PRESENTATIONS OF REPRESENTATIONS

DANIEL MINAHAN AND ANDREW PUTMAN

ABSTRACT. We give a new technique for constructing presentations by generators and
relations for representations of groups like SL,(Z) and Sp,,(Z). Our results play an
important role in recent work of the authors calculating Ho of the Torelli group.

1. INTRODUCTION

In this paper, we give a new approach to constructing presentations by generators and
relations for representations' of groups like SL;,(Z) and Spy,(Z). The representations we
have in mind are finite-dimensional. However, their presentations have infinitely many
generators and relations, so this finite-dimensionality is not obvious. Our main goal is to
identify a representation we constructed in our work on the second homology group of the
Torelli group in [4, 5]. These papers make essential use of Theorems F — G below.

1.1. Special linear group, standard representation. We start with an easy example. A
set {v1, ..., v} of vectors in Z" is a partial basis if it can be extended to a basis {v1,..., 2, }.
For v € Z"™, the set {v} is partial basis precisely when v is a primitive vector, i.e., is not
divisible by any integer d > 2.

Definition 1.1. Define £,, to be the Q-vector space with the following presentation:

e Generators. A generator [v] for all primitive vectors v € Z". Here [v] should be
interpreted as a formal symbol associated to v.
e Relations. For a partial basis {v1,v2} of Z", the relation [vi] + [v2] = [ +v2]. O

The group SL,(Z) acts on the set of primitive vectors in Z". This induces an action of
SL,(Z) on 9Q,,, so 9, is a representation of SL,(Z). Since 9,, has infinitely many generators
and relations, it is not a priori clear if it is finite-dimensional.

Define ®: Q,, — Q" via the formula ®([v]) = v. This takes relations to relations, and
thus gives a well-defined map that we call the linearization map. Similar maps we will define
in other contexts will also be called linearization maps. We will prove:

Theorem A. For n > 2, the linearization map ®: 9, — Q" is an isomorphism.

For the proof, let B = {ey,...,e,} be the standard basis for Z" and let S = {[e1], ..., [en]}
The map ® takes S bijectively to the basis B for Q", so the restriction of ® to (S) is an
isomorphism. To prove Theorem A, we must prove that (S) = 9Q,,. For this, let v € Z" be a
primitive vector. Write v = Ajeq + -+ + \pe, with Ay, ..., A\, € Z. We must prove that

[v] = Arled] + - + Anlen).
We will prove this by studying the action of SL,(Z) on 9Q,,.

Remark 1.2. That (S) = Q,, can be also be proved directly, and to help the reader appreciate
the efficiency of our proof we encourage them to work this out. Our approach is the only
one we are aware of that can be adapted to prove the other results in this paper. ]

AP was supported by NSF grant DMS-2305183. DM was supported by NSF grant DMS-2402060.
n this paper, representations are always defined over the field Q, so a representation of a group G is a
Q-vector space V equipped with a linear action of G.
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Remark 1.3. Theorem A implies not only that £, is finite-dimensional, but also that the
SL,,(Z)-action on it extends to GL,,(Q). This is not obvious from the definition of ,,. O

Remark 1.4. Theorem A is false for n = 1. Indeed, Z! has two primitive vectors 1, so Q;
has two generators [1] and [—1] and no relations. It follows that Q; = Q2. O

Remark 1.5. The technique we use to prove Theorem A is very flexible, and for instance can
also prove appropriate versions of Theorem A with Z replaced by a field.? Similar remarks
apply to our other theorems. Since this paper is already long and technical, we chose to not
attempt to state our results in maximal generality. O

1.2. Adjoint representation. The proof technique we use for Theorem A can also be
used to construct presentations of things like tensor powers, symmetric powers, and exterior
powers of Q™. There are numerous possibilities for the exact form of the relations, so rather
than try to prove a general theorem we will give one interesting variant. Recall that the
adjoint representation of SL,(Q) is the kernel sl,(Q) of the trace map

tr: (Q")" Q" — Q
defined by tr(f,v) = f(v). The dual space (Q")* = Hom(Q", Q) contains the lattice
(Z™)* = Hom(Z",Z). Define the following:
Definition 1.6. Define 2{,, to be the Q-vector space with the following presentation:

e Generators. A generator [f,v]o for all primitive vectors f € (Z™)* and v € Z™ such
that f(v) =0.
e Relations. The following two families of relations:
— For all primitive vectors f € (Z™)* and all partial bases {v1, va} of ker(f), the
relation [f,v1 + va]o = [f, vi]o + [f, v2]o-

— For all primitive vectors v € Z" and all partial bases {f1, fo} of
ker(v) = {f € (2")" | f(v) =0},
the relation [f1 + f2,v]o = [f1, v]o + [f2,v]o- O
Define ®: 2, — (Q")* ® Q" via the formula ®([f,v]p) = f ® v. This takes relations to

relations, and thus gives a well-defined linearization map with Im(®) C sl,(Q). We will
prove:

Theorem B. Forn > 3, the linearization map ®: A, — sL,(Q) is an isomorphism.

Remark 1.7. Theorem B is trivial for n = 1 since 2 = sl;(Q) = 0. It is false for n = 2 since
for primitive f € (Z2)* and v € Z? we have ker(f),ker(v) = Z!. This implies that s has
no relations, and thus is an infinite-dimensional vector space with basis the set of all its
generators [f,v]p. O

1.3. Symplectic group, standard representation. We next turn to the symplectic group
SpQQ(Z). Set H = Q% and Hyz = 7Z%9. Let w: H x H — Q be the standard symplectic form,
80 Spy,(Z) consists of all M € GLag(Z) such that w(M-v, M-w) = w(v,w) for all v,w € H.
The following is an Spy,(Z)-analogue of Q:

Definition 1.8. Define $), to be the Q-vector space with the following presentation:

e Generators. A generator [v]g, for all primitive vectors v € Hy.
e Relations. For a partial basis {vi,v2} of Hyz with w(vi,v2) = 0, the relation
[vi]sp + [valsp = [v1 + va]sp. O

2Though for general fields the relations would need to be expanded slightly.
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The action of Spy,(Z) on Hyz induces an action of Spy,(Z) on $,. Given Theorem A,
it is natural to expect that $), = H. However, identifying H with Q29 this would imply
that £, = Qay. The vector spaces $, and Qa, have the same generators, but §, has fewer
relations. It seems hard to directly write each relation in Q9,4 in terms of the relations in
$4. Nevertheless, define ®: $, — H via the formula ®([v]s,) = v. This takes relations to
relations, and thus gives a well-defined linearization map. We will prove:

Theorem C. For g > 2, the linearization map ®: 4 — H is an isomorphism.

The proof is similar to that of Theorem A, though the details are harder since the group
theory of Spy,(Z) is less uniform than SL;,(Z).

Remark 1.9. Theorem C implies that the action of Spy,(Z) on $4 extends to an action of
Spay(Q). In fact, it even extends to an action of GLgy(Q). This seems hard to see directly
from the presentation. O

Remark 1.10. Theorem C is false for ¢ = 1. Indeed, $; has infinitely many generators but
no relations, so §; is infinite-dimensional. ]

1.4. Symplectic kernel. We now discuss another representation of Spy,(Z) that is similar
to the adjoint representation sl,(Q). The symplectic form w induces a map A2H — Q. Let
Zg be its kernel.> Say that v1,ve € H are orthogonal if w(vy,v2) = 0. For v € H, let v be
the set of all elements of H that are orthogonal to v. For v € Hy, let vf be the set of all
element of Hy that are orthogonal to v.

Definition 1.11. Define 37 to be the Q-vector space with the following presentation:

e Generators. A generator (vq,v2), for all orthogonal primitive vectors vy, ve € Hy,.
e Relations. The following two families of relations:

— For all generators (v1, v2)q4, the relation (ve,v1)q = —(v1, v2)q-
— For all primitive vectors v € Hz and all partial bases {wy, ws} of U%-, the relation
(v, w1 + wal)e = (v, w1)a + (v, W2)q- d

The group Sp,,(Z) acts on 37 via its action on Hz. Define ®: 3¢ — A2H via the formula
O ((wi,wa2)q) = w1 A wy. This takes relations to relations, and thus gives a well-defined
linearization map with Im(®) C 2. We will prove:

Theorem D. For g > 1, the linearization map ®: 35 — Z7 is an isomorphism.

1.5. Symmetric square. It is also interesting to replace the anti-symmetric relation in 3;

with the corresponding symmetric relation:*

Definition 1.12. Define 3; to be the Q-vector space with the following presentation:

e Generators. A generator (vq,v2)s for all orthogonal primitive vectors vy, vy € Hy.
e Relations. The following two families of relations:
— For all generators (v1,ve)s, the relation (va, v1)s = (v1, v2)s.
— For all primitive vectors v € Hz and all partial bases {wy,ws} of U%-, the relation
(v, w1 + wal)s = (v, w1)s + (v, wa)s. O

Again, Spy,(Z) acts on 3. Define ®: 35 — Sym?(H) via the formula ®((wy,wa))s) =
wi-we. This takes relations to relations, and thus gives a well-defined linearization map.
Since Sym?(H) is an irreducible representation of Spay(Z), it is surjective. We will prove:

Theorem E. For g > 2, the linearization map ®: 35 — Sym?(H) is an isomorphism.

3The “a” in 24 stands for “alternating”.
AThe “s” in 35 stands for “symmetric”.
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1.6. Quotient representation. Our final theorems® are about a subrepresentation of the

Spy, (Q)-representation (Zg)®2. Above we defined Z as the kernel of the map NH = Q
given by w. For our final theorems, it is more natural to view it as a quotient of A2H. The
symplectic form w on H identifies H with its dual. Using this, we can identify alternating
forms on H with elements of A2H. If {a1,b1, ... ,ag,bg} is a symplectic basis for H, then

w=ay ANby+---ag \bgy.

The span of w in A2H is a copy of Q. The quotient (A2H)/Q is isomorphic to Zg. Since w
lies in A2Hz, the quotient (A2H)/Q has a lattice (A\2Hyz)/Z.

Remark 1.13. Except for a few places where clarity will demand we be more careful, our
notation will not distinguish elements of A2H from their images in (A2H)/Q. For instance,
for 2,y € H we will often write = A y for the corresponding element of (A2H)/Q. O

1.7. Symmetric contraction. The symmetric contraction is the alternating bilinear map
(1.1) ¢t ((\2H)/Q) x (\H)/Q) — Sym?(H)
defined as follows. Start by letting
T (A2H) x (AN2H) — Sym?(H)
be the alternating bilinear map defined by the formula
Az Ay, zAw) =w(x,2)yw—w(z,w)yz—w(y,z)zw+ w(y,w)zz for x,y,z,w € H.
This makes sense since the right hand side is alternating in # and y and also alternating in

z and w. Regarding w as an element of A2H, we have ¢(w, —) = 0 and ¢(—,w) = 0. Indeed:

e Both ¢(w, —) and ¢(—,w) are maps A2H — Sym?(H). The representation Sym?(H)
of Spy,(Q) is irreducible and is not isomorphic to either of the two irreducible factors

Q and (A’H)/Q of A2H. Thus the only map A2H — Sym?(H) is the zero map.
e Alternatively, this can be seen directly using the fact that for a symplectic basis
{a1,b1,...,a4,bs} of H we have w =aj Aby + -+ ag A by.

Either way, this implies that ¢ induces a map ¢ as in (1.1).

1.8. Symmetric kernel. The symmetric kernel, denoted K¢, is the kernel of the map
N((A*H)/Q) — Sym*(H)
associated to ¢. Say that sy, ko € (A2H)/Q are sym-orthogonal if ¢(k1,k2) = 0, in which

case K1 A\ kg € K. For k € (AN?H)/Q, the symmetric orthogonal complement of x, denoted
kT, consists of all &’ € (A2H)/Q that are sym-orthogonal to .

1.9. Symplectic pairs. A symplectic pair is an element of (A2Hz)/Z of the form a A b,
where a,b € Hyz are such that w(a,b) = 1. Equivalently, there exists a symplectic basis
{a1,b1,...,a4,by} for Hz with a; = a and by = b. For X C A?H, let X be its image in
(A2H)/Q. Also, for V. C Hy let Vo =V @ Q C H. We will later prove that for a symplectic
pair a A b we have (a A b)* = A2(a, b>6 See Lemma 10.1.

Remark 1.14. A symplectic pair is an element of (A?Hz)/Z, and can be expressed in many
ways as a A b with a,b € Hy, satisfying w(a, b) = 1. For instance, if a A b is a symplectic pair,
then a Ab = (2a+b) A (a +b). O

SThese are the theorems that are needed for our work on the Torelli group in [4, 5], and thus in some
sense are the main point of this paper.



PRESENTATIONS OF REPRESENTATIONS 5

1.10. Symmetric kernel presentation. We now make the following definition:

Definition 1.15. Define £ to be the Q-vector space with the following presentation:

e Generators. A generator [ry, ko], for all sym-orthogonal k1, ks € (A2H)/Q such
that either x; or k2 (or both) is a symplectic pair in (A2Hz)/Z.
e Relations. The following two families of relations:
— For all generators [k1, k2|4, the relation [ke, k1]a = —[K1, K2]a-
— For all symplectic pairs a A b € (A2Hz)/Z and all k1,k2 € (A2H)/Q that are
sym-orthogonal to a A b and all A, Ay € Q, the relation

la A b, Aik1 + Aokz]a = Aa A b, k1]a + A2a A b, K2]a. O

The group Spy,(Z) acts on K7 via its action on Hz. Define ®: & — N(A2H)/Q via
the formula ®([x1,k2]a) = K1 A k2. This takes relations to relations, and thus gives a
well-defined linearization map. Since the k; are sym-orthogonal, the image of ® lies in the
symmetric kernel Kg. We will prove:

Theorem F. For g > 4, the linearization map ®: &5 — KF is an isomorphism.
Theorem F plays a key role in our work on Hg of the Torelli group in [4, 5].

Remark 1.16. Just like in our previous theorems, it is not obvious from the definitions that
8] is finite-dimensional or that the Spy,(Z)-action on it extends to Spy,(Q). We will only see
these two facts at the very end of our proof. It is unclear if either fact holds for ¢ < 3. O

1.11. Symmetric square, II. Just like we did for 3, in §1.5, it is also interesting to replace
the anti-symmetric relation in &7 with the corresponding symmetric relation:

Definition 1.17. Define £ to be the Q-vector space with the following presentation:

e Generators. A generator [r1, ko]s for all sym-orthogonal k1, ko € (A2H)/Q such
that either x; or ka (or both) is a symplectic pair in (A2Hz)/Z.
e Relations. The following two families of relations:
— For all generators [k1, ka]s, the relation [ke, k1]s = [K1, K2]s-
— For all symplectic pairs a Ab € (A2Hz)/Z and all k1, k2 € (A°H)/Q that are
sym-orthogonal to a A b and all A1, As € Q, the relation

[a A by Ak1 4+ Aakalls = Ma A, k1]s + A2]a A b, kas. O

Define a linearization map ®: & — Sym?((A2H)/Q) via the formula ®([k1, k2]s) = K1-k2.
Unlike Sym?(H), the representation Sym?((A2H)/Q) of SPay(Z) is not irreducible. However,
it turns out that & is surjective. In fact:

Theorem G. For g > 4, the linearization map ®: 8 — Sym?((A2H)/Q) is an isomorphism.
Theorem G is also important for our work on the Torelli group.

1.12. Final remarks. Innumerable variants and generalizations of Theorems A — G can
be proved using our techniques. While these theorems are proved via a common core proof
technique, applying this technique requires calculations that seem special to each theorem.
Theorems F and G in particular require very elaborate calculations. There should be a
common generalization of all these results:

Question 1.18. Does there exist a general abstract theorem that specializes to Theorems A —
G, as well as their natural generalizations?

1.13. Notation and conventions. Throughout this paper, we will let H = Q2 and
Hy =72, and also let w: H x H — Q be the standard symplectic form on H.
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1.14. Outline. We prove Theorems A — E in Part 1. Next, in Part 2 we expand the
presentations for £ and £ to ones with a larger set of generators. We remark that this
expansion uses the same proof technique as our other theorems. We use this expanded
presentation to prove Theorems F — G in Parts 3 and 4. We close with Appendix A, which
adjusts the presentations given in Theorem F — G to make them match up better with our
companion papers [4, 5] on the Torelli group.

Part 1. Five easy examples

In this part of the paper, we prove Theorems A — E. The proof of Theorem A is in §2. We
then extract from that proof an outline of our proof method in §3. We then use this proof
technique to prove Theorem B in §4. This is followed by §5 and §6, which prove variants
of Theorems A and B that will be needed for our work on symmetric kernel. After the
preliminary §7 on generators for Spy,(Z), we then prove Theorems C — E in §8 — §9.

2. SPECIAL LINEAR GROUP [: STANDARD REPRESENTATION

Recall that £, is the Q-vector space with the following presentation:

e Generators. A generator [v] for all primitive vectors v € Z".

e Relations. For a partial basis {v1,va}, the relation [v1] + [v2] = [v1 + v2].
Define a linearization map ®: Q,, — Q" via the formula ®([v]) = v. This takes relations to
relations, and thus gives a well-defined map. Our goal is to prove:

Theorem A. For n > 2, the linearization map ®: 2, — Q™ is an isomorphism.

Proof. Let B = {e1, ..., ey} be the standard basis for Z". Set S = {[e1],...,[en]}. The map
® takes S bijectively to B. This implies that the restriction of ® to (S) is an isomorphism.
To prove that ® is an isomorphism, we must prove that (S) = Q,,.

The group SL,(Z) acts on Q,,. Since SL,(Z) acts transitively on primitive vectors,® it
acts transitively on the generators for 9,,. It follows that the SL, (Z)-orbit of S spans £,,.
To prove that (S) = Q,, it is therefore enough to prove that SL,(Z) takes (S) to itself.

For distinct 1 < ¢,j < n, let E;; € SLy,(Z) be the elementary matrix obtained from the
identity by placing a 1 at position (7,7). These generate SL,(Z). Fixing some distinct
1 <i,j <n and some € = £1, it is enough to prove that Ef; takes (S) to itself. Consider
some [ex] € S. We must prove that [Ef;(eg)] can be written as a linear combination of
elements of S. If k # j, then Ef;(ex) = ey and there is nothing to prove. If k = j, there are
two cases:

e ¢ = 1. In this case, [Eij(ej)] = [ej + €i] = [ej] + [61] S <S>
e ¢ = —1. In this case, [Eigl(ej)] = [e; — €;]. We would like to prove that this equals
le;] — [es] € (S). For this, since {e; — e, e;} is a partial basis we have

lej — ei] + [ei] = [(ej — &) + ei] = [ej]. O

Remark 2.1. Let n > 2 and let v € Z" be a primitive vector. The above implies that
[-v] = —[v]. Here is how to prove directly that this holds. Pick w € Z" such that {v,w} is
a partial basis for Z". For a,b, c,d € Z, the pair {av + bw, cv + dw} forms a partial basis for

Z" precisely when
det <‘C‘ Z) = +1.

6This is where we use the fact that n > 2.
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Using this, we prove that [v] + [-v] = 0 as follows:

[o] + [=0] = [o] + (fo + w] = [o + w]) + [=0] + ([~w] = [-w])
= ([o] + [o + w]) + ([=o] + [-w]) = ([o + w] + [-w])
= [2v+w] + [ v = w] = [v]
=[] =[] = O

3. OUTLINE OF PROOF TECHNIQUE

We now abstract a general proof technique from the proof of Theorem A. Let G be a
group and let V be a representation of G that we understand well. Let U be a representation
of G given by generators and relations that we suspect is isomorphic to V and let ®: 0 — V
be a G-equivariant map. The following steps will prove that ® is an isomorphism:

Step 1. Construct a subset S of V such that the restriction of ® to (S) is an isomorphism.

One way for this to hold is for ® to take S bijectively to a basis for V. However, sometimes
it is more natural to use a larger .S whose image is a generating set satisfying some relations.

Step 2. Prove that the G-orbit of S spans *J.

Since U is given by generators and relations, this is done by making sure that this G-orbit
contains all the generators.

Step 3. Prove that G takes (S) to itself. By Step 2, this will imply that (S) =0, and thus
by Step 1 that ® is an isomorphism.

We do this as follows. Let A be a generating set for G. Then it is enough to check
that for f € A and s € S the elements f(r) € U and f~!(x) € U can be written as linear
combinations of elements of S. When we proved Theorem A this step only required the easy
identities

le1 + 2] = [ea] + [ea],

[ex — 2] = [e1] — [ea].
However, for our other theorems this will be the most calculation heavy step, and the key
will be verifying that a large number of explicit elements of U lie in (S).

4. SPECIAL LINEAR GROUP II: ADJOINT REPRESENTATION
Recall that the adjoint representation of SL,,(Q) is the kernel sl,,(Q) of the trace map
tr: (@) ©Q" — Q
defined by tr(f,v) = f(v). Also, recall that 2, is the Q-vector space with the following

presentation:

e Generators. A generator [f,v]o for all primitive vectors f € (Z™)* and v € Z™ such
that f(v) =
e Relations. The following two families of relations:
— For all primitive vectors f € (Z™)* and all partial bases {v1,va} of ker(f), the

relation [f,v1 + vo]o = [f, v1]o + [f, v2]o-
— For all primitive vectors v € Z™ and all partial bases {f1, fo} of

ker(v) = {f € (Z")* | f(v) =0},
the relation [f1 + f2,v]o = [f1,v]o + [f2,v]o-
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Define ®: 2A,, — (Q")* ® Q" via the formula ®([f,v]g) = f ® v. This takes relations to
relations, and thus gives a well-defined linearization map with Im(®) C sl,,(Q). Our goal is
to prove:

Theorem B. For n > 3, the linearization map ®: A, — sL,(Q) is an isomorphism.
Proof. We start with the following, which we will use freely throughout the proof:

Claim. In %, the following relations hold for all m > 1:

(i) For all primitive vectors f € (Z™)* and all primitive vectors vi, ..., vy, € ker(f) and
all \i,..., A\ € Z such that Zﬁl Aiv; 18 primitive, we have

11> Aiwilo = > Ailf vilo.
i=1 i=1

(ii) For all primitive vectors v € Z™ and all primitive vectors fi, ..., fm € ker(v) and all
Aoy Am € Z such that Y% Nifi is primitive, we have

D Aifisvlo =Y Ailfis vlo-
=1 =1

Proof. Both are proved the same way, so we will give the details for (i). Let f € (Z")*
be primitive and let vy,..., v, € ker(f) and Aq,..., Ay, € Z be as in the claim. Choose
an isomorphism g: Z" ! — ker(f), and let w; = p~!(v;). Recall that we defined 9,1 in
Definition 1.1. Define a map ¥: Q,_1 — 2, via the formula

Y([z]) = [f, w(x)]o for a primitive z € Z" L.

This takes relations to relations, and thus gives a well-defined map. Recall that Theorem A
says that 9,1 = Q" . It follows from this theorem that

1=1 =1

Plugging this into v, we see that
[£,>  Aivilo = ¢ ([Z )\iwi]> =D A ([wil) = Y Adlf, vilo. O
i=1 i=1 i=1 i=1

Let B = {e1,...,en} be the standard basis for Z" and let B* = {ej,...,e}} be the
corresponding dual basis for (Z™)*. We follow the outline from §3, though for readability we
divide Step 3 into Steps 3.A and 3.B.

Step 1. Let S = 51 U Sy, where the S; are:
S1=A{le;,ejlo | 1 <, 5 < n distinct},
Sy = {{6: +einei—eqo ]| 1<i< n}

Like we did here, we will write elements of S in blue. Then the restriction of ® to (S) is an
isomorphism.

Let T'= T3 UT5, where the T; are:
Th ={ej ®ej | 1 <1i,j <n distinct},
T2:{€;<®€i—€:+1®€i+1 ’ 1§i<n}.
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The set T is a basis for the codimension-1 subspace sl,,(Q) of (Q")* ® Q™. The map P takes
S1 bijectively to T7. As for 15, observe that for 1 < i < n we have
O([ej + eiy1ei — eivalo) = (e +€i41) ® (&5 — eiva)
= e;k Qe — e;-‘+1 ®eir1 —€ D ejr1 + "/z'*+l ® €.
Here we have written elements of 77 in orange. This calculation implies that modulo 77,
the map ® takes So bijectively to T». Since T is a basis for sl,(Q), we deduce that ®

takes S bijectively to a basis for sl,,(Q). This implies that the restriction of ® to (S) is an
isomorphism.

Step 2. We prove that the SL,(Z)-orbit of S spans 2.
Immediate from the fact that SL,(Z) acts transitively on the basis elements of A,,.

Step 3.A. In preparation for proving that SL,(Z) takes (S) to (S), we prove that all
elements of
E={[ej + cj, i —¢jlo | 1 <d,j < n distinct}
U{le; — e ei+ejlo | 1<i,j <n distinct}
U {le; +2€ 2¢; —¢jlo | 1 < 4,5 < n distinct} .

lie in (S). Like we did here, we will write elements of E in green.

2

Above we wrote elements of S7 in blue. We extend this to certain elements that “obviously
lie in (S7) as follows:

e Consider a generator [f,v]p. Assume there exist Bf C B* and By C B such that
f € (Bf) and v € (By) and such that g(w) =0 for all g € B} and w € Ba. It is then
immediate that [f,v]o € (S1). This is most easily seen by example:
[Tel + 3e3,2ea — bealo = 2[Te] + 3e3, e2]o — 5[Te] + 3e3, e4)o
= 14[61, 62}0 + 21[63, 61}0 — 35[61, 64}0 — 15[6;, 64}0.
Previously we were only writing elements of S7 in blue, but now we will write these
elements in blue as well. For instance, we will write [7e] + 3e%, 2e2 — Healo.
Let = denote equality modulo (S). During the proof, we will underline elements of F that
we have not yet proven lie in (S). We divide the proof into three claims.

Claim 3.A.1. For distinct 1 < 1,5 <n, we have [¢] + e, e — ejlo = e — ej, e+ ejlo-

Since n > 3, we can pick some 1 < k < n that is distinct from 7 and j. For € € {£1}, let
xe = |e] +eep,e; — eeplo. For ¢ € {£1}, we have

+ ey, e — eeplo + [cej, i — eer]o = [ef + cej + ey, e — eexo

ef + cej + ee, (e; — cej) + (cej — eex)]o

le;
[e;
[e] + cej + eeg, ei — cejlo + [e] + cej + eeg, cej — eex]o
le;
e

=le; +cej,e; — cejlo+ [eey, ei — cejlo + (€], cej — eeglo + cle] + ecer, cej — eexo
=[e; + cej, e — cejlo + [ef + ecey, ej — eceg]o-

We can equate these expressions for z; for ¢ =1 and ¢ = —1 to get

(4.1) e +¢€j,e; —ejlo+[ef +ep,e; —exlo = [e] — €], e+ ejlo+ [€] — ex,ej + exo

"The letter E stands for “extra elements”.
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Similarly, equating these expressions for x_; for ¢ =1 and ¢ = —1 we get

(4.2) [ef +ej,ei —ejlo+[€f — e, e5 +exlo = [ef — e, ei +ejlo + [€] + ef, e — exo.

Combining (4.1) and (4.2), we conclude that [e] + ¢, e; —¢;lo = [e] — €], e; + ¢jo.

Claim 3.A.2. For distinct 1 <1i,j <n, we have |¢] + ¢}, ¢; —¢;lo € (S). In light of Claim
8.A.1, this will imply that [e] — ¢, e; + ¢ejlo € (S) as well.

Swapping ¢ and j multiplies [e] + ej,ei —ej]o by —1, so we can assume without loss of

generality that ¢ < j. The proof will be by induction on j — i. The base case is when
j —4 =1, in which case [e] + €5, e — e;lo lies in S and there is nothing to prove. Assume,

therefore, that j — ¢ > 1 and that the claim is true whenever j — ¢ is smaller. Pick k with
i <k < j. The element [e] + e} + €], e; — e;]o equals

[ef + €}, ei — ejlo + [ek ei — ejlo = [ef + €], ei — ejlo.

On the other hand, it also equals
i + ek + e}, (ei —ex) + (ex — ¢j)]o
= [e; + e +ej,ei —exlo + [e] +ep +€F,ex — ejlo
= [e; +ep, e — exlo +[€], e — exlo + e + €}, ex — ejlo + [e], ex — ejlo = 0.

Here the non-underlined green terms lie in (S) by our inductive hypothesis. Combining
these, we conclude that [e] + €7, e — e;lo=0.

Claim 3.A.3. For distinct 1 <1,j <n, we have [¢ + 2¢%,2e; — ejlo € (S).

Since n > 3, we can pick some 1 < k < n that is distinct from ¢ and j. The element
e] + 2e] + e, 2¢; — ¢j]o equals

] + 2¢j,2e; — ejlo + [ef, 2ei — ejlo = [e] + 2¢], 2¢; — ej]o.

On the other hand, it also equals
[e5 + 2€5 + ex, (e — ex) + (ei + ex — €5)]o
= [e; +2¢] + e, ei —exlo + e +2¢] +ep, e+ ex — ejlo
lei + e, e — exlo + 2{6;, ei —eklo+ [ef + e;f, ei +ep —ejlo+ [e}'f +ep, e +ep —ejlo

ef +ei,ei —ejlo+ [ef + €5, exlo + € + e, er — ejlo + [e] + ex, eio = 0.

Combining these, we conclude that [e] + 2e3,2e; — ejlo=0.

Step 3.B. We prove that SL,,(Z) takes (S) to itself. By Step 2 this will imply that (S) = Ay,
and thus by Step 1 that ® is an isomorphism.

For distinct 1 < ¢,5 < n, let E;; € SL,(Z) be the elementary matrix obtained from the
identity by placing a 1 at position (i,7). These generate SL,(Z). Fixing some distinct
1 <14,7 <n and some € = %1, it is enough to prove that Efj takes (S) to itself. To do this,
we must prove that for all s € S the image Ef;(s) can be written as a linear combination of
elements of S. The matrix E;; satisfies

Eij(e;) =ei —€j  Eij(ej)=ej + ei,
El.;l(ef) =ef +¢j Ejj(ej)=ej — e
It fixes all other elements of B and B*. Consider s € S. If Ef;(s) = s, there is nothing to
prove. We can therefore assume that E;;e(s) # s. There are two cases.



PRESENTATIONS OF REPRESENTATIONS 11

Case 3.B.1. s € S; ={[e].¢;l0 | 1 <14,5 <n distinct}.
The matrix Ef; fixes all elements of S1 except for the following:
o [ef, er]o with k # 4, j. For these, we have
seklo € (51),
,eklo € (S1)-

Eij(leis exlo) = lei — €}, exlo =[5, exlo — [e
E;l([ef erlo) = [ef + €5, exlo = [ef, exlo + [e
o (¢, ejlo with k # i, j. For these, we have
Eij([er. ejlo) = [ex. €5 + eilo = [ef. €5]o + [ef. €]o € (S1),
E; ([ es)0) = lek e — edo = [ef, ejlo — [er, eilo € ().
e [c7, eifo. For this, we have
Ei;([€], eilo)

E; ([e, eilo)

le; —eieitejlo€ EC(S),

[(Ej- + 0;6.,013 — (/ij}() e FEC <S>

Case 3.B.2. s Sy = {[ej‘ +ejpei—eipio | 1< n}

To decrease the number of special cases, we will deal more generally with elements of the
form [e) + e}, e, — ep]o for distinct 1 < a,b < n. The matrix Efj fixes these except when:

e (a,b) = (i,k) or (a,b) = (k,i) for some 1 < k <n with k # 4,j. Swapping a and b
multiplies e, + ¢;, e, — €3]0 by a sign, so it is enough to deal with (a,b) = (i, k):

Eij(le; +ep,ei —exlo) = [ef — €] + e, ei —exlo = [e; +ep, e — exlo — €], ei — exlo € (S),

Eil({ef +ep e —exlo) = [ef + e; +ep e —eglo=le; +ep, e —exlo+ e}, ei — exlo € (S).

ij
e (a,b) = (j,k) or (a,b) = (k,j) for some 1 < k < n with k # i,j. Again, it is enough
to deal with (a,b) = (j,k):

Eij([e] + ep,ej —exlo) = [ef + ep,ej +ei — exlo = [e] +ep,e5 — exlo + [€] + e, ei]o € (S),
' )

= [e] +ep,ej — e —exlo = [ef + e, e — ex]o — [e] + e, eifo € (S).

~_

i (e + e, es — eklo
e (a,b) = (i,7) or (a,b) = (j,7). Again it is enough to deal with (a,b) = (3, j):
i [()jK + (’; €; — Oﬂo) = [()jK + 20;, 2e; — (2'7‘]0 € F,
lej +e,¢

Eij(
Ezgl( f i f’ﬂo) = [e], —ffﬂo =€ (51). O

5. SPECIAL LINEAR GROUP I’: VARIANT PRESENTATION OF STANDARD REPRESENTATION

j

Before proceeding with proofs of our main results, this section and the next give alternate
presentations of the standard and adjoint representations of SL,(Q) that are needed in
Part 3 for our work on the symmetric kernel. We start with the standard representation.
Let B = {e1,...,e,} be the standard basis for Z". Say that v € Z" is e;-standard (resp.
ei-vanishing) if the e;-coordinate of v lies in {—1,0,1} (resp. is 0). If v; € Z" is e;-standard
and ve € Z" is e;-vanishing, then v; + vy is e;-standard. Define the following:

Definition 5.1. Define 9/, to be the Q-vector space with the following presentation:
e Generators. A generator [v]’ for all primitive vectors v € Z™ that are e;-standard.
e Relations. For a partial basis {v1,ve} of Z" such that v; is e;-standard and ey is
e1-vanishing, the relation [v1])' + [v2]" = [v1 + va]'. O

Define a linearization map ®: Q) — Q" via the formula ®([v]") = v. This takes relations
to relations, and thus gives a well-defined map. Our goal is to prove:

Theorem A’. Forn > 3, the linearization map ®: Q), — Q™ is an isomorphism.
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Proof. Recall that B = {e1,...,e,} is the standard basis for Z". Let B* = {e},...,e}} be
the corresponding dual basis. Let SL,(Z, e]) be the stabilizer of e} in SLy,(Z). The action of
SL(Z, e}) on Z™ takes ej-standard vectors to ej-standard vectors. It follows that SL,(Z, e7)
acts on 9/, and we will use this action to prove our theorem. We follow the outline from §3.

Step 1. Let S = {[e1]’,...,[en)'}. Like we did here, we will write elements of S in blue.
Then the restriction of ® to (S) is an isomorphism.

Immediate from the fact that ® takes S to a basis for Q.
Step 2. We prove that the SL,(Z, e})-orbit of S spans QJ,.

Let W be the span of the SL,(Z, e])-orbit of S. The action of SL,(Z, e) on the set of
generators for 9/, has three orbits:®

O_1 = {[v]' | v € Z" is primitive and the e;-coordinate of v is —1},
O = {[v] | v € Z" is primitive and the e;-coordinate of v is 0},
Oy = {[v]' | v € Z" is primitive and the e;-coordinate of v is 1} .

It is enough to prove that W contains elements from all three of these orbits. We have
[e1]” € O1 and [es]) € Oy, so the only nontrivial case is O_;. Since W contains [e1]" € Oy
and [es]” € Oy, it follows that W contains all elements of Oy and O;. In £/, we have the
relation

[e1 + ea] + [—e1] = [ea]’.

Since W contains [e; + e2]’ € O and [e2]” € Oy, it also contains [—e;]” € O_;. The step
follows.

Step 3. We prove that SL,,(Z, e}) takes (S) to itself. By Step 2 this will imply that (S) = Q,,
and thus by Step 1 that ® is an isomorphism.

For distinct 1 < ¢,5 < n, let E;; € SL,(Z) be the elementary matrix obtained from the
identity by placing a 1 at position (z,j). The matrix Ej;; lies in SL,,(Z, e}) if i # 1, and the
set

A ={FE;; | 1<i,j <ndistinct, i # 1}

generates SL,(Z, e7). Fixing some E;; € A and some € = %1, it is enough to prove that E;
takes (5) to itself. Consider some [e;]" € S. We must prove that [Ef;(ex)] can be written as
a linear combination of elements of S. If k £ j, then Efj(ek) = e;, and there is nothing to
prove. If k = j, there are two cases:

e ¢ = 1. In this case, since i # 1 it follows that e; is e;-vanishing, so [E;j(e;)] =
lej + el = [e;]' + [ed] € (5).

e ¢ = —1. In this case, [Eigl(ej)]’ = [ej — €;]. We would like to prove that this equals
lej] — [es] € (S). For this, since i # 1 the set {e; — e;,e;} is a partial basis such that
ej — e; is e;-standard and e; is ej-vanishing. We have

lej —e] + [ei] = [(e5 — ei) + ei] = [e;]. O

8For instance, to see that SL,(Z,e]) acts transitively on Oi, consider some primitive v € Z" with
e1-coordinate 1. We must find M € SL,(Z, el) with M([e1]’) = [v]’. Since v is primitive, we can find a basis
{vi,...,vp} for Z" with v1 = v. Adding multiples of v1 to the other v;, we can assume that the ei-coordinate
of v; is 0 for 2 < ¢ < n. Let M € GL,(Z) be the matrix whose columns are {v1,...,v,}. Multiplying v by
—1 if necessary, we can assume that det(M) = 1. Since the e;-coordinate of v; is 1 and the e;-coordinate of
v; is 0 for 2 < i < n, we have M € SL,(Z, ef). By construction, M([e1]") = [v1]" = [v]’, as desired.
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6. SPECIAL LINEAR GROUP II': VARIANT PRESENTATION OF ADJOINT REPRESENTATION

We now give a variant of our presentation for the adjoint representation. Let B =
{e1,..., e} be the standard basis for Z™ and let B* = {e],..., e’} be the corresponding
dual basis. As in §5, an element f € (Z")* is e!-standard (resp. ef-vanishing) if the e}-
coordinate of f lies in {—1,0,1} (resp. is 0). We define v € Z" being e;-standard and
e;-vanishing similarly. Define:

Definition 6.1. Define 2/, to be the Q-vector space with the following presentation:

e Generators. A generator [f,v]( for all primitive vectors f € (Z")* and v € Z" such
that f(v) =0 and such that f is ef-standard and v is eg-standard.
e Relations. The following two families of relations:
— For all ej-primitive vectors f € (Z™)* and all partial bases {vi,v2} of ker(f)
such that vy is eg-standard and vy is eg-vanishing, the relation [f,v1 + va]j =

[f7 U1]6 + [fa U2]6-
— For all eg-standard primitive vectors v € Z™ and all partial bases {f1, fo} of

ker(v) = {f € (Z")" | f(v) =0},
such that f; is ej-standard and f; is ej-vanishing, the relation [f1 + fa2,v]o =
[f1,v]o + [f2, v]o. O

Define ®: 2/, — (Q™)* ® Q" via the formula ®([f,v]j) = f ® v. This takes relations to
relations, and thus gives a well-defined linearization map with Im(®) C sl,,(Q). Our goal is
to prove:

Theorem B'. For n > 4, the linearization map ®: A, — s, (Q) is an isomorphism.
Proof. We start with the following, which we will use freely throughout the proof:

Claim. In 2, the following relations hold for all m > 1:

(i) For all e7-standard primitive vectors f € (Z™)* and all ez-standard primitive vectors
V1y...,Um € ker(f) and all Mi,..., A\, € Z such that Y}, \jv; is primitive and
es-standard, we have

m m
i=1 i=1

(ii) For all ea-standard primitive vectors v € Z™ and all e} -standard primitive vectors
fiooo oo fm € ker(v) and all A\i,..., A\ € Z such that Y ;" \i fi is primitive and
e]-standard, we have

[Z Aifi, vlo = Z il fis v]6-
i=1 i=1

Proof. Both are proved the same way, so we will give the details for (i). Let f € (Z™)* and
V1y..., 0y € ker(f) and A1,..., A\, € Z be as in the claim. There are now two cases.

The first is that the restriction of e} to ker(f) is surjective. This implies that ker(f)
contains ep-standard vectors that are not es-vanishing. We can then choose an isomorphism
w: Z" 1 — ker(f) with the following property:

e Let {z1,...,2,—1} be the standard basis for Z"~! and let {z7,...,2}_;} be the
corresponding dual basis. Then the induced map p*: ker(f)* — (Z"~1)* takes the
restriction of e to x]. This condition ensures that ;o gives a bijection between
r1-standard vectors in Z" ! and es-standard vectors in ker(f).
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Let u; = p~(v;). Recall that we defined £/, ; in Definition 5.1. Define a map ¢: Q/, ; — 2/,
via the formula

Y([w]') = [f, w(w)]y for an z;-standard primitive w € Z"~ 1.

This takes relations to relations, and thus gives a well-defined map. Since n > 3, Theorem
A’ says that 9/, _; =2 Q" L. It follows from this theorem that

[Z /\iuz’]/ = Z /\z' [uz]'

Plugging this into v, we see that
m m m m
11D Nivily = ([Z Mw]') = xt ([wl) =D Nl vilh,
i=1 i=1 i=1 i=1
as desired.

The second case is that the restriction of e3 to ker(f) is not surjective, so all es-standard
vectors in ker(f) are eg-vanishing. In particular, all the v; are ez-vanishing. Letting
U = ker(e3) Nker(f), this implies that all the v; lie in U. Since U is the intersection of two
direct summands of Z", it follows that U is also a direct summand of Z™. Let r be the rank
of U. Since n > 4, we have r > 2. Choose an isomorphism pu: Z" — U. Let u; = pu~!(v;).
Recall that we defined £, in Definition 1.1. Define a map v¢: Q, — 2/, via the formula

Y([w]) = [f, w(w)]y for a primitive w € Z" 1.

This makes sense since each u(w) is eg-vanishing, and hence also eg-standard. The map ¢
takes relations to relations, and thus gives a well-defined map. Since r > 2, Theorem A says
that Q,—1 = Q". It follows from this theorem that

i=1 =1

Plugging this into v, we see that

£.) " vy = <[Z w) =Y N ([wal) = Y Nl fowilh,
i=1 i=1 i=1 i=1
as desired. ]

Recall that B = {e1,...,e,} is the standard basis for Z" and B* = {e},...,e}} is the
corresponding dual basis for (Z™)*. Let I' = SL,,(Z, e1, €3) be the stabilizer of e; and €} in
SLy(Z). The action of I" on (Z™)* fixes the ej-coordinate, and the action of I on Z" fixes
the eg-coordinate. It follows that I' acts on on 2/, and we will use this action to prove our
theorem. We follow the outline from §3, though for readability we divide Step 3 into Steps
3.A and 3.B.

Step 1. Let S = 51U S2, where the S; are:
S1={lef,ejlo | 1 <i,j <n distinct}
Sy = {{(’7 + ey, — €i+l}6 |1<i< n}

Note that all of these are generators of A,,. Like we did here, we will write elements of S in
blue. Then the restriction of ® to (S) is an isomorphism.

The proof is identical to that of Step 1 in the proof of Theorem B, so we omit the details.
Step 2. Recall that T' = SLy,(Z, e1,€3). We prove that the T-orbit of S spans 2.
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Consider a generator [f, v](, of 2, so:
e f € (Z™)* is primitive and ej-standard; and
e v € Z" is primitive and es-standard; and
. f() =0,
We want to prove that [f, v]( is in the span of the I-orbit of S. There are three (nonexclusive)
cases:
Case 2.1. The ej-coordinate of f is £1.

Using the claim from the beginning of the proof, we have [f,v]; = —[—f,v]j, so replacing
[f, v](, with [—f,v]f if necessary we can assume that the ef-coordinate of f is 1. Let M be the
matrix whose rows are {f,e5,...,e’}. Since the ej-coordinate of f is 1, we have det(M) = 1.
By construction we have have M € I = SL,,(Z, ey, e}) and M(e}) = f. Replacing [f, v]j by
M=Y([f,v]h), we can assume that f = e}. Write

v=Ae1+ -+ Anen  with A\q,..., \, € Z.

Since v is in the kernel of f = e}, we have \; = 0. Using the claim from the beginning of
the proof, we have

[f, 0o = [e1, Aaea 4 -+ - + Anenly = Aale], ealg + - - - + Anlel, enl € (5),
as desired.

Case 2.2. The es-coordinate of v is £1.

Similar to Case 2.1 except that after possibly replacing [f,v]; with [f, —v]{, we apply an
element of I' = SL,,(Z, e1, €5) to change v to es.

Case 2.3. The ej-coordinate of f is 0 and the ex-coordinate of v is 0.

Write f = pe5 + qg with p,q € Z and g € (e3,...,e};) primitive. Since f is primitive,
we have ged(p,q) = 1. Since n > 4, it follows that the action of SL((e3,...,€e})) on

e n
*

(€3,...,€r) is transitive on primitive vectors. Using this, we can find M € SL,(Z) such

that M(g) = e} and such that M acts as the identity on (e, e5) and (e, e2). It follows that
M €T = SL,(Z,e1,€3). Replacing [f,v], = [pes + qg, v]l, with M ([f,v]}), we can assume
that f = pe} + ge;. Write

v=Ae1+ -+ Aen with Aq,..., N\, € Z.
By assumption, we have Ay = 0. Since f(v) =0 and f = pe; + ge}, we have
pA2 + g3 = qA3 = 0.

It follows that either ¢ or A3 must vanish. If ¢ = 0, then since f = pej + ge3 is primitive we
must have p € {1} and we can use the claim from the beginning of the proof to see that

[f, 0] = [pes, Adrer + Azez + -+ + Anenly
= pAiles, er]y + pAsles, esly + - - - + pAnled, enlp € (),

as desired. If instead Az = 0, then we can again use the claim from beginning of the proof
to see that

[f, 0]l = [pes + gel, Aer + Maeq + -+ + Anenli)
= D Ailpes +qeseily = > (philes, ey + ahiles eilp) € (),

1<i<n 1<i<n
i£2.3 i£2.3

again as desired.
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Step 3.A. In preparation for proving that I' = SLy(Z, e1,€3) takes (S) to (S), we prove
that all elements of®

E={le; +¢;.ei—ejly | 1<i,j <n distinct}
U{le; — e ei+ejly | 1<i,j <n distinct}
U{le] +2¢5,2¢; — )] | 1 <d,j <n distinct, j # 1, i # 2}.
lie in (S). Like we did here, we will write elements of E in green.

The proof is identical to that of Step 3.A of the proof of Theorem B; indeed, a careful
examination of that proof shows that every term [f,v], that appears when handling the
elements of E listed above has the property that f is e]-standard and v is ex-standard. We
therefore omit the details.

Step 3.B. We prove that I' = SL,,(Z, e1, €5) takes (S) to itself. By Step 2 this will imply
that (S) =2, and thus by Step 1 that ® is an isomorphism.

For distinct 1 < ¢,5 < n, let E;; € SL,(Z) be the elementary matrix obtained from the
identity by placing a 1 at position (¢, 7). The matrix E;; lies in I" if j # 1 and ¢ # 2, and the
set

A={E;|1<i,j<ndistinct, j # 1, i # 2}
generates I'. Fixing some Ej; € A and some € = +1, it is enough to prove that Ef; takes (S)
to itself. The proof of this is identical to that of Step 3.B of the proof of Theorem B. We
therefore omit the details. 0

7. GENERATING THE SYMPLECTIC GROUP

To prove our theorems about Spy,(Z), we need generators for Spy,(Z). The most con-
venient generating set was constructed by Hua—Reiner [3], which we now describe. Recall
from §1.13 that H = Q29 and Hy, = Z?9, which are equipped with the standard symplectic
form w. Let B = {a1,b1,...,aq4,by} be a symplectic basis for Hy.

Define SymSp, to be the subgroup of Spy,(Z) consisting of all f € Spy,(Z) such that for
all z € B, we have either f(z) € B or —f(x) € B. This is a finite group. Associated to each
f € Spyy(Z) is a permutation p of {1,..., g} such that for all 1 <i < g the pair (f(a;), f(b;))
is one of the following;:

(ap(iy: by 0t (=apay, —bpiy)s o0 (Bpiays —ap(iy), - or (=byys ap(iy)-
Next, for 1 <i < g let X; € Spyy(Z) be the element defined by
Xi(a;) =a;+b; and X;(zx) =z for x € B\ {a;}.
Finally, for distinct 1 <i,j < g let Yi; € Spy,(Z) be the element defined by
Yij(a;) =a; +b; and Yjj(aj) =a; +b; and Yjj(x)=x forx € B\ {a;,a;}.
It follows from the calculations in [3] that:'°

Theorem 7.1 (Hua-Reiner, [3]). For all g > 1, the group Spy,(Z) is generated by SymSp,
and X1 and Yis.

INote that all of these lie in 2,; indeed, the only [f,v];, € E where there is any possibility that either f is
not ej-standard or v is not es-standard are those of the form [e; + 2¢},2e; — 10, and our assumptions that
j # 1 and i # 2 ensure that indeed [f,v]) € 2A,.

10This is not identical to the generating set from [3], but it is easily seen to be equivalent to it and fits
better into our calculations.
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Remark 7.2. The other X; are not needed since they are all conjugate to X; by elements of
SymSpg. Similarly, the other Y;; are not needed. O

The most complicated generator is Yi2. The following observation will simplify our
calculations by allowing us to not worry about Ylglz

Corollary 7.3. For all g > 1, the group Spy,(Z) is generated as a monoid by SymSp, and
{X1, X7, Yo}

Proof. Let o € SymSpy, be the element that multiplies a; and b; by —1 while fixing all
other elements of 5. We then have Ylgl = oYi20. The corollary follows. O

8. SYMPLECTIC GROUP I: STANDARD REPRESENTATION

Recall that $,, is the Q-vector space with the following presentation:

e Generators. A generator [v]g, for all primitive vectors v € Hy.
e Relations. For a partial basis {vi,va} of Hyz with w(vi,v2) = 0, the relation
[vi]sp + [valsp = [v1 + va]sp.
Define a linearization map ®: £, — H via the formula ®([v]s,) = v. This takes relations to
relations, and thus gives a well-defined map. Our goal is to prove:

Theorem C. For g > 2, the linearization map ®: 4 — H is an isomorphism.

Proof. Let B = {ai,b1,...,a4,by} be a symplectic basis for Hz. We follow the outline from
§3, though for readability we divide Step 3 into Steps 3.A and 3.B.

Step 1. Let S = {[z]sp | « € B}. Then the restriction of ® to (S) is an isomorphism.
Immediate.
Step 2. We prove that the Spy,(Z)-orbit of S spans $g.

Since SpQg(Z) acts transitively on primitive vectors, it acts transitively on the generators
for ,. It follows that the Spy,(Z)-orbit of S spans 9.

Step 3.A. In preparation for proving that Spe,(Z) takes (S) to (S), we prove that all
elements of E = {[—z|sp | € B} U {[a1 + b1]sp, [a1 — bi]sp} lie in (S).

We divide this into three claims:

Claim 3.A.1. For all primitive v € Hyz, we have [—v]s, = —[v]sp. In particular, all elements
of {|[—xlsp | © € B} lie in S.

Since g > 2, we can find w € Hyz with w(v,w) = 0 such that (v, w) is a rank-2 direct
summand of Z%9. Let u: Z? — (v, w) be the isomorphism taking the standard basis {e, es}
of Z2 to {v,w}. Recall that we defined 9,, in Definition 1.1. Define a map ¢: Qs — ), via
the formula

Y([z]) = [u(z)]sp for a primitive x € 72,

Since w(—, —) vanishes identically on (v,w), this formula takes generators to generators.
Theorem A says that Qs = Q2. This implies that [—z] = —[z] for all primitive x € Z2. In
particular,

[—vlsp = [—p(en)lsp = P([—e1]) = (=[e1]) = —[v]sp-
Claim 3.A.2. We have [a1 + bi]sp € (S).
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The element [(a1 + b1) + (a2 + b2)]sp equals [a; + bi]sp + [ag + ba]sp. It also equals
[(a1 +b2) + (az + b1)]sp = [a1 + balsp + [a2 + bi]sp = [ar]sp + [ba2]sp + [az]sp + [b1]sp-
We deduce that
(8.1) a1 + bu]sp + [az2 + ba]sp = la]sp + [b2]sp + [azlsp + [ba]sp.
Similarly, the element [(a1 + b1) — (a2 + b2)]sp equals [a1 + bi]sp — [a2 + ba2]sp. It also equals
[(a1 = b2) + (—az + b1)]sp = [a1 — ba]sp + [—az + bisp = [aa]sp — [ba]sp — [az]sp + [b1]sp-
We deduce that
(8.2) [a1 + b]sp — [az + be]sp = larsp — [b2]sp — [azlsp + [b]sp.
Adding (8.1) and (8.2) and dividing by 2 yield the claim.
Claim 3.A.3. We have [a; — bi]gp € (S).
The element [(a; — b1) + (a2 — b2)]sp equals [a; — bi]sp + [ag — ba]sp. It also equals
[(a1 = b2) + (a2 = b1)lsp = a1 — ba]sp + [az — bulsp

= laasp = [bo]sp + [az]sp — [ba]sp-
We deduce that
(8.3) [a1 = bu]sp + [a2 — ba]sp = la]sp — [ba]sp + [az]sp — [ba]sp.
Similarly, the element [(a1 — b1) — (a2 — b2)]sp equals [a1 — bi]gp — [a2 — ba]gp. It also equals

[(a1 + b2) + (—a2 = b1)lsp = [a1 + ba]sp + [—az2 — bisp
= laalsp + [ba]sp — [az]sp — [ba]sp-

We deduce that
(8.4) [a1 = b]sp — [a2 — ba]sp = laa]sp + [ba]sp — [azlsp — [ba]sp-
Adding (8.3) and (8.4) and dividing by 2 yields the claim.

Step 3.B. We prove that Spy,(Z) takes (S) to itself. By Step 2 this will imply that (S) = $g,
and thus by Step 1 that ® is an isomorphism.

Corollary 7.3 says that Spy,(Z) is generated as a monoid by SymSp, U{ X1, X7, Vo).
Let f € SymSp, U{Xl,Xl_l,Ylg} and let s € S. Using Step 3.A, it is enough to check that
f(s) can both be written as a linear combination of elements of S and E.

The first case is f € SymSp,. This case is easy: we have s = [z]s}, for some z € B, and
for some y € B the element f(s) = [f(z)]sp is either [y|s, € S or [—ylsp € E. The second
caseis f=Xjor f= Xl_l. Recall that X7 takes a; to a; + by and fixes all other elements
of B. Both X; and X! fix all elements of S except for [a1]sp, and for this we have

Xi([aa]sp) = lar + busp € E,
Xfl([al]Sp) = [a1 — ba]sp € E.
The final case is f = Y12. Recall that this takes a; to a; + by and as to by + as and fixes all
other elements of B. The element Y5 fixes all elements of S except for [a1]sp and [as]sp, for
these we have
Yiz(larlsp) = a1 + bo]sp = [an]sp + [b2]sp € (5),
Via([az]sp) = [a2 + bi]sp = [az]sp + [b1]sp € (S5). O
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9. SYMPLECTIC GROUP II: KERNEL AND SYMMETRIC REPRESENTATIONS

We could prove Theorems D and E using our now-standard proof technique, but to
illustrate another useful tool we show how to deduce them from Theorem B.

9.1. Non-symmetric presentation. We defined 5; and 5; in Definitions 1.12 and 1.11. We
now define the following, which is similar to these but does not include their symmetric/anti-
symmetric relations:

Definition 9.1. Define 3, to be the Q-vector space with the following presentation:

e Generators. A generator (v1,ve) for all orthogonal primitive vectors vy, vy € Hy.
e Relations. For all primitive vectors v € Hz and all partial bases {wy,ws} of vz,
the relations

(v, w1 + wal) = (v, w1) + (v, w2)), and
(w1 + wa, v) = (w1, v) + (w2, v). O

This combines 32 and 33 in the following way. There is an involution /: 3, — 3, defined
by I((v1,v2)) = (v2,v1]) that we will call the canonical involution. We then have:

Lemma 9.2. We have 3, = 3; e 3;, where 3; and 53 are identified with the +1 and —1
etgenspaces of the canonical involution.

Proof. Define a map m: 3, — 3; &) 33 via the formula

7((v1,v2)) = ((v1,v2)s, (v1,v2)a)-

This take relations to relations, and thus gives a well-defined map. Next, define ¢: 37 & 3§
as L = tg + Ly, Where tg4: 3; — 34 and 4: 3; — 34 are the maps defined via the formulas

1

ts((r, v2)s) = 5 (o1, v2) + (o2, v1))
tallor, v2ba) = 5 (Qor,02) — 2, )

Again, these take relations to relations and thus give well-defined maps. The maps 7 and ¢
are inverses, so both are isomorphisms. This gives the decomposition 3, = 3; &3] 33, and the
fact that 5; and 33 are identified with the +1 and —1 eigenspaces of the canonical involution
follows from the above formulas. O

9.2. Identifying the non-symmetric presentation. Define a linearization map ®: 3, —
H®? via the formula ®((v1,vs)) = v1 ® va. This takes relations to relations, and thus gives
a well-defined map. Its image lies in the kernel Z; of the map

H®? — 5 N2H —“— Q,
where the second map is the one induced by the symplectic form w. We will prove:

Theorem 9.3. For g > 2, the linearization map ®: 3, — Z, is an isomorphism.

Proof. Pick an isomorphism pug: Hyz — Z29. Since w identifies Hz with its dual H} =
Hom(H,Z), we can find a corresponding isomorphism j1: Hz — (Z29)* such that

(9.1) w(v1,v2) = p1(v1)(pe(ve)) for all vi,ve € Hz.

The map p1 ® pp: Hy? — (Z29)* ® Z29 is then an Spay(Z)-equivariant isomorphism.
Recall that we defined the vector space 2y, in Definition 1.6. Using p1 and pa, we can

define a map M: 3, — 2y, via the formula M ((v1,va2)) = [p1(v1), p2(v2)]o. The identity

(9.1) implies that [u1(v1), p2(v2)]o is a generator for ™Apy. The map M takes relations to
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relations, and thus gives a well-defined map. In fact, even more is true: M is an isomorphism
with inverse the map taking [f,v]o to (uy*(f), uy *(v)).

The vector space 20y, is equipped with a linearization map ®: 2, — (Q%9)* ® Q% defined
via the formula ®([f,v]o) = f ® v. The image of this map is the kernel sly,(Q) of the trace
map

tr: (Q")*®Q" — Q
defined by tr(f,v) = f(v). Theorem B says that ®: 2y, — sly,(Q) is an isomorphism.
Abusing notation slightly, we will identify the isomorphism p1 ® puo: H%Z — (ZM)* 7"
with the corresponding isomorphism 3 ® po: H®? — (Q")* ® Q™. By (9.1), this takes Z,
to slyg(Q). This all fits into a commutative diagram
39 * Qng

[ER—"

Zg #12#2 5[29<Q)
From this, we conclude that ®: 3, — Z, is an isomorphism. U

9.3. Consequences. Let : H®? — H%? be the involution ¢(v; ® v2) = vo ® vy. This
involution induces a decomposition of H®? into into its +1 and —1 eigenspaces. This gives
the familiar decomposition

H®? = Sym?(H) & A*H.
Recall that Z7 is the kernel of the map A?H — Q given by the symplectic form. The vector
spaces Z; and Z¢ fit into the above decomposition as

Zy=Sym*(H) ® 2.
The involution ¢ lifts to the canonical involution I: 3, — 3, in the sense that diagram

39¥>39

2o e

Z, —— Z,

commute. This implies that the isomorphism ®: 3, — Z, from Theorem 9.3 matches up
the +1 and —1 eigenspaces of I and ¢. For 3,, these eigenspaces were identified by Lemma
9.2, and the following theorems from the introduction follow:

Theorem E. For g > 2, the linearization map ®: 35 — Sym?(H) is an isomorphism.
Theorem D. For g > 1, the linearization map P: 3; — Zg is an isomorphism.

Remark 9.4. One tiny issue with the above argument is that it only works for g > 2, while
Theorem D is also supposed to hold for ¢ = 1. However, for ¢ = 1 this theorem is trivial
since 3¢ =0 and Z¢ = 0. O

Part 2. Improving the presentation for the symmetric kernel

We now turn to our theorems on the symmetric kernel. In this part of the paper, we
enlarge its purported presentation by adding some additional generators. The key result
needed to add these generators (Proposition 13.1 below) uses the proof technique from §3
that we have already used to prove Theorems A — E. See the introductory §10 for a more
detailed discussion of what we will do. Our main theorems will be proved in Parts 3 and 4,
again using the proof technique from §3.
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To avoid having to constantly impose genus hypotheses, we make the following blanket
assumption:

Assumption 9.5. Throughout Part 2, we assume that g > 4. (|

10. INTRODUCTION TO PART 2

Recall from §1.13 that H = Q% and Hz = Z?9 and w: H x H — Q is the standard
symplectic form on H. We start by recalling some definitions and notation from the
introduction and proving some preliminary results, and then we will outline the rest of this
part.

10.1. Quotient representation. The symplectic form w on H identifies H with its dual.
Using this, we can identify alternating forms on H with elements of A2H. If {ay, b1, ..., ag, by}
is a symplectic basis for H, then

w=ai Aby+---ag \by.

The Q-span of w in A2H is a copy of Q. The quotient (A2H)/Q will always mean the
quotient by the Q-span of w. Similarly, (A\2Hz)/Z will always mean the quotient of A?Hyz
by the Z-span of w.

10.2. Symmetric contraction. As we discussed in the introduction, the symmetric con-
traction is the bilinear map

¢: (NH)/Q) x (A°H)/Q) — Sym?(H)
defined by the formula
c(z Ay, zAw) =w(z,2)yw—wx,w)yz—wy,2)rw+ w(ly, w)zz for z,y,z,w € H.
The bilinear form ¢ is alternating;:
c(ka, k1) = —c(k1, ko) for all Ky, ke € (A2H)/Q.

It induces a map

(A°H)/Q)** — Sym*(H)
whose kernel K, is the symmetric kernel. We say that 1, ke € (A2H)/Q are sym-orthogonal
if

¢(k1, k2) = —c(k2, k1) =0,
or equivalently if k1 ® k2 and K ® k1 lie in Ky. For k € (A2H)/Q, the symmetric orthogonal

complement of k, denoted s, is the subspace of all k" € (A2H)/Q that are sym-orthogonal
to K.

10.3. Symplectic pairs. A symplectic pair is an element of (A?Hz)/Z of the form a A b,
where a,b € Hyz are such that w(a,b) = 1. Equivalently, there exists a symplectic basis
{a1,b1,...,a4,by} for Hz with a; = a and by = b. For X C A?H, let X be its image in
(A2H)/Q. Also, for V. C Hy let Vo =V ® Q C H. We have:

Lemma 10.1. Let a A b be a symplectic pair and let V = (a,b). Then (a Ab)* = /\2VQL.

Proof. Let {a1,b1,...,aq4,by} be a symplectic basis for H with a; = a and by = b, so
Vd- = (a2, ba, ..., ag4,by). It is immediate from the formula for ¢ in §10.2 that ¢(a; Aby, k) =0

for Kk € /\2V6, SO /\2V6 C (a1 A b1)*. We must show the other inclusion. Via the
decomposition

NH = (Vg & V) = (AVe) © (MVe) @ (Va AV )
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this is equivalent to showing that the intersection of (a; A by)* and

(10.1) (N?Vg) @ (V@ A V&) =t Ab)® (V@ A V@L)

is contained in /\QVQ%.
Note that (10.1) is spanned by a1 Aby and a1 Az and by Az as z ranges over {ag, b, ..., ag, by}
For such z, we have
c(ag Abr,a1 A z) = —ag-z,
c(a1 Abi, b A Z) = b1z,
C((Il Abi,ar A bl) = —by-a; +a1-by =0.
Other than 0, the elements of Sym?(H) appearing on the right hand side of this equation as

z ranges over {ag,ba,...,aq,by} are linearly independent. It follows that the intersection of
(a1 Aby)* with (10.1) is spanned by

ar ANby = —(ag Aba + -+ +ag ANby) € N2V,
as desired. Note that here we are using the fact that we are working in (A?H)/Q, so w € A2H
equals 0. U

10.4. Isotropic pairs. An isotropic pair is an element of (A2Hz)/Z of the form a A d,
where a,a’ € Hy are linearly independent elements such that w(a,a’) = 0. The following is
the analogue for isotropic pairs of Lemma 10.1:

Lemma 10.2. Let a A d’ be an isotropic pair and let I = (a,a’). Then (a Ad')*t = /\QI@

Proof. We can find a symplectic basis {a1,b1,...,a4,by} for H with a1 = a and as = d/, so
Ié = (a1,a2,a3,b3,...,a4,by). Note that we might not be able to find such a basis for Hy,
since {a,a’} might not span a direct summand of Hy (see §10.5 below). It is immediate
from the formula for ¢ in §10.2 that ¢(a; A ag, k) =0 for k € /\21'63, SO /\216 C (a1 Aag)*t.
We must show the other inclusion. Via the decomposition

NPH = N2 (I3 & (b1, o)) = </\2I65> @ (b1 A 15) & (b2 A Ié;) @ (by Aby),

this is equivalent to showing that the intersection of (a1 A ag)* and

(10.2) <61 A I@ @ (b2 A 15) @ (b A b).

is contained in /\21'6. For z € {a1,a2,a3,bs3,...,aq4,by}, we have
c(a1 A ag, by A 2) = ay-z,
c(ag Nag,ba A\ 2) = —ay-z,

c(a; A ag, by Aby) = az-ba + aj-b;.

The only linear dependence among the elements of Sym?(H) appearing on the right hand
side of this equation as z ranges over {ai,az,as,bs,...,a4,by} is

c(a; Aag,by Nay) + c(ay Aag,ba Aaz) = ag-a; — aj-as = 0.
It follows that the intersection of (a; A az)* with (10.2) is spanned by
biAay+baAag = —(ai Aby+ag Aby) = azg Abs+ -+ ag Aby € N2IZ,
as desired. ]
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10.5. Strong isotropic pairs. A strong isotropic pair is an isotropic pair a A @’ such
that {a,a’} forms a basis for a rank-2 direct summand of Hyz. Equivalently, there exists a
symplectic basis {a1, b1, ..., aq, by} for Hz with a1 = a and as = a’. We will prove that every
isotropic pair is a multiple of a strong isotropic pair. This requires the following lemma:

Lemma 10.3. Let V be a subspace of Q™. Then Vy =V NZ" is a direct summand of Z™.

Proof. The short exact sequence

0 v Q" " Q*)V —— 0

restricts to a short exact sequence

(10.3) 0 v Zn — " 7(Z") — 0.

The subgroup 7 (Z") of Q"/V = Q"~4m(V) is finitely generated and torsion-free, and hence
free abelian. The short exact sequence (10.3) thus splits, so V7 is a direct summand of
YA O

For a subspace V' of Hz, the saturation of V in Hy, is Vg N Hz. By Lemma 10.3, this is a
direct summand of Hyz. We have:

Lemma 10.4. Let a A d' be an isotropic pair. Then there exists a strong isotropic pair
ao N ay and n € Z such that a A a’ = nag A a. Moreover, (ag, ay) is the saturation in Hy, of
(a,d’).

Proof. Set I = (a,a’) and let I be the saturation of I in Hz. Let {ap,al} be a basis
for I. Regarding a A a’ and agp A afy, as elements of A2H, they correspond to the same
2-dimensional subspace of H, namely Ig = Ig. It follows that there exists some n € Q such
that a A @’ = nag A ajy. Since a A @’ € A2Hy and ag A aj) is a primitive element of A2Hz, we
must have n € Z, as desired. ]

10.6. Symmetric kernel presentation. We defined 37 and 37 in Definitions 1.17 and
1.15. Just like we did for 3; and 3; in §9.1, we now define a version of them that does not
include their symmetric/anti-symmetric relations:
Definition 10.5. Define £, to be the Q-vector space with the following presentation:
e Generators. A generator [k1, 2] for all sym-orthogonal k1, ko € (A2H)/Q such
that either x7 or k2 (or both) is a symplectic pair in (A2Hz)/Z.
e Relations. For all symplectic pairs a A b € (A2Hz)/Z and all k1, k2 € (A2H)/Q
that are sym-orthogonal to a A b and all A, Ay € Q, the relations
[[CL ANb, Mk + )\Qligﬂ =)\ [[CL A b, Hl]] + A [[CL A D, Iig]] and
[[)\1/€1+>\2K2,aAb]]:Al[[lil,aAb]]-f-)\g[[KQ,a/\b]]. [
There is an involution I: R — R, defined by I([x1, k2]) = [K2, x1] that we will call the
canonical involution. We have:

Lemma 10.6. We have &, = 8 @ 87, where & and 8 are identified with the +1 and —1
etgenspaces of the canonical involution.

Proof. Identical to the proof of Lemma 9.2. O

There is a linearization map ®: &, — ((A2H)/Q)®? defined by ®([r1,k2]) = k1 ® k2.
This takes relations to relations, and thus gives a well-defined map. Since in the generator
[k1, k2] the elements k1 and kg are sym-orthogonal, the image of ® lies in /Cy. In light of
Lemma 10.6, Theorems F and G are equivalent to:

Theorem 10.7. For g > 4, the linearization map ®: &y — Ky is an isomorphism.
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10.7. Goal of Part 2. Our goal in the rest of this paper is to prove Theorem 10.7. Actually,
it will turn out that it is more convenient to prove Theorems F and G separately. We
introduced the representation £, from Theorem 10.7 for the sake of the calculations in this
part of the paper, which later will give results about &y and K that will be needed for the
proofs of Theorems F and G.

Our goal in this part is to enhance &, by showing that in the above presentation we can
add generators [r1, k2] such that k1, k2 € (A2H)/Q are sym-orthogonal elements with either
K1 or ko (or both) a symplectic pair or an isotropic pair.!! Lemma 10.6 will then imply a
corresponding result about &) and £j. We accomplish this in §15. This is preceded by a
series of preliminary results in §11 — §14.

11. IsoTrOPIC PAIRS I: SETUP
This section contains the basic framework for constructing our new generators.

11.1. Generation by symplectic pairs. We start with a technical lemma. Let X be a
direct summand of Hz. Define ker(X) to be the subspace of all g € X such that w(zg,z) =0
for all x € X. The rank of ker(X) is the kernel rank of X.

The restriction of w to X induces an alternating bilinear form ¢ on X/ker(X), and
we say that X is a near symplectic summand of Hy if ¢ is a symplectic form. This is
equivalent to requiring that there be a symplectic basis {a1,b1,...,aq,by} for Hz such that
X ={a1,b1,...,an,bp,ans1,-..,aps) for some h < g and k < g — h. The integer k is the
kernel rank of X, and we call h the genus of X. Here is an example of this:

Lemma 11.1. Let I be a rank-k subgroup of Hyz on which w vanishes identically. Then I+
18 a near symplectic summand of genus g — k and kernel rank k.

Proof. Let I be the saturation of I in Hyz. Since Ig = Ig we have that I+ = 7", Lemma
10.3 implies that I is a direct summand of Hz. We can therefore find a symplectic basis
{a1,b1,...,a4,by} for Hy such that I = (a1, as,...,a;). It follows that

=7t

The lemma follows. OJ

= <0/1,G2, .- -7ak7ak+1abk+l7' . '7ag7bg>'

Our main result about near symplectic summands is:

Lemma 11.2. Let X be a near symplectic summand of Hy, of genus h > 1. Then AN*Xgq is

spanned by symplectic pairs o with o € N2Xg.

Proof. Let k be the kernel rank of X and let {a1,b1,...,a4,by} be a symplectic basis for
Hy such that X = (a1,b1,...,ap,bn, Gpi1, - -, aptk). The vector space A2Xg is spanned by
elements of the form = Ay with x,y € {a1,b1,...,an,bp, aps1,-..,aprr} distinct. We must
write each of these as a linear combination of symplectic pairs o with o € A2X(.

Up to flipping = and y, there are several cases. In each of them, we will use blue to denote
symplectic pairs o with o € A?2Xg.

o If w(x,y) = 1, then we have z = a; and y = b; for some 1 < ¢ < h and = Ay is
already of the desired form.

o Ifw(z,y) =0and = € {a1,b1,...,an,bp} and y € {a1,b1,...,an,bp, Ant1,y -, Qpik}s
then for 1 <4 < h we have either:

rANy=a; Ny=a; \(b; +vy)—a; \b;, or
xANy=b;ANy=—(a; +vy)Nb;+ a; \b;.

Hywe will actually prove something slightly more general.
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o If z,y € {apy1,...,antk}, then we have
zAy=(a1+z)AN(b1+y)—ar A1 +y)— (a1 +x) Aby + a1 Aby. O

11.2. Right compatible subspaces. Let a Ad’ be an isotropic pair. Define R¢[—,a A d'] to
be the subspace of 8, spanned by elements of the form [o,a A ¢'] with o a symplectic pair
that is sym-orthogonal to a A a’. Let ®: &; — ((A2H)/Q)®? be the linearization map. Our
main technical result will be that ® takes £/[—, a A a'] isomorphically onto (a Aa’)* ® (aAd').
The proof of this is spread over §11 — §13, with the result being Proposition 13.1. In §14, we
use this to construct our new generators.

Remark 11.3. We could also define 84[a A @/, —] similarly, and all of our results would have
analogues for £[a A a’, —]. To avoid repetition, we will focus on £4[—, a A a’] and then at
the very end formally derive these analogues; see §14.2. ([l

11.3. Calculating the image. We start by proving:

Lemma 11.4. Let aAa’ be an isotropic pair and let ®: K5 — (AN2H)/Q)®? be the lineariza-
tion map. Then ® takes Ry[—,a A d'] onto (a Ad' )t @ (aAd).

Proof. By definition, f[—,a A d'] is spanned by elements of the form [o,a A '] with o a
symplectic pair such that o € (a A a’)*. Since ®([o,a A d']) = o ® (a A a’), this implies that

O(Ry[—,and]) C(and)t @ (and).

To see that this is an equality, let I = (a,a’). Lemma 10.2 says that (a A a/)* = /\216.
Lemma 11.1 says that ' is a near symplectic summand of genus'? g — 2 > 1. Lemma 11.2

therefore implies that /\216 is spanned by symplectic pairs ¢ such that o € /\216. The
desired equality follows. ]

12. ISOTROPIC PAIRS II: LIFTING ORTHOGONAL ELEMENTS

Let a A a’ be an isotropic pair and let k € (a A d’ )*. In this section, for certain x we show
how to find specific elements of £;[—,a A '] projecting to kK ® (a A ).

12.1. Separating classes. A subgroup X of Hy is said to separate k from a A a’ if:
e X C(a,ad)*; and
e k€ A2Xq; and
e X is a near symplectic summand of Hz of positive genus. This implies in particular
that X is a direct summand of Hy.

Let X be a direct summand of Hyz, separating x from a A a’. Use Lemma 11.2 to write

n
(12.1) K= Z Xio;  with \; € Q and o; a symplectic pair with o; € A?Xg.
i=1

12.2. Constructing the lift. We would like to define
[(k; X),and] = Z Aioi,and'] € Ry
i=1

This is in orange to emphasize that it is not one of our generators. It appears to depend on
the expression (12.1), but below we will prove that under favorable circumstances it does
not depend on this expression.

12Here we are using our standing assumption that g > 4; see Assumption 9.5.
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To state our result, recall that a Lagrangian in Hyz is a direct summand L with L+ = L.
Equivalently, we can find a symplectic basis {a1,b1,...,aq4,by} for Hz with L = (a1, ..., ag).
We say that X is Lagrangian-free if X does not contain a Lagrangian of Hy. Then:

Lemma 12.1. Let the notation be as above, and assume that X is Lagrangian-free. Then
[(k; X),aNd] does not depend on (12.1).

Proof. Let

m

K= Z )\;U; with )\; € Q and a} a symplectic pair with a} € N2Xg
j=1

be another expression. We must prove that
n m

(12.2) Z)\i[[ai,a/\a']] :Z)\;[[Ug,a/\a']].
i=1 j=1

Let h > 1 be the genus of X and let k be the kernel rank of X. Pick a symplectic basis
{a1,b1,...,a4,by} for Hz with X = (a1,b1,...,an, by, aht1, ..., anyr). We then have

€L
X = <ah+17 <o s Ohdks Op4-k+15 bh+k+17 .5 Qg, bg)

Since X is Lagrangian-free, we have h + k < g. It follows that X' is a near symplectic
summand of Hz, of positive genus. By assumption, a,a’ € X+. Using Lemma 11.2, we can
write
P
aNad = Z cesy  with ¢y € Q and sy a symplectic pair with sy € /\QX@
{=1
We have the following relation in £:

p

[oi,aAa] = Z celoi, se]-

(=1
Using the relations in &, again, it follows that

n p n p n p
Z Ailoi,and'] = Z (Ce Z Ao, S@]]) = (CZ[[Z AiTi, 812]]) = Z ce[k, se]-
i=1 =1 i=1 =1 i=1 =1
Similarly, we have
m p
Z Niloh,ana] = Z cel[k, se].
j=1 =1
The equality (12.2) follows. O

12.3. Properties of the lift. We now give three properties of our lifts. The first is linearity:

Lemma 12.2 (Linearity of the lifts). Let a A a’ be an isotropic pair, let ki, k9 € (a Aa')*,
and let A\, A2 € Q. Let X be a direct summand of Hy that is Lagrangian-free and separates
both k1 and kg from a Aa'. Then

[(A1k1 + Aako; X),aAd'] = A[[(k1; X),a A d'] + Ae[[(ko; X),a A d'].

Proof. By taking the corresponding linear combination of the expressions in Ky[—,a A d']
that we used to write [(r1; X );a A d| and [(k2; X), a A d]], we obtain an expression that
can be used to write [(\1r + Aoko; X),a Ad’]. The lemma follows. O
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The second is equivariance. For a strong isotropic pair a A @’ and f € szg(Z), note that
f(a) A f(a') is another strong isotropic pair. The group Spy,(Z) also acts on £y, and f takes
Rgl—,a Nd'] to Ry[—, f(a) A f(a’)]. We have:

Lemma 12.3 (Equivariance of the lifts). Let a Aa’ be an isotropic pair and let k € (aNa')*".
Let X be a direct summand of Hy that is Lagrangian-free and separates k from a Aa’. Then

for all f € Spyy(Z) we have f([(r; X),and'])=[(f(r): [(X)), fla) A f(a)].

Proof. The map f takes the expression in Ry[—,a A @] we used to write [(x: X ). a A d/[ to
one that can be used to write [(f(x): f(X)). f(a) A f(a’)]. The lemma follows. O

Our final lemma lets us change X:

Lemma 12.4 (Changing the separator in the lifts). Let a A a’ be an isotropic pair and
let k € (aNa')t. Let X and X' be direct summands of Hz, that are Lagrangian-free and
separate k from a A a’'. Assume that X C X'. Then [(r; X).a Nd']| = [(r; X),a nd].

Proof. Since X C X', the expression in 8y[—, a A @] we used to write [(x: X),a A d'] can
also be used to write [(r; X'),a A d']. The lemma follows. O

12.4. Symplectic automorphism group. We pause now to prove a lemma about the
symplectic group. Let I be a rank-k direct summand of Hz on which w vanishes identically.
Let Spy,(Z, I) be the subgroup of all f € Spy,(Z) such that f fixes I pointwise. The group

Spoy(Z, 1) acts on I, Let Spy,(Z,I)|;1 be the image of Spy,(Z, I) in Aut(I+). Lemma 11.1

says that I is a near symplectic summand of Hz, of genus g — k, so we can find a symplectic
summand X of Hy of genus g — k such that I+ = X & I. We have:

Lemma 12.5. Let X and I be as above. We then have a semidirect product decomposition
SPZg(Zv I)|;r = Hom(X, I) x Sp(X),

where for A\ € Hom(X, I) the associated element f € Spoy(Z,I)| L satisfies f(z) =z + \(x)
forallxz € X.

Proof. Set I' = Spy,(Z, I)|;1. The action of I" on I+ descends to an action on I+/I. The
symplectic form on Hyz induces a symplectic form on I+ /I. We thus get a homomorphism

p: T — Sp(I*/I).

The map I+ — I+ /I restricts to an isomorphism X = [+/I. Identifying Sp(X) with the
subgroup of T' consisting of automorphisms that act trivially on X+, the homomorphism p
splits via the map

Sp(I+/I) = Sp(X) —— T.
We therefore get a semidirect product decomposition
I' = ker(p) x Sp(X).

To identify ker(p) with Hom(X,I), consider f € ker(p). By definition, for z € X we
have f(xz) —x € I. We can therefore define a homomorphism Ay: X — I via the formula
Ap(z) = f(z) — 2. If A\f =0, then f fixes both X and I, so it fixes It = X @ I and is the
identity.

The map f +— Ay is thus an injective homomorphism from ker(p) to Hom (X, I). We remark
that the fact that is a homomorphism uses the fact that f(y) =y for all y € I. To see that
it is a surjection and thus an isomorphism, consider A € Hom(X, I). Let {a1,b1,...,a, bx}
be a symplectic basis for X+ such that I = (a1, as,...,ax). Set J = (b1, ba,...,bs). Since w



28 DANIEL MINAHAN AND ANDREW PUTMAN

restricts to a symplectic form on X, it identifies X with Hom(X,Z). There is thus a unique
homomorphism §: J — X such that

w(z,d(z)) = —w(A(x),2z) forallz € X and z € J.
Since X and J are orthogonal to each other, for x € X and z € J we have
w(z + X)),z +(2)) = w(A(2),2) + w(z,d(z)) = 0.
In other words, the map f: Hy — Hy defined by f(z) =z + A(z) for x € X and
f(a;)) =a; and f(b;)) =b; + 0(b;)
for 1 <7 < k is an element of Spy,(Z, I) whose restriction to I L satisfies A = Ay. The lemma

follows. O

12.5. Fixed lift. Let a A @’ be a strong isotropic pair, so I = (a,a’) is a direct summand
of Hz. There is a special element (a A a’) ® (a Ad’) in (a Aa’)t ® (a Ad’) that is fixed by
Spay(Z, I). We close this section by showing that we can lift this to an element of &/[—,aAd/]
that is fixed by Spy,(Z, I). To state our result, let {a1,b1,...,ay,bs} be a symplectic basis
for Hy with' ag-1 =a and ag =da'. For 1 <i<g—2,let W; = (a;,b;,a4-1,a4). We then
have:

Lemma 12.6. Let ag—1 and ag and W; be as above. The following then hold:
e Forl<i,57<g—2 we have
[(ag—1 N ag; Wi),ag—1 A ag] = [(ag—1 A ag; Wj),ag—1 A ag].

e For1<i<g—2, the group Spy,(Z, 1) fives [(ay 1 N ay: Wi),ag-1 A agl.

Proof. For k € (a Aa')* and a summand X of Hyz that is Lagrangian-free and separates x
from ag—1 A ag, we will drop the ag_1 A ag from our notation and write [~ X'| instead of
[(k: X),ay-1 N ag]. We encourage the reader to verify that all the summands appearing in
our calculations are Lagrangian-free and separate the appropriate elements of (a A a’)* from
ag—1 A ag. In particular, they all have positive genus. We have:

Claim. For 1 <i,j < g—2, we have [a, 1 Nay,: W] = [a,1 N ay W;].
Using Lemma 12.2 (linearity of the lifts), we have

lag—1 A ag; Wil = [(a; + ag—1) A ag; W3] = [ai A ag; Wi,

lag—1 N ag; Wil = [(a; + ag—1) N ag; Wil = [a; A ag; Wi].
To prove that these are equal, we must show that
(12.3)  [(ai + ag—1) A ag; Wil + [aj A ag; Wi = [(aj + ag—1) A ag; W] + [ai A ag; Wi
Using Lemma 12.4 (changing the separator in the lifts), we have

[(ai + ag—1) Aags Wil = [(ai + ag—1) A ag; {ai + ag—1, b, ag)]
= [(a; + ag—1) N ag; (a; + ag—1,bi, a5,bj, a4)],

[a; A ags Wil = la; A ag; {a;,bj, ag)]
=

aj A ag; (a; + ag—1,bi, a;,b5,a4)].

131ndexing it like this rather than a1 = @ and a2 = a’ will simplify our notation later.
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Adding these and using Lemmas 12.2 (linearity of the lifts) and 12.4 (changing the separator
in the lifts), we see that'4

[(ai + ag—1) A ags Wil + [a; A ag; W] = [(ai + a;j + ag—1) A ag; (ai + ag—1, bi, a;, bj, ag)]
= [(ai + aj + ag—1) N ag; {ai + a; + ag-1,bi, bj, ag)].
Similarly, we have
[(aj + ag—1) N ag; Wil + [ai A ag; Wil = [(ai + aj + ag—1) A ag; (a; + aj + ag—1,b;, bj, ag)].
The identity (12.3) follows.
Claim. For 1 <i< g—2, the group Sp29(Z7 I) fizes [ag—1 N ay: Wil.

As we noted in §12.4, the action of Spy,(Z, I') on our lifts factors through I' = Spy (Z, I)| 1.

Lemma 12.5 says that
I' = Hom(Z*9~?) 1) x Spy(,_o)(Z).
We must prove that the subgroups Hom(Z2¢9~2) T) and SPa(g—2)(Z) both fix [a, 1 Aay: Wi].

We start with Spy(,_oy(Z). It is classical that Spy(,_9)(Z) is generated by the stabilizer
of a; and the stabilizer of ay. For instance,'® the mapping class group Mod,_o surjects
onto Spy(y_9)(Z), and choosing a basis for Hy(X,—2) appropriately the usual Dehn twist
generators for Modg_» from [1, Theorem 4.13] each fix either a; or as. It is thus enough to
prove that both of these stabilizers fix [a, 1 A ag; W],

The proofs for both are similar, so we will give the details for the stabilizer of as and leave
the other case to the reader. Consider f € Spy(,_o)(Z) with f(a2) = as. By the previous
claim, it is enough to prove that f fixes [a, 1 A a,; W3], Using Lemma 12.2 (linearity of the
lifts), we have

lag—1 A ag; Wa] = [(a2 + ag—1) A ag; Wa] — [az A ag; Wa].
We will prove that f fixes [(as + ag—1) A ay: W] and [as A ag; 5]
For the first, Lemma 12.4 (changing the separator in the lifts) says that
[(a2 + ag—1) A ag; Wa] = [(az2 + ag—1) A ag; (ag + ag—1,b2, ag)]
= [(a2 + ag—1) N ag; (a1,b1,a2 + ag_1, b2, ag)].
Lemma 12.3 (equivariance of the lifts) says that f takes this to

[(f(a2) + flag—1)) A flag); f({a1,b1,a2 + ag—1,b2,ay))]
= [(a2 + ag—1) A ag; (a1, b1, a2 + ag—1, b2, ag)],
as desired.
For the second, Lemma 12.4 (changing the separator in the lifts) says that
[az A ag; Wa] = [az A ag; (az, ba, ag)]
= [az A ag; (a1, b1, a2, b2, ag)].
Lemma 12.3 (equivariance of the lifts) says that f takes this to
[f(a2) A flag); f({a1,b1,a2,ba,aq))] = [az A ag; (a1, b, az, bz, ag)],

as desired.
It remains to prove that the subgroup Hom(Z2(9=2) I) of T fixes our lift. Observe
that Hom(Z2(9=2) T) is generated by elements that fix all but one element of the basis

14The term (a: +a;j +ag_1,bi,b;, ay) appearing here is a near symplectic summand even though the given
basis does not reflect this.

15This could also be deduced from the generating set of Hua—Reiner [3] discussed in §7, but be warned
that their generating set does not consist of elements that fix either a1 or as.
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{a1,b1,...,a49-2,b4—2}. It is enough to prove that such elements fix our lift. Consider
f € Hom(Z*9=2) I) that fixes all elements of {ay,bi,... ,ag—2,bg_2} except for x € {a;,b;}.
Letting 1 <7 < g — 2 be such that ¢ # j, it is enough to prove that f fixes [a,_1 A ay; W]
But this is immediate from the fact that f fixes ag—1 and ay and W; = (a;, b, ag—1,a4). O

13. ISOTROPIC PAIRS III: ISOMORPHISM THEOREM
We now prove the following theorem using the proof outline from §3.

Proposition 13.1. Let a A d' be an isotropic pair and let ®: &, — ((AN*H)/Q)®? be the
linearization map. Then ® takes Ry[—,a A '] isomorphically to (a Ad')*t @ (a A d).

Proof. By Lemma 10.4, there exists a strong isotropic pair ag A af, and n € Z such that

a A d = nag A ajy. Moreover, {ag,al)g = (a,a’)g, so by Lemma 10.2 we have (a A a')* =

(ap A aj)*. Using the linearity relations in &,, multiplication by n gives an isomorphism

Ry[—, a0 N ay] = Ry[—,a A d] taking a generator [o,ap A ap]] with o a symplectic pair in

(ap A ah)* to a generator [o,a A a']. It is thus enough to prove the proposition for ag A aj.

Replacing a A @’ with ag A af, we can therefore assume that a A @’ is a strong isotropic pair.
To simplify our notation, we will drop a A a’ from our notation in two places:

e For k € (a Ad')*t and X a Lagrangian-free direct summand of Hy, that separates &
from a A @/, we will drop the a A @’ from our notation and write [~; X| instead of
[(k; X),a N d].

e We will also drop the a A @’ from our notation for the codomain of the restriction
of ® to Ry[—,a Aa']. Thus for [x: X| as in the previous bullet point, we will write
O ([r; X]) = k rather than ®([x; X]) =k ® (a A d').

The proof has three steps.

Step 1. We construct a set S C Ry[—,a A d'] such that the restriction of ® to (S) is an
isomorphism to (a A d' ) @ (a Ad').
Let B = {a1,b1,...,aq4,by} be a symplectic basis for Hz with ag—1 = a and ay = d’.
Letting I = {(a,a’), we have
I6 = <CL1, bl, PN ag,g, bg,Q, ag,l, ag>.
Set
B/ == {al, bl, N ,ag,g, bg,Q},
with the total order < as indicated in this list. Lemma 10.2 says that
NnNL _ A27L
(ana’)-=nNg.

This vector space has the basis!®

T={zAy|zyeB,z<ytU{zrag1,zNay|z€B}U{ag1Aag}
Define
X=(B) and Y =(B,a4-1) and Z= (B a,)
and
W; = (ai,bi,ag_l,ag> for1 <i<g-—2.

16This clearly forms a basis for A?Ig, and since the restriction of the map A’H — (A’H)/Q to A*Ig is

an injection the image of T in (A?H)/Q also forms a basis for ANy
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These are all Lagrangian-free near symplectic summands of Hz of positive genus. Finally,
define

S={lzrny:X]|z,yeB , z=<y}
U{lz Aag—1;Y], [z Nag; Z] | € B'} U {[ag—1 A ag; W1]}.

By construction, ® takes S bijectively to T. Since T is a basis for (a A a’)*, it follows that
the restriction of ® to (S) is an isomorphism.

Step 2. We prove that the Spy,(Z)-orbit of S spans Rg[—,ag-1 A ag].

By definition, 84[—, ag—1 A ag] is spanned by elements of the form [o, ag—1 A a4], where o
is a symplectic pair with o € (a A a’)*. The image of ® contains some elements of this form;
for instance, it contains

lar Aoy X = Jar Abi,ag—1 A ag].

Since Spy,(Z, I) acts transitively on symplectic pairs lying in (a A o’ )= /\216, it follows
that the Spy,(Z)-orbit of S spans Ry[—, ag—1 A ag]..

Step 3. We prove that Spy,(Z) takes (S) to itself. By Step 2 this will imply that (S) =
Rg[—,ag-1 N ag], and thus by Step 1 that ® is an isomorphism.

The action of Spy,(Z, I) on Ky[—,ag-1 A a,4] factors through I' = Spy,(Z, I)[;1, and by
Lemma 12.5 we have
I' = Hom(X, I) X Spy(y_2)(Z).
We must prove that Hom(X, I) and Spy(,_9)(Z) both take (S) to itself. We divide this into
two claims:

Claim 3.1. The action of Spy(g_o)(Z) on fg[—,ag—1 A ag] takes (S) to itself.

Consider f € Spy(y_9)(Z) and s € S. We must prove that f(s) is a linear combination of
elements of S. This is trivial for s = [a,_1 A ay; W] since Lemma 12.6 implies that f fixes
s. The other s fall into three cases.

The first is s = [ A y; X] with

z,y € B'={a1,b1,...,a5-2,by_2} such that z < y.
Since f(X) = X, Lemma 12.3 (equivariance of the lifts) implies that
e~y XD) = 1F () A f(); (O] = [F (=) A fy); XT

The element f(z) A f(y) € A2Xg is a linear combination of terms of the form z' A ¢/
with 2/,y" € B’ such that 2/ < ¢/, and by Lemma 12.2 (linearity of the lifts) the ele-
ment [/ () A f(y); X] equals the corresponding linear combination of elements of the form
[2" Ny X €S, as desired.

The second is s = [z Aa, 1;Y] with 2 € B'. Since f(ag—1) = ag—1 and f(Y) =Y,
Lemma 12.3 (equivariance of the lifts) implies that

f(lz Nag—1;Y]) = [f(x) A flag—1); FY)] = [f(z) Nag—1;Y].

The element f(x) A ag—1 € A?Yy is a linear combination of terms of the form ' A ag—1 with
x' € B', and by Lemma 12.2 (linearity of the lifts) the element [f(z) A a, 1;Y] equals the
corresponding linear combination of elements of the form [2" A a, 1:Y] € S, as desired.

The third is s = [ A a,; Z] with z € B’. This is handled in the same way as the previous
case, so we omit the details.

Claim 3.2. The action of Hom(X,I) on R4[—,ag—1 A ag4] takes (S) to itself.
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Recall that X = (ai,b1,...,a9-2,b5—2) and I = {ag—1,a4}. The group Hom(X,I) is
generated by Hom(X, (ag—1)) and Hom(X, (a4)). It is enough to check that all X lying in
one of these two subgroups take (S) to itself. For concreteness, we will explain how to do
this for A € Hom(X, (ag—1)). The other case is similar. The corresponding f € Spo,(Z, I)| .+
satisfies

flag—1) =ag—1 and f(ay) =a, and f(x)=x+ A(z) for all z € X.

Consider s € S. We must prove that f(s) is a linear combination of elements of S. This
is trivial for s = [a, 1 /A ay; W] since in this case Lemma 12.6 implies that f fixes s. The
other s fall into three cases.

The first is s = [ A y; X| with z,y € B’ such that z < y. By Lemma 12.4 (changing the
separator in the lifts), this equals [ A y; Y]. The reason for doing this is that f(Y) =Y.
Write f(z) = « + cag—1 and f(y) = y + dag—1 with ¢,d € Z. Using all three properties of
our lifts from §12.3, we have

flz ANy YY) =[(z+ cag—1) Ay +dag—1);Y]
=z ANy Y] +d[zNag-1;Y] —cly Nag—1;Y]
=z ANy; X]+d[zNag—1;Y] —cly ANag—1;Y].
This is a linear combination of elements of S, as desired.

The second is s = [z A a, ;Y] with € B'. Write f(z) = = + cag—1 with ¢ € Z. We

then have

flxNag—1) = (x +cag—1) Nag—1 =z Nag—1.

Since f fixes A ag—1 and Y, by Lemma 12.3 (equivariance of the lifts) the map f also fixes
[z Nag—1;Y] and there is nothing to prove.

The third is s = [z A a,: Z] with o € B'. Write f(z) = x + cag—1 with ¢ € Z. Pick i such
that = € {a;,b;}. By Lemma 12.4 (changing the separator in the lifts), we have

[z Aag; Z] = [z A ag; (ai, bi, ag)] = [z A ag; Wi].

The reason for doing is that f(W;) = W;. Using all three properties of our lifts from §12.3
along with Lemma 12.6, we have

f(lz NagsWil) = [(z + cag—1) A ags Wi = [z A ag; Wi + clag—1 A ag; Wi]
=[x AN ag; Z] + clag—1 A ag; Wh].

This is a linear combination of elements of S, as desired. O

14. ISOTROPIC PAIRS IV: REFINING THE PRESENTATION I

We now bring all our work together to add new generators to £y involving isotropic pairs.
Let a A @’ be an isotropic pair and let ®: &; — ((A?H)/Q)®? be the linearization map.

14.1. Right elements. Proposition 13.1 says that for all x € (a A a’)L, there is a unique
element [r,a A d']|r € Rg[—, a A d] satisfying

O([r,and]r) =K@ (and).
For A1, Ao € Q and k1, k2 € (a A a’)*, Proposition 13.1 implies that

[{/\]H] + Xoko,a A (I/HH =\ ﬂlﬁ'] AN (1/}]1{ + )\2[[/’{2, a N ('IIHH.
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14.2. Left elements. Define £,[a A a/, —| to be the subspace of & spanned by elements of
the form [a A a’,0] with o a symplectic pair such that o € (a A a’)*. There is an involution
L: Ry — Ry taking a generator [k1, k2] to [ke, k1], and ¢ takes Ryla A o/, —] isomorphically
to Ry[—,a A d']. For k € (a Ad')t, define

[and, k)L = [k, a N d]R).
The element [a A o/, k[ is then the unique element of Ryla A o/, —] satisfying
D(land. k]))=(anad)® k.
For A, o € Q and k1, k2 € (a Ad’)t, we have
[a Aa', k1 + Xoka]r = Mfa Ad, k1] + defa A d', ko] L.

14.3. Ambiguity. We would like to drop the L and R from [a A o', k], and [r,a A d]g.
To do this, we must first show that this does not introduce ambiguity into our notation.
The issue is that there exist isotropic pairs a; A ) and ag A @), that are sym-orthogonal to
each other. In this case, we have elements [a; A a),as A dl] and [a; A d),as A dl] R, and
we need to prove that they are equal:

Lemma 14.1. Let a1 A a} and ax A d, be isotropic pairs that are sym-orthogonal. Then
a1 A a)y a9 A adh]n = [ar Aaly,az A ab]R.

Proof. The proof uses the same idea as the proof of Lemma 12.1. Set I; = (a1, a}) and

I = (ag,ay). By Lemma 10.2, we have a1 A @} € A2(Io)g and ag A ay € A2(I1)g. This
implies that I C IQJ- and I, C If‘. Recall that from §12.2 that a Lagrangian in Hy is a
direct summand L of Hy with L+ = L. We start with:

Claim. There exists a Lagrangian L in Hy such that I,1> C L.

Proof of claim. Recall that a subspace J of H is isotropic if J C J* and is a Lagrangian if
J = J+. It is standard that J being a Lagrangian is equivalent to J being isotropic and
g-dimensional, and also that every isotropic subspace is contained in a Lagrangian. The
subspace ((I1)qg, (I2)g) of H is isotropic, so it is contained in a Lagrangian Lg. Define
L = Lg N Hz. Lemma 10.3 implies that L is a direct summand of Hz, and by construction
it is a Lagrangian containing I; and Is. O

Using this, we will prove:

Claim. There exists a Lagrangian-free near symplectic summand X of Hy of genus 1 such
that Iy C X C I3-.

Proof of claim. By the previous claim, we can find a Lagrangian L in Hy with I1,I, C L.
Since I = 72 is a subspace of L = 7Z9 and g > 4 (see Assumption 9.5), the quotient L/I5
cannot consist entirely of torsion. It follows that there exists a surjection 7: L — Z with
I, C ker(m). Since the symplectic form w identifies Hy, with its dual, we can find y; € Hz
with
w(z,y1) =m(z) for all z € L.

In particular, y; € (Is)*. Pick 21 € L with w(z1,y1) = 1. Define J = ((I1)g, (z1)g) N L, so
by Lemma 10.3 the subgroup J is a direct summand of L with Iy C J and x1 € J. Let r be
the rank of J. Since the rank of I is 2, we have 2 < r < 3. We can now extend x1 to a
basis {x1,...,z,} for J such that w(z;,y1) =0 for 2 <i < r. Set X = (x1,y1,22,...,Ty).
By construction, X is a near-symplectic summand of Hz of genus 1 such that [y C X C IQJ-.
Since r < 3, our standing assumption that g > 4 (see Assumption 9.5) implies that X is
Lagrangian-free. U
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Let X be as in the previous claim. We have:
Claim. The subspace X+ of Hy, is a near symplectic summand of positive genus.

Proof of claim. Since X is a near-symplectic summand of genus 1, we can find a symplectic
basis {z1,y1,...,%4,Yyq} for Hy such that X = (z1,y1,22,...,2,). Since X is Lagrangian-
free, we have r < ¢g. We have X+ = (2, ...  &p, Trg1, Yr41,---,%g,Yg). This is a near
symplectic summand, and since r < g its genus is positive. O

Since I} € X and I, € X+, we can use Lemma 11.2 to write
m

n
aj Aay = Z)‘iai and ag Aah = chsj
=1 =1
with \;, ¢; € Q and with each o; and s; a symplectic pair with o; € A2Xg and s; € /\2X6,
respectively. The element [a; A a),as A al]r then equals

Z)\Z’[[O'i,ag A CLIQ]] = Z)\l ch[[ai75j]] = ch (Z )\i[[O'i,Sjﬂ>
i=1 =1

j=1 j=1 i=1

m
:ch[[al/\a’l,sj]]:[{al/\(,1’1,(,12/\(,1.’2}}1, O
j=1

14.4. New generators. Let a A a’ be an isotropic pair and let € (a A a’)~. We then have
elements [+, a A\ d']|r and [a A d’, k] of 8. By Lemma 14.1, we can unambiguously drop
the “L” and “R” from our notation. Since everything is now canonical, we will also stop
writing our elements in orange and define

[k,and]=[r,and]|r and [aAd,s]=[and x|

14.5. Summary. The following summarizes what we have accomplished in Proposition 13.1
and Lemma 14.1:

Theorem 14.2. The vector space Ry has the following presentation:

e Generators. A generator [k, k2] for all sym-orthogonal k1, ke € (A2H)/Q such
that either k1 or kg (or both) is a symplectic pair or an isotropic pair.

e Relations. For all ¢ € (A2H)/Q that are symplectic pairs or strong isotropic pairs
and all K1,k € (A2H)/Q that are sym-orthogonal to ¢ and all A\1, o € Q, the
relations

¢, AMk1 + Aeka] = M[C k] + A2f¢, k2] and
[Ak1 4+ Aok, C] = Ak, ¢ + Aefka, C].

15. ISOTROPIC PAIRS V: REFINING THE PRESENTATION II

In Theorem 14.2, we added generators involving isotropic pairs. In this section, we add a
few more generators and verify some additional relations. A special pair is an element x A y
of (A2Hz)/Z such that w(z,y) € {—1,0,1}. These fall into four classes:

(z,y) =1, so x Ay is a symplectic pair; and
(z,y) = 0 with = and y linearly independent, so x A y is an isotropic pair;
(z,y) = 0 with  and y linearly dependent, so Ay = 0; and

e w(z,y) =—1,80 y N = —x Ay is a symplectic pair.

17

o w
o w and
o w

Our main result is:

17They are strong isotropic pairs if  and y also span a direct summand of Hz; see §10.4.
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Theorem 15.1. For'® g > 4, the vector space Ry has the following presentation:
e Generators. A generator [k1, ko] for all sym-orthogonal k1, ks € (A2H)/Q such
that either k1 or ko (or both) is a special pair.
e Relations. The following two families of relations:
— For all special pairs ¢ € (N°H)/Q and all k1,k2 € (A2H)/Q that are sym-
orthogonal to ¢ and all A1, Ao € Q, the linearity relations

¢, Mk + Aeka] = M [C, k] + A2fl¢, k2]  and
[Ak1 4 Aok, C] = A1k, C] 4 Aefka, C].

— For all special pairs ¢ € (N2H)/Q and all k € (A2H)/Q that are sym-orthogonal
to ¢ and all n € Z such that n¢ is a special pair,' the relations

[n¢,k] =n[(, k] and
[%, n] = nlx, <]

Proof. We divide the proof into three steps: we first define our new generators in terms of
the generators given by Theorem 14.2, and then we check the two families of relations.

Step 1. We define our new generators.

Consider a special pair x Ay € (A2H)/Q and k € (A2H)/Q that is sym-orthogonal to
x ANy. We will express [z Ay, k] and [k, x A y] in terms of the generators given by Theorem
14.2. By definition, we have w(z,y) € {—1,0,1}. There are four cases:
e If w(xz,y) =1, then x Ay is a symplectic pair and [z Ay, k] and [k, x Ay] are already
defined.
e If w(z,y) =0 and z and y are linearly independent, then x A y is an isotropic pair
and [z Ay, k] and [k, z A y] are already defined.
e If w(xz,y) = 0 and = and y are linearly dependent, then z Ay = 0. We define
[0,x] = 0 and [~, 0] = 0.
o If w(z,y) = —1, then z Ay = —y Az and y A x is a symplectic pair. We define
[x ANy, 5] = —[y Az, k] and [k, 2z Ay] = —[r,y A x].
The only issue with this definition is that if Kk = z A w is also a special pair, then in a few
cases we have two different definitions of [z Ay, z A w]. We must check that they give the
same element of &. If both x Ay and z A w are symplectic or isotropic pairs, then there is
no ambiguity. Also, if one of them is 0, then both definitions give 0. The only potential
issue is therefore when either w(z,y) or w(z,w) (or both) is —1.
There are several cases. All are handled the same way, so we will give the details for when
w(z,y) = w(z,w) = —1, which is slightly harder. Our two definitions are

[x Ny,z ANw] ==y Az, z Aw] and [z Ay, zAw] =—[zAy,wAz].
We appeal to the linearity relations from Theorem 14.2 to see these are equal:
—yrnz,zAw]=-[yAx,—wAz]=[yAz,wAz]=[-zAy,wAz] =—[zAy,wA z].

Step 2. Let ¢ € (A2H)/Q be a special pair, let k1, k2 € (N2H)/Q be sym-orthogonal to (,
and let Ay, Ao € Q. Then:
¢, Mkt + Aaka]l = M[C, ki) + Ae[l¢, k2]  and
[Mr1 + Aakz, (] = A1k, €] + Aoz, ]
18This is our standing assumption in this part of the paper; see Assumption 9.5.

191 ¢ = 2 Ay with w(z,y) = 0, then any n works. However, if ¢ = z Ay with w(z,y) € {—1,1} then we
must take n € {—1,0,1}.
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These are trivial if ( = 0, so we can assume that ¢ # 0. Also, these are special cases of
the linearity relations from Theorem 14.2 if ( is either a symplectic pair or an isotropic pair.
The remaining case is where ( = x A y with w(z,y) = —1. In that case, using the linearity
relations from Theorem 14.2 we have that [z A y, A\1k1 + A2ke] equals

—[y Az, A1 + Aeka] = =AMy Az, k1] — Aefly Az, ko] = Mz Ay, ki) + Aoz Ay, k2],
and similarly for [A1k1 + Aok, z A y].
Step 3. Let ¢ € (AN2H)/Q be a special pair, let k € (A2H)/Q be sym-orthogonal to ¢, and
let m € Z be such that such that mC is a special pair. Then:
[mé,w] = mlC, 6] and
[%, m¢] = m[r,(].
This is trivial if ( = 0 or if m = 0, so assume that both are nonzero. This is immediate
from the definitions if ¢ = x A y with w(z,y) € {£1}, in which case we necessarily also have
m € {£1}. The remaining case is when ¢ = x A y is an isotropic pair. Write k = > | Ai(;

with ¢; a symplectic pair in (z A y)t. We also have ¢; € (mx Ay)* for 1 < i < n. By
definition, we therefore have

[[wAy7H]]:Z)\Z[[$Ay7CZ]] and [[mx/\yJi]]:Z)‘z[[mx/\y?Cl]]
i=1 =1

The linearity relations from Theorem 14.2 imply that for 1 <1 < n we have [mz Ay, ;] =
m[x Ay, (] Plugging this into the above formulas, we therefore have

=1 =1

A similar argument shows that [r, m{] = m[x, (]. O

Part 3. Verifying the presentation for the symmetric kernel, alternating version

Our goal in the rest of the paper is to prove Theorems F and G. This part of the paper
proves Theorem F, while Part 4 proves Theorem G. See the introductory §16 for an outline
of what we do in this part. Throughout, we make the following genus assumption:

Assumption 15.2. Throughout Part 3, unless otherwise specified we assume that g > 4. [

16. SYMMETRIC KERNEL, ALTERNATING VERSION: INTRODUCTION

We start by recalling some results and definitions from earlier in the paper, and then
outline what we prove in this part.

16.1. Symmetric kernel and contraction. Recall that w is the symplectic form on
H. The symmetric contraction is the alternating Sym?(H)-valued alternating form ¢ on
(A2H)/Q defined via the formula

(z ANy, zAw) =w(x,2)yw —w(x,w)yz—wly,2)zw+ w(ly,w)zz for z,y,z,w e H.

It induces a map A%((A2H)/Q) — Sym?(H) whose kernel Ky is the symmetric kernel.

Elements k1, k2 € (A2H)/Q are sym-orthogonal if ¢(k1, k2) = 0, or equivalently if k1 Arg € Kq-

1

The sym-orthogonal complement of k € (A?H)/Q is the subspace r consisting of all elements

that are sym-orthogonal to k.
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16.2. Special pairs. A special pair in (A?Hz)/7Z is an element of the form x A y with
w(z,y) € {—1,0,1}. Examples include symplectic pairs and isotropic pairs. Lemmas 10.1
and 10.2 say that the sym-orthogonal complements in (A2H)/Q of these are:

e for a symplectic pair a A b, we have (a A b)* = A2(a, b)ég; and

e for an isotropic pair a A a/, we have (a A a’)* = A2(a, a/>6.

16.3. Non-symmetric presentation. We will use the generators and relations for £, from
Theorem 15.1, whose statement we recall:

Theorem 15.1. For g > 4, the vector space Ry has the following presentation:

e Generators. A generator [k1, ko] for all sym-orthogonal k1, ko € (A2H)/Q such
that either k1 or ko (or both) is a special pair.
e Relations. The following two families of relations:
— For special pairs ¢ € (N2H)/Q and all k1, ke € (A2H)/Q that are sym-orthogonal
to ¢ and all A1, Ao € Q, the linearity relations

¢, Mkt + Xaka]l = A[C, ki) + Ae[l¢, k2]  and
[AMk1 4+ Aok, C] = Ai[k1, ¢ + Aefka, C].

— For all special pairs ¢ € (N2H)/Q and all k € (N2H)/Q that are sym-orthogonal
to ¢ and alln € Z such that n( is a special pair, the relations

[n¢, k] =n[¢, k] and
[%, ncl = n[x, (]

Remark 16.1. Our standing assumption is that g > 4 (Assumption 15.2). However, in a few
places we will need to work with g = 3 for inductive proofs. In those cases, Theorem 15.1
does not apply. To fix this, in this part of the paper we will redefine K3 to be the vector
space given by the presentation from Theorem 15.1. Note that we will not extend Theorem
F to g = 3, and we do not know if this K3 is isomorphic to Ks. O

16.4. Anti-symmetrizing. Recall from Lemma 10.6 that &7 is the —1-eigenspace of the
involution of &, that takes a generator [k1, k2] to k2, k1]. We anti-symmetrize a generator
[[Hl, HQ]] of ﬁg to

[K1, K2lla = % ([K1, k2] = [K2, K1]) € K.

The anti-symmetrized generators generate £7. They satisfy the same relations as the
generators of K, and also the anti-symmetry relation [k, k1] = —[K1, £2]a-

16.5. Goal and outline. We have a linearization map ®: K — A2((A2H)/Q). On genera-
tors, it satisfies

(I)([[Hl, RQ]]G) =K1 N Ky € /\2((/\2H)/Q).

Its image is contained in the symmetric kernel Kg. Our goal in this part of the paper is to
prove Theorem F, which says that ® is an isomorphism from &7 to K7. The proof uses the
proof technique described in §3, and is modeled on the proofs of Theorems A-E. However,
since the calculations are lengthy we spread them out over nine sections:
e In the preliminary §17, we identify some important subspaces of &j.
e In §18 — §20, we construct a subset S of &) and prove that (S) = &). The proof
of this uses the action of Spy,(Z) on K3: we first prove that the Spy,(Z)-orbit of S
spans &, and then we prove that Sp,,(Z) takes (S) to itself. This corresponds to
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Steps 2 and 3 of the proof outline from §3. We do these steps first because they are
easier than Step 1.2
e The set S is the union of sets Si2 and S3. In §21 — §24, we prove that ® is an
isomorphism by first proving that its restriction to S is an isomorphism onto its
image (§21 — §22) and then extending this to S3 and hence all of (S) = &% (§23 -
§25). This roughly speaking corresponds to Step 1.
Throughout the following nine sections, ® will always mean the linearization map ®: 8 —
A2((A2H)/Q). Also, ¢ will always mean the symmetric contraction.

17. SYMMETRIC KERNEL, ALTERNATING VERSION I: FIXING THE 1ST COORDINATES OF
GENERATORS

In this preliminary section, we identify some important subspaces of &7 and their images
in A2((A2H)/Q) under the linearization map. Throughout this section, we relax our standing
assumption that g > 4 (Assumption 15.2), so our results include explicit genus ranges when
they are necessary. See Remark 16.1.

Warning 17.1. The vector space A2((A2H)/Q) is not a quotient of A*H. Because of this,
for x,y,z,w € H care must be taken when working with elements like (x A y) A (z Aw) €
A2((A2H)/Q). The wedges A cannot be rearranged like in A*H; for instance, (z Ay) A (z Aw)
is not equal to —(x A 2) A (y A w). O

17.1. Setup. Let a,a’ € Hyz satisfy w(a,a’) = 0. Define §[a, a'] to be the subspace of &
spanned by elements [a A x,a’ A y], where z,y € Hy, satisfy the following two conditions:
(i) We have w(a,y) = w(da’,z) = w(z,y) = 0. This ensures that ¢(a A z,a’ Ay) = 0.
(ii) Both a A x and o’ Ay are special pairs, so in particular Ja A z,a’ A y], is defined.
Equivalently, w(a,z) € {—1,0,1} and w(d’,y) € {-1,0,1}.
We will call these [a A x,a’ A y], the generators of Fla,a’]. Here are some easy properties of
these subspaces:

Lemma 17.2. Let g > 3 and let a,a’ € Hy satisfy w(a,a’) = 0. Then:

(a) Fld,a] = Fla,d].
(b) §l—a,d]| = Fla,—d| = F[—a,—d] = Fla,d].

Proof. Conclusion (a) follows from the fact that for all generators [a A x,a’ A y], of §la,d’],
the element [a’ A y,a A z], is a generator of F[d’, a] satisfying

[d Ay,anz]o =—[aAz,d Ayla.
In light of (a), to prove (b) it is enough to prove that §[—a,a’] = Fla,a’]. For this, note that
if [a A xz,a’ Ay], is a generator of F[a,d’] then [—a A x,a’ A y], is a generator of F[—a,d’]
and we have

[—anz,d Ayla=—[aAz,d Ayla. O

17.2. Image. Define F[a,a’] to be the subspace of A?((A2H)/Q) spanned by elements of
the form (a A z) A (a/ Ay) such that [a A z,a’ Ay, is a generator of F[a,a’]. We thus have
Fla,a'] C K and

®(F[a,d']) C Fla,d].
Our goal in the rest of this section is to prove that in two important cases the map ® takes
§la, a’] isomorphically to Fla,a'].

20Though S will be infinite, it will follow from our results in these sections that (S) is finite-dimensional.
At the end of §20, we will therefore already know that £ is a finite-dimensional representation of Spy,(Z).
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Before we do this, we introduce one further piece of notation. Define F [a,d] to be the
subspace of A?((A2H)/Q) spanned by elements of the form (a A ) A (¢’ A y) such that:

e We have w(a,y) = w(a’,z) = 0. Note that we are not requiring that w(z,y) = 0.

For such an element, we have
c(lanz,d Ny)=wla,d )y —w(a,y)zad —w(z,d)ay+w(z,y)ad =w(z,y)aad.

It follows that ¢ takes F[a,a'] to the 1-dimensional subspace of Sym?(H) spanned by a-d’.
It is easy to see that we can find elements (a A z) A (@’ Ay) as above with w(z,y) # 0,
so in fact the kernel K§ N Fla,a’] of ¢ restricted to Fla,a’] has codimension 1. We have
Fla,a'] C Kgn Fla,d], and later in this section we will prove that in two cases we have

Fla,ad’] = K N Fla, a.

17.3. Identification I. We now commence with identifying our subspaces. For the first,
let @ € Hy, be primitive. We will identify §[a,a]. In a generator [a A z,a A y], of Fa,a],
both x and y are orthogonal to a and also are only well-defined up to multiples of a. This
suggests defining U(a) = (a>6/<a>. We can embed U(a) into (A2H)/Q by taking = € U(a)
to a Az € (A\2H)/Q. Using this, we have

Fla,a] = AU (a).

The symplectic form w induces a symplectic form @ on U (a). Let K(a) be the kernel of the
map A%U(a) — Q induced by w. We then have:

Lemma 17.3. Let g > 3 and let a € Hyz be primitive. Then:
(a) Fla,a] = A2U(a); and
(b) Fla,a] = Kg N Fla,a]; and
(¢) the linearization map ®: Ky — AN2((A2H)/Q) takes Fla,a] isomorphically onto K(a).

Proof. We noted that (a) held right before the lemma. We will prove (c) and then (b).

Step 1. Conclusion (c) holds: the linearization map ®: &, — A2 ((A2H)/Q) takes Fa, a)
isomorphically onto K(a).

Endow Z29~2 with the standard symplectic form. Let u: Z2972 — (a)*/(a) be an
isomorphism of abelian groups equipped with symplectic forms. If vy,vy € Z?972 are
orthogonal vectors, then a A p(v1) and a A p(vz) are both either isotropic pairs or 0, so we
have a generator [a A p(v1),a A u(ve)]q of §la, al.

Recall that we defined the vector space 3;71 in Definition 1.11. It is generated by elements
(v1,v2)q With vy, ve € Z2972 orthogonal primitive vectors. Define a map 1: 33_1 — Fla, d]
via the formula

Y((v1,v2)a) = [a A u(v1),a A p(v2)]a  for orthogonal primitive vectors vy, vy € Z2972,

This takes relations to relations, and thus gives a well-defined map.

We claim that 1 is surjective. To see this, consider a generator [a A x,a A y], of F[a,al.
We must check that [a A z,a A y], is in the image of . Let wi,wy € Z?9~2 be such
that p(wy) = = and p(wse) = y. Write wy = A\jv; and wy = vy with A, A2 € Z and
v1,v9 € Z?972 primitive. We then have

P(MA2(v1,v2)a) = MAzfa A p(vr), a A p(v2)]a = [a A (Ap(v1)) s a A (Aop(v2))]a
= [a A p(wr),a A p(w2)]e = [aAz,a A yla,

as desired.
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We can identify the composition
Poy: 3y — K(a)
with the linearization map for 3371. Our assumption g > 3 implies that g — 1 > 1, so

Theorem D says that ® o1 is an isomorphism. Since % is a surjection, this implies that ®
takes §[a, a] isomorphically to IC(a), as desired.

Step 2. Conclusion (b) holds: Fla,a] = Kg N Fla,a] = K(a).

That Fla,a] = K(a) is immediate from (c). Conclusion (a) says that Fla,a] = A2U(a).
Since K N Fla,a] is a codimension-1 subspace of Fla,a] = A2U(a) containing Fla, a] and
K(a) is also a codimension-1 subspace of A%U(a), it follows that Fla,a] = K(a) equals
KgnN Fla, d), as desired. O

17.4. Identification II. Let (a,a’) be a pair of elements of Hyz such that w(a,a’) = 0 and
such that {a,a’} is a basis for a rank-2 direct summand of Hy. This latter condition implies
that a A @’ is a strong isotropic pair. We will call such a pair (a,a’) an isotropic basis. Our
next goal is to identify §a,a’].

In a generator [a A x,a’ A y]a of Fla,d’], we have that z is orthogonal to o' and y
is orthogonal to a. Moreover, x is only well-defined up to multiples of a and y is only
well-defined up to multiples of a’. This suggests defining

V(a,d') = {a')g/(a) and W(a,d) = (a)g/{a’).
We can embed V(a,a’) and W(a,d') into (A2H)/Q by taking € V(a,d’) to a A x and
y € W(a,d') to @’ Ay. Identifying V(a, a’) and W(a,a') with the corresponding subspaces of
(AN2H)/Q, the intersection V(a,a’) N W(a,a’) is spanned by a A a’. Here a A a’ corresponds
to a’ € V(a,a’) and —a € W(a,a'). It follows that as subspaces of A2((A2H)/Q) we have

Fla,d'] = V(a,a') A\W(a,d) V(aﬂ&,%é/)(a, a’).

I

The symplectic form w induces a bilinear pairing
w: V(a,a') x W(a,ad') — Q.
Let K(a,a’) be the kernel of the map
V(a,d') @ W(a,d') — Q

induced by w. We have o’ ® a € K(a,d’), and by the previous paragraph K(a,a’)/{a’ ® a) is
a subspace of A2((A2H)/Q). We then have:

Lemma 17.4. Let g > 3 and let (a,a’) be an isotropic basis. Then:
(a) Fla,a') = V(a,d) A\W(a,d') = (V(a,d') @ W(a,d')) /{a' @ a); and
(b) Fla,d'] = K5 N Fla,d'] = K(a,a’)/{a’ @ a); and
(c) the linearization map ®: K5 — A2((A’H)/Q) takes Fla,a’] isomorphically onto
K(a,a')/{d @ a).

Proof. We noted that (a) held right before the lemma, and (b) follows from (c) just like
in the proof of Lemma 17.3. We must prove (c¢). Since (a,a’) is an isotropic basis, we can

find a symplectic basis {a1,b1,...,aq,by} for Hz such that a; = a and as = o’. Define
Vz = (a2)*/{a1) and Wz = (a1)*/(az). We can identify:
e Vz with (b1, a2,a3,bs,...,a4,bs) = 7?92 and

e Wy with <a1,b2,a3,b3, .. .,ag,bg> =~ 72972,
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Under these identifications, the bilinear pairing @ between Vz and Wy induced by w is iden-
tified with the bilinear pairing between (b1, as, a3, bs, ..., aq,by) and (a1, b2, a3, bs, ..., a4, by)
given by w. Let {e1,...,ea5_2} be the standard basis for Z?~2 and {e?,... , €542} be the
corresponding dual basis for (Z2971)*. Let p1: (Z?972)* — Vz and pg: Z?9~! — Wz be the
isomorphisms defined by
(17.1) pr(er) =bi,  palez) =az

p2(e1) = —ar, p2(e2) = by

and
pi(ezig) = ai, pi(ezi_g) = bi for 3<i<g,
po(e2i—3) = by, palesi—2) = —aj, for 3 <i<yg.
We chose these isomorphisms in part because they ensure that
f(x) =w(pi(f), pe(z)) forall fe (ZQQ_Q)* and z € 72972,

The precise form of (17.1) will be important in the next paragraph.
Recall that we defined the vector space 2, g—2 in Definition 6.1. It is generated by elements

[f,v]h with f € (Z%972)* and v € Z29~2 primitive vectors such that f(v) =0 and such that:

e f is ej-standard, which means that the ej-coordinate of f lies in {—1,0,1}; and
e v is eg-standard, which means that the es-coordinate of v lies in {—1,0, 1}.

In light of (17.1), this implies that both a; A p1(v) and ag A p2(v) are special pairs. We can
therefore define a map t: 5, 5 — §[a1, az] via the formula

D([f,v]6) = [ar A pr(f), a2 A p(v)],  for a generator [f,v]; of Ql’Qg_Q.
This takes relations to relations, and thus gives a well-defined map. We also have:
Claim. The map v is surjective.

Proof of claim. Consider a generator [ai A z,as A y]a of §[a1,az]. We must show that
[a1 A x,a2 Ayl is in the image of 1. We can assume that our generator is nonzero, so = # 0
and y # 0. Write z = p1(f) and y = po(v) with f € (Z2972)* and v € Z?9~2. By definition,
f is ef-standard and v is eg-standard. Write f = Af’ and v = v’ with A\, € Z and f’ and
v' primitive. The elements f’ and v’ are ej- and eg-standard, respectively. We therefore
have a generator [f', v']j of A5, _,, and

Pnlf'0'lo) = Mnlar A pa(f'), a2 A pa(v)]a = Alar A pa(f), a2 A (np2(v))la
= Mai A pa(f'), a2 Ayla = [ar A (Apa(f")) ;a2 Ayla = [a1 Az, a2 Ayla,
as desired. O
Since g > 3, we have 2g — 2 > 4. Theorem B’ thus gives a linearization map D Ql'Qg_Q —
slag_2(Q) that is an isomorphism. Here sly,(Q) is the kernel of the trace map (Q%972)* ®
Q%972 — Q. Recall that K(aj,az2) is the kernel of the symplectic pairing V(ai,as) ®

W(ai,as) — Q. Identifying 1 and ps with maps (Q%972)* — V(ay,a2) and Q%972 —
W(aq, az), this all fits into a commutative diagram

®
b2 —=a— Slag_2(Q) % K(ay,as2)

b J

Sla1, as) 2 K(ai,az)/{a2 ® a1).
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By (17.1), we have ¥ ([e3, —e1](,) = [a1 A az, a2 A ai], = 0. Since the isomorphism on the top
row of this diagram takes [e3, —e1]) to a2 @ a1, we conclude that the map ® on the bottom
row is an isomorphism, as desired. ([l

18. SYMMETRIC KERNEL, ALTERNATING VERSION II: THE SET S AND SymSp,,

In the next three sections, we construct a set S C &7 with (S) = &7. This section defines
S and studies its symmetries. In §19 we will construct a large number of elements in (S),
and then finally in §20 we will prove that (S) = R3. Throughout this section, like in the
last section we relax our standing assumption that g > 4 (Assumption 15.2), so our results
include explicit genus ranges when they are necessary. See Remark 16.1.

18.1. The set S. Fix a symplectic basis B = {a1,b1,...,ag4,by} for Hz. Define S = S12U.S3,

where?!
S92 = U and S3= U 3’[(1,1' — b]', b; — (JJ‘}.
a,a’€B 1<i,j<g
w(a,a’)=0 i#j

Just like we did here, we will write elements of (Si2) in purple and elements of (S3) in
orange; for instance,

€ SlZa
[(ar —b2) A (a3 + aq), (by — az2) A (bs — bs)]a € Ss.

The sets S12 and S3 are not disjoint, so some elements could be written in either color; for
instance,

€ Sl?v
[ai A (ag — b3),a1 A (b — as3)]a = [(az — b3) A ay, (be — a3) A a1]q € Ss.
18.2. Signed symmetric group. Recall that SymSp, consists of all f € Spy,(Z) such that
for all x € B, we have either f(z) € B or —f(z) € B. This is a finite group. Associated

to each f € Spy,(Z) is a permutation p of {1,...,g} such that for all 1 <i < g the pair
(f(a;), f(b;)) is one of the following:

(@piys boiy)s O (=ap(i), =bp(i))s  0or (bp@e), —api))s O (=bp(i), Api)-
Our main goal in this section is to prove:
Lemma 18.1. For all g > 3, the action of SymSp, on & takes (S) to (S).

The proof of Lemma 18.1 is at the end of this section after some preliminaries.

18.3. Symmetric group. Embed the symmetric group &, on g generators into SpQg(Z)
by letting p € &, act as p(a;) = ap) and p(b;) = by for 1 < i < g. The group &, is a
subgroup of SymSp,. We start with:

Lemma 18.2. For all g > 3, the action of &, on & takes (S) to (S).
Proof. For p € &4, we have
p( )= C Si2 for a,a € B with w(a,a’) =0,
p(Slai — by, bi —ajl) = Flayuy — bpij)s bpiy — apjyl € S3 - for 1 < i, j < g distinct.
The lemma follows. g

21The reason for calling this set Si2 is that later it will be expressed as the union of sets S; and Sa, which
also explains why the other set is Ss.
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18.4. Some elements, I. To extend Lemma 18.2 to SymSp,, we need to construct some
elements in (S). We start with:
Lemma 18.3. Let g > 3. For 1 <i < g, we have §|a; + b;,a; + b;] C (5).

Proof. By Lemma 18.2, we can apply any element of &, to §[a; +b;, a; +b;] without changing
whether or not it lies in (S). Applying an appropriate such element, we reduce to showing
that §[a; + b1, a1 + b1] C (S). Following the notation in §17.3, define

U= (a1 +b)g/lar +b1) = (A)g with A= {az,bs,...,a4 by}

We proved in Lemma 17.3 that §[a; + b1,a1 + b1] is isomorphic to the kernel of the
map AU — Q induced by the symplectic form w. Under this isomorphism, a generator
[[(a1 + bl) Nx, (a1 + bl) VAN y]]a of S[al 4+ b1,a1 + bl] maps tox Ay € AU.

The kernel of A2 — Q is spanned by X = {z Ay | z,y € A, w(z,y) =0} and Y =
{ai ANbj—aj Nbj | 2 <i<j<g}. Since for 2 <i < j < g we have

(a; — bj) A (bj — aj) = a; ANb; — aj Abj + an element of (X),

we can replace Y by {(a; — b;) A (b —aj) | 2 <i < j < g}. It follows that Flai + b1, a1 + b1]
is generated by the following elements:

Case 1. [(a1 + b1) Az, (a1 4+ b1) Ay]a for x,y € A with w(z,y) = 0.

These equal € S1o.
Case 2. [[((11 + bl) A (CLZ' — bj), (a1 + bl) A (bl — aj)ﬂa for2<i<j<g.
These equal [(a; —b;) A (a1 +b1), (by —a;) A (a1 +b1)], € Ss. O

18.5. Some elements, II. We next handle the following variants of the elements of S3:
Lemma 18.4. Let g > 3. For all distinct 1 < i,j < g and ¢,€¢' € {£1}, both Flea; +€'b;, eb; +
¢'a;] and Flea; + €'a;, eb; — €'b;] are subsets of (S).
Proof. Since §[—, —] is not changed when its entries are multiplied by —1 (Lemma 17.2), it
is enough to prove this for ¢ = 1. Also, using Lemma 18.2 we can multiply our elements by
appropriate elements of the symmetric group &, and assume that (i, ) = (1,2). Since we
already know that §|a; — bo, by — as] C Ss, this reduces us to proving that F[a; + b2, b1 + ag]
and §la1 + ag,b; — ba] and Fla; — ag, by + by] are contained in (S). We do this in Lemmas
18.5 and 18.6 and 18.5 below. O
Lemma 18.5. Let g > 3. We have §|a1 + bz, b1 + az] C (S5).
Proof. Following the notation in §17.4, define
)% =<bl + a2>6/<a1 + bg) = <Av>@ with Ay = {bl, ao,as3,bs, ... y Qg bg},
w :(a1 + b2>6/<b1 + CL2> g<AVV>Q with Ay = {al, by, as, bs, ..., (g, bg}.
We proved in Lemma 17.4 that F[a; + ba, b1 + as] is isomorphic to a quotient of the kernel
of the map V ® W — Q induced by the symplectic form w. Under this isomorphism, a
generator [(a1 + b2) A x, (b1 + a2) A y]a of Flar + ba, b1 + ag]) mapstoz @y € V@ W.
The kernel of V ® W — Q is spanned by X UY where??
X={zoy|reAy,ye Aw, w(z,y) =0},
Y ={a;®b;+b;®a; | 34,5 < g}
U{as ® bz + b1 ® aj,as @ by + bs @ as}.

22The first part of Y along with the portion of X lying in it spans the kernel of the map
(az, b3, ...,a4,bs)®% — Q. Indeed, quotienting (as, bs, . .., a4, by)®? by the portion of X lying in it results in

U = (as ®b3,bs ®as,...,ay ® by, bg ® ag).
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Since for 1 <, < g distinct with either 4, j > 3 or (i,7) € {(3,1),(2,3)} and for 3 <k <g
we have
(a; — bj) ® (bi — a;) = a; ® b; + bj ® a; + an element of (X),
(ar + br) ® (ak + b) = ax ® by, + b ® ay, + an element of (X),
we can replace Y by the set
{(a; = bj) ® (b; —a;) | 1 <1i,j < g distinct, either i, j > 3 or (i,5) € {(3,1),(2,3)}}
U{(ai +b) ®(a;+b;) | 3<i<g}.
From this, we see that §[a1 + b, b1 + ag] is generated by the following elements:
Case 1. [(a1 + b2) Az, (b1 + a2) ANyla for x € Ay and y € Aw with w(z,y) = 0.
These equal € S1a.

Case 2. (a1 + b2) A (a; — bj), (b1 + a2) A (b; — aj)]a for 1 < 4,5 < g distinct with either
i,j >3 or (i,7) € {(3,1),(2,3)}.

These equal [(a; — b;j) A (a1 + b2), (bi — a;) A (b1 + a2)]a € Ss.

Case 3. [[(a1 + b2) A (a; + b;), (b1 + a2) A (a; + bi)]a for 3 <i<g.

These equal [(a; +b;) A (a1 + b2), (a; + b;) A (b1 + a2)]a, which lie in (S) by Lemma 18.3. O
Lemma 18.6. Let g > 3. We have §la1 + az, by — ba] C (S).

Proof. This is similar to Lemma 18.5, so we just sketch the argument. Like in that lemma,
define

V=<bl —b2>6/<a1+a2) 2<Av>(@ with Ay = {bl,b27a3,b3,...,ag,bg},
w :<(I1 +a2>@/<bl —b2> g<Aw>Q with Awy = {al,ag,ag,bg,...,ag,bg}.
Elements of §la; + ag, by — ba] correspond to elements of a quotient of the kernel of the map

Y ® W — Q induced by the symplectic form w. Using this, just like in Lemma 18.5 we can
reduce to the following three cases, each of which is handled just like in Lemma 18.5.

o [(a1 +a2) Az, (b — b2) ANy]a for x € Ay and y € Ay with w(z,y) = 0.

e [(a1+a2)A(a;—bj), (b1 —b2) A (bi —aj)]a for 1 <i,j < g distinct with either 7, j > 3
or (i,7) € {(3,1),(3,2)}.

° [[((11 + CLQ) VAN (ai + bz), (bl — bg) A\ (ai + b@')]]a for 3<i<g. O

Lemma 18.7. Let g > 3. We have §[a1 — ag,by + ba] C (S).

Proof. This is also similar to Lemma 18.5, so we just sketch the argument. Like in that
lemma, define

v :<b1 +b2>@/<a1 —(I2> <Av>(@ with AV = {bl,bz,ag,bg,...,ag,bg},
W =(a; — a2>6/<b1 + ba) g<Aw>Q with Ay = {a1,a2,a3,bs,... y Qg bg}.

I

In Y, we have a; ® b; + b; ® a; for all 3 < i < g, and also for 3 < ¢, j < g distinct the elements
ai ®bi —a; ®bj = (a: ®bi +b; ®a;) — (a; @ b;j +b; ® aj),
bi®ai —bj®a; = (a; ®bj +bi ® a;) — (a; ®b; +b; ® aj).
Quotienting U by these gives Q, as desired. We will silently use calculations like this in the next two sections.
23The elements [[(a1 + ba2) A 2, (b1 4 a2) A w]q listed below each map to one of the generators for the kernel

of V® W — Q we identified. It is important that these are indeed generators of Fla1 + b2, b1 + a2, i.e., that
both (a1 + b2) A z and (b1 + a2) A w are special pairs.
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Elements of §[a; — ag, b1 + be] correspond to elements of a quotient of the kernel of the map
Y @ W — Q induced by the symplectic form w. Using this, just like in Lemma 18.5 we can
reduce to the following three cases, each of which is handled just like in Lemma 18.5.

o [(a1 —az) ANz, (b1 + b2) ANy, for z € Ay and y € Aw with w(z,y) = 0.
o [(a1—a2)A(ai—0bj), (b1 +b2) A(bj —aj)]q for 1 < i,j < g distinct with either 4, j > 3

or (1,7) € {(3,1),(3,2)}.
° [[(a1 — CLQ) A (a; + bi), (b1 + b2) AN (CLZ‘ + bi)]]a for 3<i<g. O

18.6. Closure under signed symmetric group. We now prove Lemma 18.1, whose
statement we recall:

Lemma 18.1. For all g > 3, the action of SymSp, on & takes (S) to (S).

Proof. Tt is enough to prove that SymSp, takes both S12 and S3 into (S):

Claim 1. For f € SymSp, and a,a’ € B with w(a,a’) = 0, we have f( ) C (S).

Write f(a) = eap and f(a’) = €'af with ag,a, € B and €,e € {£1}. We have w(ag, aj) = 0,
and by Lemma 17.2 we have

f( ) = Sleao, € aj] = C Sia.
Claim 2. For f € SymSp, and 1 <i < j < g, we have f(Fla; — bj,b; — a;]) C(S).
For some distinct 1 < ig, jo < g we have
flai), f(bi) € {£ai,, £bi,} and  f(ay), f(b;) € {xaj,, £bj, }.
Since
w(f(ai = bi), f(bi — a;)) = w(ai — bi,bi — a;) =0,

it follows that for some distinct 1 < ig, jo < g and €, €’ € {£1} the set f(Fa; — b;.b; — a;])
equals either

Sleai, + €'bj,, €biy, + €'aj)) or  Fleai, + € ajy, by — €'bjp].

Lemma 18.4 says that both of these are contained in (S). O
One useful consequence of Lemma 18.1 is the following generalization of Lemma 18.8:
Lemma 18.8. Let g > 3. For 1 <i < g and e € {£1}, we have §|a; + €b;, a; + €b;] C (S).
Proof. The group SymSpg can take a; + b; to a; — b; by mapping a; to —b; and b; to a;.
From this and Lemma 18.1, the lemma reduces to Lemma 18.3. ]
19. SYMMETRIC KERNEL, ALTERNATING VERSION III: EIGHT ELEMENTS

We now re-impose our standing assumption g > 4 (Assumption 15.2), which will remain
in place until we say otherwise. We continue using all the notation from §18. Our goal in
this section is to prove eight lemmas saying that certain elements lie in (S). They might
appear random, but they are exactly?* the ones needed in the next section (§20) to prove
that (S) = &), and as motivation a reader might first consult that proof.

Remark 19.1. We apologize for the repetitiveness of the proofs of our lemmas. They all
follow the same pattern, but each has small twists and it is important to prove them in the
right order so that earlier lemmas can be invoked during the proofs of later ones. O

24Except for two that are needed for the proofs of ones needed in the next section.
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19.1. Two vs one. Our first three lemmas are about §[a, a’] where a uses two generators
and o’ is a single generator. We remark that during our proofs we will frequently silently be
using the fact that g > 4 (Assumption 15.2).

Lemma 19.2 (Two vs one, I). For all x € B\ {a1,b1}, both §la1 + b1, x| and §la1 — b1, x]
are subsets of (S).

Proof. Using Lemma 18.1, we can apply an appropriate element of SymSp, and reduce
ourselves to proving that §la; + b1, az] C (S). Following the notation in §17.4, define

% :(a2>6/<a1 + bl> = <Av,AU>Q with Ay = {al,ag,ag,,bg, .. ,ag,bg},
W =(a1 + 61)6/<a2> g<Aw,AU>Q with Ay = {a1 + b1,b2,a3,bs, ... ,ag,bg}.

We proved in Lemma 17.4 that §[a; + b1, ag] is isomorphic to a quotient of the kernel of the
map V ® W — Q induced by the symplectic form w. Under this isomorphism, a generator
[(a1 +b1) A x,a2 Ayla of Fla1 + b1,a2] mapstox @y € V@ W.

The kernel of V@ W — Q is spanned by X UY where?®

X={r@y|reAy,yec Aw, w(z,y) =0},
Y ={a;®bj+bj®a; | 3<i,j<g}
U{az ® by — a1 ® (a1 + b1), a2 ® by + b3 @ as}.
Since for 1 <, j < g distinct with either 4,7 > 3 or (4,7) = (2,3) and for 3 < k < g we have
(a; — bj) ® (b; — aj) = a; ® b; + bj ® a; + an element of (X),
(ar + br) ® (ar + b) = ax @ by, + b ® ay, + an element of (X),
(a1 —az) ® (a1 + b1 +b2) = a1 ® (a1 + b1) — az @ by + an element of (X),
we can replace Y by the set
{(a; = bj) ® (b; —aj) | 1 <1,j < g distinct, either i, j > 3 or (¢,7) = (2,3)}
U{(ai +b)®@(a;+b;)|3<i<g}
U{(a1 —a2) ® (a1 + b1 + b2)}.
From this, we see that §[a1 + b1, ag] is generated by the following elements:
Case 1. [(a1 +b1) Ax,a2 ANy]q for x € Ay and y € Aw with w(z,y) = 0.
These equal — € S1a.

Case 2. [(a1 +b1) A (a; — bj), a2 A (bi — aj)]q with 1 <1i,j < g distinct and either i,j > 3
or (i,3) = (2,3).

These equal [(a; — b;) A (a1 +b1), (b — a;) Nas], € Ss.

Case 3. [(a1 +b1) A (a; + b;),a2 A (a; + b;)]a with 3 <i<g.

These equal [(a; + b;) A (a1 + b1), (a; + b;) A az]q, which lie in (S) by Lemma 18.3.
Case 4. [(a1 + b1) A (ag — a1),a2 A (a1 + b1 + b2)]a.

253ee the footnotes in the proof of Lemma 18.5 for more on this. The elements are carefully chosen
such that all the elements [(a1 + b1) A z, a2 A w], that appears in Cases 1 — 4 below are actually generators
of Fla1 + b1,a2], i.e., both (a1 + b1) A z and a2 A w are special pairs. The most delicate choice here is
az ® by — a1 ® (a1 + b1), which is also chosen to make the calculation in Case 4 easier.
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Since {a1 + b1,a2 — a1,a2,a1 + b1 + b2, as3,b3,...,a4,bs} is a symplectic basis for Hyz, in
(A2H)/Q we have
(a1—i—bl)/\(a2+a1)+a2/\(a1—|—b1+b2)—|—a3/\b3—|—---+ag/\bg:O.

Solving for as A (a1 + by + b2) and plugging the result into the second entry of our element,
we see that [(a1 + b1) A (a2 — a1), a2 A (a1 + b1 + b2)]a equals

— [(a1 4+ b1) A (a2 — a1), (a1 + b1) A (a2 — a1)]a — ijg[[(aq +01) A (a2 —a1),a; Abiq

=37 ( + - ) € (Sha). O
Lemma 19.3 (Two vs one, II). Both §lai + b, ba] and Flaz + b1, b1] are subsets of (S).

Proof. The subsets differ by an element of SymSp,, so by Lemma 18.1 it is enough to prove
that F[ai + be, ba] C (S). Following the notation in §17.4, define

% :<b2>6/(a1 + b2> = <Av>Q with Ay = {bl, bs,as, bs, ... , Qg bg},
w :(a1 + b2>6/<b2> §<Aw>(@ with Ay = {Cl,l, b1 + as,as, bs, ... y Qg bg}.

We proved in Lemma 17.4 that §[a; + b, ba] is isomorphic to a quotient of the kernel of the
map V ® W — Q induced by the symplectic form w. Under this isomorphism, a generator
[(a1 + b2) A x,ba A y]a of Flar + b2, bo] mapstoz @y € V@ W.

The kernel of V @ W — Q is spanned by X UY where

X={z®y|zecAy,yec Ay, w(x,y) =0},
Y ={a;®bi+bj®a;|ij>3}
U{az @bz + b1 ®a1,bi ® a1 — by @ (b1 + az)}-
Just like in the proof of Lemma 19.2, we can replace Y by the set
{(a; = bj) ® (b; —aj) | 1 <1,j < g distinct, either i, j > 3 or (z,7) = (3,1)}
U{(ai +b;) @ (a; +b;) | 3<i<g}
U {(b1 — b2) ® (a1 + b1 + a2)}.
From this, we see that §la; + bz, bo] is generated by the following elements:
Case 1. [(a1 + b2) Ax,ba ANy]q for x € Ay and y € Aw with w(z,y) = 0.
These equal — € Sia.

Case 2. [(a1+b2) A (a; —bj),ba A (by — aj)]a for 1 <i,j < g distinct with either i,j >3 or
(i,7) = (3,1).

These equal [(a; — bj) A (a1 + b2), (b — a;) A ba], € Ss.

Case 3. [[(a1 + b2) A (a; + b;),b2 A (a; + b;)]a for 3 <i<g.

These equal [(a; + b;) A (a1 + b2), (a; + b;) A ba]a, which lie in (S) by Lemma 18.3.

Case 4. [(a1 + b2) A (b1 — b2),b2 A (a1 + b1 + a2)]a.

This equals [(a1 4+ b1) A (b1 — b2), b2 A (a1 + b1 + a2)]4, which lies in (S) by Lemma 19.2. [

Lemma 19.4 (Two vs one, III). The following hold:

e Forad € B\ {a1,b1,a2,b2}, we have §laj + ba,a’] C (S).
e Forad € B\ {a1,a2,a2,b2}, we have §lag + by,ad’] C (S).
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Proof. The two sets differ by an element of SymSp,, so by Lemma 18.1 it is enough to deal
with Fla; + be, d’]. Applying a further element of SymSpg, we can reduce to the case a = ag,
i.e., to Flai + b2, as]. In fact, to simplify our notation we will apply yet another element
of SymSp, and transform our goal into proving that F[a1 + a3, az] C (). Following the
notation in §17.4, define

% :<a2>(§/<a1 +a3z) =2 (Ay)g with Ay = {b1,a1,a2,b3,a4,b4,...,a4,b4},
4% :<a1 + a3>6/<a2> §<Aw>(@ with Ay = {al, b1 — b3, by, a3, aq,by,..., g, bg}.

We proved in Lemma 17.4 that §la; + as, az] is isomorphic to a quotient of the kernel of the
map V&® W — Q induced by the symplectic form w. Under this isomorphism, a generator
[(a1 + a3) A x,as Ay]s of Fla1 + as,az] mapstoxz @y € V@ W.

The kernel of V @ W — Q is spanned by X UY where

X={zy|zecAy,yec Ay, w(x,y) =0},
Y={a;®b+b;®a; |4<1i,j<g}
U{as ® by +b1 @a1,b1 ®ay + a1 @ (by — b3), a2 @ ba + by @ ay, a4 @ by + b3 @ az}.
Just like in the proof of Lemma 19.2, we can replace Y by
{(a; = bj) ® (bi — aj) | 1 <14,j < g distinct, either i, j >4 or (¢,7) € {(4,1),(2,4), (4,3)}}
U{(a;+b) @ (a;+b;)|4<i<g}
U{(ar +b1) ® (a1 + by — b3)}.
From this, we see that §[a1 + as, azg] is generated by the following elements:
Case 1. [(a1 + a3) ANx,a2 Ay]s for x € Ay and y € Aw with w(x,y) = 0.
These equal — € Si2.

Case 2. [(a1 +a3) A (a; — bj), a2 A (b; — a;j)]q for 1 <i,j < g distinct with either i,j > 4
or (i,j) €{(4,1),(2,4),(4,3)}.

These equal [(a; — bj) A (a1 + a3z), (bi — a;) Nas], € Ss.

Case 3. [(a1 +a3) A (a; +b;),a2 A (a; + b;)]q for4 <i<g.

These equal [(a; + b;) A (a1 + a3), (a; + b;) A az]s, which lie in (S) by Lemma 18.3.

Case 4. [(a1 + a3) A (a1 + b1),a2 A (a1 + by — b3)]a.

This equals —[(a1 +b1) A (a1 +a3), ag A (a1 + by —b3)] 4, which lies in (S) by Lemma 19.2. O

19.2. Two vs two. Our next three lemmas are about §[a, a’] where both a and a’ involve
two generators. Note that we already proved many such results in Lemma 18.4.

Lemma 19.5 (Two vs two, I). Both Fla1 + ba, a1 + ba] and Flag + b1, az + b1] are subsets of
(S).
Proof. The pairs (a1 + b2, a1 + b2) and (a2 + b1, az + by) differ by an element of SymSp,, so

by Lemma 18.1 it is enough to prove that §la; + ba, a1 + ba] C (S). Following the notation
in §17.3, define

U= a1+ b2>6/<a1 + by) & <A>Q with A = {b1 + a2,be, as, bs, ... ,ag,bg}.

We proved in Lemma 17.3 that §[a; + be,a; + bg] is isomorphic to the kernel of the
map AU — Q induced by the symplectic form w. Under this isomorphism, a generator
[(a1 + b2) Az, (ay + b2) A yla of Flay + ba, a1 + bz] maps to z Ay € A2U.
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The kernel of A’Y4 — Q is spanned by X UY with
X ={z Ay | zye Adistinct, w(z,y) = 0},
Y ={aiNbij—ajANbj | 3<i<j<glU{(bi+a2)Abs—azAbs}.
Just like in the proof of Lemma 19.2, we can replace Y by
{(ai =bj) N(bi—aj) | 3<i<ji<gtU{(bi+az+0b3)A(ba+a3)}
It follows that §[a1 + ba, a1 + be] is generated by the following elements:
Case 1. [(a1 + b2) Az, (a1 + b2) Ay]a for xz,y € A with w(z,y) = 0.
If 2,y € {b2, a3,bs3,...,a4,by}, then
[(a1 + b2) Az, (a1 + b2) Ayla = € Sis.

If instead one of z and y equals b1 + a9, then swapping x and y if necessary we can assume
that y = b1 + a2. In this case, using Lemma 18.4 we have

[(a1 +b2) Az, (a1 +b2) A (b1 + a2)]la = —[(a1 + b2) Az, (b1 + a2) A (a1 + b2)]a € (5).
Case 2. [(a1 +b2) A (ai —bj), (a1 +b2) A (bi —aj)]q for 3<i<j<g.
These equal [(a; — b;j) A (a1 + b2), (bi — a;) A (a1 + b2)]a € Ss.
Case 3. [(a1 + b2) A (b1 + a2 + b3), (a1 + b2) A (b2 + a3)]a.
This element equals
(19.1) [ai A (bi+az+bs3), (a1 +b2) A(ba+as)]a+[b2A (b1 +a2+b3), (a1 +b2) A (ba + a3)]a-

This is the sum of an element of §[a1, a1 +b2] = Fla1+b2, a1] and an element of F[ba, a1 +bs] =
Sla1 + bz, bo]. Lemma 19.3 says that §lay + b2, ba] C (S). The set Flaj + be, a1] differs from
Flai + b, be] by an element of SymSp,, so by Lemma 18.1 it also lies in (S). We conclude
that (19.1) also lies in (S5), as desired. O

The next two lemmas are not needed in the next section, but will be invoked during
proofs later in this section.

Lemma 19.6 (Two vs two, IT). We have Fla1 + az, a1 + as] C (S).

Proof. Following the notation in §17.4, define
VY =(ay + a3>6/<a1 +ag) = (Ay)g with Ay ={a1,b1 —b3,b2,a3,a4,b4,...,0a4,bg},
W =(a1 + ag)é}/(al +a3) =(Aw)g with Aw = {b1 — bz, a1,a2,b3,a4,bs,...,a4,by}.

We proved in Lemma 17.4 that §[a; + a2, a1 + as] is isomorphic to a quotient of the kernel

of the map V ® W — Q induced by the symplectic form w. Under this isomorphism, a

generator [(a1 + a2) A x, (a1 + a3) A y]q of Fla1 + a2, a1 + az) mapstoz @y € V@ W.
The kernel of ¥V @ W — Q is spanned by X UY where

X={z®y|ze€Ay,ye Aw, w(z,y) =0},
Y={a;®b+b;®a; |4<i,j<g}
U{a1 ® (by — b2) + by ® ag, a3 ® bg + (b1 — b3) ® aq,
as ® by + by ® az,a3 ® bz + by @ as}.
Just like in the proof of Lemma 19.2, we can replace Y by

{(a; = bj) ® (bj —a;j) | 1 <1,j < g distinct, either i, j >4 or (4,j) € {(4,2),(3,4))}
U{(ai +bi) @ (a; +b;) | 4 <i< g}
U{(a1 + b2) ® (b + ag — ba), (b1 + ag — b3) ® (a1 + b3)}.
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From this, we see that §[a1 + a2, a1 + as] is generated by the following elements:
Case 1. [(a1 + a2) Az, (a1 + a3) ANylq for x € Ay and y € Aw with w(z,y) = 0.

There are three cases:

o If y = by — by, then this equals —[(a1 + a2) Az, (b — b2) A (a1 + a3)]q, which lies in
(S) by Lemma 18.4.

o If z = by — bs, then this equals [(a; + a3) Ay, (b1 — b3) A (a1 + a2)]a, which lies in
(S) by Lemma 18.4.

e If neither equality holds, then this equals € S1a.

Case 2. [(a1 + a2) A (a; — bj), (a1 + a3) A (b; — aj)]q for 1 < i,j < g distinct with either
i,j7 >4 or(i,j) € {(4,2),(3,4)).

These equal [(a; — bj) A (a1 + a2), (b; — aj) A (a1 + a3)]s € Ss.

Case 3. [(a1 + a2) A (a; + b;), (a1 + a3) A (a; + b;)]q ford <i<g.

These equal [(a; + b;) A (a1 + a2), (a; + b;) A (a1 + a3)]a, which lie in (S) by Lemma 18.3.

Case 4. The following elements:

(a) [(a1 + a2) A (a1 +ba), (a1 + az) A (b1 + az = b2)]a
(a) [(a1 + a2) A (b1 + as — bs), (a1 + a3) A (a1 + b3)]a

The element in (a) equals
(19.2) [(a1+a2) A(ar+b2),a1 A (b1 +az —b2)]a+ [(a1 +a2) A(ar +b2), a3 A (b1 + a2 — b2)]a

The first term lies in §la; + a2, a1], which differs from §[aq + bz, bo] by an element of SymSp,,.
Lemma 19.3 says that §la1 + ba, b2] C (S), so by Lemma 18.1 the set F[a1 + a2, a1] lies in
(S) too. The same argument (but using Lemma 19.4 instead of Lemma 19.3) shows that
the second term in (19.2) also lies in (S}, so (19.2) lies in (S).

The element in (b) equals

[air A (by 4 az — b3), (a1 + a3) A (a1 + b3)]a + [az A (b1 + a3 — b3), (a1 + a3) A (a1 + b3)]a.

Using the fact that §[—, —| is symmetric in its inputs, this can be shown to lie in (S) just
like in the previous paragraph. g

Lemma 19.7 (Two vs two, III). We have §[a1 + a2, as + a4] C (S).
Proof. Following the notation in §17.4, define

V =(a3 + as)g/{a1 + a2) = (Av)g with Ay = {a1,b1, b2, a3, as,bs — by, as,bs, ..., ag, by},
W =(a1 + a2>6/<a3 + as) =(Aw)q with Ay = {b1 — b2, a1, az,bs,bs,a3,a5,bs, ..., aq,by}.

We proved in Lemma 17.4 that §[a1 + a2, a3 + a4] is isomorphic to a quotient of the kernel
of the map V ® W — Q induced by the symplectic form w. Under this isomorphism, a
generator [(a1 + a2) A x, (a3 + a4) A y]q of Fla1 + a2, a3 + as]) mapstoz @y € V@ W.
Recall that g > 4 (Assumption 15.2). The argument is slightly different when g = 4 and
when g > 5. Assume first that g = 4. The kernel of V ® W — Q is spanned by X UYy where

X={zoy|zecAy,yc Ay, w(z,y) =0},
Yy ={a1 ® (by — b2) + by ® a1,b; ® a1 — by ® az, a3 @ b3 + by ® as,
a3z @ bg — a4 ® by, (by — by) @ a3z + ag @ by}
When ¢ > 5, you instead take X U Y, U Y5 with
Ys={ai®b +bj®a; |5<4,j <g}U{as®by+bs®as}.
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Just like in the proof of Lemma 19.2; you can replace Y; with
{(a1 +b1) ® (a1 + by — b2), (b1 — b2) ® (a1 + az), (ba + a3) ® (az + b3),
(a3 + a4) @ (b3 — bs), (b3 + a4 — bs) ® (a3 + bs)}
and Y5 by
{(a; = bj) ® (b; —a;) | 4 <1,j < g distinct, either 4, j > 5 or (i,j) = (4,5)}
U{(ai +bi) ® (a; +b;) | 5<i<g}.
From this, we see that §la; + a2, as + a4] is generated by the following elements:
Case 1. [(a1 + a2) Az, (ag + as) ANylq for x € Ay and Y € Aw with w(z,y) = 0.

There are three cases:
o If y = by — by, then this equals —[(a1 + a2) Az, (b1 — b2) A (a3 + a4)]q, which lies in
(S) by Lemma 18.4.
o If © = b3 — by, then this equals [(asz + a4) Ay, (b3 — bs) A (a1 + a2)]q, which lies in
(S) by Lemma 18.4.
e If neither equality holds, then this equals € S1a.

Case 2. When g > 5, elements [(a1 + a2) A (a; — bj), (a3 + as) A (b; — aj)]a for either
5 <i,j < g distinct or (i,7) = (4,5).

These equal [(a; — bj) A (a1 + a2), (b — a;) A (a3 + a4)]q € Ss.

Case 3. When g > 5, elements [(a1 + a2) A (a; + b;), (ag + as) A (a; + b;)]a for b <i<g.

These equal [(a; + b;) A (a1 + a2), (a; + b;) A (a3 + a4)]a, which lie in (S) by Lemma 18.3.

Case 4. The following elements:
(a) [(a1 + a2) A (a1 +b1), (a3 + as) A (a1 + b1 — b2)]a
(b) [(a1 + a2) A (b3 +ag — by), (a3 + as) A (a3 + ba)]a
(c) [(a1+a2) A (b1 — b2), (a3 + as) A (a1 + az2)]a
(d) [(a1 + a2) A (a3 + as), (a3 + as) A (b3 — b4)]a

(e) [(a1 4 a2) A (b2 + a3), (a3 + aq) A (a2 + b3)]a

The element in (a) equals
(19.3) [(a1+az2) A(a1+b1),a3A(a1+b1 —ba)]a+[(a1 +a2) A(ar+b1),as A (a1 +b1 —ba)]a-

The first term of (19.3) lies in F[a1 + ag, as], which differs from §[a; + b2, ag] by an element of
SymSp,. Lemma 19.4 says that Flai + b, az] C (S), so by Lemma 18.1 the set Fla1 + ag, ag]
lies in (S) too. The same argument shows that the second term in (19.3) also lies in (S), so
(19.3) lies in (S).

The element in (b) equals

[[a1 VAN (b3 +ayq4 — b4), (ag + a4) A (CL3 + b4)]]a + [[ClQ A (bg +ayq4 — b4), (ag + a4) VAN (ag + b4)]]a.
Since [—, —], is anti-symmetric, the same argument from the previous paragraph applies
here too.

For the elements in (¢) and (d), note that they equal
—[[(a1 + a2) A (a3 + a4), (b1 — bg) A (a1 + ag)]]a and
[(as + a1) A (a1 + a2), (b3 — ba) A (a3 + aa)]a
Lemma 18.4 says that both of these lie in (S).

Finally, the element in (e) equals —[(az + b3) A (ag + a4), (b2 + a3) A (a1 + a2)],. Lemma
18.4 says that this lies in (S5). O
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19.3. Three vs two. Our final two results are about §[a, a’] where a uses three generators
and a’ uses two:

Lemma 19.8 (Three vs two, I). For all j > 2, both §la1 + b1 — bj, b1 — a;] and Flag — by —
bj, b1 — aj] are subsets of (S).

Proof. These two subsets do not differ by an element of SymSp,, but the proofs that they are
contained in (S) are almost identical. We will therefore give the details for §[a1+b1—b;, b1 —a;]
and leave the other case to the reader. By Lemma 18.1, we can apply an appropriate element
of SymSp,, and reduce ourselves to proving that § [a1 + b1 — ba, b1 — ag] C (S). Following
the notation in §17.4, define

V :<b1 — a2>6/<a1 + by — bg> = <Av>(@ with Ay = {b1, as,as,bs, ... , Qg bg},

w :<a1 + by — b2>6/<b1 — a2> g<AV[/>Q with Ay = {a1 + b1,b9,as,bs, ... , Qg bg}.
We proved in Lemma 17.4 that §[a; + b1 — be, by — az] is isomorphic to a quotient of the
kernel of the map ¥V ® W — Q induced by the symplectic form w. Under this isomorphism, a
generator [(a; + b1 —b2) Ax, (b1 —az) ANy]q of Flas +b1 —ba, by —ag] mapstox®@y € VR W.

The kernel of ¥V @ W — Q is spanned by X UY where
X={z0y|z€ Ay, y€ Aw, w(z,y) =0},
Y ={a;®b; +b;®a; | 3<i,j<g}
U{az ® bz + b1 ® (a1 + b1),a2 @ ba + bs @ az}.
Just like in the proof of Lemma 19.2, we can replace Y by
{(a; = bj) ® (b; —ay) | 1 <14,j < g distinct, either 4,5 > 3 or (i,7) = (2,3)}
U{(ai +b;) ® (a; +b;) | 3 <i < g}
@] {(bl + ag) (%9 (a1 + by + bg)}

From this, we see that §[a1 + by — be, b1 — ag] is generated by the following elements:
Case 1. [(a1 + b1 —b2) Az, (b1 —a2) Ay]a for x € Ay and y € Aw with w(z,y) = 0.

These equal [(by — a2) Ay, x A (a1 + by — b2)]a € §[b1 — a2, z]. There are three cases:

e © = b;. In this case, §[b1 — ag, b1] differs from Flaj + bz, bo] by an element of SymSp,,.
Lemma 19.3 says that F[a; + ba, ba] C (S), so by Lemma 18.1 so does §[b1 — ag, b1].

e = ap. In this case, F[by — az,a2] = F[b1 — ag, —az] by Lemma 17.2. The set
b1 — ag, —ag] differs from Fla; + b2, be] by an element of SymSpg, so just like in
the case © = by it follows that §[b1 — ag, —as] lies in (S).

o x € {as,bs,...,aq,by}. In this case, §[b1 — ag, x| differs from a1 + b2, as3] by an
element of SymSp,. Lemma 19.4 says that §[a1 + b2, az] C (S), so by Lemma 18.1
so does §[b1 — a9, z].

Case 2. [(a1 4+ b1 —b2) A (a; — b)), (b1 —a2) A (bi — aj)]q for 1 <1i,j < g distinct with either
i,7>3or (i,7) = (2,3).

These equal [(a; — b;) A (a1 + b1 —b2), (b —aj) A (b1 —as)], € Ss.

Case 3. [(a1 + b1 — b2) A (a; + b;), (b1 — az) A (a; + b;)]a for 3<i<g.

These equal [(a; +b;) A (a1 + b1 — b2), (a; + b;) A (b1 — a2)]a, which lie in (S) by Lemma 18.3.
Case 4. [(a1 + b1 — b2) A (b1 + a3), (b1 — az) A (a1 + b1 + b3)]a-
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This equals [(b1 + a3) A (a1 + by — b2), (b1 — a2) A (a1 + by + b3)]a € F[b1 + a3, by — az] The
set §[b1 + a3, by — ag] differs from F[a1 + ag, a1 + ag] by an element of SymSp,. Lemma 19.6
says that §la1 + ag, a1 + as] is contained in (S), so by Lemma 18.1 the set §[b1 + a3, b1 — ag]
is as well. O

Lemma 19.9 (Three vs two, II). For 3 < j < g, both §[b1 + a2 — bj,bs — a;] and a1 +
by — bj, b1 — a;] are subsets of (S).

Proof. The two sets differ by an element of SymSp,, so by Lemma 18.1 it is enough to deal
with §[b1 +az —bj, bo —a;]. Applying a further element of SymSp,, we can reduce to the case
j =3, i.e., to F[b1+az—bs, ba—ag]. In fact, to simplify our notation we will apply yet another
element of SymSpg and transform our goal into proving that §[a; + ag + b3, b1 + ag] C (5).
Following the notation in §17.4, define

% :<b1 + a;;)é/(al + as + b3> = <Av>(@ with Ay = {bl, as,bo,as,aq,by, ... , g, bg},
w :<CL1 + as + bg>6/<bl + a3> §<Aw>(@ with Ay = {al, by — b1,a9,b3,a4,by,..., ag, bg}.

We proved in Lemma 17.4 that §[aq + ag + b3, by + ag] is isomorphic to a quotient of the

kernel of the map V ® W — Q induced by the symplectic form w. Under this isomorphism, a

generator [(a1 + a2 +b3) Ax, (b1 +a3) Ay]s of a1 +az + b3, b1 +a3]) maps to xRy € VR W.
The kernel of V ® W — Q is spanned by X UY where

X={z®y|zecAyv,yc€ Aw, w(z,y) =0},
Y={a;®bj+b;®a; |4<i,j<g}
U{as ® by + b1 ® ar, a2 @ (by — b1) + by ® ag,a4 @ by + by ® az,a3 ® b3 + by @ as}.
Just like in the proof of Lemma 19.2, we can replace Y by
{(a; = bj) ® (b; —aj) | 1 <1,j < g distinct, either 4, j >4 or (4,5) € {(4,1),(4,2),(3,4)}}
U{(a; +b) @ (a; +b;) | 4<i < g}
U{(az +bs) ® (by — by + aq)}.
From this, we see that §la; + ag + b3, b1 + ag] is generated by the following elements:
Case 1. [(a1 + a2 +b3) Az, (b1 + az) ANy]a for x € Ay and y € Aw with w(z,y) = 0.

These equal [(b1 4+ a3) Ay, x A (a1 + ag + b3)]a € F[b1 + a3, z]. There are two cases:
e © =by or x = ag. In this case, F[b1 + as, z] differs from Fla; + be, be] by an element
of SymSp,. Lemma 19.3 says that §[a1 + ba, ba] C (S), so by Lemma 18.1 so does
%[bl + as, l’]
o z € {as, by, aq,by,...,a4,b5}. In this case, §[by + a3, x] differs from §la; + b2, agz] by
an element of SymSp,. Lemma 19.4 says that §[a1 + b2, as] C (S), so by Lemma
18.1 so does §[by + as, z].
Case 2. [(a1 + a2+ b3) A(a; — bj), (b1 +a3) A (b; —aj)]a for 1 <i,j < g distinct with either
i,j =4 or (i,7) € {(4,1),(4,2),(3,4)}.
These equal [(a; — b;) A (a1 +as +b3), (b —aj) A (by + a3)]. € Ss.
Case 3. [[(a1 + as + bg) AN (ai + bl), (b1 + a3) N (ai + bi)]]a fOT 4<1<g.
These equal [(a; +b;) A (a1 + a2 + b3), (a; + b;) A (b1 + a3)]a, which lie in (S) by Lemma 18.3.
Case 4. [[(a1 + as + bg) VAN (CLQ + b4), (bl + ag) VAN (b2 — by + a4)]]a.
This equals —[[(ag + b4) A\ (a1 +ag+ bg), (bl + a3) AN (bg — b+ a4)ﬂa € S[GQ + by, b1 + CL3] The
set Flag + by, b1 + ag] differs from Fla1 + ag, ag + a4] by an element of SymSp,. Lemma 19.7
says that §lai + ag, as + a4 is contained in (S), so by Lemma 18.1 the set §las + by, by + as]
is as well. O
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20. SYMMETRIC KERNEL, ALTERNATING VERSION IV: THE SET S SPANS Ry

We continue using all the notation from §18 — §19. Recall that S = S15 U S3, where

S12 — U and 5’3 = U S[(Llj - b,f’ Z)Ij - (lj}.
a,a’eB 1<4,j<g
w(a,a’)=0 i#]

Our goal in this section is to prove the following lemma:
Lemma 20.1. The set S spans Ry.

Proof. We first claim that the Spy,(Z)-orbit of S spans &]. Indeed, using our original

generating set for &7 from Definition 1.15 together with Lemma 11.2, we see that &7 is

generated by elements of the form [a A b,a’ A b']|,, where a A b and o’ A b are symplectic

pairs such that (a,b) and (a’,b’) are orthogonal. The group Spy,(Z) acts transitively on

such elements. The set S contains many elements of this form; for instance, it contains
€ . It follows that Sp,,(Z)-orbit of S spans K7, as claimed.

To prove the lemma, therefore, we must prove that the action of Sp,,(Z) on & takes
(S) to itself. By Corollary 7.3, the group Spy,(Z) is generated as a monoid by the set
A = SymSp, U{ X1, X| 1 Y12}. We will recall the definitions of these elements as we use
them. We must prove that for f € A and s € S = S12 U S3 we have f(s) € (S). We already
did this for SymSp, in Lemma 18.1, so we must handle the other generators. We divide this
into four claims.

Claim 1. Recall that X1 € SpQQ(Z) takes a1 to a1 + by and fixes all other generators in B.
For e € {£1} and
s €S2 = U ;

a,a’€B
w(a,a’)=0

we have X{(s) € (S).

We have s € for some a,a’ € B with w(a,a’) =0, so X{(s) € F[X(a), X{(a’)]. We
must show that §F[X{(a), X5(a’)] C (S). There are three cases:
e If a,a’ # ay, then
§[Xi(a), Xi(d)] = C (S).

e If one of a and @’ equals a; and the other is not aj, then since F[—, —| is symmetric
in its entries (Lemma 17.2) we can assume without loss of generality that a = a;
and @’ # ay. Since w(ay,a’) = 0, we also have @’ # b;. By Lemma 19.2,

§1Xi(a1), Xi(a)] = §lar + eby, a’] C (S).
e If both a and d’ equal a; then we can apply Lemma 18.8 to see that
X (a1), Xi(a1)] = Fla1 + €b1, a1 + eb1] C (S).
The claim follows.

Claim 2. For e € {£1} and
s €Sy = U Slai — bj, bi — a;],

1<i<j<g
we have X5(s) € (5).
We have s € §la; — b, b; — a;] for some 1 <i < j < g, s0o X{(s) € F[Xf(a; —b;), X{(b; —
a;j)]. We must show that §F[X{(a; — bj), X{(b; — a;)] C (S). There are two cases:
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o If i > 2, then j > 2 as well, so X7 fixes both a; — b; and b; — a;. It follows that
S[Xi(a: — bj), Xi(bi — aj)] = §lai — b, bi — a;] € (S).
o If i =1, then j > 2, so X7 fixes both a; and b;. By Lemma 19.8,
$[Xi(a1 — b)), Xi(b1 — a;)] = §lar + b1 — bj, by — a;] C (S).
The claim follows.

Claim 3. Recall that Y19 € Sp2g(Z) takes a1 to a1 + by and as to as + by and fizes all other
generators in B. For
s €S2 = U ;

a,a’€B
w(a,a’)=0

we have Yia(s) € (5).
We have s € for some a,d’ € B with w(a,a’) = 0, so Y12(s) € §[Yi2(a), Yi2(a')].
We must show that §[Y12(a), Yi2(a’)] C (S). There are six cases:
e If a,a’ € B\ {a1,as}, then both a and o’ are fixed by Y12, so
§[Vi2(a), Yio(a)] = C (S).

e If one of a and o’ is a; and the other lies in B\ {a1, a2}, then since F[—, —] is
symmetric in its entries (Lemma 17.2) we can assume without loss of generality that
a=a; and o’ € B\ {a1,az2}. Since w(ai,a’) =0, we also have a’ # b;. By Lemmas
19.3 and 19.4,

§[Yi2(a1), Yia(a')] = §lar + ba, ] C (S).

e If one of a and @ is ay and the other lies in B\ {a1,az2}, then since F[—, —] is
symmetric in its entries (Lemma 17.2) we can assume without loss of generality that
a=ay and o’ € B\ {a1,az2}. Since w(ai,a’) =0, we also have a’ # by. By Lemmas
19.3 and 19.4,

$[Yi2(az), Yi2(a")] = Flaz + b1, a’] C (S).

e If a = a’ = ay, then by Lemma 19.5

§Yiz2(a1), Yiz(a1)] = §lar + bz, a1 + b2] C (S).

e If a = d’ = as, then by Lemma 19.5

§[Yi2(az), Yiz(az)] = §laz + b1, a2 + b1] C (S).

e If one of a and a’ is a1 and the other is ag, then since F[—, —] is symmetric in its
entries (Lemma 17.2) we can assume without loss of generality that a = a; and
a’ = ay. By Lemma 18.4,

§[Yia(a1), Yia(az)] = §la1 + b2, by + az] C (S).

The claim follows.

Claim 4. For
s €Sy = U §la; — bj, by — ajl,
1<i<j<g
we have Yia(s) € (5).
We have s € for some 1 <1i < j < g, so Yi2(s) € §F[Yi2(a; — b;), Yi2(bi —
a;j)]. We must show that F[Yi2(a; — b;), Yi2(bi — a;j)] C (S). There are four cases:
o If i > 3, then j > 3 as well and thus Y75 fixes a; — b; and b; — aj. Therefore,

S"[Ylg(ai — bj),}/ig(bi — aj)] = 37[(1,[‘ — ]’){/,b[’ — (J,J‘} C <S>
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o If i = 2, then j > 3 and Y35 fixes a; and b;. By Lemma 19.9, we have
§[Yi2(a2 — bj), Yia(ba — aj)] = §[b1 + a2 — bj, by — a;] C (S).
e If i =1 and j > 3, then Yi5 fixes a; and b;. By Lemma 19.9, we have
§[Yi2(ar — bj), Yia(b1 — aj)] = §lar + b2 — bj, by — a;] C (S).
e If i =1and j = 2, then?®
§Y12(a1 — b2), Y12(b1 — a2)] = C (S12)-
The claim follows. 0

21. SYMMETRIC KERNEL, ALTERNATING VERSION V: S1 AND STRUCTURE OF TARGET

We will use the notation from §17 - §20, and in particular the set S = S13 U S3. We now
turn to Theorem F, which says that the linearization map ®: 87 — K is an isomorphism.
We will prove this by first handling Sj2 in the next two sections (§21 — §22), and then in the
final two sections (§23 — §24) extending this to S3 and hence to all of (S12, S3) = &g.

The vector space KJ is the kernel of the symmetric contraction ¢: A? (AH)/Q) —
Sym?(H), and this section studies A2((A2H)/Q) and constructs a subset Sy of S12 such that
the restriction of ® to (S7) is an isomorphism onto its image.

21.1. Generators and relations for target. Let < be the following total order on B:
ap <bp <az <by <---<ay <by.

Using this ordering, order {x Ay | z,y € B, x < y} lexicographically, so (z1 Ay1) < (z2 Ay2)
if either x1 < x9 or if x1 = 2 and y; < yo. Define T' = T7 U Th U T3, where:
Ti={(zAy) ANzAw) | z,y,z,w € B, x <y, z=<w, (xANy) < (2 Aw),
and w(z,z) = w(z,w) = w(y, z) = w(y,w) = 0},
Ty={(ana;)AN(d Ab)|1<i<g,aeB\{a},d €B\{b},
and w(a,d’) = w(a;,a’) = w(b;,a) = 0},
ng{(ai/\aj)/\(bi/\bj), (az-/\bj)/\(bi/\aj) ’ 1 §Z<j§g}

The set T generates A2((A2H)/Q), so every element of A2((A2H)/Q) can be written as a
linear combination of elements of T. If we were working with A?2(A2H), then T would be a
basis; however, since we are working with A2((A?H)/Q) there are relations between elements
of T'. These relations are linear combinations of elements of 7. It is often awkward to write
these linear combinations while maintaining the orderings on the terms of T', so we introduce
the following convention:

Convention 21.1. Consider an expression
n
Z Xi(zi ANyi) A (2 Aw;)  with each \; € Q and x4, v, 2z, w; € B.
i=1

We regard this as a linear combination of elements of T" in the following way:

e First, delete all terms where either x; = y; or where z; = w;. These terms vanish in
N((A*H)/Q).

e Second, delete all terms where {z;,v;} = {zi, w;} as unordered 2-element sets. These
terms also vanish in A2((A2H)/Q).

e Finally, replace each term (z; A y;) A (z; A w;) with et for some e € {£1} and t € T
This involves possibly flipping z; and y;, flipping z; and w;, and flipping x; A y; and
z; A w;. Each flip introduces a sign. O

26This is the one easy case!



PRESENTATIONS OF REPRESENTATIONS 57

Using this convention, the relations between elements of T' are generated by the set

R= {Zfﬂ(ai Ab) A (zAy) |2,y € B,z < y}
of linear combinations of elements of T'.

21.2. Lifting elements of 7). For (z A y) A (z Aw) € T1, we have

c(z ANy, zAw) =w(x,2)yw—w(x,wyz—wly,2)zw+ w(ly,w)zz = 0.
It follows that (z Ay) A (2 Aw) € KF, and thus can be lifted to £7. Indeed, define

Si={lz ANy, zANw], | zy,z,w € B,z <y, z<w, (rAy) < (zAw),

and w(zx, z) = w(z,w) = w(y, 2) = w(y,w) = 0}.
Like we did here, we will write elements of (S7) in blue. A generator [z A y, z A w], of Sy
lies in C S12, 80 S1 C Sy9. For [z Ay, z ANw], € S1, we have
O([x Ny, zANw],) = (xAy) A(zAw) € Th.

The map & restricts to a bijection between S; and T7.

21.3. Restricting linearization to S;. Recall that our goal is to prove Theorem F, which
says that the linearization map ®: Ry — K7 is an isomorphism. We now prove the following
partial result in this direction:

Lemma 21.2. The linearization map ® takes (S1) isomorphically to (T1).

Proof. Let Ry be the subset of the relations R consisting of relations between elements of
Ty. The set Ry consists of relations of the form

Z;(ai Abi) A (ag ANbg) with 1 <k <g.

Set Ry = R\ R;. Each element of Ry involves an element of 7'\ T} that appears in no other
relations in R. For instance, for 1 < k < £ < g the set Ry contains the relation

g
> (@i Abi) A (ax Aag),
i=1
and no other relation in R uses the generator?” (aj A bg) A (ax A ag). This implies that the
subspace of A2((A2H)/Q) spanned by T3 is generated by Tj subject to only the relations in
R1. The map ® takes S7 bijectively to T7. The relations in R; lift to relations between the
elements of S; due to the bilinearity relations in £g:

g g
Z la; A biyag A bi]a = HZ a; A\ by, ap A b = [0, ar A bgJa = 0.

=1 =1

Combining all of this, we conclude that ® takes (S;) isomorphically to (17), as desired. [

22. SYMMETRIC KERNEL, ALTERNATING VERSION VI: S5 AND Sis

We continue using all the notation from §17 — §21. Recall that our goal is to prove
Theorem F, which says that the linearization map ®: K — Ky is an isomorphism. In the
last section, we constructed a set S; C Sis and proved Lemma 21.2, which says that &
restricts to an isomorphism between (S1) and (77). In this section, we prove that ® restricts
to an isomorphism between (S12) and K§ N (T3, T3).

27Though ay appears twice in (ax A bg) A (ar A ag), this element is not 0. See Warning 17.1.
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22.1. The set Ty. Consider an element (a A a;) A (a’ A b;) in

ng{(a/\ai)/\(a//\bi) | 1<1<g, CLEB\{CLZ‘}, a/GB\{bi},
and w(a,a’) = w(a;,a’) = w(b;,a) = 0},

The image of (a A a;) A (a/ A b;) in Sym?(H) under the symmetric contraction is
c(aAaj,a Ab) =w(a,a)a;b; —w(a,b)a;a —w(a;,a)ab; +w(a;,b)aa’ = a-d'.

The set {a-a’ | a,a’ € B} is a basis for Sym?(H ), and this calculation suggests dividing 7% into
subsets mapping to different basis elements. Define S3(B) = {a-d’ | a,d’ € B, w(a,a’) = 0}.
For a-a’ € S3(B), define

To(a-a') ={(aNa)A(d Nb;) | 1<i<g,a; #a,b #d,w(a;,ad)=w(b;a)=0}
U{(@ ANa;)) AN(aAb) |1<i<g,a;#d,b; #a,w(a;,a) =wb;,a)=0}.
Note that this is symmetric in a and a’. We have
T2 = U Tg(a-a').
a-a’€S3(B)
By our calculation above, ¢ takes each element of Ts(a-a’) to a-a’. Since we will need it later,
we record the following consequence the above calculations:
Lemma 22.1. The symmetric contraction ¢: N> (A2H)/Q) — Sym?(H) takes (T, T)
surjectively onto (S3(B)).
Proof. Immediate from the above calculation of ¢ on generators for Ty (a-a’) along with the
fact that ¢ vanishes on T7. O

22.2. Lifting Ty(a-a’). Consider a-a’ € S3(B). Recall from §17.2 that Fla, '] is the subspace
of A2((A2H)/Q) spanned by elements of the form (a A x) A (a' Ay) with z,y € Hy, satisfying
w(z,y) = 0. Each element of T(a-a’) is a generator of Fla,a’]. It follows that

(Ty(a-a')) C Fla,d].

Since ¢ takes every element of Th(a-a’) to a-a’ € Sym?(H), the intersection of the symmetric
kernel KCj = ker(c) with (Tz(a-a’)) has codimension 1 in (T3(a-a’)). Indeed, it is spanned by

elements of the form t; — ty with ty,ty € Ty(a-a’). Letting®® be as in §17.1, define
Salaa') = {n € | o) € (Ta(a-d))}
By construction, this is a subspace of . We will prove below that ® takes S3(a-a’)

isomorphically onto K N (Tz(a-a’)). In fact, we will do more than this. Define
Si(aa’)y ={[anz,d ANyl, | z € B\{a}, y € B\{d'}, {a,z} #{d,y},
and w(a,y) = w(z,d') = w(z,y) = 0}.
For each n € Si(a-d’), either n or —n lies in Sy. Just like for Sy(a-a’), we have Si(a-a’) C
. We will prove:
Lemma 22.2. Consider a-a’ € S3(B). Then:

(a) The linearization map @ restricts to an isomorphism between Sz(a-a’) and K N
(Tx(a-a)).
(b) We have (Sy(a-a’), Sa(a-a’)) =

Proof. Conclusion (a) is immediate from Lemmas 17.3 and 17.4, which together imply that

® restricts to an isomorphism between and KCg N Fla,a']. We must prove (b). There
are two cases:

28The set is purple since it lies in Sia.
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Case 1. a=ad'.

To simplify our notation, we will assume that a € B = {a1,b1,...,aq,bs} equals a;. The
other cases are identical up to changes in indices. Following the notation in §17.3, define

U= (a1>6/<a1> = (A)g with A= {a,bo,...,a4,by}.

We proved in Lemma 17.3 that F[a1, a1] is isomorphic to the kernel of the map A2U — Q
induced by the symplectic form w. Under this isomorphism, a generator [a; A z, a1 A y]q of
Fla1, a1] maps to z Ay € A2U.

The kernel of A’ — Q is spanned by X UY where

X={znryl|zycd wy) =0},
Y={aiNbij—aj Nbj |2<i<j<g}.
Since for 2 <1i < j < g we have
(a; — bj) A (bi — aj) = a; ANb; — aj Abj + an element of (X),
we can replace Y by
{(a; =bj) N (bi—aj) |2<i<j<g}.
It follows that §lai, a1] is generated by the following elements:

o a1 Nx,ar Nyl for z,y € A with w(x,y) = 0. These are elements of Sy (ai-a1).
° for2<i<j<g.

It is thus enough to prove that for 2 < i < j < g the element
lies in the span of Sj(aj-a1) and S2(aj-aq). For this, note that

(I)( + HGl N ai,ar N\ a/jﬂa + [[(1,1 A bj, ap N biﬂa)
:(a1 A (ai — bj)) A (a1 A (b, — aj)) + (a1 A\ ai) A\ (a1 A\ aj) + ((11 AN bj) AN (a1 A bl)
=(a1 A a;) A (a1 ANby) — (a1 A aj) A (ag A bj) € (Tr(ay-ay)).

It follows that
+ [a1 A ai, a1 A ajlq + [ar Abj, a1 Abi], € Sa(ar-ar).

Since
[[(1,1 Nai, a1 A\ (J,'jﬂa + [[(1/1 AN bj, ai N\ biﬂa S <5’1(a1-a1)),

the case follows.
Case 2. a # d'.

To simplify our notation, we will assume that a,a’ € B = {a1,b1,...,a4,by} are a = ay
and @’ = as. The other cases are identical up to changes in indices. Following the notation
in §17.4, define

% :<a2)f@/<a1> <Av>Q with Ay = {b1,a2,a3,b3,...,ag,b9},
w :(a1)6/<a2> g<AV[/>Q with AW = {al, bz, as, bg, <. 0Qg, bg}.

1

We proved in Lemma 17.4 that §[aq, az] is isomorphic to a quotient of the kernel of the
map V ® W — Q induced by the symplectic form w. Under this isomorphism, a generator
[a1 Az, a2 Aylq of Fla1,as] mapstoz @y €V @ W.
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The kernel of V@ W — Q is spanned by X UY where?

X={z®y|zecAy,yc Aw, w(z,y) =0},

Y ={a;®b;+bj®a; | 1<i,j<gdistinct, ¢ # 1, j # 2}.
Since for 1 <1,j < g distinct with i # 1 and j # 2 we have

(a; — bj) ® (bi — a;) = a; ® b; + bj ® a; + an element of (X),
we can replace Y by the set

{(a; = b;) @ (b; —aj) | 1 <i,j < g distinct, i # 1, j # 2}.

From this, we see that §[ai, as] is generated by the following elements:

o a1 Nz as Nyl for x € Ay and y € Aw with w(x,y) = 0. These are elements of

Si(ai-az).
° for 1 <1i < j < g distinct with ¢ # 1 and j # 2.

It is thus enough to prove that for 1 <14 < j < g distinct with ¢ # 1 and j # 2, the element
lies in the span of Sj(aj-a2) and S2(aj-az). The proof of this
is similar the argument we gave in Case 1, so we omit it. g

22.3. The set Sy. Define
Sz = U SQ(a-a').
a,a’eB
Recall that we proved in Lemma 21.2 that the linearization map ® takes (S;) isomorphically
to (T1). We have (T1) C Kg, but (11, T») is not contained in Kf. We now prove:
Lemma 22.3. The linearization map ® takes (S1,S2) isomorphically to Kg N (T, Ty).
Proof. Recall from §21.1 that T' =T} UT5 U T3 where
Th={(xzAyYNzAw)|z,y,z,weEB, z <y, z<w, ANy <zAw,
and w(z, z) = w(z, w) = w(y, 2) = w(y,w) = 0},
Ty={(aNa;)AN(d Ab)|1<i<g,aeB\{a},d €B\{b},
and w(a,d’) = w(a;,a’) = w(b;,a) =0},

T3:{(ai/\aj)/\(bi/\bj), (ai/\bj)/\(bi/\aj) ’ 1§i<j§g}.

Moreover, A2((A2H)/Q) is the Q-vector space with generators T subject to the relations

R:{Zil(ai/\bi)/\(w/\y) | J;,yGB,m-<y}.

Here each element of R should be interpreted as a linear combination of elements of T
using Convention 21.1. Another way of stating this is that A2((A2H)/Q) is the quotient of*
(Th) & (Ts) & (I3) by the span of elements corresponding to R. We have:

Claim 1. Each r € R corresponds to an element of (T1) & (T3).

29A fter reading all the proofs in §18 — §19, the reader might expect the word “distinct” to not appear in
Y. To make some of the proofs in §18 — §19 work (e.g., the proof of Lemma 18.3), the set Y needs to contain
elements of the form a; ® b; + b; ® a;. Here, however, we can require ¢ and j be distinct. Indeed, consider
3 <i < g. We want to prove that a; ® b; + b; ® a; is in the span of Y. For this, note that

a; ®bi+bi®a;=(a; ®b; +b1 ®a1) — (a2 @bz + b1 ® a1) + (a2 ® b2 + a; @ by).

30Here the (T;) are subspaces of A2((A2H)/Q), so possibly some relations in R already hold in (T}) &
(T2) @ (T3); indeed, as we will see this is in fact the case.
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Proof of claim. Consider x,y € B with < y, so we have an element
g
r= Zi:l(ai AD;) A (zAy) € R.

There are two cases. The first is that w(z,y) # 0, so (z,y) = (a, bg) for some 1 <k < g. In
this case, r is actually an element of (77), or rather a linear combination of elements of 7T} that
vanishes in (77). The point here is that our convention is that the term (ax A ax) A (ag A by)
is deleted, and the rest of the terms clearly lie in 77.

The second case is that w(z,y) = 0. There are a number of cases, so we will explain how
to deal with x = a; and y = ay for some 1 < k < ¢ < g. The other cases are similar (but
with slightly different notation). We have

g
r= Zi:1(ai Abi) A (ak A ay)

= (ak VAN bk) VAN (ak A ag) + (az VAN bg) A (ak A ag) + Z (az N bi) A (ak A (Lg).

1<i<g
2kl

The blue terms lie in (77), while the remaining terms lie in (7%) since
(ak VAN bk) VAN (ak VAN CLZ) + (Cbg AN bg) AN (ak AN az)
:(ag A ak) VAN (ak A bk) - (CLk A ag) VAN (ag A bz).

O

The claim follows.

The set T is the disjoint union of the Ty(a-a’) as a-a’ ranges over elements of S3(B) =
{a-d’ € Sym*(H) | a,d’ € B, w(a,a’) = 0}. Using the above claim, we deduce that (T}, T)
is the quotient of the direct sum

(e @ (Tus)
s€S2(B)
by the subspace generated by the relations in R. The subspace Kj is the kernel of the
symmetric contraction ¢: A2 ((A2H)/Q) — Sym?(H). The symmetric contraction ¢ vanishes
on Ty, and for s € S3(B) it takes elements of Th(s) to s (see §22.1). Since SZ(B) is a linearly
independent subset of Sym?(H), we deduce that Kg 0 (T1,T3) is the quotient of

(22.1) Mo @ Kn(Tas)

s€S2(B)

by the relations in R. We remark that the relations in R must lie in the above direct sum
since otherwise they would map to nontrivial elements of Sym?(H) under c.

We proved in Lemma 21.2 that ® restricts to an isomorphism between (S7) and (77). For
s € S2(B), recall that Sa(s) is a vector space. We proved in Lemma 22.2 that ® restricts
to an isomorphism between Sa(s) and K§ N (T2(s)). From this and in light of the previous
paragraph,®! to prove that ® restricts to an isomorphism between (S7, Ss) and (1%, Tb), it is
enough to prove that each relation in R lifts to a relation in (S7, Sa).

The relations of the form

g
r= Zi:l(ai VAN bl) VAN (ak AN bk)

for some 1 < k < g are relations between elements of 77, and since ® restricts to an
isomorphism between (S;) and (T}) these relations lift>? to relations in (S;). We must
therefore only deal with the relations in the following claim:

3Hn particular, the decomposition (22.1).
32See the proof of Lemma 21.2 for explicit lifts.
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Claim 2. Consider x,y € B with x < y. Then the relation
g
r= Zizl(ai Abi) A (xAy)
lifts to a relation in 8.

Proof of claim. We will give the details for (z,y) = (a1, az). The other cases are similar but
require worse notation. Write our relation as

r = Zle(ai A bz) A (a1 A\ az)
—(al/\bl)/\(ag/\al)—(al/\ag) CL2/\b2 —|—Z al/\b (a'lr/\(l/g).

The blue sum lifts to the following element of (Si):

Zg [[(J/i ANbi, a1 A (12]]a.

=3

We claim that the remaining part lifts to the following element of (S, S2):
(22.2) —[[a1 VAN (bl + ag), as N\ (CL1 + bg)]]a + [[al A by, as N bzﬂa-
To see this, note that ® maps (22.2) to®

— (a1 A (b1 + a2)) A (ag A (a1 + b2)) + (a1 Abr) A (az A ba)
— (a1 Ab1) A (a2 Aar) — (a1 Aag) A (ag Aar) — (a1 Abr) A (a2 Abe)
— (a1 Na2) A (ag Ab2) + (a1 Aby) A (az A ba)
— (a1 Ab1) A (a2 Aar) — (a1 Aag) A (ag A ba),

as desired.
Combining the above lifts, we see that the relation in & we must verify is

(22.3) 0= —[[a1 A (bl +CL2), ag N\ (a1 + bg)]]a + H(ll A by, as N bgﬂa + Zj:?’ [(Li Ab;, a1 A (LQH(,.

For this, note that {a1, b1 +az, az,a1+ba,as, b, ..., aq, by} is a symplectic basis. In (A?H)/Q,
we therefore have

al/\(b1+a2)+a2/\(a1+b2)+a3/\b3+~-+ag/\bg:0.
By plugging this into its first term, we calculate that [a; A (b1 + a2),a2 A (a1 + b2)]a equals
g
— H:CLQ A (a1 + b2), as N\ (a1 + bg)]]a — Zizg[[ai Ab;,as A (a1 + bg)ﬂa
g
= — Zi:?» ([[(Ii A b;,as A alﬂa + [[(JL Ab;,as A bgﬂa)
g g9
= — (Zi:3 [[(J,i A bz‘, as N\ [)Qﬂa) + (Zi:?} [[(],i A bi, ai N\ agﬂa) .

In (A’H)/Q, we have >7_, a; A b; = 0. Plugging this into the first term of our formula, the
formula becomes

g
[[CL] A b],ag A bQ]]a + HGQ A bg, as N\ bgﬂa + Zi:3 [[CL,L‘ A bi, ai N\ CLQHa
g
=[a1 A b1,az A ba]lq + Zizg [ai A by, a1 A az]q.
Since this equals Ja; A (b1 + a2), a2 A (a1 + b2)]a, the relation (22.3) follows. O

This completes the proof of the lemma. O

33Part of this calculation is that (a1 ANaz2) A (a2 Aar) =0.
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22.4. Relations in T5. We extract a useful consequence of the above proof:
Lemma 22.4. The quotient of N2((A2H)/Q) by (T1,T2) has dimension g(g —1).

Proof. Claim 1 of the proof of Lemma 22.3 says that all relations between T'=T7 U T U T3
are actually relations between 77 U Th. Since T generates A2((A2H)/Q), it follows that the
indicated quotient has dimension |T3|. Since

ng{(ai/\aj)/\(bi/\bj), (ai/\bj)/\(bi/\aj) | 1<1<y Sg},
the set T3 has cardinality 2(3) = g(g — 1). The lemma follows. O

22.5. The set Si5. Recall that

S12 = U

a-a’€S2(B)

Our goal in the rest of Part 3 is to prove Theorem F, which says that ® is an isomorphism
from &7 = (S) = (S12, 53) to

Ky C A2((NH)/Q) = (11, T2, T3).
We close this section by proving the following partial result in this direction:
Lemma 22.5. The linearization map ® takes (S12) isomorphically to KC§ N (T1,Tz).

Proof. Lemma 22.3 says that ® takes (S1,S2) isomorphically to K N (T1,Ty), so it is
enough to prove that (S12) = (S1,S2). For a-a’ € S3(B), we proved in Lemma 22.2 that

Si(a-a") U Sa(a-a’) spans . For i = 1,2, we have
S; = U Si(a-a').
a-a’€S2(B)

This is a disjoint union for i = 2, but the Si(a-a’) for different a-a’ € S3(B) overlap.
Combining these two facts, we see that

(S1,S2) = {J Si(a-a’) U Sa(a-a’)) = (| ) = (S12). O

a-a’€S2(B) a-a’€S2(B)

23. SYMMETRIC KERNEL, ALTERNATING VERSION VII: STRUCTURE OF Sj3

We will continue using all the notation from §17 — §22. Having proved in Lemma 22.5
that ® takes (S12) isomorphically to K N (T3, T3), our remaining task in Part 3 is to extend
this to (S) = (S12,53) and prove Theorem F. We will do this in §25. This section and the
next one contain some preliminary results about Ss.

23.1. Quotients. Define

Ty = Ry/(512),

Ty = Kg/(Kg N (11, Tz)).
Lemma 22.5 says that the linearization map ®: & — K takes (Si2) isomorphically to
Ko N (T1,Ty). It follows that ® descends to a map ®: T, — T;. Our goal is to prove
that ® is an isomorphism (Theorem F). Since ® restricts to an isomorphism from (S12) to

Kg N (T1,T3), this is equivalent to proving that @ is an isomorphism. That ® is surjective is
easy:

Lemma 23.1. The map ®: Ty — T4 is surjective.
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Proof. This follows from the fact that ®: &) — KY is surjective. This could be proved
directly, but another approach is to note that

K§ = ker(A*((\2H)/Q) — Sym?®(H))

is an irreducible algebraic representation of Spy, (Z). Such representations are indexed by
partitions with at most g parts (see [2, §17]), and K is the one corresponding to the partition
2+ 1+ 1. Since ® is not the zero map, its image is a nonzero subrepresentation of the
irreducible representation K¢, and hence its image must be Kg. ]

23.2. Dimension of target. We now prove:
Lemma 23.2. The vector space Ty is g(g — 2)-dimensional.

Proof. The vector space Ky is the kernel of the symmetric contraction c: A2 ((N2H)/Q) —
Sym?(H). Let:

e V be be the quotient of A2((A2H)/Q) by (T}, T»); and

e W be the quotient of Sym?(H) by ¢((Ty,T3)).
The symmetric contraction induces a map ¢: V' — W, and 7y is isomorphic to ker(c).

Lemma 22.4 says that dim(V') = g(g — 1). To calculate dim(W/'), note that Lemma 22.1
implies that ¢((T1, 7)) is the subspace of Sym?(H) spanned by {a-a’ | a,a’ € B, w(a,a’) = 0}.
This implies that the set {a;-b1,...,a4:b4} is a basis for a complement to ¢((11,73)), so
dim(W) = g.

The map ¢ is surjective: this could be proved directly, but just like in the proof of Lemma
23.1 it also follows from the fact that Sym?(H) is an irreducible algebraic representation
of Spy, (Z). The corresponding partition is simply 2. This implies that ¢ is also surjective.
Consequently,

dim(7y) = dim(V) — dim(W) = g(g —1) —g = g(g — 2). O

23.3. Proof strategy. Recall that we want to prove that ®: T, — 7, is an isomorphism.
Lemmas 23.1 and 23.2 say that ® is a surjective map to a g(g — 2)-dimensional vector
space. To prove that ® is an isomorphism, it is enough to prove that Ty is at most g(g — 2)-
dimensional. We will do this via a calculation involving generators and relations. The rest
of this section is devoted to constructing a generating set for T,. We will then give some
relations in €, in §24, and complete the proof in §25.

23.4. Basic elements. Recall that
53 - U S[(l,j - bj? [)7' - (LJ'}.

1<i,j<g
i#]

Elements of S3 are written in orange. For n € &7, let ) be its image in Ty = &7 /(S12). For
1 <1i,5,k < g distinct, define

A;k = [(ai — bj) A (ar, — b;), (bi — aj) A (b — a;)]a € Fy.

We call A;k a basic element of T,. These satisfy:
Lemma 23.3. For 1 <i,j,k < g distinct, we have AZ]' = —Aé-k.
Proof. Immediate from the fact that
[(a; —bj) A (ak — b;), (bi —aj) A (b — ai)]o = —[(ai — bx) A (bi — aj), (by — ax) A (a; — b;)]o. O
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23.5. Generation by basic elements. We now prove:
Lemma 23.4. The vector space %4 is spanned by {A;k |1<i,j,k<g distinct}.

Proof. Lemma 20.1 says that & is spanned by S = S12 U S3. It follows that T, = ﬁg/<S12>
is spanned by the image of S3. Fixing some 1 < ¢, j < g distinct, it is therefore enough to
prove that the image of §[a; — b;.b; — ;] in T, is contained in the span of the indicated
generating set.

In Lemma 18.2, we proved that the action of the symmetric group &, on K takes (S) to
itself. It follows from the proof of that lemma that this action also takes (Si2) to itself, so
we get an induced action of &, on T,. Applying an appropriate of &4, we reduce ourselves
to proving that the image of §[a; — by, by — as] is contained in the span of the indicated
generating set.

We construct generators for §a; — by, by — as] in the now-familiar way and then show that
their images in T, are in the span of the indicated generating set. Following the notation in
§17.4, define

V =(b — a2>6/<a1 — b2> = <Av>(@ with Ay = {bl,ag,a3, bs,...,ag, bg},
W :(a1 — bg)é/(bl — CL2> g(Aw)@ with AW = {al, bQ,ag, bg, ey ag, bg}.

We proved in Lemma 17.4 that §|a; — bo, by — ao| is isomorphic to a quotient of the kernel
of the map V ® W — Q induced by the symplectic form w. Under this isomorphism, a
generator [[(a; — bo) A x, (b — as) Ayl of §la; — b, by — as] mapstox @y € V@ W.

The kernel of ¥V @ W — Q is spanned by X UY where

X={roy|zecAy,ycAw, w(z,y) =0},
Y={ar @b, +b1 ®ai, a2 @by + b, ®ay | 3<k < g}
U{aa ® by + b1 ® a1}
Since for 3 < k < g we have
(ar —b1) @ (b — a1) = ar ® b, + b1 ® a1 + an element of (X),
(a2 — b)) ® (by — ax) = ag @ by + by ® ax + an element of (X),
(a1 — b2) ® (b1 — az) = a1 ® by + be ® ay + an element of (X),
we can replace Y by the set
{(ar = b1) ® (b — a1), (a2 — b)) @ (b2 —ak) | 3<k < g},
U{(ag —b1) @ (ba — a1)}.

From this, we see that §|a; — bo, b; — as| is generated by the elements listed in the following
cases. To prove the lemma, we must prove that each of these generators maps to something
in the span of the indicated generators of T,.

Case 1. [(ay — ba) Ax, (b1 — a2) Ayl for x € Ay and y € Aw with w(z,y) = 0.
These equal € S12, and thus go to zero in T,.

Case 2. (a1 —bo) A (ap —b1), (b1 —as) A (b — a1)], with 3 < k < g.

This maps to Al, € T,.

Case 3. (a1 —bo) A (as —by), (b1 —as) A (by — ap)]. with 3 <k < g.

This equals —[(as — by) A (ag — b2), (by —ay) A (b — a2)],, which maps to —A2, € T,.
Case 4. [(a1 — b2) A (a2 — b1), (b1 — a2) A (ba — a1)]a-
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Since [—, —] is alternating, this equals —[(a1 — b2) A (a2 — b1), (a1 — b2) A (a2 — b1)]s = 0.
We remark that this is why we always insist that §la; — b, b; — as] is a quotient of the
kernel of the map V® W — Q; see Lemma 17.4. O

24. SYMMETRIC KERNEL, ALTERNATING VERSION VIII: RELATIONS BETWEEN BASIC
ELEMENTS

We will continue using all the notation from §17 — §23. This section contains three
relations involving our basic elements A}k. We will use these relations to prove Theorem F
in §25.

24.1. Relation I. The first is:
Lemma 24.1. Let 1 <i,j,k, 0 < g be distinct. Then A, + Al = AL + A,

Proof. As in the proof of Lemma 23.4, we can apply an appropriate element of the symmetric
group and reduce ourselves to proving that A, + Al; = A}, + A3;. What we will prove is
that both sides of this identity equal [(a3 — b1) A (as — by), (bs — a1) A (by — aq)]:

Claim 1. A?Q + A}B = [[((13 — bl) A ((12 — b4> (bg — (l]) VAN (bg — (l4)ﬂ.
We have

Aifz = [[(as — b1) A (a2 — b3), (bs — a1) A (ba — as)],
Als = [(a1 —bs) A (az — by), (b1 —as) A (bs — a1)]
= [(a3 —b1) A (a1 — ba), (b3 — a1) A (b1 — aq)].
We must therefore prove that
(24.1) [(az —b1) A (az = b3), (b3 — a1) A (bz — a3)] + [(az — b1) A (a1 = ba), (bs — a1) A (b1 — a4)]
equals
(24.2) [(as — b1) A (a2 — ba), (bs — a1) A (ba — a4)]

modulo elements of (S12). These both live in §|as — b1, b3 — a;], so we work there.
Following the notation in §17.4, define

V =<bg - a1>6/<a3 - bl> = <Av>(@ with AV = {bg,al,ag,bg,ag,bg, “on ,ag,bg},
W :<a3 — b1>6/<bg — a1> g<AV[/>Q with AW = {a3,b1,a2,b2,ag,b3, e ,ag,bg}.

We proved in Lemma 17.4 that §as — by, by — a;] is isomorphic to a quotient of the kernel
of the map V ® W — Q induced by the symplectic form w. Under this isomorphism, a
generator [[(as — b)) Az, (bs —ar) Ayl, of §las —b1,b3 —a)] mapstoz®@y e Ve W.

The elements of V ® W corresponding to elements of Sio are

X={z@y|zecAy,ycAw, w(z,y) =0}.

We can therefore work modulo (X). Let = denote equality modulo (X). The element of
YV ® W corresponding to (24.1) is

(ag —b3) ® (by —az) + (a1 —by) @ (b1 —aq) = (a2 @ by + b3 @ az) + (a1 @ by + by ® ay)
= (a1 @by + b3 ®az) + (a2 @ b + by @ ay)
= (a1 — b3) ® (b1 — a3) + (a2 — bs) ® (b2 — a4).

The element (a2 — by) ® (b2 — ayq) corresponds to (24.2), so what we must prove is that
(a1 — b3) ® (b1 — ag) corresponds to 0. In fact, this corresponds to

H((Ig — bl) N ((1,1 — 1)3). (bg — (1,1) AN ([)1 — (l,;;)ﬂa.

Since |[—, —], is alternating, this vanishes. The claim follows.
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Claim 2. A%Q + Aig) = [[((1,3 — bl) AN ((12 — ]),1), (])3 — (11) N (bg — (M)ﬂ.

We have
Ay = T(ag —b1) A (ag — ba), (s — a1) A (by — a4)]
= [(ag — bg) A (ag — b1), (b2 — aq) A (bgy — a1)],
A?B = [(a2 — bs) A (a3 — b2), (ba — as) A (bs — a2)].
and

[(as —b1) A (ag — ba), (b3 — a1) A (ba — aq)] = [[(az — ba) A (a3 — b1), (ba — aq) A (b3 — a1)].
We must therefore prove that
[(az —by) A (ag —b1), (ba — as) A (bgy — a1)] + [(az — ba) A (az — ba), (ba — as) A (bs — as2)]
equals
[(az — bg) A (a3 — b1), (ba — aq) A (bg — a1)]

modulo elements of (S12). These both live in F[as — by, by — a4]. The calculation is similar
to the one from Claim 1, so we omit it. O

24.2. Relation II. The second relation is:
Lemma 24.2. For 1 <1,75,k < g distinct, we have
A;k = [(a; — bj) A (ar + aj), (b; — aj) A (b, — bj)]a.

Proof. As in the proof of Lemma 23.4, we can apply an appropriate element of the symmetric
group and reduce ourselves to proving that

Ay = (a1 — b2) A (a3 + az), (b — az) A (bs — b2)]a.
By the definition of Al; and %y, this lemma is asserting that
(24.3) [(ar —b2) A (a3 — b1), (b1 — a2) A (b3 — a1)]a
— [(a1 — b2) A (az + a2), (b1 — a2) A (bs — b2)]a

lies in the span of Si2. This difference lies in §|a; — by, by — as], so we work there.
Following the notation in §17.4, define

V :<b1 — aﬂf@/(al — b2> = <Av>(@ Wlth AV = {bl,ag,ag, b3, e ,ag, bg},
4% :<a1 — b2>6/<b1 — a2> g(Aw)@ with Ay = {al, bo,as,bs, ..., g, bg}.

We proved in Lemma 17.4 that §[a; — bo, by — as| is isomorphic to a quotient of the kernel
of the map V ® W — Q induced by the symplectic form w. Under this isomorphism, a
generator [[(ay — by) Az, (by — as) Ayl, of Fla; — bo, by — as] mapstoz @y € VR W.

The elements of V ® W corresponding to elements of Sqo are

X={r®y|zecAy,yec Ay, w(z,y) =0}.

We can therefore work modulo (X). Let = denote equality modulo (X). The difference
(24.3) corresponds to the following element of ¥V @ W:

(a3 —b1) @ (b —a1) — (ag + a2) ® (bg — b2) = (a3 @ b3 + by ® a1) — (ag ® by — az @ ba)
=as @ by + b1 @ a; = (ag — b1) ® (by — aq).
This corresponds to the element
[(ar = b2) Aaz = b1), (b1 — a2) A (b2 — a1)]a = —[(a1 — b2) A (a2 — b1), (a1 — b2) A (a2 — b1)]a.

Since [—, —], is alternating, this is 0. The lemma follows. O
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24.3. Relation III. Our third and final relation is:
Lemma 24.3. Let 1 <1i,j,k, ¢ < g be distinct. Then

A%+ Al = Ay + T(ag + aj) A (b, — bj), (be — bj) A (ag + aj)]a-

Proof. As in the proof of Lemma 23.4, we can apply an appropriate element of the symmetric
group and reduce ourselves to proving that

A%g + AQIM = A%z; + II(CL4 + ag) A (bg — bg), (b4 — bg) A (ag + ag)]]a.

We will prove that both sides of this equal [(a; — b3) A (as + a2), (b1 — as) A (by — ba)].

Claim 1. Al; + Al = [(a1 — b3) A (as + az), (b1 — a3) A (bs — b2)].

‘We have

Agy = [(a1 = b2) A (a3 —b1), (b — az) A (b3 — a1)]
= *H(al — b;;) A\ (b] — (12)3 (b] — (1,;;) A (a1 — bg)ﬂ,
A§4 = [[((11 — b;g) A ((1‘4 — bl), (bl — (1,3) A (1)4 — al)ﬂ.

We must therefore prove that
—[(a1 —b3) A (b1 — az), (b1 — a3) A (a1 — b2)] + [(a1 — b3) A (aa — b1), (b1 — az) A (bs — a1)]
equals
[(ar — b3) A (aq + a2), (b1 — ag) A (bs — b2)]

modulo elements of (S12). These both live in §|a; — b3, by — a3]. The calculation is similar
to the one from Claim 1 of the proof of Lemma 24.1, so we omit it.

Claim 2. The elements

Ay + [(ag + az) A (bs — b2), (ba — b2) A (a3 + a2)]a

and

[[(a,l — b;g) N ((14 + (1,2). (bl — (13) A (b4 — {)Q)H

are equal.

Lemma 24.2 says that

A%4 = H(”l — bg) A\ ((1,,1 + (,I,Q), (bl — (1,2) A\ ([),,1 — Z)Q)ﬂa
= [(aq + a2) A (a1 — ba), (bg — b2) A (b1 — a2)]q-

Also,

[(a1 —b3) A (ag + a2), (b1 — as) A (by — b2)] = [(as + a2) A (a1 — b3), (by — ba) A (b1 — as)].

We must therefore prove that
[(as +as) A (ar —ba), (bs —b2) A (b —a2)]a + [(as + az) A (bs — b2), (bs — ba) A (a3 + az)]a
equals
[(as + a2) A (a1 — b3), (bg — b2) A (b1 — a3)]

modulo elements of (S12). These both live in F[ayq + a2, by — ba]. The calculation is similar
to the one from Claim 1 of the proof of Lemma 24.1, so we omit it. O
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25. SYMMETRIC KERNEL, ALTERNATING VERSION IX: THE PROOF OF THEOREM F

We will continue using all the notation from §17 — §24. We finally prove Theorem F,
whose statement we recall.

Theorem F. For g > 4, the linearization map ®: K& — K is an isomorphism.

Proof. Recall that Lemma 20.1 says that £ is generated by S = Si2 U S5. Lemma 22.5
says that @ takes (S12) isomorphically onto its image. Letting T, = &7 /(S12) and letting
Ty be the quotient of K by (®(S12)), it is therefore enough to prove that the induced map
D Ty — Ty is an isomorphism. Lemmas 23.1 and 23.2 say that ® is a surjective map to
a g(g — 2)-dimensional vector space. It is therefore enough to prove that ¥, is at most
g(g — 2)-dimensional.
Define
Ry ={Al €Ty |1<i,j,k < g distinct} .

By Lemma 23.4, the set IR spans €, for g > 4. The key to the proof is the following smaller
generating set:

Claim. For all g > 4, the vector space T, is spanned by R’g U Ry[< g — 1], where:
Ry={Af|2<i<g-1}U{Ay|2<i<g—1}U{A}},
Ry[<g—1]={A% | 1<i,jk<g—1 distinct} .
We will prove this claim in a moment, but let us first see why it implies that T, is at

most g(g — 2)-dimensional. The proof is by induction on g. The base case is g = 4, where
we have to prove that T, is at most 4(4 — 2) = 8 dimensional. For this, note that

Rﬁl = {A%Qa Aéll?n A41127 Azll?n Ail}
has 5 elements. The set
R4[§ 3] = {A%& Azlsza A%:s» Aglv A?Qa A%1}

has 6 elements, but since A};j = —Aé i (see Lemma 23.3) only 3 are needed to span T4. We
conclude that %4 is at most 5 4+ 3 = 8 dimensional, as desired.

For the inductive step, assume that g > 5 and that T, ; is at most (¢ —1)((¢ — 1) — 2)-
dimensional. We must prove that T, is at most g(g — 2)-dimensional. The natural map
Ry_1 — Ry taking a generator [k1, k2]a of £Ry_1 to the same generator of K7 induces a map
t: Tg—1 — T4 The map ¢ takes a basic element A;k € T4_1 to the same basic element of
Ty It follows that the image of ¢ is the span of Ry[< g — 1]. In particular, (R,[< g — 1]) is
at most (g — 1)((g — 1) — 2)-dimensional. The set R} from the above claim has

(9-2)+(9g—-2)+1=29-3

elements, so () is at most 2g — 3 dimensional. Since T, is spanned by Ry and Ry[< g — 1],
we conclude that €, is at most

(29=3)+(g—1)((g9—1)—2)= (29 =3) + (¢* —4g +3) =¢° — 29 = g(9 — 2)
dimensional, as desired.
It remains to prove the above claim:

Proof of claim. It is enough to prove that every element A of the generating set
Ry ={Al €Ty |1<i,j k< g distinct} .

that does not lie in Ry[< g — 1] can be written as a linear combination of elements of R’g
and Ry[< g — 1]. There are two families of elements of R, that do not lie in Ry[< g — 1].
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The first are elements of the form A, with 1 <i,j < g — 1 distinct. Since A, = —A,
(Lemma 23.3), we can assume that i < j. If i = 1, then Afj € R’g, so we can assume that

2<i<j<g—1. Lemma 24.3 gives a relation
(25.1) A‘;}I + Ai]] = A‘;]J + [[(aj +a;) A (b1 — b;), (bj —bi) A (a1 + ai)]a-
Set

K= [[(aj + ai) VAN (b1 - bl), (bj — bl) AN (a1 + ai)]]a.
Since 1,4,7 < g — 1, we can view £ as an element of R_,. If g > 5, then Lemma 23.4 says
that T,_; is generated by basic elements, so % is in the span of R4[< g — 1]. This argument
does not work if g = 4; however, in this case Lemma 18.4 (which does work in genus 3) says
that x € R7_; can be written® as a linear combination of elements of our basis S. By the
proof of Lemma 23.4 these map to linear combinations of basic elements in €,_1, so again
we deduce that % is in the span of Ry[< g — 1].
In either case, since AY} = —A{, (Lemma 23.3) we can rearrange (25.1) and see that

Afj = Agj — Ay —F
lies in the span of Ry[< g — 1] and R}, as desired.

The other family of elements of 4 that do not lie in Ry[< g — 1] are those of the form A},
and A’gj for 1 <1i,j < g—1 distinct. We must show that these lie in the span of Ry[< g —1]
and Rg. Since A% = —A} . (Lemma 23.3), it is enough to deal with Aj;. If i = 1 then
Aéj € R’g, so we can assume that ¢ # 1. Since we also have Agl € R’g, we can assume that if
i =2 then j # 1. In other words, we can assume that 2 <¢,j < g— 1. Lemma 24.1 gives a
relation .

Agj+ A% = Ay + Ay
We have A;j € qu and Agl € Ry[< g — 1], and we already proved that AY, is in the span of

R; and Ry[< g — 1]. We conclude that A;j is also in the span of Ry and R,[< g — 1], as
desired. O

This completes the proof of the theorem. O

Part 4. Verifying the presentation for the symmetric kernel, symmetric version

We now turn to Theorem G. See the introductory §26 for an outline of what we do in this
part. Throughout, we make the following genus assumption:

Assumption 25.1. Throughout Part 4, we assume that g > 4. (|

26. SYMMETRIC KERNEL, SYMMETRIC VERSION: INTRODUCTION

We start by recalling some results and definitions from earlier in the paper, and then
outline what we prove in this part.

26.1. Symmetric contraction. Recall that w is the symplectic form on H. The symmetric
contraction is the alternating Sym?(H)-valued alternating form ¢ on (A2H)/Q defined via
the formula

c(z Ay, zANw) =w(z, 2)yw —w(x,w)yz—wy,2)rw+ w(ly,w)zz for z,y,z,w € H.

Elements k1,52 € (A2H)/Q are sym-orthogonal if ¢(k1,k2) = 0. The sym-orthogonal
complement of k € (A2H)/Q is the subspace ' consisting of all elements that are sym-
orthogonal to k.

3t is enlightening to go through the proof and work this out explicitly.
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26.2. Special pairs. A special pair in (A2Hz)/Z is an element of the form z A y with
w(z,y) € {—1,0,1}. Examples include symplectic pairs and isotropic pairs. Lemmas 10.1
and 10.2 say that the sym-orthogonal complements in (A2H)/Q of these are:

e for a symplectic pair a A b, we have (a A b)* = A2{a, b)é; and
e for an isotropic pair a A @/, we have (a A a’)* = /\2<a,a’>6.
26.3. Non-symmetric presentation. We will use the generators and relations for & from
Theorem 15.1, whose statement we recall:

Theorem 15.1. For g > 4, the vector space Ry has the following presentation:

e Generators. A generator [k1, k2] for all sym-orthogonal k1, ke € (A2H)/Q such
that either k1 or kg (or both) is a special pair.
e Relations. The following two families of relations:
— For special pairs ¢ € (N2H)/Q and all k1, ke € (A2H)/Q that are sym-orthogonal
to ¢ and all A1, Ao € Q, the linearity relations

[¢, Aik1 + Aeka] = M[C, k1] + A2, ko] and
[A1k1 4 Aok, C] = A1k, C] + Aofk2, C].

— For all special pairs ¢ € (\2H)/Q and all k € (N>H)/Q that are sym-orthogonal
to ¢ and all n € Z such that nC is a special pair, the relations

[n¢, k] = n[¢, k] and
[%, nc] = n[x, (]

26.4. Symmetrizing. Recall from Lemma 10.6 that K7 is the +1-eigenspace of the involution
of R, that takes a generator [k1, k2] to [k2,~1]. We symmetrize a generator [k1, k2] of &
to

ke, Koy = % (Iin, 2] + [z, 1]) € 82,

The symmetrized generators generate &). They satisfy the same relations as the generators
of Ry, and also the symmetry relation [ka, k1]s = [K1, K2]s-

26.5. Goal and outline. We have a linearization map ®: & — Sym?((A’H)/Q). On
generators, it satisfies

®([k1, k2lls) = w1-ko € Sym?((A2H)/Q).

Our goal in this part of the paper is to prove Theorem G, which says that @ is an isomorphism
from & to Sym?((A2H)/Q). The proof uses the proof technique described in §3, and is
modeled on the proofs of Theorems A-E. However, since the calculations are lengthy we
spread them out over nine sections:

e In §27 — §30, we construct a subset S of & such that ® restricted to (S) is an
isomorphism (Step 1). This calculation is lengthy since it depends on the construction
of three important families of elements of & (the ©-, the A-, and the Q-elements),
and it takes work to prove their basic properties.

e In §31, we prove that the Spoy,(Z)-orbit of S spans & (Step 2). We also outline the
proof that Spy,(Z) takes takes (S) to itself (Step 3).

e Finally, in §32 — 35 we complete the outlined proof that Spy,(Z) takes () to itself.
Together with Step 2 this implies that (S) = £, so by Step 1 we conclude that  is
an isomorphism.
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Throughout the following nine sections, ® will always mean the linearization map ®: & —

Sym?((A2H)/Q). Also, ¢ will always mean the symmetric contraction. Finally, we will fix a
symplectic basis B = {a1,b1,...,a4,by} for Hy,.

27. SYMMETRIC KERNEL, SYMMETRIC VERSION I: S AND STRUCTURE OF TARGET
We discuss the structure of Sym?((A2H)/Q), and then begin our construction of S.

27.1. Generators and relations for target. Let < be the following total order on B:
ar <by <az <by<---<ag <by.
Set
T = {(xAy)(zAw) | 2.9, 5w € B,z <y, 2 < w} C Sym?(\2H)/Q).

The set T' generates Sym?((A2H)/Q), and the relations between elements of T' are generated
by the set

R= {ijl(ai Ab)(xAy) | z,ye B,z =< y} .
27.2. Lifting easy generators. Some elements of 7" are easily lifted to &7. Define
Si=A{[zrhy,zANw]s | z,y,z,we B,z <y, z<w, c(rAy,zANw)=0}.
For [z Ay, z Nw]s € S1, we have
O([x Ny, z ANw]s) =(xAy)(zAw) € T.
Like we did above, we will write elements of S; C &7 in blue. More generally, we will use

blue to write elements of & that lie in (S1). The set Sy consists of two kinds of elements:

e those of the form [z Ay, z Aw|s for x,y,z,w € B with z < y and z < w and
w(z,z) = w(x,w) =w(y,2) =w(y,w) = 0; and

e those of the form [a; A b;,a; A b;]s for some 1 < i < g. These lie in S; since ¢ is
alternating, or more concretely due to the calculation

C(CLZ' Ab;,a; N bz) = —w(ai, bl)(b,az) — w(bi,ai)(ai-bi) = —(bi-ai) + (azbl) = 0.
Let T7 C T be the image of Sj.

27.3. Lifting easy relations. Let R; be the subset of R consisting of relations between
elements of T7. Thus Ry consists of relations of the form

S (ai Abi)-(ag Aby) with 1 <k < g.

These lift to relations between the elements of S1 due to the bilinearity relations in £

g g
Z [ai A bs, ax Aby]s = [[Z a; A b, ap Abg]s = [0,ar A bg]s = 0.
i=1 i=1

27.4. Other relations do not affect 77. Set Ry = R\ R;. Each element of Ry involves
an element of T' that appears in no other relations in R. For instance, for 1 < k < £ < g the

set Ry contains the relation
g

> (@i Abi)-(ar A ag),

i=1
and no other relation in R uses the generator (ax A bg)-(ax A ag). This implies that the
subspace of Sym?((A2H)/Q) spanned by T} is generated by T; subject to only the relations
in Ry. This implies:

Lemma 27.1. The linearization map ® takes (S1) isomorphically to (T}).



PRESENTATIONS OF REPRESENTATIONS 73

Proof. Immediate from the fact ® takes S bijectively to 71 and each relation in R lifts to
a relation between the elements of Sj. O

27.5. Remaining generators. Define
Th = {(ai A bi)-(x Ab;), (ai Abi)-(ai ANy) | 1<i<g,z,y€B\{a;bi}},
T3 ={(ai Ny)-(xAb;) |1 <i<g,2yeB\{a;bi}, wz,y) =0},
T, = {(al A a])(bl A bj), (ai A\ b])(bZ AN CL]') | 1<i<y< g} .
The set To UT3 U Ty is almost equal to 7'\ T1. The only difference is that for some n € T'\ T}
we have —n € T, U T3 U Ty. For instance, we have (a1 A by)-(by Aag) € T\ Th but
(al A\ bl)'(CLQ A bl) = —(al A\ bl)(bl A CLQ) e Ts.

In any case, we have that Sym?((A2H)/Q) is generated by Ty U Ty U T3 U Ty subject to
appropriate versions of the relations in R. In the next three sections, we will construct sets
Sa, 83,54 C K such that @ takes S; bijectively to T;, and we will prove that all relations in
R lift to relations between elements of S = S U---USy. The elements of Sy and S3 and Sy
are called ©-elements, A-elements, and (2-elements.

27.6. Obvious blue elements. Before we continue, we make a useful observation. Recall
that we write elements of (S7) in blue. One easy way to recognize these is as follows.
Consider a generator [k1, k2]s such that there exists subsets B1, B2 C B such that:

e 11 € A2(B1) and Ky € A2(Bs); and
o w(xz,y) =0 for all z € B; and y € Bs.

Note that By and Ba need not be disjoint. We then have that [k1, k2]s € (S1), so we can
write [r1, kalls. This is most easily seen by example:

[[(a1 + 3b1) N ag,az N\ (a3 — 2[)3)]]5 :[[(a1 -+ 3b1) N ag, az N\ ag]]s — 2[[(a1 + 3b1) N ag, a2 N\ bg]]s
=[a1 A az,as A as]s + 3[b1 A az, a2 A ass
— 2[a1 A ag,as Abs]ls — 6[b1 A az, az A bs]s.

We thus have [(ay + 3b1) A ag, as A (a3 — 2bs)]s € (S1).

28. SYMMETRIC KERNEL, SYMMETRIC VERSION II: Sy AND THE ©-ELEMENTS

We continue using all the notation from §27. This section constructs the set Sy that

lifts T5. It consists of what are called ©-elements of &7, and the first part of this section

constructs these in more generality than is needed for Sy alone.

28.1. Definition. Let a A b be a symplectic pair in A2Hz and let 2,y € {(a,b)*. The
©-eclements Ofa A b, x A bls and Ola A b,a A yls are elements of & that are taken by @ to

(a Ab)-(x Ab) € Sym®(A2H)/Q) and (a Ab)-(aAy) € Sym2((A2H)/Q),
respectively. To find these elements, note that
((a+2)Ab)-((a+x) Ab) = (aAb)-(aAb)+ 2(a Ab)-(x Ab) + (z Ab)-(x AD),
(aN(b+y))-(an(b+y))=(anb)(aNb)+2(aNb)(aNy)+ (aNy)(aAy).

Since ¢ is alternating, for any z € (A?H)/Q we have ¢(z,z) = 0 and thus there exists a
generator [z, z]s of 8. This suggests:
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Definition 28.1. For a symplectic pair a A b in A2Hyz and z,y € {a, b)L, define

@[a/\b,:c/\b]s:%([[(a—}—:c)/\b,(a—}—x)/\b]]s—[[a/\b,a/\b]]s—[[m/\b,x/\b]]s),

@[a/\b,a/\y]sz%([[a/\(b—i—y),a/\(b—i—y)]]s—[[a/\b,a/\b]]s—[[a/\y,a/\y]]s). O

By construction, we have
®(Ola Ab,x Abls) = (a Ab)-(x AD),
®(OlaANb,aNyls) = (aNb)-(aANy).
Remark 28.2. Despite our notation ©[a Ab, x Ab|s, this depends on the ordered tuple (a, b, z),
not on a Ab and x A b. A similar remark applies to Oa A b,a A y]s. We chose to abuse
notation like this to emphasize that Ofa A b,z A b]s should be regarded as the “missing”
element [a A b,z Ab]s of & that should exist if & is isomorphic to Sym?((A2H)/Q). Later

we will prove that O[a A b,z A b]s behaves as if it only depends on a A b and z A b, e.g.,
Lemma 28.10 below says that O[(a + nb) A b,z Abls = Ola A b,z A b, for all n € Z. O

28.2. ©-expansion I. If z,y, z € Hy are pairwise orthogonal elements such that x A z and
y Az and (z +y) A z are isotropic pairs, then the relations in & imply that

[(+y)Az,(x+y)Az]s=[x Az, 2 Az]s +2[x Az, y Az]s + [y Az, y A 2]s.

Using O-elements, we can similarly expand out some other elements:

Lemma 28.3 (0-expansion I). Let a A b be a symplectic pair and let x,y € (a,b)-. Then
[(a4+2x)Ab,(a+2)Ab]s = [aAb,aAb]s+20[a b,z Abls+ [z Ab,z Ab]s,
f[an®+y),an(b+y)]s=[aAbaAb]s+20laNbyAals+ [yAayAa]s.

Proof. Immediate from Definition 28.1. U

28.3. O-linearity. The following is a key property of the ©-elements:

Lemma 28.4 (O-linearity). Let a Ab be a symplectic pair. Then for all z1, z2 € (a A b)*
and A1, s € Z we have

Ola AN b, (A121 + A222) Abls = MO[a A b, z1 Abls + AaOla A b, z3 A bls,
Ola Abya A (Mz1 + Aez2)]s = MOla Abya A z1]s + XaOla A bya A z9)s.

Proof. Both formulas are proved similarly, so we will prove the first. The key calculation is
the following special case of the lemma:

Claim. For a partial basis {21, 22} of (a Ab)* with w(z1,22) =0 and ny,ng € Z, we have
Ola A b, (n1z1 4+ naza) Abls = Ola Ab,niz1 Abls + Ola A b,ngze A bs.

Proof of claim. Whether or not the claim holds is invariant under the action of Spy,(Z) on
8. Recall that we have our fixed symplectic basis B = {a1,b1,...,a4,bs} for Hz. Applying
an appropriate element of SpQQ(Z), we can assume that

a] = a, blzb, as = 21, a3z = 29.

To make our notation easier to digest, replace ni,ng € Z by ns, ng € Z. Since the restriction
of ® to (S1) is injective (Lemma 27.1) and ® takes both

(28.1) G)[a1 A by, (ngaz + n3a3) A bl]s
and

(28.2) @[a1 A b1, ngas A bﬂs + @[a1 A bi,nzaz N\ bl]s
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to the same element of Sym?((A2H)/Q), it is enough to prove that (28.1) and (28.2) are
equal modulo (S1). Let = denote equality in & modulo (S1).
By definition, 20[a; A by, (n2as + nzas) A bi]s equals®
[(a1 4+ noas + nsag) A by, (a1 + naas + nzag) A bis
— [a1 Abiyar Abi]s — [(n2az + ngas) A by, (naas + ngas) A bi]s
=[(a1 + n2as + nsas) A by, (a1 + naas + nzag) A bi]s
and 20[a;1 A b1, ngas A bi]s + 20][a; A by, ngas A bi]s equals
[(a1 + naaz) A by, (a1 + neag) Abi]s — [ar Abi,ar Abi]ls — [neas A by, nsas A bi]s,
+ [(a1 + nsas) A by, (a1 + nsas) Abi]s — [a1 A b1, a1 Abi]s — [ngas A by, nsas A bi]s
=[(a1 + n2az) A b1, (a1 + ngaz) Abi]s + [(a1 + nsas) A by, (a1 + nzas) A bi]s.
Our goal, therefore, is to prove that
(28.3) [(a1 + n2as + nzas) A by, (a1 + neas + ngas) A bi]s
=[(a1 + naaz) A by, (a1 + naaz) Abi]s + [(a1 + ngas) A by, (a1 + ngas) Abi]s

In (A2H)/Q, we have the following identities. The colors are there to help the reader match

up terms with later formulas.?%
(a1 + noas +nzas) A bi+az A (ba — naby)+ag A (bg — nsby) + Zf:4 a; N\ bj= 10,
(a1 + n2az) A by s A (by — ngby)+as A by + Z; a; A bi= 0,
(a1 + ngas) A by +ag A by +as A (bs — ngar )+ 2‘324 a; A b= 0.

We plug these into the terms of (28.3). Matching up terms of the same color, we see that
[(a1 4+ naas + nzag) A by, (a1 + noas + nsas) A bi]s equals

— [(a1 + n2as + ngaz) Abi,az A (ba — naby)]s — [(a1 + n2as + ngas) Abi,as A (bs — ngbi)]s
_ 214 [(a1 + n2as + ngas) A by, a; Abills
= — [(a1 + n2az) Aby,as A (ba — naby )]s — nslas A b, as A (by — naby)]s
— [(a1 + nsas) Aby,as A (bs — nsbi)]s — nafas A by, as A (bs — nsby)]s
= — [(a1 + naag) Aby,as A (by — naby)]s — [(a1 + nsas) A by, as A (bs — n3bi)]s
and [(a; + neaz) A by, (a1 + nsas) A bi]s equals
— [(a1 + ngaz) A b1,as A (ba —n2b1)]s — [(a1 + noas) A by, as A bs]s
— Zj=4 [(a1 + noaz) A by, ai, bi]ls
= — [(a1 + n2ag) Aby,as A (by — naby)]s
and [(a; + ngas) A by, (a1 + nsas) A bi]s equals
— [(a1 + ngas) A by, as A bs]ls — [(a1 + nsas) A by,as A (bs —nzar)]s
— Zj:4 [(a1 + nzas) Aby,a; Abi]s
= — [(a1 +nzaz) Aby,az A (bs — nzar)]s.
Combining these three equalities gives (28.3). O
35Here and in future calculations we use §27.6 to identify and then delete blue terms lying in (S;).
36The only color which has a definite meaning right now is blue, which is used to indicate elements of

(S1). In later sections we will give meanings to purple and orange and green terms, but currently these colors
have no meaning and we are free to use them.
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We now return to the proof of the lemma. Define &7 [a A'b,— A D] to be the subspace of
K spanned by the ©la A b,z A b]s as x ranges over all elements of (a, b)L. The linearization
map ®: R — Sym?((A2H)/Q) takes 8;[a Ab,— Ab] to the subspace

(28.4) {(a/\b)~(h/\b) | he <a,b>6} =~ (a,b).

To prove the lemma, it is enough to prove that the restriction of ® to & [aAb,— AD] is an
isomorphism.

Let R3[a A b, — Ab]prim be the subspace of &3[a A b, — A b] spanned by ©[a A b, x A b]s with
x a primitive element of (a, b>l. The case n; = no = 1 of the above claim implies that we
can use Theorem C to see that ® takes R3[a A b, — A b]prim isomorphically to (28.4).

To complete the proof, we must prove that every element of R [a A b, — A b] equals an

element of R%[a A b, — A b]prim. For this, consider a general x € (a, b)*t. Write x = na’ with

2 primitive. Let y be such that {2’,y} is a partial basis of (a A b)* with w(2/,y) = 0. The
above claim then implies that

O©laNb, (x+y) ANbls =0O[aANb,x Ab|s+ Ola Ab,y A bs.

On the other hand, since = + y is primitive the fact that ® takes £j[a A b, — A b]prim
isomorphically to (28.4) implies that

Ola Ab, (z +y) Abls = Ola Ab, (nz’ +y) Abls =nOla Ab,a’ Abls+ OlaAb,y Abls.
Combining these two identities, we conclude that
Ola A b,z Abls =nOla Ab,x’ Ab]s € Kla A b, — Ablprim,
as desired. g
28.4. ©-symmetry. It is inconvenient to require the entries of O[a A b,z A b]s; and Ofa A

b,a A y]s to appear in a definite order. We therefore define that each of the following terms
equals ©la A b,z A b]s:

OlaAb,z Abls, —O[bAa,zAbs, —OlaANb,bAzx]s, ObAa,bAz]s,
Olr ANb,aNbls, —Olx Ab,bAals, —O[bAx,aAbls, ObAx,bAals.
Similarly, we define that each of the following terms equals O[a A b, a A y]s:
OlaAbaNyls, —ObAa,aNyls, —OlaNb,yAals, ObAa,yAals,
OlaNy,aANb]s, —OlaANy,bAals, —OlyAa,aNbls, OlyAa,bA als.

28.5. ©-signs. Lemma 28.4 (©-linearity) implies that
OlaANb,(—z) ANbls = —OlaANb,z Abls and OlaAb,a(—y)ls =—0OlaAb,aAyls.

For a symplectic pair a A b, there are three other symplectic pairs obtained by swapping a
and b while multiplying them by +1, namely (—b) A a and b A (—a) and (—a) A (—=b). The
following shows that changing a A b to one of these changes O[a Ab, x Ab]s and Ola Ab,y Aals
in the obvious way. The statement uses the notation from §28.4:

Lemma 28.5. Let a Ab be a symplectic pair in Hz and let x,y € (a,b)*. Then
Ola A (=b),z A (=b)]s = OlaAb,x A b, Ola A (=b),aANyls =—Ola Ab,a Ayls,
O[(—a) Ab,x Abls =—O[a A b,z A b, O[(—a) Ab,(—a) ANyls = OlaAbyaNyls,
Ol(—a) A (=b),x A (=b)]s =—O[a Ab,z Abls, O[(—a) A (=b),(—a) Ay]ls =—BOla Ab,a Ayls.
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Proof. These are all proved the same way, so we will give the details for O[(—a) Ab,z Ab]s =
—Ola A b,z Ab], and leave the others to the reader.?” Here (—a) A b is not a symplectic pair,
but bA(—a) is a symplectic pair. Using the notation from §28.4, we interpret O[(—a)Ab, zAb]s
as®® O[b A (—a),b A x]s, so our goal is to prove that O[b A (—a),bA x]s = —Ola A b,z A b]s.
By definition, O[b A (—a), b A z]s equals

[bA(—a+2),bA (—a+2)]s —[bA(—a),bA(—a)]s — [bAz,bAx]s
=[(a —x)Ab,(a—2x)Ab]s — [a ANbya AD]s — [(—z) A b, (—x) AD]s.

This last expression equals Ofa A b, —z A b]s, which by Lemma 28.4 (O-linearity) equals
—Ola Ab,x ANDb]s. O

28.6. The set S3. We now return to constructing S;. Recall that
Ty = {(a; Nb)-(z Aby), (ai Abi)(ai Ay) | 1 <i<g,z,y€B\{a;bi}}.

Define

SQ:{ 5 llgzgg,x,yeb’\{az,bz}}
Like we did here, we will write elements of (S3) in purple. For example, using Lemma
28.4 (O-linearity), for 1 < i < g and z € (a4, b;)" we have elements and

in (So). By construction, the linearization map ® takes Sy bijectively to
T5. Even better:

Lemma 28.6. The linearization map ® takes (S1,S2) isomorphically to (T1,Tz).

Proof. Recall that in Lemma 27.1 we proved that ® takes (S;) isomorphically onto (17).
Part of the proof of that lemma was that ¢ takes S bijectively to T7. It follows that ® takes
S1 U Sy bijectively to 17 UT,. What we must prove is that all relations between elements of
T, UT5 lift to relations between S7 U Ss.

We constructed all the relations between elements of T'=T; U--- U Ty in §27.1, and in
fact all of them only involve elements of T U T5. Some only involve elements of 717, and as
we observed in the proof of Lemma 27.1 these all lift to relations between elements of S.
The remaining relations are of the form

Z? l(ai Ab;)-(x Ay) with x,y € B with 2 < y and w(z,y) = 0.
1=
Lemma 28.7 below proves that these do indeed lift to relations between elements of S1US,. [

The above proof used the following, which for later use we state in more generality than
we need at the moment:

Lemma 28.7 (O-symplectic basis). Let {x1,y1,...,24,Yq} be a symplectic basis for Hy, let
1<n<m<g, and let z € {xn,yn} and w € {Tp, ym}. Then

Oy A Yn, 2 A w]s + OlTm A Ym, 2 AN w|s + Z [xi AN yi, z Aw]s = 0.

1<i<g

i#£n,m
Proof. Whether this holds is invariant under the action of Spy, (Z) on R, so applying an
appropriate element of Sp2g(Z) we can assume that the given symplectic basis is our fixed
symplectic basis B = {a1,b1,...,aq,bs}. Moreover, recalling the subgroup SymSp, from §7
we can apply an appropriate element of SymSp, and ensure that n = 1 and m = 2. Our
desired relation is thus

(28.5) + + Z?_g lai Abi, 2z A2]s = 0.

3TWe chose this one because it is slightly harder than the other cases.
38There is no sign change here since both (—a) Ab and z A b are flipped and each flip causes a sign change.
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Finally, since ® restricted to (S7) is injective (Lemma 27.1) and ® takes (28.5) to a true
relation in Sym?((A2H)/Q), it is enough to prove that (28.5) holds modulo (S;). In other
words, letting = denote equality modulo (S1) we must prove that

(28.6) + = 0.

For concreteness, we will prove this for z = a; and w = by. The other cases are similar.
Using Lemma 28.4 (O-linearity), the relation (28.6) is equivalent to

(28.7) - =0.
By definition, we have
2 =[a1 A (b1 + b2),a1 A (b1 + b2)]s — [a1 Abi,ar Abi]s
— [a1 Nba,ar Aba]s = [lar A (by + b2), a1 A (by + b2)]s,
2 =[(az — a1) Aba, (a2 — a1) A ba]s — [as A ba, as A bs]s

— [a1 Nba,ar Abs]s = [(a2 — a1) A ba, (a2 — a1) A bas.
The relation (28.7) is thus equivalent to
(28.8) [ar A (b1 + b2),a1 A (by + b2)]s — [(az — a1) A ba, (a2 — a1) A ba]ls = 0.
In (A*H)/Q, we have
ay A (b1 + b2) + (a2 — aq) /\b2+Zj:3ai/\bi =0.

This implies that

lar A (b1 +b2), a1 A (b1 + b2)]s = — a1 A (b1 + b2), (a2 — a1) A ba]s

—Z [ay A (b1 + ba), a; A bi]ls
= — [ar A (b1 + b2), (ag — ay) A ba]s.

Plugging this into (28.8), we see that our desired relation is equivalent to showing that the
following is equivalent to 0:
lai A (b1 + b2), (a2 — a1) A b2]s + [(a2 — a1) A b2, (a2 — a1) A ba]s
=[a1 A (b1 + b2) + (a2 — a1) A b2, (az — a1) A ba]s

:[[al A b1 + as /\bg,(ag — al) /\bg]]S = _ZZZB [[(lj A b;, (ag — al) /\bgﬂs = 0. O

28.7. Additional bilinearity relations. We close this section by proving some additional
relations between the ©-elements.
Lemma 28.8 (O-bilinearity I). Let a A b be a symplectic pair in Hz and z € {a,b)*. Then:
e for x € {a,b,z) we have O[(a + 2) Ab,xz Abls = Ola Ab,x Abls + [z Ab,x Ab]s.
o fory € (a,b,2)* we have Ola A (b+ 2),a Ayls = OlaAb,aAyls + [a A z,a Ay]s.

Proof. Both are proved the same way, so we prove the first. By Lemma 28.3 (©-expansion
I), the element [(a + z+ ) A b, (a + z + ) A b]s equals
[(a+2z) Nb, (a4 z) Ab]s +20[(a+ 2z) Ab,z Abls + [z ANb,x Ab]s
=JaAband]s+20[anb,zAbls+ [zAbzAb]s
+20[(a+2) ANb,x ANbls + [z A b,z Ab]s.
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On the other hand, it also equals
[anb,and]s+20lanb,(z4+2x)Abls+ [(z+x) Ab, (24 x) Ab]s
=[JaAbanb]s+20[aNb,zAbls+20[a b,z Ab|s

+[2Ab,zAbs +2[z Ab,z Ab]s + [z A b,z AD]s.

Here the equality uses Lemma 28.4 (O-linearity). The above two displays are thus equal,
and the result follows. O

Lemma 28.8 allows many standard generators of £ to be written as the sum of two
O-elements:

Lemma 28.9 (O-expansion II). Let a Ab and a’ ANb' be symplectic pairs in Hy such that
{a,b) and (a',b) are orthogonal. Then

[(a+a)A(B—=0),zA(b-)]s =Olan(d—V),zAb-b)s +Ola'AD-V),zA D),
[(a+a)ANB—-b),(a+d)Ny]s = Olla+d)Ab,(a+ad)Ayls — O[(a+a)Ab, (a+d)Ayls,
[(a+0)A (b a')x/\(b—i—a)]]S:@[a/\(b—i-a):E//\(b—i—a’)] O Ab+a),z' A(b+ad)s,
[la+b)A(+d), (a+V)AY]s = Olla+b)Ab, (a+b)AY']s +O[(a+V)Ad, (a+b)AY]s.

for x € (a,a',b— V)" and y € b,V ,a+ )" and &' € (a,V',b+a') and v € (b,d,a+ V).

Proof. All are proved the same way, so we will prove the first. Lemma 28.8 (O-bilinearity I)
implies that

Ol(—a)ABb—0b), 2N b—b)]s+ [(a+d)AB—0b),zAb—b)]s
equals
Ol(=d' +(a+d))ANB=V),zAb-=b)s=0lan(b-V),zA(b—1b)s.
Rearranging this, we see that
[(a+d)A@B=b),zA(b—b)]s =Olan(b=b),zA(b—b)]s+Old Ab—b),zA(b—b)]s O
Lemma 28.10 (O-bilinearity II). Let a A b be a symplectic pair in Hz and n € Z. Then:
e for x € {a,b) we have
Of(a + nb) ANb,z Abls = Oa A b,z Abls,
Ola N (b+na),z A (b+ na)ls = Ola Ab,x ANb]s +nOla Ab,z A as.
e fory € (a,b) we have
Ola A (b+na),aANyls =Ola Ab,aAyls,
Ol(a+nb) ANb,(a+nb) Nyls =0OlaNb,a Nyls + nOla A b,b A yls.

Proof. The two bullet points are proved the same way, so we will prove the second. Observe
first that 20[a A (b+ na),a A y|s equals

[an(b+na+y),an(b+na+y)]s—[aA(b+na),a(b+na)]s—[aNy,aAy]s
=fan®+y),aNb+y)]s—[aAbaAb]s—[aNy,any]s,

which equals 20[a A b, a A y|s. This gives the first equation. For the second, by Lemma 28.4
(©-linearity) it is enough to prove it for y primitive. We can then find a symplectic basis
{x1,y1,...,24,yq} for Hz such that 1 = a and y; = b and y» = y. Our goal is to prove that

O(z1 +ny1) ANy, (1 +ny1) Ayals = Oz Ayi, 1 Ayels +nOxr Ay, y1 A yals.
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Applying Lemma 28.7 (©-symplectic basis) to the alternate symplectic basis B = {z1 +
nY1, Y1, T2, Y2, - - -, Lg, Yg }, We see that

0 =0[(z1 + ny1) Ay, (z1 + ny1) A yals
g
+ Olzz Ay, (w1 +ny1) Ayals + Zizg[[ﬂ?z’ A yi, (1 +ny1) Ayl

From this, we see that O[(z1 4+ ny1) A y1, (x1 + ny1) A yo]s equals
g
— Ofz2 Aya, (w1 + 1) Ayals — Zi:3[[xi A yi, (x1 +ny1) A ye]s
g
= - (9[1’2 Ayzser Ayals = i Ay A yz]]s>

g
-n (9[552 Ay, 91 A Yals — Zi:3[[$i A Yisy1 A y2ﬂs> :
The equality here uses Lemma 28.4 (O-linearity). Again using Lemma 28.7 (©-symplectic
basis), we recognize this as being O[z1 A y1,21 A y2ls + nO[z1 A y1,y1 A y2)s, as desired. [

29. SYMMETRIC KERNEL, SYMMETRIC VERSION III: S35 AND THE A-ELEMENTS

We continue using all the notation from §27 — §28. This section constructs the set S5 that
lifts T5. It consists of what are called A-elements of &7, and the first part of this section
constructs these in more generality than is needed for S3 alone.

29.1. Definition. Let a A b be a symplectic pair in A2Hz and let z,y € (a,b)* satisfy

w(z,y) = 0. The A-element Ala Ay, z Abs is an element of & that is taken by @ to
(a Ay)-(z Ab) € Sym*((A2H)/Q).

To find it, note that
(@n(b+y)-(xAb+y)=(aAb+y)-(xAy)+(@Ab)(zAb)+ (a Ay)-(zAb),
((a+z)Ab)-((a+z)ANy)=((a+x)Ab)-(x Ay)+ (aAb)-(aANy)+ (xAb)-(aNy)

This suggests two possible elements of & projecting to (a A y)-(z Ab):

b

Definition 29.1. For a symplectic pair a A b in Hz and z,y € (a,b)* with w(z,y) = 0,
define:

AMfany,zANbls =0BlaN(b+y),zA(b+y)s —Olanb,xAbls —[aA(b+y),zAyls,

Aola Ny, ANbs =O[(a+x) Ab (a+2)Ayls —OlaNbaNyls — [(a+x) ANbz Ay]s.O

See Remark 29.3 below for a caveat about this notation. By construction, we have
O(Arla Ny, z ANb]s) = P(A2la Ay, z Abls) = (a Ay)-(z Ab).

Since we are trying to prove that ® is an isomorphism, we must prove that these are actually
the same element:

Lemma 29.2. Let a Ab be a symplectic pair in Hy and let x,y € {(a,b)* satisfy w(x,y) = 0.
Then Aila ANy, x Abls = Asla Ay, z Abs.

Proof. We must prove that
Olan(b+y),zA(b+y)ls—OlanbxzAbls—[an(b+y),xAy]s,
=0[(a+x)Ab,(a+z)ANyls —OlaAb,aNyls — [(a+x) Nb,x Ay]s.
Since
[an(®+y)zAyls=lanbznyls +[anyzAyls,
[la4+2z)Abjz Ayls =[aNbz Ayls + [z Ab,z Ayls,
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we can rearrange this and see that it is equivalent to prove that

(29.1) Olan(b+y),zA(b+y)ls —Olla+z)Ab (a+x) Ayl
equals
(29.2) OlaNb,z ANbls —OlanbaNyls+ [aNy,z Ay]s — [z Abyz Ayls.

Applying Lemma 28.3 (©-expansion I) twice, the element [(a+z) A (b+y), (a+x) A (b+y)]s
equals
[an(b+y)an(b+y)]s+20lan(b+y),zAb+y)]s+[zA0+y),zA(0+y)]s
=[Janbanb]s+20laNbanyls+[aNy,ay]s
+20[an(b+y)z Ab+y)ls+ [z A(b+y),zADb+y)]s
Applying Lemma 28.3 (©-expansion I) twice again but in a different order, the same element
[(a+z)N(b+y),(a+z)A(b+y)]s also equals
[(a+z)Ab,(a+x)Ab]s +20[(a+x)Ab,(a+z)Ayls + [(a+2) Ay, (a+2) Ay)]s
=[Janb,aNb]s+20laNb,x Abls+ [x Ab,x Ab]s
+20[(a+x)Ab,(a+z)ANyls+ [(a+2) ANy, (a+x) Ay)]s.
Equating the previous two displays and rearranging terms, we deduce that 2 times (29.1)
equals
20[a AN b,z Abls+ [x Nbyz Ab]s + [(a+2) ANy, (a+ ) ANy)]s
—20[anbanyls—[any,anNy]s =[x AND+y),zAb+Y)]s,

which using the usual bilinearity relations in £y equals

20[a AN b,x ANbls —20[a ANb,a ANyls + [z ANb,x Ab]s — [aNy,a Ay]s
+(lany,anyls+2lanyznyls + [z Ay, zAyls)
—([x ANbyz AD]s + 2[x Abyx Ayls + [x Ay, Ayls),

which after canceling terms equals 2 times (29.2). O

In light of this lemma, we will denote the common value of A;[aAy, xAbs and As[aAy, xAb|s
by Ala Ay, Abls.

Remark 29.3. Just like for the O-elements (cf. Remark 28.2), the elements Aj[a Ay, x A bls
and As[a Ay, z Abls and Ala Ay, z Abls depend on the ordered tuple (a,y,z,b), not on a Ay
and x A b. O

29.2. A-expansion I. The following is an important way that A-elements appear in our
calculations:

Lemma 29.4 (A-expansion I). Let a Ab be a symplectic pair and let x,y € {(a,b)" satisfy
w(z,y) =0. Then

Olan(b+y),zA(b+y)ls=AaNy,zAbls+Olanb,xzAbls+[an (b+y),zAy]s,
Olla+z)Ab(a+x)ANyls =AlaAy,x ANbls+OlaNb,aNyls+ [(a+x) ANb,z A y]s.

Proof. Immediate from Definition 29.1. ]
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29.3. A-linearity. The following says that Ala A y,x A b]s is linear in both z and y:
Lemma 29.5 (A-linearity). Let a Ab be a symplectic pair in Hy. Then:
o For x,y1,y2 € {a,b)" with w(z,y1) = w(z,y2) =0 and A\, Ao € Z, we have
Ala A (My1 + Aay2), x Abls = MAfa Ay, x Abls + AoAfa A y2, x A bls.
o For 1,9,y € {a,b)" with w(zy,y) = w(ze,y) =0 and i, \a € Z, we have
Ala Ay, (Mz1 + Aax2) Abls = MA[a Ay, x1 Abls + AaAa Ay, x2 ADls.

In fact, we will prove something more general. Let a Ab be a symplectic pair in Hz. Define
ﬁfjA[a A —, = Ab] to be the subspace of & spanned by Ala Ay, = Abls as z and y range over
clements of (a,b)* satisfying w(z,y) = 0. The linearization map ®: 8 — Sym?((A2H)/Q)
takes 85" [a A —, — A b] into

(@ry)ynd) 2y e @b = (@) .

This isomorphism takes (a A y)-(x Ab) to y ® . The image is in the kernel of map

<<a, b>é§)®2 —Q

induced by w, which we denote Z({a, b)é) (c.f. §9.2). We will prove the following, which
strengthens Lemma 29.5:

Lemma 29.6 (strong A-linearity). Let aAb and Z({(a, b>(§) be as above. Then the linearization
map

O: BMan—, — A — Z((a,b)g).
1 an isomorphism.

Proof. Theorem 9.3 gives a presentation for Z((a, b)f@) In light of this presentation, it is
enough to prove the following two special cases of Lemma 29.5:

e For x € (a,b)* and a partial basis {y1,y2} of (a,b,z)*, we have
Ala A (y1 +y2), 2 Abls = Ala Ay1, 2 Ab]s + Ala Ay, x Abls.
e For y € (a,b) and a partial basis {x1, 22} of {(a,b,y)", we have
Ala Ny, (x1 + x2) ANbls = Ala ANy, z1 Ab]s + Ala Ay, zo A bls.
For the first bullet point, Ala A (y1 +y2), A bls = Asla A (y1 + y2), 2 A bs equals
Olla+z)Ab (a+x) Ay +y2)ls = OlaAb,a A (y1 +y2)ls — [(a+2) Abz A (y1 + y2)]s-
Using Lemma 28.4 (©-linearity), all three terms are linear in the y;:
Olla+z) Ab,(a+2) A (y1 +12)]s =O[(a + x) AD, (a+ ) Ayils
+0O[(a+x) Ab,(a+x) Ayals,
OlaNbya A (y1 +1y2)]s =Ola Ab,a Ay1]s + Ola Ab,a A yals,
[(a+z)ANbyz A (y1 +y2)]s =[(a+x) Ab,x Ayr]s + [(a +x) ANb,z A ya]s.
The first bullet point follows. The second bullet point is proved the same way, but using
Ajla N —,— A bs instead of AsJa A —, — A D]s. O
29.4. A-symmetry. It is inconvenient to require the entries of Ala A y,z A b]s to appear in
a definite order. We therefore define that each of the following terms equals Ala Ay, z A b]s:
AlaANy,x Abls, —Aly Aa,z Abls, —AlaNy,bAx]s, AlyAa,bAxls,
Az AbyaNyls, —Alx AbyyAals, —AbAx,aAyls, AbAz,yAals.
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29.5. A-signs. Lemma 29.5 (A-linearity) implies that
Ala A (—y),z Abls = —AlaNy,zANb]s and Ala Ay, (—x) Abls = —Ala Ay, x A bls.

For a symplectic pair a A b, there are three other symplectic pairs obtained by swapping a
and b while multiplying them by +1, namely (—b) A a and b A (—a) and (—a) A (=b). The
following shows that changing a A b to one of these changes Ala A y,x A b]s in the obvious
way. The statement uses the notation from §29.4:

Lemma 29.7. Let a Ab be a symplectic pair in Hy and let x,y € {(a,b)* satisfy w(x,y) = 0.
Then
AlaANy,x A (=b)]s =—Ala ANy, z A,
A[(—a) ANy,z ANbls =—Ala ANy, z A,
A[(=a) Ny, z A (=b)]s = Ala Ay, z ADbs.

Proof. These are all proved the same way, so we will give the details for Ala A y,x A
(=b)]s = —Ala A y,x A b]s and leave the others to the reader. Using the notation from
§29.4, we interpret Ala A y,x A (=b)]s as A[(—b) A z,y A a]s. Our goal is to prove that
A[(=b) A z,y Nals = —Ala ANy, z A bls By the definition of A-elements (Definition 29.1),
A[(=b) ANx,y Aals = A1[(—=b) Ax,y A a]s equals
O[(=b) A (a+x),y N (a+z)]s —O[(=b) Na,y ANa]s — [(—=b) A (a+ ),y A x]s
=-0DbA(a+z),yN(a+2)s +ObAa,yNals+[bA(a+z),yAx]s
=—-0Olla+z)Ab,(a+x)Nyls +OlaNb,aNyls+ [(a+z) ANb,z Ay]s.

This last expression equals —As[a Ay, z A bls = —Ala Ay, z Abs. O

29.6. The set S3. We now return to constructing S3. Recall that

Ty ={(a; Ay)(xAb;) |1 <i<g,z,y€B\{a;bi}, wx,y) =0}.
Define

Sz ={Ala; Ny, e Abils |1 <i<g,z,yeB\{abi}, w(zr,y) =0}.

Like we did here, we will write elements of (S3) in orange. For example, using Lemma 29.5
(A-linearity) the following holds for 1 < i < g. Consider z,y € (a;, b;)* with w(z,y) = 0.
Assume there exist B1, By C B\ {a;,b;} (not necessarily disjoint) with w(z1,22) = 0 for all
z1 € By and zy € By such that = € (B;) and y € (Bz). Then Ala; Ay, z A by € (Ss3).

Remark 29.8. It is not true, however, that in general elements of the form Afa; Ay, x A b;]s
with z,y € (a;,b;)* lie in (S3). See §30.2 below. O

By construction, the linearization map ® takes S bijectively to T3. Even better:
Lemma 29.9. The linearization map ® takes (S1,Se2,S3) isomorphically to (T1,Ts,T3).

Proof. Recall that in Lemma 28.6 we proved that ® takes (S, .S2) isomorphically to (T7,T»).
Part of the proof of that lemma was that ® takes S7 U Sy bijectively to T3 U Ts. It follows
that ® takes S7 U Sy U S3 bijectively to 77 U T> U T5. What is more, in the proof of Lemma
28.6 we proved that all relations between elements of T7 U --- U Ty are actually relations

between elements of T7 U T, and lift to relations between elements of S; U S;. The lemma,
follows. O
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29.7. Additional bilinearity relations. We close this section by proving some additional
relations between the A-elements.

Lemma 29.10 (A-bilinearity I). Let a Ab be a symplectic pair in Hz, let z,y € (a,b)*
satisfy w(zx,y) =0, and let z € {a,b,z,y)". Then:
Al(a+2) ANy, 2 Abls = AlaNy,x Abls+ [z ANy, z Ab]s,
AaANy,zAN(b+2)]s =AaAy,zAbs+ [aNy,z A z]s.
Proof. Both formulas are proved the same way, so we will prove the first. By definition,
Al(a+ z) Ny, ANbls = M[(a+ 2) Ay, x A bs equals
Olla+2)ANb+y),zN(b+y)s—O[la+2)Abjx Abls—[(a+2) AN(b+y),x Ay]s.
By Lemma 28.8 (O-bilinearity I), this equals
Olan (b+y),zAb+y)s+[zAb+y),zAb+y)]s—OlaNbxzAbls — [z ANbx Ab]s
—[la+2)A(b+y),zAyls
=AaANy,zAbs+[an(b+y),zAy]ls+[zAb+y),zAb+y)]s — [z Abx Ab]s
—lan(®+y),xnyls =Tz A O+y),z Ayls.
All the terms after the first in this can be expanded out and many of the resulting terms

cancel, leaving Ala Ay, z A bls + [z Ay, z A b]s. O

Lemma 29.10 allows some standard generators of &7 to be written as the sum of two
A-elements:3”

Lemma 29.11 (A-expansion II). Let a Ab and a’ ANV be symplectic pairs in Hyz such that
{a,b) and (a’, V') are orthogonal and let y,w € (a,b',b+ a')* satisfy w(y,w) = 0. Then

[(a+b)Ay, (b+ad)Aw]s=Alany, (b+ad)Aw]s+ A Ay, (b+a") Awls.
Proof. Lemma 29.10 implies that
A=) ANy,wA (b4 a)]s+ [(a+ V) Ay,wA (b+a)]s
equals
Al(=V +(a+ ) Ay,wA (b+a)]s =AlaAy,wA (b+d)]s.
Rearranging this, we see that
[(a+b)Ay, (b+ad)Aw]s=Aany, (b+a)Aw]s+ AW Ay, (b+a") Awls. O
Lemma 29.12 (A-bilinearity IT). For a symplectic pair a Ab in Hz and x,y € {a,b)* with
w(z,y) =0 and n € Z, we have
Af(a+nb) ANy, z Abls = Ala Ay, z Abls +n[bAy,z Abs,
AlaNy,z AN (b+na)ls =AaNy,x Abls +nlaANy,zAa]s.
Proof. These two relations are proved in the same way, so we will give the details for the
first. The element A[(a 4+ nb) Ay, z A bls = A1[(a + nb) Ay, z A b]s equals
(29.3) Ol(a+nb) A (b+y),z A (b+1y)]s — O[(a+ nb) Ab,x Ab|s
— [(a+nb) Ab,z Ay]s — [(a+nb) ANy, x Ay]s
=0O[la+nb) AN(b+y),zAN(b+y)ls —OlaNb,xAb|s
—Janb,zAy]ls—[aANy,zAy]ls —n]bAy,x Ayls.

39There are many variants of this in the style of Lemma 28.9, but we give the only one we use.
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Here we use Lemma 28.10 (©-bilinearity II). That lemma also implies that O[(a + nb) A (b+
4), % A (b+ )], equals

Olla—ny) A (b+y),z A (b+y)ls
=Olan(b+y),zAO+y)ls —nlyA(b+y), A 0+y)ls
=0OlaN(b+y),xzAb+y)s—nlyAbzAbls —nJy Ab,x Ay]s,

where we are also using Lemma 28.8 (©-bilinearity I). Plugging this into (29.3) and canceling
terms gives

@[a/\(b—i—y),x/\(b—i—y)]s—@[a/\b,x/\b]s—[[a/\b,x/\y]]s—[[a/\y,x/\y]]s—n[[y/\b,x/\b]]s,
which equals Ala Ay, z A bls +nfbAy,x Abs. O

Again, Lemma 29.12 allows some standard generators of &) to be written as the sum of
two A-elements:

Lemma 29.13 (A-expansion III). Let a Ab be a symplectic pair in Hz and let y,w € (a, b)*
satisfy w(y, w) = 0. Then for e € {£1} we have

[(a+eb) Ny, (a+eb) ANw]s = Ala Ay, (a+ eb) ANwl]s + eAlb Ay, (a+ eb) A w]s.
Proof. Lemma 29.10 implies that
Al(—eb) ANy, w A (a+ €b)]s + [[(a +eb) Ay, w A (a+ €b)]s

equals
Al[(—eb+ (a+€b)) ANy, w A (a+ €b)]s = Ala Ay, w A (a + €b)]s.

Rearranging this, we see that

[(a+eb) Ny, (a+eb) Nw]s = Ala ANy, (a+eb) Nwls+eAb ANy, (a+eb) Nw], 0.

30. SYMMETRIC KERNEL, SYMMETRIC VERSION IV: Sy AND THE Q-ELEMENTS

We continue using all the notation from §27 — §29. This section constructs the set Sy that
lifts 7y. It consists of what are called 2-elements of &7, and the first part of this section
constructs these in more generality than is needed for S4 alone.

30.1. Definition. Let a A b and o/ A b’ be symplectic pairs in A2Hz such that (a,b) and
(a/,V) are orthogonal. The Q-element Q[a A a’, b’ A b]s is an element of & that is taken by
® to

(and)-(b Ab) € Sym?((A2H)/Q).
To find it, note that (a A (b+a’))- ((a+ ') A (b+ a')) equals
(an(b+d))-(aA(b+a))+ (aAb)-(b" Ab)
+(anb)-( ANd )+ (and) B Ab)+ (and) (b Ad).
There are similar formulas involving
(@ A(a+b))-(b+d)A(a+V)), and
((a+0)Ab)-((a+V)A(b+d)), and
(b+d)AV)-((b+d)A(a+D)).

This suggests four possible elements of & projecting to (a A a’)-(b" A b):
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Definition 30.1. For symplectic pairs aAb and a’ AV in Hz with (a,b) and (a’, ') orthogonal,
define

MlaANd b Abls=0lan (b+d),(a+V)A(b+d)s—[an(b+d),an(b+ad)]s
—OlaAbb Abls—[anb, b ANd']s —Oland, b ANdls,
Qoland, b Abls =0[d A(a+b),(b+d)A(a+b)]s—[d A(a+b),d A(a+b)]s
—O[d AV, bAV]s—[d' AV, bAa]s —Old’ Aa,bAals,
Qsland, b Abls =O[(a+V)Ab,(a+b)A(b+d)]s—[(a+b)Ab (a+b)Ab]s
—OlanbaNd]s—[anb b ANd]s — O Abb Ad]s,
Qland b Abls=0[(b+d )NV, (b+d)A(a+b)]s—[(b+ad)AV,(b+a") Ab]s
—Old AV d Na)s —[d ANV bAa]s — ObAY b A als. O
See Remark 30.3 below for a caveat about this notation. By construction, we have
D(Qilanad, b Abls)=(and)-(V Ab) for1<i<d4.
Since we are trying to prove that ® is an isomorphism, we must prove that these are actually
the same element:

Lemma 30.2. Let a Ab and a’ ANV be symplectic pairs in Hy such that {a,b) and {(a’,b")
are orthogonal. Then the Q;la A a', b/ Nb]s for 1 < i <4 are all equal.

Proof. Whether or not they are equal is invariant under the action of Spy,(Z). Recall that
we have our fixed symplectic basis B = {a1,b1,...,aq4,by} for Hz. Applying an appropriate
element of Spy,(Z), we can assume that

ap = a, blzb, agza/, b2=b/.

Since ® takes the Q;[a; Aag, ba Abi]s to the same thing and the restriction of ® to (S1, S2, Ss)
is injective (Lemma 29.9), it is enough to prove that the ;[a1 Aag, ba Abi]s are equal modulo
(S1,52,53). Let = denote equality modulo (S7, S2,S3). We have

Dfar A az,ba Ab1]s =O[ar A (b1 + az), (a1 + b2) A (b1 + a2)]s — a1 A (b1 + a2),a1 A (b1 + a2)]s
- — [ar Ab1,ba Aas]s —
=0O[ay A (b1 + a2), (a1 + b2) A (b1 + a2)]s
— ([ar A b1, a1 Abi]s + 2 + flar A ag, a1 A as]s)
=0[a; A (b1 + a2), (a1 + b2) A (b1 + a2)]s.
Similarly,
Dalar A ag,ba Abi]s = Olag A (a1 + ba), (b1 + a2) A (a1 + b2)]s,
Qzlar A ag,ba Abi]s = O[(ar + b2) A by, (a1 + b2) A (b1 + a2)]s,
Qular A ag,ba ANbi]s = O[(b1 + a2) A ba, (b + a2) A (a1 + b2)]s.
It is therefore enough to prove the following two claims:
Claim 1. We have O[ai A(b1+a2), (a1+b2)A(bi+az2)]s = OlaaA(a1+b2), (b1+az)A(a1+b2)]s
and ©[(ay + b2) A by, (a1 + b2) A (b1 + a2)]s = O[(b1 + a2) Aba, (b1 + a2) A (a1 + b2)]s.

Both equalities are proved the same way, so we will give details for the first. Consider the
symplectic basis {a1, b1 + a2, a2, a1 +b2, a3, b3,...,a4,by} for Hz. Lemma 28.7 (©-symplectic
basis) implies that

0 :@[a1 A\ (b1 + az), (a1 + 52) AN (bl + az)]s + @[ag A (a1 + bg), (a1 + bz) A\ (bl + ag)]s

2
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We conclude that
Olar A (b1 + az), (a1 + ba) A (b1 + az)]s = —Ofaz A (a1 + ba), (a1 + b2) A (b1 + a2)]s
= Olaa A (a1 + b2), (b1 + a2) A (a1 + ba)]s.
Claim 2. We have Ofaj A(bi+az), (a1+b2)A(b1+a2)]s = O[(b1+az)Aba, (b1+a2) Alar+b2)]s.
Using Lemma 28.4 (©-linearity), we have
—0O[a1 A (b1 + a2), (a1 + b2) A (b1 + a2)]s = Olag A (b1 + a2), (—a1 — ba) A (b1 + a2)]s.
By definition (Definition 28.1), this equals

1([[(—bz) A (b1 + a2), (=b2) A (b1 + a2)]s — [ar A (b1 + a2), a1 A (b1 + a2)]s

’ — [(a1 + b2) A (b1 + a2), (a1 + b2) A (b1 + a2)]s)-
The term [(—b2) A (b1 + az2), (—b2) A (b1 + a2)]s equals
[b2 A by,ba Ab1]s + 2 + [ba A ag,ba Aas]s =0
and the term [a; A (b1 + a2),a1 A (b1 4 a2)]s equals
far Abiyar Abi]s +2 + a1 A ag, a1 Aas]s = 0.
We deduce that

@[a1 A (bl + az), (a1 + bg) A (bl + CLQ)]S = [[((h + bg) A\ (bl + CLQ), (a1 + b2) AN (bl + ag)]]s.

DN |

Lemma 28.9 (©-expansion II) implies that
[(a1 + b2) A (b1 + a2), (a1 + b2) A (b1 + a2)]s =Ola1 A (b1 + a2), (a1 + b2) A (b1 + a2)]s
+ O[b2 A (b1 + a2), (a1 + b2) A (b1 + a2)]s.
Combining this with our previous formula, we conclude that
Olay A (b + a2), (a1 + b2) A (b1 + a2)]s =O[ba A (b1 + a2), (a1 + b2) A (b1 + a2)]s
=0[(b1 + az) A bz, (b1 + a2) A (a1 +b2)]s. O
In light of this lemma, we will denote the common value of Q;[aAd’, b Ab]s by Q[aAd’, b Ab]s.

Remark 30.3. Just like for the ©- and A-elements (cf. Remarks 28.2 and 29.3), the elements
Qila N a0 Abls and Q[a A a', b A bls depend on the ordered tuple (a,a’,b’,b), not on a A o
and bAD. ]

30.2. Relation to A-elements. The following lemma shows that the 2-elements can almost
(but not quite) be written in terms of the A-elements:

Lemma 30.4 (A to Q). Let a Ab and a’ ANV and o’ N be symplectic pairs in Hy such
that {a,b) and (a',V) and (a”,b") are all orthogonal. Then

Ala A (a' +ad”), (0 —=b") Abls — Ala AN ad” b ANbls + Ala Ad', b Abs
equals Qa A a’', b ANbls — Qa A ad”, b A bls.

Proof. Whether or not they are equal is invariant under the action of Spy,(Z). Recall that
we have our fixed symplectic basis B = {a1,b1,...,a4,by} for Hz. Applying an appropriate
element of Spy,(Z), we can assume that

ap = a, b1 = b, as = a’, b2 = b,, a3 = a", b3 = b”.
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Since ® takes our two elements to the same thing and the restriction of ® to (51, S2, S3) is
injective (Lemma 29.9), it is enough to prove that they are equal modulo (S7, S2,S3). Let
= denote equality modulo (S1, 52, 53). The element

A[al AN (CLQ + ag), (bg — bg) A bl]s — z\[a] A as, by A b]}s + A[(J,l A az, bg A b]}s

is equivalent to Ala; A (a2 + as), (ba — b3) A b1]s, and we must prove that this is equivalent
to Qa1 A az,ba A bi]s — Qa1 A as, b3 A bi]s. Below we will prove the following three facts:

Alar A (a2 + a3), (ba — b3) Ab1]s = Olag A (b1 + a2 + as), (b2 — b3) A (b1 + a2 + a3)]s,
Qay A ag,ba Ab1]s = Ofag A (b1 + az + as), (a1 + ba) A (b1 + az + as)ls,
Qay A ag,bg Ab1]s = Ofag A (b1 + ag + as), (a1 + b3) A (b1 + az + as)]s.
These will imply the lemma; indeed, the linearity of ©-elements will imply that
Qay A az, by A bi]s — Qar A as, bg A bi]s
=0Ola1 A (b1 + a2 + a3), (a1 + b2) A (b1 + a2 + a3)]s
— Olay A (b1 + a2 + a3z), (a1 + b3) A (b1 + ag + a3z)]s
=0[a1 A (b1 + a2 + a3), (ba — b3) A (b1 + a2 + a3)]s
=Afay A (az + az), (ba — b3) A by]s.
It remains to prove the above three facts:
Claim 1. We have
Alay A (ag + as), (ba — b3) A bi]s = Olar A (b1 + a2 + as), (ba — b3) A (b1 + az + as)]s.
By definition, Alay A (a2 + as3), (b2 — bg) A bi]s = A1]ar A (a2 + a3), (ba — b3) A b1]s equals
Olai A (b1 + a2 + as), (ba — b3) A (b1 + a2 + as)]s
— — [a1 A (b1 + a2 + as), (ba — b3) A (a2 + a3)]s
=0Ola1 A (b1 + a2 + a3), (ba — b3) A (b1 + a2 + a3)]s
— [ay A by, (by —b3) A (as + as)]s — [ar A (a2 + as3), (by — bs) A (az + as3)]s
=0Ola1 A (b1 + ag + a3), (ba — b3) A (b1 + a2 + a3)]s
— [(ag + a3) A (ba — b3), (a2 + a3) A a1]s

To prove the claim, we must show that [(az + a3) A (ba — b3), (a2 + a3) A a1]s is equivalent
to 0. By Lemma 28.9 (©-expansion II), this element equals

O[(az + az) A ba, (az + a3) A ar]s — O(az + a3) A bs, (a2 + as) A ai]s.
By Lemma 29.4 (A-expansion I), the element O[(a2 + asz) A be, (a2 + a3) A a1]s equals
Alaz N ay, a3 A bals + + [(a2 + a3) Aba,a3 A ar]s = 0.
Similarly, ©[(az + a3) A bs, (a2 + a3) A ai]s = 0. The claim follows.
Claim 2. We have
Qay A ag, by A bi]s = Olar A (b1 + a2 + as), (a1 + ba) A (b1 + a2 + as)]s,
Qa1 Aas,bs Abi]s = Blar A (b1 + a2 + ag), (a1 + b3) A (b1 + a2 + a3)]s.

Both equalities are proved in the same way, so we will give the details for the first. Consider
the symplectic basis

{a1,b1 + a2 + a3z, a2, a1 + ba,as, a1 + b3, a4,bs, ..., 04,0}
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for Hz. Applying Lemma 28.7 (©-symplectic basis), we deduce that

Olay A (b1 + az + as), (a1 + b2) A (b1 + as + as)]s — Olas A (a1 + ba), (b1 + az + a3) A (a1 + b2)]s

+ [as A (a1 + bs), (a1 + b2) A (b + az + a3)]s + Zf:4 [ai A bi, (a1 +ba) A (b1 + as + a3)]s
equals 0. Throwing away terms that are equivalent modulo (S, Sa,S3) to 0, we deduce that
Ola; A (b1 + a2 + a3), (a1 + b2) A (b1 + ag + a3)]s is equivalent to

Olaz A (a1 + b2), (b1 + a2 +a3) A (a1 + b2)]s — [az A (a1 + b3), (a1 + b2) A (b1 + a2 + a3)]s
=0Olaz A (a1 + b2), (b1 + a2) A (a1 + b2)]s + Olag A (a1 + b2),a3 A (a1 + b2)]s

— [as A (a1 + b3), (a1 + b2) A (b1 + az + a3)]s.
Just like at the beginning of the proof of Lemma 30.2, we have

Olaz A (a1 + ba2), (b1 + a2) A (a1 + b2)]s = Qalar A az, ba A bi]s = Qar A ag, ba A bi]s.

To prove the claim, we must therefore prove that the other two terms in the above sum are
equivalent to 0.

For Ofaz A (a1 + b2),a3 A (a1 + b2)]s, it follows from Lemma 29.4 (A-expansion I) that it
equals

Alas A ay, a3z Absls + + [aa A (b2 + a1),a3 A ai]s = 0.
For Jas A (a1 4 b3), (a1 + b2) A (b1 + a2 + a3)]s, it equals
las A (a1 +b3), (a1 + b2) A az]s + [ag A (a1 + b3), (a1 + b2) A (b1 + a3)]s
=[as A (a1 + b3),a1 A (b1 + a3)]s + [as A (a1 + b3), ba A (b1 + a3)]s.

We must show that both of these terms vanish. For [ag A (a1 + b3),a1 A (b1 + a3)]s, in
(A’H)/Q we have

ag/\(a1+b3)+a1/\ b1+a3 ZCLZ/\b—O

2<i<g
43
This implies that [ag A (a1 + b3), a1 A (b1 + a3)]s equals
— Ja1 A (b1 + as), a1 A (b1 + a3)] Z [a; A bi,ar A (b1 + a3)]s
2<i<g
i#3

= — [a1 Ab1,a1 Abi]s — 20[a; A by, a1 Aasls — [ar Aas,ar A ag]s = 0.
For [as A (a1 + b3), b2 A (b1 + a3)]s, we use the same symplectic basis
{ag, a1 + b3, a1,b1 + a3, az,b2,a4,b4,...,a4,bg}
for Hy, but this time we use Lemma 28.7 (©-symplectic basis) to see that
0 =[as A (a1 + b3),b2 A (b1 + a3)]s + Olar A (b1 + asz),ba A (b1 + a3)]s

- + Z [[(Li/\b,j,bg/\([)1—|-(1;g)ﬂs.
2<i<g
i#3
Throwing away terms that are equivalent to 0, we deduce that
[[ag A (a1 + bg), bo A (bl + ag) = *@[(Ll VAN (bl + ag) bo A (bl + ag)]s.
By Lemma 29.4 (A-expansion I), this equals —1 times
x\[a[A(L;;‘bQ/\b]}S—'— +HG,1A([7]+(1;) bg/\(];ﬂ =0,

as desired. ]
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30.3. Q-symmetry and signs. It is inconvenient to require the entries of Q[a A a’, b’ A s
to appear in a definite order. We therefore would like to define that each of the following
terms equals Q[a A a/, b’ A b]s:

Qland, b Abls, —Qla’ Aa,b' Abls, —Qland,bAl]s, Qd Aa,bAbs,
Q' ANbyand]s, QI Abyd Nals, —QbAY,and]s, QbAY,d Aals.

Similarly, we would like to by able to multiply terms by —1 in the usual way and define that
each of the following terms equals Q[a A a’, b’ A b]s:

Qla Na' b Abs, —Q[(—a) Ad', b Abs,

—Qfa A (=ad"), b Abs, Q[(—a) A (=ad), V' Abs,
—Qland,(=b)Abls, Ql(—a) Nd, (=V) N5,
Qan(=d), (V) Abs,  —Q[(—a) A (=d), (=) A b,
—Qand b A(=D)]s, Q[(—a) Ad' b A (=D)]s,

Qla A (- ) A0 —Q(=a) A (=a), b A (=),
Qand, ()N (=b)s,  =Q[(—a) Ad, (=) A (=D)]s,
—Q[GA(—G)a(—b')/\(—b)]& Q(—a) A (=d'), (=) A (=D)]s.

The problem is that these definitions introduce ambiguity into our notation since some
of these are other Q-elements. For instance, Q[a A (—a’), (=) A b]s is another Q-element
associated to the symplectic pairs a A b and (—a’) A (=b'). The following lemma says that
all the possible other 2-elements obtained in this way are actually the same:

Lemma 30.5. Let a Ab and o' NV be symplectic pairs in Hy such that {a,b) and (a’,b')
are orthogonal. Then the following are all equal to Qa A a', b/ N\ b]s:

Q[(— )/\a b A(=b)]s Qla’ Aa,bAD]s Q[(=b) A (=V'),a’ Aas
Qa N (=d), (=) Abls Q(— )/\a bA(=b)]s QA (=), d A (—a)ls
QI(- a) (=a"), (=) A (=D)]s Qa" A (=a), (=b) AV QU=b) AV, (=a’) Aa]s
Q=) A (=b),a na'] Ql(=a) A (=a), (D) A (=05 QBAY, (=d') A (=a)]s
Q' A (=b),a N (—d')]s Q=) Ab, (—a) ANd']s Q' Ab, (—a) A (—=d')]s

Proof. Below we will prove the following three special cases:
(i) Qland, b Abs =Q[d' ANa,bAV]q
(i) Qlana b ANbls =Qan (—ad'),(=b) Ab]s
(iiii) Qa Ad', b Abls = Q[(=b') A (=b),a Ad]s
As is easily verified, all the other equalities we are trying to prove can be obtained by

composing these three. For instance, to see that Qa A d’, b A bls = Q[(—a) Ad, b A (=D)]s
we compose (i) and (ii) and (i):

Qland UV Abls=Q[a" ANa,bAV]s = Qa’ A (—a), (=b) Ab]s = Q[(—a) Ad', b A (=b)]s.
We separate the proofs of (i) and (ii) and (iii) into the following three claims:
Claim 1. Q[a A d, b/ Ab]s = Q[a' Aa,bAV]s.

We can calculate these using any of the €2;-formulas from Definition 30.1, so the claim follows
from the fact that the following are equal: Qq[a A d’, b’ A b]s, which is

Olan(b+d),(a+b)ANb+d)]s—[an(b+ad),an(b+a)]s
—OlaAbb Abls —[anb bt Ad']s —Oland,b Adls.
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and Qa[a’ A a,b A b]s, which is
Olan(a +b),(b +a)A(d +b)]s—[an(a+b),an(a+Db)]s
—OlaAb,b Abls —[anb,t ANd']s —Oland, b Adls

Claim 2. Q[a Ad’, b/ ANb]s = Qa A (=d’), (=) A b]s.

Since g > 4 (Assumption 25.1), we can find a symplectic pair a” A b” such that (a”,d”) is
orthogonal to both (a,b) and (a’,V’). Lemma 30.4 (A to §2) says that

(30.1) Ala A (a' +a”), (' —=b")Abls — Ala Aad” b ANbls + Ala Ad’, b Abs
equals Qa A a’, U Nbls — Qa A d”,b” A bls and that
(30.2)  AlaA(=d +ad"), (=0 =b")Abls — Alanad”, (=) Abls + Ala A (—=ad'),b" Abs

equals Qfa A (—a'), (=b") ANbls — Qa A d”, b Abls. To prove the claim, it is thus enough to
prove that (30.1) equals (30.2). By Lemma 29.6 (strong A-linearity), this is equivalent to
the following identity in ((a,b)")®2:

((l/ + a//) ® (b/ _ b//) _ CL// ® b/ + (1/ ® b// — (—CL/ + a//) ® (_b/ _ b//) _ Cl// ® (—b/) + (_a/) ® b//.
In fact, both sides of this equal ¢’ ® b —a” @ V"
Claim 3. Q[a A d', b/ Ab]s = Q[(=V) A (=b),a N d]s.

By Claim 2, it is enough to prove instead that QaA(—a’), (=V) Ab]s = Q[(=V')A(=b),aNd]s.
We can calculate these using any of the €2;-formulas from Definition 30.1, so the claim follows
from the fact that the following are equal: Qq[a A (—a’), (—b") A b]s, which is

Olan(b—ad),(a=b)AN(b—-d)]s—[an(b—ad),an(b—2ad)]s

—OlaAb, (=) Abls — [aAb, (=V) A (=d)]s — Ola A (=d),(=b) A (=d)]s,
and Q4[(=b") A (=b),a A a']s, which is

O[(a’ —=b) ANa,(a —b) A (=b +a)|s — [(a' —b) ANa,(a" —b) Aa]s

—O[(=b) Aa, (=b) A (=b)]s — [(=b) Aa,d’ A (=V)]s — Old’ ANa,a’ A (=b)]s. O

In light of this lemma, we can permute terms and multiply them by —1 as described before

the lemma. For instance, if a A b and a’ A b are symplectic pairs such that (a,b) and (da’,d’)
are orthogonal, then we can write things in the natural order and discuss Q[a A a’,b A Vs,
which equals —Q[a A @/, V' A bls. We only used the unnatural order to avoid signs in our

formulas. We can also now talk about Q[a A b, b A '], which equals Q[a A (=b),a’ A b5 or
QlaAb, (—d") Nb]s.

30.4. The set S4. We now return to constructing S;. Recall that

T, = {((Il VAN aj)(bz VAN bj), ((Li VAN b])(bz AN aj) | 1<i1<3< g} .
Define

Sq = {Q[(lj Aaj, b; A bj]g, Q[ai A\ l)‘]‘,bi AN (lj}_; | 1<i<5< g} .

Like we did here, we will write elements of (Sy) in green. By construction, the linearization
map P takes S; bijectively to T4. Even better:

Lemma 30.6. The linearization map ® takes (Si, ..., S4) isomorphically to Sym?((A\2H)/Q).
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Proof. Recall that in Lemma 29.9 we proved that ® takes (S, S3,S3) isomorphically to
(Ty, T, Ts). Part of the proof of that lemma was that ® takes S; U Se U S3 bijectively to
Ty UT> UTs. It follows that ® takes S7U---U.Sy bijectively to Ty U---UTy. As we discussed
in §27, the set Ty U --- U Ty generates Sym?((A2H)/Q). In the proof of Lemma 29.9 we
proved that all relations between elements of 77 U --- U Ty are actually relations between
elements of 77 UT, and lift to relations between elements of S; U S5. The lemma follows. [

30.5. Additional relations. For later use, we record the following. Its statement uses our
fixed symplectic basis B = {a1,b1,...,a4,b4}.
Lemma 30.7. Let = denote equality modulo (S1,Se,S3). For distinct 1 < 1i,j < g, we have
[(ai +bj) A (bi + a;), (ai + b;) A (bi + aj)]s = [(as — bj) A (bi — a;), (@i — bj) A (bi — aj)]s
= —2Q[a; A aj, b A bjs
and
[(ai +a;) A (bi — b)), (a; + aj) A (b — bj)]s = [(ai — aj) A (i + b)), (a; — a;) A (b + bj)]s
= 252[(],‘ N [)j, b; N (I,J‘}S.
Proof. Both equalities are proved the same way, so we will give the details for the first.
Lemma 28.9 (©-expansion II) implies that [(a; + b;) A (b; + aj), (a; + b;) A (b; + a;)]s equals
(30.3) @[CLZ‘ A (bi + aj), (ai + bj) VAN (bz‘ + aj)]s + @[bj A (bi + aj), (CLZ‘ + bj) VAN (bi + aj)]s
and [[(az — b]) VAN (bl — aj), (CLZ' — b]) A (bl — CL]')]]S equals
(30.4) @[az VAN (bz — aj), (ai — bj) VAN (bz — aj)]s + [[(—bj) A (bz — aj), (ai — bj) VAN (bz — aj)]]s.

It is enough to prove that each term in (30.3) and (30.4) is equivalent to —Q[a; A aj, by A bjls =
Qfa; A aj,b; Abls. For (30.3), we proved in the beginning of the proof of Lemma 30.2 that*°

Qila; Aaj,bj Abjls = Ola; A (b + aj), (a; + bj) A (b; + aj)ls,
Qulai A aj, bj Abils = O[(bi + aj) A by, (b + aj) A (ai + bj)ls
= O[b; A (b + a;), (a; + b;) A (bi + aj)]s.
For (30.4), that same argument shows that
M[ai A (=aj), (=bj) Abi]s = Olai A (bi — aj), (ai — bj) A (bi — aj)]s,
Qulai A (=aj), (=bj) A bi]s = O[(bi — aj) A (=bj), (bi — a;) A (a; — bj)]s
(=bj) A (bi — aj), (@i — bj) A (bi — aj)]s.
Lemma 30.5 implies that Q[a; A (—a;), (=b;) Abils = Qla; Aaj, bj Abj]s, so this is enough. [

o O

[
[
[

31. SYMMETRIC KERNEL, SYMMETRIC VERSION V: SKELETON OF REST OF PROOF

We continue using all the notation from §27 — §30. Recall that our goal in this part of the
paper is to prove:

Theorem G. For'! g > 4, the linearization map ®: Ry — Sym?((A2H)/Q) is an isomor-
phism.

We prove this using the three step proof technique outlined in §3.

40That lemma only dealt with ¢ = 1 and j = 2, but the proof works in general.
4INote that this is our standing assumption in this part; see Assumption 25.1.
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31.1. Step 1. In the previous four sections, we took the first step towards proving Theorem
G. We accomplished the following, which is a restatement with more details of Lemma 30.6.
Recall that B = {a1,b1,...,a4,by} is our fixed symplectic basis for Hz, which is endowed
with the total order < in which the indicated list is strictly increasing.

Lemma 31.1 (Step 1). Let S = S;U---U Sy, where the S; are:
Si=A{lz Ny, z Nw]s | z,y,z,we B,z <y, z<w, c(zAy,z ANw) =0},
Sy =A{ ; |[1<i<g, xy€B\{a,bi}},
Sy ={Ala; Ny, 2 Nbils | 1<i<g, x,y € B\{ab}, w(x,y) =0},
Sy ={Qla; Naj, by Nbjls, Qa; Nbj.bi Najls | 1<i<j<g}.

Then the restriction of ® to (S) is an isomorphism.

31.2. Step 2. The next step is:

Lemma 31.2 (Step 2). The Spy,(Z)-orbit of the set S from Lemma 31.1 spans 8.

Proof. Using our original generating set for £ from Definition 1.17 together with Lemma
11.2, we see that Ky is generated by elements of the form [a A b, a’ A]s, where a A b and
a’ NV are symplectic pairs such that (a,b) and (a’,b’) are orthogonal. The group Spy,(Z)
acts transitively on such elements. The set S contains many such elements; for instance, it
contains [aj A by, as A bols. Tt follows that SpQQ(Z)—orbit of S spans 8. O

31.3. Step 3. The following lemma completes the proof of Theorem G.

Lemma 31.3 (Step 3). Let S C R be the set from Lemma 31.1. Then the action of Spy,(Z)
on R takes (S) to itself. By Lemma 31.2 this implies that (S) = K, and thus by Lemma
31.1 that ® is an isomorphism.

We begin the proof of Lemma 31.3, with the main steps postponed to the next 4 sections.

Beginning of proof of Lemma 31.5. Corollary 7.3 says that Spy,(Z) is generated as a monoid
by SymSp, U{Xl,Xl_l,Ylg}. Let f € SymSp, U{X1,X1_1,Y12} and let s € S. It is enough
to prove that f(s) € (S).

The first case is f € SymSp,. Assume first that s € S1. Write s = [ Ay, 2 A w]s with
x,y, z,w € Bsatisfying x < y and z < w and ¢(z Ay, 2z Aw) = 0. There exist 2/, ¢y, 2, w" € B
and signs €,...,€es € {£1} such that

f@)=ar’, f(y) =ey, [(2) =€, f(w)=eaw.
We then have that f(s) equals
[(e12") A (e29)), (€32") A (eaw)]s = €1+~ ea2’ Ay, 2 Aw']s € (S1).

We remark that it is possible that either ¢y < 2’ or w' < 2/, so [2/ A v/, 2/ A w']s itself might
not lie in S7; however, either it or (—1) times it lies in S7. The cases where s € S or s € S
or s € S4 are handled the same way, using the sign rules for ©- and A- and 2-elements
discussed in §28.5 and §29.5 and §30.3.

We now must deal with the cases where f € {Xl,Xl_ 1,Y12}. These calculations are
lengthy, so we postpone them. We deal with s € S1 in §32, with s € Sy in §33, with s € Sy
in §34, and finally with s € Sy in §35. O

32. SYMMETRIC KERNEL, SYMMETRIC VERSION VI: CLOSURE OF 57

We continue using all the notation from §27 — §31. In this section, we continue the proof
of Lemma 31.3 by proving that for f € {X1, X; ', Y12} and s € Sy, we have f(s) € (S).
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32.1. X-closure. Recall that X; € Spgg(Z) takes a1 to a1 + by and fixes all other generators
in B. We start with:

Lemma 32.1. Let
seS ={z ANy, zANw]s | z,y,z,w € B, x <y, z<w, c(x Ay,z Aw) =0}.
Then X5 (s) € (S) for e € {£1}.

Proof. Write s = [z Ay, z A w|s. There is nothing to prove if a1 ¢ {z,y,z,w}. What is
more, the result is obvious if one of {z,y} and {z,w} contains a; and the other does not.
For instance, we have (c.f. §27.6)

Xf([[a] N ag,as N\ b;;ﬂs) = [[(CL] + Ebl) N ag, a3 N\ b:gﬂs e <S1>

Since z < y and z < w, we have reduced ourselves to s = [a; Ay, a; A w]s with y,w € B\{a1}
satisfying ¢(a; A y,a; A w) = 0. The condition ¢(a; Ay,a; A w) = 0 implies that one of the
following holds:

o y,we B\{a, b} and w(y,w)=0; or
e y=w=b.
For instance, if w € B\ {a1,b1} then

c(ag Ab1,a1 ANw) = ag-w # 0.

We deal with the above cases separately. Let = denote equality modulo (S), so our goal is
to prove that X¢(s) = 0.

Case 1. s = [a; Aby,a; Abi]s.
We have

Xi([ar ANbi,ar Abi]s) = [(a1 + €b1) Aby, (a1 + €by) Abr]s = [[ar Abi,ar Abi]s = 0.
Case 2. s = [a; Ny, a1 ANw]s with y,w € B\ {a1,b1} satisfying w(y,w) = 0.
By Lemma 29.13 (A-expansion III), we have that X{([a1 Ay, a1 A w]s) equals

[(a1 + €b1) Ay, (a1 + €b1) Aw]s = Alar Ay, (a1 + €b1) A w]s + eAlbr Ay, (a1 + €b1) A w]s.

By Lemma 29.12 (A-bilinearity II), this equals

far Ay, a1 Aw]s + eAlag Ay, by Awls + eAlby Ay, ar Awls + 62[1)1 ANy,by ANw]s=0. O
32.2. 1-2 swaps. Recall that Y15 € Spgg(Z) takes a1 to aj + ba and as to as + by and fixes

all other generators in B. For this element, the indices 1 and 2 are special. The 1-2 swap is
the element o € SymSp, such that

O'(Cbl) = ag, O'(bl) = bQ, O'(ag) =ai, O'(bg) = b1
and such that o fixes all other elements of B. It satisfies the following:

Lemma 32.2. Let 0 € SymSp,, be the 1-2 swap and let z € K. Then Yia(2) € (S) if and
only if Y12(o(2)) € (5).

Proof. The element o commutes with Y79, so
(32.1) Yi2(0(2)) = o(Y12(2)).

We already proved at the end of §31 that SymSp,, takes (S) to itself. This holds in particular
for o. In light of (32.1), the lemma follows. O
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32.3. Y-closure. We now prove:

Lemma 32.3. Let
seS ={z ANy, zANw]s | z,y,z,w € B, x <y, z<w, c(x Ay,z Aw) =0}.
Then YIQ(S) S <S>

Proof. Write s = [z Ay, z A w]s. To avoid having the deal with even more special cases, we
relax the conditions x < y and z < w to = # y and z # w.

There are a large number of cases to consider: each of x and y and z and w can either lie
in {ay, b1, as,ba2}, or they can be some other element of B. The condition ¢(z Ay, z A w) =0
eliminates some of these, but there are still far too many cases. To cut this down to something
reasonable, we use the following three symmetries, which we will call the Yio-symmetries:

e Flipping x Ay and z A w does not change s.
e Flipping = and y multiplies s by —1, and thus does not change the truth of the
lemma. Similarly, we can flip z and w.
e Finally, by Lemma 32.2 we can apply a 1-2 swap to s without changing whether or
not it lies in (S).
Using these, we will reduce ourselves to six cases as follows.

If aj,a2 ¢ {x,y,z,w}, then there is nothing to prove. Otherwise, after performing a
sequence of Y1o-symmetries we can assume that x is either a; or as. Applying a 1-2 swap if
necessary, we can assume that = = ag, so s = [a; Ay, 2 A w|s.

If as ¢ {y, z,w}, then in most cases we have Yi5([a; Ay, 2 Aw]s) € (S1). For instance,
we have (c.f. §27.6)

le([[a,l N az,ar N\ bgﬂs) = [[((ll + b2) N as, (a,l + bg) AN bgﬂs S <Sl>

Up to flipping z and w, the only case where ag ¢ {y, z,w} and Yia([a1 Ay, z Aw]s) & (S1)
is [a; A b1, a1 Abi]s, which is Case 1 below.

It remains to enumerate the cases where ag € {y, z, w}. We start by enumerating the cases
where y = ag, so s = [a; N az, z ANw]s. If a1,a2 ¢ {z,w}, then Yia([a1 A az, z Aw]s) € (S1).
For instance,

Ylg([[al N az,asz N\ l)gﬂs) = [[((11 + bg) A (b1 + a,g), as N\ bgﬂs S <Sl>.

If instead either a; or ag lie in {z,w}, then up to Yjo-symmetries (including possibly a 1-2
swap) we can assume that z = a;. The condition ¢(a; Aaz, a1 Aw) = 0 implies that w(a,w) =
w(ag, w) = 0, so there are two cases: s = [a; A az, a1 Aass, and s = [a; A as, a1 A w]s with
w € B\ {a1,b1,a2,ba}. These are Cases 2 and 3 below. This completes our enumeration of
the cases where y = axs.

The remaining cases are s = [a; Ay, z A w]s with y # ag but as € {z,w}. After possibly
flipping 2z and w, we can assume that z = a9. In other words, we have reduced ourselves
to enumerating the cases where s = [a; Ay, a2 A w]s with y # ag. Up to Yia-symmetries,
we have already handled the case where w = a1, so we can also assume that w # a;. The
condition ¢(a; A y,a2 A w) = 0 implies that y # by and w # b;. There are now four cases:

o [a; A by, as A bsls, which is Case 4 below.

o [ay Abi,as ANwls with w € B\ {a1,b1,a2,b2} and [a1 Ay, as A bs]s with w € B\
{a1,b1,a2,b2}. These differ by Yio-symmetries, so we only need to deal with the
first. This is Case 5 below.

o [a1 Ny, a2 ANw|s with y,w € B\ {a1,b1,a2,bs} satisfying w(y, w) = 0. This is Case
6 below.

It remains to deal with all these cases. Let = denote equality modulo (S), so our goal is to
prove that Yy2(s) = 0.
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Case 1. [[al Abi, a1 N blﬂs-

By Lemma 28.3 (0©-expansion I), the element Yio([a; A by, a2 Abi]s) = [(a1 + b2) A b1, (a1 +
ba) A b1]s equals

[[al Abi,a; A blﬂs + 2(‘)[(/1 A by, by A ])|:_,\ + [[bg A by, by A bl]]s =0.
Case 2. [a1 A ag,a; A as]s.

Lemma 30.7 implies that Yig([[al N ag,a; N\ CLQHS) = [[(a1 +b2) VAN (b1 +a2), (a1 +b2) VAN (b1 +CL2)]]S
is equivalent to —2Q[a; A as, by A bals = 0.

Case 3. [a1 A ag,a; A w|s with w € B\ {a1,b1,a2,b2}.
Lemma 28.9 (©-expansion II) implies that
Yio([ar A ag, a1 Aw]s) = [(a1 + b2) A (b1 + a2), (a1 + b2) A w]s

equals

O[(a1 + b2) A b1, (a1 + b2) ANw]s + Of(ar + b2) A ag, (a1 + b2) A wls.
Lemma 29.4 (A-expansion I) implies that O[(a; + b2) A by, (a1 + b2) A w]s equals

Olay Abi,ar ANwls + [ar Abr,ba Aw]s + Alba A b1, a1 Awls + [ba A b, ba Aw]s = 0.
Similarly, ©[(a1 + b2) A ag, (a1 + b2) A w]s = 0. The case follows.
Case 4. a1 A by, a2 A ba]s.
In (A?H)/Q, we have
ag Nby = —aj ANby — Zj:?) a; \b;.

Plugging this into [a; A by, as A ba]s, we see that

[ar A bi,az Abe]ls = —[ai Abi,ar Abi]s — ijg lar A b1, a; A bi]s.

It follows that Yi2([a1 A b1, a2 A bao]s) equals

—Yia([ar Abr,ar Aba]s) — Zf:3 Yia([ar A b1, ai A bils).

We proved that Yia([a; A b, a1 Abi]s) =0 in Case 1, and for 3 <i < g we have
Yi2([ar A b1, a; Abi]s) = [(ar + b2) Abr,a; Abis = 0;

see §27.6. The case follows.

Case 5. [ay A by, a2 A w]s with w € B\ {a1,b1,a2,b2}.

To simplify our notation, we will explain how to deal with w = a3. The other cases are
similar. Lemma 28.7 (©-symplectic basis) implies that

[ar Abi,as A asls+ Olas A bo,as A asls + Olas A bs,as A asls + 2524 [a; A bi,as A as]s = 0.
It follows that Y12([a1 A by, as A as]s) equals
— Y15(Oas A ba, as A as)s) — Yia(Olas A b, as A asls) — Zf:4 Yio([as A bi, as A as]ls)
= —O[(az + b1) A ba, (az + b1) A asls
— Olag Abg, (a2 +b1) Aagls= > [ai Abi, (a2 +b1) Aals
= — Ol(az + b1) A ba, (az + b1) A as]s.
The last = uses Lemma 28.4 (©-linearity) to show that
Olas A bs, (a2 + b1) A ag)s € (Sa).
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This reduces us to proving that ©[(az + b1) A ba, (a2 + b1) A as]s = 0. For this, Lemma 29.4
(A-expansion I) implies that O[(az + b1) A ba, (a2 + b1) A ass equals

+ HCLQ A bo, b1 A a;;ﬂs + A[b] A by, as A (1;;}5 + [[b] A b, b1 A CL;;HS =0.
Case 6. a1 Ay, as A w|s with y,w € B\ {a1,b1,a2,b2} satisfying w(y, w) = 0.

Lemma 29.11 (A-expansion II) implies that Yia([a1 Ay, as A w]s) = [(a1 +b2) Ay, (b1 +a2) A
w]s equals

Alar Ay, (b1 + ag) Awls + Ab2 Ay, (b1 + a2) A ws.
Lemma 29.10 (A-bilinearity I) shows that
Alay ANy, (b1 + a2) ANw]s = Alay Ay, by Awls + [ar Ay, as Aw]s = 0.

Similarly, A[ba Ay, (b1 + a2) A w|s = 0. The case follows. O

33. SYMMETRIC KERNEL, SYMMETRIC VERSION VII: CLOSURE OF S

We continue using all the notation from §27 — §31. In this section, we continue the proof
of Lemma 31.3 by proving that for f € {X1, X; ', Y12} and s € Sz, we have f(s) € (S).

33.1. X-closure. Recall that X7 € SpQQ(Z) takes a1 to a1 + by and fixes all other generators
in B. We start with:

Lemma 33.1. Let
3652:{ ’ |1§Z§g7xay€lg\{al7bl}}
Then X5(s) € (S) for e € {£1}.

Proof. The lemma is trivial if X; fixes s. The remaining cases are as follows. Let = denote
equality modulo (S), so our goal is to prove that X{(s) = 0.

Case 1. s = with x € B\ {a1,b1}.

Lemma 28.10 (©-bilinearity II) implies that

Xf( ):@[(al—l—ebl)/\bl,w/\bl]s: =0.
Case 2. s = with y € B\ {a1,b1}.
Lemma 28.10 (©-bilinearity IT) implies that
Xf( ):6[(a1—i—ebl)/\bl,(al—i-ebl)/\y]s
= + € =0.
Case 3. s = or s = for some 2 < i < g.
Both cases are handled identically, so we will give the details for s = . By
Lemma 28.4 (©-linearity), we have that X§( ) = Ola; A bi, (a1 + €bi) A bss

equals

Il
o

+e O
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33.2. Y-closure. Recall that Yis € szg(Z) takes a1 to a1 + by and ag to as + by and fixes
all other generators in B. We next prove:
Lemma 33.2. Let

s€ Sy ={ , |1<i<g, x,y€B\{a;bi}}.
Then Yi2(s) € (S).
Proof. For i > 3, Lemma 28.4 (O-linearity) implies that this holds for s =

and s = with 2,y € B\ {a;,b;}. For instance,
Ylg( ) = @[ag/\bg,(al +b2) /\bg]s
= + € (S9).

The remaining cases are when ¢ = 1 and 7 = 2. Applying a 1-2 swap as described in Lemma
32.2, it is enough to deal with the case ¢ = 1. We divide this into the following cases. Let =
denote equality modulo (S), so our goal is to prove that Yia(s) = 0.

Case 1. s = with x € B\ {a1,b1,az2}.
Lemma 28.8 (©-bilinearity I) implies that Yia( ) = Ol(a1+ba) ANby,xz Abys)
equals

+[[bg/\b1./w/\blﬂs =0.

Case 2. s = with y € B\ {a1,b1,a2}.
By Lemma 29.4 (A-expansion I), we have that
Yia( ) = O[(a1 + ba) A by, (a1 + b2) Ayls
equals
+ [lar Ab1,bo Ayls + Alba Aby,ar Ayls + [b2 Abi,ba Aylls = 0.
Case 3. s =

By the definition of ©-elements (Definition 28.1), we have that
Yia( ) = O[(a1 + b2) A by, (by + az) Abils
equals 1/2 times
[(a1 + b2 + b1 + a2) A b1, (a1 + ba + by + a2) Abi]s — [(a1 + b2) A by, (a1 + b2) Abi]s
— [(b1 4+ a2) A by, (b1 + az) A b1]s
=[(a1 + b2 + a2) A by, (a1 + ba + a2) A bi]s — Yia([ar A b1 ar Abi]s)
=[(a1 + b2 + az) A b1, (a1 + by + az) A bi]s.

The last = uses the fact that we have already proved that Yi2(t) = 0 for t € S; (Lemma
32.3). Lemma 28.3 (©-expansion I) along with Lemma 28.4 (©-linearity) implies that this
equals

[[(1,1 Abi,a; N bl]]s + 2@[&1 A by, (bQ + az) VAN bl]s + [[(bg + a2) A by, (bz + az) VAN bl]]s
=2 + 2 +[[(bg—l—QQ)/\bl,(bg—i-ag)/\bl]]s
E[[(GQ + bg) A by, (CLQ + bg) A bl]]s-

Applying Lemma 29.13 (A-expansion III) and then Lemma 29.12 (A-bilinearity II), this
equals

A[ag A by, (GQ + bg) A bl]s + A[bQ A by, (ag + bg) A bl]s
=[aga A bi,as Abi]s + Alag A by, by A bi]s + Alba A bi,as Abi]s + [ba Abi,ba Abi]s = 0.
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Case 4. s =

We have
Yia( ) = ©[(a1 + b2) A b1, (a1 + b2) A (b1 + a2)]s.
By Lemma 28.4 (©-linearity), it is enough to prove that
O[(ay + b2) A b1, (a1 4+ b2) A (—by — ag)]s = 0.
By the definition of ©-elements (Definition 28.1), this equals
[(a1 +b2) A (—az), (a1 + b2) A (—a2)]s — [(a1 + b2) Ab, (a1 + ba) Abi]s
— [(a1 + b2) A (=b1 — a2), (a1 + b2) A (—=b1 — a2)]s
=[(a1 + b2) A az, (a1 + b2) A az]s — Yia([ar A bi,ar Abi]s) — Yia([ar A az, ar A bs]s)
=[(a1 + b2) A ag, (a1 + ba) A azs.

The last = uses the fact that we have already proved that Yi2(t) = 0 for t € S; (Lemma
32.3). Lemma 28.3 (O-expansion I) says that this equals

[ar A az, a1 A as]s + 2 + [ba A as,ba A as]s = 0. O

34. SYMMETRIC KERNEL, SYMMETRIC VERSION VIII: CLOSURE OF Sj

We continue using all the notation from §27 — §31. In this section, we continue the proof
of Lemma 31.3 by proving that for f € {X1, X; ', Y12} and s € S3, we have f(s) € (S).

34.1. More general Lambda-elements. Recall that
Sz ={Ala; Ny, e Abils |1 <i<g,z,yeB\{abi}, w(r,y) =0}.
Before we prove our main results, we prove:

Lemma 34.1. Let 1 <i < g and let x,y € (a;,b;)" satisfy w(x,y) = 0. Then Ala; Ay, z A
bi]s € <S>
Proof. Recall that ﬁZ’A[ai A —,— Ab;] is the subspace of R spanned by A-elements as
in the statement of the lemma. It follows from Lemma 29.6 (strong A-linearity) that
ﬁZ’A[ai A —, — A b;] is spanned by three kinds of elements:
e Elements of the form Ala; Ay, x A bl with x,y € B\ {a;, b;} satisfying w(z,y) = 0.
These are elements of S3.
e Elements of the form Afa; A (a; + ag), (b; — bi) A b;]s for distinet 1 < j,k < g with
J,k #i. By Lemma 30.4 (A to Q), these equal
Q[ai N agj, bj VAN (1,1',]5 — 0 {(1,/1' A ag, b A bj]s + A{('I,,‘ N ag, bj N b,']g — A[('I,‘ Aagj, b A b;;f]g S <S>
e Elements of the form Afa; A (a; + bg), (bj + ai) A b;]s for distinet 1 < j, k < g with
J, k #i. Again, Lemma 30.4 (A to Q) implies that these lie in (5). O

34.2. X-closure. Recall that X, € SpQQ(Z) takes a1 to a1 + by and fixes all other generators
in B. We now prove:

Lemma 34.2. Let
seSy={Aa, Ny, xANbils | 1<i<g, z,y € B\{ab}, wlx,y)=0}.
Then X5 (s) € (S) for e € {£1}.

Proof. There are two cases. Let = denote equality modulo (S), so our goal is to prove that
Xi(s)=0.

Case 1. s = Ala; Ay, x A bls with x,y € B\ {a1,b1} satisfying w(x,y) = 0.
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Lemma 29.12 (A-bilinearity II) says that X{(Alay Ay, 2 Abils) = Al(ar + €b1) Ay, x Abi]s
equals
Aay Ny, x ANbils +€[by ANy, z Ab]s = 0.
Case 2. s = Ala; Ay, x A\ bls with z,y € B\ {a;,b;} satisfying w(z,y) = 0.
Lemma 34.1 implies that
Xi(Ala; ANy, e Abils) = Alag A X (y), Xi(z) Abis € (S). O

34.3. Y-closure. Recall that Yis € SpQQ(Z) takes a1 to a1 + by and ag to as + b; and fixes
all other generators in B. We next prove:

Lemma 34.3. Let

seSy={ANa, Ny, x ANbils | 1<i<g, z,y € B\{ai,b}, wlx,y)=0}.
Then Yi2(s) € (S).
Proof. Recall that Y15 € Spgg(Z) takes a1 to a; + by and as to as + b1 and fixes all other
generators in B. Write s = Ala; Ay, z A b;|s. The proof is different when ¢ = 1, when i = 2,
and when 3 < ¢ < g. However, applying a 1-2 swap as described in Lemma 32.2 we can
reduce the proof for i = 2 to the proof for i = 1. We divide the casesi=1and 3 <i<g
into the following cases. Let = denote equality modulo (S), so our goal is to prove that
Ylg(s) =0.
Case 1. s = Ala; Ny, 2 Nbls with3 <i<g and y,x € B\ {a;,b;} satisfying w(z,y) = 0.
Lemma 34.1 implies that

YlQ(A{U,j ANy, x A\ [)/,'L,) = A[az VAN Ylg(y), Ylg(x> A bz]s S <S>

Case 2. s = Alay ANy, Abi]s with x,y € B\ {a1,b1,a2} such that w(z,y) = 0.

Lemma 29.10 (A-bilinearity I) implies that Yiao(Alay Ay, 2 A b]s = Al(ar + b2) Ay, z A by]s
equals
Alay ANy, ANbils + [ba Ay, z Ab1]s =0.

Case 3. s = Alay N as,x A byl with x € B\ {a1,b1,a2,b2}.

We have Yio(Alay A as, z Abils) = Al(a1+b2) A(b1+a2), xAbi]s. By Lemma 29.5 (A-linearity),
it is enough to prove that

Al(a1 4+ b2) A (=b1 — a2),z Abi]s = 0.
By the definition of A-elements (Definition 29.1), the element A[(a14b2) A(—b1—az2), zAb1]s =
Ai[(a1 + b2) A (=b1 — a2),x A b1]s equals
O[(a1 + b2) A (—a2),x A (—a2)]s — O[(a1 + ba) A by, x Abils
— [(a1 4+ b2) A (—az), 2 A (b1 — a2)]s
=0O[(a1 + b2) A az,x A as]s — Yia( ) — [(a1 + b2) A ag,x A (by + a2)]s
=0[(a1 + b2) A ag,x A as)s — [(a1 + b2) Aag,z A (b1 + a2)]s.
The last = uses the fact that we have already proved that Y12(t) = 0 for ¢ € Sy (Lemma 33.2).

We must prove that both of these terms are equivalent to 0. Lemma 28.8 (©-bilinearity I)
implies that the first term ©[(a1 + b2) A az, x A az]s equals

Il
o

[a1 A ag,x A as]s +
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The second term [(a1 + b2) A az,z A (b + a2)]s equals
[(ar + b2) A (b1 + az),x A (by + a2)]s — [(a1 + b2) A by, x A (b1 + a2)]s
=Yio([a1 N ag, x A az]s) — Yia([ar A b1,z A as]s) = 0.
The = uses the fact that we have already proved that Yi2(t) = 0 for all ¢ € S; (Lemma 32.1).
Case 4. s = Alay Ay, as A byl with y € B\ {a1,b1,a2,b2}.

By the definition of A-elements (Definition 29.1), Yia(Alay Ay, as A bi]s) = Ag[(ar + b2) A
y, (b1 + az) A bi]s equals
(34.1) @[(a1 + by + by + ag) A by, (a1 + by + by + ag) A y]s

— O[(a1 + b2) AN b1, (a1 +b2) Ayls — [(ar + b2 + b1 + a2) A by, (b1 + a2) A y]s.

We must prove that each term in (34.1) is equivalent to 0. The first is the most difficult, so
we save it for last. The second term O[(a; + b2) A by, (a1 + b2) A y]s equals

Y12( )EO

since we have already proved that Yi2(t) = 0 for all ¢ € Sy (Lemma 33.1). The third term in
(34.1) is [[(a1 + ba + b1 + a2) A b1, (b1 + a2) A y]s, which equals

[[(a1 + bQ) A by, (b1 + a2> A y]]s + [[(b1 + CLQ) A by, (b1 + (12) A jl/]]s
=Yi2([a1 A b1,a2 Ayls) = 0.

Here again we used the fact that Y12(¢) = 0 for all ¢ € Sy (Lemma 33.1).
It remains to deal with the first term ©[(a; + by + b1 + az) A by, (a1 + by + by + az) A yls
in (34.1). By Lemma 28.10 (©-bilinearity II), it equals

(34.2) @[(a1 + by + az) A by, (a1 + by + (12) A Z/]s + @[(a1 + by + ag) Abi,b1 A y]s.

We must show that both terms of (34.2) are equivalent to 0. Using Lemma 29.4 (A-expansion
I) along with Lemma 29.5 (A-linearity), the first term of (34.2) equals

Alay Ny, (b2 + a2) ANbi]s + + [(a1 + by + az) A by, (by + az) Ay]s
=Ala; ANy, b2 A b1]s + Alay Ay, as A by]s = 0.

For the second term O[(a; + by + a2) A by, b1 Ayls of (34.2), Lemma 28.8 (O-bilinearity I)
implies that it equals

+ [(by + az) A by, by Ayls = 0.
Case 5. s = Alaj A ag,as A byls.
By Lemma 29.5 (A-linearity), to prove that
Yie(Alay Aas,as Abils) = Al(ar + b2) A (b1 + az), (b1 + a2) A bis
is equivalent to 0 it is enough to prove that
Al(ay + ba) A (b1 — az), (b1 + az) A bi]s
is equivalent to 0. By the definition of A-elements (Definition 29.1), this equals
O[(a1 + b2) A (—az), (b1 + a2) A (—a2)]s — O(a1 + ba) A by, (b1 + a2) A bis
— [(a1 4+ b2) A (—a2), (b1 + a2) A (=b1 — a2)]s.
=0[(a1 + b2) A az, (b + az) A az]s — Yia( )
=0Olaz A (a1 + b2),a2 A (b1 + az)]s.
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Here we used the fact that Y12(f) = 0 for all £ € Sy (Lemma 33.1). Expanding this using the
definition of ©-elements (Definition 28.1), we get 1/2 times

[[ag A\ (CL1 + by + by + ag),ag A\ (a1 + by + by + ag)]]s — [[ag A (a1 + bg),ag A (a1 + bg)]]s
— Jaa A (b1 + a2), a2 A (b1 + a2)]s
E[[ag A\ (bz +a; + bl),ag A\ (b2 + a1 + bl)]]s — [[a2 A (bg + al),ag A (b2 + al)]]s

We must prove that both of these terms are equivalent to 0. For the first term [as A (ba + a1 +
b1),az A (ba + a1 + b1)]s, Lemma 28.3 (O-expansion I) along with Lemma 28.4 (O-linearity)
implies that it equals

H(,LQ A by, as N bgﬂs + 2@[@2 A by, as N (a1 + bl)]s + [[OLQ A (a1 + bl), az N\ (a1 + bl)]]s
=2 + 2@[a2 A bg,as N bl]g + Xl([[ag Nai,as N\ alﬂs) =0.

The last = uses the fact that we have already proved that X;(¢) = 0 for t € S; (Lemma
32.1). For the second term [aa A (b2 + a1), a2 A (b2 + a1)]s, Lemma 28.3 (©-expansion I)
implies that it equals

[[ag/\bg]]s-i-Q —i—[[ag/\al./ag/\al]]szo. O

35. SYMMETRIC KERNEL, SYMMETRIC VERSION IX: CLOSURE OF Sy

We continue using all the notation from §27 — §31. In this section, we complete the proof
of Lemma 31.3 (and hence also of Theorem G) by proving that for f € {X7, X; ', Y12} and
s € Sy, we have f(s) € (9).

35.1. X-closure. Recall that X; € SpQQ(Z) takes a1 to a1 + by and fixes all other generators
in B. We start with:

Lemma 35.1. Let
sE Sy = {Q[(JZ Aaj, b; N bj}.s‘; Q[az VAN b} b; N (1]'}5 | 1<i<3< g}
Then X{(s) € (S) for e € {£1}.

Proof. The lemma is trivial if X, fixes s. The remaining cases are as follows. Let = denote
equality modulo (S), so our goal is to prove that X¢(s) = 0.

Case 1. s = Qlay Naj, by ANbjls with2 < j <g.

Since g > 4 (Assumption 25.1), we can pick 2 < k < g with k£ # j. Lemma 30.4 (A to Q)
implies that Qa; A aj, by Abjls = —Qa; Aar, by Abjls equals

Alaj A (ar + a1), (b, — b1) Abjls — Alaj Aar, by Abjls
+ Alaj A ag, by Abjls — Qlaj A ag, b, A bjls
Applying X7{, since X fixes {a;, bj, ax, by} we get
Alaj A (ag + a1 + €b1), (b, — b1) A bjls — XT(Alaj A ar, by Abjly)
+ Xi(Alaj A ag, by Abjls) — Qa; A ag, b A bjls
=Ala; A (ar + a1 + €by), (b — b1) A bjs.

Here we are using the fact that X{(¢) =0 for all £ € S3 (Lemma 34.2). Lemma 34.1 implies
that Ala; A (ar + a1 + €b1), (by — b1) Abjls = 0, and we are done.

Case 2. s = Qla; ANbj, by Najls with2 < j <g.
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Since g > 4 (Assumption 25.1), we can pick 2 < k < g with k # j. Lemma 30.4 (A to Q)
implies that Qfa; A b;, b1 Aajls = Q[(—=bj) Aai,bi Aajls equals
AL(=b,) A (ar + @), (b — bi) A as]s = Al(=b) A ag by A (a)]s
+ A[(=bj) AN a1, by A ajls + Q(=bj) A ag, by A ajls
= — A[bj A (a1 + ak), (bl — bk) A aj]s + AU)]‘ A ag,by A ((l,'/)]g
- AU)]‘ Aaq, by N\ (I]'}S + Q {(I,k A bj, b A (J,J‘}S.

Now proceed as in Case 1. U

35.2. Y-closure. Recall that Y5 € Spgg(Z) takes a1 to a; + by and ay to as + b and fixes
all other generators in 5. We next prove the following, which completes the proof of Lemma
31.3 and hence of Theorem G:

Lemma 35.2. Let

s € Sy ={Qa; Naj, b Nbjls, Qa; Nbj b Najls | 1<i<j<g}
Then Yia2(s) € (S).
Proof. Write Sy = S4(1) U S4(2) U S4(3) U Sy(4) with

Sa(1) = {Qa; Naj, b Abjls, Qai Nbj, b Najls | 3<i<j<g},

S4(2) = {Qar AN aj, by Abjls, Qar Abj, by ANajls | 3< 5 < g},

S4(3) = {Qas A aj, by Abjls, Qas Abj,ba Najls | 3< 5 < g},
S4(4) = {Qa1 A az, b1 A ba]s, Qar A ba, by A ass}.

The lemma is trivial for s € S4(1) since in that case Yi2(s) = s. For s € S4(2), the lemma
can be proved exactly like Case 1 of the proof of Lemma 35.1. The only necessary change is
that the k in that proof should be chosen such that 3 < k < g and k # j, which is possible
since g > 4 (Assumption 25.1; note that in Case 1 of the proof of Lemma 35.1 we really only
used g > 3). The same argument works for s € S4(3).

It remains to deal with S4(4), which we divide into two cases. Let = denote equality
modulo (S), so our goal is to prove that Yi2(s) = 0.

Case 1. s = S){(fﬁl A ag, by A bg]s.

Set ' = [(a1 — b2) A (b1 — a2), (a1 — b2) A (b1 — a2)]s. In Lemma 30.7, we proved that —2s
equals s’ modulo (S, Sa, S3). We have already proved that Y12(t) =0 for ¢t € Sq U S2 U Ss;
see Lemmas 32.3 and 33.2 and 34.3. It is therefore enough to prove that Yi2(s") = 0:

Yia([(a1r — b2) A (b1 — az), (a1 — ba) A (b1 — a2)]s) = [a1 A (—az), a1 A (—a2)]s = 0.
Case 2. s = Qfaj A by, by A asls.

Set s = [(a1 + a2) A (b1 — ba), (a1 + a2) A (b1 — b2)]s. In Lemma 30.7, we proved that s
equals s’ modulo (S, Sz, S3). Just like in the previous case, this implies that it is enough to
prove that Yi2(s") = 0. We calculate:

Viz([(a1 + a2) A (b1 — b2), (a1 + a2) A (b1 — b2)]s)
=[(a1 + ba + az + b1) A (b1 — b2), (a1 + ba + a2 + b1) A (b1 — ba)]s
:[[(al “+ a9 + 2b1) AN (bl - bg), (a1 “+ a9 + 2b1) VAN (bl - bg)]]s = X%(S/)

In Lemmas 32.1 and 33.1 and 34.2 and 35.1, we proved that X¢(¢) € (S) for e € {£1} and
s€ S1U---USy=S8. This implies that the cyclic group generated by X takes (S) to (S).
Lemma 30.7 implies that s’ € S, so X#(s') = 0, as desired. O
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Part 5. Appendices
APPENDIX A. A MODIFIED PRESENTATION

The goal of this appendix is to transform the presentation for £y from Definition 10.5 to
the one needed for our work on the Torelli group in [4, 5]. Recall from §1.13 that H = Q%
and Hy = 7?9, and that w: H x H — Q is the standard symplectic form on H.

A.1. Symmetric kernel and contraction. Recall from the introduction that the sym-
metric contraction is the alternating bilinear map

¢: (N H)/Q) x (A°H)/Q) — Sym®(H)
defined by the formula
c(z ANy, zAw) =w(x, 2)yw —w(x,w)yz —w(y,2)zw+ wy, w)zz for z,y,z,w € H.

This induces a map ((A2H)/Q)®2 — Sym?(H) whose kernel K, is the symmetric kernel.
Recall that x1, ko € (A2H)/Q are sym-orthogonal if

C(Hl,ﬁg) = —C(I{Q,Kl) = O,

or equivalently if kK1 ® Ko and ko ® k1 lie in K.

A.2. Presentation. We recall the definition of £:

Definition A.1l. Define £, to be the Q-vector space with the following presentation:

e Generators. A generator [k1, rg] for all sym-orthogonal k1, ko € (A2H)/Q such
that either s or Ky (or both) is a symplectic pair in (A2Hz)/Z.

e Relations. For all symplectic pairs a A b € (A2Hz)/Z and all k1, ks € (A2H)/Q
that are sym-orthogonal to a A b and all A1, Ay € Q, the relations

[a Ab,A\k1 + Aeka] = Mfla A b, k1] + Aefa Abyke]  and
[ME1 + A2ka, a A D] = Aik1,a A b] + Aake,a A D]. O

There is a linearization map ®: &, — ((A2H)/Q)®? defined by ®([r1,k2]) = k1 ® k2.
This takes relations to relations, and thus gives a well-defined map. Since x1 and ko are sym-
orthogonal, the image of ® is contained in K. Theorem 10.7 says that ® is an isomorphism
for g > 4.

A.3. Symplectic summands. As we said above, our goal is to modify the presentation of
£y to the one needed for our papers [4, 5]. This requires some preliminaries. A symplectic
summand of Hz, is a subgroup V' < Hy such that Hy =V @ V+. A symplectic summand V'
of Hy is isomorphic to Z2" for some h called its genus. If V is a symplectic summand of Hy,
then V= is too.

A.4. Symplectic form. Let W be a symplectic summand of Hz. The symplectic form on
W identifies W with its dual. This allows us to identify alternating bilinear forms on W
with elements of AW C A2Hy. In particular, the symplectic form on W is an element wryy
of A2Hy. If {a1,b1,...,an, by} is a symplectic basis for W, then wy = aj Aby +---+ap Aby.
With this notation, the symplectic form w on Hz is w = wp,.

A.5. Symplectic pairs. Recall that (A2H)/Q is the quotient of A2H by the Q-span of
w € AN2Hy. For a symplectic summand W of Hy, let Wy be the image of wy € A2Hy in
(A2H)/Q. Since w = wy +wyy 1, we have Wy, 1 = —wy. The elements @y with W a genus-1
symplectic summand of Hy are exactly the symplectic pairs.
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A.6. Generators and summands. Recall that the generators for £, are as follows:

e Let V be a genus-1 symplectic summand of Hz and let x € (A2H)/Q be sym-
orthogonal to wy. We then have generators [wy, ] and [k, wy].

The following lemma says that the element wy is determined by V:

Lemma A.2. Assume that g > 3. Let V and W be genus-1 symplectic summands of Hy,
such that Wy = wyw. Then V. =W.

Proof. Let w € A2H be the element corresponding to the symplectic form. Since Wy = Wy,
there exists some A € Q such that wy — wy = Aw. The orthogonal complements V+ and
W+ in H both have codimension 2. Since g > 3, it follows that H has dimension at least 6
and hence we can find some nonzero z € V- N WL, View elements of A2H as alternating
bilinear forms on H. Since w is a nondegenerate pairing on H, we can find y € H such that
w(z,y) = 1. We then have

0= wV(xay) - WW(Iay) = AW(iﬂ,y) = )‘7

so wy = wyy. The alternating bilinear forms wy and wyy determine V' and W; for instance,
the kernel of the form wy is V+ and V = (V+)1. We conclude that V = W. O

A.7. Lifting sym-orthogonal subspace. Recall that for a subspace U of A2H, we denote
by U the image of U in (A2H)/Q. Also, for a subgroup V of Hyz we write Vg for the subspace
V ® Q of H. For a genus-1 symplectic summand V', Lemma 10.1 says that the elements of
(A’H)/Q that are sym-orthogonal to wy are those lying in AQVé. The following lets us lift

these to elements of AQVd:

Lemma A.3. Let V be a genus-1 symplectic summand of Hy. Then the map /\QV@ — AZVd-
obtained by restricting the projection N>°H — (A2H)/Q is an isomorphism.

Proof. Let w € A?’H be the element corresponding to the symplectic form. We must
prove that w ¢ A2V6. Let B = {ai1,b1,...,a4,bs} be a symplectic basis for Hyz such
that V' = (ag4,bs). Let < be the total order on B indicated in the above list. Then
AZH has the basis {z Ay | z,y € B, x < y}, the subspace /\QVQL has for a basis the subset
{eny | zyeB\{ag, by}, v <y}, and

w=ai Aby +---+ag Abg.

Since agy A by is a basis element not included in the basis for A2V the lemma follows. O

A.8. Symplectic pairs in sym-orthogonal complement. For a genus-1 symplectic

summand V' of Hyz, we have wy = —wy 1 € AQVd. In particular, by Lemma 10.1 the element
wy is sym-orthogonal to itself. The following lemma says that this is the only non-obvious
wyw contained in the sym-orthogonal complement of wy :

Lemma A.4. Let V and W be genus-1 symplectic summand of Hy such wy and wy are
sym-orthogonal. Then either W C V+ or W = V.

Proof. Assume for the sake of contradiction that W # V and W ¢ V*. Since V and W are
both genus-1 symplectic summands of Hy, the assumption W # V implies that W ¢ V.
Since Hy = V @ V1, the assumptions that W ¢ V' and W ¢ V imply that there exist
nonzero x; € V and x5 € V+ such that z1 + zo € W.

Since H = Vg @© V@, we have

(A1) NH = (AVg) @ (NV) @ (Va AV ).
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Let w € A2H be the symplectic form. Both wy and w = wy + wy1 lie in the subspace
(A.2) (n2vR) @ (A2Vg)

of (A.1). Since wy is sym-orthogonal to wy, Lemma 10.1 says that wy € /\2‘/6-. Equiva-
lently, modulo Qw the element wyy lies in /\ZVQL, so wyy lies in (A.2) as well.

Recall that we have nonzero z; € V and zo € V* with 21 + 29 € W. Regard z1 + x4 as
an element of Wg. Pick y; € V and y2 € V1 such that Wo = (x1 + 22,91 + y2). We have
ww = (21 +22) AN (Y1 +y2) =1 Ayr + T2 Ay2 + 21 Ay2 — y1 A o
Since wyy lies in (A.2), we must have x1 Ay = y1 A2 in Vg A V@. Since x1 and 9 are
nonzero, this implies that there exists some A1, Ao € Q such that y; = Az and ys = Aoxo.

Since w(z1,z2) = 0, we conclude that
w(xr + 22, y1 + y2) = w(x1 + 2, Mix1 + Aaxe) = Miw(x, 21) + Aow (w2, 22) = 0.

This implies that w vanishes identically on Wy = (x1 + 22, y1 + y2), contradicting the fact
that it is a symplectic summand. ([l

A.9. Modified presentation. Define the following:

Definition A.5. Define ﬁ; to be the vector space with the following presentation:
e Generators. For all genus-1 symplectic summands V of Hz and all k € /\21/6-7
generators [V, k] and [x, V].
e Relations. The following families of relations:
— For all genus-1 symplectic summands V of Hz and all k1, ko € /\QV@ and all
A1, A2 € Q, the relations
[[V7 A K1+ )\QHQ]] =\ [[V, /ﬂ]] + Ao [[V, Iig]] and
[[/\1/€1 4+ AgKo, V]] =)\ [[Hl, V]] + )\QIIHQ, V]].
— For all orthogonal genus-1 symplectic summands V' and W of Hyz, the relation
[[V7 WW]] = [[wVa W]]
— For all genus-1 symplectic summands V' of Hz, the relation
[[V7 WVJ-]] = [[WVJ-7 Vﬂ O

The actions of Spy,(Z) on Hz and H induce an action of Spy,(Z) on &). The main result
of this appendix is:

Theorem A.6. For g > 4, there is an szg(Z)—equivam’ant isomorphism between R’g and
the symmetric kernel KCy. In particular, ﬁ; is a finite-dimensional algebraic representation
of Spay(Z).
Proof. By Theorem 10.7, it is enough to construct an Spgg(Z)—equivariant isomorphism from
R to 8y, For Kk € AZH, let % be its image in (A2H)/Q. Define a map f: R, — Ry on
generators via the formulas

f(IV,x]) = [wv,®] and  f([x,V]) = [F,@v].
This takes relations to relations; indeed, the linearity relations are obvious, and the other
relations can be checked as follows:

e Consider orthogonal genus-1 symplectic summands V and W of Hz. We must prove
that
f(V,ww]) = [wv,ww] and  f([wy, W]) = [wv, 0w]
are equal, which is clear.
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e Consider a genus-1 symplectic summand V of Hz. We must prove that
[([Viwyi]) = [wv,wyi] and  f([wyr, V]) = [0y, ov]
are equal, which follows from the calculation
[wv,wy 1] = [wv, —wv] = —[wv,bv] = [-wv,wv] = [wy.,wv].
This implies that f is a well-defined map.
To prove that f is an isomorphism, we must construct an inverse h: &, — ﬁ;. Let V be

a genus-1 symplectic summand of Hz and let k € (A2H)/Q be sym-orthogonal to wy. We

must define h on [wy, k]| and [k, wy]. Lemma 10.1 implies that x € AQVd, and Lemma A.3

says that x can be uniquely lifted to k € A2V6. Lemma A.2 says that wy determines V', so
we can define

hi([ov,k]) =[V,k] and he([r,wv]) = [, V].
The reason for distinguishing between hq and ho is that it is possible for a generator of &y
to be of both of these forms. To define h, we must check that:

Claim. Let V and W be genus-1 symplectic summands of Hy such that Wy and Wy are
sym-orthogonal. Then hy([wy,ww]) = he([oy,ow]).

Proof of claim. Since wy and Wy are sym-orthogonal, Lemma A.4 implies that one of the
following holds:

e W C V. The unique lift of Wy € /\QVQl to /\QV@ is ww, and the unique lift of

wy € /\QW(dg is wy. We now calculate as follows, where the orange = are applications
of relations in £:

h([wv, ww]) = [V, ww]=[wy, W] = hao([wv, ow]).
e W = V. The unique lift of

Wy = —WyL € /\2‘/6‘

to /\QVd- is —wy 1. We now calculate as follows, where the orange = are applications
of relations in & :

hi([ov,wv]) = [V, —wys]= = [V,wy.]
= — IIWVL,V]]:[[—WVL,VH = hg([[wv,wv]]). O

In light of this claim, we can unambiguously define a map h: K — ﬁ; on generators
[K1, ko] by letting h([x1, k2]) equal whichever one of hy([x1, k2]) or ha([k1, k2]) is defined.
The map h takes relations to relations, and thus gives a well-defined map. By construction,
f and h are inverses to each other. The theorem follows. ([l

Remark A.7. The isomorphism &) — K, takes [V, x] to Wy @ % and [, V] to K@ wy. O
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