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Abstract

The Birman exact sequence describes the effect on the mapping class group of a
surface with boundary of gluing discs to the boundary components. We construct an
analogous exact sequence for the automorphism group of a free group. For the mapping
class group, the kernel of the Birman exact sequence is a surface braid group. We prove
that in the context of the automorphism group of a free group, the natural kernel is
finitely generated. However, it is not finitely presentable; indeed, we prove that its
second rational homology group has infinite rank by constructing an explicit infinite
collection of linearly independent abelian cycles. We also determine the abelianization
of our kernel and build a simple infinite presentation for it. The key to many of our
proofs are several new generalizations of the Johnson homomorphisms.

1 Introduction

When studying the mapping class group Mod(X) of a closed orientable surface ¥, one
is led inexorably to the mapping class groups of surfaces with boundary. For instance,
often phenomena are “concentrated” on a subsurface of ¥, and thus they “live” in the
mapping class group of the subsurface (which is a surface with boundary). The key tool
for understanding the mapping class group of a surface with boundary is the Birman ezact
sequence. If S is a surface with p boundary components and S is the closed surface that
results from gluing discs to the boundary components of S, then there is a natural surjection
Y: Mod(S) — Mod(S). Namely, if f € Mod(S), then ¢ (f) is obtained by extending f over
the glued-in discs. Excluding some degenerate low-genus cases, a basic result of Birman
[3] shows that Ker(¢) is isomorphic to the p-strand braid group B,(S) on S (or possibly

a slight modification of B,(S) depending on your conventions for mapping class groups of
surfaces with boundary). This is summarized in the exact sequence

1 —> B,(S) — Mod(S) — Mod(S) — 1. (1)

The purpose of this paper is to develop a similar exact sequence for the automorphism
group of a free group.
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Automorphisms of free groups with boundary, motivation. We begin by giving
a definition of the “automorphism group of a free group with boundary”. A motivation
for this definition is as follows. A prototypical example of where mapping class groups
of surfaces with boundary arise is as the stabilizer of a collection of homotopy classes of
nonnullhomotopic disjoint simple closed curves 71, ..., on a genus g surface ¥, (such a
collection forms a simplex in the curve complex). The stabilizer of the +; is then essentially
the mapping class group of the result of cutting ¥, along the ;. We wish to give an
algebraic description of such collections.

Recall that there is a bijection between conjugacy classes in m1(3,) and homotopy
classes of oriented closed curves on ¥,. We want to understand which collections of conju-
gacy classes in 71 (2,) correspond to collections 71, ..., v, of homotopy classes of disjoint
nonnullhomotopic simple closed curves on ¥, (oriented in some way). The description is
simplest if we restrict to collections of «; such that 7 U --- U 7y does not separate X,. El-
ements ay, by, ...,aq,by € T (Xy) form a standard basis for m(3,) if they generate m1(3,)
and satisfy the surface relation [ay,b1]-- - [ag,by] = 1. We then have the following folklore
fact. As notation, if G is a group and g € G, then [g] will denote the conjugacy class of g.

Lemma 1.1. A collection ci,...,c of conjugacy classes in m(X4) corresponds to a col-
lection 1, ...,v of homotopy classes of disjoint oriented nonnullhomotopic simple closed
curves on X4 such that Xg\(y1 U -+ U) is connected if and only if there exists a standard
basis a1, b1, ..., aq,bg for m(3,) with ¢; = [a;] for 1 <i < k.

We do not know a reference for Lemma 1.1, so we include a proof in Appendix A.

Lemma 1.1 suggests defining the automorphism group of a free group with boundary
to be the subgroup of the automorphism group of a free group fixing the conjugacy classes
of some fixed partial basis for the free group.

Automorphisms of free groups with boundary, definition. Let F}, ;; be the free
group on letters {x1,...,Zn,Y1,..., Yk, 21, .-, 21} and set

X ={x1,...,2p} and Y ={y1,...,yx} and Z={z,...,2]}.

We define
Anig ={f € Aut(Fo ) | [f(v)] =[v] forveY u Z}.

The reason for separating the roles of the y; and the z; will become apparent shortly. The
group A, 1; should be viewed as the automorphism group of a free group on n letters with
k + [ boundary components.

Remark. There have been many proposals for analogues of the curve complex for Aut(F},)
(see, e.g., [2,9, 12, 13, 14, 19]). The groups A, ;;; form the simplex stabilizers for the action
of Aut(F,) on the complex of partial bases, which is one of these analogues. In [9], the
results in the current paper are used to prove some topological results about this complex.
The simplex stabilizers of several other curve complex analogues are closely related to the
groups Ay, k.



Remark. The group Agy,; is known as the pure symmetric automorphism group of the
free group Fy ;. It was introduced by McCool [23] and has been the subject of much
investigation. McCool was also the first to study the general group A, ;, and in [21] he
proved that it was finitely presentable.

Remark. In [26], Wahl introduced a slightly different definition of an automorphism group
of a free group with boundary. These groups were further studied in papers of Hatcher-
Wahl [15] and Jensen-Wahl [16]. The paper [16] also discussed the groups A, ;. ; we consider
here and constructed presentations for them; see Theorem 5.2 below. Wahl’s groups are
abelian extensions of A, 1;, and it is not hard to deduce from our theorems analogous
results for her groups. In the context of the mapping class group, there are likewise two
natural ways to deal with boundary components. One can require that mapping classes fix
the boundary pointwise or merely require them to fix each boundary component setwise.
In the former case (to which Wahl’s definition is analogous), the Dehn twists about the
boundary components are nontrivial, while in the latter case (to which our definition is
analogous) they are trivial.

Remark. Another reasonable definition of the automorphism group of a free group with
boundary would require the automorphisms to fix the y; and z; on the nose (rather than
merely up to conjugacy). It turns out that this leads to a much more poorly behaved
theory — see Theorem E below.

The Birman exact sequence. Let N be the subgroup of F;, ;,; normally generated by
Y. There is an evident isomorphism F;, . ;/N = F;, o, and we will henceforth identify these
groups. We thus have a short exact sequence

1—N-— Fpgi— Fros— 1.

The group A, 1 preserves N, so we get a map p: A, ; — Aut(F), ;) whose image is
clearly contained in A, ; < Aut(Fy,0;). The map p: A, 1 — A, has a right inverse
Y Apog — Apk, defined as follows. Consider f € A, ;. Define ¢(f) € A, 1 to be the
automorphism which has the following behavior on a generator se X uY u Z.

S ifseY,
f(s) ifseXuZ.

It is clear that this defines an element of A,, ;; such that p(¢(f)) = f. We conclude that

p 1s surjective.
Let K, 1 be the kernel of p. We thus have a split short exact sequence

1— ICn,k:,l — -An,k:,l i) -An,O,l — 1. (2)

The exact sequence (2) will be our analogue of the Birman exact sequence (1).



Generators for the kernel. To understand (2), we must study the kernel group K,, j ;.
We begin by giving generators for it. For distinct v,w e X UY U Z and € = %1, let Mye 4,
and C,,, be the elements of Aut(F}, ;) that are defined by

wv ifs=vande=1 oy
WUwW ifs=w
Mye w(s) = vw™! ifs=vande=—1 and Cyu(s)= .
) s otherwise
s otherwise

for se X Y u Z. Our first result is as follows.

Theorem A. The group K, 1 is generated by the finite set

Sk ={Myey |zeX, yeY, e==x1} u{C.y | 2€Z, yeY}
u{Cyo |yeY,veXuY UuZ, y+#uv}

The kernel is not finitely presentable. Theorem A might suggest to the reader that
Kn.k, is a well-behaved group, but this hope is dashed by the following theorem.

Theorem B. If k > 1 and n + 1 = 2, then K, ,; is not finitely presentable. In fact,
Hy (K, 105 Q) has infinite rank.

Remark. Theorem B should be contrasted to what happens in the mapping class group of
a surface, where the kernel of the Birman exact sequence is finitely presented (and, in fact,
has a compact Eilenberg-MacLane space, so all of its homology groups have finite rank).

Our proof of Theorem B actually yields an explicit infinite set of linearly independent
classes in Ha(/Cp, 1,15 Q). These classes arise as abelian cycles. If G is a group and z,y € G
are commuting elements, then there is a homomorphism i: Z? — G taking the generators
of Z? to x and y. The 2-torus is an Eilenberg-MacLane space for Z?, so Hy(Z?; Q) = Q.
Letting ¢ € Ha(Z?%; Q) be the standard generator, the element i.(c) € Ha(G; Q) is known as
the abelian cycle determined by = and y. Returning to K, ;. ;, the assumptions of Theorem
B imply that we can find y € Y and a,b € X U Z such that a # b. It is easily verified that
the elements

m -m
Cy,abeyCy,a and Cavycb7y

of Ky commute for all m > 1. Letting p,, € Ha(K, x;Q) be the associated abelian
cycle, we will prove that the p,, are linearly independent.

Remark. A priori, it is not even clear that the u,, are nonzero.

Comment about proof of Theorem B. The key step in proving that the u,, are
linearly independent is the construction of elements (,, € H2(/Cn,k,l; Q) which are “dual” to
the ft,,. The ¢, are “almost” cup products of elements of H'. More precisely, there is a
natural subgroup £ < K, ; and a homomorphism I: £ — A, where A is an infinite rank
abelian group. The homomorphism I can be viewed as a generalization of the Johnson
homomorphism, which is a well-known abelian quotient of the Torelli subgroup of the



mapping class group of a surface (see §2 for details). We construct a sequence of surjections
al,: A — Z, and thus a sequence of surjections ay,: £ — Z. The cohomology class [cy,]
is then an element of Hl(ﬁ; Q), and we can construct elements

Nm = [am] U [ao] € H2(£; Q).

The elements (,, € HQ(Knykyl; Q) are constructed from 7, by a sort of averaging process
similar to the classical transfer map, though the transfer map cannot be used directly since
L is an infinite-index subgroup of KC,, 1 ;.

Relations in the kernel. In spite of Theorem B, it turns out that there are only five
basic relations in K, 1 ;. These appear as relations R1-R5 in Table 1. We have the following
theorem.

Theorem C (Informal). The group K, r; has a presentation (Sk | R), where Sk is
the generating set from Theorem A and R consists of all relations “of the same type” as
relations R1-R5 in Table 1.

Basic relations for K, ;;

Let Sk be the generating set from Theorem A. The set Ry is the set of all relations
between elements of F'(Sk) of the following forms:

R1. Three classes of relations saying that generators commute.

(1) [Myey, Mys ] =1 for z,we X, 6,6 = +1 and v,y € Y with z¢ # w?,

(2) [Myey,Cp.l=1forze X, e=+l,yeY, veYuZandze XY uZ
such that C, ., € Sk, v # z and v # v,

(3) [Cuw, Cuz] =1foru,weY uZ andv,ze XY uZ such that Cy ,,Cy - €
Sk, u # w,z and w # v;

R2. Cy My .Cp = Cy 2 Mye . for e = £1, x € X, and v, 2 € Y such that v # z;

R3. C{ M, ,CrS =M S My M fored ==+l xe X, and v,z € Y such that
) x©,z ) T,z

00,2
v # Z;

R4. C ,CyrCyf = CL5C00C, , for e =21, w,veY uZand ze X UY U Z such
that C, ., Cyw, Cu,. € Sk; and

R5. C € :Mz_e’lyfore:il,xeX,ander.

€
Y.zt Ty Yy,

Table 1: Relations for I, 1

Of course, this appears to contradict Theorem B. However, the relations in R1-R5 depend
on a choice of basis, and in Theorem C we require the infinite collection of relations of



the forms R1-R5 with respect to all choices of basis. See Theorem 5.6 in §5 for a precise
statement. Also see Corollary 5.7, where we deduce that IC,, ; has a finite L-presentation
(a strong kind of recursive presentation).

The abelianization of the kernel. Our next main theorem gives the abelianization of
KCh ki i- There are three families of abelian quotients (see §3 for more details)

e Let 1 be the restriction of the natural homomorphism Aut(F), ;) — Aut(Z"F+!) ~
GLy4x+1(Z) to Ky, . Then it turns out that the image of v is a free abelian subgroup
of GL,,1k11(Z) of rank nk.

o If n =0, then K, 1 acts trivially on Fglﬁcl = 7Z"*+k+1 and thus by definition lies in
the subgroup

IA, 11 = {f € Aut(F,, 1) | [ acts trivially on FSBCJ}

of Aut(F,, ;). The group IA, ;; is often called the Torelli subgroup of Aut(F, ;).
There is a well-known homomorphism J: IA, — Hom(Z"*tk+! A?7Zn+k+l) known
as the Johnson homomorphism, and J(ICp, 1;) has rank 2kl + k(k —1).

o If n > 0, then K, ;. ; does not act trivially on F:ﬁ’l so the Johnson homomorphism is
not available. Nonetheless, we will construct a sequence of modified versions of the
Johnson homomorphism in this case the direct sum of whose images is a free abelian
group of rank 2kl + kn.

The above abelian quotients are all independent of each other, and we prove that they give
the entire abelianization of KC,, 1 ;.

Theorem D. In the case n = 0, we have Hy(Ko 3 Z) = Z264k(=1)  [f 5 > 0, then
Hy(Kpp15 Z) = 72kn+2kl

An alternate definition. Our last theorem concerns a possible alternate definition of
the automorphism group of a free group with boundary. Define

A i ={feAut(Fury) | flv)=vforveY uZ}.

The group Aj, ;. ; was first studied by McCool [21], who proved that it was finitely pre-
sentable. Just as for Ay, there is a split surjection p': A} ;; — Ay 0. Define K7 ;=
Ker(p'), so we have a short exact sequence

1 — K e — AL A Ao — L.
One might expect that K;z,k,l is similar to K, ;. ;; however, the following theorem shows
that they are quite different.
Theorem E. Fix n,k > 1 and l > 0 such that n +1 > 2. Then the group ,C;I,k,l 18 not
finitely generated. In fact, Hl(K:;z,k,l;Q) has infinite rank.

The proof of this falls out of our proof of Theorem B above. Recall from the proof
sketch that one of the key steps was the construction of a subgroup £ < K, x; and a
“Johnson homomorphism” I: £ — A, where A is an abelian group of infinite rank. It
turns out that K7, ; ; = £ and the image I(K;, ; ;) has infinite rank.
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Prior results. Some special cases of our theorems appear in the literature on the pure
symmetric automorphism group. Define K, = Ko 1,m—1. In [8], Collins and Gilbert proved
that K3 is not finitely presentable. In [25], Pettet proved that K, is finitely generated
for all m and that K, is not finitely presentable for m > 3. She also calculated the
abelianization of K,,. Our proof of the finite generation of KC,, ;. ; is a generalization of the
proof in [25]; however, our proofs of our other results are quite different from those in [8]
and [25].

Acknowledgments. We wish to thank Nathalie Wahl for helpful correspondence and
Tom Church for sending us some corrections. We also wish to thank the referee for many
useful suggestions.

Outline and conventions. In §2, we give a general construction of a “Johnson crossed
homomorphism”. This construction will be used in both §3 and §4. In §3, we calculate the
abelianization of C,, i ;, proving Theorem D. In §4, we prove Theorem B, which asserts
that IC,, 1,7 is not finitely presentable if £ > 1 and n+ > 2. The proof of Theorem E is also
contained in §4. Finally, in §5, we determine generators and relations for KC,, ;. ;, proving
Theorems A and C. We put §5 at the end because of its heavy use of combinatorial group
theory, however, it does not depend on the other sections and can also be read first.

Automorphisms act on the left and compose right-to-left like functions. If G is a group
and g,h € H, then we define ¢" = hgh™! and [g,h] = ghg 'h~'. We note again our
conventions that Cy ,(z) = 2¥ and M, ,(z) = yz.

2 Johnson crossed homomorphisms

To study Hi(Kp, ;Z) and Ho (K, 113 Q), we will need several variants on the well-known
Johnson homomorphisms. These homomorphisms were originally introduced in the context
of the Torelli subgroup of the mapping class group of a surface by Johnson [17, 18] and
have since been generalized to a variety of contexts (see, e.g., [4, 6, 7, 10, 20]). In this
section, we give a general framework for studying them.

Recall first that if a group I' acts on an abelian group M, then a crossed homomorphism
from I" to M with respect to this action is a function ¢: I' — M satisfying the cocycle
identity

?(9192) = d(g1) + 91((g2)) (91,92 € 1).

Crossed homomorphisms are also sometimes referred to as twisted I-cocycles or as deriva-
tions. The set of all crossed homomorphisms from I' to M forms an abelian group which
we will denote Der(I', M). If I' acts trivially on M, then Der(I', M) = Hom(I", M).

Now let

1—A—>B—5(C—51

be a short exact sequence of groups and let G be a group which acts on B. Assume the
following three conditions hold.

1. The group A is abelian.



2. For a € A and g € G, we have g(a) € A.
3. The induced action of G on C = B/A is trivial.

To simplify our notation, we will often use additive notation when discussing A, though
we will try never to mix additive and multiplicative notation.

For g € G, define a function J;: B — A as follows. Condition 3 implies that g(b)-b=' €
A for b e B. We can thus define 7,(b) = g(b)-b~!. The group B acts on A by conjugation.
We claim that J; is a crossed homomorphism. Indeed, for b;,b2 € B we have

Tg(b1 - bg) = g(by - ba) - (by - bg) '
= (g(b1) - b7") - by - (g(bo) - b3 1) - b7
= Jy(b1) + b1(Ty(b2))-
We can thus define a function
J: G —> Der(B,A)

by J(g9) = J4. The group G acts on Der(B, A) via the action of G on A. We claim that
J is a crossed homomorphism. Indeed, for g1,92 € G and b € B we have

T (g1 - 92)(b) = g1(g2(b)) - b7
= g1(g2(b) - b~ 1) - gr(b) - b7
= 91(J(92)(b)) + T (g1)-

We will call the function J a Johnson crossed homomorphism.

3 The abelianization of K, ;;

In this section, we calculate the abelianization of K, ;. ;. The actual calculation is contained
in §3.3. This is proceeded by §3.1-3.2, which are devoted to constructing the necessary
abelian quotients of K, ;. The homomorphisms constructed in §3.1 come from the action
of Ky k1 on Ff;‘?C ;» and the homomorphisms in §3.2 come from certain Johnson crossed
homomorphisnfs.’

To simplify our notation, we define

V:Fn,k,l:<:1:1,...,:Un,y1,...,yk,zl,...,zl> and VzVab
and
Vo=, Yk, 21,---,21y and VC:ngb

and o
Vy = <y1,. . .,yk> and VY = V)?b.

Also, for v € V we will denote by ¥ € V the image in the abelianization. The notation V¢
is intended to indicate that this is the subgroup of V' generated by basis elements whose
conjugacy classes are fixed by A, 1 ;.



3.1 The action on homology

The first source of abelian quotients of K, ;; is the action of A, ;; on V. This action
restricts to the identity action on V. If M and N are free Z-modules and N is a direct
summand of M, then denote by Aut(M, N) the set of automorphisms of M that restrict to
the identity on N. With respect to an appropriate choice of basis, elements of Aut(M, N)
are represented by matrices with an identity block in the upper left hand corner and a
block of zeros in the lower left hand corner. Let m: V — V/V ¢ be the projection. We
have a split short exact sequence

1l — HOHl(V/Vc,Vy) — Aut(V,Vc) — Aut(V/Vy,Vc/Vy) — 1,

where h € Hom(V /V ¢, Vy) corresponds to the automorphism of V that takes v € V to
U+ h(mw(v)). This fits into a commutative diagram of the form

1 — Kok — Ay — Ao — 1
1 — HOm(V/Vc,Vy) _— Aut(V,Vc) _— Aut(V/Vy,Vc/Vy) — 1.
In summary, we have a homomorphism A: K, ;; — Hom(V Ve, Vy).

Remark. It is easy to write down a formula for A. Namely, if f € K, ;; and w € V/Ve,
then A(f)(w) = f+(V) —v € Vy, where v € V is any lift of w and f, : V — V is the induced

action.

3.2 The Johnson homomorphisms on K, ;;

The second source of abelian quotients of K, ;; are homomorphisms constructed from
Johnson crossed homomorphisms in the sense of §2. Let V. < V be the subgroup generated
by Vo and [V, V]. We then have a short exact sequence

1—[V,V] > Vi —Ve— 1. (3)
It is well-known that [V, V]/[V,[V,V]] =@ A%V (see, e.g., [17]). Taking the quotient of the
groups in the short exact sequence (3) by [V, [V, V]], we thus get a short exact sequence
2 —
1— AV — V/IV,[V.V]] — Ve — L. (4)

It is clear that the group K, 1 acts on Vi and thus on V7 /[V, [V, V]]. Also, the action of
Kn k1 on Ve is trivial. By the method of §2, we thus get a Johnson crossed homomorphism
J: Kpgy — Der(Vo, A°V). The action of Vo on A?V is trivial, so Der(Vo, A2V) =
Hom(V ¢, /\2 V). Summing up, we have constructed a Johnson crossed homomorphism

J: Kngi — Hom(Vc,/\QV).

If n =0, then V = V¢ and thus Kn.k acts trivially on /\2 V. This implies that in
this case J is actually a homomorphism. If n > 1, however, then it is only a crossed



homomorphism. This can be fixed as follows. Consider ce Y u Z. Let J.: K, 11 — /\27
be the composition of J with the restriction map from Hom(V¢, /\2 V) to

Hom((@, \'V) = Hom(z, NV) = V.

For f € Ky, there exists some w € V such that f(c) = wcw™!. By definition, J.(f)
is the image of f(c)-c™! = [w,c] in /\2 V. Letting ¢ and w be the images of ¢ and w
in V, respectively, we get that J.(f) = W A €. In other words, the image of J. lies in
V acc A?V, which is isomorphic to V /() via the isomorphism that takes z € V /() to
T AC, where & € V is any lift of x.

So we have described a crossed homomorphism

Je: ]Cn,k,l — V/<E>

If we further suppose that ¢ € Z, then the fact that f is in K, ;; implies that w is in
(Vy,e) (otherwise wew™! will not become ¢ when the elements of Y are deleted from it).
So in the case that c € Z, we have

Jo: Kngy — Vy,6)/©).

Since (Vy,¢y € V¢, the group K, acts trivially on (Vy,¢)/(cy. This implies that J. is
a homomorphism when ¢ € Z. Tracing through the above identifications, we may calculate
Jo(f) for f € K,k as follows. Write f(c) = wew ™! for some w € V. Then w € (Vy,¢) and
f(e) is the image of w in (Vy,¢)/{c).

On the other hand, if ¢ € Y, then we are forced to take a further quotient to get an
honest homomorphism. By definition K, ;. ; acts trivially on V/Vy. Letting

Jé: Icn,k,l — V/<Vy,6>

be the composition of J. (with its target redefined via the above isomorphism to be V /{¢))
with the projection V /(¢) — V /(Vy,¢), it follows that J! is a homomorphism. Tracing
through the above identifications, we may calculate J/(f) for f € ICp, 1 as follows. Write
f(c) = wew™? for some w € V. Then J.(f) is the image of w in V /{Y,¢).

3.3 Calculating the abelianization

We now have all the pieces necessary to prove the following two theorems. Together they
imply Theorem D.

Theorem 3.1 (Abelianization of K, ;, n = 0). Consider k > 1 and ! > 0. The image
of the homomorphism

J: Koxy — Hom(V, /\QV)

is the abelianization of Ko . This image is isomorphic to Z" with r = 2kl + k(k — 1).
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Proof. Define

C={Cyy |1<i,j<k,i#j} and C'={C., |1<i<l,1<j<k}
and C"={Cy,. |1<i<k 1<j<I}
By Theorem A (proved in §5 below), the group Ko  is generated by C'u C" u C”. Since
C u C'"u C" has k(k — 1) + 2kl elements, it is enough to prove that the images under J

of the elements of C U C’ U C" are linearly independent. This follows from the following
three calculations. Checking these calculations is easy and left to the reader.

e Consider Cy, ,, € C. Then J(Cy,,,) € Hom(V, A?V) is the map with the following

behavior for s € {y1,..., Yk, 21, -, 21}
_ Ui Ay ifs =1y,
J(Cy, 4.)(3) = J !
(o) (3) {O otherwise.
e Consider C., ,, € C". Then J(C.,,,;) € Hom(V, A?V) is the map with the following
behavior for s € {y1,...,yk, 21,---, 21}
_ zZi Ny if s =7,
J(C, ,)(E) = J
(Cei,) (5) {0 otherwise.

e Consider Cy, ., € C. Then J(Cy,.,) € Hom(V, A?V) is the map with the following
behavior for s € {y1,..., Yk, 21, -, 21}

_ Ui~z ifs =1,
J(Cy.2;)(5) =
( Yis J)( ) {0 otherwise. O

Theorem 3.2 (Abelianization of K, 1, n > 1). Consider n > 1, k > 1, and | > 0.
The image of the homomorphism

A® (D) © (D Je): Kngy — Hom(V/Ve, Vy) @ (D VAVy,0) @ (D(Vy,)/©)

ceY ceZ ceY ceZ

is the abelianization of ICp 1. This image is isomorphic to Z" for r = 2kn + kl.
Proof. Define

M={My, |[1<i<n 1<j<k} and M ={M . |1

Ty Y5

N

i<n, 1<j<k}
and

C={Cyy, | 1<i,j <k, i#j} and CI:{CZi:yj|1<i<l’1<'
and C" ={Cy,., |1<i<k 1<j<Il} and C"={Cy., |1
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By Theorem A, the group K, is generated by M v M' v Cu C’' v C" L C".
We have relations

My, M —1 = [My, y;, Cy; ;] forl<i<nand1<j<k

Zi,Y;j ;Y

and

Cyiy = [Cyay» Mayy,]  for 1 <i,j < k such that i # j.
When IC,, ;. ; is abelianized, therefore, the generators in M’ and C become redundant. Since
M has kn elements, C"” has kn elements, and C’ and C” have kl elements, it follows that
the rank of the abelianization of K, 1; is at most 2kn + 2kl. To prove the theorem, it is
thus enough to show that the images under our map of the elements of M v C" L C”" L C"”
are linearly independent. This follows from the following four calculations. For ce Y u Z,

let g.: (Vy,¢) —» (Vy,¢)/{¢y and ¢.: V — V/{Vy,¢) be the natural maps.

e Clearly J/(M) = 0 for c € Y and J.(M) = 0 for ¢ € Z. Also, the elements of M
project under A to a basis for the abelian group Hom(V /V ¢, Vy).

e Consider C, . € C'. Then A(C., ,.) =0, Ji(C,y,) =0 for ce Y and J.(C, ;) =0
for ce Z\{z}. Also, J.,(C%, ;) = ¢ (yj) # 0.

e Consider Cy, ., € C". Then A(C,,..) =0, J.(Cy,.;) =0 for ce Z and J;(Cy, .;) =0
for ce Y\{y;}. Also, J;, (Cy, =) = q,,(z;) # 0.

e Consider Cy, ,; € C". Then A(Cy, ) =0, Jo(Cy, z;) = 0for ce Z and J(Cy, +,) =0
for ce Y\{y:}. Also, J; (Cy, x;) = qy,(z;) # 0. O

4 The groups K, ;; are not finitely presentable

The goal of this section is to prove Theorem B. Along the way (in §4.2), we will also prove
Theorem E. Let us recall the setup of Theorem B. We assume n, k,[ € Z are chosen such
that K > 1 and n + [ > 2. This implies that there exists some y € Y and a,b € X u Z such
that a # b. Consider m > 1. The elements

m —-m
Cy,aCb,yCy,a and Ca,ycb@

of ICp, 1y commute and thus determine an abelian cycle p,, € Ha(Ky, 15 Q). Theorem B
asserts that Ha(ICp, 1,15 Q) has infinite rank, which will follow from the fact that the p, are
linearly independent. The skeleton of the proof of this is in §4.1, which concludes with an
outline of the remainder of this section. Because we will not change our hypotheses on n,
k and [ in this section, we will abbreviate IC,, 1.; as K.

4.1 Skeleton of proof

Recall that there is a bilinear pairing (the cap product or evaluation pairing)

w: HA(K; Q) x Hy(K;Q) — Q.

In §4.2 — 4.5, we will prove the following lemma.
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Lemma 4.1. Forr > 1, there exist elements [¢,] € H*(K; Q) such that

{2 ifm=r,

Gl =1 L

for allm > 1.

Remark. We denote our cohomology class [(,] because it will be defined by an explicit
cocycle ¢, on K.

Lemma 4.1 immediately implies Theorem B. Indeed, if
e 6}
Z cip; =0 (¢m € Q, only finitely many ¢, nonzero),
i=1
then we obtain that

0 =w(O (¢ ] cips) = Y. ciw([Gr], i) = 2cr

i=1 i=1

for all » > 1, as desired.

The outline of the proof of Lemma 4.1 is as follows. In §4.2, we will construct a certain
subgroup £ < K and a family of homomorphisms from £ to an infinite rank free abelian
group A. These homomorphisms are constructed from a Johnson crossed homomorphism.
This section also contains a proof of Theorem E. In §4.4, we will compose one of these
homomorphisms with a family of maps from A to Z to obtain a sequence of surjective
homomorphisms

o L— 7 (i =0).

The maps «; determine elements [;] € H!(L;Q), so we can use the cup product to obtain
cohomology classes [a,] u [ag] € H*(L; Q) for r = 1. We will use a sort of averaging process
to construct an element [(,] € H2(K; Q) out of [a,] U [an] € H*(£; Q). The calculation in
Lemma 4.1 is then contained in §4.5. Our calculations in §4.4-4.5 will (alas) have to be
performed at the chain level, so between §4.2 and §4.4 we have §4.3, which reviews some
chain-level information about group cohomology.

4.2 The group £ and its Johnson homomorphism

The goal of this section is to define a subgroup L of I with infinitely many homomorphisms
L — Z; we use these to construct our desired cocycles on K. In fact, we define a crossed
homomorphism from K to an infinite rank abelian group, and by restriction get homomor-
phisms on a subgroup. In order to make these definitions, we must first investigate some
subgroups of V' that arise naturally given the special role of Y.

Recall that we have fixed some y € Y. Also, recall that

V=Fo,, ad V=V® and WW=&)cV and Vy=1W"

13



Define Ny to be the normal closure of Y in V. We have a short exact sequence
1— Ny -V —>V/Ny — 1. (5)

The group K acts on V. This action preserves Ny, and the induced action on V /Ny
is trivial by the definition of K. To construct a Johnson crossed homomorphism out of
this situation, we will need to quotient the groups in (5) by a subgroup M <1V which is
preserved by K such that M < Ny and such that Ny /M is abelian. Of course, we could
use [Ny, Ny], but it turns out that a larger M gives a Johnson crossed homomorphism
with better properties.
Let Y’ = Y\{y} and Ny» < V be the normal closure of Y’. Observe that each of the
subgroups
Ny/ and [Ny, Ny] and [Ny, [V, V]] (6)

is normal and preserved by K. Let M < V be the subgroup generated by the subgroups
in (6). It is clear that M is a normal subgroup. We have a short exact sequence

l1— Ny/M — V/M — V/Ny — 1.
Associated to this is a Johnson crossed homomorphism
I: K — Der(V/M,Ny/M).

Our next order of business is to find a subgroup £ < K such that £ acts trivially on
Ny /M. The restriction of I to £ will then be an actual homomorphism. We need the
following lemma about Ny /M.

Lemma 4.2. If 9 € V and ' € V have the same image in V /Vy, then the images of y°
and y° in Ny /M are equal.

Proof. By assumption, we can find w; € [V, V] and wy € Ny such that © = v'wjws. It then
follows that

g = T = ()7 (7)
Modulo M, we have y*? = y and y*' = y. It follows that modulo M, the expression in (7)
equals y?', as desired. O

For v € V/Vy, pick some ¥ € V that projects to v and define 3 to equal the image of
y” in Ny /M. Lemma 4.2 implies that y¥ is independent of the choice of #. We then have
the following.

Lemma 4.3. The infinite set {y° | ve V/Vy} is a basis for the abelian group Ny /M.

Proof. Let A be the free abelian group with basis the formal symbols {y” | v e V/Vy}.
Using standard “covering spaces of graphs” arguments, it is easy to see that Ny is a free
group with free basis S = {y° | 9 € (X, Z)}. Let p: Ny — A be the projection taking
y' € S to y’ € A, where v € V/Vy is the image of S. It is clear that M < Ker(p), and
Lemma 4.2 implies that Ker(p) < M. The lemma follows. O

14



Since K preserves M, it acts on Ny /M. Recall that in §3.2, we constructed a homo-
morphism J?’J: K — V /Vy. Tracing through the definitions, we see that

fy') =y D (e V/Vy, fekK)
We define £ = Ker(J;). This lets us obtain the following result.

Corollary 4.4. The group L < K acts trivially on Ny /M, and hence the restriction of the
Johnson crossed homomorphism I: K — Der(V /M, Ny /M) to L is a homomorphism.

The target Der(V /M, Ny /M) of I is rather complicated, so our next order of business
is to break it into understandable pieces. The key will be the following lemma, whose proof
is trivial and thus omitted.

Lemma 4.5. Let G be an infinite cyclic group with generator t. Also, let A be an abelian
group upon which G acts. The map i: Der(G,A) — A defined by i(¢) = ¢(t) is then an
isomorphism.

For s e X u Z, its image s’ € V//M generates an infinite cyclic subgroup. We can thus
compose [: £ — Der(V /M, Ny /M) with the restriction map

Der(V /M, Ny /M) —> Der({s"y, Ny /M) =~ Ny /M

to obtain a homomorphism I;: £ — Ny /M. The value of I is easy to calculate. Namely,
for f € £ we have f(s)-s~! € Ny, and I4(f) is the image of f(s)-s~!in Ny /M.

At this point, we have developed enough machinery to prove Theorem E, whose we
recall statement is as follows. Recall that

A i ={feAut(Fury) | f(v) =vforveY uZ}.

There is an obvious surjective map p: Al ,, — Al ,,, and K| , , = Ker(p). Theorem E
asserts that Hl(lC;LkJ; Q) has infinite rank if n,k > 1 and n +1 > 2.

Proof of Theorem E. By assumption, we can find s € X and t € X U Z such that s # t.
Observe that K/ ., < L. It follows that I, restricts to a homomorphism I : K ,, —
Ny /M. It is enough to show that I5(K;, x.;) contains an infinite set of independent elements.
Now, for m € Z define h,, = Cg?tMs,yC;l". It is easily verified that h,, € IC’n’k’l. Also,
Is(hy,) is the image of

B(s)s ™t = (t™yt ™s)s L = tTyt ™

in Ny /M. Letting T be the image of t in V/Vy, we see that Is(h,,) = y™L. The set
{y™T | m € Z} is an infinite set of independent elements of Ny /M, and we are done. [

4.3 Group cohomology at the chain level

This section contains some standard results about group cohomology, all of which are
contained in [5] (although with different notation).
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The standard cochain complex. Let G be a group. Denote by C"(G; Q) the Q-vector
space consisting of all functions ¢: G"*! — Q which are G-equivariant in the sense that
&(g-90,---5,9-9n) = ¢(g0,--.,9n) for all g, go, ..., gn € G. Elements of C"(G; Q) are known
as n-cochains on G. They fit into a cochain complex

L —— C"THGQ) —— CY(G5Q) —— CHGQ) —— - (8)
whose differential 6: C™(G;Q) — C"(G;Q) is given by

n+1

6(¢)(gov s 7g’ll+1) = 2 (_1)z¢(907 s agia o agn-i-l)‘
i=0
The cohomology groups of (8) are H*(G; Q). If ¢ € C*(G;Q) is a cocycle, then we will
denote by [¢] the associated element of H"(G; Q).

Remark. The standard cochain complex is a complex of homomorphisms from the standard
resolution of Z over ZG to Q. The standard resolution is a chain complex whose nt" graded
piece has a basis consisting of (n + 1)-tuples of elements of G. We note that there is a
common alternate notation for the simplices in the standard resolution known as “bar
notation.” The use of bar notation leads to a different description of the standard cochain
complex and a different formula for the coboundary. We are not using bar notation; our
reason for avoiding it is that our averaging construction is clearer without it.

First cohomology. The Q-vector space H (G; Q) is isomorphic to the space of homomor-
phisms G — Q. Given a homomorphism f: G — Q, the associated element of Cl(G; Q) is
given by

¢(90,91) = f(g1) = f(90) (90,91 € G).

We will denote the element of H!(G; Q) corresponding to f by [f].

Cup products. There is a cup product map u: HP(G;Q)®@HY(G;Q) — HPT(G; Q). If
¢ € CP(G;Q) and ¢' € CI(G; Q) are cocycles, then [¢p] U [¢'] = [¢"], where ¢" € CPTY(G;Q)
is the cochain given by

#" (g0, - - - s Ip+q) = H(gos - - - 79p)¢/(9p, s Optq)-

Evaluating on abelian cycles. For all n > 0, there is a bilinear pairing
w: H'(G;Q) x H,(G;Q) — Q.

We will need a formula for this in the following situation. Let fi, fo: G — Z be homo-
morphisms. Also, let g1,92 € G be commuting elements. There is then a homomorphism
Z? — G taking the generators of Z? to the g;. Let ¢ € Ha(G;Q) be the image of the
standard generator of Hy(Z?; Q) =~ Q under the induced map Hz(Z?; Q) — Ha(G; Q). We
will call ¢ the abelian cycle determined by ¢; and go. Using the cup product structure on
H*(Z?;Z), we then have

w([f1] U [fal, e) = fi(g1) f2(g2) — fi(g2) f2(g1)-
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Relating different groups. Assume now that H is a subgroup of G. We then have a
diagram

l l l ®

- C"N(H;Q) —— C'(H;Q) —— C" N (H;Q) — -~

of cochain complexes inducing the natural map H*(G; Q) — H*(H;Q). Here the map
C"(G;Q) —» C"(H; Q) is simply restriction.

There is a cochain complex naturally lying between the cochain complexes in (9).
Denote by C"(G, H; Q) the Q-vector space consisting of all functions ¢: G"*! — Q that
are H-equivariant in the sense that ¢(g - go,..., 9 9n) = ¢(g0,-..,9n) for all g € H and
9o, - - -, gn € G. Observe that C"(G; Q) ¢ C*(G, H;Q). The spaces C"(G, H;Q) fit into a

cochain complex
C—— C"YG H;Q) —— C(G,H;Q) «—— C" G, H;Q) «—— ---

whose cohomology groups are easily seen to equal H*(H;Q). Further, we have maps
C"(G, H;Q) - C"(H;Q) by restriction. So we have a commutative diagram of the form

e C"HGQ) —— CN(GQ) —— CTHGQ) e -

l l l

e CM(G Q) CUGHIQ) —— O GHIQ) o (10)

l l |

Ce— CNH Q) —— CMH;Q) —— C"NH; Q) —— -

The maps C"(G, H; Q) — C"(H;Q) induce a chain homotopy equivalence. We will need
an explicit formula for an inverse chain homotopy equivalence. Fix a set of right coset
representatives for H in G. Assume that the representative of the trivial coset is 1. For
g € GG, denote by ¢ the coset representative of the coset H - g. Our inverse chain homotopy

equivalence is then given by the maps j: C"(H;Q) —» C*(G, H; Q) defined by

3(@)(go, - --9n) = D(90(30) ™" gn(@n)™")  (90,---,9n € G).

This formula makes sense since g(§)~! € H for all g € G. It is easy to see that j(¢) is
H-equivariant and compatible with the coboundary maps.

Remark. If H is normal in G, then the diagonal action of G on C"(G, H;Q) descends
to an action of G/H. By definition, the cochains C"(G;Q) are simply the invariants
C™"(G, H;Q)%/H | that is, the subset of cochains that are fixed by G/H. If G/H is finite,
then an invariant element can be found simply by taking the sum (or average) of the G/H—
orbit of any given element of C"(G, H; Q). The procedure of taking a cocycle in C"(H;Q),
representing its cohomology class with a cocycle in C"(G, H; Q), and summing its orbit to
get a cocycle in C"(G, Q) defines a map H"(H; Q) — H"(G;Q) called the transfer map.
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Our construction below builds a cocycle formally using the same procedure that defines
the transfer map; however, our subgroup is not of finite index so there is no transfer map
to define. As we will see below, our construction works because we use cocycles that satisfy
a kind of local finiteness condition.

4.4 The cocycles ¢,

Recall that we have fixed some y € Y and some a,b € X U Z such that a # b. Let A and
B be the images of a and b in V /V'y, respectively. Lemma 4.3 says that {y* | ve V/Vy}
is a basis for the free abelian group Ny /M. For r € Z, let ol.: Ny/M — Z be the
homomorphism such that

(v € V/Vy)

1 fo=rA
0 otherwise

and let a1 L — Z be the composition
£ -2 Ny /M 25 7,

We thus have elements [a,] € H(£; Q). By the formulas in §4.3, the cohomology class
[a,] U [ao] € H3(L;Q) can be represented by the cocycle 1. € C?(L£;Q) defined by the
formula

nr(90, 91, 92) = (ar(91) — 0 (90)) (a0(g2) — ao(g1)) (90,91,92 € L).

Our goal is to modify 7, so that it can be extended to a cocycle on K. Using the recipe in
§4.3, we first extend 7, to a cocycle x, € C%(K, £; Q) using a chain homotopy equivalence
defined in terms of a set of coset representatives. We will need to use a special set of
coset representatives which we now describe. It is not hard to see that Jj: K — V/Vy is
surjective. Then by the definition of £ as Ker(J;), we have a short exact sequence:

J - —
1—L—>K-5V/Vy — 1.

We choose a normalized section o to Jz,/’ so that o: V/Vy — K is a set map that is a
right-inverse to J; and such that o(1) = 1. Now, the set

S={Cys|seXuZ}ck

projects under J{/ to a basis for the free abelian group V/Vy. We can therefore choose
o(x) € K such that o(x) is contained in the subgroup generated by S. Next, for g € K let
g = a(J;(g)) € K. So by construction, for any g in K, the element g is a representative of
the coset L - g-. Our formula for s, is then

wr(90, 91, 92) = 0 (90do 5 9107 5 9285 1)
= (o (9197 ") — (900 1)) (@0(g205 1) — ao(91d7 ™))
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Now, if x,. € C?(K, L;Q) was an element of C%(K;Q) = C%*(K,L;Q), then it would
define a cohomology class in H?(C; Q). Alas, this is not true. However, we will be able
to average out the action of V/Vy on k, (as hinted in Remark 9) to get a cocycle that is
honestly an element of C?(KC; Q).

We now consider that action. The diagonal left action of K on C?(K, £; Q) descends to
an action of V /Vy, because the cochains in this group are already L—invariant. Specifically,
for x € V/Vy, the action is given by

(- £r) (90, 91, 92) = kir(0(2) "' g0,0(2) " g1, 0(2) " g2)  (90,91,92 € K).

We can unravel our expression for x - x, by considering an appropriate action of V/Vy
on Hom(L,Z). For B € Hom(L,Z) and z € V/Vy, define

(- B)(9) = Bla(x) 'go(a)).

This is clearly a well-defined left action: K acts on Hom(L,Z) by conjugating inputs, and
since the action of conjugation by £ on Hom(L,Z) is trivial, the action descends. Now we
can better explain z - k, with the following lemma.

Lemma 4.6. For all gg, 91,92 € K, we have

(- £r) (90, 91.92) = (2 - ) (9291 ") — (- o) (90G 1)) (2 - @0) (9205 1) — (- a0) (9191 )

Proof. From the definitions, it is enough to show that for any r € Z and g € K, we have
ap(hh™) = (z - a,)(gg "), where h = o(2)'g. As noted before, S projects to a basis
for the free abelian group V/Vy. By the definition of o, we know h~! and §~'o(z) are
in (S) and map to the same element of V/Vy under J;. Since J;, maps S to a basis for
its image (a free abelian group), the kernel of Jy|(gy is [(S),(S)]. Thus there exists some

w € [(S),{S] such that h~! = §=lo(z)w. Of course ay(w) = 0. Then

ar(h-h™") = ar(o(2) g o (@)w) = ar(o(2) " 9g 7 o () = (z - ar) (957 "),

as desired. O

This brings us to the following important lemma.

Lemma 4.7. Fizr € Z and g € L. There then only exist finitely many z € V/Vy such
that (x - oy )(g) # 0.

Proof. Write o
Ib(g) =y’ e ytm (Ui € V/Vy)

For z € V/Vy, we then have
Ib(O’(:c)_lgo.(x)) =yt g gUmt

It follows that (z - ay)(g) = 0 unless x = rA — v; for some 1 < i < m. O
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We now define ¢,: (K)3 — Q by the formula

CT(90791792) = Z ($'KT)(g0>glag2) (90791792 EIC)
CCEV/VY

A priori this infinite sum does not make sense; however, Lemmas 4.6 and 4.7 imply that
only finitely many terms of it are nonzero for any particular choice of g;. Since z - &, is
a cocycle in C%(K, £; Q) for all x € V/Vy, we have that (. is a cocycle in C?(K, £; Q).
Moreover, by construction we have ¢,(o(x) " g0, o(x) g1, 0(x) " 1g2) = (90, 91, g2) for all
r €V /Vy and go, g1, 92 € K. This implies the following lemma.

Lemma 4.8. For all r € Z, we have that {, is a cocycle in C*(K;Q). Hence (. defines a
cohomology class [(,] € H2(K; Q).

4.5 Evaluating [(,] on 7,,: the proof of Lemma 4.1

We now conclude this section by proving Lemma 4.1. Let us recall the setup. For m € Z,
define f, = Cy,Cp,C, " and g = Cq yCp . Tt is easily verified that f,, and g commute and
hence determine an abelian cycle 7, € Ha(K; Q). Next, recall that there is an evaluation
pairing

w: HY(K;Q) x Hy(K; Q) — Q.

We must prove that for r,m > 1, we have

([ 7m) = {2 o =m

0 otherwise

Observe first that f,,, g € L. Using the formula from §4.3, we see that

w([Glmm) = Y, (@ an)(fm) - (- a0)(9) = (- ar)(g) - (2 - @0)(fin))-

IGV/VY

We must evaluate the various terms in this expression. Observe that I(fy,) is the image
of m
fm(b)b—l (amya—mbamy—la—m)b_l . yam (ybam)—l

in V/Vy. As usual, A and B denote the images of a and b in V/Vy, so we get that
Iy(fm) = y™A4 — y™A+ B Similarly, I(g) is the image of

g™ = (yby~ b~ = y(y") !

in V/Vy, so I(g) = y — y®. From these two calculations, we obtain that

1 ifz=(s—m)A 1 ifrx=sA
(-as)(fm)=<-1 ifz=(s—m)A—B and (r-as)(g) =1 -1 ifx=s4A—-B
0 otherwise 0 otherwise

20



for all s € Z and x € V/Vy. This implies that

1 ifr=m and eitherz =0orxz =—-B

(- a)(fim) - (- 0)(g) = {

0 otherwise

1 ifr=—mandeitherz=rdorxz=7rA—-B

(@ - ar)(g) - (- a0)(fm) = {

0 otherwise

This allows us to conclude that for r,m > 1, we have

w(Cr,ﬁm) = Z ((3;‘ . ar)(fm) . (ZL‘ . Oéo)(g) _ (33‘ . ar)(g) . (.CL‘ . aO)(fm)) _ {2 ifr=m

~ 0 otherwise,
IEV/VY

as desired.

5 The combinatorial group theory of K, ;;

The goal in this section is to prove Theorem A (which gives generators for K, ;) and
Theorem 5.6 in §5.2 below (which gives relations for K, ;, making precise Theorem C).
We begin in §5.1 by discussing a presentation of A,, ;.; due to Jensen-Wahl. Next, in §5.2
we prove Theorems A and 5.6. These proofs will depend on a calculation which is contained
in §5.3.

Throughout this section, we will make use of the notation

X ={x1,...,zn} and Y ={y1,...,yx} and Z ={z,...,2}.

5.1 A presentation for A,

For 1 <4,j < nsuch that i # j and 1 <4’ < n, let P;; and I be the elements of A, 1
that have the following behavior forve X uY U Z.

v, ifv=ux _
J -

Pj(v)=}a ifv=z; and Iy(v)= { i

if’U = Xy

. v otherwise
v otherwise

The automorphisms of the form P;; are swaps and the automorphisms of the form I; are
inversions. Elements of the form My, for w,v € X Y U Z are Nielsen moves and
elements of the form C,, forve X vY U Z and w € X U Z are conjugation moves.
Throughout the rest of the paper, we will tacitly identify F;; and P;;. We will make an
extension of our notation to simplify the statement of certain relations (N2 and Q3) given
below: for v,we X uY U Z and € = +1, we define the symbols

Mye 1 = My, and C, 1 =Cp.

The following theorem is a restatement of Nielsen’s classical presentation [24] for Aut F),
in our notation and using our composition convention (right to left). A good reference for
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Nielsen’s presentation is its verification by McCool [22]. We use McCool’s terminology
N1-5 for the five classes of relations in Nielsen’s presentation. We restrict our attention to

Aut(F(X)) = An -

Theorem 5.1 (Nielsen [24]). The group Aut(F(X)) has the presentation {(Sy | Rn),
where

Sy ={Pup|1<a,b<n,a#blu{l,|1<a<n}
U{Mge 2, | 1 <a,b<n,a#b, e=+1},

and Ry is given in Table 2.

Nielsen’s relations for Aut(F(X))

The relations Ry consist of the following, where €,d € {1, —1} and indices a, b, ¢, d are
assumed to be distinct elements of {1,...,n} unless stated otherwise:

N1. relations for the subgroup generated by inversions and swaps, a signed permu-
tation group:

—I?!=1and [I,,[;}] =1
— P2, =1, [Pay, Pog] = 1, and Py Py P} = Pa,
— Pa,bIaP(; = I and [ a,bs ] 1;

N2. relations for conjugating Nielsen moves by inversions and swaps, coming from
the natural action of inversions and swaps on X*1:

Mx‘ P ab —Mp 5(29),Pa s (y) fOI“QZyEX
IMJ;e I —Ml(we)l(y)forx ye X;

N3. MY M1, My, =1I.Pay and M1 My o, My, = Ty Poy;

Tog Ty Ty o Za,Th
N4. [ng,xb,ng’zd] = 1 with a, b, ¢,d not necessarily all distinct, such that a # b,

c#d, x5 ¢ {x‘g,xd,xgl} and xg ¢ {mb,xb_l}; and

Nb. Mg o, My = My Mg o, Moy

ng,ﬂﬁb TprTa TeyTa®

Table 2

We now turn to A, ;. The following presentation is due to Jensen-Wahl [16], who
made use of an algorithm for generating such a presentation due to McCool [21].

Theorem 5.2 (Jensen-Wahl, [16]). The group A, i has a finite presentation (S | R)
where the generating set S consists of the following elements:
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Pyj for 1 <i,j <n such that i # j,

I; for 1 <i<mn,
® Mye, fore==%1,ze X, andve X Y U Z such that v # x,
o Cypy forveYuZ andwe X uY U Z such that v # w,

and the relations R are given in Table 3.

Remark. In Jensen—Wahl’s original version of the presentation, the relations Q1 were not
given explicitly; rather they specified that Q1 should consist of some set of relations for
Aut(F (X)) with respect to the generating set Sy. Of course, Nielsen’s relations suffice.
We have made minor changes to the presentation that are necessary for giving it in our
notation and with our conventions; this includes renumbering the subclasses of relations
Q3 and Q4.

Remark. In each of the classes of relation Q3.1-4, there are some relations that state that
Nielsen moves and conjugation moves not in Sy commute with swaps and inversions that
share no indices in common. These relations do not appear in Jensen—Wahl’s original
presentation; we believe their omission to be an error in [16], although a largely inconse-
quential one. A careful reading of Jensen—Wahl’s proof of this theorem indicates the need
for these extra relations.

5.2 Generators and relations for IC,, ;;

Our main tool for studying the combinatorial group theory of K, 1, is a certain special
presentation for A, ;; which is a slight modification of Jensen-Wahl’s presentation from
Theorem 5.2. Our presentation is inspired by the split exact sequence

l1— Kn,k,l — An,k,l - An,O,l — 1

from §1. Since this sequence is split, A, ;; is the semidirect product of A, o; and Iy, 1 ;.
Our presentation resembles the standard presentation for a semidirect product.
We begin by discussing our generating set, which consists of Sg U Sk where Sg and
Sy are defined by
So={P;l1<ij<ni#j}u{l;|1<i<n}u{C.,|veXuZ zeZ}
U{Mgen |ze X, veXUZ, x#v, e=%1}

and

Sk ={Myey |zeX,yeY, e=F1} U{C,y | 2z€ Z,ye Y}
u{Cyov lyveY,veXuY uZ, y+#uv}.
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Jensen and Wahl’s relations for A,

The relations R consist of the following:

QL.

Q2.

Q3.

all the relations Ry for Aut(F'(X)) from Nielsen’s presentation, which are rela-
tions between among elements of Sy, a subset of S;

relations that certain generators commute:

[Mye v, Mys ] = 1 for €,6 = £1, z,v,w € X and z € Y U Z, with 2¢ # w’
and x # v;
[Mye v, Cupz] =1 for e = £1, z,v € X and w,z € Y u Z, with w ¢ {v, 2}
and x # v;

[Cuw,Cuw,z] =1for u,v,w,z€Y u Z with u ¢ {v,w, 2} and w ¢ {v, z};

relations conjugating other generators by swaps and inversions:

Py jMye . P' = Mp, (ze). fore=tl,z€ X, zeY U Z,and 1 <i,j <n
such that i # 7;

Pi’jC’Z?wPile =C.p @ forzeX, zeY uZ and 1 <4,j < n such that
t# 75

LiMye JI7' = My ze)- fore=x1,2€ X, zeY uZ,and 1 <i<n;

LiConli' = C, ) forze X, zeY UZ, and 1 <i <

Mzl Mys My = Maye My, fore,0 = 1, z,we X, andve X uY UZ
such that ¢ # w, x # v, and w # v;

CraMye yC% , = CryMypey fore =121, z€e X, zeYuZ,andve XuYuZ
such that z # v and z # v;

CL oMy ,Co 5 = Mz_‘;UMmész.;éﬂj fore,6 = 1, z € X, z e Y u Z, and
veE X uY u Z such that z # v and z # v;

C:Cu,Cry = CpoCu Oy, for e =11, zyweY u Z,andve XY U Z
such that z # w, z # v, and w # v; and

Q5. CpiM,—c,Cs, =Mz fore=+1ze X, andveY u Z.

Table 3
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te Sk s € Sél sts—1 Relations Used

Mfévy Mgévwb CyingIZ’ng#Cb Q4.2
Mp. . Cp 8 Mye 4C3 . Q4.2
M Mye 7yC@;§3aM;§yC§7% Q5, Q2.1-2, Q4.1
M;gf% Mgy M., Q4.1
Cs. 1. My, Cp s, CoLCs Q5, Q2.2-3, Q4.1
Crira Mze yCy Q4.1
Py Mz Q3.1
Iy M, ., Q3.3
Cyaa MY o, (CyaCay)" Q4.1
M. (G5O Qu.V
P,y Cy.zy Q3.2
I, Coan Q3.4
C.y CS. v Cp 5. CaiyC5 1 Q4.2
Mg . Coyy[ My, C, 2 Q4.2 (twice)
Cs, Cot CaiyCs . Q4.2
ng,zi Caiy [C’ijy, CZ;;] Q4.2" (twice)
Cy,z CS, v Cyt.CyzCs Q4.2
Cs, Cye.Cy2,Cs . Q4.2

Table 4: For s € 551 and t € Sk, this table gives sts~! in terms of the generating set Sk. If there
is no entry for a particular s € Sé—r and t € Sk, then sts™! = s~!ts = t (and these are relations in
Q2). In this table, ye Y, e, = t1, 1 <a,b<nand 1 <i,j < L.

Of course, Sg U Sk is the generating set from Theorem 5.2. Clearly Sk < K, 1, and
by Theorem 5.2 the set Sg generates A, o; < Ay k. Table 4 gives an expression in the
generating set Sk for sts—! and s~!ts, for each choice of s € S and t € Sk. The correctness
of these expressions as equations in A,, j ; can be verified by direct computation, or by using
the relations in Theorem 5.2. We have provided hints for the reader who wishes to derive
these relations from the earlier ones. With Table 4, we can prove Theorem A, which we
recall asserts that Si generates Iy, 1. ;.

Proof of Theorem A. In the presentation for A, ;; from Theorem 5.2, setting ¢t = 1 for
all t € Sk results in the presentation from the same theorem for A, o;. This implies that
Sk normally generates KC,, 1, ;. The calculations in Table 4 then show that the subgroup of
A 1.1 generated by Sk is normal, so Sk generates KCy, 1. ;. O

We now turn to the relations for our new presentation of A, j;, which consist of Rg u
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Ri U Reonj, where Rg, Rg, and Rconj are as defined below. First, Rg < F(Sg) is the
subset of the relations R from Theorem 5.2 that are in F'(Sg). By inspecting Theorem 5.2,
it is apparent that (Sg | Rg) = Ap ., since these are exactly the relations that appear
when k = 0. Next, let

f: 55" x Sk — F(Sk) (11)

be the function that takes (s, t) € S“@H x Sk to the expression for s¢s™¢ given by Table 4.
Define
Reonj = {sts™¢(f(s5,t)) ™" | s€ Sg, t € Sk, e = £1}.

Finally, we define R to be the subset of the relations R from Theorem 5.2 that lie entirely
within F'(Sk). The reader can check that this coincides with the set of relations R1-R5
from §1.

We can now state our presentation.

Proposition 5.3. We have A, ;.; = (Sk U Sq | Rk v RQ U Rconj)-

Before proving this, we record a few additional relations. The relations C2 are used to
prove Proposition 5.3; the relations C1 will be used later.

Lemma 5.4. The following relations in Sk follow from Ry and Reconj, and therefore hold
in (Sxk uSqg | Rk U RQ U Reonj):

C1. (1) [C, M, ,Cys, Mny] =1 fored, (=21, zg,xpe X, yeY andve X v Z
) a’ 5 I

with 3 # z:g, v ¢ {Ta, Tp, Y}

(2) [C’;VUan’yCy_’f}, Cz7y] =1fore,d=x1l,zeX,yeY,zeYuZ andve XuZ,
with z # y and v ¢ {z,z,y}.
(3) [C;UCz,yC;f;, Cuy| =1fore==21,yeY, zzweY uZ andve X U Z with
w#u, y¢{z,w} andv ¢ {z,w,y}.
C2. (1) [C M, ,Cp ¢, CoyMys | =1 fore,d=+1,yeY,ze Z andz e X.

(2) [Cf .CuwyCys, CoyCuy| =1 fore=41,yeY, andw,z € Z with w # .

Proof. To derive C1.1, start with the relation [M,

xd.y
this relation by M;fv and move the conjugating elements into the commutator. The

M ¢ y] =1 from R1.1. We conjugate
b

relation C1.1 follows 7by modifying the conjugates of commutator factors using relations
from Reonj. The derivations for C1.2 and C1.3 are completely parallel.

To derive C2.1, start with the relation [Mx5,y’ Cyy] = 1 from R1.2. We conjugate by
Mx}fv, move the conjugating elements into the commutator, and apply relations from Rop;
to get

[Cy M5, Cy sy CoyM,s ,Co /M SH C6] =1

Y, YT Y0 w8 gy Y

This is a product of the form [g,hg '] = 1, so of course the corresponding expression
[g,h] = 1 follows, which is relation C2.1. The derivation of C2.2 is parallel. O
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Proof of Proposition 5.3. Since all the relations in R U Rg U Reonj are relations in Ay, 1.7,
it is enough to show that all the relations in Theorem 5.2 are consequences of the relations
Ri U Rg U Reonj. In fact, almost all the relations in Theorem 5.2 already lie in R u Rg u
Reonj. As the reader can easily check, there are three exceptions.

e Relation Q4.1’ when v € Y and 2z € X U Z. Recall that this asserts that
CoaMae :Cy = Cop 2 Me .
Rearranging the terms, we get
Mae,.C5 n My, = C5 1. Clz,
which lies in Reonj (it is written in Table 4 as Mme’ZCU@M;}Z = (05 2Cu2) ).
e Relation Q4.2 when v € Z and z € Y. This asserts that
€5 Mys Ot = M Mys M5 .

Multiplying on the left by M;slv and applying two relations from Rconj, we see that
we must prove that

([Cas M5 100 2) Cof = CopM s Coy My .

x0 .z
For € = 1, this is trivially true. For e = —1, it states that
c;;M;fzcz,vasyzc;gcv,z = CZ,UMZQZC;%M;%Z.
By relation R1.2, we commute M;;IZ past C;; to get

(M, Cu)(CewM,s .Co0)Cx = CZ,UME(;,ZC;;M;Z.

x0 2z V%

By relation C2.1 from Lemma 5.4, we can commute M;;IZCU_; past CZ7UM$57ZCZ_7%.
Then the resulting relation is obviously true.

e Relation Q4.2 when v and w are in Z and z is in Y. This asserts that
Cy,:CuwwCy 2 = O, CuwCyy -

Multiplying on the left by C’l;i, and applying two relations from Rconj, we see that
we must prove that

([C, O 1C02) s = (O Cu s CZy) ~CC,
For € = 1, this is clearly true. For ¢ = —1, this becomes
CozCuzCepCuzCr g Co s = C20Cu 2 Co O

past C; L and the relation becomes

Relation R1.3 allows us to commute C; ! w2

(CoutCo(C.0Cu2C. 0)C e = C2Cu.CL 0 Cyl

Then by relation C2.2 from Lemma 5.4, we can commute C;1C ! past Cz,va,zCZ%

w,z v,z
and the resulting expression is trivially true. O
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From Proposition 5.3, one might be led to think that /C,, j; is isomorphic to (Sx | Rx).
If it were, then the standard presentation for a semidirect product would yield Proposition
5.3. However, this is false (recall that we earlier proved Theorem B, which asserts that
KCr i, is not finitely presented). The problem is that A, o; does not act on (Sk | Ri); the
obvious candidate for an action from Proposition 5.3 does not preserve R .

To fix this, we will have to add some additional relations. Recall that above (see (11)) we
defined a function f: 5’51 xSk — F(Sk). For fixed s € 551, we have f(s,:): Sk = F(Sk).
Since F'(Sk) is a free group, this extends to a homomorphism f(s,-): F(Skx) — F(Sk).
These maps assemble to a set map f: 551 — End(F(Sk)). A tedious but elementary
calculation shows that for all £ € Sg and s € Sk, we have

FELf(ts) =5 and f(t F(E ) = 5.

This lets us deduce two things. First, f(Sérl) c Aut(F(Sk)). Second, f(t1) = f(t)~L.
This second fact lets us extend f to a homomorphism f: F'(Sg) — Aut(F(Sk)). In other
words, f induces an action of F(Sg) on F(Sk). We will still write f as a two-variable
function f: F(Sq) x F(Sk) — F(Sk). Finally, we construct our extended set of relations.

Ry = {f(w,r) | we Fg, r e R} c F(Sk).

One should think of f(w,r) here as the “conjugate” of the relation r by w. By construction,
F(Sg) acts on (Sk | Rk). We will prove the following proposition in §5.3.

Proposition 5.5. The action of F(Sq) on (Sk | Rk descends to an action of A0 on
Sk | Ri)-

We can now give a presentation for IC,, 1, ;.

Theorem 5.6. We have K, = (Sk | RK>

Proof. Set I' = (Sk | RK> Using Proposition 5.5, we can form the semidirect product of
I' and A, ;. This fits into the following commutative diagram

l— I' — I'xA oy —— Apoy — 1

l l |2

I — Kppy —— Apgy —— Apoy —— 1

Now, I' x A, o; has the presentation (Sx U Sq | Ry v R U Reonj). However, using the
relations Rconj we see that the relations in Rx\Rg are redundant. Using Proposition 5.3,
we deduce that

I'xApo1 =Sk uSq | Rk v RQ U Reonj) = Ay gy

The five lemma then implies that I' = I, 1. ;, as desired. O
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In [1], Bartholdi defined an L-presentation to be an expression

Slele] R

where S is a set of generators, ® is a set of endomorphisms of F(S), and @ and R are sets
of relations in F'(S). The group presented by the L-presentation above is F'(S)/N, where
N < F(S) is the normal closure of the set

Qu | o(R).

peD*

Here ®* denotes the closure of ® U {idp(s)y} under composition. An L-presentation is finite
if S, @, ® and R are finite, ascending if Q = &, and injective if ® consists of injective
endomorphisms.

Corollary 5.7. The group K, i1 has the following finite L-presentation, which is also
ascending and injective.

Knwp =Sk | @ [ {f O} ez | Brc)-

Proof. This is an immediate consequence of Theorem 5.6 and the definition of Rk. 0

5.3 Proof of Proposition 5.5

In this subsection, we again use I' to denote (Sk | Rx). We prove here that A0, acts
on I'. Our proof uses the presentation of \A,, o ; directly; we would prefer a more conceptual
proof but we were unable to find one.

Lemma 5.8. The relations C1.1-3 and C2.1-2 from Lemma 5.4 hold in T'.

Proof. Inspecting the proof of Lemma 5.4, we see that all relations C1.1—3A and C2.1-2 follow
easily from relations in {f(t,r) | t € 851, r € Ry}, which is a subset of Ry. O

For each generator s € Sg u Sk, we define two subsets, the support, denoted supp(s)
(X Y U Z)*! and the multiplier set, denoted mults ¢ X U Y U Z. We define these as
follows:

o supp(l,) = {wg, 2,1} and mult(l,) = {z,},

o supp(P,p) = {ma,:ﬂgl,xb,xljl} and mult(P, ) = {xa, 21},
o supp(Mye ) = {2} and mult(M,e,) = {v}, and

e supp(Cyp) = {w,w™ '} and mult(Cy ) = {v}.

For s with s7! € Sk U Sg, define supp(s) = supp(s!) and mult(s) = mult(s~!). For
g€ F(SkuSg) with g = s -+ sy, (as reduced words) for s1,. .., sm € (Sk U Sg)T!, define
supp(g) = (J;~; supp(si) and mult(g) = | ;% mult(s;).

The following two lemmas can easily be proven using the definition of f and induction
on word length. The proofs are left to the reader.

29



Lemma 5.9. Suppose s € F(Sk) and t € F(Sg). If supp(s) nsupp(t) = &, supp(s) n
mult(t)*! = @ and supp(t) n mult(s)*! = &, then f(t,s) = s as elements of F(Sk).

Lemma 5.10. Suppose s € F(Sk) and t € F(Sg). Then supp(f(t,s)) < supp(s) u
supp(t) u mult(s)*! and mult(f (¢, s))  mult(s) U mult(t).

Proof of Proposition 5.5. Recall that the goal is to show that f defines an action of A;, g; =
(Sq | Rg) onT'. From the discussion preceding the statement of Proposition 5.5, we know
that f defines a homomorphism F'(Sg) — Aut(I'). To prove the proposition, it is enough
to show that each relation in R fixes each generator in Sk as an element of I' under this
action. We do this in several cases, depending on which relations in R¢g we are considering.

Case 1. Relations from @3, N1 and N2.

In the action of F'(Sg) on F(Sk), these relations fix each element of Sk. This can
be verified by direct computation, but it is also easy to see for structural reasons. The
subgroup P of F(Sg) generated by swaps and inversions acts on F(Sg) and F(Sk) di-
rectly through the action of a signed permutation group P, and on Aut(F(Sk)) diagonally.
This implies that the relations N1 act trivially on Sk, because these relations hold in P.
The action homomorphism f: F'(Sg) — Aut(F(Sk)) is equivariant with respect to these
actions because the definitions in Table 4 are uniform with respect to the subscripts of the
generators. The map f sends the conjugation action of P on F (Sq) to the diagonal action
on Aut(F(Sk)). Then all the relations from N2 and Q3 act trivially on F'(Sk) because of
the equivariance of f: F(Sg) — Aut(F(Sk)).

Case 2. Relations from Q2 and NJ.

These are exactly the relations in Rg that state that certain pairs of generators tq, to
from Sgp commute, where each ¢; is a Nielsen move or a conjugation move. Instead of
enumerating the numerous subcases for this case, we treat many cases simultaneously by
analyzing the supports and multiplier sets of the generators.

In each case, we can write our relation as t1t2 = t2t1 for some t1,t2 € Sg. By inspecting
relations Q2 and N4, we see that this implies

supp(t1) N supp(ts) = supp(t1) N mult(ts)*™! = supp(tz) N mult(t)*! = @. (12)

By definition, we have supp(t;) U mult(t;) = (X u Z)*! for i = 1,2. Suppose s € Sk. If
supp(s) u mult(s) = YE!, then both t1ts and tot; fix s by Lemma 5.9. So we suppose this
is not the case; however, we must have supp(s) = Y*! or mult(s) c Y.

If supp(s) < Y*!, this means s = Cy, for some y € Y and v € X U Z. In particular, this
means (mult(¢;)*! U supp(t;)) nsupp(s) = @ for i = 1,2. If the relation acts nontrivially
on s, then at least one t;, say ti, satisfies f(t1,s) # s. Then by Lemma 5.9, we have
that supp(t1) < {v,v7'}. From the definition of f, we know supp(f(t1,s)) = {y,y~'} and
mult(f(t1,5)) < {v} Umult(t1). From Equation (12), we know supp(ts) n mult(¢;)*! = @.
Then since mult(ty)*! N supp(f(t1,s)) = @, Lemma 5.9 implies that either supp(t2) <
{v,v71} or else f(t2,s) = s and f(tat1,s) = f(t1,5). Since the latter case implies that
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f(tita,s) = f(tat1,s), we assume that t; = {v,v™!} for i = 1,2. By Equation (12) the
only way this is possible is if s = C ,,, t1 = My, and to = Mm for some z¢ € X*!,
Direct computation shows that f(taot1,s) = f(tite,s) in F(Sk) in this case.

Now suppose that mult(s) ¢ Y. First we suppose that supp(s) n supp(t1) #
in fact, this implies that supp(s) = supp(t1). Then by Lemma 5.10, supp(f(t1,s))
supp(s)umult(s)=! and mult(f(¢1,s)) < mult(t;)umult(s). Then (supp(t2)umult(ts)*)
supp(g) = @ and (supp(g) u mult(g)*!) nsupp(ts) = @ for g = s and for g = f(t1, s) (this
uses Equation (12)). Then f(t1t2,s) = f(t2t1,s) by Lemma 5.9. Swapping the roles of ¢;
and t2, we can now suppose that supp(s) nsupp(t;) = @ for i =1, 2.

Still supposing that mult(s) < Y, we suppose (as above) that f(t1,s) # s. Then
this implies that supp(s) c mult(t;)*!, supp(f(t1,s)) < supp(t1) U supp(s) U Y*! and
mult(f(t1,s)) € mult(t;) UY. If supp(s) nmult(t2)*! = @, Then (supp(t2) umult(t2)*) N
supp(g) = @ and (supp(g) u mult(g)*!) n supp(tz) = @ for ¢ = s and for g = f(t1,s)
implying that f(ti1te,s) = f(tat2,s). So we also assume that supp(s) = mult(t2)*!. Then
there are only nine remaining cases; these are given in Table 5.

a;
c

se Sk t1 € Sz_él ity € Sci?l f(tztl, S)ilf(tltz, S)
an,y sz,ma M:cha Cy,;a [Mwb,yv Mxﬁ,y]Cy,wa
be,ma Czi,xa Oy,;};a [ Tp,Ys sz,y] Cy,a:a
c Czjvx'l Cy,fca [Cz,“yy CZJ 73/] Cyvxa
M1, Mt z, Mys . [M;b " Mx—;y]
M. CZivxa [ Ty y’ Zuy]
Cei e Cey e [Co 4 O]
CZi,y Mx—E 2 Mx_glzz [Cy,zz'a foyy]’ [Cy,zzw Mziy]]
MJE_CL,Zz OZ;}Zz [Cy,zia fol,y]p [Cy,zia CZj,y]
CZZ,IZZ C;,:,Zi [Cyazi ’ Czj 7y] ) [Cy,zi ’ CZTVLvy]

Table 5: This table includes the computations relevant to Case 2 of Proposition 5.5. In each row,
we compute the difference of the actions of the two sides of the relation t1ty = tot; on s, as an
element of F(Sk). This includes the only cases where mult(s) € Y and inspection of the supports
of the generators does not immediately imply that the relation fixes s.

To finish this case, we must show that the expressions for f(tat1,s)™! f(t1t2, s) in Table 5
are always trivial in I". The entries for s = M, ot1, are trivial by relations R1.1-3; those for
s = C, 4 are trickier. We consider the terms from one of the entries:

[Cy,zz'vng,y][cy,Ziang,y] = (Cy,Zing,yC )M, (Cyzl,Mé C,, ) 1

Yizi @y Yz ) g8y
By relations from C1.1, the elements (Cy ., My ,,C,} ) and M;;ly commute, and the ele-
Riad2 b7

ments (Cy 2, an yCy »,) and Mx_gly commute. By relations from R1.1, the elements Mx_gly
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and M_; » commute, and the elements (Cy ., Mye ,C; 1) and (C an yCy_Z ) commute.

Workmg in I', this allows us to show:
[Cyeis Mg y1[Cy 20 Mg 1 = [Cyzis Myg 1[Cy 25 Mg ],

meaning that the seventh expression from the last column of the table is trivial in I". The
last two expressions are completely analogous, using R1.2 and C1.2, and R1.3 and C1.3
instead of R1.1 and C1.1, respectively.

Case 3. Relations from N3.

One of the relations from N3 is of the form M _11 M 1+ My, o = 1P p, forl <a,b<n

Zg Tp Ty Ta
and a # b. We rearrange this as

be_lwaMmmwb =M1, ToFyp.
For the rest of this case, let g = Mw;17$aan,xb and let h = Mx;1,beaPa7b, so that the
relation in question is g = h. Support considerations imply that all elements of Sk are
fixed in F'(Sk) by this the action of relation except possibly for those of the form M, 4,
Mz, 4, Cyz, or Cyg, for y € Y. Direct computation shows that f(g,Cy,) = f(h,Cyaz,)
and f(g,Cyz,) = f(h,Cy4,), as elements of F(Sk); only two possibilities for s are left. In
the case s = My, ,, we derive f(g,s) = f(h,s) inI"

f(g,s) = Gy, zb(Cy wa Mz, yC,y, xa) b—ll yCy7Ib (computation in F'(Sk))
=C, be ] bel v Cy.z, (relation R5)
(Cy@bM y)M_,llyyC’y@b (relation R1.1)
= (Mg, 4C,. $b) ; yCy,zb (relation R5)
= f(h,s) (computation in F'(Sk)).
If s = M, ,, we compute:
f(g,8) = (My,,,C, be -1, )Cy za My, yCy xaCy o (computation in F(Sk))
=C,, xb(Cy ca My, yC% )Cy. (relation R5)
=C,, be 1,yCy7xb (relation R5)
= f(h,s) (computation in F'(Sk)).

The derivations for the other type of relation in N3 are similar.

Case 4. Relations from N5 and Q4.1.
Any relation in Rg from N5 or Q4.1 can be written as

Mg o Mys , = Mg o MSy

175 \Th
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for some €,§ = +1, some v € X u Z and distinct 1 < b,¢c < n with v # xp, x.. Actually,
to write a relation from Q4.1 in this form, we must modify it with a relation from Q1.1;
however, since we have already verified that those relations act trivially on I', this makes no
difference. For the rest of this case, let g1 = Myg v M5\, g2 = Mafgm and h = MvaUM;Q,:cb’
so that the relation reads gog1 = h. Lemma 5.10 implies that this relation fixes all elements
of Sk with the following possible exceptions: M, y, M,-1, (if v € z), Cyy (if v € Z), My y,
M-, My, Cya, and Cyg.. Further computation shows that f(g2g1,s) = f(h,s) in

Ty
F(Sk) for s equal to M,-1,, Mze be—ey7 Mys o, Cya, or Cyg.. We now check the
remaining two possibilities for s. If v € X and s = M, ,, we derive f(g291,5) = f(h,s)
inI"
F9201,5) = f(g2, My yCoy M M5 Cy)
= flg2, MyyCyu M5\ Ml Cy )
= MvvyC:l;’L%MI_Z}yCyvv
= f(h,s)
IfveZand s =Cy:
f(Qlev 5) = f(.ng Cv,y [Mli,ya 03;11;] [Mx‘z,ya CZ;}):I)
= f(g2a Cv,y [Mzg,nyg,yv C;ﬂ)
= C’v)y [sz’y7 CZ;’[%]
= f(ha 5)
Case 5. Relations from Q4.1

(computation in F(Sk))
(relation R1.1)

(computation in F(Sk))
(

computation in F(Sk)).

(computation in F(Sk))
(relations R1.1 and C1.1)
(computation in F'(Sk))
(

computation in F'(Sk)).

This case is parallel to Case 4. Any relation in Rg from Q4.1" can be written as
C;;Mxe7vc,;x = Cz,vaE,v

for some e = +1, x € X, v e X U Z and z € Z with v # z,z. Again, we note that we
have modified this relation using a relation from Q1.1, but since these act trivially this is
allowable. By Lemma 5.10, the only cases where we might have f(h~'gag1,s) not equal
to s are if s equals M, ,, M,-1, (if ve X), Cyy (if v e Z), Myey, My-c,, Cya, Coy
or Cy .. Application of the definition of f shows that f(g291,s) = f(h,s) as elements of
F(Sk) unless s is M, , or Cy,,. The computations to show that these are fixed in I' by
this relation are similar to the corresponding ones in Case 4.

Case 6. Relations from Q4.2.
Any relation in Rqg from Q4.2 can be written as

Mxé’ZM;(; Ce :ME(S CE M:z:‘;,z

U %,V z°v T 20

for 9,e = +1, v € X, ve X u Z and z € Z with v # z,2. For the rest of this case let
g = M, and h = M, C7,, so that the relation reads gh = hg. By Lemma 5.10, the

9.z RN A L
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only cases where we might have f(gh,s) not equal to f(hg,s) are where s equals Mye ,,
My-—y (ifve X), Coy (ifve Z), Mys , Cyz, Csy or Cy, for some y € Y. Computing

f by the definition in F(Sk) shows that f(gh,s) = f(hg,s) as elements of F(Sk) in all
these cases except when s is M, or Cy,. If ve X and s = M, ,, we compute:

f(gh,s) = f(g, My yMys ,C. ) (computation in F'(Sk))
= f(g, My-c yC: yMs ) (relation R1.2)
= M, ,C,yM,s (computation in F'(Sk))
= M-y yMys ,C:y (relation R1.2)
= f(hg,s) (computation in F'(Sk)).

Ifve Z and s = C,,, we compute:

flgh,s) = f(9,Coy|[Mys , Cps][Canr Cys]) (computation in F'(Sk))
= f(9,Coy[CryM,s ., Cys]) (relations C1.2 and R1.2)
= Coy|CoyM,s ,, Cys] (computation in F'(Sk))
= Coy[ My, Cps][Cayr Cysl (relations C1.2 and R1.2)
= f(hg,s) (computation in F'(Sk)).

Case 7. Relations from Q4.2.

This case is completely analogous to Case 6. Any relation in R¢ from Q4.2 can be written
as:
C.; 2 Cs O =08 ,CL ,Cs

25,0 24,0 25,0 24,0

for e = 1, 2;,2z; € Z with 2z; # z; and v € X U Z with v # 2;,z;. By Lemma 5.10, the
only generators in Sk that might not be fixed by this relation are Mye,,, M, -, (if v e X),
Cpy (ifve Z), Cyy, Cyryy Csyy and C ., for y € Y. Direct computation in F'(Sk) shows
that these are all fixed except possibly M-, and C, ,. Derivations that show that this
relation fixes these elements in I' are parallel to the corresponding derivations in Case 6,

using relations C1.3 and R1.3 instead of C1.2 and R1.2.

Case 8. Relations from Q5.
Any relation in Rg from @5 can be written as

M, Cio = C;,st;,lz

rT¢ 2z,

for e = +1, x € X and z € Z. The only generators in Sg that might not be fixed by
this relation are of the form Mgyey, My, Cy ., C.y or Cy , for y € Y. Straightforward
computation shows that Cy , and C, . are fixed as elements of F'(Sk). Let g = M, .C% ,
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and let h = C My, If s = Mye

flg,s) = (Ml,e,yCy—’;Mx_e7y)Cy,ZM;1€ C—lc‘—lC;x

Yo RAY 7Yz
__ (1—€ -1 -1 ~—1,ve
- Cy,wcyszx—f,yC&yCy&Cy,ﬂC
_ —€ € —€ —1,~v—1 v
- Cy7ny7Z(Cy,xMxE’yCer)Cz’yC,!%ZCy7x
= f(hv S)
If s =My,

f(.ga 5) = (C;;Mx*,ycy,z)(CZ,ny*E,y)(C;;Mx_}e,ycyyz)

= CZ,yMI_E,y
= Mm—e’ycz’y
= f(hv 3)
If s =C.,4:
f(ha 5) = O;;CZJ/[(ng,xM$eayCy;;)Cz_,g}7 Cy,z]cg,:v
—€ —1 -1 €
= Cy7sz7y[Mx_€7yCZ,y, Cy,z]Cyw

_ —€ —1 —1 —1 ve
- Cy,a: (CZ,nyfe,yCz,y)Cg,ZCZ,nyfg,yCy,z Cy,m

= CyeM, . Cy.CoyMy—c ,CriCy

= CyCye(CrzM 7 Oy 2)(CayM,ye ,)Cy 2 Cy
= C;;Cy,Z(Cz,me—é,y)(C;;M;—lgycyz)cyi;qj,x
= C,5CyCey[ My, C, 1] C, L C

y’z y’x
= f(gv 8)

This completes the proof of Proposition 5.5.

A Appendix : Simple closed curves and conjugacy classes

in Wl(Eg)

In this appendix, we prove Lemma 1.1 from §1. Recall that it asserts that a collection

computation in F(Sk))
relation R5)

(
(
(relation R5)
(computation in F(Sk)).

computation in F(Sk))

(

(relation C2.1)

(relation R1.2)
(computation in F(Sk)).

(computation in F(Sk))
(relation R5)
(relation R1.2)

(relation C2.1)

(computation in F(Sk)).

c1,-..,cy of conjugacy classes in 7 (2,) corresponds to a collection 71, ..., of homotopy
classes of disjoint oriented nonnullhomotopic simple closed curves on 3, such that ¥\ (v u
-+ U ") is connected if and only if there exists a standard basis a1, b1, . .., ag, by for m(3,)

with ¢; = [[a;] for 1 <i < k.
Define

B = {([a1],[b1];---,[aq], [bg]) | a1,b1,...,aq,by is a standard basis for m1(3,)}
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and
X ={(71,---,%) | 7,--.,7% are homotopy classes of oriented closed curves on X,}.
Let Y. ¢ &} equal
{(71,---,) € Ak | the ; are distinct and simple and Xg\(y1 U - -+ U ;) is connected}.

Remark. The fact that ¥,\(y1 U --- U %) is connected implies that the v; are nonnullho-
motopic.

There is a natural map p : B — A}, taking ([a1], [01], ..., [ag], [bg]) € B to the tuple of
closed curves corresponding to ([a1], [az], - . ., [ax]), and our goal is to show that p(B) = V.

The group Out(m(3,)) acts on B and the group Mod(X,) acts on &}. The Dehn-
Nielsen-Baer theorem (see [11]) says that Mod(X,) = Out(m(X,)), and under this iden-
tification the map p is equivariant. Now, it is clear that Out(m(2,)) acts transitively
on B. Moreover, the action of Mod(3,) on &} preserves ), and using the “change of
coordinates” principle from [11, §1.3] one can show that Mod(X,) acts transitively on V.
Since the image of p certainly contains at least one element of ), it follows that the image
equals Vi, as desired.
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