CALCULATING THE SECOND RATIONAL COHOMOLOGY GROUP
OF THE TORELLI GROUP

ANDREW PUTMAN

ABSTRACT. Minahan and the author recently proved results that allow the calculation of the
second rational cohomology group of the Torelli group. This builds on two key ingredients:
Hain’s calculation of the image of the cup product pairing on the first cohomology group,
and Kupers—Randal-Williams’s calculation of the maximal algebraic subrepresentation of
the second cohomology group. This paper gives an exposition of both of these results,
including prerequisite material about the Johnson homomorphism.
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1. INTRODUCTION

Let 2271, be an oriented genus g surface with p punctures and b boundary components.
Assume that p+ b < 1. We omit p or b if they vanish. The mapping class group Mod;p is
the group of isotopy classes of orientation-preserving diffeomorphisms of ng that fix each
puncture and boundary component pointwise. The group Mod;p acts on Hl(E;p) and fixes

AP was supported by NSF grant DMS-2305183.
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the algebraic intersection form. Since p+ b < 1, the algebraic intersection form is symplectic
and this action gives a surjection Modgyp — Spyy(Z) whose kernel I;p is the Torelli group:

1 7, Mod)) , — Spy,(Z) — 1.

In the early 1980’s, Johnson [30] calculated H! (I;p) for g > 0. Building on Minahan’s
PhD thesis [41], Minahan and the author [42] proved results that allowed them to calculate
H2 (Iz,p; Q) for g > 0. We were able to do the following (see Corollary D below):

(i) Completely determine HQ(IZJJ; Q) as a vector space over Q. In fact, we even describe

it as a representation of Spy, (Z), which acts in a way we will describe below.

(ii) Prove that all H? (Zgyp; Q) is in the image of the cup product pairing on HI(I;I,; Q).
This calculation depends on previous work of Hain [19] and Kupers-Randal-Williams ([33];
see also its sequel [53]) that we will describe below. The goal of this paper is to explain how
to do (i) and (ii) above given the results of [42], and in particular to give an exposition of
this work of Hain and Kupers-Randal-Williams

1.1. Finite-dimensionality and algebraicity. Recall our standing assumption that
p+b < 1. The group Modgvp acts on Igb via conjugation. Since inner automorphisms
act trivially on group cohomology, we get an induced action of Modg’p / I;p = Spyy(Z) on
each cohomology group Hk(Igp; Q). In other words, Hk(Ig’p; Q) is a representation of the
arithmetic group Spo,(Z).

Set H = Hl(Egm; Q). Johnson [30] proved that for g > 3 we have

NSH ifp=lorb=1
Hl Ib . ~ ’
Zgi Q) {(/\3H)/H if p=>b=0.

Here H is embedded in A®H via the map h + h A w, where w € A?H represents the
algebraic intersection pairing.! The above isomorphism is an isomorphism of representations
of Spy,(Z). From it, we deduce that the following two things hold for g > 3:

o Hl(Ig’p; Q) is finite-dimensional; and
. Hl(Ii’Lp; Q) is an algebraic representation of Spy,(Z), i.e., the action of Sp,yy(Z) on it
extends to a representation of the algebraic group Spy, (Q).
The main result of [42] extends this to the second rational cohomology group:

Theorem A (Minahan-Putman, [42, Theorem B|). Fiz some p,b >0 with p+b < 1. Then

H2(Ig7p;(@) is finite-dimensional for g > 5 and an algebraic representation of Spy,(Z) for

g>6.

As we said above, we will assume the truth of Theorem A and describe how to calculate
HQ(IZ,p;Q) as in (i) and (ii) above.
Remark 1.1. Dualizing, Theorem A implies that Ho (Zz,p3 Q) is finite-dimensional for g > 5. It
is still not known if Ho (Ig’p) is finitely generated or if I;p is finitely presented for g > 0. O
1.2. Cup product pairing. The cup product pairing is an alternating pairing

2 b 2/7b
c: NHY(Z) ,;Q) — H*(Z) ,; Q).

Hain [19] calculated the image of this cup product pairing. To state his result, we must
introduce some representation theoretic language. The irreducible algebraic representations

IThe algebraic intersection pairing w is an alternating bilinear form on H, i.e., an element of the dual space
(A*H)* = Hom(A?H, Q). The form w identifies H with H*, and thus (A2H)* with A2H. If {a1, b1, ..., ag, by}
is a symplectic basis for H, then the resulting w € ANHisw=a1 Abi+ -+ ag N bg.
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of Spy,(Z) are indexed by partitions o with at most g parts (see [16, §17]; we will describe
this in more detail later). Let V,(g) be the representation corresponding to o, so Vi(g) = H
and Vys(g) = (A>H)/H. The domain of the cup product pairing is

N HNZ,;Q) = A*(AH)/H),
N HY(Zy;Q) = AP(NH),
APHY(Z,1;Q) = A2(AH).

These decompose as’

N ((NH)/H) = N*Vis(g) 2 Vo(g) © Viz(g) ® Vaz(g) ® Via(g) @ Vaz 12(9) @ Vis(g)
and
N (N H) = Vo(9)% @ Vi2(9)% & Var(g) @ Vai2(9) © Vis(9)* @ Va2 12(9) @ Vs (g).

Since the cup product pairing is equivariant, its image is isomorphic to a subrepresentation
of this. Hain calculated it as follows:

Theorem B (Hain, [19]). Let g > 6. Fiz some p,b > 0 with p+b < 1. Then the image
of the cup product pairing c¢: N> Hl(Igvp;Q) — H2(Igvp;(@) is isomorphic to the following
representation of Spy,(Z):
e For Z,, the representation Vi2(g) @ V14(g) © Va2 12(g9) © Vi6(g)-
e For Ig], the representation V12(g)®? @ Vy12(g) & V11(9)®? @ Va2 12(g) & Vis(g).
e For I, the representation Vo(g) ® V12(g)®* @ Vo 12(g9) & V11(9)®% @ Va2 12(g) @
Vis(g).

Remark 1.2. The discrete group Spy,(Z) is Zariski dense in the algebraic group Spy,(Q). If W
is an algebraic representation of Spgg(Z), it follows that representation-theoretic properties
of W as a representation of Sng(Z) are the same as the corresponding properties of W as
a representation of Spy, (Q). For instance, if W is an irreducible algebraic representation
of Spy,(Q) then it is also an irreducible representation of Sp,,(Z), and similarly for the
decomposition of W into a direct sum of irreducible representations. (|

1.3. Maximal algebraic subrepresentation. For g > 12, Kupers-Randal-Williams ([33];
see also its sequel [53]) proved that the fragment of H? (Ig’p; Q) identified by Theorem B is
the maximal algebraic subrepresentation of H? (Ig’p; Q). They proved this without knowing

that HQ(IZJD;Q) is finite-dimensional, much less an algebraic representation of SpQQ(Z).
Roughly speaking, they prove that a larger algebraic subrepresentation would contradict

known calculations of H2(M0dg7p; V) with V an algebraic representation of Spy,(Z).

Remark 1.3. The work of Kupers—Randal-Williams does not depend on Hain’s calculation
of the image of the cup product pairing.* What they actually prove is that the maximal
algebraic subrepresentation of H? (I;p; Q) is isomorphic to the representation identified by
Theorem B. It then follows that it must be isomorphic to the image of the cup product
pairing. If there was cohomology that was not in the image of the cup product pairing, their
techniques would detect it. O

2This calculation can easily be done using the program “LiE”; see [35].
3Hain also worked out the image for g € {3,4,5}. We restrict to g > 6 since the work of Minahan-Putman
[42] only works in this range and it allows a more uniform proof.

4Our proof of their theorem will use Hain’s calculation, which we will use to give a lower bound on the
size of H*(Z} ,; Q).
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Using the fact that we now know that Hz(Igp;Q) is a finite-dimensional algebraic
representation of Spy,(Z) for g > 6 (Theorem A), we will give a simplified proof of Kupers-
Randal-Williams’s theorem. In fact, we will use not only Theorem A, but also some of the
details from its proof. We will also use some work of Patzt [47] on representation stability to
control certain stabilization maps. We will prove the following, whose statement combines
Kupers—Randal-Williams’s theorem with Theorem A of Minahan and the author:

Theorem C. Let g > 12. Fix some p,b > 0 with p+ b < 1. Then the image of the cup
product pairing ¢: N? Hl(Ig’p; Q) — HQ(Ig’p; Q) spans Hz(Ig’p; Q).

Remark 1.4. The main way our proof is simpler than that of [33] is that we are able to avoid
much of their complicated combinatorics, as well the need to carefully develop properties of
the twisted Morita-Mumford classes. The paper [33] proves many other results beyond the
ones we discuss, and for these their machinery seems essential. ([l

Remark 1.5. The published version of [33] claims to work for g > 6, but contains an error;
see [34]. Their new range g > 12 is exactly what is needed to apply recent work of Miller—
Patzt—Petersen-Randal-Williams [40] to deduce uniform twisted homological stability for
HQ(Mod}]; V). Here “uniform” means that the stable range does not depend on the algebraic
representation V of Spy,(Z). We will also use the results of [40]. O

1.4. Combining the results. Combining Theorems B and C, we deduce the following
corollary:

Corollary D (Minahan-Putman, [42]). Let g > 12. Fiz some p,b > 0 with p+b < 1. Then
the Spo,(Z)-representation H? (IZJ); Q) is as follows:

e For Z,, the representation Vi2(g) ® V14(g) © Va2 12(9) © Vi6(g)-

e For Ig], the representation V12(g)®? @ Vy12(g) & V11(9)®? @ Va2 12(g) & Vis(g).

e For T, the representation Vo(g) ® Vi2(9)®* @ Vo 12(g) & V11(9)®% © Va2 12(g) @

Vis(9).

In all three cases, H? (IZJ?; Q) is spanned by the image of the cup product pairing on
HY(ZV Q).
1.5. Remark on representation theory. The proofs of Theorems B and C rely on fairly
intricate representation-theoretic calculations. Courses on representation theory often focus
on theoretical aspects of the subject and do not prepare students to make explicit calculations.
A secondary goal of this paper is to give many examples of concrete representation-theoretic
calculations.

1.6. Johnson homomorphisms. The Johnson homomorphisms are a key tool in the proof
of Theorem B. They were introduced by Johnson [26, 27| and further developed by Morita
[44] and many others. We will give a fairly complete account (with proofs) of the part of this
theory needed for Theorem B. In addition to making this paper more self-contained, this
will also give us the opportunity to give some easier representation-theoretic calculations
before moving on to the more difficult calculations in Theorem B.

1.7. Outline of paper. This paper has two parts: Part 1 proves Theorem B, and Part 2
proves Theorem C. Each part begins with an outline.

1.8. Acknowledgments. I wish to thank Richard Hain for several inspiring conversations
about his work, Annie Holden for corrections and useful discussions about computing cup
products, Oscar Randal-Williams for corrections, and Gavril Farkas for encouraging me to
write this survey.
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Part 1. Image of cup product pairing

In this first part of the paper, we calculate the image of the cup product pairing. Most of
this part is devoting to calculating this for I;, and then at the end we show how to deal
with Z, 1 and Z,. We start by discussing the representation theory of the algebraic group
SL,, in §2. Using this, in §3 we discuss the free Lie algebra and its connection to the lower
central series of a free group.

With these preliminaries out of the way, we can now discuss our main tool: the generalized
Johnson homomorphism. We introduce it in §4. We then make a number of calculations
with it in §5 and prove a theorem of Morita about its image in §6. We then have two final
sections of preliminary results in §7 — §8, which discuss the representation theory of the
algebraic group Spy,. Using this, we calculate the images of the the first and second Johnson
homomorphisms in §9 and §10.

We then turn to the image of the cup product pairing. In §11 we prove this image has no
trivial subrepresentations. Next, in §12, we prove that this image can be calculated in terms
of the first Johnson homomorphism. We then perform this calculation in §13. The second
Johnson homomorphism plays an important role here, where it is used to compute an upper
bound for the image of the cup product pairing. Everything we have done up until now is
for I;, and we close this part in §14 and §15 by showing how to deal with Z,; and Z,.

2. REPRESENTATION THEORY OF SL,,

We begin with some preliminaries about the representation theory of the algebraic group
SL,,. Fix a field k of characteristic 0. We will regard SL,, as being defined over k, and all
representations of SL,, will be finite-dimensional and defined over k. Everything we discuss
can be found in [5], and in the slightly different language of Lie algebra representations can
also be found in [16].

2.1. Maximal split torus. Let T be the subgroup of SL,, consisting of diagonal matrices,
so T(k) = (k*)"~!. This is what is called a split algebraic torus, and is a maximal split
torus in SL,. For ti,...,t, € k with ¢;---t, = 1, let diag(ts,...,t,) € T(k) be the
corresponding diagonal matrix. A character of T is a homomorphism x: T — GL;. For
some di,...,d, € Z, such a character can be written as

x(diag(ty, ..., t,)) = t4 - t3 for all diag(ty,...,t,) € T(k).

Since t; - - -t, = 1, we can assume that d,, = 1, in which case this representation is unique.
Let x(T) be the set of all characters of T. This is an abelian group, and by the above we
have x(T) = Z"" 1. For 1 <i < n, let E; € x(T) be character defined by

The characters {F1, ..., E,} generate x(T) and satisfy the single relation Ej + ---+ E,, = 0.

2.2. Weight decomposition. Let W be a representation of SL,,. For x € x(T), let
Wy={weW|D- -w=x(D)w for all D € T(k)}.

If W, # 0, then x is a weight of W and W, is its corresponding weight space. A nonzero
vector w € W,y is a weight vector with weight x. We have a direct sum decomposition

W= W
xex(T)

called the weight decomposition of W.
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Ezample 2.1. Let {e1,...,e,} be the standard basis for the standard representation k™ of
SL,. The weight decomposition of k™ is then
K" = PK")p, with (K")g, = (e;).
i=1

Similarly, for n > 2 the weight decomposition of A2k™ is

A’K? = @ (/\2kn)Ei+Ej with (/\an)Ei+Ej = <€i A 6j>
1<i<j<n

and the weight decomposition of Sym?(k™) is

Sym?* (k") = (@ Sme(kn)QEi> o P sym*K")g iz
izl 1<i<j<n
with
Sym®(k")og, = (eie;) and  Sym*(K")g, 45, = (eie;). O

2.3. Highest weight vectors. Let U be the subgroup of SL,, consisting of strictly upper
triangular matrices. If W is a representation of SL,,, then a highest weight vector in W with
weight x € x(T) is a nonzero vector w € W such that

e w is a weight vector with weight x, so w # 0 and w € W,; and

e w is fixed by all elements of U(k).
A highest weight of W is the weight of a highest weight vector in W.

The integer points U(Z) are Zariski dense in U(k), so to check that a weight vector
w € W is a highest weight vector it is enough to check that it is invariant under U(Z).
In fact, it is enough to check this on generators for this group, which are as follows. Let
{e1,...,en} be the standard basis for k".

e For 1 < i < j < n, the matrix E;; € U(k) that fixes all elements of {e1,...,e,}
except for ej, on which it does the following:

Eij(ej) = ej +ei.
We remark that these are examples of elementary matrices.

Ezample 2.2. Let {ey,...,e,} be the standard basis for the standard representation k™ of
SL,. The vector e; € k" is a highest weight vector with weight E;. For 1 < k < n, the vector
e1 A--- Aep € AFK™ is a highest weight vector with weight Fy + --- 4+ Ej. Also, for k > 1
the vector e;-...-e; € Sym*(k") is a highest weight vector with weight kE;. One can check
that up to scaling these are the only highest weight vectors in these representations. ([l

2.4. Theorem of the highest weight. The representation theory of SL,, is controlled by
highest weight vectors. Indeed, the theorem of the highest weight says that:

(a) All representations of SL,, decompose as direct sums of irreducible representations.

(b) Up to scaling, each irreducible representation W of SL,, contains a unique highest
weight vector.

(c) If W is an arbitrary representation of SL, and w € W is a highest weight vector,
then the smallest subrepresentation containing w is irreducible.

(d) If W and W’ are irreducible representations of SL,, with highest weight vectors
w € W and w’ € W' and if the weights of w and w’ are the same, then W and W’
are isomorphic representations.

Ezxzample 2.3. It follows from the above that the following are all distinct irreducible repre-
sentations of SL,,:
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e AFK” for 1 < k < n; and
e Sym*(k") for k > 1. O

2.5. Dominant weights. To complete the picture of the representation theory of SL,,, we
must identify the weights that can appear as highest weights of irreducible representations
of SL,,. A dominant weight is a character

x=kE1+ ---+k,E, withky,....k, €Z

such that the following hold:
® ki1 >--->ky; and
e k, =0, so in particular k; > 0 for all 1 < i <n. We remark that since the F; satisfy
the single relation E; + --- 4+ E, = 0, any character x can be written uniquely as
x=kkFE +- -+ ky,FE, with k, = 0.
The dominant weights are exactly the weights of irreducible representations of SL,. We will
write W, (n) for the irreducible representation of SL,, with highest weight a given dominant
weight x.

Recall that a partition of an integer d of length m > 0 is a tuple o = (kq, ..., ky,) with
k1 >--->ky>1and k1 + -k, = d. The dominant weights for SL,, are in bijection with
partitions of integers with length at most n — 1. Given such a partition o = (k1, ..., kp),
the corresponding dominant weight is

X=FkE1+ -+ knEn.
We will also write W (n) for W, (n).

Convention 2.4. We will denote multiplicities in partitions using superscripts. For instance,
if o = (5,4,4,4,1,1) then we will write W 45 12(n) for W5(n). O

Here are some examples of this notation:

Ezample 2.5. For SL,, we have the following:

e Wy (n) = Sym*(k™) for k > 1; and

e Wyi(n) = APK™ for 1 < k < n.
It is not the case that Win(n) = A"k". Indeed, according to our conventions 1" does not
correspond to a dominant weight. Instead A"k"™ is isomorphic to the trivial representation,
so A\"k"™ = Wy(n). O

2.6. Stable decompositions. Let o = (ki,..., k) be a partition of d with at most n — 1
parts. We will call d the degree of the partition. We will also say that d is the degree
of the irreducible representation W (n). Schur-Weyl duality implies that the irreducible
representation W, (n) appears in in (k”)®¢, and moreover that all irreducible representations
that appear in (k™)®¢ have degree at most d.

A classical observation is that for n > d + 1, the decomposition of (k)®¢ into irreducible
factors is independent of the parameter n in the following sense:

o If
(K")® = W, (n) @ --- W, (n)
for partitions o1, ..., o, then we also have
(kn+1)®d =W, (n+1)&--- W, (n+1).

Here are some examples of this:

Ezample 2.6. Consider (k™)®2. This decomposes into irreducible representations in the
following ways:

SAll these decompositions are calculated using the program “LiE”; see [35].
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o For n =2, as (k?)¥2 = W((2) & Wy(2).
e For n >3, as (k")®3 = W12 (n) ©@ Wa(n).
For n > 3, this is the decomposition into antisymmetric and symmetric tensors

(k™) = Wy2(n) @ Wa(n) = (A’k™) & Sym?(k").
For n = 2, this decomposition is degenerate since A%k? is the trivial representation Wq. [

Example 2.7. Consider (k™)®3. This decomposes into irreducible representations in the
following ways:

e For n =2, as (k?)®3 = W1(2)%2 & W3(2).

e For n =3, as (k3)®3 = Wy (3) ® Wy1(3)%2 @ W;3(3).

e Forn >4, as (k")®3 = Wys(n) ® Wa1(n)®? @ W3(n).
Here for n > 4 two of the factors are Wys(n) = A3k™ and W3(n) = Sym?®(k™), while
the other factor Wy ;(n) which appears with multiplicity 2 is harder to interpret. Let
{e1,...,en} be the standard basis for k™. Embedding A?k" into (k™)®? in the usual way,
the following are highest weight vectors with weight 2F; + Es:

w=e1®(egNe2) =e1Re; Rey —e] ®ey ey,
w=(e1Ne2)Re; =€ Rea®e; —ea ey ®ey.
The subrepresentations of (k™)®3 spanned by w and w’ are the two copies of Wy 1(n). These
are not unique, and any nontrivial linear combination of w and w’ is also a highest weight
vector of weight 2F; + Fs. O

More generally, if U is a representation of SL,, constructed from the standard representation
k™ using tensor powers, exterior powers, and symmetric powers, then U naturally embeds
into (k")®? for a d > 1 called its degree, and the decomposition of U into irreducible factors
is independent of n as long as n > d + 1. For example:

Ezample 2.8. Let U = Sym?(A%k™) ® k™. Then U embeds into (k”)®7 and has degree 7, and
the decomposition of U into irreducible representations is independent of n once n > 8. [

Convention 2.9. In light of all of this, we can decompose representations of SL, for
n > 0 by using a computer to make this decomposition for n larger than the degree of the
representation. This will be done silently throughout the remainder of the paper. ([l

Remark 2.10. The idea of stable decompositions of representations has since been subsumed
into Church—Farb’s notion of representation stability [10]. See [13] for a survey. O

3. FREE GROUPS AND FREE LIE ALGEBRAS

Our next topic is the Lie algebra associated to the lower central series of a group.
Everything we discuss here without reference can be found in [56].

3.1. Lower central series. Let G be a group. The lower central series of G is the following
inductively defined sequence of subgroups v4(G):

1(G) =G and v441(G) = [G,7a(G)] for d > 1.

By definition, G is nilpotent of degree at most d if v4.1(G) = 1. Each quotient group
Y4(G) /v4+1(G) is abelian. In fact, even more is true: the conjugation action of G on its
normal subgroup v4(G) descends to a trivial action of G on v4(G)/~4+1(G). This subsumes
being abelian since it implies in particular that the conjugation action of v4(G) on itself
descends to the trivial action on v4(G)/vi+1(G).
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3.2. Lie ring associated to the lower central series. For a group G and a field k, define
ﬁd(G; k) = ’)/d(G)/’YdJrl(G) ®k ford>1.

The commutator bracket [—, —] on G descends to a bilinear map L4(G; k) x L.(G; k) —
La+e(G; k) that we will also denote by [—, —]. Set

L(G;k) = éad(e; k).
d=1

The bracket discussed above turns £(G; k) into a graded Lie algebra over k that is generated
by its degree-1 elements £1(G; k) = G* @ k.

3.3. Free groups. Let F,, be the free group on n letters {x1,...,z,}. We thus have
L1(Fp; k) = F** @ k > k™.
For 1 <i < mn,let e; € L1(F,; k) be the image of x;. It follows from work of Magnus and

Witt that the graded Lie algebra L(F),; k) is isomorphic to the free Lie algebra FLie(k™)
over k generated by {ej,...,e,}.

3.4. Free Lie algebra in tensor algebra. Another way of viewing the free Lie algebra is

as follows. Let
T(k") = P)=
d>1
be the tensor algebra generated by k™. This can be turned into a graded Lie algebra using
the bracket
[t,t]| =t —t't fort,t' € T(K™).
We then have that FLie(k™) is isomorphic to the sub-Lie algebra of 7 (k™) generated by its
elements of degree 1, i.e., generated by the standard basis {ey,...,e,} for k™. In fact, 7 (k")
is what is called the universal enveloping algebra of the free Lie algebra.

3.5. Lie representation. Let k be a field of characteristic 0. The action of SL, (k) on k™
induces an action of SL,, (k) on FLie(k™). Each graded term FLiey(k™) is a finite-dimensional
algebraic representation of SL,, (k). In fact, using the embedding of the free Lie algebra into
the tensor algebra we see that FLieyg(k") is a subrepresentation of (k)®?. It is often called
the d'® Lie representation of SL,, (k). See [32] for a complete description of the decomposition
of the Lie representation into irreducible factors.

3.6. Low degree Lie representations. We will only need to understand the first few
terms of the Lie representation, which can easily be worked out by hand. Let E1,..., E, be
the characters of the maximal split torus of SL,,, so

E;(diag(ty,...,t,)) =t; forall ty,...t, € k™ such that t;---t, = 1.

To simplify our notation in the calculations below, we will omit the ® symbols when writing
elements of tensor powers of k™. For instance, ejeseq stands for e; ® es ® e1. Just like before,
all the representation theory calculations in the examples below were performed with LiE;
see [35].

Ezample 3.1. For n > 2, we have FLie; (k") = k™ = Wq(n). O

Ezample 3.2. For n > 3, we have FLiea(k™) = A?k™ = W2(n). This reflects the fact that
the Lie bracket is alternating. Regarding FLies(k™) as a subspace of (k™)®2, it has the
following highest weight vector with weight Fy + FEs:

[61, 62] = €1€9 — €ege. O
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FEzample 3.3. For n > 4, we have

FLie3(k") = —————— = Wy (n).
This isomorphism arises from the surjective Lie bracket map from
k" @ FLieg(k") = k™ ® A’k" = Wy 1(n) @ Wys(n)

to FLie3(k™). The fact that A3k™ =2 Wys(n) is in the kernel of this Lie bracket map follows
from the Jacobi identity. Regarding FLies(k™) as a subspace of (k")®3, it has the following
highest weight vector with weight 2FE; 4+ Fs:

le1,[e1, ea]] = [e1,e162 — eze1] = er1e1ea — 2e1e0e1 + ege16€. O
Example 3.4. For n > 5, we have
FLies(k™) = W3 1(n) © Waq2(n).
To see this, note that just like in degree 3 the Lie bracket map gives a surjection from
k" ® FLie3(k") 2 k" ® Wa1(n) = W3 1(n) © Wy 2(n) © Waa(n)

to FLies(k™). To see that this Lie bracket map takes k™ ® FLies(k™) to a representation
containing W3 1(n) and W 12(n), note that its image contains the following highest weight
vectors:
le1, [e1, [e1, ea]]] = [e1, e1e1ea — 2e1e9e1 + eze1e1]
= ejejereg — 3ererege; + 3ejeseie; — exereieq,
[le1, e2], [e1, e3]] = [e1e2 — ezeq, e1e3 — ezeq]
= (61626163 — 61636162) — (61626361 — 63616162)
— (62616163 — 61636261) + (62616361 — 63616261).
On the other hand, the kernel of the Lie bracket map contains a subrepresentation isomorphic
to Wa2(n). Indeed, the domain of the Lie bracket map is
(kn)®2 ® (/\21{”)
k" @ Ak

k" ® FLies (k")

The representation (k™)®? @ (A%k™) contains the subrepresentation Sym?(A?k™), whose
image in k" ® FLieg(k™) lies in the kernel of the Lie bracket map since the Lie bracket
map is alternating. Since Sym?(A?k™) is not contained in k™ ® A3k™, this give a nonzero
subrepresentation in the kernel of the Lie bracket map. The only possibility for it is Wy 2(n).
In fact,

Sym?(A%k™) = Was(n) ® Wia(n) = Was(n) @ ATk,
so it must be the case that the image of Sym?(A%?k™) in k™ ® FLiez(k") is
Sym?(A2k™)

/\4k” = WQ,Q(TL). OJ

4. JOHNSON FILTRATION AND HOMOMORPHISMS

The first Johnson homomorphism was introduced by Johnson [26] following earlier work
by Sullivan [57]. Johnson [27] later extended this to the higher Johnson homomorphisms.
This theory was then developed further by Morita [44] and many others. See [20, 55] for
surveys. This section discusses the basic properties of the Johnson homomorphisms.
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4.1. Johnson filtration. Recall that E; is a genus-g surface with one boundary component.
Fix a basepoint x € 62}] and let m = 71'1(2;, ). Since the mapping class group Mod; fixes
82; pointwise, the group Mod; acts on 7. This action preserves the lower central series
~i(m), so for each d > 1 we get an action of Mod; on the d-step nilpotent group

Na(m) = 7 /7ar1(m).

The d™ term of the Johnson filtration, denoted I}] [d], is the kernel of the action of Modé on
Ng(r). Since Ni(m) = 7> = Hy(}; Z), the first term of the Johnson filtration is the Torelli
group I;. The Johnson filtration thus forms a descending sequence of groups

Iy=T,1]>T)2 >3] >

The Dehn—Nielsen—Baer theorem [14, Chapter 8] says that Modgly acts faithfully on 7. Since
N3 Yat1(m) = 1 (see [15, Lemma 4.2] or [38, Theorem 1.2]), it follows that N3, Z}[d] = 1.

4.2. Basic properties. We will soon prove that each Z;[d]/ Z,[d+ 1] is abelian; indeed, the
d™ Johnson homomorphism is a homomorphism from I}] [d] to an abelian group whose kernel
is I; [d + 1]. Before doing this, we explain some basic properties of the Johnson filtration.

As we said above, I;[l] is the ordinary Torelli group. Building on work of Birman [1],
Powell ([48]; see [23, 49] for modern proofs) proved that I; = I;[l] is generated by two kinds
of elements. For a simple closed curve v on E;, let T, denote the left Dehn twist about +.
Powell’s generating set then includes:

e Separating twists, that is, Dehn twists T, such that z is a simple closed separating
curve on Z;.
e Bounding pair maps, that is products TxTy_1 such that x and y are disjoint nonsepa-
rating simple closed curves on E; such that z Uy separates E;.

Johnson ([29]; see [50] for a modern proof) proved that Ié[Z] is the subgroup of Torelli group
generated by Dehn twists about separating curves. For d > 3, no explicit generating set for
I; [d] is known, though [8] proves that for each d > 1 there is some hy such that I; [d] is
generated by mapping classes supported on subsurfaces of genus at most hy for all g > hy.

As far as finiteness properties go, Johnson [28] proved that Ié = Zé[l] is finitely generated
for g > 3. This is in contrast to Z3, which McCullough-Miller [39] proved is not finitely
generated. More recently, Ershov—He [12] and Church-Ershov—Putman [9] proved that 15[2]
is finitely generated for g > 4. Ershov—Franz [11] gave an enormous explicit finite generating
set for I; [2], though finding one of a reasonable size is still an open question. For d > 3,
Church-Ershov—Putman [9] proved that I; [d] is finitely generated for g > 2d — 1.

4.3. Johnson homomorphism preliminaries, I. Set H = Hl(Z;; Q). Recall that
FLiey(H) is the d graded piece of the free Lie algebra generated by H. Our next goal is to
construct a homomorphism 74: I; [d] = H @ FLieg11(H) called the Johnson homomorphism

such that ker(ry) = I; [d+1]. The construction we give originated in [27] and was elaborated
on by Morita [44]. Recall from §3 that

Ya+1(m)/Vare(m) ® Q = FLiegy 1 (H).

For w € v441(m), let Jw]gs1 be its image in FLiegyq(H).
Consider f € Mod;. For = € 7, set fi(z) = f(z)z~!. We thus have

f(x) = fe(x)x for all z € 7.
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The ¢ stands for “left”. If f € I;[d], then by definition we have fy(z) € v441(m) for all
x € 7. It thus makes sense to talk about [f¢(x)]441 € FLiegy1(H). These elements satisfy
the following key lemma:

Lemma 4.1. Let the notation be as above, and consider f € I;[d]. Then:

(1) For z,y € m, we have [fo(xy)]ars = [fe(@)arr + [fe(¥)]asr-
(ii) For z € [m,w|, we have [f¢(2)]a+1 = 0.

Proof. Conclusion (ii) follows from conclusion (i) since conclusion (i) implies that the map
2z [fe(2)]arr forall zem

is a homomorphism from 7 to the abelian group FLiegy1(H). We must therefore only prove
(i). Consider z,y € m. We have f(zy) = fo(vy)ry and

flay) = f(2)f(y) = fe(@)xfe(y)y = fe(@)zfoly)z™ 2y,
so fo(zy) = fo(z)xfo(y)z~t. It follows that
[fe(ey)larr = [fe(@)zfo(y)z™ Nara = [fe(@)ara+ [z fe(w)z™ Nars = [fe(@)arar+[fe(@)]ara-
Here the final equality follows from the fact that the conjugation action of 7 on v441(m)

descends to the trivial action on vg41(m)/va+2(m). O

4.4. Johnson homomorphism preliminaries, II. For [ € I;[d], define 74(f): m —
FLiegt:1(H) via the formula

Ta(f)(z) = [fe(x)]a+1 for all x € 7.

Lemma 4.1 implies that 74(f) is a homomorphism. The collection of homomorphisms
m — Fliegy1(H) forms a Q-vector space, so it makes sense to add two of them. We then
have:

Lemma 4.2. Let the notation be as above. For f,h € I_Ll][d], we have Tg(fh) = Ta(f) +7a(h).
Proof. Consider « € . By definition,
fh(z) = f(he(z)z) == f(he(2)) f(x) = fe(he(x))he(z) fo(2).
It follows that
Ta(fh)(x) = [fe(he(x))he(z) fo(2)] a4

= [fe(he(x))]a+r + [Pe()]arr + [fe(@)]ara

=0+7a(f)(x) + 7a(h)(2).
Here the final equality uses the fact that

he(x) € vgu1(m) C [, 7],

so by conclusion (ii) of Lemma 4.1 we have [f;(h¢(x))]a+1 = 0. O
4.5. The Johnson homomorphism. Lemma 4.2 implies that we can define a homomor-
phism 74: I; [d] — Hom(m, FLiegy1(H)) via the formula

7a(f) = [fe(z)]a41 for all x € .
Since FLieg 1 (H) is a Q-vector space and H = 7" ® Q, we have a canonical identification

Hom(m, FLiegy1(H)) = Hom(H, FLieg1 (H)).

Let w be the algebraic intersection form on H = Hl(Zé; Q). This is a symplectic form, and

thus establishes an isomorphism between H and its dual H* = Hom(H, Q). Using w, we
can identify

Hom(H, FLiegy1(H)) = H* ® FLieg,(H) = H ® FLiegy 1 (H).
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This identification identifies * ® k € H ® FLieq;1(H) with the following map H —
FLied+1(H ):

h+— w(z,h)k for h € H.
Combining all of our identifications, we define 74: I; [d] — FLiegqy1(H) ® H to be the
composition

I;[d] T, Hom(7, FLiegy1(H)) = Hom(H,FLieg1(H)) = H ® FLiegy1(H).

This is the d*® Johnson homomorphism.

4.6. Basic properties of Johnson homomorphism. We close this section by discussing
two basic properties of the Johnson homomorphism. The first is as follows:

Lemma 4.3. For all d > 1, the kernel of 74: I,ld] — H ® FLieq1(H) is Zj[d + 1].
Consequently, I}J [d]/ Z,ld+ 1] is free abelian.

Proof. By construction, the image of 7,4 lies in the integer points of H ® FLiegy1(H ), so the
second conclusion follows from the first. To prove the first conclusion, consider f € I}] [d].
We have 74(f) = 0 if and only if [f;(x)]q+1 = 0 for all z € w. By definition, [f/(z)]4+1 is
the image in
FLieg1(H) = va+1(7) /vat2(m) @ Q

of fu(z) € v441(m). Since 7 is a free group, Ygi+1(7)/Vas2(m) is free abelian (see [56]). It
follows that [fe¢(z)]a+1 = 0 for all z € 7 if and only if fy(z) € v442(m) for all z € w. Since
fe(z) = f(x)x~1, this holds if and only if f acts trivially on 7/v4.2(7), i.e., if and only if
feTid+1]. O

For the second, the action of Modé on H = Hl(E;; Q) induces an action of Modgll on
H ® FLieqy1(H). For k € H ® FLieg1(H) and ¢ € Modé, write ¢4 (k) for the image of x
under ¢. We then have:

Lemma 4.4. Letd > 1. For all f € I;[d] and ¢ € Mod;, we have 7q(dfo™ 1) = ¢u(1a(f)).

Proof. Regard 14(¢f¢~!) as a homomorphism 7 — FLieg,1(H). By definition, for z € 7
we have

ra(@fo~ ") (@) = [(6f6™)e(@)]ar1-

We have
(pf¢ De(@) = d(f(¢7 @)z = ¢ (flo (@)™ () = ¢ (fel¢™ ' (2))),
ra(ofo™ ") (@) = [¢ (fo(6™ (@) Jarr = ¢[fe(d™ (@)]as1 = & (ra(F) (¢~ (2))) -
This is exactly how ¢ is supposed to act on homomorphisms 7 — FLiegy1(H). ]

This has the following corollary. The action of Mod; on H = Hy (X)) preserves the algebraic
intersection form w, which is a symplectic form. As we discussed in the introduction, the
resulting homomorphism Mod}] — Spyy(Z) is surjective, and by definition Igl, is its kernel:

1 1
1 — T, — Mody; — Spy,(Z) — 1.

The action of Spy,(Z) on H extends to the algebraic group Spy,(Q). It follows that the
action of Modé on H ® FLieqy1(H) also comes from an action of Spy,(Z) that extends to
the algebraic group Spy,(Q). We then have:

Corollary 4.5. For all g,d > 1, the Q-span of the image of 74: Z; — H ® FLieg1(H) is
an Spy,(Q)-subrepresentation of H @ FLieg1(H).
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Proof. Lemma 4.4 implies that the Q-span of the image of 74 is an Spy,(Z)-subrepresentation.
Since Spy,(Z) is Zariski dense in Spy,(Q), all Spy,(Z)-subrepresentations are actually Spo, (Q)-
subrepresentations. The corollary follows. O

This corollary implies that to understand the image of 74, we need to understand the
representation theory of the algebraic group Spy,(Q). We will discuss this in §7 below after
first performing a number of calculations.

5. JOHNSON HOMOMORPHISM CALCULATIONS
We next calculate the images under the first and second Johnson homomorphisms of some

basic elements. Set H = Hl(Z;; Q) and ™ = 771(2;, *) with * € 9%,

5.1. Separating twists, first Johnson homomorphism. We start with the following.
Recall that the first Johnson homomorphism takes the form 7y : I;[l] — H ®Lieg(H). Since

Lieo(H) = A?H (see Example 3.2), the target of this is H @ A2H.
Lemma 5.1. For some g > 1, let T, be a separating twist in I; = I;[l]. Then 71 (T) = 0.

Proof. Let S and S’ be the subsurfaces of E; on either side of z. Order them such that
82; c S soS = E,ll for some 1 < h < g. Let ¢ € 7 be the following curve:

Regard 71(T,) as a map H — FLiey(H). To prove that 7(7T,) = 0, it is enough to prove
that 71(7%) vanishes on the images of Hy(S) and H;(S’) in H. This is trivial for the image
of H1(S"), so we must only prove it for the image of Hy(S). Identify H;(S) with its image in
H. As the following shows, an element u € H;(S) can be written as u = [¢], where 0 € 7
satisfies T, (o) = Co¢ ™%

We have (T},)¢(0) = Co¢to™t = [(,0], so 71(T})(u) = [[¢,0]]2. Since ¢ € [r, 7] we have
[C,0] € y3(m), so [[¢,o]]2 = 0, as desired. 0

Remark 5.2. Lemma 5.1 implies that separating twists lie in Z}] [2]. See §5.6 for how to
calculate their image under 75 : I; [2] - H ® FLies(H). O

5.2. Separating simple closed curves. Before we perform our next Johnson homomor-
phism calculation, we need a preliminary result. As in the following figure, let { € ™ be a
simple closed curve that bounds on its right a subsurface S with S & E}L for some h > 1:
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We have ¢ € [r, 7], so it makes sense to discuss [(]2 € FLiea(H) = A2H. Our goal is to
calculate [(]a.

Identify H;(S;Q) with its image in H. The subspace H1(S;Q) is a symplectic subspace of
H, i.e., a subspace on which the algebraic intersection pairing restricts to a nondegenerate
form. Let V' be a symplectic subspace of H and let wy be the restriction of the algebraic
intersection form to V. Since wy is nondegenerate, it identifies V' with its dual V*. Using
this identification, we can identify wy with an element

wy € (N2V)* = A2V C A%H.

If {uy,v1,...,up, vy} is a symplectic basis for V', then wy = ug Avy + -+ -+ up Avy. We then
have the following:

Lemma 5.3. Let ( € w be a simple closed curve that bounds on its right a subsurface S with
S=3%! for some h > 1. Set V. =H;(S;Q). We then have [(]2 = wy.

Proof. As the figure below shows, we can write ¢ = [u1, 1]+ [un, va] for simple closed
curves f41, 1, - - ., bh, Vp € m such that the following holds:
e Letting u; = [p;] € H and v; = [;] € H be the homology classes of u;,v; € 7, the
vectors {uy,v1,...,up, vy} form a symplectic basis for V= H;(S; Q).

‘We then have

<Dz = Mlpa, 1l -+ - [pns vnll2 = [lpas ]l + - + [lpn, valll2
=uy ANv1 4+ +up Nvp = wy. O

5.3. Bounding pair maps, I. Recall that a bounding pair map is a product T‘%Ty_1 € I}],
where x and y are disjoint nonseparating curves on E; such that x Uy separates E;. Let S
and S’ be the subsurfaces on either side of Uy, ordered such that 82; C S’. We therefore
have S 2 2 and S’ = Eg—h—1 for some 1 <h<g-—1:
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As in this figure, orient  and y such that S is to the left of z and the right of y. We call
this the canonical orientation of x and y. Let U C H and U’ C H be the images of H;(S; Q)
and Hy(5";Q). We call the ordered pair (U,U’) the bounded subspaces of x Uy. Let w be
the algebraic intersection pairing on H. For a subspace W C H, let

t={heH|wh,w) =0foralweW}.

We have U + U’ = ([z])* and U N U’ = ([z]). Finally, say that an integral dual to [z] is an
element h € H with the following two properties:

e w(h,[z]) =1; and

e he Hl(E;; Z) C H, i.e., h is an integral point of H.
This implies that ([z], h)* is a symplectic subspace of H. Letting V = U N ([z], h)* and
V! =U' N {([x],h)"*, it also implies that V and V' are symplectic subspaces of H such that
([x], )+ =V @ V'. This direct sum decomposition is orthogonal with respect to w. We call
(V, V') the bounded splitting of the pair (x Uy, h). With these preliminaries, we have the
following:

Lemma 5.4. Let TgﬁTy_1 € Ié be a bounding pair map. Give x and y their canonical
orientations, and let (U,U") be the bounded subspaces of x Uy. Regard (TxTy_l) as a map
H — N’H. The following hold:
(i) For w € U, we have 7 (T, T, " )( )= —[z] A
(it) For u' € U, we have (T, T, ")(u) = 0.
(iii) For an integral dual h € H to [z], le (V V’) be the bounded splitting of the pair
(zUy,h). We then have 1 (T, T, ") (h) =
Proof. We prove the three parts separately:
Claim 1. For u € U, we have Tl(TzT_l)(u) = —[33] Au.

Let € € m be the following curve, so [£] = ; see here:

O

It is enough to prove the claim for v an integral point of U. This implies that u = [u] for a
curve p € m with TzTy_l(,u) = &ué1; see here:

This implies that (TITfl)g( ) = §,u£*1/f1 = [&, pl, so
n(LT, ) () = [[€ ml]2 = [ A [u] = —[2] A
Claim 2. For v’ € U’, we have Tl(Tngl)(u’) =0.

It is enough to prove the claim for v/ an integral point of U’. This implies that u' = [1/]
for a curve p’ €  that is fixed by T, =Ty L. For such a «/, the claim is obvious.

Claim 3. For an integral dual h € H to [z], let (V, V') be the bounded splitting of the pair
(x Uy, h). We then have 1 (TxTy_l)(h) = —wy.
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To make our pictures easier to follow, we will invert 7,7, L and prove that 71 (T, T, ') = wy.
Since h is an integral dual to [z], we can find a simple closed curve v € 7 with h = [v] that
intersects both x and y once; see here:

Set ¢ = (TyTw—l)[(V) = (Tmi_l(V)) v~1: see here:

\

As this figure shows, ( is a simple closed separating curve that bounds on its right a surface
T with Hy(T;Q) = V. It therefore follows from Lemma 5.3 that

(T, T, ) (h) = [(T,T, ) e(w)]2 = [Cl2 = wv O

5.4. Bounding pair maps, II. We next translate Lemma 5.4 into a more useful form. The
first Johnson homomorphism is of the form 7 : I; — H @ A2H. Tts target H ® A% contains
a copy of A3H, namely the image of the map

hiAha Ahs € N°H v+ hy @ (ha @ hg) — ha @ (hy A hg) + hg @ (hy A ha) € H® N*H.
We then have the following.

Lemma 5.5. Let TC,;Ty_1 € I; be a bounding pair map. Give x and y their canonical
orientations, and let {uy,v1,...,up,vp} be the homology classes of loops as in the following

figure:
@ @% -

Then (T, T, Aug Avy+---+up Avy) € NBPH C H® N2 H.

Proof. Complete {ui,vi,...,up, v} to a symplectic basis {u,v1,...,uq, vy} for H with
vp+1 = [z] and wup4q an integral dual to [z]. Lemma 5.4 says that regarded as a map
H — A?H, we have that 7 (T, 2Ty 1) is given by the following formulas:

o T (T,T, ) (ui) = —[z] Aw; and 7y (T T, ") (vi) = —[x] Aw; for 1 <i < h.

° Tl(TxTy_l)(uh_;,_l) = —(Ul ANvL+---t+u, A\ Uh).

e 71(T,T, ') vanishes on all other elements of {u1,v1,...,ug, vy}
Translating this into an element of H ® A’H, we get

h
(Zvﬂ@([m]/\ui)—ui®([x}/\vi)> + [2] ® (ur Aoy + -+ +up Avp)

h

h
:Z ([2] ® (ui Avi) —u; @ ([2] Avi) + v @ ([x] Awg)) = Z[w] A u; A ;. O
i=1 =1
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5.5. Simply intersecting pair maps. Let 01, 02, 03 be three disjoint oriented simple closed
curves on E;. Our next goal is to construct f € 1'!1; with 71 (f) = £01 A 02 A 95 for some
choice of sign. Assume that Z is a subsurface of E; such that Z = ¥ and such that the 0
are each boundary components of Z:

As in the following figure, let x and y be simple closed curves on Z that intersect twice with
opposite signs, so their algebraic intersection number is 0:

%
A

Since the algebraic intersection number of x and y is 0, their actions on H commute and
1T, T, € I}]. We will call [T,,T,] € I; a simply intersecting pair map supported on Z.
These have the desired image under 71:

Lemma 5.6. Let Z be a subsurface of Zé such that Z = Y3 and let [T, T, € 1'51] be a simply
intersecting pair map supported on Z. Let 01,02,03 be three boundary components of Z.
Orienting the 0; arbitrarily, we then have

([T, T,)]) = £[1] A [2] A 03] € A°H € H® A’H.

Proof. Since we have already made a number of calculations, we leave this one to the reader.
It can be done by carefully studying the action of [T, T,] on 7, or alternatively by factoring
[T, T,] as a product of bounding pair maps. See [7] for the details of this calculation. [

Remark 5.7. Let Z and 0y, 02,03 be as in Lemma 5.6 and let d4 be the fourth boundary
component of Z. It might seem confusing that 04 plays no role in Lemma 5.6. The reason
for this is as follows. Orienting 04 arbitrarily, since 9; U --- U 04 bounds Z there exists
€1,...,€4 € {£1} such that

€1[01] + €2[02] + €3[03] + €4[04] = 0.
This implies that replacing one of 0, d2, J3 with d4 would not not change +[01]A[02]A[05]. O

5.6. Separating twists, second Johnson homomorphism. Lemma 5.1 implies that
separating twists T lie in I}] [2]. In fact, Johnson [29] proved that separating twists generate

Z4[2], which is the domain of the second Johnson homomorphism 75: Z;[2] — H @ FLies(H).
Our final goal in this section is to calculate

H®/\2HQH®2®/\2H
NS H T O HQNH

Here the second equality was explained in Example 3.3. We have the following:

7(T.) € H® FLieg(H) =~ H®

Lemma 5.8. Let T, be a separating twist in I; [2]. Let S and S’ be the subsurfaces of Z;
on either side of z. Order them such that 82; C S, s0S2%] for somel <h<g. LetV
be the image of H1(S;Q) in H. Then 1o(T,) is the image of —wy @ wy € (A2H)® (A2H) in
(H®? @ N2H)/(H @ A°H).
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Proof. Let ¢ € 7 be the following curve:

S
OO eee OO
Z
By the proof of Lemma 5.3, we can write ( = [u1,v1] - [un, V] for simple closed curves

W1, V1, ..., lp, Yy € T such that the following holds:
e Letting u; = [u;] € H and v; = [;] € H be the homology classes of u;,v; € 7, the
vectors {uy,v1,...,up, vy} form a symplectic basis for V- = H;(S; Q).

As in Lemma 5.3, the image of ¢ in FLieg(H) = A2H is wy = u1 Avy + - -+ up A vp.

Just like in the proof of Lemma 5.8, we have T} (u;) = (¢ " and T, (v;) = (vi¢ ™! for
1 < < h. This implies that (T2)e(p:) = Cui¢ ™y ' = (i, €171 and (T2)e(vi) = Cui¢ 1yt =
[vi,¢]7!. Considered as a map
H® AN*H

NSH
we deduce that 75(7%,) vanishes on the image of Hy(S’) and has the following behavior on
Hi(S): for 1 < i < h, we have

72(T2) (u) = [[pi, ¢ '3 = —[uws, wv],
72(T2) (vi) = [[vi, {] '3 = —[vi, wy].

Translating this into an element of H ® Lies(H) = (H*? @ A’H)/(H ® A3H), this is exactly
the image of

H — FLies(H) =

h h
_Z((ui®vi)®wv—(vi®uz~)®wv) = _Z(ui/\vi)@’w\/: —wy @ wy
i=1 i=1
in (H*? ® A2H)/(H @ N3H). O

6. IMAGE OF THE JOHNSON HOMOMORPHISM

For some g > 1, let H = Hl(E}]; Q). From the calculations in the previous section, it is

immediate that the Johnson homomorphism 74: I; [d] = H ® FLiegy1(H) is not surjective.
Our goal in this section is to prove the following theorem of Morita which explains this:

Theorem 6.1 (Morita, [44, Corollary 3.2]). For all g,d > 1 the image of 74: I;[d] —
H ®FLieg1(H) is contained in the kernel of the Lie algebra bracket map H @ FLiegy1(H) —
FLied+2 (H) .

Before proving this, we discuss the extent to which it characterizes the image of 74:

e For d = 1, by Example 3.2 we have FLieg(H) = A2H. We observed in Example 3.3
that the kernel of the Lie bracket map from H ® FLieo(H) = H ® A?H to Lieg(H)
is A3H, so by Theorem 6.1 the Q-span of the image of 7 is contained in A3H.
Johnson [26] proved that the Q-span of the image of 71 equals A2H. We describe
this calculation in §9 below.

e For d = 2, by Example 3.3 we have

H® N*H
NH
We observed in Example 3.4 that the kernel of the Lie bracket map from
H®? @ A°H
H®NH

FLies(H) =

H ® FLies(H) =
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to Lieg(H) is isomorphic to Sym?(A2H)/ A* H, so by Theorem 6.1 the Q-span of the

image of 75 is contained in Sym?(A2H)/ A* H. Morita [43] proved that the Q-span of

the image of 75 equals Sym?(A2H)/ A* H. We describe this calculation in §10 below.
Morita [44] proved that for d > 3 there are restrictions on the image of 74 beyond Theorem
6.1. There is now an enormous literature on the image of the higher Johnson homomorphisms.
See [20, 45, 46, 55] for discussions of this literature.

Proof of Theorem 6.1. Fix a basepoint * € 821 and set m = m; (E %). Let 0 € 7 be the
loop around the boundary component, orlented such that the surface is to its right. Since
Modé fixes 82; pointwise, the action of Mod; on 7 fixes the curve 0. As we will see, this
will ultimately be responsible for this theorem.

As in the proof of Lemma 5.3, we can write 0 = [, B1] - - - [ag, Bg] for simple closed curves
at, B, ..., a4, By € . Letting a; = [oy] € H and b; = [3;] € H be the homology classes of
these curves, the elements {a1,b1,...,a4,by} form a symplectic basis for H.

Consider f € Zy[d]. For 1 <i < g, write fy(ew) = @ € yag1(w) and fo(B;) = B; € Yara ().
Regarding 74(f) as an element of Hom(H, FLieg.1(H)), for 1 <i < g we have
7a(f)(ai) = [@ilasr,
7a(f)(b:i) = [Bila+1-
It follows that as an element of H ® FLieg;1(H ), we have

- Z (ai @ [Billar1 — bi @ [@ilat) -

i=1

From this, we see that the following element of ~v412(7) maps to the image of 74(f) under
the bracket map H ® FLiegy1(H) — FLiegyo(H):

(= H Billa, Bil

To prove the theorem, we must prove that [([412 = 0. Writing = for equality modulo
Ya+3(m), we must equivalently prove that ¢ = 1.
To see this, observe that

(6.1) (e, Bi]) = [@ici, B;3i].

For a group G and z,y € G, our commutator convention is [z, y] = zyx~ly~L Forx,y,z € G,

we thus have
[vy, 2] = zly, zJa" [z, 2] and  [x,yz2] = [z, ylylz, 2]y

Applying this to (6.1), we see that
f([azyﬁz]) = [04275 /31] [a1713 Bz]
— (@ilos, Bifa; ) (@Bilos BIB; o) (@ B (Bilai. 1B; ).

Since @, 3; € Y4+1(7), the following hold:

o @filai BB @ = [ai, A and

o [@, 8] =1; and

e [y, 3;] and [@;, B;] commute with everything modulo g4 3(7).
Applying these to the above identity, we deduce that

[ (v, Bi]) = [ou, Bi v, Bil[ai, Bil-
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Keeping in mind that f(0) = 0 and 0 = [a1, 1] - - [, Bg], we can multiply all of these
terms together and commute the terms [as, 8;] and [@;, 3;] around and see that

0 = f(0) = [ [lew, Billew, Bl Bi] = <H[ai,5i]> (H[%ﬁi][%ﬁi]) = 0-C.

=1 =1 =1

Rearranging this, we see that ( = 1, as desired. O

7. REPRESENTATION THEORY OF Spy,

Before describing the images of 71 and 75, we pause to describe the representation theory
of the algebraic group Spy, over a field k of characteristic 0. As in our discussion of SL;, in
§2, everything we discuss can be found in [5], and in the slightly different language of Lie
algebra representations can also be found in [16].

7.1. Symplectic basis. Let {a1,b1,...,a,,b,} be the standard symplectic basis for k?9. As
is standard, we will describe elements of Sp, (k) using matrices whose first g columns give
the images of a1, ...,a, and whose last g columns gives the images of b1,...,b,. Letting

(0 I,
7= (5 %),
the group Spy, (k) thus consists of 2g x 2g matrices M such that M*JM = J.
7.2. Self-duality and the symplectic form. Let H = k9 be the standard representation
of Spy,(k) and let w be the symplectic form on H that is preserved by Spy (k). The form
w is an alternating bilinear form w: H x H — k that is nondegenerate in the sense that it

identifies H with its dual H* = Hom(H, k). Since Spy,(k) preserves w, it follows that H
and H* are isomorphic representations of Spy,(k). It follows that

we (N2H)* =2 A°H* =2 A\?H.

We will henceforth identify w with its image in A?H. The element w € A?H is invariant
under SpQQ(k), so it spans a trivial subrepresentation of A2H. With respect to the symplectic
basis {a1,b1,...,ag4,bs}, we have

w=ai Aby+---+ag Nby.

7.3. Maximal split torus. Let T be the subgroup of Sp,, consisting of diagonal matrices.
This notation conflicts with our notation for the corresponding subgroup of SL,,, but context
should make it clear which group we are talking about. For ¢1,...,t, € k*, set

(7.1) diagg, (t1, ..., ty) = diag(ts, ... tg,t7 ", ... 1, ") € T(k).
The group T(k) is exactly the group of matrices of the form diagg,(t1,...,,), so
T(k) = (k™)9.
For 1 <i<g,let E; € x(T) be the character
Ei(diagg,(t1,. .., tg)) = ;.

The group of characters x(T) is then isomorphic to Z9 and is generated by {E1,..., E4}.
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7.4. Weight decomposition. Using T, we can talk about weight vectors for representations
of Spy,. The inverses in (7.1) make this slightly more complicated than for SL,,. Here are
some examples of weight vectors:

Example 7.1. In H, the vector a; is a weight vector with weight F; and the vector b; is a
weight vector with weight —FE;. O

Example 7.2. In N2H, for 1 < i < j < g the vector a; A b; is a weight vector with weight
E; — E;. When i = j, things degenerate and a; A b; is a weight vector with weight 0, i.e., it
is fixed by T(k). The sum of all of these is w = a; A by + - -+ + a4 A by, which is fixed not
only by T(k) but by all of Spy, (k). O

7.5. Standard unipotent subgroups. For representations of SL,,, we defined highest
weight vectors to be weight vectors that are fixed by the unipotent subgroup of upper
triangular matrices. The corresponding notion of Spy, is more complicated since the
subgroup corresponding to “upper triangular matrices” is slightly more complicated.

The standard embedding of GL4(k) into Spy, (k) is as follows:

M € GLy(k) s (]‘04 (Mg)_1> € Spyy (K).

The image of the standard embedding is exactly the subgroup of Spy (k) consisting of
symplectic matrices preserving the subspaces (a1, ..., aq) and (b1, ..., by). Define Uy < Spy,
to be the image of the group of strictly upper triangular matrices in GL4 under the standard
embedding.

Next, for a g x g matrix M over k with M* = M, we have a corresponding element of

SpQg(k):
(Ig *Z) € Spoy (Z).

Define Uy to be the subgroup of Spy, consisting of such matrices.

Remark 7.3. The subgroup U of Spy, generated by Uy and Uz is what plays the role of
strictly upper triangular matrices, but it is convenient to separate out the roles played by
U1 and UQ. ]

7.6. Highest weight vectors. If V' is a representation of Spy,, then a highest weight vector
in V with weight x € x(T) is a nonzero vector v € V such that:

e v is a weight vector with weight x, so v # 0 and v € V; and

e v is fixed by all elements of U (k) and Uz (k).
A highest weight of V' is the weight of a highest weight vector in V.

The integer points U;(Z) and Ug(Z) are Zariski dense in U (k) and Us(k), so to check
that a weight vector v € V is a highest weight vector it is enough to check that it is invariant
under U;(Z) and Uz(Z). In fact, it is enough to check this on generators for these groups,
which are as follows:

e Forl <i < j < g, the matrix X;; € Uj(k) that fixes all elements of {a1, b1, ..., a4,b4}
except for a; and b;, on which it does the following:

Xz-j(aj) = a; t+ ag,
Xij<bi) =b; — b;.

e For 1 <i < g, the matrix Y; € Uy(k) that fixes all elements of {a1,b1,...,aq,by}
except for b;, on which it does the following;:

Yi(bi) = bi + a;.
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e Forl <i < j < g, thematrix Z;; € Uy(k) that fixes all elements of {a1,b1,...,aq,by}
except for b; and b;, on which it does the following:

Zij(bi) = bi + aj,
Zi'(bj) = bj + a;.
We remark that these are examples of elementary symplectic matrices.

Ezxample 7.4. For H, the vector a; is a highest weight vector with weight Fq. One can check
that up to scaling this is the unique highest weight vector. O

Example 7.5. In A2H, the vector a; A ag is a highest weight vector with weight F; + E.
However, it is not the only highest weight vector: the vector

w=a Aby+---+agNby

is also a highest weight vector, this time with weight 0. In fact, as we we noted above w is
fixed by Spy,(k), not just by its subgroups U (k) and Uz (k). It is enlightening to prove
this directly by examining the action of the elements X;; and Y; and Z;; on w. O

7.7. Theorem of the highest weight. Just like for SLy,, the representation theory of Spy,
is controlled by highest weight vectors. Indeed, the theorem of the highest weight says that
the following hold:

(a) All representations of Spy, decompose as direct sums of irreducible representations.

(b) Up to scaling, each irreducible representation V' of Spyy contains a unique highest
weight vector.

(c) If V is an arbitrary representation of Spy, and v € V' is a highest weight vector, then
the smallest subrepresentation containing v is irreducible.

(d) If V and V' are irreducible representations of Spy, with highest weight vectors v € V/
and v’ € V’/ and if the weights of v and v’ are the same, then V and V' are isomorphic
representations.

7.8. Dominant weights. To complete the picture of the representation theory of Spy,, we
must identify the weights that can appear as highest weights of irreducible representations
of Spyg. A dominant weight is a character

X:k1E1+"‘+kgEg Withk‘l,...,kﬁgEZ

such that k; > --- > k4 > 0. Note that unlike for SL,,, there are no relations between the
E;, so we cannot ensure that the last coordinate is 0. The dominant weights are exactly the
weights of irreducible representations of Spy,. If the x above is a dominant weight, we will
denote by V,(g) the irreducible representation of Sp,y, with highest weight x.

Recall that a partition of an integer d of length m > 0 is a tuple o = (kq, ..., ky,) with
ki>--->kp>1and k1 + -k, =d. The dominant weights for SpQg are in bijection with
partitions of integers with length at most g. Given such a partition o = (ki, ..., ky,), the
corresponding dominant weight is

x=FkFE1+- -+ knEn.
We will also write V,(g) for V(g).

Convention 7.6. We will denote multiplicities in partitions using superscripts. For instance,
if o = (5,4,4,4,1,1) then we will write Vj 43 12(g) for V4(g). O

Here are some examples of this notation. Recall that H = k29 is the standard representa-
tion of Spy, (k).



24 ANDREW PUTMAN

Ezample 7.7. We have Vi(g) = Sym*(H). The highest weight vector in Sym®(H) with
weight kE7 is a-...-a;. O

Ezample 7.8. Unlike for SL,,, in most cases A¥H is not irreducible. Indeed, for 1 < k < g
we have

AR = Vik(9) @ Vik—2(9) ®---® Vo(g) if kis even,
Vie(9) © Vir—2(9) ® - ® Vi(g) if k is odd.

The highest weight vectors corresponding to these decompositions are as follows. As in §7.2
let w=a; Aby +---+ag Aby. Then for all d > 0 such that & —2d > 0 the vector

arANas A Aap_og AwA - Aw € AFH

with d factors of w is a highest weight vector with weight E1 + - -+ + Ei_9q. We will explain
how to justify these decompositions with a computer below. ([l

7.9. Stable decompositions. Just like for SL,,, there is a notion of stability for represen-
tations of Spy,(k). Let o = (k1,...,ky) be a partition of d with at most g parts. We will
call d the degree of the partition. We will also say that d is the degree of the irreducible
representation V,(g). Schur—Weyl duality implies that the irreducible representation V,(g)
appears in in H®?, and moreover that all irreducible representations that appear in H®¢
have degree at most d.

A classical observation is that for g > d, the decomposition of H®? into irreducible factors
is independent of the parameter g in the following sense. Since we will need to distinguish
between H = k29 for different values of g, we will write H(g) for H.

o If

H(g)®d = Vc71 (g) - VO’k <g>

for partitions o1, ..., 0k, then we also have
H(g+1)* = Vo (g + 1)@ Vo (g +1).

More generally, if U is a representation of Spy, constructed from the standard represen-
tation H using tensor powers, exterior powers, and symmetric powers, then U naturally
embeds into H(g)® for a d > 1 called its degree, and the decomposition of U into irreducible
factors is independent of g as long as g > d.

Convention 7.9. In light of all of this, we can decompose representations of Spy, for
g > 0 by using a computer to make this decomposition for g at least the degree of the
representation. This will be done silently throughout the remainder of the paper. ([l

8. PROJECTION MAPS AND REPRESENTATION THEORY

We now explore some more features of the representation theory of Spy, over a field k of

characteristic 0. Let H = k29 be the standard representation, let w € A2H be the symplectic
form, and let {ai,b1,...,aq,by} be the standard symplectic basis for H.

8.1. Projection maps. For k > 0, define a projection map qi: A**2 H — AFH via the
following formula:

Gl A Ahgo) = > (1) w0y B )hy A g A Ay A A by,
1<i<j<k+2

This formula makes sense since the right hand side changes sign when two of the h; are
swapped. We claim that ¢, is surjective. To prove this, it is enough to prove that its image
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contains all highest weight vectors in A¥H. As we saw in Example 7.8, these are exactly
scalar multiples of the vectors of the following form for 0 < d < k/2:

Wpa=0a1 A ANag_oa AwA---Aw e AH

In wy, 4, there are d factors of w. It is then an enlightening calculation to show that g (wky2.4)
is a nonzero multiple® of Wk, d, SO Wy 4 is in the image of ¢;. The kernel of ¢ contains the
highest weight vector aj A --- A aj42 generating the irreducible factor Vyii2(g) of AF2H.
Since this is the only irreducible factor of A¥*2H not accounted for by the surjective map
qi: A2 H — AFH | this must be the entire kernel. In other words, we have a short exact
sequence of representations

0 — Viera(g) — AFP2H 25 AP — 0.

8.2. Splitting H. We will be particularly interested in q1: A2 H — H. Let v: H — N3H
be the embedding ¢(h) = h A w. It is almost the case that ¢; splits ¢. Indeed, consider a

nonzero u € H. We can find a symplectic basis {u1,v1,...,uq, vy} for H such that u = u;.
We then have

a1 (t(w) = qu(ug A (ug Avy + -+ ug Avg))
=q(ut ANug Ava+ - +ur Aug Avg) = (9 — 1)u.

In other words, g1 o¢: H — H is multiplication by (g — 1).

8.3. Splitting the quotient by H. Regard H as a subspace of A3H via the inclusion
.. Let p: N> H — (A3H)/H be the projection, so we have a short exact sequence of
Spyg-representations

0— H - N3H 25 (N°H)/H — 0.

This splits via the map o: (ASH)/H — A3H taking x € (A2H)/H to the unique o(x) € ASH
with p(o(k)) = k and ¢1(0(k)) = 0. Since ¢; o ¢ is multiplication by (g — 1), we can make
this more explicit as follows:
e Consider k € (A3H)/H. Let & € A>H be any element with p(&) = k. Set h = q1 (k).
Then
~ 1
o(k)=k— ——hAw.
g—1

Since ¢1(h Aw) = (g — 1)h, this is the unique element of ker(q;) projecting to .

For k € A3H, let & = p(k). Below are two examples of o (%) for different k € A3H.

Ezxample 8.1. For 1 < i < j < k < g, we have o(a; Aaj ANar) = a; A aj A aj since
ql(ai/\aj /\ak) =0. ]

Ezxample 8.2. For distinct 1 < 1,5 < g, we have

AT 1
o(a; Naj Nbj) =a; A (aj Nbj — ——w).

Indeed, since g (a; A aj Abj) = a; € H, the above recipe shows that

_— 1 1
U(CLZ-/\aj/\bj):ai/\aj/\bj— 1ai/\w:ai/\(aj/\bj—71w). L]
g9 - g9 -
6We will write out the details of this for k = 1 in §8.2 below. This will be the only case we need in the
remainder of the paper.
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8.4. Generating subrepresentations. As we will soon see, for our proofs the most
important representation of Spy, is A2 A3 H. We will need to certify that subrepresentations
of its quotient A2((A3H)/H) contain specific irreducible factors. Rather than try to prove a
general result, we will prove two lemmas that contain exactly what we need.”

Lemma 8.3. Let g > 6 and let {a1,b1,...,a4,bq} be the standard symplectic basis for H. Let
V be the subrepresentation of A2((AN3H)/H) generated by 6 = (a1 A az A az) A (ag A as Abs).
Then V' contains a copy of V14(g).
Proof. Let o: (N3H)/H — AH be the section of the projection p: A3 H — (ASH)/H
discussed above and let ¢: A2 ASH — ASH be the following map:

<Z>((u1 N v /\'lUl)/\(UQ/\'UQ/\U)Q)) = u1 ANv1 ANwi A uz A\ vy A\ ws.
Consider the composition

¢

N2(ABH)/H 2275 A2 A3 H s NOH —25 AH.

Since a; A --- A aq € A*H is a highest weight vector for a copy of V;1(g), it is enough to
prove that this composition takes @ to a nonzero multiple of a; A --- A as. In fact, to make
our formulas clearer we will prove this not for 8 but for (1 — g)f. We calculate the image of
(1 — ¢)0 under the above composition as follows. First, we calculate the image under A2o:

A2o((1— )8) = (1 — g)(ar A Aaz Aaz) A (as A (a5 A bs — gilw))
= (a1 ANag Aag) A (ag A (1 — g)as A bs + w)).

Next, we apply ¢ and get

ay Nag ANaz Aag A ((1 —g)as A bs +w)

=ai Nag ANazg Nas A\ ((2—g)as Abs +ag Abs + -+ ag Aby).

Finally, we apply ¢4 and get

(2—=9g)+(g—5)) a1 Naz Nas AN ag = —3a1 AN az A as A ay. O
Lemma 8.4. Let g > 6 and let {a1,b1,...,a4,by} be the standard symplectic basis for H. Let
V be the subrepresentation of N2((A2H)/H) generated by 0 = (a1 A ag Aby) A (ag A az A bs3).
Then V' contains a copy of Vi2(g).

Proof. Let o: (N3H)/H — A*H be the section of the projection p: A3 H — (ASH)/H
discussed above and let ¢: A2 ASH — ASH be the following map:

d)((ul/\vl/\wl)/\(uQ/\vg/\wg)):ulAm/\fwlAuQ/\vg/\wQ.

Consider the composition

N2(NSHYJH 22 2273 H 2y ASH %5 AYH 25 A2

Since a; A az € A2H is a highest weight vector for a copy of V;2(g), it is enough to prove
that this composition takes 6 to a nonzero multiple of aj A as. In fact, to make our formulas
clearer we will prove this not for # but for (1 — g)?6. We calculate the image of (1 — g)20
under the above composition as follows. First, we calculate the image under A%o:

N2o((1— g)%) = (1 — g)%(a1 A (as A by — gilw)) A (s A (a3 A by — giﬁ”))
= (a1 A ((1 —g)ag ANbg+w)) A (a2 A ((1 — g)as A b +w)).

"These results might seem unmotivated on a first reading, but we promise the reader that they will prove
to be crucial.
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Next, we apply ¢ and get
ay A ((1—=g)ag ANbg+w) Aaz A ((1 — g)az A bs + w)
=a1 Nag N (a3 ANbz+ (2 —g)as Nbs+as ANbs+---+ag Abg)
AN((2—g)agANbz+as ANbs+as ANbs+---+ag Abg).

Finally, we apply gz 0o q4: A® H — A2H. It is convenient to break this up into the sum of
four terms:

q2OQ4(CL1/\CLQ/\(a3/\b3+"'-l—(lg/\bg)/\(Cbg/\b3+"'+ag/\bg))
=2(g—2)(g — 3)a1 A aq,

and
g oqi(ar Naa A ((1 —g)as Nbg) A (as ANbs + -+ ag A b))
=2(1-g)(g —4)a1 A as,
and
g2 0 qa(ar Aag A (as Abs + -+ ag Abg) A ((1— g)ag Abs))
=2(1—g)(g—4)a1 A aq,
and

g2 0 qa(ar A ag A ((1 = g)(as Aba)) A ((1—g)(az Ab3)))
=2(1—g)(1 —g)a1 A as.
Adding these all up, we get
(209 -2)(g—3)+4(1 —g)(g —4) +2(1 —g)(1 —g)) a1 ANag = (69 — 2)ay Naz. O

9. FIRST JOHNSON HOMOMORPHISM

Fix some g > 3 and let H = Hl(Zé; Q). Recall from Example 3.2 that FLieg(H) = A2H &
Vo(g) ® Vi2(g). We observed in Example 3.3 that the kernel of the Lie bracket map from

H @ FLiey(H) = H® N’H = Vi3(9) ® Vi(9)®* @ V2,1(9)
to Lieg(H) is
N H 2 Vi3(9) ® Vi(g)-
Theorem 6.1 therefore implies that the Q-span of the image of 7 : I; — H ® FLieo(H) is
contained in A3H. Johnson [26] proved that the Q-span of the image of 71 equals A3H. This

section proves this and uses it to describe Hl(I;; Q).
In fact, Johnson proved something stronger:

Theorem 9.1 (Johnson, [26]). For some g > 3, let Hz = Hi(X};Z) C H. Then the image
of 1: I; — H ® A?H is N3Hy,. In particular, the Q-span of the image of T1 equals NX>H.

Proof. Since it will illustrate our representation-theoretic tools, we will prove that the Q-span
of the image of 71 equals A3H and leave the proof that the image of 71 is A3Hyz as an exercise
to the reader.® As in the following figure, let {a1, b1, ... ,ag,bg} be the standard symplectic
basis for H:

8Here is a hint. Letting S = {a1,b1,...,a4,bs} be the standard symplectic basis for Hz, we have that
A3 Hy is spanned by S = {xANyAz|zvy,z €S distinct}. Using the formulas for 71 from Lemmas 5.5 and
5.6, one can show that each x Ay Az € S is up to signs equal to 71(¢) for ¢ either a bounding pair map or a
simply intersecting pair map.
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\|a1 g \| Ay g \| ag

b, by b,
As we noted above, Theorem 6.1 implies that the Q-span J of the image of 71 is contained
in A3H. We must prove that J = A3H. The subspace J is an Spyg (Q)-subrepresentation

of AH (Corollary 4.5). We have AH = V1(g) ® V;3(g). We must prove that J contains
both of these irreducible factors. Let w € A2H be the intersection pairing.

Claim 1. The subspace J contains the subrepresentation V1(g) = H of AX3H.

This subrepresentation has the highest weight vector a; A w, so we must prove that
a1 ANw € J. For this, let T%Ty_1 be the following bounding pair map:

)

By Lemma 5.5, we have
m(ToT, ") = a1 A(ag Abg + -+ + ag A by)
:al/\(al/\bl—i—ag/\bg—i—~--+ag/\bg) =a; \w.
Claim 2. The subspace J contains the subrepresentation Vys(g) of AX3H.

This subrepresentation has the highest weight vector a; A as A az, so we must prove that
a1 Nas Aag € J. For this, let f be a simply intersecting pair map supported on the following
subsurface Z = %3

By Lemma 5.6, we have 71(f) = a1 A a2 A as. O

Theorem 9.1 implies that 7 induces a surjection (71).: Hl(I;;@) — A3H. Johnson
[29, 30] proved that this is an isomorphism:

Theorem 9.2 (Johnson, [29, 30]). For g > 3, the first Johnson homomorphism induces an
isomorphism Hl(l';; Q) 2 A%H.

Remark 9.3. Johnson proves this by first proving that ker(7y) = I; [2] is generated by
separating twists. This actually holds for all g. For g > 3, he then proves that squares of
separating twists lie in the commutator subgroup of I;, which implies Theorem 9.2. See
[50] for another exposition of this calculation. O

10. SECOND JOHNSON HOMOMORPHISM
Fix some g > 4 and let H = Hl(E;; Q). Recall from Example 3.3 that

H®N’H

FLies(H) = =50

= Vi(g9) ® V21(9).
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We observed in Example 3.4 that the kernel of the Lie bracket map from

H ®FLieg(H) = HoBH Vo(g9) ®Vi2(9)""© Va(g) ®Va12(9) @ Va(9)"" © V31(9)
to Liey(H) is

Sym?(A2H) _

PO 2 V(g @ V(o) @ Vislo).

Theorem 6.1 therefore implies that the Q-span of the image of 7: I}J [2] - H ® FLieg(H)
is contained in Sym?(A2H)/ A* H. Morita [43] proved that the Q-span of the image of
equals Sym?(A2H)/ A* H. This section proves this.

Remark 10.1. Unlike for the first Johnson homomorphism, it is not true that the image
of 75 equals the integer points of Sym?(A2H)/ A* H. Morita actually proved something
more precise than what we will prove, and Yokomizo [59] completed this to give a complete
description of the image of 9. O

Morita’s theorem is as follows:?

Theorem 10.2 (Morita, [43, Proposition 1.2]). For g > 4, the Q-span of the image of

T T2 - H® % equals Sym?(A2H)/ N* H = Vo(g) @ Vi2(g) © V(g).

Proof. As in the following figure, let {a1,b1,...,a4,by} be the standard symplectic basis for
\|a1 g \l Ay g \l ag
b, b, b,
As we noted above, Theorem 6.1 implies that the Q-span J of the image of 75 is contained
in Sym?(A2H)/ A* H. We must prove that J = Sym?(A2H)/ A* H. The subspace J is

an Sp,, (Q)-subrepresentation of Sym?(A2H)/ A* H (Corollary 4.5), so we must study this
representation. Before doing so, we identify some elements of J.

Claim 1. Let {uj,v1,...,up, v} be a symplectic basis for a symplectic subspace of H. Then
the element

(ul/\vl+~-'+uh/\vh)-(u1/\v1+~~+uh/\vh) € Sym2(/\2H)
maps to an element of J.

Proof of claim. The group Sp,,(Q) acts on J. We can find ¢ € Spy,(Q) such that ¢(u;) = a;
and ¢(v;) = b; for 1 <i < h. Applying ¢, we reduce ourselves to showing that

(al/\bl—i-'---i-ah/\bh)-(al/\b1+~-+ah/\bh) GSme(/\zH)

maps to an element of J. For this, let z be the following separating curve:

-6

By Lemma 5.8, the element 75(7,) € .J is the image of the desired element of Sym?(A2H). [

9The restriction to g > 4 is to ensure that the decomposition of Sym?(A%H) is stable.
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Let J be the Spa, (Q)-subrepresentation of Sym?(A2H) spanned by the elements identified

in Claim 1. By that claim, it is enough to prove that J maps surjectively to Sym?(A2H)/A*H.
We have

Sym?(A*H) = Via(g) @ Vi2(9)** @ Vo(9)*? © Vi (9),
NH = V3i(g9) @ V2 (9) @ Vo(g)-
The next step is to tease apart the copies of Vo(g) and Vya(g) in Sym?(A2H) coming from

A*H and the copies that we will find in .J. The embedding ¢: A* H — Sym?(A?H) takes
the form

hi ANho Ahs A hy € NH— (hl AN hz)-(hg A h4) — (h1 A h3)-(h2 VAN h4) + (hl A h4)-(h2 A hg).
Letting w = a1 Aby +--- +ay A by be the symplectic form, the following are highest weight
vectors for the three irreducible factors of A*H:

vo=a1NasANagANag and v =ajNaxAw and vy =w Aw.
The vector () must be a highest weight vector for the unique copy of Vy4(g) in Sym?(A2H).
As for the other terms, in Sym?(A2H) we have highest weight vectors

w1 = (a1 ANag)w and wy =w-w and w3 = (a1 Aaz)-(a1 A az).

Since ¢(v1) is not a multiple of wy and ¢(v2) is not a multiple of wsy, we see that:
e 1(1p) is a highest weight vector for the copy of Vy4(g) in Sym?(A2H).
e (v1) and wy are highest weight vectors for the two copies of Vi2(g) in Sym?(AZH).
e 1(v2) and wy are highest weight vectors for the two copies of V(g) in Sym?(A2H).
e w3 is a highest weight vector for the copy of Va2(g) in Sym?(A2H).
To show that J maps surjectively to Sym?(A2H)/ A* H, it is therefore enough to prove the
following. Note that we prove the three claims in order of difficulty: first ws, then ws, and
then finally w;.

Claim 2. The highest weight vector wo = w-w € Sym?(A2H) lies in j, so the image of J in
Sym?(A2H)/ A* H contains a copy of Vo(g).

Since w = a1 Aby + -+ 4+ ag A by, we have w-w € J by definition (cf. Claim 1).
Claim 3. The highest weight vector ws = (a1 A ag)-(ay A ag) € Sym?(A2H) lies in J, so the
image of J in Sym?(A2H)/ AN* H contains a copy of Va2(g).

By definition, the following elements all lie in J:
° (a1 A bl)-(al A bl); and
e (a1 A (b1 4 az2))-(a1 A (b1 + a2)); and
° (a1 A\ (bl — ag))-(al A (bz — az)).
Since
(CLl A (bl + ag))-(al A\ (bl + ag)) + (a1 AN (bl — ag))-(al A (bg — az))
:2((11 A bl)-(al AN bl) + 2(0,1 A ag)-(al A ag),

it follows that (a1 A ag)-(ay A asg) € J.

Claim 4. The highest weight vector wy = (a1 A az)-w € Sym?>(A2H) lies in J, so the image
of J in Sym*(A’H)/ AN* H contains a copy of Vi2(g).

Observe first that
(a1 A (b1 + a2))w = (a1 Aby)w+ (a1 A az)w.
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From this, we see that it is enough to prove that both (a; A (b1 + a2))-w and (a3 A by)-w
lie in J. Since Spy,(Q) fixes w, these two elements differ by an element of Spy,(Q). It is
therefore enough to prove that one of them lies in J. We will prove that (a1 Aby)-w lies in J.
We expand this out:
(a1 VAN bl)-w = (a1 VAN bl)-(al VAN bl) + (a1 VAN bl)'(az AN 62) + -+ (a1 A bl)-(ag A bg)

Since (a; A bi)-(a1 A by) lies in J by definition, we see that it is enough to prove that
(ay A by)-(a; Ab;) lies in J for all 2 < i < g. Since these elements all differ by an element of
Spa,(Q), it is enough to prove that one of them lies in J. We will prove that (a1 Aby)-(ag Abg)
lies in J.
By definition, the following three elements all lie in J:

° (a1 AN bl) (a1 VAN bl) and

° (ag AN bg) (CLQ VAN bg) and

° (a1 /\b1+a2/\bg) (a1 A by +a2/\b2).

Since
(a1 Aby + ag Aba)-(a1 Aby + ag A be)
=(a; Ab1)-(a1 Ab1) +2(ay Aby)-(ag Abe) + (az A b2)-(az A be),
we conclude that (a; A by)-(az A by) lies in j, as desired. O

11. RULING OUT TRIVIAL FACTORS

Recall that our goal in this part of the paper is to prove Theorem B. For I;, this theorem
calculates the image of the cup product pairing ¢: A? Hl(Z;; Q) — H? (I}]; Q). As a prelude
to this calculation, this section proves that H? (Z;; Q) has no trivial subrepresentations.

11.1. Second cohomology group of Torelli group and mapping class group. Though
it is not absolutely necessary for our proof, to avoid technicalities we start by recalling
the following theorem which was discussed in the introduction and which we are assuming
throughout this paper:

Theorem A (Minahan—Putman, [42, Theorem B]). The homology group Hz(lg; Q) is
finite-dimensional for g > 5 and an algebraic representation of Spgg(Z) for g > 6.

Remark 11.1. As we noted in the introduction, [42] also proves similar results for 7, and
Zg1. In fact, it proves a result for Ig p in general, though it requires care to properly deﬁne
the Torelli group on a surface with multiple punctures and boundary components. O

For the whole mapping class group, we have the following;:
Theorem 11.2 (Harer, [21]). For g > 3, we have HQ(Mod;;Q) =Q.

Remark 11.3. After many further developments, the ultimate result in this direction was
proved by Madsen—Weiss [37], who proved that the cohomology ring H® (Mod;; Q) is isomor-
phic to a polynomial ring Q[k1, k2, ...] with |k;| = 2i in a range of degrees that tends to
infinity as g — oo. (|

11.2. Borel stability theorem. We will also need the following special case of the classical
Borel stability theorem [3, 4] on the cohomology of arithmetic groups. The explicit stable
range in the following is due to Tshishiku [58]:

Theorem 11.4 (Borel, [3, 4]). For g > 2, the following hold:
(i) If V5 (g) is a nontrivial irreducible representation of Spy,, then Hk(SpQg(Z); Vs(9)) =
0 fork<g-1.
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(i3) In degrees k < g — 1, the cohomology ring H*(Spy,(Z); Q) is isomorphic to a polyno-
mial ring Q|ce, ¢, c10, . . .] with deg(cyi—2) = 4i — 2 fori > 1.
11.3. No trivial factors. We can now rule out trivial factors of H? (I;; Q):

Lemma 11.5. For g > 6, the Spy,(Z)-representation HQ(I}];Q) contains no trivial factors.

Proof. The restriction g > 6 implies that H? (I}]; Q) is a finite-dimensional algebraic repre-
sentation of Spy,(Z) (Theorem A). It therefore decomposes as a direct sum of irreducible
factors, so the statement of the lemma makes sense. Consider the Hochschild—Serre spectral
sequence with coefficients in V(g) = Q associated to the short exact sequence

1 — I, — Mody — Spy,(Z) — 1.
This spectral sequence takes the form
E5T = HP(Spyy(Z); HY(Zy; Q) = HPY(Mod; Q).

To understand H?, we must understand EP? for p+q < 2 as well as E2! and E3Y. For ¢ =0,
by Theorem 11.4 we have

Q ifp=0,2,

Ef = H7(Spy, (2): Q) = {0 s

Next, let H = Hl(E;; Q). Theorem 9.2 says that HI(I;; Q) = A%H, which has no trivial
factors. Theorem 11.4 therefore implies that

B} = HP(Spay(Z); \*H) =0 forp<g—1.
Finally,
ES? = HO(Spy, (Z); Hom(H2(Z}: ©), Q) = Homsy, (H(Z4: Q), Vo(g)).

It follows that the dimension of EJ? equals the number of copies of V(g) in HQ(I;; Q).
Summarizing, since g > 6 the Es-page of our spectral sequence takes the form

E$?
0 0 O
Q 0 Q 0
It follows that HQ(Modé;Q) >~ FE92 @ Q. Theorem 11.2 says that this equals Q, so we
conclude that E92 = 0, i.e., that there are no copies of Vi(g) in HQ(I;; Q). O

12. CUP PRODUCTS AND THE JOHNSON HOMOMORPHISM

In this section, we relate the image of the cup product pairing to the Johnson homomor-
phism. For Hy = Hl(E;; Z), Theorem 9.1 implies that the first Johnson homomorphism can

be regarded as a homomorphism 7 : I; — A3Hyz. We then have:

Lemma 12.1. Let g > 3. Set Hy = Hl(Z}];Z), and let 11 : I; — AN3Hy, be the first Johnson
homomorphism. Then as representations of Sp2g(Z), the images of the following two maps
are the same:
e The cup product pairing c: N> HI(I;; Q) — H2(Z;;Q).
e The map (71)«: Ha (I;; Q) — Ha(A2Hz; Q) induced by the first Johnson homomor-
phism.

Proof. The first observation in the proof is as follows:
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Claim. The image of the cup product pairing ¢: A2 H! (I;;Q) — HQ(I;; Q) is the same as
the image of the induced map (11)*: H*(A3Hz; Q) — HQ(I;; Q).

Proof of claim. Let ¢: N> HY(A3Hz; Q) — H2(A3Hz; Q) be the cup product pairing. Since
Hy is a free abelian group, the map ¢ is an isomorphism. By the naturality of the cup
product pairing, we have a commutative diagram

2 1 )*
NH (N Hz; Q) S A2HY(TE Q)

%c |

H2(A* Hz: Q) — s H2(ZL Q).
Theorem 9.2 implies that the top row is an isomorphism. The claim follows. O

Working now with homology rather than cohomology, we have Hi(A3Hz; Q) = A3H.
This is an isomorphism of representations of Sp,,(Z). As a representation of Spy,(Z), the

~

representation H is isomorphic to its dual. Dualizing, we therefore get that H(A3Hz; Q) =
APH and thus that H*(A3Hz; Q) =2 A2 A3 H. We deduce that H*(A?Hz; Q) is also self-dual
as a representation of Spy,(Z). From this, we see that as representations of Spy,(Z) the
images of the dual maps

(¢1)*: HX(A*Hz;Q) — H*(Z};Q),
(¢1)«: Ha(Z,; Q) — Ha(A°Hz; Q)

are isomorphic. The lemma follows. [l

13. CALCULATION OF IMAGE OF CUP PRODUCT PAIRING ON SURFACES WITH BOUNDARY

We now prove Theorem B for surfaces with boundary. The statement of this result is as
follows. It is due to Hain [19], but our exposition is also influenced by an unpublished paper
of Habegger—Sorger [18].

Theorem B (surface with boundary case). Let g > 6. The image of the cup product
pairing c: /\2H1(I§; Q) — H2 (I}]; Q) is isomorphic to the following representation of Spe,(Z):
Vi2(9)%* ® Va12(9) © Via(9)%* ® V2 12(9) © Vis(9).

Proof. Let Hy = Hl(E;; Z) and H = Hl(E;; Q). Theorem 9.1 implies that the first Johnson

homomorphism can be regarded as a homomorphism 77 : I; — A®Hy. By Lemma 12.1, it is
enough to prove that the image of the induced map

(13.1) (11)+: Ha(Z3; Q) — Ha(A*Hz; Q)

is the indicated representation. Since A®Hy is a free abelian group, we have that the
representation Hy(A%Hz; Q) is isomorphic to!”

(13.2) A*A°H VO(Q)@Z@Vﬂ(Q)@g@Vﬁ(Q)@V2,12(9)@V14(9)®2@V22,12(9)@V16(9)-

We will first prove that the image of the map (13.1) is contained in the desired subrepresen-
tation of this, and after that prove that in fact it is equal to it.

Step 1. The image of the map (71)«: HQ(I;; Q) — Ha(A3Hz; Q) is contained in a subrepre-
sentation of Ho(A3Hz; Q) =2 A2 A3 H that is isomorphic to the following:
(13.3) Vi2(9)% @ Vi 12(9) © Via(9)*? @ V2 12(9) ® Vs (9)-

10Here we are using the fact that g > 6 to ensure that the decomposition of A% A® H is stable (see §7.9),
and thus can be computed with LiE [35].



34 ANDREW PUTMAN

Let C be the cokernel of the map (71).: HQ(I;; Q) — Ha(A3Hz; Q). We must prove that
C contains the subrepresentation V = V(g)®2 @ V2(g) & Vg2(g), which is obtained from
(13.2) by deleting the subrepresentation (13.3). Since Hs (I;; Q) contains no trivial subrep-
resentations (Lemma 11.5), it is certainly the case that C' contains the subrepresentation
Vo(g)®2. It remains to prove that C contains W = V;2(g) @ Va(g).

The kernel of 71 is the second term Z; [2] of the Johnson filtration (Lemma 4.3). We
therefore have a short exact sequence of groups

0 —— Z;[2] I, — APHp —— 1.

Associated to this is a five-term exact sequence in group homology (see [6, Corollary VII.6.4]).
For a group G acting on a vector space M, let Mg be the G-coinvariants, i.e., the quotient
M/(m—gm | g€ G, m e M). The five-term exact sequence then takes the form

Hy (2} Q) ™ Ha(WHz: Q) — Hy(Z}[2 Q) — Hi(Th: Q) By (A3 Hz Q) — 0.

Here the coinvariants H; (I; [2]; Q)11 are with respect to the action of I; induced by the
g

conjugation action of I}] on its normal subgroup I; [2]. By Theorem 9.2, the map
(¢1)«: Hi(Z};Q) — Hi(A®Hz;Q) = A°H

is an isomorphism. The above five-term exact sequence thus gives an exact sequence
(13.4) Hy(Z}: Q) ™4 Hy(AHz: Q) — Hy(Z}2 Qs — .

From this, we see that C' = Hl(l'}] [2]; Q)Ié This isomorphism is Spy,(Z)-equivariant for the
action of Spy,(Z) = Modé /I}} on Hl(I}] [2]; Q)Ié induced by the conjugation action of Modé
on Z;[2].

Our goal, therefore, is to prove that H; (Z})[Q]; Q)Z; contains the subrepresentation W =
Vi2(g) & Va2(g). We will detect this with the second Johnson homomorphism 7 : I; 2] —
H ® Lies(H). This is I;—invariant, so it factors through H; (I;m;@)zé‘ Theorem 10.2
implies that the Q-span of the image of 7 is

V' =Sym*(\’H)/ A" H = Vo (g) @ Vi2(g) @ Va2 (g).

Each of these is an irreducible factor of Hl(I; [2]; Q)I; , S0 certainly Hl(I; [2]; Q)I; contains
w.

Before going on, we make a remark. At the beginning of this step, our goal was to to
detect V = V(9)%? @ V,2(g) ® Vy2(g). We handled the trivial representations, and then
used the second Johnson homomorphism to detect V' = V(g) @ Vi2(g9) ® Va2(g).

The only difference between V' and V' is that V' contains one extra copy of Vy(g). Morita
[43, §4] gave a beautiful geometric interpretation of this extra factor of Vo(g). He used the
Casson invariant of homology 3-spheres to construct a Modé—invariant map m: I}][Q] —-Q
that he calls the “core” of the Casson invariant. It follows from his results that m does not
factor through the second Johnson homomorphism, so it provides the missing V(g) factor.

Morita’s homomorphism m: I;[Q] — Q has the following beautiful formula. Recall that
Johnson [29] proved that Ifly [2] is generated by separating twists. Consider a separating
twist T,. The curve z separates Zé into two subsurfaces S and S’. Order them such that
82; C S8, so S =Xl We then have

m(T,) = 4h(h — 1).
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See [43, Theorem 5.3]. As far as this author is aware, there is no way to prove that this
formula gives a homomorphism that does not use either the Casson invariant or other
similarly deep facts about the cohomology of the mapping class group.

Step 2. The image of the map (71)«: HQ(I}J; Q) — Ha(A*Hz; Q) equals the following
subrepresentation of Ha(A3Hz; Q) =2 A2 A3 H:
Viz(9)*? & Viy12(9) @ V() & V2 12(9) © Vie(g).
By Step 1, it is enough to prove that the image of the map
(13.5) (1)1 Ha(Z}; Q) — Ha(APHyz; Q) = A A° H.
contains each of the indicated irreducible factors. Before doing this, we expand on the
isomorphism Ha(A3H7z; Q) =2 A2 A3 H. Since Hyz is an abelian group, its multiplication map

Hz x Hyz — Hyz induces a product structure on Hq(A3Hz; Q) called the Pontryagin product
(see [6, §V.5]). This makes Hqe(A3Hz; Q) into a graded ring, and

Ho(A*Hz; Q) = A® A% H.
The isomorphism Ha(A2Hz; Q) = A% A3 H discussed above is a special case of this.

To prove our result, we will need to detect elements of A2 A2 H that lie in the image
of the map (13.5). We will do with using so-called “abelian cycles”. Consider commuting
elements f, h € I;. Since f and h commute, we can define a homomorphism W j,: 72 — Ié
taking the standard basis vectors of Z? to f and h. We therefore get an induced map
(Usn)e: Hao(Z%Q) — Hy (I;; Q). We have Hp(Z% Q) = A2Q? = Q generated by the
fundamental class [Z?] € Ha(Z?; Q), so we have an element (V). ([Z?]) € HQ(I;; Q).

Define €(f,h) € Ha(A3Hz; Q) = A% A3 H to be the image of (¥ )«([Z?]) under the map
(71)+. This equals the image of the fundamental class [Z?] under the map induced by the map
T1oWyp: 72 — N3Hy. The Pontryagin product makes the homology groups of both Z? and
A3Hy into a ring, and the map on homology induced by 7 o ¥ #,n is a ring homomorphism.
Since the fundamental class [Z2] € Hy(Z?; Q) is the Pontryagin product of the first homology
classes of the two standard generators of Z?, we deduce the following key formula:

¢(f,h) =71(f) ATi(h) € A A° H.

In other words, given any two commuting elements f, h € I; the element €(f, h) = 71 (f) A
71(h) € A2 A% H lies in the image of the map (13.5). Using this, we will prove that each
of the desired irreducible factors lies in the image of (13.5). We will do the calculations
roughly in increasing order of difficulty. As in the following figure, let {a1,b1,...,ag4,bs} be
the standard symplectic basis for H:

\ay g \ Ay
] }
: b, by
Also, let w € A2H be the symplectic form.

Claim 1. The image of the map (71)«: Hg(I;;Q) — Ha(A3Hz; Q) contains a copy of
V22,12(9)'

The vector
(a1 Nag ANag) A(ap ANag A ay) € A2ASH = Hg(/\gﬂz; Q)

is a highest weight vector for a copy of V2 12(g), so it is enough to prove that this vector
lies in the image of (71).. Let Z = X} and W = X3 be the following subsurfaces:
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0

Let f € I; be a simply intersecting pair map supported on Z and let h € I; be a simply
intersecting pair map supported on W. By Lemma 5.6, we have 71 (f) = +a; A ag A ag and

71(h) = a1 A ag A ay. Since the interiors of Z and W are disjoint, the mapping classes f
and h commute. The image of (71), thus contains

E(f,h) = £(a1 ANaz Naz) A (a1 Aaz A ay).

Claim 2. The image of the map (71)«: HQ(I;;@) — Ha(A3Hz; Q) contains a copy of
Va12(9)-

Recall that w € A2H is the symplectic form. The vector
(a1 Aaz Aaz) A (a1 Aw) € A2 N* H = Hy(A*Hz; Q)

is a highest weight vector for a copy of V ;2(g), so it is enough to prove that this vector lies

in the image of (11).. Let Z = %} be the following subsurface and let TgcTy_1 € I; be the
following bounding pair map:

)

Let f € I; be a simply intersecting pair map supported on Z. By Lemma 5.6 we have
71(f) = a1 A a2 A a3, and by Lemma 5.4 we have

Tl(TmTy_l):al/\(a2/\bg+---+ag/\bg):al/\(al/\b1+---+ag/\bg):al/\w.

Since x Uy is disjoint from the interior of Z, the mapping classes f and 1,7, I commute.
The image of (71)s thus contains

(f, TzTy_l) =t(a1 ANag Na3) A (a1 Aw).

Claim 3. The image of the map (71)«: HQ(I;;Q) — Ho(A3Hz; Q) contains a copy of
Vis(g).

It is awkward to find a highest weight vector in A2 A3 H for V;6(g), so we do something
slightly different. Let ¢: A% ASH — ASH be the following map:

gb((ul/\vl/\wl)/\(uz/\vg/\wg)):ul/\vl/\wl/\uz/\vg/\wg.
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The vector a3 A --- Aag € ASH is a highest weight vector for a copy of Vys(g) in ASH. Tt is
therefore enough to construct an element 6 in the image of (71), such that ¢(0) = a1 A+ - Aag.
Let Z = %3 and W = % be the followmg subsurfaces:

Let f € I; be a simply intersecting pair map supported on Z and let h € I}] be a simply
intersecting pair map supported on W. By Lemma 5.6, we have 71 (f) = a1 A az A ag and
T1(h) = £a4 A as A ag. Since the interiors of Z and W are disjoint, the mapping classes f
and h commute. The image of (1)« thus contains

€(f,h) = £(a1 Aaz Aaz) A (as A as A ag),
and gb(@)z:l:alA---/\aﬁE/\GH.

Claim 4. The image of the map (71)«: HQ(I;;Q) — Ho(A3Hz; Q) contains a copy of
Vii(9)®?

We will have to be careful to ensure that the two copies of V;4(g) we find are genuinely
different. Recall that H is embedded in A2H via the map H < A3H taking h € H to h A w.
Let K be the kernel of the map p: A2 ASH — A2((ASH)/H), so we have a short exact
sequence of representations

0— K — AN H 25 A2 ((A3H) JH) — 0.

We will first find a copy of V4(g) in the image of (71)« that lies in K. Let ¢: A2ASH — ASH
be the map from Claim 3. The vector aj; A--- Aas Aw € ASH is a highest weight vector for
a copy of Vya(g) in ASH. Tt is therefore enough to construct an element 6 in the image of
(71)« such that 6 € K and ¢(0) = a1 A -+ Aag Aw. Let Z = 3¢ be the following subsurface
and let T,T," le I; be the following bounding pair map:

Let f € I; be a simply intersecting pair map supported on Z. By Lemma 5.6 we have
71(f) = £a1 A az A a3, and by Lemma 5.4 we have

T(TLTY) = ag A (ar Aby+ -+ ag Aby+ -+ ag Aby)
:a4/\(a1/\bl—|—--~+ag/\b9):a4/\w.

Since z Uy is disjoint from the interior of Z, the mapping classes f and T, T, I commute.
The image of (71), thus contains

C(f, T, Y =%(a1 Aaz Aag) A (ag Aw).

We have 0 € K since ag Aw € H C A°H, and ¢(6) = a1 A -+ A ag A w, as desired.

Since the copy of Vi4(g) we found lies in the kernel K of the projection p: A% ASH —
N2((A3H)/H), to find a second copy of V;4(g) it is enough to find a copy of Vy4(g) that
maps nontrivially to A2((ASH)/H). For k € A2 A3 H, let & = p(k) € A2((AH)/H). We
must find some ¢ € A2 A3 H in the image of (71)« such that the subrepresentation of
AN2((A3H)/H) generated by ' contains a copy of V4 (g)-
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Let Z = %3} be the following subsurface and let T oLy le I; be the following bounding
pair map:

Note that Z and y are the same as in the previous figure. Let f € I; be a simply intersecting
pair map supported on Z. By Lemma 5.6 we have 71(f) = £a1 A az A a3, and by Lemma
5.4 we have 7y (Tm/szl) = a4 N as A bs. Since ' Uy is disjoint from the interior of Z, the
mapping classes f and T,/7T, ! commute. The image of (71). thus contains

0 = Q:(f, T:D/Ty_l) = :|:(a1 Naz A\ a3) VAN (a4 Nas N b5).

Lemma 8.3 says that 0 e A2(A3H)/H generates a subrepresentation containing a copy of
Vi4(g), as desired.

Claim 5. The image of the map (71)«: Hg(I;;Q) — Ha(A3Hz; Q) contains a copy of
Vi2(g)®2.

Just like in Claim 4, let K be the kernel of the map p: A2 ASH — A2((A3H)/H), so we
have a short exact sequence of representations

0— K — AN H 25 A2 ((A3H) JH) — 0.
We will first find a copy of V;2(g) in the image of (71). that lies in K. Recall that w(—, —)
is the symplectic form on H. Let ¢: A H — H be the map defined by the formula
q(h1 AN hg A hg) = w(hl, hg)hg - w(hl, hg)hg —+ w(hg, h3)h1 for hl, hQ, h3 cH

and let ©: A2 A3H — A2H be the map 1) = A?q. The vector a; A ag € A2H is a highest
weight vector for a copy of Vi2(g) in A2H. It is therefore enough to construct an element

0 in the image of (1)« such that # € K and ¢(0) is a nonzero multiple of a; A as. Let
TxTy_1 € I; and T,T,! € I; be the following bounding pair maps:

By Lemma 5.4, we have
(1T, ") = a1 A(ag Aba+ -+ + ag Aby)
=ai AN(ag A1+ +agAbg) = a1 ANw,
m(T.T, ') = ag Aaz A bs.

Since z Uy and z Uw are disjoint, the mapping classes T, T, Vand T,T,;! commute. The
image of (71)s thus contains

0 =&(T, T, T-T,") = (a1 Aw) A (az A ag A bs).
We have 6 € K since a; Aw € H C A>H, and
P(0) = q(a1 Aw) A qlaz A asg A bs))
=qlar Nag ANby+ai ANag Abs+ -+ a1 Aag Abg) A q(az Aas A bs)
= (g — 1Daj A aq,
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as desired.

Since the copy of Vi2(g) we found lies in the kernel K of the projection p: A% ASH —
AN2((A3H)/H), to find a second copy of V;4(g) it is enough to find a copy of V2(g) that
maps nontrivially to A2((A*H)/H). For k € A2 A3 H, let & = p(k) € A2(AN3H)/H). We
must find some ¢ € A2 A3 H in the image of (71). such that the subrepresentation of
A2((A3H)/H) generated by ' contains a copy of V2 (g)-

Note that y and z and w are the same as in the previous figure. By Lemma 5.4 we have'!
Tl(Tx/Ty_l) = —aj N ag A by,

m(T.T,Y) = a Aaz A bs.

Since 2’ Uy and z U w are disjoint, the mapping classes TwT, Vand T,T,! commute The
image of (71). thus contains

0 = Q:(Tx/szl,Tszgl) = —(a1 A ag N\ b4) A (ag N ag N\ bg).

Lemma 8.4 says that 0 e AN?(A3H)/H generates a subrepresentation containing a copy of
Vi2(g), as desired. O

Before moving on to deal with punctured and closed surfaces, we record a consequence of
the above proof. Recall that for a group G acting on a vector space M, we denote by Mg
the G-coinvariants, i.e., the quotient M/(m —gm | g € G, m € M). The conjugation action
of Modé on its normal subgroup I; [2] induces an action of Mod; on H; (I}] [2]; Q). Passing

to the Ié—coinvariants, we get an action of Mod; /I; & Spgy(Z) on Hl(I}J[Z];Q)I;.
Corollary 13.1. For g > 6, we have H1(25[2];Q)I; >~ Vi (g)®2 @ Vi2(g9) © Var(g).

Proof. Let H = Hl(Z;; Q) and Hyz = Hl(E;; Z). Recall the following exact sequence (13.4)
that we constructed in Step 1 of the proof above:

Hy(Z}; @) ™ Ho(ASHz: Q) — Hy(Z}[2): Q) — 0.
As we discussed before Step 1, the representation Ho(A3Hz; Q) is isomorphic to
NN H 2= Vo(9)% @ Vi2(9)% @ Va2 (9) ® Vo 12(9) ® V1a(9)®? © Vi 12(9) & Vs (9)-
We proved in Theorem B that the image of (7). is

Vi2(9)%* ® Va12(9) ® Via(9)®* ® V2 12(9) © Vis(9).

Combining the above three math displays gives the corollary. ([l

HThe minus sign is there in the first formula for orientation reasons. It would be cleaner to use TyT;,I,
but we decided that this would be harder to follow.
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14. CALCULATION OF IMAGE OF CUP PRODUCT PAIRING ON PUNCTURED SURFACES

We now show how to deal with the Torelli group Z, 1 on a genus g surface ¥, 1 with one
puncture:

Theorem B (punctured surface case). Let g > 6. The image of the cup product pairing
¢: A2HYZ,1;Q) — H3(Z,1;Q) is isomorphic to the following representation of Spoy(Z):

Vi (9)®* @ Vi12(9) @ Vi(9)®* @ V2 12(g9) @ Vie(g).

Proof. Note that the only difference between this and what we proved for surfaces with
boundary is the presence of one additional V(g) factor. Let H = H; (E;; Q) and Hyz =

Hl(E;; Z) and let b = 82;. There is a central extension

(14.1) 1 — Z — Mod, — Modg; — 1

whose central Z term is generated by the Dehn twist T} (see [14, Proposition 3.19]). Since
the separating twist T} lies in I}], the above restricts to a central extension

1—Z—I,—Tg1 — 1L

In fact, T} lies in I; [2]. This implies that the first Johnson 77 : I; — A3Hy, factors through
a homomorphism 7, — A3Hz. We will also call this the first Johnson homomorphism
and denote it by 71. Since 71 detects Hl(I;; Q) (Theorem 9.2) and factors through Z 1, it
follows that 7 also detects Hi(Zg4,1; Q), i.e., it induces an isomorphism

(1)e: Hi(Zy1;Q) — Hy(A*Hz; Q) = APH.

In light of this, the exact same proof we gave in Lemma 12.1 for I; shows that the image
of the cup product pairing A2 Hl(IgJ; Q) — HQ(IQJ; Q) is isomorphic to the image of the
map (71)«: H2(Zy1;Q) — Hao(A*Hz; Q). Summarizing where we are, our goal is now the
following:

(1) Prove that the image of (71).: H2(Zy1;Q) — Ha(A3Hz; Q) equals the image of

(T1)4: HQ(I;; Q) — Ha(A3Hz; Q) plus one additional V(g) factor.
As notation, let Z,1[2] be the kernel of the map 7: Zg1 — A3Hy. Just like in the proof of
Step 1 in §13, the five-term exact sequence in group homology associated to the short exact
sequence
1— 1-971[2] — Ig’l AN /\BHZ — 1

can be analyzed to give an exact sequence
Ho(Zy1;Q) @ Hy(A3Hz; Q) — Hi(Z4,1[2];Q)z,, — 0.

This fits into a commutative diagram

Hy(Z}; Q) ™5 Ha(APHz; Q) — Hy(Z4[2]: Q) — 0

J | |

Hy(Zg1; Q) ™5 Hy(A3Hz; Q) — Hy(Z,1[2 Q)z,, — 0.

g,1
In light of this, to prove () it is enough to prove the following:

Claim. The Spyy(Z) representation Hy (I;[2];Q)I£1] equals H1(Zy1(2];Q)z, , plus one addi-
tional Vo(g) factor.
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In the central extension (14.1), the kernel Z is generated by the Dehn twist 73 about the
boundary component b. Since this is a separating twist, it lies in I; [2] and (14.1) restricts
to a central extension

1—Z —I)[2] — Tga[2] — L.
Since this is a central extension, we see that the conjugation action of Z,; on Z,1[2] lifts to
an action of I; on Z,41[2]. This satisfies

Hi(Z41[2]; Q)71 = Hi(Zg1[2]; Q)z, -

We can therefore attempt to compare Hl(I; 2]; Q)Isl] to Hi(Zg,1(2]; Q)I}] , which will be easier

since we are taking coinvariants with respect to the same group.
Since the above is a central extension, the associated five-term exact sequence in group
homology (see [6, Corollary VII.6.4]) contains the segment

Q — Hi(Z,[2]; Q) — Hi(Z,,1[2;Q) — 0.
Taking coinvariants is right exact, so this gives an exact sequence

Q — Hi(Zy[2; Q) — Hi(Zga[21; Q) — 0.

We claim that the map from Q = V(g) to H; (I;[Q]; Q)I}7 is injective. Indeed, the second
Johnson homomorphism 7, induces a map on Hl(I; 2];Q)71, and Lemma 5.8 implies that
g
T9(Tp) # 0. Since Tp generates the Z that became the Q above, the claim follows. We
therefore have a short exact sequence
0— Vo(g) — H1(1§[2};@)z; — H1(Zy1[2]; Q)Ig] — 0,
as desired. m

Exactly like at the end of §13, the following is an immediate consequence of the above
proof:

Corollary 14.1. For g > 6, we have Hi(Z41[2]; Q)I}] = Vo(g) ® Vi2(g) ® Va2(g).

15. CALCULATION OF IMAGE OF CUP PRODUCT PAIRING ON CLOSED SURFACES

We close this part of the paper by showing how to deal with the Torelli group Z, on a
closed genus g surface X,:

Theorem B (closed surface case). Let g > 6. The image of the cup product pairing
¢: A2HYZ,;Q) — H*(Z,; Q) is isomorphic to the following representation of Spoy(Z):

Vi2(9) © Via(g9) © Va2 12(9) © Vis(9).

Proof. Let H = Hl(E;; Q) and Hz = Hl(E}];Z) and let 7 = 7m1(Xgy, ). The groups Mod, 1
and Mod, are connected by a Birman exact sequence of the form

1 — m — Mody 1 — Mody — 1.

See [14, §4.2]. Since Hy(2,,1) = Hi(X,), the action of Mody; on Hy, factors through Mod,.
This implies that the kernel 7 of the Birman exact sequence acts trivially on Hy, so 7 is
contained in the Torelli group. It follows that the Birman exact sequence restricts to an
exact sequence

l—nm—1y7 — 1, — 1

Let w € A2H be the symplectic form. Since w restricts to a Z-valued symplectic form on
Hyz, we can actually regard w as an element of A?2Hy. Johnson [26] proved that the first
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Johnson homomorphism 7: Zy1 — A3Hy, constructed in the previous section fits into a
commutative diagram
™ — Ig,l
l‘rl l’rl
Hy, — /\3HZ7
where 1: Hy — A3Hy takes h € Hyz to h A w. Identifying Hz with its image in A3Hz,

the above implies that 7; induces a homomorphism 71: Z, — (A3Hz)/Hy fitting into a
commutative diagram

1 T > Lgn » Ly 1
Pl
0 Hy L /\3HZ E— (Ast)/HZ — 0.

Theorem 9.2 implies that 71: Z,1 — A3Hy induces an isomorphism12
(m1)e: Hi(Zg13Q) — Hi(A*Hz; Q) = A°H,
so it follows that 71: Z, — (A3Hz)/Hyz also induces an isomorphism'?

(T1)x: Hi(Zy;Q) — Hy((A*Hy)/Hz; Q) = (A\°H)/H.

In light of this, the exact same proof we gave in Lemma 12.1 for I}J shows that the image of
the cup product pairing A2 Hl(Ig; Q) — H? (Z4;Q) is isomorphic to the image of the map
(11)«: Ho(Z4; Q) — Ha((A3Hz)/Hz; Q). Summarizing where we are, our goal is now the
following:

() Prove that the image of (11)«: H2(Zy; Q) — Ha((A3Hz)/Hz; Q) is isomorphic to

Vi2(g) @ Via(g) ® Va2 12(9) ® Vis(9).

As notation, let Z,[2] be the kernel of the map 71: Z, — (A>Hyz)/Hz. Just like in the proof
of Step 1 in §13, the five-term exact sequence in group homology associated to the short
exact sequence

1 —Z,2 — T, = (A*Hz)/Hyz — 1

can be analyzed to give an exact sequence

(15.1) Hy(Z,; Q) 4 Hy((A3Hz)/Hz: Q) — Hy(Z,[2):Q)z, — 0.

g9
We have that the representation Ho((A*Hz)/Hz; Q) is isomorphic to
NN H)H 2= Vo(g) ® Viz(g) © Va2(9) @ V11(g) @ Va2 12(9) © Vis(9)-

In light of this isomorphism and the exact sequence (15.1), to prove () it is enough to
perform the following three steps:

Step 1. The image of the map (11)«: Ha(Zy; Q) — Ha((A3Hz)/Hz; Q) contains the subrep-
resentation Vy2(g) ® Vy1(g) ® Va2 12(9) ® Vie(g) of Ho((A*Hz)/Hz; Q) = A*(AH)/H.

125¢e the proof in §14 for why this result about Zg4,; follows from Theorem 9.2, which concerns I;A
13This fact was first proved by Johnson in [29, 30].
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We have a commutative diagram

Ha(Z); Q) — ™ Hy((APHz); Q) —— A2 AP H
Hy(Zy:Q) ™% Ha(A*Hy)/Hys Q) == A2(ASH)/H.

In §13, we proved that the image of the top row is the subrepresentation
Viz(9)®? & Vi12(9) © Via (9)%* & Vo2 12(g) © Vis(g)
CA N H =Vi2(9)% & Vo (9) ® Vai2(9) ® Via(9)®* ® Va2 12(9) @ Vis(g).
This maps to the subrepresentation
Vi2(9) ® Via(g) © Va2 12(9) © Vis(g)
C A’ (A H)/H = Vo(g) ® Vi2(9) ® Vaz(9) ® Via(g) ® Va2 12(9) @ Vis(g).
The step follows.

Step 2. The homology group Ha(Zy; Q) contains no trivial subrepresentation, so in particular
the image of (11)«: Ha(Zy; Q) — Ha((A*Hyz)/Hz; Q) does not contain the subrepresentation
Vo(g).

Dualizing, it is enough to prove that the Spy,(Z)-representation H? (Z4;Q) contains no

trivial factors.'* The proof is very similar to that of Lemma 11.5, which proved that
H? (I;; Q) contains no trivial factors. We recall the basic idea of that proof. Consider the
Hochschild—Serre spectral sequence of the short exact sequence

1 — Z, — Mody — Spy,(Z) — 1.

Harer [21] proved that H?*(Mod,; Q) = Q. Using the Borel stability theorem (Theorem
11.4), we can calculate the portion of the E5%-page relevant to computing H2(Modg; Q). The
desired result falls out of this calculation. We refer the reader to Lemma 11.5 for the details.

Step 3. H1(Z,[2];Q)z, contains the subrepresentation Vyz(g).

Just like in §14, it is convenient to lift the conjugation action of Z, on Z4[2] to an action
of Z41 on Z5[2] that factors through Z,. This allows us to rewrite our coinvariants as

H;y (Ig [2]5 Q)Zg = Hl(Ig [2]; Q)Ig,l'

From the beginning of the proof, recall the commutative diagram

1 T > Lgn > Iy 1
A
0 Hy L /\3HZ E— (AgHz)/HZ — 0.

All the vertical maps are surjective. Using the fact that [m, 7] is the kernel of the map
m — Hy, we get a short exact sequence

1 — [m,7m] — Zg1[2] — Z4[2] — 1.
See, e.g., [50, Theorem 4.1] for more details. This induces an exact sequence
Hy([m, 7); Q) — Hi(Zga[2]; Q) — Hi(Zy[2); Q) — 0.

MEoy this, recall that Theorem A says that H*(Z,; Q) is a finite-dimensional algebraic representation of
Squ(Z)
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Taking coinvariants is right exact, so we have an exact sequence
Hi([r,7]; Q)z,, — H1(Z4.1[2; Q)z,, — H1(Zy[2]; Q)z,, — 0.
Corollary 14.1 says that
H1(Zg1[2); Q)71 = Vo(g) @ Vi2(9) © Va2(9).

To prove that Hy(Zy[2]; Q)z, , contains a copy of Vy2(g), it is therefore enough to prove that
Hi([m, 7];Q)z,, does not contain a copy of V2(g). Recall that 7,1 contains as a subgroup
the kernel m of the Birman exact sequence. The action of Z, 1 on 7 restricts to the usual
action of 7 on itself by conjugation. From this, we see that'®

Hi([m, 7]; Q) = [m, 7)/[, [7, 7)) © Q = A?H.
Since Z,1 acts trivially on H, this implies that
Hi([r,7}; Q)z,, = A°H = Vo(g) © Vi2(9).

In particular, Hy([m, 7]; Q)z,, does not contain a copy of Vy2(g), as desired. O

Part 2. Cup products span

In this second part of the paper, we prove that the second rational cohomology group
of the Torelli group is spanned by cup products of elements of H'. Most of this part is
devoting to proving this for Z}J, and then at the end we show how to deal with Z,; and Z,.
Though we handle the technical details differently, the heart of our proof follows work of
Kupers-Randal-Williams ([33]; see also its sequel [53]).

Recall that Theorem A says that H? (I;; Q) is a finite-dimensional algebraic representation
of Spy, for g > 6. In fact, the proof of Theorem A in [42] gives a bit more than this. We
start in §16 by combining this extra information with tools from the theory of representation
stability to bound the degrees of irreducible factors of of HQ(I;; Q) for g > G. The constant
G here is not effective.

In §17, we relate the irreducible factors of H? (I}]; Q) to the twisted cohomology of the
mapping class group Mod}]. This allows us to apply recent work of Miller—Patzt—Petersen—
Randal-Williams [40] to show that we can take G to be 12.

In §18, we use all of this together with computations of Kawazumi [31] of the twisted
cohomology of Mod}] to prove that cup products span HQ(I;; Q) for g > 12. Finally, in §19
and §20 we show how to derive the corresponding results for Z,; and Z,.

16. REPRESENTATION STABILITY AND THE DEGREES OF THE FACTORS OF HQ(I;;Q)

Fix some g > 6. Let H = H; (E}J; Q). The first step will be to use tools from the theory
of representation stability to bound the degrees of the irreducible factors of H? (I;; Q).

16.1. Degree of irreducible representation. Recall that we defined the degree of an
irreducible representation of the algebraic group Spy, in §7 as follows. An irreducible
representation is of the form V,(g) with o a partition with at most g parts. Writing
o= (ki,...,kn), the degree of V,(g) is d = k1 + - -+ + ky,. This is also the minimal d such
that V,(g) appears in H®?,

15The isomorphism [, 7]/ [, [x, 7]] ® Q 2 A2H follows from the fact that [r, 7]/[r, [r, 7]] ® Q is the second
graded piece of the Lie algebra associated to the lower central series of 7, which is the free Lie algebra (see
§3). Tt is therefore isomorphic to Lies(H) = A?H; see Example 3.2.



CALCULATING THE SECOND RATIONAL COHOMOLOGY GROUP OF THE TORELLI GROUP 45

16.2. Algebraicity. Recall that we are assuming the following theorem, which for conve-
nience we state for homology rather than cohomology:

Theorem A (Minahan—Putman, [42, Theorem B]). The homology group Hg(Ié; Q) is
finite-dimensional for g > 5 and an algebraic representation of Spy,(Z) for g > 6.

Remark 16.1. As we noted in the introduction, [42] also proves similar results for Z, and

Zg41. In fact, it proves a result for Ib g,p 1 general, though it requires care to properly deﬁne
the Torelli group on a surface with multiple punctures and boundary components. ]

16.3. Cokernel of stabilization map. We will need a consequence of the proof of Theorem
A. Embed 2;71 into E; as follows:

E;_l

(@D

By extending mapping classes on 21 _; to El by the identity, we get an inclusion Mod1
Modé This restricts to an 1nclu510n Il 1= Il This inclusion induces a map on homology
that we will write as

fo: Ha(Ty_1;Q) — Ha(Zg5Q).
We will call fg the stabilization map. The domain of fy is a representation of Spy(,_1y(Z) and
the codomain of f; is a representation of Spyy(Z). Moreover, f4 is Spy(,_1)(Z)-equivariant.
The cokernel coker(fy) is therefore a representation of Spy(,_1)(Z). We then have:

Theorem 16.2. Let f,: Hg( 1;Q)— Hg( ; Q) be the stabilization map. The following
hold for g > b:
(i) The cokernel coker(fy) is a finite-dimensional algebraic representation of Spy(y_1y(Z).
(i) Each irreducible factor of coker(f,) has degree at most 5.

Proof. Conclusion (i) is the main technical result that goes into the proof of Theorem A
n [42]. The proof actually shows how to write coker(f,) in terms of a series of explicit
representations.'® If you carefully go through the argument, you will see that all these
explicit representations have degree at most 5. The theorem follows. O

Remark 16.3. The paper [42] introduces a new approach for proving these kinds of algebraicity
results. If this approach is used in other contexts, it will likely also give some d such that all the
irreducible factors of the relevant cokernels have degree at most d. The representation stability
argument we give below will then prove that the irreducible factors of the representations in
question all eventually have degree at most d + 1. O

16.4. Representation stability. We next prove the following. Using the language of
[10], it says that Hy (I}]; Q) satisfies Church—Farb’s notion of representation stability. We
remark that (iii) is due to Boldsen-Dollerup [2]. We include it here since it forms part of
the representation stability package.

Theorem 16.4. There exists some G > 1 and partitions o1, ...,0, with at most G parts
such that the following holds for g > G:
(i) We have Hy(Zg; Q) = Vo, (9) @ -+ @ Vo, (9)-

161¢ does not calculate coker(fy) completely since for instance some of these representations appear as
domains of maps into coker(fy), and these maps might be 0. Of course, as the paper you are reading shows
once Theorem A is known we can calculate Hz(Z}; Q) for g > 12, and thus in particular work out coker(fy)
for g > 0.
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X e stabilization map f,: Ho(Z, _1; — Ho(Z,; 18 injective.
The stabil fo: Ha(Z)_1;Q) — Ha(Z}; Q
(iii) The Spoy(Z)-orbit of the image of f, spans Ha (Ié; Q).

Proof. Set V; = HQ(I;;Q). This is a representation of Spy,(Z), and fy: Vo1 — Vj is
SpQ(gfl)(Z)—equivariant. The sequence of representations

Vi v Ly S

has the following key property:
e For all m > n > 1, the subgroup 1 x Spy(,,,_p,y(Z) of Spy,,,(Z) acts trivially on the
image of the composition

ARIEE SIS 'y

As was noted in [47, Proposition 3.6], this is equivalent to the V; forming an SI(Z)-module
in the sense of Putman—Sam [52]. We have the following two key properties:

e For g > 5, the vector space Vj is finite-dimensional (Theorem A).

e Conclusion (iii) holds for g > 7. This was proved by Boldsen-Dollerup [2].
In the language of SI(Z)-modules, these two facts imply that the V; form a finitely generated
SI(Z)-module. Since Vj is also an algebraic representation of Spy, for g > 6 (Theorem A),
it is also a rational SI(Z)-module in the sense of [47]. We remark that [47] requires all the
Vy to be algebraic, but for its proofs it is enough for them to be algebraic for g sufficiently
large. We can now apply [47, Theorem B|, which gives our three conclusions. Il

16.5. Branching rule. The last ingredient we need for the main result of this section is
the following theorem describing which irreducible representations appear when we branch
an irreducible representation of Spy; to Spy(y_1):

Theorem 16.5 ([17, Theorem 8.1.5]). For some g > 2, let o be a partition with at most g
parts. Write o = (ki,..., k). The following are a complete list of the irreducible factors

. S
appearing in the restriction Ressng N V,(9):
.

o Irreducible representations of the form V(g — 1) such that o’ is a partition with at
most g — 1 parts satisfying the following condition. Write o' = (k},..., k] ). We
then require that the following holds for all i:

kivo < kj < k;.
Here our convention is that k; =0 for j > m and k} =0 for j >m'.
We need the following immediate corollary of this:

Corollary 16.6. For some g > 2, let V,(g) be an irreducible representation of Spyg of
pQg

P2(g-1)
least two irreducible factors: V,(g — 1), and a factor V,(g — 1) of degree d — 1.

S
degree d > 1. Assume that o has at most g — 1 parts. Then Resq V,(g) contains at

16.6. Bounding the degrees. We now come to the main result of this section:

Proposition 16.7. There exists some G > 1 such that the following hold for g > G:
e The Spy,(Z)-representation H? (I;; Q) is a finite-dimensional algebraic representation
of Spyy all of whose irreducible factors have degree at most 6.

Proof. Passing to duals preserves degrees, so it is enough to prove this for homology rather
than cohomology. For g > 1, set V, = HQ(I;; Q), and for g > 2 let f4: Vy_1 — V, be the
stabilization map. Combining Theorems 16.2 and 16.4, we can find G > 1 such that for
g > G the following all hold:
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e There exist irreducible representations V(g9 —1),..., V4, (9 — 1) of Spy,_4 such
that Vo_1 =V (9g—1)@---® Vs, (g—1)and Vy; = V4, (9) @ - & Vg, (9).
e The stabilization map f,: V,—1 — V} is injective.
e The cokernel of f; is an algebraic representation of Spy(,_1) all of whose irreducible
factors have degree at most 5.
Consider some g > G, and let the o; be as in the first bullet point. We claim that each o;
has degree at most 6. To see this, set

P2(g—1 P2(g—1)

n
S S
W = Resg, 2 Vo= @ Resg.” V. (9).
i=1

Corollary 16.6 say that the SpQ(g_l)—representation V,,(g—1) appears as one of the irreducible

Sp2g
factors of ResSp2 (g1

one obtained from W by deleting copies of V4, (9—1),...,V,, (¢—1). Each of the remaining
irreducible factors has degree at most 5. The proof concludes by noting that Corollary 16.6

) Vo (9). The representation coker(f,) is therefore isomorphic to the

also implies that if V,,(g) has degree d > 1, then Resggz? N V,,(g) contains an irreducible
o
factor V,/(g — 1) of degree d — 1. Necessarily d — 1 < 5, so d < 6. U

Remark 16.8. In the next section, we will prove that Proposition 16.7 holds for G = 12. O

17. TWISTED COHOMOLOGY OF THE MAPPING CLASS GROUP AND UNIFORM DEGREE
BOUNDS

In this section, we relate H? (I}]; Q) to the cohomology of the mapping class group with
twisted coefficients. Using recent breakthrough work of Miller—Patzt—Petersen—Randal-
Williams [40] on stability phenomena for these twisted cohomology groups, we will be able
to prove that Proposition 16.7 holds for G = 12.

17.1. Borel stability theorem. We will need the following special case of the classical
Borel stability theorem [3, 4] on the cohomology of arithmetic groups, which we already
stated in §11 but whose statement we recall for convenience The explicit stable range in the
following is due to Tshishiku [58]:

Theorem 11.4 (Borel, [3, 4]). For g > 2, the following hold:
(i) If V5 (g) is a nontrivial irreducible representation of Spy,, then Hk(SpQg(Z); Vs(9)) =

0 fork<g-1.
(i3) In degrees k < g — 1, the cohomology ring H*(Spy,(Z); Q) is isomorphic to a polyno-
mial ring Q|ca, ¢, €10, - . .] with deg(cqi—2) = 4i — 2 fori > 1.

17.2. Twisted cohomology and the Torelli group. We now relate the irreducible factors
of HQ(I;; Q) to the twisted cohomology of Mod;:

Lemma 17.1. For some g > 12, let V;(g) be a nontrivial irreducible representation of Spo,.
Then the dimension of HQ(MOd;;V(,(g)) equals the number of copies of V,(g) in Hz(l';; Q).

Proof. The restriction g > 12 implies that HQ(I;; Q) is a finite-dimensional algebraic repre-
sentation of Spy,(Z) (Theorem A). It therefore decomposes as a direct sum of irreducible
factors, so the statement of the lemma makes sense. Consider the Hochschild—Serre spectral
sequence with coefficients in V,(g) associated to the short exact sequence

1 — I, — Mod} — Spy,(Z) — 1.
This spectral sequence takes the form
E3? = HP(Spyy(Z); H(Zy; Vo(9))) = HPF(Mody; Vo (g))-
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We are interested in H?, so the relevant terms are those with p + ¢ < 2. To understand
potential differentials, we will also need to understand E212 and Eg?’. We divide the proof
into two cases.

Case 1. V,(g) ¢ {Vi(9), Vis(9)}-
Since I}] acts trivially on V,;(g), we have
(17.1) HY(Z4; Vo(g)) = Hom(HY(Zy; Q), Vo (9))-
For ¢ = 0 this is just V,(g), so by Theorem 11.4 we have
B}’ = HP(Spyy(Z); Vo(g)) =0 forp<g—1.
For ¢ = 1, letting H = Hl(Z;; Q) we can apply Theorem 9.2 to see that (17.1) equals
Hom(H'(Z}; Q), Vo (9)) = Hom(A*H, V,(g)).

This decomposes as a direct sum of irreducible representations of Spy,. Moreover, since

ANH = Vi(g9) © Vis(g) we can use our assumption that V,(g9) ¢ {V1(g), Vi3(g)} to see
that it has no trivial factors. We can therefore apply Theorem 11.4 to see that

EY' = HP(Spyy(Z); Hom(A’H, V4(g))) =0 for p<g-—1.
Finally,
E3? = H(Spay(Z); Hom(H*(Zy: Q), V4 (9))) = Homsy, (H*(Zg; Q), Vo (9))-

It follows that the dimension of E$? equals the number of copies of V,(g) in HQ(I;; Q).
Summarizing, since g > 12 the Fo-page of our spectral sequence takes the form

EY
0 0 0
0 0 0 O

It follows that
H2(Mod!; V, (g)) = B2 = ES2.

The dimension of this equals the number of copies of V,(g) in H? (I;; Q), as desired.
Case 2. Vo (g) € {Vi(9), Vis(9)}-

The only difference between this and the previous case is that now Hom(A3H, V,(g)) has
a l-dimensional trivial representation. Applying Theorem 11.4, we therefore get that

Q lfp - 0727
E}' = HP(Spyy(Z); Hom(A*H, Vi, (g))) = {0 ifp=1

Our spectral sequence therefore takes the form
E9?
Q

0 Q
0 0 O

0

Since the dimension of E$? is the number of copies of V,(g) in HQ(I;; Q), to prove the
lemma we need to show that the differential

d: B> - E3' =Q

is 0. We will sketch a proof of this below, but first we want to point out that a much more
general vanishing holds. For this, we refer the reader to Kupers—Randal-Williams’s argument



CALCULATING THE SECOND RATIONAL COHOMOLOGY GROUP OF THE TORELLI GROUP 49

in the proof of [33, Theorem 4.1], which uses an elegant criterion to certify that differentials
in these kinds of spectral sequences vanish (see [33, Lemma 4.3]).17

Here is a sketch of Kupers—Randal-Williams’s argument specialized to this case. What
we need to show is that the Q in E2' survives to give a Q in H3(Mod;; Vs(g)). Since
V,(g9) € {Vi(g),Vi3(g)}, the irreducible representation V,(g) is a factor of H®3. This
implies that H3 (Mod;; V,(g)) is naturally a direct factor of H? (Modgly; H®3), Let

M = P HF(Mody; H*?).
k>0

The vector space M is a graded module over the graded ring R = H® (Mod;; Q). Madsen—
Weiss [37] proved that R is isomorphic to a polynomial ring Q[r1, k2, ...| with |k;| = 2i in a
range of degrees that tends to infinity as g — oc.

As we will discuss more detail in §18 below, Kawazumi [31] proved that in a range of
degrees M is a free module over R. Our hypothesis g > 12 implies that every term we care
about lies in this stable range, so we can treat M as a free module over R. In the spectral
sequence above, the Q in Egl necessarily survives to give a Q in

H'(Mod; V5 (g)) € H'(Mod;; H*%) € M.

Let b € M generate this copy of Q. For degree reasons, b must be a scalar multiple of one of
Kawazumi’s free generators. The Q in

H?(Mod; V,(g)) € H*(Mod;; H®*) ¢ M

we are trying to show survives is spanned by'® kb, which is nonzero since b is a free
generator. I

17.3. Uniform twisted stability. Just like we did in §16, embed E}] into E; 41 as follows:

Q
Q

By extending mapping classes on E; to E; 11 by the identity, we get an inclusion Modé —
Modé +1. This induces a stabilization map Hy, (Mod};) — Hy, (Mod; 11)- A classical theorem
of Harer [22] says that this is an isomorphism for g > k. Later Ivanov [24] showed how
to incorporate twisted coefficients into this kind of stability result. See [54] for a modern
treatment of this and its many generalizations.

For twisted coefficients, all of these classical results gives stable ranges that depend
strongly on the coefficients. Recently Miller—Patzt—Petersen-Randal-Williams [40] proved a
theorem whose range is independent of the coefficients. To set it up, for some g > 1 let ¢ be
a partition with at most g parts. We then have the irreducible representation V(g) of Spy,.
There is a natural map V,(g9) = V,(g + 1) (cf. the branching rule discussed in Theorem

16.5). This gives a stabilization map Hk(Modé; Vs(9)) — Hk(Mod;H; V,(g+1)).

1"The proof of [33, Theorem 4.1] shows that the relevant differentials vanish with coefficients in tensor
powers H®?, not in V, (g). Since V,(g) is a factor of an appropriate H®?, this gives the desired result. In
fact, since we only care about V,(g) € {V1(g), Vis(g)} it is enough to handle H®3.

18Reanlly7 the product structure in this spectral sequence comes from an action of H*(Sp,,(Z); Q), but we
can use k1 since ; is a scalar multiple of the pullback of the generator ¢ € H? (Spyy(Z); Q) from Theorem
11.4.
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The paper [40] proves the following result:”

Theorem 17.2 (Miller—Patzt—Petersen-Randal-Williams [40, Theorem 1.1]). Let g > 1
and let o be a partition with m < g parts. Then the stabilization map Hk(Modé; V.(9)) —
Hk(ModéJrl;VU(g + 1)) is an isomorphism for g > 4k + 4.

17.4. Uniform degree bounds. We now prove the main result of this section:

Proposition 17.3. For g > 12, the following holds:
e The Spy,(Z)-representation H? (I;; Q) is a finite-dimensional algebraic representation
of Spyg all of whose irreducible factors have degree at most 6.

Proof. Theorem A implies that H? (I;; Q) is a finite-dimensional algebraic representation of
Spyg in this range. Moreover, Proposition 16.7 says that there is some G > 1 such that for

g > G each irreducible factor of H? (I;; Q) has degree at most 6. We must verify that this
propagates down to g > 12.
Consider some 12 < g < G. Let V,(g) be an irreducible representation of Spy, of degree

greater than 6. Lemma 17.1 implies that the dimension of H? (Mod;; V,(g)) equals the
number of copies of V,(g) in H? (I;; Q). We therefore must prove that HZ(MOd;; V,(g9)) =0.
Theorem 17.2 implies that HQ(Mod;;VU(g)) is isomorphic to H?(Mody; V,(G)), which
vanishes since all irreducible factors of H? (110; Q) have degree at most 6. The proposition
follows. .

18. CUP PRODUCTS SPAN ON SURFACES WITH BOUNDARY
Recall that Theorem C says that for g > 12 the second rational cohomology of the Torelli

group is spanned by cup products of classes in H'. This section proves this for I;.

18.1. Detecting the decomposition. Let H = Hl(E;;@). Our proof uses work of

Kawazumi [31] describing H'(Mod;;H ®d) in a stable range. We start by recasting our
results from the previous section in these terms:

Lemma 18.1. Fix g > 12 andd > 1. Set H = Hl(E;;Q). Let t > 0 be the dimension of
the trivial subrepresentation of H®4. We then have

dimg H*(Mody; H*?) = ¢ + dimg Homsy, (H*(Zy; Q), H®?).

Proof. Write H®? = V(g)®*@V with V a direct sum of nontrivial irreducible representations
of Spy,. We have

H?(Mody; H¥%) = H?*(Mod}; Vo(9))®" & H?(Mod}; V).
Theorem 11.2 says that
dimg H*(Mod}; Vo(g))®" =1,
and Lemma 17.1 together with Schur’s Lemma says that
dimg H?(Mody; V) = dimg Homs,, (H*(Zy;Q), V).
Since HQ(I}]; Q) has no trivial subrepresentations (Lemma 11.5), this is the same as
dimg Homsgy, (H? (I;; Q), Vo(9)®' @ V) = dimg Homgp, (H? (I;; Q), H®?).
The lemma follows. U

19The statement of [40, Theorem 1.1] gives a range in which the relative twisted homology group
Ha(Mod} 1, Mod}; V(g + 1), Vo (g)) vanishes. To derive stability for Hj we need this relative twisted
homology group to vanish for k£ < d 4+ 1. This explains the range given in our statement.
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18.2. Weighted partitions. We now turn to Kawazumi’s description of H'(Modé; H®d).
This requires a preliminary definition. A weighted partition of {1,...,d} consists of the
following data:

e For some n > 1, a decomposition {1,...,d} = S; U---U S, where the S; are disjoint

nonempty sets.

e For each 1 <i <mn, a weight w; > 0. If |S;| = 1, then we require w; > 1.
The ordering on the S; is not important, so we identify two weighted partitions if they differ
by a permutation of the S;. Let Py be the set of all weighted partitions of {1,...,d}.

18.3. Twisted Morita—Mumford classes. Consider some P € P;. Define k(P) > 0 in
the following way. Assume that P consists of the decomposition {1,...,d} =S U---US,
and the weights wy, ..., w, > 0. We then set?’

k(P) :d+2§n:(wi ~1)>0.
=1

This only depends on the weights, not the decomposition. Kawazumi [31, p. 388] defines an
associated twisted Morita-Mumford class mp € HF(P) (Mod;; H®). Tt is a cup product of
classes mg; w,; € H|Si‘+2(wi_1)(Modé; H®‘Si|), where the cup product uses the product map

oI5 Q- ® H®ISn] i) H®d
coming from the decomposition Sy U--- S, ={1,...,d}.

18.4. Kawazumi’s work. For a fixed d > 0, the collection of cohomology groups My =
H* (Mod;; H®%) is a graded module over the cohomology ring R = H® (Mod;; Q). Madsen—
Weiss [37] proved that R is isomorphic to a polynomial ring Q[k1, k2, ...] with |x;| =2i in a
range of degrees that tends to infinity as g — oo. Kawazumi [31] proved that M, is a free
R-module in a range of degrees.

A version of his theorem is as follows. The stable range in it is not the one in Kawazumi’s
paper, but it follows from Theorem 17.2 together with the fact that the decomposition of
H® into irreducible factors is stable once g > d (see §7.9).

Theorem 18.2 (Kawazumi, [31, Theorem 1.B]). Let d,g > 0 be such that g > d. Then in
degrees k such that g > 4k + 4, we have that H® (Mod;; H®) is a free graded module over

H'(Mod;; Q) with free basis the twisted Morita—Mumford classes {mp | P € P4}.

Remark 18.3. Before Kawazumi’s work, Looijenga [36] used Hodge theory to prove a similar
theorem for the mapping class group Mod, of a closed surface. The proofs in [36] and [31]
are quite different. O

18.5. Proof of main theorem. We close this section by proving Theorem C for surfaces
with boundary:

Theorem C (surface with boundary case). Let g > 12. The image of the cup product
pairing ¢: N> Hl(I;; Q) — H? (Zé; Q) spans H? (I;; Q).

Proof. Proposition 17.3 says that H? (I;; Q) is a finite-dimensional algebraic representation
of Spy, all of whose irreducible factors have degree at most 6. Letting H = Hl(Z;; Q), this

implies that all irreducible factors of HQ(I}]; Q) appear in H®? for some 1 < d < 6. We
proved in Theorem B that the image of the cup product pairing is isomorphic to

Vewp = Vi2(9)%* & Vi12(9) ® Vii(9)® @ Va2 12(g9) @ Vis(g).

20Ty see that k(P) > 0, note that it can also be written as k(P) = 2 > 1(1Sil/24 wi — 1). Our condition
on the weights ensures that each term of this sum is nonnegative.
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This appears as a direct summand of H? (I;; Q). To prove that this is all of H? (Ié; Q), it is
enough to check that it accounts for all of Homg, (HQ(I;; Q), H®?%) for 1 < d < 6. In other
words, we must prove that

dimg Homsy,, (H*(Z;Q), H*?) = dimg Homsy, (Veup, H®?)

for 1 < d < 6. Let tg be the dimension of the trivial subrepresentation of H®¢. By Lemma
18.1, we have

dimg H?*(Mody; H*?) = t4 + dimg Homs,, (H*(Z,;Q), H*Y).
Combining all of this, we see that we must prove the following:

Claim. For 1 <d <6, we have dimg HQ(Mod;; H®) = t,4 + dimg Homsgyp,, (Veup: H®4).

Since g > 12, the decomposition of H®? is stable for 1 < d < 6 (see §7.9). We can
therefore compute the right hand side of the desired identity using LiE [35]:

d | tq | dimgHomsy, (Veup, H®?) | tq + dimg Homsp, (Veup, H*Y)
1|0 0 0

2] 1 2 3

310 0 0

4|3 17 20

5|0 0 0

6|15 175 190

We now focus on the left hand side dimg H?(Mod; H®?). Set My = H*(Mod,; H*?) and
R = H'(Modé; Q). By the Madsen—Weiss theorem [37], in a range of degrees that includes 2

we have that R = Q[k1, k2, ...] with ; € HQi(Mod!IJ; Q). Theorem 18.2 says that in the range
of degrees we care about, My is a free R-module on the classes {mp | P € P;}. For P € Py,
recall that mp € Hk(mp)(Mod;; H®?). It follows that the Q-vector space H*(Modg; H®?)
has a basis consisting of the following elements:

e mp for p € Py with k(mp) = 2; and

e kymp for p € Py with k(mp) = 0.
Using a computer, it is easy to enumerate the weighted partitions P € Py with k(mp) € {0,2}
for d € {1,...,6}. See [51] for the code.?’ The results are as follows:

d | |[{P €Py|k(mp)=0}| | [{P € Py|k(mp)=2}| | dimgH*(Mody; H®?)
1 0 0 0

2 1 2 3

3 0 0 0

4 3 17 20

5 0 0 0

6 15 175 190

Comparing the above tables, the right hand columns are the same.?? The claim follows. [

21This code was written and tested entirely by hand. No AI tools were used.

221p fact, the tables are the same, which is no accident: {P € Py | k(mp) = 0} is in bijection with a basis

for the trivial subrepresentation of H®.
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19. CUuP PRODUCTS SPAN ON PUNCTURED SURFACES
We next prove Theorem C for punctured surfaces:

Theorem C (punctured surface case). Let g > 12. The image of the cup product pairing
c: A2 Hl(Ig,l; Q) — Hz(Ig,l; Q) spans HQ(IQJ;Q).

Proof. Since we already proved in §18 that H? (Z;; Q) is spanned by the image of the cup
product pairing, we know from Theorem B that

H*(Z;Q) = Vi2(9)% & Va12(9) @ Via(9)%? & Va2 12(9) @ Via(g).
Theorem B also says that the image of the cup product pairing for Z, ; is isomorphic to
Vo(9) ® Vi2(9)%2 @ Vy12(9) ® V14(9)®* @ V2 12(9) @ Vs ().

The only difference between this and HQ(I;; Q) is a single copy of the trivial representation
Vo(g) = Q. To prove that the image of the cup product pairing for Z,; is everything, it is
thus enough to prove the following claim (in which for convenience we dualize and switch to
homology):

Claim. We have dimg Hy(Z,1;Q) =1+ dimg HZ(I;; Q).

Let b= 82;. As we noted in the proof of Theorem B for punctured surfaces in §14, there
is a central extension

1—>Z—>I;—>Ig,1—>1

whose central Z term is generated by the Dehn twist T} (see [14, Proposition 3.19] for the
corresponding exact sequence for the mapping class group). The associated Hochschild—-Serre
spectral sequence takes the form

Ezq = HP(IQJ;HQ(Z; Q)) = Hp+q(Igl];@)-
Since our extension is central, the action of Z, 1 here is trivial and thus
E2 — HP(IQJ; Q) fOI' q= 07 13
pa 0 otherwise.

Let H = Hi(X4,1;Q). As we noted in the proof of Theorem B for punctured surfaces
in §14, we have H;(Z,1;Q) = A3H. This isomorphism is induced by the first Johnson
homomorphism. Because of all of this, the portion of our spectral sequence that can
contribute to Ha (Iz]; Q) looks like this:

Q AH
Q /\3H H2 (Ig,l; Q)
Theorem 9.2 says that Hl(I;; Q) 2 A3H, so E3, = Q must be killed by the differential
Hy(Zy1;Q) = B3y — Ef, = Q.

In the claim below we will prove that E?, = A3H is also killed by a differential. From this,
we can conclude that

Hy(Z;; Q) = ker(Hy(Zy,1; Q) — Q),
so dimg Ha(Z4,1;Q) = 1 + dimg Hy (I;; Q), as desired.
It remains to prove the following:

Claim. In the above spectral sequence, E?, = N3H is killed by a differential.
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Recall that Hy (Z}; Q) = A3H. For f € I}, let

[f] € (Z})™ ® Q = Hy(Z}; Q)

be the corresponding element. Since g > 3, it follows from a theorem of Johnson [25]
that I; is generated by bounding pair maps 1,7,

=1y L such that z U y bounds a subsurface
. 2.
homeomorphic to X7:

y\ b

These are called genus 1 bounding pair maps. Letting 7,7, I be a genus 1 bounding pair
map, it is enough to prove that [T, '] € ASH = E}; is killed by a differential.

Recall that Ty is the Dehn twist about b = 82}7. This generates the kernel of the central
extension

1—Z—I),—Ty1—1

whose Hochschild-Serre spectral sequence we are studying. The subgroup of Z! generated
by Ty and T, T, ! i

is isomorphic to Z2. We have a commutative diagram of central extensions

1 VA 72 y 7, 1
[ l [

1 y (Tp) (Ty) x (TmTy*1> — (TxTy*1> — 1
| ) !

1 Z 7, > Lgn > 1

whose bottom right arrow is induced by the map taking 7, 7! to its image in Zy,1. Consider
the map of Hochschild—Serre spectral sequences from the spectral sequence of the middle

extension to the spectral sequence of the bottom extension. The map on Ef;-terms is of the
form

Hy (T T, ) Hi((Ty); Q) — Hi(Zg1; Hi(Z;Q)) = Hi(Zg1;Q) = A°H.

Our goal is to prove that the image of this is killed by a differential. We have

H (1T, ) Hi((Th); Q) = Hi (T T, 1); Q) @ Hi((Th): Q) = Ho((Th) x (TR T, ); Q).

From this, we see that our goal is equivalent to showing that the image of the map

(19.1) HMMX@%%@%%@@)
induced by the inclusion (T3) x ) = I; is zero. Let T = 23_2 be the following
subsurface:

O e O
T

b

Denote by I !

) the subgroup of Il consisting of mapping classes supported on T'. We can
factor our iIlChlblOIl as

(Ty) x (T T,y = IN(T) x (T,T, ') — I, .
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Using this, our map (19.1) factors as
Hy((Ty) x (T, T, "); Q) = Hi((Th); Q) © Hi((T. T, '); Q)
— Hi(Z,(T); Q) © Hi((To T, ') Q) = Ha(Zy(T) x (T, T, '); Q) = Ha(Zy; Q).

It is therefore enough to prove that the map H; ((T3); Q) — Hl(I;(T); Q) is the zero map,
i.e., that the separating twist 7} vanishes in

Hi(Zy(T); Q) = Zy(T)™ ® Q.

In fact, 7} vanishes in the abelianization of I;(T). This calculation is essentially due to
Johnson [29], though in this level of generality it was first written out in [50]. O

20. CuP PRODUCTS SPAN ON CLOSED SURFACES
We close this paper by proving Theorem C for closed surfaces:
Theorem C (closed surface case). Let g > 12. The image of the cup product pairing
¢: A2HYZ,;Q) — H%(Z,;Q) spans H*(Z,; Q).
Proof. Set H = H1(X4; Q). Since we already proved in §19 that H2(1—g’1; Q) is spanned by
the image of the cup product pairing, we know from Theorem B that
H*(Z4,1;Q) = Vo(9) © Vi2(9)™ @ V312(9) © V14 ()™ @ V2 12(9) @ Vis(9)-
Theorem B also says that the image of the cup product pairing for Z, is isomorphic to
Vi2(g) © Via(g) © Va2 12(9) © Vis(g)
The only difference between this and H? (Z4,1;Q) is that H? (Z4,1;Q) contains the following
additional representations:
Vo(9) ® Vi2(g) ® Va,12(9) @ Vaa(g) = Vo(g) @ (H @ (N H)/H) .
Since Vi(g) is 1-dimensional, it is thus enough to prove that
dimg H?(Zy1;Q) = 1 + dimg (H ® (A*H)/H) + dimg H*(Z}; Q).

In fact, since dimg HQ(I;; Q) is at least as large as the image of the cup product pairing we
already know that the right hand side is greater than or equal to the left hand side, so we
only need to prove the reverse inequality. For this, we will dualize and switch to homology.

Claim. We have dimg Hy(Z,,1;Q) < 1+ dimg (H ® (A*H)/H) + dimg H, (Ié; Q).

Let m = m1(X4). As we already noted in the proof of Theorem B for closed surfaces in
§15, the Birman exact sequence for the mapping class group (see [14, §4.2]) restricts to a
short exact sequence

l—7m—Zyj1 —1y— 1L

The associated Hochschild—Serre spectral sequence takes the form
E;%q = Hy(Zy; Hy(m;Q)) = Hpiq(Zg,15Q).
Let H = Hi(m;Q) = H1(X4; Q). We also have Hy(m; Q) = Ha(X4;Q) = Q. The group Z,
acts trivially on both of these, so
Efy = Ho(Zy; Ha(m: Q) = H,

Ef, = Ho(Zy; Ha(m; Q) = Q.
We also noted during the proof of Theorem B for closed surfaces in §15 that the first Johnson
homomorphism descends to the following isomorphism, which was first proved by Johnson
in [29, 30]:
H(Z,;Q) = (\°H)/H.
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We deduce that

Efy = Hi(Zy;Q) = (NH)/H,

Ef) = Hi(Zg; Hi(m; Q) = Hi(m; Q) @ Hi(Zy; Q) = H © (A°H)/H).
Summarizing all of this, the portion of this spectral sequence that can contribute to
Ha(Zy1;Q) is

Q
H H® ((A*H)/H)
Q (A3H)/H Hy(Zy; Q)
As we noted in §14, Theorem 9.2 implies that
H1(Ze13Q) = AH = H @ (N H)/H).
This implies that the differential
H = E}, — Ejy = Hy(Z,;Q)

must vanish. We conclude that all of E2, = Hy(Z,; Q) survives to the E* page. Potentially??
there might be nonzero differentials involving E3, and E%;, but in any case we conclude that

dimg Ha(Zy1;Q) < 14 dimg (H ® (\°H)/H) + dimg Ha(Z,; Q),
as desired. OJ

REFERENCES

[1] J. Birman, On Siegel’s modular group, Math. Ann. 191 (1971) 59-68. (Cited on page 11.)
[2] S. Boldsen & M. Dollerup, Towards representation stability for the second homology of the Torelli
group, Geom. Topol. 16 (3) (2012) 1725-1765. arXiv:1101.5767 (Cited on pages 45 and 46.)
[3] A. Borel, Stable real cohomology of arithmetic groups, Ann. Sci. Ecole Norm. Sup. (4) 7 (1974),
235-272 (1975). (Cited on pages 31 and 47.)
[4] A. Borel, Stable real cohomology of arithmetic groups. 11, in Manifolds and Lie groups (Notre Dame,
Ind., 1980), pp. 21-55, Progr. Math., 14, Birkhauser, Boston, MA. (Cited on pages 31 and 47.)
[5] A. Borel, Linear algebraic groups, second edition, Graduate Texts in Mathematics, 126, Springer, New
York, 1991. (Cited on pages 5 and 21.)
[6] K. S. Brown, Cohomology of groups, Corrected reprint of the 1982 original, Springer, New York, 1994.
(Cited on pages 34, 35, and 41.)
[7] L. Childers, Simply intersecting pair maps in the mapping class group, J. Knot Theory Ramifications 21
(2012), no. 11, 1250107, 21 pp. arXiv:1012.4751 (Cited on page 18.)
[8] T. Church & A. Putman, Generating the Johnson filtration, Geom. Topol. 19 (2015), no. 4, 2217-2255.
arXiv:1311.7150 (Cited on page 11.)
[9] T. Church, M. Ershov, & A. Putman, On finite generation of the Johnson filtrations, J. Eur. Math. Soc.
24 (2022), no. 8, 2875-2914. arXiv:1711.04779 (Cited on page 11.)
[10] T. Church & B. Farb, Representation theory and homological stability, Adv. Math. 245 (2013), 250-314.
arXiv:arXiv:1008.1368 (Cited on pages 8 and 45.)
[11] M. Ershov & D. Franz, Effective finite generation for [IA,,IA,] and the Johnson kernel, Groups Geom.
Dyn. 17 (2023), no. 4, 1149-1192. arXiv:2010.09673 (Cited on page 11.)
[12] M. Ershov & S. He, On finiteness properties of the Johnson filtrations, Duke Math. J. 167 (2018), no. 9,
1713-1759. arXiv:1703.04190 (Cited on page 11.)
[13] B. Farb, Representation stability, in Proceedings of the International Congress of Mathematicians—Seoul
2014. Vol. II, 1173-1196, Kyung Moon Sa, Seoul. arXiv:1404.4065 (Cited on page 8.)
[14] B. Farb & D. Margalit, A primer on mapping class groups, Princeton Mathematical Series, 49,
Princeton Univ. Press, Princeton, NJ, 2012. (Cited on pages 11, 40, 41, 53, and 55.)

230nce this proof is complete, since the inequality we are proving is an equality we will know that these
differentials vanish too.


http://arxiv.org/abs/1101.5767
http://arxiv.org/abs/1012.4751
http://arxiv.org/abs/1311.7150
http://arxiv.org/abs/1711.04779
http://arxiv.org/abs/arXiv:1008.1368
http://arxiv.org/abs/2010.09673
http://arxiv.org/abs/1703.04190
http://arxiv.org/abs/1404.4065

(25]
[26]
27]
(28]
29]
(30]

(31]

(32]
(33]
(34]
(35]

(36]

(37]
(38]
(39]
[40]
41]

42]

CALCULATING THE SECOND RATIONAL COHOMOLOGY GROUP OF THE TORELLI GROUP 57

R. Fox, Free differential calculus. I. Derivation in the free group ring, Ann. of Math. (2) 57 (1953),
547-560. (Cited on page 11.)

W. Fulton & J. Harris, Representation theory, Graduate Texts in Mathematics Readings in
Mathematics, 129 , Springer, New York, 1991. (Cited on pages 3, 5, and 21.)

R. Goodman and N. Wallach, Symmetry, representations, and invariants, Graduate Texts in
Mathematics, 255, Springer, Dordrecht, 2009. (Cited on page 46.)

N. Habegger & C. Sorger, An infinitesimal presentation of the Torelli group of a surface with boundary,
preprint 2000. (Cited on page 33.)

R. Hain, Infinitesimal presentations of the Torelli groups, J. Amer. Math. Soc. 10 (1997), no. 3, 597-651.
arXiv:alg-geom/9512001 (Cited on pages 2, 3, and 33.)

R. Hain, Johnson homomorphisms, EMS Surv. Math. Sci. 7 (2020), no. 1, 33-116; MR4195745
arXiv:1909.03914 (Cited on pages 10 and 20.)

J. Harer, The second homology group of the mapping class group of an orientable surface, Invent. Math.
72 (1983), no. 2, 221-239. (Cited on pages 31 and 43.)

J. Harer, Stability of the homology of the mapping class groups of orientable surfaces, Ann. of Math. (2)
121 (1985), no. 2, 215-249. (Cited on page 49.)

A. Hatcher & D. Margalit, Generating the Torelli group, Enseign. Math. 58 (2012), 165-188.
arXiv:1110.0876 (Cited on page 11.)

N. Ivanov, On the homology stability for Teichmiiller modular groups: closed surfaces and twisted
coeflicients, in Mapping class groups and moduli spaces of Riemann surfaces (Gottingen, 1991/Seattle,
WA, 1991), 149-194, Contemp. Math., 150, Amer. Math. Soc., Providence, RI. (Cited on page 49.)

D. Johnson, Homeomorphisms of a surface which act trivially on homology, Proc. Amer. Math. Soc. 75
(1979), no. 1, 119-125. (Cited on page 54.)

D. Johnson, An abelian quotient of the mapping class group Z4, Math. Ann. 249 (1980), no. 3, 225-242.
(Cited on pages 4, 10, 19, 27, and 41.)

D. Johnson, A survey of the Torelli group, in Low-dimensional topology (San Francisco, Calif., 1981),
165-179, Contemp. Math., 20, Amer. Math. Soc., Providence, RI. (Cited on pages 4, 10, and 11.)

D. Johnson, The structure of the Torelli group. I. A finite set of generators for Z, Ann. of Math. (2) 118
(1983), no. 3, 423-442. (Cited on page 11.)

D. Johnson, The structure of the Torelli group. II. A characterization of the group generated by twists
on bounding curves, Topology 24 (1985), no. 2, 113-126. (Cited on pages 11, 18, 28, 34, 42, and 55.)
D. Johnson, The structure of the Torelli group. I11. The abelianization of T, Topology 24 (1985), no. 2,
127-144. (Cited on pages 2, 28, 42, and 55.)

N. Kawazumi, On the stable cohomology algebra of extended mapping class groups for surfaces, in
Groups of diffeomorphisms, 383-400, Adv. Stud. Pure Math., 52, Math. Soc. Japan, Tokyo. (Cited on
pages 44, 49, 50, and 51.)

A. Klyachko, Lie elements in a tensor algebra, Sibirsk. Mat. Z. 15 (1974), 1296-1304, 1430. (Cited on
page 9.)

A. Kupers & O. Randal-Williams, On the cohomology of Torelli groups, Forum Math. Pi 8 (2020), €7,
83 pp. arXiv:1901.01862 (Cited on pages 2, 3, 4, 44, and 49.)

A. Kupers & O. Randal-Williams, Corrigendum to “On the cohomology of Torelli groups, Forum Math.
Pi 8 (2020), e7, 83 pp.” (Cited on page 4.)

M. van Leeuwen, A. Cohen, & B. Lisser, LiE, A Package for Lie Group Computations, Computer
Algebra Nederland, Amsterdam, ISBN 90-74116-02-7, 1992. (Cited on pages 3, 7, 9, 33, and 52.)

E. Looijenga, Stable cohomology of the mapping class group with symplectic coefficients and of the
universal Abel-Jacobi map, J. Algebraic Geom. 5 (1996), no. 1, 135-150. arXiv:alg-geom/9401005
(Cited on page 51.)

I. Madsen & M. Weiss, The stable moduli space of Riemann surfaces: Mumford’s conjecture, Ann. of
Math. 165 (2007), 843-941. arXiv:math/0212321 (Cited on pages 31, 49, 51, and 52.)

J. Malestein & A. Putman, On the self-intersections of curves deep in the lower central series of a
surface group, Geom. Dedicata 149 (2010), no. 1, 73-84. arXiv:0901.2561 (Cited on page 11.)

D. McCullough & A. Miller, The genus 2 Torelli group is not finitely generated, Topology Appl. 22
(1986), no. 1, 43-49. (Cited on page 11.)

J. Miller, P. Patzt, D. Petersen, & O. Randal-Williams, Uniform twisted homological stability, preprint
2024. arXiv:2402.00354 (Cited on pages 4, 44, 47, 49, and 50.)

D. Minahan, The second rational homology of the Torelli group is finitely generated, preprint 2023.
arXiv:2307.07082 (Cited on page 2.)

D. Minahan & A. Putman, The second rational homology of the Torelli group, preprint 2025.
arXiv:2504.00211 (Cited on pages 2, 3, 4, 31, 44, and 45.)


http://arxiv.org/abs/alg-geom/9512001
http://arxiv.org/abs/1909.03914
http://arxiv.org/abs/1110.0876
http://arxiv.org/abs/1901.01862
http://arxiv.org/abs/alg-geom/9401005
http://arxiv.org/abs/math/0212321
http://arxiv.org/abs/0901.2561
http://arxiv.org/abs/2402.00354
http://arxiv.org/abs/2307.07082
http://arxiv.org/abs/2504.00211

58

ANDREW PUTMAN

[43] S. Morita, Casson’s invariant for homology 3-spheres and characteristic classes of surface bundles. I,

Topology 28 (1989), no. 3, 305-323. (Cited on pages 20, 29, 34, and 35.)

[44] S. Morita, Abelian quotients of subgroups of the mapping class group of surfaces, Duke Math. J. 70

(1993), no. 3, 699-726. (Cited on pages 4, 10, 11, 19, and 20.)

[45] S. Morita, Structure of the mapping class groups of surfaces: a survey and a prospect, in Proceedings of

the Kirbyfest (Berkeley, CA, 1998), 349-406, Geom. Topol. Monogr., 2, Geom. Topol. Publ., Coventry.
arXiv:math/9911258 (Cited on page 20.)

[46] S. Morita, T. Sakasai & M. Suzuki, Torelli group, Johnson kernel, and invariants of homology spheres,

Quantum Topol. 11 (2020), no. 2, 379-410. arXiv:1711.07855 (Cited on page 20.)

[47] P. Patzt, Representation stability for filtrations of Torelli groups, Math. Ann. 372 (2018), no. 1-2,

257-298. arXiv:1608.06507 (Cited on pages 4 and 46.)

[48] J. Powell, Two theorems on the mapping class group of a surface, Proc. Amer. Math. Soc. 68 (3) (1978)

347-350. (Cited on page 11.)

[49] A. Putman, Cutting and pasting in the Torelli group, Geom. Topol. 11 (2007), no. 2, 829-865.

arXiv:math/0608373 (Cited on page 11.)

[50] A. Putman, The Johnson homomorphism and its kernel, J. Reine Angew. Math. 735 (2018), 109-141.

arXiv:0904.0467 (Cited on pages 11, 28, 43, and 55.)

[51] A. Putman, Twisted mapping class group calculator (C++ code), available on author’s website. (Cited

on page 52.)

[62] A. Putman & S. Sam, Representation stability and finite linear groups, Duke Math. J. 166 (2017), no.

13, 2521-2598. arXiv:1408.3694 (Cited on page 46.)

[63] O. Randal-Williams, On the cohomology of Torelli groups. II, Int. Math. Res. Not. IMRN 2024, no. 3,

2339-2381. arXiv:2301.01062 (Cited on pages 2, 3, and 44.)

[54] O. Randal-Williams & N. Wahl, Homological stability for automorphism groups, Adv. Math. 318 (2017),

534-626. arXiv:1409.3541 (Cited on page 49.)

[55] T. Satoh, On the Johnson homomorphisms of the mapping class groups of surfaces, in Handbook of

group actions. Vol. I, 373-407, Adv. Lect. Math. (ALM), 31, Int. Press, Somerville, MA. (Cited on
pages 10 and 20.)

[56] J.-P. Serre, Lie algebras and Lie groups, corrected fifth printing of the second (1992) edition, Lecture

Notes in Mathematics, 1500, Springer, Berlin, 2006. (Cited on pages 8 and 13.)

[67] D. Sullivan, On the intersection ring of compact three manifolds, Topology 14 (1975), no. 3, 275-277.

(Cited on page 10.)

[68] B. Tshishiku, Borel’s stable range for the cohomology of arithmetic groups, J. Lie Theory 29 (2019),

no. 4, 1093-1102. arXiv:1904.04902 (Cited on pages 31 and 47.)

[59] Y. Yokomizo, An Sp(2g, Z2)-module structure of the cokernel of the second Johnson homomorphism,

Topology Appl. 120 (2002), no. 3, 385-396. (Cited on page 29.)

DEPT OF MATHEMATICS; UNIVERSITY OF NOTRE DAME; 255 HURLEY HALL; NOTRE DAME, IN 46556;

USA

Email address: andyp@nd.edu


http://arxiv.org/abs/math/9911258
http://arxiv.org/abs/1711.07855
http://arxiv.org/abs/1608.06507
http://arxiv.org/abs/math/0608373
http://arxiv.org/abs/0904.0467
http://arxiv.org/abs/1408.3694
http://arxiv.org/abs/2301.01062
http://arxiv.org/abs/1409.3541
http://arxiv.org/abs/1904.04902

	1. Introduction
	1.1. Finite-dimensionality and algebraicity
	1.2. Cup product pairing
	1.3. Maximal algebraic subrepresentation
	1.4. Combining the results
	1.5. Remark on representation theory
	1.6. Johnson homomorphisms
	1.7. Outline of paper
	1.8. Acknowledgments

	Part 1. Image of cup product pairing
	2. Representation theory of SLn
	2.1. Maximal split torus
	2.2. Weight decomposition
	2.3. Highest weight vectors
	2.4. Theorem of the highest weight
	2.5. Dominant weights
	2.6. Stable decompositions

	3. Free groups and free Lie algebras
	3.1. Lower central series
	3.2. Lie ring associated to the lower central series
	3.3. Free groups
	3.4. Free Lie algebra in tensor algebra
	3.5. Lie representation
	3.6. Low degree Lie representations

	4. Johnson filtration and homomorphisms
	4.1. Johnson filtration
	4.2. Basic properties
	4.3. Johnson homomorphism preliminaries, I
	4.4. Johnson homomorphism preliminaries, II
	4.5. The Johnson homomorphism
	4.6. Basic properties of Johnson homomorphism

	5. Johnson homomorphism calculations
	5.1. Separating twists, first Johnson homomorphism
	5.2. Separating simple closed curves
	5.3. Bounding pair maps, I
	5.4. Bounding pair maps, II
	5.5. Simply intersecting pair maps
	5.6. Separating twists, second Johnson homomorphism

	6. Image of the Johnson homomorphism
	7. Representation theory of Sp2g
	7.1. Symplectic basis
	7.2. Self-duality and the symplectic form
	7.3. Maximal split torus
	7.4. Weight decomposition
	7.5. Standard unipotent subgroups
	7.6. Highest weight vectors
	7.7. Theorem of the highest weight
	7.8. Dominant weights
	7.9. Stable decompositions

	8. Projection maps and representation theory
	8.1. Projection maps
	8.2. Splitting H
	8.3. Splitting the quotient by H
	8.4. Generating subrepresentations

	9. First Johnson homomorphism
	10. Second Johnson homomorphism
	11. Ruling out trivial factors
	11.1. Second cohomology group of Torelli group and mapping class group
	11.2. Borel stability theorem
	11.3. No trivial factors

	12. Cup products and the Johnson homomorphism
	13. Calculation of image of cup product pairing on surfaces with boundary
	14. Calculation of image of cup product pairing on punctured surfaces
	15. Calculation of image of cup product pairing on closed surfaces

	Part 2. Cup products span
	16. Representation stability and the degrees of the factors of H2Torelli
	16.1. Degree of irreducible representation
	16.2. Algebraicity
	16.3. Cokernel of stabilization map
	16.4. Representation stability
	16.5. Branching rule
	16.6. Bounding the degrees

	17. Twisted cohomology of the mapping class group and uniform degree bounds
	17.1. Borel stability theorem
	17.2. Twisted cohomology and the Torelli group
	17.3. Uniform twisted stability
	17.4. Uniform degree bounds

	18. Cup products span on surfaces with boundary
	18.1. Detecting the decomposition
	18.2. Weighted partitions
	18.3. Twisted Morita–Mumford classes
	18.4. Kawazumi's work
	18.5. Proof of main theorem

	19. Cup products span on punctured surfaces
	20. Cup products span on closed surfaces
	References


