
Math 60330: Basic Geometry & Topology,
Homework 3

1. Let M be a smooth manifold and let f, g : M Ñ Sn be two smooth maps such
that }fppq´gppq} ă 2 for all p P M . Prove that f and g are smoothly homotopic.

2. Let f : Mn
1 Ñ Mn

2 and g : Mn
2 Ñ Mn

3 be smooth maps between n-dimensional
manifolds with M1 and M2 compact and connected. Letting deg2 denote the
mod-2 degree, prove that deg2pg ˝ fq “ deg2pgq deg2pfq. Hint: part of this is
showing that you can pick regular values that work for all the maps in sight!

3. Let f : Mn
1 Ñ Mn

2 be a smooth map between connected n-manifolds with M1

compact and M2 non-compact. Prove that deg2pfq “ 0.

4. Let M be a smooth manifold and let ν be a smooth vector field on M . Recall
from Homework 1 that given a smooth function f : M Ñ R and a tangent vector
v⃗ P TpM , we can define ∇v⃗pfq P R. Given a smooth function f : M Ñ R, we
define νpfq : M Ñ R via the formula

νpfqppq “ ∇νppqpfq pp P Mq.

In the following problems, you are welcome to assume that M is a smooth
submanifold of Rd if you find it easier to think about vector fields on submanifolds
of Euclidean space.

(a) Assume that ν has compact support, so we can talk abou the flow ϕt : M Ñ

M generated by ν. Prove that

νpfqppq “
B ppf ˝ ϕtqppqq

Bt
|t“0

for all p P M .

(b) Given smooth vector fields ν1 and ν2 on M , prove that there exists a unique
smooth vector field rν1, ν2s on M such that

rν1, ν2spfq “ ν1pν2pfqq ´ ν2pν1pfqq

for all smooth functions f : M Ñ R.
(c) Prove that if ν1 and ν2 and ν3 are smooth vector fields on M , then

rν1, rν2, ν3ss ` rν2, rν3, ν1ss ` rν3, rν1, ν2ss “ 0.

5. Let G be a Lie group, that is, a smooth manifold that is also a group such that
the following hold:

• The multiplication map m : G ˆ G Ñ G is smooth.

• The inversion map ι : G Ñ G is smooth.
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For instance, G might be GLnpRq. For g P G, let mg : G Ñ G be the map that
multiplies elements on the left by g, so mgphq “ mpghq. A vector field ν on G is
said to be left invariant if for all g P G, we have

Dxmgpνpxqq “ νpgxq for all x P G.

The set of all left-invariant vector fields on G is a vector space called the Lie
algebra of G.

(a) Letting e be the identity element of G, construct a vector space isomorphism
between the Lie algebra of G and TeG.

(b) Prove that if ν1 and ν2 are left-invariant vector fields on G, then rν1, ν2s is
also a left invariant vector field on G.

(c) Look up the definition of a Lie algebra (say on Wikipedia) and verify that
with the aforementioned bracket operation the Lie algebra of G is indeed a
Lie algebra.

(d) Prove that the Lie algebra of GLnpRq is precisely the set of n ˆ n real
matrices with the bracket

rA,Bs “ AB ´ BA.
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