examples
are included to demonstrate this computational approach, including an example in kinematics
with various types of application-relevant leg length and packaging constraints.
Keywords. Galois group, monodromy group, real monodromy action, smoothly connected
components, numerical algebraic geometry, real algebraic geometry
AMS Subject Classification. 65H14, 65H20, 14P99, 14Q99

1 Introduction

For irreducible algebraic sets X � CN and Y � CP with dimX � dimY , a branched covering
π : X Ñ Y is a covering map except on a branch locus B � Y where B is contained in a proper
Zariski closed subset of Y . That is, the codimension of the branch locus in Y is at least one.
Hence, when treating C � R2, the real codimension is at least two so that real loops, which have
real dimension equal to one, can be taken in Y that avoid B. Such a loop induces a permutation
on the points in X above a fixed point on the loop, called a base point. The monodromy group is
the group generated by all such permutations arising from loops in Y zB passing through a fixed
base point, and is equal to the Galois group [6,12]. Since Y zB is connected, the monodromy group
is independent of the choice of base point and encodes subtle information [6, 17,25].
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�Supported in part by the Huisking Foundation, Inc., Collegiate Professorship.
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Figure 1: (a) Illustrating the cyclic monodromy group from z3 � t � 0 in coordinates
pℜptq,ℑptq,ℜpzqq with surface colored by the value of ℑpzq showing that the paths do not ac-
tually intersect in C2. (b) Illustrating a real monodromy action for G in (2) in coordinates pr, s, xq
with the surface colored by the value of y showing that the paths do not actually intersect in R4.

As an illustrative example, let fpz, tq � z3� t with X � VCpfq � tpz, tq P C2 | fpz, tq � 0u � C2

and Y � C. The projection map π : VCpfq Ñ C defined by πpz, tq � t is a branched covering
with branch locus B � t0u in which the monodromy group is the cyclic group of order 3, Z3, as
illustrated in Figure 1a. Numerical algebraic geometry (see the books [2,23] for a general overview)
can be used to compute the monodromy group [9], while the monodromy group is also utilized to
produce global [22] and local [4] numerical irreducible decompositions.

On one hand, it is quite natural to consider a real analogue of the monodromy group, yielding
the real monodromy group. As pictorially demonstrated by Figure 1a, the monodromy group
becomes the real monodromy group simply by treating C � R2. That is, replacing z by x� iy and
t by r � is for x, y, r, s P R and i � ?�1, the monodromy group for the illustrative example, Z3,
is equal to the real monodromy group defined by the projection map πpx, y, r, sq � pr, sq from
VRpF q � tpx, y, r, sq P R4 | F px, y, r, sq � 0u to R2 where F is obtained by taking real and imaginary
parts of fpx� iy, r � isq, namely,

F px, y, r, sq �
�

ℜpfpx� iy, r � isqq
ℑpfpx� iy, r � isqq

�
�
�

x3 � 3xy2 � r
3x2y � y3 � s

�
. (1)

For every pr�, s�q P R2ztp0, 0qu, F px, y, r�, s�q � 0 has 3 real solutions and any simple loop around
the origin cyclically permutes them as expected by observing Figure 1a.

On the other hand, when considering real monodromy groups for problems which do not arise
from using C � R2, the branch locus can have real codimension one so that Y zB could decompose
into different connected components. The real monodromy group is then dependent upon which
connected component of Y zB the base point is selected from. Moreover, if the fundamental group
of the connected component is trivial, i.e., every loop is contractible, then the corresponding real
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Figure 2: Illustration of B (black curves) with a decomposition of R2zB into four connected com-
ponents with each having a trivial fundamental group. The left region (blue), Y4, are parameters
corresponding with 4 real solutions and the right region (green), Y2, are parameters corresponding
with 2 real solutions as specified in (10). Moreover, Y4 has 3 connected components, one of which
is C4 defined in (11), while Y2 is connected.

monodromy group is also trivial [8, Thm. 3.3]. For πpx, y, r, sq � pr, sq from VRpGq to R2 where

Gpx, y, r, sq �
� px2 � y2 � rqprx2 � 1q

2xy � s

�
, (2)

then B � VRpr � pr2s2 � 4r2 � 4qq X tr ¤ 0u as shown in black in Figure 2. In particular, the
fundamental group of each connected component of R2zB is trivial. Nonetheless, there is still
structure of the real solutions present as two real solutions can interchange for a small loop around
the origin as illustrated in Figure 1b.

In order to capture more information about the behavior of the real solutions, real monodromy
action was introduced in [8] and describes tiered behavior of collections of real solutions. The first
tier captures which of the real solutions can be smoothly connected to a real solution via a real loop.
For example, if ℓ is a real loop such that the solution path starting at real solution α is smooth

and ends at real solution β, we can describe such a tier one real monodromy action as α
ℓÝÑ β. If

α � β, then this is a nontrivial real monodromy action which, in kinematics, is called a nonsingular
assembly mode change, e.g., see [5, 15, 16, 19, 26]. The real monodromy structure does not record
the loop ℓ and succinctly encodes real monodromy action based on a global ordering of the real
solutions, analogous to the monodromy group.

The second tier captures which ordered pairs of real solutions can be smoothly connected to an
ordered pair of real solutions via a real loop. Continuing as above, if ℓ is a real loop such that the
solution paths starting at distinct real solutions α1 and α2 are smooth ending at real solutions β1 and

β2, respectively, we can describe such a tier two real monodromy action as pα1, α2q ℓÝÑ pβ1, β2q. If
pα1, α2q � pβ1, β2q, then this is a nontrivial real monodromy action. Higher tiers of real monodromy
action are defined similarly. For example, the Stephenson III six-bar linkage considered in [20, § 5]
has a nonsingular assembly mode change obtained by rotating a crank one complete loop. Rotating

the crank yields a loop ℓ and this describes a tier one real monodromy action of α
ℓÝÑ β for certain

distinct configurations α and β. However, the pair cannot be simultaneously smoothly interchanged
since there is a singularity that arises when attempting to rotate the crank a second time, i.e.,

pα, βq ℓÝÑ pβ, αq is not a valid tier two real monodromy action. Such behavior can be observed using
the depressed cubic summarized in Example 3.7 and illustrated in Figure 4.
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The first and second tiers of real monodromy action are illustrated in Figure 1b, showing that
each of the two middle points can interchange (first tier) and that this interchange can occur
simultaneously (second tier). The third and fourth tiers are trivial, as any ordered triple of points
can only be simultaneously smoothly deformed to itself along a real loop.

Although real monodromy action was defined in general in [8], the brute force computational
approach described in [8, Alg. 1] was limited to R2. Our main contribution is to formulate real
monodromy action in terms of smoothly connected components of real solution sets of fiber prod-
uct systems [24]. With this formulation, we then utilize an algorithmic approach for computing
smoothly connected components via routing functions [3]. This formulation is demonstrated on
several real-world leg length and packaging constraints in Section 5.3.

The rest of the paper is structured as follows. Sections 2 and 3 provide an overview of mon-
odromy over the complex and real numbers, respectively. Section 4 describes an algorithm for
computing real monodromy action, which is applied to several examples in Section 5. A short
conclusion is provided in Section 6.

2 Monodromy over the complex numbers

The following describes the general framework for monodromy groups in C. In particular, let
Y � CP and U � Cn � Y be irreducible algebraic sets, fpz, tq : U Ñ Cn be a polynomial system,
π : U Ñ Y be the projection map πpz, tq � t, and X � U be an irreducible component of

VU pfq � U X VCpfq � tpz, tq P U | fpz, tq � 0u � U

such that dimX � dimY and πpXq � Y . Here, the closure of πpXq is the same in either the
Euclidean or Zariski topology. Hence, there exists d ¥ 1 such that π : X Ñ Y is a d-sheeted
branched covering. Thus, for generic t� P Y , X X π�1pt�q consists of d points. If z�1 , . . . , z

�
d P Cn

such that tpz�1 , t�q, . . . , pz�d , t�qu � X X π�1pt�q, by utilizing isosingular deflation [11] as needed, we
can assume that z�j is a nonsingular solution of fpz, t�q � 0, i.e., det Jzfpz�j , t�q � 0 where Jzfpz, tq
is the Jacobian matrix of f with respect to z evaluated at pz, tq. By an abuse of notation, we say
that for generic t� P Y , fpz, t�q � 0 has d nonsingular solutions in X X π�1pt�q.

There are two sets that we will avoid. First, let Ysing � SingpY q denote the singular points
of Y , which is a proper Zariski closed subset of Y . Second, let Bd � Y consist of all t� P Y for
which fpz, t�q � 0 does not have d nonsingular solutions in X X π�1pt�q, which is also contained
in a proper Zariski closed subset of Y . Hence, we consider B � Ysing YBd so that π is a d-sheeted
covering map from X X π�1pY zBq to Y zB.

Example 2.1 Let Y � C, U � C� Y � C2, fpz, tq � z3 � t, X � VCpfq, and πpz, tq � t. Hence,
π : X Ñ Y is a 3-sheeted branched covering that is pictorially illustrated in Figure 1a. Since Y � C,
Ysing � H. Also, B3 � t0u since z3 � 0 has a singular solution while z3� t� � 0 has 3 nonsingular
solutions for every t� � 0. Thus, B � YsingYB3 � t0u and XXπ�1pY zBq � Xztp0, 0qu. Therefore,
π is a 3-sheeting covering map from Xztp0, 0qu to Y zt0u.

Since π is a d-sheeted covering map from XXπ�1pY zBq to Y zB, the corresponding monodromy
group Mπ � Sd is the group of deck transformations of this covering map. In particular, fix a base
point t� P Y zB and an ordering of the d points in X X π�1pt�q, say pz�1 , t�q, . . . , pz�d , t�q. A loop
ℓ � Y zB which starts and ends at t� lifts to d paths inXXπ�1pY zBq yielding a permutation σℓ P Sd

such that the path starting at pz�j , t�q ends at pz�σℓpjq
, t�q. Therefore, Mπ is the subgroup of Sd
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generated by all such permutations σℓ where ℓ � Y zB is a loop that starts and ends at t�. In
particular, if ℓ1, . . . , ℓk is a basis for the fundamental group of Y zB with base point t�, then

Mπ � xσℓ1 , . . . , σℓky � Sd. (3)

Since Y zB is connected, Mπ is independent of the choice of t� P Y zB.

Example 2.2 Continuing with Example 2.1, we can take t� � 1, z�1 � 1, z�2 � ω, and z�3 � ω2

where ω � e2πi{3 is the primitive 3rd root of unity. The fundamental group of Y zB with base
point t� is generated by a single loop, say ℓpτq � e2πτ i as τ goes from 0 to 1. Lifting ℓ to X X
π�1pY zBq produces 3 paths that yield the cyclic permutation p1, 2, 3q P S3 (using cycle notation for
permutations) as illustrated in Figure 1a. Therefore, the monodromy group Mπ is the cyclic group
of order 3, Z3, namely (using cycle notation for permutations)

Mπ � xp1, 2, 3qy � tp1, 2, 3q, p1, 3, 2q, p1qu � S3 (4)

where the elements in Mπ are obtained by looping around ℓ once, twice, and three times, respectively.

One can also compute the mondromy group using a fiber product approach (e.g., see [24]) as
described in [9, 25]. For j � 1, . . . , d, let

Fjpzp1q, . . . , zpjq, tq �

�
��

fpzp1q, tq
...

fpzpjq, tq

�
�� (5)

be the jth fiber product system defined on pCnqj � Y . Additionally, let

∆j �
!
pzp1q, . . . , zpjq, tq

��� there exists 1 ¤ a   b ¤ j with zpaq � zpbq
)
� pCnqj � Y

be the jth big diagonal where at least two points in different copies of Cn are equal. Define

πjpzp1q, . . . , zpjq, tq � t and Xj � tpzp1q, . . . , zpjq, tq | pzpaq, tq P X for a � 1, . . . , ju. (6)

The closure of pXjz∆jqXπ�1
j pY zBq, which is the same in either Euclidean or Zariski topology, has

an irreducible decomposition and each irreducible component maps dominantly to Y . In particular,
when j � d and Z� � pz�1 , . . . , z�d , t�q, there is a unique irreducible component, say VZ� , which
contains Z� and the mondromy group Mπ is computed from VZ� since

Mπ �
!
σ P Sd

��� �z�σp1q, . . . , z�σpdq, t�
	
P VZ�

)
. (7)

Example 2.3 Continuing with Examples 2.1 and 2.2, define pα, β, γq � �
zp1q, zp2q, zp3q

�
for ease of

presentation so that F3 is the polynomial system

F3pα, β, γ, tq �
�
� α3 � t

β3 � t
γ3 � t

�
� .

The set VCpF3q has 9 irreducible components of which 2 are not contained in ∆3. In particular, the
unique irreducible component VZ� � VCpF3q containing Z� � p1, ω, ω2, 1q is

VZ� � VCpα� β � γ, β � ωα, γ � ωβ, β2 � βγ � γ2, γ3 � tq � C4

with VZ� X π�1
3 p1q � tp1, ω, ω2, 1q, pω2, 1, ω, 1q, pω, ω2, 1, 1qu. Therefore, (7) also yields that the

monodromy group Mπ is as listed in (4).
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Example 2.4 Consider the depressed cubic fpz, tq � z3� t1z� t2 with Y � C2, U � C� Y � C3,
X � VCpfq, and πpz, tq � t. For F3 as in (5), VCpF3q has a unique irreducible component not
contained in ∆3 so that Mπ � S3.

The approach in (3) for computing the monodromy group utilized a basis of the fundamental
group of Y zB and obtained a generating set of permutations in the monodromy group by lifting the
loops to solution paths yielding permutations. Conversely, the approach in (7) described the mon-
odromy group by using membership testing of an irreducible component in which its set of smooth
points is connected. The key observation is that one is able to repeat a similar approach to (7)
with smoothly connected components over the real numbers to compute real monodromy action.

3 Monodromy over the real numbers

In order to mimic the constructions from Section 2 over the real numbers, it is natural to replace
irreducible algebraic sets over the complex numbers, whose smooth points are connected, with
smoothly connected semialgebraic sets. A basic semialgebraic set A � Rn is a set of the form

A � tx P Rn | p1pxq � � � � � pepxq � 0, q1pxq ¡ 0, . . . , qmpxq ¡ 0u (8)

where e,m ¥ 0 such that p1, . . . , pe, q1, . . . , qm P Rrx1, . . . , xns. If m � 0, then A is called a real
algebraic set. A semialgebraic set is a finite union of basic semialgebraic sets. A semialgebraic set
A � Rn is connected if, for every α, β P A, there exists a path δ : r0, 1s Ñ A with δp0q � α and
δp1q � β. Let A � Cn denote the Zariski closure of A in Cn, which will be the case throughout
this section. A connected semialgebraic set A � Rn is smoothly connected if A � AzAsing, i.e., A
is contained in the set of smooth points of its Zariski closure. For a semialgebraic set A � Rn, the
connected components of AzAsing XA are the smoothly connected components of A.

Example 3.1 Consider the real points of the Whitney umbrella, namely A � VRpx21 � x22x3q � R3

as illustrated in Figure 3. The real algebraic set A is connected but not smoothly connected due to
the “handle,” which is the line VRpx1, x2q. The smoothly connected components of A are

A1 � tx P R3 | x21 � x22x3 � 0, x2   0u and A2 � tx P R3 | x21 � x22x3 � 0, x2 ¡ 0u

as pictorially represented in Figure 3.

Figure 3: Real points of the Whitney umbrella
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Let Y � RP and U � Rn � Y be smoothly connected semialgebraic sets, fpz, tq : U Ñ Rn be
a polynomial system, π : U Ñ Y be the projection map πpz, tq � t, and X � U be a smoothly
connected component of

VU pfq � U X VRpfq � tpz, tq P U | fpz, tq � 0u � U

such that dimX � dimY and πpXq X Y � Y . For each d ¥ 0, define

Yd �
"
t� P Y

���� Dϵ ¡ 0 such that, @t P Y with |t� t�|   ϵ, X X π�1ptq consists
of d points which are all nonsingular with respect to fpz, tq

*
. (9)

If d ¥ 0 such that Yd X Y � Y , then d is called a typical number of solutions. Over the real
numbers, there can be more than one typical number of solutions.

Example 3.2 For the polynomial system G in (2), for generic pr�, s�q P C, Gpx, y, r�, s�q � 0
has 6 nonsingular solutions in C2. The set B6 � C2 where this does not hold is

B6 � VCprq Y VCpr2 � s2q Y VCpr2s2 � 4r2 � 4q.
In fact, as r Ñ 0, the two solutions satisfying rx2 � 1 � 2xy � s � 0 diverge to infinity. The other
two components of B6 arise from the discriminant locus such that, generically on either VCpr2�s2q
or VCpr2s2 � 4r2 � 4q, there are 2 nonsingular solutions and 2 solutions of multiplicity 2 in C2.

Now, we consider the behavior over the real numbers. Note VRpr2� s2q � tp0, 0qu � VRprq. For
pr�, s�q P R2, the maximum number of nonsingular real solutions of Gpx, y, r�, s�q � 0 is 4 with a
necessary condition being r�   0. When pr�, s�q P VRpr2s2 � 4r2 � 4q with r� ¡ 0, the two singular
solutions are non-real so that Gpx, y, r�, s�q � 0 has 2 real nonsingular solutions for all pr�, s�q P R2

with r� ¡ 0. Conversely, when pr�, s�q P VRpr2s2� 4r2� 4q with r�   0, the two singular solutions
are real. Figure 2 puts this all together to provide a graphical illustration of the decomposition of R2

based on the number of real nonsingular solutions of G into 4 smoothly connected components. In
particular, for Y � R2 and U � R2 � Y � R4, the typical number of solutions is 2 and 4 with

Y4 � tpr, sq P R2 | r   0, r2s2 � 4r2 � 4 � 0u and Y2 � tpr, sq P R2 | r ¡ 0u (10)

consisting of three and one smoothly connected components, respectively, shown in Figure 2.

Let d ¡ 0 be a typical number of solutions, and fix a smoothly connected component of Yd,
say Cd. Since π : X X π�1pCdq Ñ Cd is a d-sheeting covering map, one can define the real
monodromy group of π with respect to Cd, namely Mπ,Cd

� Sd, exactly as in the complex case –
that is, as the group of deck transformations of this covering map. Hence, if the fundamental group
of Cd is trivial, then Mπ,Cd

is also trivial [8, Thm. 3.3], i.e., Mπ,Cd
� xp1qy

Example 3.3 For the polynomial system G in (2), Example 3.2 determined that 2 and 4 were
the typical number of solutions with Y2 being smoothly connected and Y4 having three smoothly
connected components as illustrated in Figure 2. Since the fundamental group of each of these four
is trivial, the four corresponding real monodromy groups are also trivial.

As mentioned in the Introduction, one can view monodromy over the complex numbers as
monodromy over the real numbers by treating C � R2. In this case, there is a unique typical
number of solutions, say d, in which Yd is smoothly connected and it is a tautology that the real
monodromy group Mπ,Yd

is equal to the monodromy group over the complex numbers.
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Example 3.4 Continuing with Example 2.1 with z � x� iy and t � r � is where x, y, r, s P R,

fpx� iy, r � isq � px� iyq3 � pr � isq � px3 � 3xy2 � rq � ip3x2y � y3 � sq.
Since both the real and imaginary parts must vanish, one obtains F px, y, r, sq as in (1). In particular,
F px, y, r�, s�q � 0 has d � 3 real nonsingular solutions for every pr�, s�q P R2ztp0, 0qu showing
that Y3 � R2ztp0, 0qu. A simple loop encircling the origin in R2 yields a cyclic permutation as
illustrated in Figure 1a which yields Mπ,Y3 � Z3 as expected.

One advantage of looking at all real solutions together simultaneously is that one maintains
a group structure since loops can be concatenated together. However, maintaining this group
structure is often at the expense of having the real monodromy group be trivial and not capturing
how subsets of the real solutions could permute. Due to this, the notion of real monodromy action
was defined in [8] to consider monodromy action that arises on subsets of the set of real solutions.
The following is a modification of [8, Ex. 3.5] that correctly accounts for the singularities.

Example 3.5 Continuing with Examples 3.2 and 3.3, fix the base point t� � pr�, s�q � p�1, 0q,
which is a point in the smoothly connected component

C4 � tpr, sq P R2 | r   0, r2s2 � 4r2 � 4   0u � Y4 (11)

and label the real solutions of Gpx, y, r�, s�q � 0 as

z�1 � px�1 , y�1 q � p0, 1q, z�2 � px�2 , y�2 q � p0,�1q, z�3 � px�3 , y�3 q � p�1, 0q, z�4 � px�4 , y�4 q � p1, 0q.
For the loop ℓpτq � p� cosp2πτq, sinp2πτqq � R2 where τ goes from 0 to 1, the paths starting at
solutions 3 and 4 will diverge to infinity, become non-real, diverge to infinity again, and return to
being real as illustrated in Figure 1b. Since such a loop does not lift to four real solution paths,
this loop is not allowed when considering the real monodromy group. However, if one concentrates
only on solutions 1 and 2, this does lift to two real nonsingular solution paths and interchanges
solutions 1 and 2 as illustrated in Figure 1b. Hence, one has a nontrivial real monodromy action
which permutes solutions 1 and 2 not captured by the real monodromy group.

The following arises from [8] adapted to the context described above.

Definition 3.6 With the setup described above, let d ¡ 0 be a typical number of solutions, Cd be
a smoothly connected component of Yd, and t� P Cd. Assign an ordering, say z�1 , . . . , z

�
d , to the d

nonsingular solutions of fpz, t�q � 0 such that pz�j , t�q P X.
Let Powpdq be the power set of t1, . . . , du and OPowpdq be the ordered power set of t1, . . . , du

consisting of all ordered subsets. For 1 ¤ k ¤ d, let OPowkpdq be the elements in OPowpdq
of cardinality k and IPowkpdq be the elements in OPowkpdq in which the entries are listed in
increasing order.

The real monodromy structure associated with π and Cd is the collection

Gπ,Cd,
 � tGπ,Cd,1, . . .Gπ,Cd,du
where Gπ,Cd,k : IPowkpdq Ñ PowpOPowkpdqq for 1 ¤ k ¤ d is defined as follows. For k � 1, . . . , d
and M � tm1, . . . ,mku P IPowkpdq, define Gπ,Cd,kpMq to be the set consisting of all ordered subsets
tq1, . . . , qku P OPowkpdq such that there exists a loop ℓ � Y starting and ending at t� where the
solution path of fpz, tq � 0 over ℓ starting at pz�mj

, t�q remains in X, is nonsingular with respect

to f , and ends at pz�qj , t�q for j � 1, . . . , k, i.e., pz�m1
, . . . , z�mk

q ℓÝÑ pz�q1 , . . . , z�qkq using the notation
from the Introduction.
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The two key differences between the real monodromy group and the real monodromy structure
are whether all solutions must be considered simultaneously or not, and where each loop ℓ must live,
namely ℓ � Cd � Yd � Y and ℓ � Y , respectively. By taking ℓ to be the trivial loop that remains
at t�, one always has M P Gπ,Cd,kpMq. The kth tier Gπ,Cd,k is said to be trivial if Gπ,Cd,kpMq �M
for all M P IPowkpdq. The real monodromy structure Gπ,Cd,
 is trivial if every tier is trivial.

Example 3.7 Reconsider the depressed cubic fpz, tq � z3 � t1z � t2 from Example 2.4, but now
take Y � R2, U � R � Y � R3, and πpz, tq � t. Since it is easy to observe that VRpfq is a graph
described by pz, t1q ÞÑ pz, t1,�z3 � t1zq, VRpfq is smooth and connected so we take X � VRpfq. It
is classically known that 1 and 3 are the typical number of solutions with

Y1 � tpt1, t2q P R2 | 4t31 � 27t22 ¡ 0u and Y3 � tpt1, t2q P R2 | 4t31 � 27t22   0u,
which are both connected with each having a trivial fundamental group.

For d � 1, we take C1 � Y1 and fix t� � p1, 0q P C1. Set z�1 � 0 to be the unique real solution
of fpz, t�q � z3 � z � 0. Of course, with only one real solution, the real monodromy structure
Gπ,Y1,
 � tGπ,Y1,1u is trivial with Gπ,Y1,1pt1uq � tt1uu.

For something nontrival, consider d � 3 with C3 � Y3 and t� � p�1, 0q P C3. Let z�1 � 1,
z�2 � 0, and z�3 � �1 be the three real solutions of fpz, t�q � z3�z � 0. For the loop ℓ � R2 defined
by p�cospθq, sinpθqq for θ from 0 to 2π which starts and ends at t�, the solution path over ℓ starting
at pz�1 , t�q ends at pz�3 , t�q is illustrated in Figure 4. From this picture, one can also observe that,
for any loop δ � R2 with starts and ends at t�, the solution paths over δ starting at pz�2 , t�q remains
nonsingular if and only if δ � Y3, which is contractible since the fundamental group of Y3 is trivial.
Hence, such a path must also end at pz�2 , t�q. Therefore, Gπ,Y3,1 is as follows:

� t1u, t3u ÞÑ tt1u, t3uu
� t2u ÞÑ tt2uu.
It follows from the analysis of the first tier that the only potentially possible nontrivial part of

the second tier Gπ,Y3,2 could be a simultaneous smooth interchange of pz�1 , t�q and pz�3 , t�q over the

t�

z�3

z�2

z�1

ℓ Y1

Y3

Figure 4: Illustrating real monodromy action for the depressed cubic
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real numbers. However, this cannot happen since the fundamental group of Y3 is trivial implies
that this loop would need to leave Y3 and enter Y1 where two real paths cannot exist simultaneously.
Hence, Gπ,Y3,2 is trivial. By similar reasoning, Gπ,Y3,3 is also trivial.

Note that the monodromy group over the complex numbers computed in Example 2.4 is S3,
showing that all three solutions can be permuted freely over the complex numbers. However, over
the real numbers, the real monodromy structure has only one nontrivial action which arises in the
first tier associated with only two of three real solutions, namely z�1 and z�3 .

Example 3.8 Continuing with Examples 3.2 and 3.3, there are four different real monodromy
structures that arise and each is described below.

For C4 in (11), taking t� � pr�, s�q � p�1, 0q P C4 together with the ordering in Example 3.5,
solutions 1 and 2 can interchange as illustrated in Figure 1b. Since solutions 3 and 4 become singular
along the boundary r2s2�4r2�4 � 0 and diverge to infinity at r � 0, the real monodromy structure
associated with solutions 3 and 4 is trivial so Gπ,C4,
 � tGπ,C4,1,Gπ,C4,2,Gπ,C4,3,Gπ,C4,4u is as follows:

� Gπ,C4,1 :

– t1u, t2u ÞÑ tt1u, t2uu
– tm1u ÞÑ ttm1uu for all others

� Gπ,C4,2 :

– t1, 2u ÞÑ tt1, 2u, t2, 1uu
– tm1,m2u ÞÑ ttm1,m2uu for all others.

with trivial Gπ,C4,3 and Gπ,C4,4. In fact, the corresponding real monodromy group Mπ,C4, which
consider all real solutions simultaneously, is trivial.

The real monodromy structures for the other two connected components of Y4 are trivial since
all four real solutions become singular on the boundary r2s2 � 4r2 � 4 � 0 and the fundamental
group of each smoothly connected component is trivial.

Finally, consider Y2 as in (10), which is smoothly connected, and t� � pr�, s�q � p1, 0q P Y2.
With the labeling z�1 � p1, 0q and z�2 � p�1, 0q, the loop ℓpτq � pcosp2πτq, sinp2πτqq where τ goes
from 0 to 1 interchanges the points as observed in Figure 1b. Thus, the real monodromy structure
Gπ,Y2,
 � tGπ,Y2,1,Gπ,Y2,2u is as follows:

� Gπ,Y2,1 :

– t1u, t2u ÞÑ tt1u, t2uu
� Gπ,Y2,2 :

– t1, 2u ÞÑ tt1, 2u, t2, 1uu.
This has the structure of the group S2 as the two points can be interchanged simultaneously. Con-
versely, the corresponding real monodromy group Mπ,Y2 is trivial since the fundamental group of Y2
is trivial. The reason for this difference is that the loop to interchange the two solutions leaves Y2 so
that the number of real solutions is not constant along the loop, but these extra solutions that appear
and disappear along the loop have no impact on the lifted solution paths. Therefore, this interchange
of real solutions is captured by the real monodromy structure but not the real monodromy group.
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The following considers real monodromy action over sets which are not affine.

Example 3.9 For z � px, yq P R2 and t P R3, consider the polynomial system

fpz, tq �
�

x2 � y2 � 2t1 � 3
2xy � t3

�
.

First, consider Y � T � R3 to be the torus

T � tpt1, t2, t3q P R3 | pt21 � t22 � t23 � 3q2 � 16pt21 � t22q � 0u

and f : U Ñ R2 where U � R2 � T. For all t P TzVRp2t1 � 3, t3q � Tztp3{2,�3{2?3, 0qu as
illustrated in Figure 5a, fpz, tq � 0 has two nonsingular real solutions. Hence, d � 2 is the typical
number of solutions and Y2 � Tztp3{2,�3{2?3, 0qu. Since encircling either of the removed points
interchanges the two real solutions, the real monodromy structure for Y2 corresponds precisely with
the real monodromy group, namely S2.

Now, if we take U � tpz1, z2q P R2 | z21 � z22 ¡ 2u � T, then d � 2 is still the typical number
of solutions, but Y2 has two smoothly connected components as illustrated in Figure 5b. With this
change, the real monodromy structure and real monodromy group associated with both smoothly
connected components become trivial.

The final item for this section is our main theoretical result regarding the relationship between
fiber products and real monodromy structure.

Theorem 3.10 With the setup described above, suppose that d ¡ 0 such that d is a typical number
of solutions and t� P Cd � Yd where Cd is a smoothly connected component of Yd. Assign an
ordering, say z�1 , . . . , z

�
d , to the d nonsingular solutions of fpz, t�q � 0 such that pz�j , t�q P X. Fix

j P t1, . . . , du and let Fj and Xj be as in (5) and (6), respectively. For each 1 ¤ k1   � � �   kj ¤ d
with Z� � pz�k1 , . . . , z�kj , t�q, there exists a unique smoothly connected component Vj,Z� of VXj pFjq
that contains Z�. Moreover, for o � to1, . . . , oju P OPowjpdq, then o P Gπ,Cd,jptk1, . . . , kjuq if and
only if pz�o1 , . . . , z�oj , t�q P Vj,Z�.

(a) (b)

Figure 5: (a) Illustrating t P T with the color based on the Euclidean distance between the two real
solutions of fpz, tq � 0 with the points p3{2,�3{2?3, 0q marked. (b) Illustrating t P T such that
there is a real solution of fpz, tq � 0 with x2 � y2 ¡ 2 where the color is based on the Euclidean
distance between the two real solutions of fpz, tq � 0 with the points p3{2,�3{2?3, 0q marked.
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Proof. The assumptions yield that Z� � pz�k1 , . . . , z�kj , t�q must be a smooth point on the set

pVXj pFjqz∆jq X π�1pUzBq. Hence, there exists a unique smoothly connected component, Vj,Z� ,
of this set which contains Z�. If o P OPowjpdq with o P Gπ,Cd,jptk1, . . . , kjuq, then Definition 3.6
provides that pz�k1 , . . . , z�kj , t�q and pz�o1 , . . . , z�oj , t�qmust both lie in Vj,Z� . Similarly, if o P OPowjpdq
with pz�o1 , . . . , z�oj , t�q P Vj,Z� , then there is a smooth path in Vj,Z� connecting pz�k1 , . . . , z�kj , t�q and
pz�o1 , . . . , z�oj , t�q. Letting ℓ be the projection under πj as in (6) of this smooth path in Vj,Z� , then
ℓ � Y is a loop starting and ending at t� such that Definition 3.6 yields o P Gπ,Cd,jptk1, . . . , kjuq. l

Theorem 3.10 immediately yields an algorithm for computing real monodromy structures which
is described in detail in the next section after closing out this section with two examples.

Example 3.11 To illustrate Theorem 3.10, consider Y � R2, U � R2 � Y � R4, πpx, y, tq � t,

fpx, y, tq �
�

x2 � y2 � t1
2xy � t2

�
� 0.

Since fpx, y, tq � 0 defines a graph, it easy to observe that X � VRpfq � R4 is smoothly connected
and π is a 2-sheeted covering map from Xztp0, 0, 0, 0qu to Y2 � R2ztp0, 0qu where d � 2 is the
typical number of solutions. Since Y2 is smoothly connected, C2 � Y2, and thus there is one real
monodromy structure that we aim to compute, namely Gπ,Y2,
. Fix t� � p1, 0q and label the two real
solutions as z�1 � p1, 0q, and z�2 � p�1, 0q.

j � 1 : For Z� � pz�1 , t�q, since X1 � X is smoothly connected, V1,Z� � X with Z� and pz�2 , t�q
are both contained in V1,p� so that G1pt1uq � G1pt2uq � tt1u, t2uu.

j � 2 : For Z� � pz�1 , z�2 , t�q, outside of ∆2, there is one smoothly connected component of X2,
namely V2,Z� which contains both Z� and pz�2 , z�1 , t�q. Hence, this shows G2pt1, 2uq � tt1, 2u, t2, 1uu.

The tiers of Gπ,Y2,
 are all as expected since fpz, tq arises from C � R2 applied to ζ2 � τ � 0
which has monodromy group S2. Hence, the corresponding real monodromy group is S2 and the real
monodromy structure encodes S2.

Example 3.12 Continuing with Examples 3.2 and 3.3, there are 11 smoothly connected compo-
nents of VU pGq. A summary of these 11 in relation to the real monodromy structure is described
in Example 3.8 is as follows.

Three smoothly connected components are illustrated in Figure 1b with two of them arising over
the middle left connected component of Figure 2, each associated with a real solution. The other
lies over the middle left and right connected component illustrated in Figure 2 associated with two
real solutions over both connected components. This structure is captured in Gπ,C4,
 and Gπ,Y2,


presented in Example 3.8.
Over both the upper and lower left connected components of Figure 2, there are four smoothly

connected components, one for each of the four real solutions. This accounts for the other eight
smoothly connected components and is in agreement with both having trivial real monodromy struc-
tures as described in Example 3.8.

4 Algorithm for computing real monodromy action

Theorem 3.10 shows that real monodromy action can be determined by performing membership
tests with smoothly connected components. By using routing functions summarized in Section 4.1,
Section 4.2 provides an algorithm for computing real monodromy action arising from smoothly
connected components of basic semialgebraic sets.
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4.1 Smooth connectivity and membership testing using routing functions

Homotopy continuation in numerical algebraic geometry (see the books [2,23] for a general overview)
provides an approach to compute all isolated solutions to a polynomial system over the complex
numbers. Thus, all that remains to turn Theorem 3.10 into an algorithm is to perform membership
testing for smoothly connected components. To this end, routing functions, see [3, 13, 14], provide
a way of performing membership tests on smoothly connected components of basic semialgebraic
sets. The underlying idea is to construct an atlas of routing road maps, one for each smoothly
connected component. This is done by computing the critical points of the routing function and
then connecting them by routing roads, which are gradient flows of the routing function emanating
from the unstable critical points. The membership of a test point is established by following a
gradient flow from it. The flow must end at a known routing point, and the road map that contains
that routing point identifies which component the test point belongs to.

Suppose that A � Rn is a basic semialgebraic set as in (8) and a polynomial h P Rrx1, . . . , xns
such that AzVRphq is smooth of codimension e. Hence, we aim to compute the connected compo-
nents of AzVRphq. Let b � h � q1 � � � qm, c P Rn, and κ P Z¡0 such that 2κ ¡ degpbq. Define

rpxq � bpxq
p1� px1 � c1q2 � � � � � pxn � cnq2qκ . (12)

For general c P Rn, r is a routing function on A (see [3, Thm. 3.4] for more details) which, in
particular, means that r is a Morse function on AzVRphq. That is, for general c P Rn, there are at
most finitely many critical points of r on AzVRphq, called routing points, and each is nondegenerate
with the Hessian of r on A evaluated at a critical point having distinct eigenvalues that are all
nonzero. One can, for example, compute routing points by using homotopy continuation to solve a
polynomial system that enforces criticality using Lagrange multipliers.

Example 4.1 Reconsider the depressed cubic from Examples 2.4 and 3.7 with fpz, tq � z3�t1z�t2.
Since U � R3 and πpz, tq � t, we want to compute the connected components of VRpfqzVRphq where

h � det Jzf � 3z2 � t1

yielding a routing function of the form

rpz, tq � bpz, tq
wpz, tqκ � 3z2 � t1

p1� pz � c1q2 � pt1 � c2q2 � pt2 � c3q2qκ . (13)

We may take κ � 2 and use constants c1 � 4{7, c2 � 1{3, and c3 � �2{5, which are sufficiently
general. A point a P R3zVRphq is a routing point if there exists λ P R such that

fpaq � 0, wpaq �∇bpaq � κ � bpaq �∇wpaq � λ �∇fpaq � 0 (14)

where ∇Φ is the gradient of Φ with respect to pz, t1, t2q. Equations (14) consist of four poly-
nomial equations in C4, which can be solved using homotopy continuation to find all solutions in
C4zVCpb, wq. This yields 12 points in C4zVCpb, wq of which 2 are real. Hence, rounding to four deci-
mal places, the 2 routing points are ρ1 � p0.0456,�0.6155, 0.0280q and ρ2 � p0.7408, 0.3018,�0.6301q.

Each routing point has an index which is equal to the number of eigenvalues of the Hessian
of r on A with the same sign as r evaluated at the routing point. The eigenvectors corresponding
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to each such eigenvector are called unstable eigenvectors. In particular, a routing point with
index 0 is either a local maximum when r ¡ 0 or a local minimum when r   0. The use of κ in
the denominator of (12) ensures that every smoothly connected component contains at least one
routing point of index 0.

Example 4.2 The two routing points in Example 4.1 are both index 0 with rpρ1q ¡ 0 and rpρ2q   0.
Hence, ρ1 is a local maximum of r on VRpfq while ρ2 is a local minimum of r on VRpfq

With the routing points and indices computed, a routing road map is constructed by using
gradient flows emanating along the unstable eigenvector directions at the routing points with pos-
itive index. Suppose that a is a routing point, v is an unstable eigenvector, and ∇Ar denotes the
gradient of r on A. For every ϵ ¡ 0, the solution yϵpsq to

9ypsq � signprpaqq �∇Arpypsqq
yp0q � a� ϵ � v (15)

is well-defined and
lim
ϵÑ0�

lim
sÑ8

yϵpsq

is a routing point, called the destination of the gradient flow of r starting at a in the direction v. This
destination lies the same smoothly connected component as a. Note that one may obtain different
destinations for directions v and �v so one must consider both separately. Looping over routing
points and corresponding unstable eigenvector directions v and �v yields a collection of gradient
flows that yield a routing road map in which the smoothly connected components are in one-to-one
correspondence with the connected components of the road map [3]. The Euler characteristic of a
smoothly connected component is equal to the number of routing points on that component with
even index minus the number of routing points on that component with odd index.

Example 4.3 Since Example 4.2 posits that both routing points have index 0, the routing road
map just consists of two points, namely ρ1 and ρ2. Hence, VRpfqzVRphq consists of two connected
components, which could be observed by considering Figure 4, each with Euler characteristic of 1.

Finally, given a point x P AzVRphq, the last item is to determine which smoothly connected
component x belongs to. If x is a routing point, then this is determined directly from the routing
road map. When x is not a routing point, then the gradient flow defined by

9ypsq � signprpxqq �∇Arpypsqq
yp0q � x

(16)

must limit to a routing point as s Ñ 8, called the destination of the gradient flow of r starting
at x. The point x and its destination are on the same smoothly connected component which is
described via the routing road map.

Example 4.4 For the depressed cubic fpz, tq � z3� t1z� t2 and routing function r in (14) consid-
ered in Examples 4.1–4.3, gradient flow is used to determine membership for pz�j , t�q for j � 1, 2, 3
as in Example 3.7 and illustrated in Figure 6. In particular, gradient flow emanating from pz�1 , t�q
and pz�3 , t�q both end at ρ1 while gradient flow from pz�2 , t�q ends at ρ2. Hence, pz�1 , t�q and pz�3 , t�q
are on the same smoothly connected component while pz�2 , t�q is on a different component.
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z�3

z�2ρ2

z�1

ρ1

t�

Figure 6: Illustrating membership testing using gradient flow for the depressed cubic.

4.2 Algorithms

Three algorithms are summarized: the first two are preparatory, computing a routing road map
and membership testing for smoothly connected components, with the third for computing real
monodromy action. The first two algorithms are justified by [3, Thm. 4.4] with Algorithm 1 de-
pending upon a random choice being generic so it holds with probability one. The third algorithm
follows from Theorem 3.10. Note that Yd and the smoothly connected component Cd � Yd such
that t� � Cd � Yd are not explicitly computed in Algorithm 3 as they are not needed for deter-
mining Gπ,Cd,j . That is, only the given point t� P Cd � Yd together with membership testing is
sufficient for computing real monodromy action.

For Algorithm 3, Line 1 typically requires the largest computational effort as this requires
computing all of the routing points. The loop starting at Line 2 is “embarrassingly parallel” as
membership testing can be performed independently. The loop starting at Line 5 is just bookkeeping
after all of the membership tests are performed.

5 Examples

The following considers computing real monodromy action for three different polynomial systems:
a maximum likelihood estimation problem in algebraic statistics (Section 5.1), steady-states of the
Kuramoto model for n � 3 and n � 4 (Section 5.2), and various types of practical leg length
and packaging constraints for a 3RPR linkage (Section 5.3). Routing points were computed using
Bertini [1] with road map computations and membership testing performed using MATLAB.
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Algorithm 1 Routing road map

Input: Polynomials p1, . . . , pe, q1, . . . , qm P Rrx1, . . . , xns which define a basic semialgebraic
set A � Rn as in (8) and a polynomial h P Rrx1, . . . , xns such that AzVRphq is smooth of
codimension e.

Output: Routing function r and a partitioned subset of routing points corresponding to the con-
nected components of AzVRphq.

1: Select c P Rn randomly, set b � h � q1 � � � qm, and κ � rpdegpbq � 1q{2s.
2: Construct r as in (12).
3: Compute the routing points of r on A and assign an ordering, say ρ1, . . . , ρk.
4: Initialize M � Ik, the k � k identity matrix.
5: for j � 1, . . . , k do
6: for each unstable eigenvector v do
7: Compute the destination ρv� of the gradient flow of r starting at ρj in the direction v

and set Mj,v� �Mv�,j � 1.
8: Compute the destination ρv� of the gradient flow of r starting at ρj in the direction �v

and set Mj,v� �Mv�,j � 1.
9: end for

10: end for
11: Replace matrix M by its transitive closure.
12: Partition the set tρ1, . . . , ρku based on the connected components of M , say C1, . . . , Cu.
13: return r and C1, . . . , Cu

Algorithm 2 Membership testing

Input: Polynomials p1, . . . , pe, q1, . . . , qm P Rrx1, . . . , xns which define a basic semialgebraic
set A � Rn as in (8), a polynomial h P Rrx1, . . . , xns such that AzVRphq is smooth of codi-
mension e, a routing function r for AzVRphq, a partitioned subset of routing points C1, . . . , Cu
corresponding to the connected components of AzVRphq, and a point x P AzVRphq

Output: Index j P t1, . . . , uu such that x and the routing points in Cj belong to the same connected
component of AzVRphq.

1: if x P C1 Y � � � Y Cu then
2: Determine the unique j P t1, . . . , uu such that x P Cj and return j.
3: else
4: Determine the unique j P t1, . . . , uu such that the destination of the gradient of r starting

at x is contained in Cj and return j.
5: end if

5.1 Maximum likelihood

Maximum likelihood estimation (MLE) aims to determine parameters of a probabilistic model that
maximize a likelihood function based on observed data. Monodromy describes how the critical
points of the likelihood function on the model can permute as the observed data is changed. As a
concrete example, we consider a modification of the problem considered in [9, § 5.3] and [21, Ex. 6]
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Algorithm 3 Real monodromy action

Input: Routing road map for Y � RP and U � Rn � Y which are both a smoothly connected
component of a basic semialgebraic set, polynomial system f : U Ñ Rn, projection map
π : U Ñ Y , routing road map for X � U which is a smoothly connected component of VU pfq
such that dimX � dimY and πpXq X Y � Y , d ¡ 0, t� P Yd in which t� � Cd where Cd is
a smoothly connected component of Yd, ordering z�1 , . . . , z

�
d of the d nonsingular solutions of

fpz, t�q � 0 such that pz�j , t�q P X, and j P t1, . . . , du.
Output: The jth tier of the corresponding real monodromy structure Gπ,Cd,j .
1: Use Algorithms 1 and Algorithm 2 to compute a routing road map for the smoothly con-

nected components of VXj pFjq where Fj and Xj are as in (5) and (6), respectively, with
h � det Jzfpz1, tq � � �det Jzfpzj , tq. This returns, say, the routing function r and partitioned
subsets of routing points C1, . . . , Cu.

2: for o � to1, . . . , oju P OPowjpdq do
3: Use Algorithm 2 with r and C1, . . . , Cu to determine io P t1, . . . , uu such that pz�o1 , . . . , z�oj , t�q

and the routing points in Cio belong to the same smoothly connected component of VXj pFjq.
4: end for
5: for 1 ¤ k1   � � �   kj ¤ d do
6: Set Gπ,Cd,jptk1, . . . , kjuq � to P OPowjpdq | itk1,...,kju � iou.
7: end for
8: return Gπ,Cd,j

constructed as follows. The set of x P C3 where the matrix�
� 2x1 x2 x3

x2 2x1 x2
x3 x2 2x1

�
�

has rank at most 2 is the union of a plane defined by x3 � 2x1 and a quadric surface VCpp1q
where p1pxq � 2x21 � x22 � x1x3. For parameters u � pu1, u2, u3q representing observed data,
we consider the critical points of the likelihood function Lpuq � xu1

1 xu2
2 xu3

3 over VCpp1, p2q where
p2pxq � x1 � x2 � x3 � 1. Letting ∇ denote the gradient operator and � denote the Hadamard
(entrywise) product, the critical points satisfy the so-called likelihood equations, namely

fpx, λ, uq �
�
� p1pxq

p2pxq
x � pλ1∇p1pxq � λ2∇p2pxqq � u

�
� �

�
�����

x1 � x2 � x3 � 1
2x21 � x22 � x1x3

x1pλ1 � p4x1 � x3qλ2q � u1
x2pλ1 � 2x2λ2q � u2
x3pλ1 � x1λ2q � u3

�
����� � 0.

The number of solutions to fpx, λ, u�q � 0 for generic u� P C3 is called the ML degree which, in
this case, is 4. For concreteness, fix u� � p20, 3, 4q and label the four solutions (rounded to four
decimal places) in z � px, λq coordinates as
z�1 � p 0.3489, 0.5334, 0.1177, 27, 20.0368q, z�2 � p�2.0616, 2.8338, 0.2277, 27, 4.5771q,
z�3 � p�0.8221, 0.2603, 1.5619, 27, 29.7263q, z�4 � p�0.8578, 0.1799, 1.6779, 27, 28.6962q.

Note that z�1 is the only solution over u� with all entries positive so that is corresponds with
probabilities in the statistical model. Thus, we aim to determine the monodromy action of this
solution as the data u is changed first over the complex numbers and then over the real numbers.
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Figure 7: Illustrating loops γ1 and γ2

Let Y � C3, U � C5 � Y � C8, and X � VCpfq, whose irreducibility immediately follows from
the irreducibility of VCpp1, p2q. For the projection map πpx, λ, uq � u, we consider the monodromy
group Mπ � S4 over the complex numbers. To see that Mπ � S4, it is enough to show that Mπ

contains a transposition and a 4-cycle. To that end, we can keep u�2 � 3 and u�3 � 4 fixed and
consider triangular loops γ1 � C having vertices u�1 � 20, 18� 2i, and 18� 2i, and γ2 � C having
vertices u�1 � 20, 3i, and �5� 6i as illustrated in Figure 7. These loops generate the transposition
σγ1 � p3, 4q and the 4-cycle σγ2 � p1, 4, 3, 2q showing that Mπ � S4. Hence, all four solutions, and
notably z�1 , can freely permute with each other over the complex numbers.

Now, we turn to the real case to contrast with the structure of the complex numbers. Let
Y � R3, U � R5 � Y � R8, and πpx, λ, uq � u be as above. From u�, we know that d � 4 is a typ-
ical number of solutions and there is a unique smoothly connected component C4 � Y4 which con-
tains u�. Let h � det Jzf where z � px, λq. Since hpz�1 , u�q and hpz�3 , u�q are positive while hpz�2 , u�q
and hpz�4 , u�q are negative, this immediately yields that the real monodromy action could possibly
only occur between z�1 and z�3 , and between z�2 and z�4 . We compute the connected components of
VRpfqzVRphq using a routing function approach with c � p7{6, 2{3,�7{6, 4{5,�4{7, 7{4, 1{3,�1{6q
where the variables are listed as px, λ, uq. This yields 10 routing points, 5 with h ¡ 0 and 5 with
h   0. In particular, for both h ¡ 0 and h   0, there are four routing points with index 0 and one
routing point with index 1 which connects to two different routing points of index 0. Thus, both
VRpfq X th ¡ 0u and VRpfq X th   0u consist of three connected components with all components
having Euler characteristic 1. Membership testing shows that pz�1 , u�q and pz�3 , u�q lie on different
connected components of VRpfq X th ¡ 0u while pz�2 , u�q and pz�4 , u�q lie on the same connected
component of VRpfq X th   0u. Hence, Gπ,C4,1 is as follows:

� t1u ÞÑ tt1uu
� t3u ÞÑ tt3uu
� t2u, t4u ÞÑ tt2u, t4uu.

In particular, Gπ,C4,1 shows that z�1 and z�3 have no nontrivial real monodromy action. Conversely,
solutions z�2 and z�4 over u� can be smoothly connected to each other via a loop in R3. This is
in contrast to the complex monodromy group being S4 so that all four solutions, including the
statistically-meaningful solution z�1 , can freely permute with each other over loops in C3.
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5.2 Kuramoto model

The Kuramoto model [18] is an illustrative dynamical system to model synchronous behavior of
coupled oscillators. The following considers the first tier of the real monodromy structure for
steady-states for n � 3 (Section 5.2.1) and n � 4 (Section 5.2.2) oscillators. The real monodromy
structure for the n � 3 case, which has a two-dimensional parameter space, was computed in [8, § 3].

5.2.1 3-oscillator model

For the n � 3 case, the steady-states for the Kuramoto model are described by the solutions to the
polynomial system

fpc, s, ωq �

�
���
ps1c2 � c1s2q � ps1c3 � c1s3q � 3ω1

ps2c1 � c2s1q � ps2c3 � c2s3q � 3ω2

c21 � s21 � 1
c22 � s22 � 1

�
���

where ωj is the natural frequency of the jth oscillator which is located at pcj , sjq on the unit circle
with pcs, s3q � p1, 0q and ω3 � �pω1 � ω2q. The number of solutions for fpc, s, ω�q � 0 for generic
ω� P C2 is 6. As in [8, § 3], we consider ω� � p0, 0q and label the six real solutions with z � pc, sq as

z�1 � p1, 1, 0, 0q, z�2 � p1,�1, 0, 0q, z�3 � p�1, 1, 0, 0q, z�4 � p�1,�1, 0, 0q,
z�5 � 1

2p�1,�1,
?
3,�?3q, z�6 � 1

2p�1,�1,�
?
3,
?
3q.

Let Y � C2, U � C4 � Y � C6, and X � VCpfq, whose irreducibility follows immediately from the
irreducibility of the complex unit circle. For the projection map πpc, s, ωq � ω, the monodromy
group Mπ is equal to S6 as summarized in [8, Ex. 3.4]. Hence, all six solutions can freely permute
with each other over the complex numbers.

For the real case, let Y � R2, U � R4 � Y � R6, and πpc, s, ωq � ω as above. Solving
at ω� � p0, 0q shows that d � 6 is a typical number of solutions and there is a unique smoothly
connected component C6 � Y6 which contains ω�. Let h � det Jzf where z � pc, sq. Since hpz�1 , ω�q,
hpz�5 , ω�q, hpz�6 , ω�q ¡ 0 while hpz�2 , ω�q, hpz�3 , ω�q, hpz�4 , ω�q   0, this immediately yields that the
real monodromy action could possibly only occur amongst z�1 , z

�
5 , z

�
6 and amongst z�2 , z

�
3 , z

�
4 .

We compute the connected components of VRpfqzVRphq using a routing function approach
with randomly selected point p0.73, 0.32,�0.12, 0.93,�0.27, 0.61q where the variables are listed
as pc, s, ωq. This yields 10 routing points, 3 with h ¡ 0 and 7 with h   0. For h ¡ 0, the three
routing points all have index 0, showing that VRpfq X th ¡ 0u has three connected components
each with Euler characteristic 1. Membership testing shows that pz�1 , ω�q, pz�5 , ω�q, and pz�6 , ω�q
all lie on different connected components. For h   0, there are two routing points with index 0
and five routing points with index 1. A routing road map shows that all lie on the same connected
component so that VRpfqXth   0u is connected with Euler characteristic �3 and contains pz�2 , ω�q,
pz�3 , ω�q, and pz�4 , ω�q. Hence, Gπ,C6,1 is as follows:

� t1u ÞÑ tt1uu
� t2u, t3u, t4u ÞÑ tt2u, t3u, t4uu

� t5u ÞÑ tt5uu
� t6u ÞÑ tt6uu

which is in agreement with [8, Ex. 3.15].
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5.2.2 4-oscillator model

For the n � 4 case, we consider

fpc, s, ωq �

�
�������

ps1c2 � c1s2q � ps1c3 � c1s3q � ps1c4 � c1s4q � 4ω1

ps2c1 � c2s1q � ps2c3 � c2s3q � ps3c4 � c3s4q � 4ω2

ps3c1 � c3s1q � ps3c2 � c3s2q � ps3c4 � c3s4q � 4ω3

c21 � s21 � 1
c22 � s22 � 1
c23 � s23 � 1

�
�������

where pc4, s4q � p1, 0q and ω4 � �pω1 � ω2 � ω3q. Although fpc, s, ω�q � 0 has 14 solutions for
generic ω� P C3, it was proven in [7, Thm. 4.1] that the maximum number of isolated real solutions
is 10. We take ω� � p0.2, 0.2,�0.198q where fpc, s, ω�q � 0 has 10 real solutions and two pairs of
complex conjugate solutions.

Let Y � C3, U � C6 � Y � C9, and X � VCpfq which is irreducible. For the projection map
πpc, s, ωq � ω, the monodromy group Mπ is S14. This can be observed using the two triangular
loops γj � C3 with vertices listed in the following table.

loop vertex 1 vertex 2 vertex 3

1 ω� p 4.61� 3.69i,�0.92� 1.69i, 4.56� 2.97iq p�1.55� 4.86i,�2.37� 0.72i, 3.03� 3.20iq
2 ω� p�3.13� 3.39i,�3.69� 3.02i, 3.02� 4.65iq p�3.56� 0.36i,�0.71� 0.32i,�0.21� 2.23iq

Labeling the solutions as

z�1 � p 0.9157, 0.9157, 1.0000, 0.4019, 0.4019, 0.0042q,
z�2 � p�0.6151,�0.9998, 0.9992, 0.7884,�0.0204, 0.0400q,
z�3 � p�0.9998,�0.6151, 0.9992,�0.0204, 0.7884, 0.0400q,
z�4 � p�0.9998,�0.9998, 0.6453, 0.0220, 0.0220, 0.7639q,
z�5 � p�0.5745,�0.5745, 0.5593, 0.8185, 0.8185,�0.8289q,
z�6 � p 0.5960,�1.0000, 0.9999, 0.8030,�0.0050, 0.0100q,
z�7 � p�1.0000, 0.5960, 0.9999,�0.0050, 0.8030, 0.0100q,
z�8 � p�0.9346,�0.9346, 0.9953, 0.3556, 0.3556, 0.0968q,
z�9 � p�1.0000,�1.0000,�0.6026, 0.0050, 0.0050, 0.7980q,
z�10 � p 0.5933, 0.5933,�0.5973, 0.8050, 0.8050,�0.8020q,

z�11 � p�1.0000� 0.0000i, 2.0095� 80.8189i,�1.9996� 80.0107i,
�0.0001� 0.0099i, 80.8251� 2.0094i,�80.0170� 1.9994iq,

z�12 � p�1.0000� 0.0000i, 2.0095� 80.8189i,�1.9996� 80.0107i,
�0.0001� 0.0099i, 80.8251� 2.0094i,�80.0170� 1.9994iq,

z�13 � p 2.0095� 80.8189i,�1.0000� 0.0000i,�1.9996� 80.0107i,
80.8251� 2.0094i,�0.0001� 0.0099i,�80.0170� 1.9994iq,

z�14 � p 2.0095� 80.8189i,�1.0000� 0.0000i,�1.9996� 80.0107i,
80.8251� 2.0094i,�0.0001� 0.0099i,�80.0170� 1.9994iq,

the corresponding permutations are

σγ1 � p1, 10, 7, 12, 8, 4, 9, 3, 5, 11qp2, 6, 13q and σγ2 � p2, 3, 13, 10, 14, 12qp8, 11, 9q.
Mathematica confirms xσγ1 , σγ2y � S14. Hence, over the complex numbers, all 14 solutions can
freely permute with each other.
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For the real case, let Y � R3, U � R6 � Y � R10, and πpc, s, ωq � ω as above. Solving at
ω� � p0.2, 0.2,�0.198q shows that d � 10 is a typical number of solutions and there is a unique
smoothly connected component C10 � Y10 which contains ω�. Let h � det Jzf where z � pc, sq.
Since hpz�1 , ω�q, . . . , hpz�5 , ω�q   0 while hpz�6 , ω�q, . . . , hpz�10, ω�q ¡ 0, this immediately yields that
the real monodromy action could possibly only occur amongst z�1 , . . . , z

�
5 and amongst z�6 , . . . , z

�
10.

We compute the connected components of VRpfqzVRphq using a routing function approach with
randomly selected point p0.73, 0.32,�0.12, 0.93,�0.27, 0.61, 0.82,�0.11, 0.94q where the variables
are listed as pc, s, ωq. This yields 49 routing points, 16 with h ¡ 0 and 33 with h   0. For h ¡ 0,
four routing points have index 0, nine have index 1, and three have index 2 to total 16. A routing
road map shows that all lie on the same connected component yielding that VRpfq X th ¡ 0u is
connected with Euler characteristic �2 � 4�9�3 and contains pz�6 , ω�q, . . . , pz�10, ω�q. For h   0, 11
routing points have index 0 and 22 have index 1. A routing road map shows that VRpfq X th   0u
has two connected components. One of the connected components contains pz�1 , ω�q and has a
single routing point of index 0, showing that it has Euler characteristic 1. The other connected
component, which contains pz�2 , ω�q, . . . , pz�5 , ω�q, has 10 routing points of index 0 and 22 routing
points of index 1 showing that it has Euler characteristic �12. Hence, Gπ,C10,1 is as follows:

� t1u ÞÑ tt1uu
� t2u, t3u, t4u, t5u ÞÑ tt2u, t3u, t4u, t5uu
� t6u, t7u, t8u, t9u, t10u ÞÑ tt6u, t7u, t8u, t9u, t10uu.

In particular, z�1 in both the n � 3 and n � 4 case is the unique solution where all of the cj ’s are
positive and has only trivial real monodromy action.

5.3 3RPR mechanism

The 3RPR mechanism is a planar parallel manipulator consisting of a moving platform that is con-
nected to ground via three prismatic (P) legs with rotational (R) joints on both ends as illustrated
in Figure 8. The position and orientation of the moving platform is controlled by adjusting the
leg lengths. It is well-known that this mechanism has a nonsingular assembly mode change, e.g.,
see [15, 16, 19, 26]. That is, treating the leg lengths as parameters, the position and orientation of
the moving platform can have nontrivial first tier of the real monodromy structure.

After formulating the polynomial system in isotropic coordinates (Section 5.3.1), six different
instances are considered: two leg lengths free (Section 5.3.2), three leg lengths free (Section 5.3.3),
imposing leg length restrictions (Section 5.3.4), avoiding wall and floor obstacles (Section 5.3.5),
imposing leg length restrictions while also avoiding wall and floor obstacles (Section 5.3.6), and
finally one with only trivial real monodromy action (Section 5.3.7).

5.3.1 Isotropic formulation

An efficient approach to describe planar mechanisms such as the 3RPR mechanism is by using
isotropic coordinates. In short, points px, yq written in Cartesian coordinates in the plane corre-
spond with points pz, z̄q written in isotropic coordinates with z � x � iy and z̄ � x � iy where
i � ?�1. Hence, px, yq P R2 if and only if the corresponding point pz, z̄q in isotropic coordinates
satisfies z̄ � conjpzq where conjpq is the complex conjugate. In particular, one can replace “real”
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Figure 8: A schematic of a 3RPR mechanism.

computations in Cartesian coordinates with “isotropically real” computations in isotropic coor-
dinates, e.g., see [10] for performing routing road map computations with isotropic coordinates.
Therefore, throughout the rest of this section, we just use the word real to mean isotropically real.

With respect to the fixed frame, as illustrated in Figure 8, let pA, Āq and pB, B̄q denote the
offsets from the first fixed pivot to the second and third fixed pivots, respectively. In the moving
frame, pa, āq and pb, b̄q play similar roles. The position of the moving frame with respect to the
fixed frame is described by translation pp, p̄q and rotation pθ, θ̄q which satisfies the Pythagorean
identity in isotropic coordinates, namely θ � θ̄ � 1. Although the jth leg length is denoted by ℓj ,
only square lengths appear so we will consider cj � ℓ2j . With this, the polynomial system for the
3RPR mechanism in isotropic coordinates is:

f �

�
���

p � p̄� c1,
pp� a � θ �Aq � pp̄� ā � θ̄ � Āq � c2
pp� b � θ �Bq � pp̄� b̄ � θ̄ � B̄q � c3

θ � θ̄ � 1

�
��� . (17)

In particular, the first three polynomials are the leg length conditions for the three legs, respectively,
and the last is the Pythagorean identity.

Corresponding to the case studied in [8, 15], we fix

a � ā � 7{5, b � 7{10� i, b̄ � 7{10� i, A � Ā � 8{5, B � 9{10� 3i{5, B̄ � 9{10� 3i{5,

and consider f as a polynomial system in variables z � pp, p̄, θ, θ̄q and parameters c � pc1, c2, c3q
yielding projection map πpp, p̄, θ, θ̄, c1, c2, c3q � pc1, c2, c3q. The generic number of solutions is 6
and, for c� � pc�1 , c�2 , c�3q � p0.75, 0.7, 1q, all six solutions are real which are labeled as in Figure 9.

Consider Y � C4, U � C3 � Y � C7, and X � VCpfq, whose irreducibility immediately follows
from the irreducibility of the Pythagorean identity. The monodromy group is Mπ � S6 which can
be observed fixing c2 � c�2 and c3 � c�3 and letting c1 vary along the triangular loops with vertices
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listed in the following table.

loop vertex 1 vertex 2 vertex 3

1 c�1 �2.11� 0.37i 2.36� 4.27i
2 c�1 �3.14� 2.79i 4.33� 3.34i

Although the monodromy group over the complex numbers is the full symmetric group, the
following six different instances demonstrate various real monodromy action. For h � det Jzf ,
h ¡ 0 for solutions 1, 2, 3 and h   0 for solutions 4, 5, 6. Hence, real monodromy action could
possibly only occur amongst z�1 , z

�
2 , z

�
3 and z�4 , z

�
5 , z

�
6 .

z�1 z�2

z�3 z�4

z�5 z�6

Figure 9: Labeling six solutions to the 3RPR mechanism
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5.3.2 Two legs free

Since the brute force computational approach described in [8, Alg. 1] was limited to R2, [8, § 4]
considered real monodromy action for the 3RPR mechanism where one of the three leg lengths was
fixed and the other other two were free to change lengths. Fixing c3 � c�3 , we verified that the first
tier of the real monodromy structure using Algorithm 3 is indeed

� t1u, t2u, t3u ÞÑ tt1u, t2u, t3uu
� t4u, t5u, t6u ÞÑ tt4u, t5u, t6uu

when, as usual using the abuse of notation for isotropically real, taking Y � R4, U � R2�Y � R6,
and X � VRpfq. In our computation, there were 12 routing points with a routing road map yielding
two smoothly connected components that just happen to correspond with VRpfq X th ¡ 0u and
VRpfq X th   0u. In particular, VRpfq X th ¡ 0u contained five routing points, three of index 0 and
two of index 1, as well as pz�j , c�1 , c�2q for j � 1, 2, 3. Additionally, VRpfq X th   0u contained seven
routing points, three of index 0 and four of index 1, as well as pz�j , c�1 , c�2q for j � 4, 5, 6.

5.3.3 Three legs free

Since Algorithm 3 is not limited to R2, one can allow all three leg lengths to vary when taking
Y � R4, U � R3�Y � R7, and X � VRpfq. This computation also determines that VRpfqXth ¡ 0u
and VRpfq X th   0u are both smoothly connected yielding the same first tier as in Section 5.3.2.
Our computation yielded 20 routing points with each smoothly connected component consisting of
three of index 0 and seven of index 1. Figure 10 provides a visualization of a connection between z�4
and z�5 and a connection between z�4 and z�6 with the path in the images tracing out the location of p.

(a) Connection between z�4 (red) and z�5 (cyan) (b) Connection between z�4 (red) and z�6 (blue)

Figure 10: Illustrating nonsingular assembly mode changes between z�4 , z
�
5 , and z�6

5.3.4 Leg length restrictions

From an engineering perspective, there are additional constraints that we can impose to make
our model more practical. Here, we consider the case where all of the leg lengths are constrained
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between a minimum and maximum length. In particular, for ϕ � 0.75, we impose that ℓj P pϕ, 2ϕq
for j � 1, 2, 3. Since cj � ℓ2j , let µ � ϕ2 � 0.5625 so this restriction translates to a parameter

space restriction of cj P pµ, 4µq for j � 1, 2, 3. Hence, we take Y � R3 to be smoothly connected
semialgebraic set defined by

Y � pµ, 4µq3 � tc P R3 | cj � µ ¡ 0 and 4µ� cj ¡ 0 for j � 1, 2, 3u.

With U � R4�Y , the restriction of X � VU pfq imposes six linear inequality constraints that yield
a product of six linears in the numerator of our routing function, one for each side of the bound
for each of the three legs. With these leg length restrictions, the first tier of the real monodromy
structure using Algorithm 3 is

� t1u, t2u ÞÑ tt1u, t2uu
� t3u ÞÑ tt3uu

� t4u, t5u ÞÑ tt4u, t5uu
� t6u ÞÑ tt6uu

In our computation, there were 10 routing points with a routing road map yielding four smoothly
connected components. The smoothly connected component containing pz�1 , c�q and pz�2 , c�q as well
as the one containing pz�4 , c�q and pz�5 , c�q contained four routing points, two of index 0 and two of
index 1. Additionally, the one containing pz�3 , c�q as well as the one containing pz�6 , c�q had only
had one routing point which had index 0.

Since it was not prescribed a priori, it is not a surprise that the two paths illustrated in
Figure 10 fail the leg length restrictions. For example, the path in Figure 10b moves close to the
fixed pivot meaning that first leg length becomes quite small along the path. The first tier of the
real monodromy structure above shows that it is not possible create a path that satisfies the leg
length restrictions between z�4 and z�6 . Conversely, the path in Figure 10a between z�4 and z�5 can
be replaced with one that does satisfy the leg length restrictions as shown in Figure 11. In this
figure, a gray circle illustrates the minimum leg length restriction for the first leg with the path in
Figure 10a intersecting this circle while the newly constructed path remains outside of this circle.

5.3.5 Wall and floor obstacles

Another type of constraint is to ensure that the mechanism avoids a wall and a floor. In Cartesian
coordinates, we place the wall at x � �0.6 and the floor at y � �0.75. Therefore, we require each
vertex of the three rotational joint locations on the moving platform to be in p�0.6,8q�p�0.75,8q
in Cartesian coordinates with respect to the fixed frame. For example, the rational joint for
the first leg is at pp, p̄q in isotropic coordinates so this translates to x � pp � p̄q{2 ¡ �0.6 and
y � pp�p̄q{p2iq ¡ �0.75. Similar inequalities are easily derived for the other two legs yielding a total
of six linear equality constraints. In particular, since the leg lengths themselves are not restricted,
we have Y � R3 while U � R4 � Y � R7 is defined by these six linear inequality constraints.
Hence, the restriction of X � VU pfq also yields a product of six linears in the numerator of our
routing function. Since all six of the solutions illustrated in Figure 9 properly satisfy the wall and
floor inequality constraints, Algorithm 3 with d � 6 yields that the first tier of the real monodromy
structure is

� t1u, t2u, t3u ÞÑ tt1u, t2u, t3uu
� t4u, t5u, t6u ÞÑ tt4u, t5u, t6uu.
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Figure 11: Illustrating a nonsingular assembly mode change between z�4 (red) and z�5 (cyan) that
satisfies the leg length restrictions along with the path from Figure 10a that does not satisfy the leg
length restrictions. The gray circle represents the minimum leg length constraint for the first leg.

In our computation, there were 18 routing points with two smoothly connected components, one
contained in th ¡ 0u and the other in th   0u, each consisting of 9 routing points, 3 of index 0
and 6 of index 1.

Although this first tier is the same as when two legs (Section 5.3.2) and three legs (Section 5.3.3)
are free, the paths between the configurations are altered to avoid hitting the wall and floor obsta-
cles. Figure 12 shows the newly computed paths between z�4 and z�5 as well as z�4 and z�6 .

(a) Connection between z�4 (red) and z�5 (cyan) (b) Connection between z�4 (red) and z�6 (blue)

Figure 12: Illustrating nonsingular assembly mode changes between z�4 , z
�
5 , and z�6 that keep the

moving platform away from the wall and floor boundaries (shown as gray lines).
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5.3.6 Leg length restrictions along with wall and floor obstacles

We can impose both the leg length restrictions from Section 5.3.4 and wall and floor avoidance from
Section 5.3.5. This yields a total of 12 additional linear inequality constraints and the following
first tier of the real monodromy structure:

� t1u, t2u ÞÑ tt1u, t2uu
� tm1u ÞÑ ttm1uu for all others

Hence, the only nonsingular assembly mode change that remains is between z�1 and z�2 as illustrated
in Figure 13. Our computation produced 9 routing points and 7 smoothly connected components.
Six of the smoothly connected components had only one routing point, which had index 0, with
four of these containing one of pz�j , c�q for j � 3, . . . , 6. The seventh smoothly connected component
had 3 routing points, two of index 0 and one of index 1, and contained both pz�1 , c�q and pz�2 , c�q.

Figure 13: Illustrating nonsingular assembly mode change between z�1 (pink) and z�2 (green) main-
taining leg length restrictions and avoiding wall and floor boundaries. The gray circle represents the
minimum leg length constraint for the first leg and the gray lines are the wall and floor boundaries.

5.3.7 Cutting off real monodromy

Since Section 5.3.6 showed that imposing both the leg length restrictions from Section 5.3.4 and
wall and floor avoidance from Section 5.3.5 still had a nonsingular assembly mode change, we need
to impose more restrictive conditions to only have trivial real monodromy action. For example,
considering keeping the same wall and floor obstacles as in Section 5.3.5 but restricting the leg
length constraints to µ̃   cj   1.9µ̃ for j � 1, 2, 3 where µ̃ � 0.64. Then, each point pz�j , c�q for
j � 1, . . . , 6 lies on distinct smoothly connected components yielding trivial real monodromy action.
In our computation, each of the distinct smoothly connected component was represented by a single
routing point of index 0.
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6 Conclusion

The Galois/monodromy group over the complex numbers is well-studied and provides insight into
structure associated with a branched covering. Since the real monodromy group is often trivial due
to simultaneously considering all real solutions, the real monodromy structure was introduced in [8]
to capture tiered behavior of the real solutions. Since [8, Alg. 1] was restricted to computing real
monodromy structures over a two-dimensional parameter space, a fiber product inspired approach
was developed in Theorem 3.10 and Algorithm 3 for computing real monodromy structures. This
new computational approach depends upon testing membership in smoothly connected components
which is facilitated by routing functions [3, 13, 14]. Examples in algebraic statistics, dynamical
systems, and kinematics demonstrate the new approach. Since one downside of using fiber products
is the growth of the size of the polynomial systems involved, future research includes developing
new computational approaches to take advantage of the structure of fiber products to reduce
computational costs.
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