
Math 60330: Basic Geometry & Topology
Homework 2

1. Let f : Mm Ñ Nn be a smooth map. Assume that Mm is connected and that
Dxf “ 0 for all x P Mm. Prove that f is a constant map.

2. For n,m ě 1, identify HompRn,Rmq with Rnm. Let SurpRn,Rmq be the subset
of HompRn,Rmq consisting of surjections. Prove that SurpRn,Rmq is open in
HompRn,Rmq.

3. Let Mn be a smooth n-dimensional submanifold of Rd. Define

TM “
␣

px, vq P Rd
ˆ Rd

| x P Mn and v P TxM
(

.

(a) Prove that TM is a smooth 2n-dimensional submanifold of R2d.

(b) Define the normal bundle to M to be

TKM “
␣

px, vq P Rd
ˆ Rd

| x P Mn and v P pTxMq
K
(

,

where K is taken with respect to the ordinary dot product on Rd. Prove
that TKM is a smooth d-dimensional submanifold of R2d.

(c) Let Mn be a smooth n-dimensional submanifold of Rd and let Nm be a
smooth m-dimensional submanifold of Re. Prove that if f : Mn Ñ Nm is a
smooth map, then the map Df : TM Ñ TN defined by the formula

pDfqpx, vq “ pfpxq, pDxfqpvqq P TN for px, vq P TM

is smooth.

4. Fix n, d ě 1. A polynomial f P Rrx1, . . . , xns is homogeneous of degree d if
fptx1, . . . , txnq “ tdfpx1, . . . , xnq for all t, x1, . . . , xn P R.

(a) Prove Euler’s identity: for a homogeneous polynomial f P Rrx1, . . . , xns of
degree d ě 1, we have

n
ÿ

i“1

xi
Bf

Bxi

“ df.

(b) Let f P Rrx1, . . . , xns be a homogeneous polynomial of degree d ě 1. For
a P R, let Mpaq “ tx P Rn | fpxq “ au. For a ‰ 0, prove that Mpaq is a
smooth pn ´ 1q-dimensional submanifold of Rn. Note that Mpaq “ H is
allowed.

(c) For a, a1 ą 0, prove that Mpaq is diffeomorphic to Mpa1q. Also, for b, b1 ă 0,
prove that Mpbq is diffeomorphic to Mpb1q.

5. Fix n ě 1.

(a) Identify the space MatnpRq of n ˆ n real matrices with Rn2
. Prove that

SLnpRq is a smooth pn2 ´ 1q-dimensional submanifold of MatnpRq.

(b) Identify the tangent spaces of MatnpRq with MatnpRq. Prove that the
tangent space to SLnpRq at the identity matrix consists of all matrices
A P MatnpRq with trace 0.
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