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Abstract. Numerical algebraic geometry utilizes homotopy continua-
tion to solve polynomial systems via numerically tracking solution paths.
The homotopies of interest here are polyhedral homotopies which arise
between two polynomial systems with the same Newton polytopes. A
singularity along a solution path of a homotopy is a ramification point.
Building on previous work of ramification points of homotopies, this pa-
per shows that the number of ramification points for polyhedral homo-
topies can be described in terms of mixed volumes. This interpretation
utilizes a nef divisor which can be determined by solving a linear pro-
gram. Software is described for performing such computations and uti-
lized to demonstrate the new results.
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1 Introduction

Path tracking in homotopy continuation is used in numerical algebraic geometry
to compute solutions to system of polynomial equations (see the books [1,16]
for more details). A standard assumption is that each path is trackable (see [9,
Defn. 4.5]) which, for a nonsingular start point, means that one does not en-
counter a singularity along the path until possibly at the endpoint. Such singu-
larities are called ramification points. Although properly constructed homotopies
ensure that every path is trackable, there is a natural question regarding how
many ramification points can arise in a homotopy. This question was answered
in [15, Thm. 18] in terms of vector bundles, the canonical bundle, and Chern
classes with special cases and their distribution considered in [8,15].

The following considers ramification points for polyhedral homotopies. To
that end, for p ∈ C[x±1

1 , . . . , x±1
N ], let New(p) ⊂ RN be the Newton polytope of p

and C× = C \ {0}. A polyhedral homotopy H : (C×)N × C → CN has the form

H(x; t) = (1− t)f(x) + tg(x) (1)

https://sites.google.com/view/josephcummingsmath/
https://hauenstein.phd
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Fig. 1: Plot of the distance between the two solutions as a function of the real ℜ(t)
and imaginary ℑ(t) parts of t ∈ C along with contours which suggests that H
in (2) has four ramification points.

such that New(fj) = New(gj) for j = 1, . . . , N , that is, f and g have the same
Newton polytopes. The number of paths to track for a polyhedral homotopy
H is bounded above by the mixed volume of the Newton polytopes [2,10] with
many algorithms available for computing mixed volume, e.g., see [3,5,11,13,17].

Example 1. To illustrate, consider the homotopy

H(x; t) = (1− t)

[
x1x2 − 2

−4x1x
2
2 + 5x1 + x2 − 4

]
+ t

[
5x1x2 − 4

5x1x
2
2 − 5x1 + 4x2 + 2

]
(2)

where

P1 = New(f1) = New(g1) = conv({(1, 1), (0, 0)}),
P2 = New(f2) = New(g2) = conv({(1, 2), (1, 0), (0, 1), (0, 0)}),

with conv() denoting the convex hull. Since MV(P1, P2) = 2, the homotopy H
defines two solution paths. Figure 1 plots the distance between the two solution
paths over t = ℜ(t) + ℑ(t)

√
−1 suggesting that H has four ramification points.

The main theoretical result (Theorem 3) is that the number of ramification
points for a polyhedral homotopy is also bounded above in terms of mixed vol-
umes. In particular, Theorem 3 depends upon having a suitable nef divisor in
which Theorem 4 shows how to compute a suitable ample divisor via solving a
linear program. We have developed software for performing such computations.

The rest of the paper is structured as follows. Section 2 derives the theoretical
underpinnings. Section 3 provides a short summary of the software along with
an example. A short conclusion is provided in Section 4.

2 Counting ramification points for polyhedral homotopies

The following is the theoretical foundation derived from [15, Thm. 18] with the
rest of this section interpreting this result in terms of mixed volumes allowing
one to sidestep the need to perform computations in an intersection ring.
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Theorem 1 (Rephrasing of Theorem 18 of [15]). Let E be a basepoint free
vector bundle over an N -dimensional smooth toric variety XΣ and let V be the
space of global sections of E. Assume there is at least one section s of E with at
least one isolated solution. Then, the number of ramification points of a general
pencil ℓ ∈ P(V ∗) is given by

(c1(KXΣ
) + c1(E))cN−1(E) +NcN (E) (3)

where KXΣ
is the canonical bundle of XΣ and ck(A) is the kth Chern class of A.

Moreover, if E ∼=
⊕N

j=1 Lj where rk(Lj) = 1, then (3) simplifies toc1(KXΣ
) +

N∑
j=1

c1(Lj)

 N∑
j=1

∏
i̸=j

c1(Li) + N
N∏

j=1

c1(Lj). (4)

The following provides the key relationship connecting intersection products
with mixed volume suggesting that (4) can be written in terms of mixed volumes.

Theorem 2. Let XΣ be a (smooth) toric variety of dimension N . If D1, . . . , DN

are nef divisors with associated polytopes P1, . . . , PN , respectively, then
N∏

j=1

c1(Dj) = MV(P1, . . . , PN ). (5)

Proof. To each divisor Dj , let Lj = H0(XΣ ,O(Dj)) be the space of global
sections. Since Pj is the polytope associated with Dj , Lj is spanned by the
Laurent monomials tα where α ∈ Pj . The number of solutions to a generic
system f1 = · · · = fN = 0 where each fj ∈ Lj is MV(P1, . . . , PN ) [2] which,
by [12, Thm. 6.8], agrees with the intersection product

∏N
i=1 c1(Dj).

Armed with this theoretical foundation, we now consider a polyhedral homo-
topy H : (C×)N × C → CN as in (1) such that f, g ∈ C[x±1

1 , . . . , x±1
N ]N where

New(fj) = New(gj) = Pj for j = 1, . . . , N . To avoid trivialities, we assume
that MV(P1, . . . , PN ) > 0. As is standard in homotopy continuation, we assume
that g is general in that the number of nonsingular solutions of g = 0 in (C×)N

is MV(P1, . . . , PN ). Hence, for all but finitely many θ ∈ [0, 2π), H(x; t(s)) = 0
defines MV(P1, . . . , PN )-many trackable solution paths in (C×)N × (0, 1] where

t(s) =
γs

1− s+ γs
with γ = eθ

√
−1, (6)

e.g., see [16, Thm. 8.3.1]. This is called the gamma trick and ramification points
arise at the failures. That is, (x∗, t∗) ∈ (C×)N × C× is a ramification point of
the polyhedral homotopy H if H(x∗, t∗) = 0 and detJxH(x∗, t∗) = 0 where
JxH(x∗, t∗) is the Jacobian matrix of H with respect to x evaluated at (x∗, t∗).

Example 2. For H in (2), the system {H(x; t), det JxH(x; t)} = 0 has four solu-
tions (x, t) ∈ (C×)2 × C× which, to four decimal places, are:

(5.4946, 0.1832, 0.4904), (0.5632, 2.0767, 0.3100),
(0.3378± 0.0092

√
−1,−0.1689∓ 0.9815

√
−1,−0.7497± 0.3037

√
−1)

in accordance with Figure 1.
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We now connect a polyhedral homotopy H as above with Theorems 1 and 2.

Lemma 1. Let Q = P1+· · ·+PN be the Minkowski sum of the polytopes and ΣQ

be the inner normal fan of Q. Let Σ be a smooth fan refining ΣQ so that XΣ is
projective. For j = 1, . . . , N , consider the divisor

DPj
=

∑
ρ∈Σ(1)

(
−minx∈Pj

⟨x, uρ⟩
)
Dρ

where uρ is the first lattice point on the ray ρ ∈ Σ(1) and Dρ is the associated
toric divisor. Let Lj = O(DPj

) be the associated line bundle on XΣ with rank
N vector bundle E =

⊕N
j=1 Lj on XΣ. Then, the divisors DP1

, . . . , DPN
are nef

so that E is globally generated. Moreover, H corresponds to a pencil of E.

Proof. The fan Σ can always be chosen so that XΣ is projective, e.g. one can take
a regular triangulation of ΣQ. Now, for each j, the fan Σ refines the inner normal
fan of Pj . For a vertex v of Pj , let σv be the corresponding maximal cone of ΣPj

.
By construction, DPj is a Cartier divisor with Cartier data {(Uσ, t

mσ )}σ∈Σ(N)

where mσ = v is the vertex of Pj such that σ ⊆ σv. Clearly, mσ ∈ Pj so that DPj

is nef (see [4, Theorem 6.1.10]). Since each summand of E is nef, it follows that E
is globally generated. In fact, a global section of E is a vector-valued function
whose components are global sections of Lj , which, by construction, the Newton
polytope of each of these Laurent polynomials is Pj . In this way, we can view H
as a pencil of E .

With this setup, the following is the main theoretical result.

Theorem 3. Let A be a nef divisor on XΣ where Ã = A+KXΣ
+
∑N

j=1 DPj is
also nef. Let PA and PÃ be the polytopes associated with A and Ã, respectively.
Then, an upper bound on the number of ramification points for H is

N∑
j=1

(
MV(PÃ, P1, . . . , P̂j , . . . , PN ) − MV(PA, P1, . . . , P̂j , . . . , PN )

)
+ N · MV(P1, . . . , PN ) (7)

where P̂j means that it is removed. That is, the first expression replaces Pj

with PÃ while the second replaces Pj with PA.

Proof. The expression in (7) immediately follows from Lemma 1, Theorems 1
and 2, and the multi-linearity and symmetry of the intersection product.

Remark 1. If KXΣ
+

∑N
j=1 DPj is nef, then A = 0 and Ã = KXΣ

+
∑N

j=1 DPj

satisfy the assumptions of Theorem 3 so that, using multi-linearity, (7) becomes

N∑
j=1

MV(P1, . . . , Pj−1, PÃ + Pj , Pj+1, . . . , PN ).
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Example 3. Directly solving in Example 2 showed that H in (2) has 4 ramifica-
tion points. The following uses mixed volume computations.

Let Σ be the inner normal fan of P1 + P2 where P1 and P2 are listed in
Example 1. In this case, Σ is smooth so there is no need to refine Σ any further.
The ray generators of Σ are given as columns in the matrix below.

Σ(1) =

(
−1 1 1 0 −1
0 0 −1 1 1

)
We denote the ith column of Σ(1) by ρi, and we let Di denote the corresponding
toric divisor. One can check that Pic(XΣ) ∼= Z3 and [D2], [D4], and [D5] form a
basis. In particular, we have

DP1 = D1 ∼ D2 +D4,

DP2 = D1 +D3 +D5 ∼ D2 + 2 ·D4 + 2 ·D5,

KXΣ
= −

5∑
i=1

Di ∼ −2 ·D2 − 3 ·D4 − 2 ·D5.

Hence, the divisor DP1 +DP2 +KXΣ
is linearly equivalent to 0 and is thus nef.

Using the notation from Theorem 3, we can therefore take A = 0. Moreover,
since Ã ∼ 0, all the mixed volumes involving A and Ã vanish. Hence, an upper
bound on the number of ramification points simplifies to just

2 ·MV(P1, P2) = 2 · 2 = 4.

in agreement with our earlier computation.

Since (C×)N is not closed, some of the ramification points can lie on the
closure and thus (7) can be a strict upper bound of ramification points in
(C×)N × C× even when both f and g are generic as shown in the following.

Example 4. For general coefficients aj , bk ∈ C, consider the polyhedral homotopy

H(x; t) = (1− t)

[
a1x1 + a2x2 + a3

a4x1x2 + a5

]
+ t

[
b1x1 + b2x2 + b3

b4x1x2 + b5

]
where

P1 = conv{(1, 0), (0, 1), (0, 0)}, P2 = conv({(1, 1), (0, 0)}), and MV(P1, P2) = 2.

Following a similar computation as in Example 3, the computed upper bound
on the number of ramification points derived from Theorem 3 is 4. However, this
can observed to be a strict upper bound by considering

det JxH(x; t) = ((1− t)a4 + tb4)((1− t)(a1x1 − a2x2) + t(b1x1 − b2x2)). (8)

When the first factor of (8) vanishes, namely when t = a4/(a4 − b4), the second
polynomial in H reduces to (1− t)a5 + tb5 which does not vanish generically. In
particular, as t approaches a4/(a4−b4), the two solution paths of H diverge to a
common point at infinity. The second factor in (8) yields 3 ramification points.
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In order to utilize Theorem 3 in computations, one needs to ensure that such
a nef divisor A always exists along with a method for computing it. The following
shows that one can even ensure that both A and Ã are ample.

Theorem 4. There exists an ample divisor A on XΣ so that A+KXΣ
+
∑N

j=1 Dj

is also ample. Moreover, such a divisor A can be computed via a linear program.

Proof. We first need to find an interior lattice point in the nef cone, denoted
Nef(XΣ) ⊆ Pic(XΣ) ⊗ R. Such a point is guaranteed to exist since XΣ is pro-
jective. Also, since XΣ is smooth, Pic(XΣ) is isomorphic to Z|Σ(1)|−N , we can
fix a basis [E1], . . . , [E|Σ(1)|−N ] of Pic(XΣ). Let W be a matrix whose rows are
indexed by the torus-invariant curves of XΣ and whose columns are indexed by
the chosen basis of Pic(XΣ). Fix an ordering on the maximal cones of Σ. Each
torus-invariant curve C can now be written as V (τ) with τ = σ ∩ σ′ where σ
and σ′ are maximal cones in Σ and σ precedes σ′ in the ordering fixed earlier.
Consider the (C, [Ej ]) entry of W where C = V (σ∩σ′) and [Ej ] has Cartier data
given by {(Uσ, t

mσ )}σ∈Σ(N). Fix u ∈ σ′ such that u generates σ′ where σ′ is the
image of the cone σ′ in RN/spanR(τ). Since Σ is smooth, one can choose u to
be uρ′ where ρ′ ∈ σ′ \ σ. Then, this entry is given by ⟨mσ −mσ′ , u⟩. This value
is Ej · C, e.g. see [4, Prop. 6.2.8].

Given any divisor class [D], it can be written as
∑|Σ(1)|−N

j=1 aj [Ej ] for some
coefficients aj . In particular,

W · (a1, . . . , a|Σ(1)|−N )T = (D · V (τ))τ∈Σ(N−1).

The toric Kleiman criterion, e.g., see [4, Thm. 6.3.13], states that [D] is ample
if and only if all the entries of the vector on the right are positive. Thus, we can
rephrase the problem of finding an ample divisor, which must exist, in terms of
finding the maximizer of the following linear program:

maximize : q

subject to : W · v ≥ q · 1,
− 1 ≤ vj ≤ 1, ∀j

where 1 is a vector where each entry is 1. Let (v∗, q∗) ∈ Q|Σ(1)|−N × Q>0 be a
solution to the linear program and let d be the least common denominator among
the entries of v∗. Then, [B] =

∑|Σ(1)|−N
j=1 dv∗j [Ej ] is an ample divisor class.

Since Nef(XΣ) is a full-dimensional cone and B is ample, there exists a large
enough integer m such that A = m · B and A + KXΣ

are both ample, which
can be checked using the matrix W . Finally, since each Dj is nef, the divisor
Ã = A+KXΣ

+
∑N

j=1 Dj is also ample.

3 Software

We have developed code that is freely available on GitHub. The majority of
our code for finding an upper bound on the number of ramification points

https://github.com/jcu237/mixed_volume_ramification
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in a polyhedral homotopy is written in Macaulay2 [6], specifically using the
NormalToricVarieties package [14]. In order to solve the linear program in
Theorem 4, we use Python along with NumPy [7] and SciPy [18]. The imple-
mentation for determining a smooth subdivision of a polyhedral fan depends
upon random choices and thus may compute different smoothings of the fan in
question with different runs. However, the ultimate output computed via (7) is
independent of which smooth fan is chosen.

The rest of this section considers the trivariate polyhedral homotopy

H(x; t) =

 c1(t) + c2(t)x1 + c3(t)x2 + c4(t)x3

c5(t) + c6(t)x1 + c7(t)x
2
1 + c8(t)x2 + c9(t)x3

c10(t) + c11(t)x1 + c12(t)x
2
1 + c13(t)x

3
1 + c14(t)x2 + c15(t)x3


where cj(t) = t · aj + (1− t) · bj for general aj , bj ∈ C. Reading columnwise, the
Newton polytopes Pj are

P1 = conv

0 1 0 0
0 0 1 0
0 0 0 1

 , P2 = conv

0 2 0 0
0 0 1 0
0 0 0 1

 , and P3 = conv

0 3 0 0
0 0 1 0
0 0 0 1


with MV(P1, P2, P3) = 3. Hence, H(x; t) = 0 defines 3 solution paths.

Next, we consider the the rays of a smooth fan Σ refining the inner normal
fan of

∑3
i=1 Pi. The first 6 columns of the following are the original rays of the

inner normal fan of
∑3

i=1 Pi, while the last column is needed to smooth the fan:1 0 −1 −1 −1 0 0
0 1 −3 −2 −1 0 −1
0 0 −3 −2 −1 1 −1

 . (9)

There are 10 maximal cones of Σ. In the following list, {i, j, k} corresponds to
the cone whose rays are generated by columns i, j, and k of (9):

{1, 2, 6}, {1, 2, 7}, {1, 6, 7}, {2, 3, 4}, {2, 3, 7}, {2, 4, 5}, {2, 5, 6}, {3, 4, 6}, {3, 6, 7}, {4, 5, 6}.

Let Dj denote the toric divisor corresponding to the jth column of the matrix
above. The group of torus-invariant Cartier divisors CDivT (XΣ) is free of rank
7 and is generated by D1, . . . , D7. The divisors corresponding to P1, P2, and P3

are

DP1
= 3 ·D3 + 2 ·D4 +D5 +D7,

DP2
= 3 ·D3 + 2 ·D4 + 2 ·D5 +D7,

DP3
= 3 ·D3 + 3 ·D4 + 3 ·D5 +D7.

The Picard group Pic(XΣ) is free of rank 4. The natural projection

π : CDivT (XΣ) → Pic(XΣ)

is therefore represented (with respect to the above generators) by a 4×7 matrix.
To obtain an explicit basis of Pic(XΣ) consisting of classes of torus-invariant
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divisors, we compute a right inverse of π. The columns of this right inverse
yield 4 torus-invariant divisors whose images under π form a basis of Pic(XΣ).
The 4× 7 matrix representing π and a 7× 4 matrix B are:

π =


1 0 −2 3 0 0 0
1 0 −1 1 1 0 0
0 1 1 −1 0 1 0
0 0 −1 1 0 0 1

 and B =

E1 E2 E3 E4



D1 1 0 0 −2
D2 0 0 1 1
D3 0 0 0 −1
D4 0 0 0 0
D5 −1 1 0 1
D6 0 0 0 0
D7 0 0 0 0

.

Reading B columnwise, the jth column yields the torus-invariant divisor

Ej =

7∑
i=1

BijDi.

In this new basis, we have

[DP1
] = [E3],

[DP2
] = [E2] + [E3],

[DP2
] = 3 · [E1] + 3 · [E2] + [E4],

[KXΣ
] = −2 · [E1]− 2 · [E2]− 2 · [E3]− [E4].

Now, we construct the matrix W using this basis. Since Σ has 15 walls, W is a
15×4 matrix where the rows are indexed by the 2-dimensional faces of Σ and the
columns are indexed by [E1], . . . , [E4]. The 2-dimensional face σij corresponds
to the face whose rays are generated columns i and j of (9). We can check the
nefness of a toric divisor by writing it in our chosen basis and multiplying W on
the right by the corresponding coefficient vector whose transpose is:

WT =

σ12 σ16 σ17 σ23 σ24 σ25 σ26 σ27 σ34 σ36 σ37 σ45 σ46 σ56 σ67


[E1] 0 0 0 0 −1 1 0 1 0 0 0 1 −1 1 1
[E2] 0 0 0 0 1 −1 1 0 0 0 0 −1 1 −1 0
[E3] 1 1 1 0 0 1 1 0 1 0 1 1 0 1 0
[E4] 1 1 1 1 0 0 0 −3 0 1 1 0 0 0 −3

.

Using W , we see that DP1
+DP2

+DP3
+KXΣ

is not nef. Thus, we can solve
the linear program described in Theorem 4 to compute an ample divisor A such
that Ã = A+DP1 +DP2 +DP3 +KXΣ

is also ample. This yields (4/5, 1, 1, 1/5)T
so that, after clearing denominators, we obtain the vector (4, 5, 5, 1)T . This is
the coefficient vector of an ample divisor in our chosen basis. A representative
of A is found by multiplying this vector by the matrix B:

A = 2 ·D1 + 6 ·D2 −D3 + 2 ·D5.

One can check that both A and Ã are ample. Therefore, we can apply (7) to pro-
vide an upper bound on the number of ramification points for H. The necessary
mixed volumes are given in Table 1 where the sum of the right-hand column
yields 12. Directly solving {H(x; t), detJxH(x; t)} = 0 shows this is sharp.
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MV(PÃ, P2, P3) 20

MV(P1, PÃ, P3) 20

MV(P1, P2, PÃ) 15

−MV(PA, P2, P3) −19

−MV(P1, PA, P3) −19

−MV(P1, P2, PA) −14

3 ·MV(P1, P2, P3) 9

Table 1: Values of mixed volumes used in (7)

4 Conclusion

The number of ramification points provides a natural intrinsic measure of the
quality of a homotopy. For arbitrary homotopies, this quantity can be computed
via intersection theory using Chern classes as in [15, Thm. 18]. Here, we focused
on computing this invariant for polyhedral homotopies by deriving a formula
in terms of mixed volumes of associated polytopes. In particular, we provide a
practical roadmap (with a software implementation) for computing this number
for any polyhedral homotopy. We show how to construct a smooth projective
toric variety equipped with a globally generated vector bundle such that the
polyhedral homotopy arises as a section. This yields the main theoretical contri-
bution in Theorem 3. Since this result depends upon determining a suitable nef
divisor, we formulate an explicit linear program to determine a suitable ample
divisor. An implementation in Macaulay2 and Python demonstrates the results.

In Example 4, we say that some ramification points may lie on divisors at
infinity. As such, it is natural to ask if the ramification points can be stratified
by the closures of torus orbits. That is, given a face σ ∈ Σ where V (σ) is the
closure of the corresponding orbit, can one determine the number of ramification
points of the polyhedral homotopy which lie on V (σ)?
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