Homotopy groups of spheres and low-dimensional topology

Andrew Putman

Abstract

We give a modern account of Pontryagin’s approach to calculating m,.+1(S™) and
Tn+2(S™) using techniques from low-dimensional topology.
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1 Introduction

When introducing the homotopy groups of spheres, one standard approach deduces many
initial calculations using techniques from smooth manifolds and geometric topology.

 The fact that the universal cover of S! is R implies immediately that

7 ifk=0

T (S1) = ’

1 (57) {0 if k> 0.

e If 1 < m < n, then an arbitrary continuous map f : S" — S™ can be homotoped
to be smooth and transverse to a point p € S”. The fact that m < n implies that
f~Y(p) = @. We deduce that the image of f lies in the contractible set S™ \ {p}, so f
is nullhomotopic. The upshot is that m,(S™) =0 for 1 <m < n.

e Homotopy classes of maps f : S — S" are classified by their degree. Choosing a
smooth representative of f, this is the signed count of f~1(p) for a regular value
p € S™. This leads to the calculation 7, (S™) 2 Z (see §2 below).

Beyond this, the flavor of the subject changes dramatically. In his thesis, Serre introduced
powerful algebraic tools that have come to dominate homotopy theory. They quickly lead



to remarkable results and calculations, but the above primitive geometry recedes into the
distance.

However, low-dimensional topology has more to say about homotopy theory than the
above results. The beautiful work of Pontryagin in the 1950’s contained geometric deriva-
tions of
Z if n =2,

n+ S") =
1 (57) {Z/Q ifn>3

and
Tn2(S") =Z[2  (n>2).

This was continued by Rochlin, who managed to prove that m,,3(S™) = Z/24 for n > 0.
The details of these proofs are not well-known today largely because it seems very difficult
to push them any further than this.

In these notes, we give a detailed account of the aforementioned calculations of Pon-
tryagin. The main source for them is his book [14]. This book is not easy to read today
for two reasons. First, it is intended also as a textbook on smooth manifold theory, so it
spends a huge amount of time developing well-known foundational results from a somewhat
archaic point of view. Second, it avoids using any algebraic topology at all, preferring to
develop things from scratch. As an extreme example of this, in [14, §15B] a complicated
equivalence relation on immersed submanifolds of a surface is given and the equivalence
classes are called the connectivity group of a surface, which Pontryagin denotes Al. In fact,
Al is actually the first homology group of the surface with Z/2-coefficients, but it is hard
to prove this from Pontryagin’s definitions (which do not generalize to spaces other than
surfaces). We do not discuss Rochlin’s later work; see [4] for a modern discussion of it.

The outline of these notes is as follows. As a warm-up, in §2 we discuss the degree
of a map to an n-sphere. In §3 we introduce the Pontryagin—Thom construction. These
first two sections cover material that is discussed in many textbooks, so we only sketch
some of the proofs. In the later sections, our proofs are more complete. In §4, we use
the Pontryagin—Thom construction to prove the Freudenthal suspension theorem. In §5,
we calculate 7,41(S™). In §6, we introduce linking numbers. In §7, we discuss the Hopf
invariant of a map S?"~! — S™. In §8, we introduce framed surgery (but to simplify things
we only discuss how to attach 1-handles). In §9, we show how to use the Hopf invariant
to sharpen the Freudenthal suspension theorem. Finally, in §10 we calculate m,42(S™).
Throughout, we follow the broad outlines of Pontryagin’s book, but our treatment of the
details is often quite different.

2 The degree of a map and 7,(S")

As a warm-up, this section will discuss the degree of a self-map of S™, which was introduced
by Brouwer [1]. We only sketch the proofs; see [12, §5] for a complete account.

Consider € 7, (S™). Fix some p € S™, and realize x by a smooth map f:S™ — S™ that
is transverse to p (such maps clearly exist). Write f~1(p) = {q1,...,qx}. For 1 <i <k, the
map on tangent spaces f. : (Tsn)y = (Tsn)p is an isomorphism; define €; = 1 if it preserves
the usual orientation and €; = -1 if it reverses it. We will call ¢; the sign of ¢;. The degree



of x is

k
degree(z) := ) € € Z.
i=1

Lemma 2.1. For z e m,(S™), the number degree(x) does not depend on the choice of f or
p.

Proof. We first show that it does not depend on f. Let f’:S™ - S™ be another smooth
realization of z that is transverse to p. Let F': S” x [0,1] - S™ be a homotopy from f to
f'. Homotoping F slightly (without changing F(-,0) or F'(-,1)), we can assume that F is
transverse to p. The inverse image F'~!(p) is then an oriented 1-submanifold of S™ x [0,1].
Each component of F~1(p) is either a circle or an arc connecting two points on S™ x {0,1}.
Letting o be such an arc, there are three possibilities.

+ The endpoints of a are on S™ x 0. Then « connects two points of f~(p) whose signs
are opposite.

« The endpoints of a are on S™ x 1. Then « connects two points of (f')~*(p) whose
signs are opposite.

e One endpoint of « is on S™ x 0 and the other is on 5™ x 1. Then « connects a point
of f71(p) to a point of (f)~!(p), and the signs of these points are the same.

The above pairwise matching up of points of f~(p)u (f’)~!(p) implies that the sum of the
signs of f~1(p) equals the sum of the signs of (f')~!(p), as desired.

We now show that degree(z) does not depend on the choice of p. Consider some other
point g € S™, and let 7 € SO,;+1(R) take p to g. The group SO,+1(R) is connected, so the
map 7o f: S™ - S™ is homotopic to f (and in particular realizes z). Also, 7o f is transverse
to ¢ and satisfies (7o f)7!(¢) = f~*(p). Finally, the signs of the points of (7o f)7'(¢) and
the points of f~1(p) are the same. The desired independence follows. O

The map
degree : m,(S") = Z

is easily seen to be a homomorphism. We now prove that it is an isomorphism. This was
originally proved by Hopf [7] following earlier work of Brouwer.

Theorem 2.2. The map degree: m,(S™) — Z is an isomorphism for n > 1.

Proof. This is trivial for n =1, so we will assume that n > 2. It is clear that degree(id) =1,
so degree is surjective. To see that it is injective, consider a smooth map f:S™ - S™ that
is transverse to a point p € S™ and has degree 0. Let f~*(p) = {q1,...,qx}. Since the degree
of f is 0, there exist 1 <4 < j <k such that the signs of ¢; and ¢; are opposite. It is easy to
see that we can move ¢; and ¢; until they collide and “cancel” (see [12] for details; this is
where we use the fact that n > 2). Doing this repeatedly, we can assume that f~1(p) = @,
so the image of f lies in the contractible set S™ \ {p}. This implies that f is nullhomotopic,
as desired. O

Remark. Everything that we discussed above also holds word-for-word for homotopy
classes of maps from a compact orientable M™ to S™.



3 The Pontryagin—Thom construction

In this section, we will describe our main tool for understanding the homotopy groups of
spheres. Fix some n > 1 and k > 0, and let M* be a k-dimensional submanifold of R™"*.
The restriction to M* of the tangent bundle of R™* is a trivial vector bundle M* x R™**.
The tangent bundle Ty, is a subbundle of M* x R™**. Also, the usual Euclidean inner
product on the tangent bundle of R™** induces a bilinear form on each fiber of M* x R™*¥,
The normal bundle of M*, denoted Ngnit /M 18 the fiberwise orthogonal complement in
M¥ xR™F of Ty . The bundle N gk Jar+ is an n-dimensional vector bundle. A framing on

MF is a vector space isomorphism
fiMFxR" — Npnarjape.

Of course, this only exists if Ngnix s is a trivial bundle.
A framed k-manifold in R™* is a closed k-dimensional submanifold M* of R"** together

with a fixed framing on M*. A framed cobordism between framed k-manifolds M* and N*
is a (k + 1)-dimensional submanifold C**1 of R"** x [0,1] c R"***! guch that

8Ck+1 _ Ck+1 A (RnJrk: « {07 1}) _ (Mk « 0) U (Nk: « 1)

together with a framing on C**! that restricts to the given framings on M* x 0 and N* x 1.
If such a framed cobordism exists, we will say that M* and N* are framed cobordant. This
defines an equivalence relation on the set of framed k-manifolds in R™*; let QQ(R””‘:)
denote the set of equivalence classes. The set Qg(R”*k) is an abelian group under the
operation of disjoint union.

The main result concerning QI (R"**) is the following theorem of Pontryagin [14].

Theorem 3.1. For alln>1 and k >0, we have QQT(R””“) ~ Tk (S™).

Proof. Since the proof is cogently described in many textbooks (for instance, Milnor’s book
[12] and Hirsch’s book [6]), we will only sketch it. The proof will be very similar to that
of Lemma 2.1 discussed above, which shows that the degree is well-defined. It will have
several steps.

Step 1. We construct a homomorphism ® : mp,,,(S™) > Qg(RMk).

Write S = R™* U {00} and S” = R" U {c0o}. Fix a point p € R” and an orientation-
preserving isomorphism (7Tgn), = R™ on the level of tangent spaces. Consider some z €
Tpek(S™). Realize z by a smooth map f: S"*¥ — S™ such that f(co) = oo and such that
f is transverse to p (such maps clearly exist). Then f~(p) is a smooth k-manifold in
R™* c 8"k Moreover, our fixed isomorphism (Tkn), = R™ lifts to a framing on f~!(p).
We define W(z) to be the element of QIf(R™*) corresponding to f~'(p). Once we have
shown in the next two steps that this does not depend on the various choices we have made,
it will be easy to see that ® is a homomorphism.

Step 2. We prove that ® does not depend on the choice of f.



Let f':S"* » S™ be another smooth map such that f’(co) = co and such that f’ is
transverse to p. We can then choose a homotopy F : S"** x [0,1] - S™ from f to f’ which
is transverse to p and satisfies F'(co,t) = oo for t € [0,1]. The preimage F~*(p) is a framed
cobordism from f71(p) to ()7 1(p).

Step 3. We prove that ® does not depend on the choice of p or the orientation-preserving
isomorphism (Tgn), = R™.

Consider another ¢ € R" together with an orientation-preserving isomorphism (Tgn)q
R™. We allow the possibility that g = p. There exists a compactly supported diffeomorphism
7: R" - R™ with the following properties.

o We have 7(p) = q.

e The composition
R™ = (TR”)p l) (TRn )q ~ R"
is the identity.

e The map 7 is isotopic to the identity through an isotopy whose support is compact.

Such a diffeomorphism is easy to construct. Letting 7: 5™ — S™ be the extension to the one-
point compactification, the map 7 is smooth and isotopic to the identity through an isotopy
that fixes oo. It follows that 7o f : S"** - S™ realizes x € m,1(S™). The key observation is
that 7o f is transverse to ¢ and satisfies (To f)7*(q) = f~1(p), where the indicated preimages
are given the framings coming from the given isomorphisms (Tgn)q 2 R"™ and (Tgn), = R™.
The desired independence follows.

Convention. Since we have shown that p can be arbitrary, from this point onwards we
will take p = 0 e R™* c §7+k,

Step 4. We prove that ® is surjective.

Consider a framed k-manifold M* in R"**. Let U ¢ R™* be a tubular neighborhood of
MP*. The framing induces a diffeomorphism U = M* xR™; let ¢ : U — R™ be the composition
of this diffeomorphism with the projection M* x R” - R™. Regarding S” = R" U {0} and
Sk = R™* | {c0}, we can then define a map f: S™** — S™ via the formula

f(x):{g(af) if relU,

00 otherwise.

It is then clear that ® takes the element of 7, 1 (S™) associated to f to M k. The above
construction of f is called the Pontryagin—Thom construction.

Step 5. We prove that ® is injective.

Consider z € m,,,(S™) such that ®(x) = 0. As in the definition of ®, let f: S"** — §»
be a smooth map realizing x such that f(oo) = co and such that f is transverse to p. Set
M* = f71(p). Tt is not hard to show that we can homotope f to the map obtained by
applying the Pontryagin-Thom construction to M*. By assumption, there is a framed
cobordism C**! c R™* x [0,1] from M* to the empty manifold. Applying the Pontryagin—
Thom construction to C**! yields a homotopy from f to the constant map. O



Notation 3.2. If M* is a framed k-manifold in R™*, then we will denote by [MF*] the
associated element of 7,,x(S™).

4 The Freudenthal suspension theorem

At this point in these notes, we will begin covering material that is hard to find in textbooks,
so our proofs will become more complete. As a first illustration of the power of Theorem
3.1, we will use it to prove the Freudenthal suspension theorem. This theorem will only
use the simplest type of framed cobordisms, namely those resulting from ambient isotopies,
which we now define. Fix a framed k-manifold M* in R™*. If ¢ : R"* - R™F is a
diffeomorphism, then we can define a framed k-manifold ¢(M*) in R™*¥ in the obvious way.
An ambient isotopy of M* is a smooth function ® : R™* x [0,1] - R"** with the following
two properties.

o For all ¢t € [0,1], the map ®(-,¢) is a diffeomorphism, which we will denote ®,.
o« &g =id.
The framed k-manifolds M* and ®,(M*) are then framed cobordant via the cobordism
CH = {(®y(x),1) | w e M*, te[0,1]} c R™ x[0,1],

which can be endowed with a framing in the obvious way. In a similar way, if N* is obtained
from M* by homotoping the framing, then N¥ is framed cobordant to M¥.

We now define the suspension homomorphism E : 7, 4(S™) = Tpere1 (S™). Consider
a framed k-manifold M* in R"* with framing f: M* x R" - Ngnsk/pre. Define E(M*) to
be the following framed k-manifold in R™**+1,

« The manifold underlying E(M¥) is the image of M* under the standard inclusion
R"*k < R’HkH.

o The framing E(f) : E(M*) x R"*! - Ngn+ks1/g(arey 18 as follows. Let

{dl, ey C_inJrl} (- Rn+1 and {Bl, ey En+k+1} C Rn+k+1
be the standard bases. Then E(f) is defined via the formulas
E(f)(z,@) = f(x,d;)  (zeB(M"),1<i<n)

and .
E(f)(#,dn+1) =bpeks (2 € B(M")),

where we are identifying F(M*) with M¥, the vector space R" with its image in R"*?,
and the vector space R™* with its image in R"**+1,

This respects the relation of framed cobordism, and thus induces a map E : QQ(R””“) -
Qg(R’”kﬂ). By Theorem 3.1, this is the same as a map E : 7,,1(S™) = Tpip1 (S™).



Remark. Recall that we have a based suspension functor ¥ that satisfies ©.97 = SP*1. Tt
is an easy exercise to see that the above map F : 7,41 (S™) = Tp4r1(S™) is the same as
the map that takes a map S™** - S™ to the suspended map

Sn+k+1 ~ Esn+k _ ES” ~ Sn+1
The letter E stands for the German word for suspension, namely Einhdngung.
The following theorem is due to Freudenthal [3].

Theorem 4.1 (Freudenthal suspension theorem). The suspension homomorphism
E: 7Tn+k(5n) g 7Tn+k+1(Sn+1)
s surjective for n > k+1 and an isomorphism for n > k + 2.

Proof. We will prove that F is surjective for n > k+1; to prove that it is an isomorphism for
n > k+2, simply run the proof below for a framed cobordism between two framed k-manifold
in R™***1 (this requires n > k + 2 since the framed cobordism is (k + 1)-dimensional). An
element of 7,141 (S™!) can be written in the form [M*] for some framed k-manifold in
Rk +1We will prove that M* can be isotoped such that it is of the form F(N*) for some
framed k-manifold in R™**. This will be accomplished in two steps.

Step 1. We isotope M* such that it lies in Rk c RP+F+1,

The usual proof of the Whitney embedding theorem (see, e.g., [6, Theorem 1.3.5]) shows
that for a generic nonzero vector ¢ in R™**1 the projection of M* onto the orthogonal
complement of f is a smooth embedding. In particular, we can find such a f =(Cty-- s Curker1)
with (441 > 0. Let

X = {x e R"**1 | there exists s € R such that  + s¢ e M*},

and define ¢ : X - R by letting ¢(x) for z € X be the (n+k+ 1)® coordinate of the unique
point of M* of the form z + SC for some s € R. The set X is closed and ¢ is smooth, so we
can extend ¢ to a smooth function ¢ : R"***1 - R. For 0 < ¢ < 1, define ¥, : R"++1 R”*k‘*l
via the formula

Uy(z) =2 - MZ (x e RTTRHLY,

n+k+1

Observe that each ¥, is a diffeomorphism of R"***! that Uy = id, and that ¥, takes M"*
to a submanifold of R"** as desired.

Step 2. We isotope the framing on M* such that M* = E(Nk) for some framed k-manifold
in Rk,

Let f: M*xR™! Npgnsks1/pe be the framing. We will regard each fiber of Ngnsr+1 )y
as a subspace of R"***1 Letting

{Eil, . ,an+1} Cc Rn+1 and {Bl, “e 7Bn+k‘+1} (@ Rn+k+l

be the standard bases, our goal is to construct a family §; : M* x R"™ — Npniki /e of
framings of M* with the following properties.



* Jo=F.
] fl(m,&n_,_l) = Bn+k’+1 for all x € Mk
o fi(x,a;) c R™F c R 1 for all x € M* and 1 <i <n.

By Step 1, each fiber of Ngnke1p0 contains bnsks1. Define ¢ : M* — (R™1 \ {0}) via the
formula
f(xz, p(2)) = bk (z e M").

Since k <n—1 and (R™"! < {0}) is homotopy equivalent to S™, the map ¢ is nullhomotopic.
We can thus find a family ¢; : M*¥ - (R"*1\{0}) of maps such that ¢1 = ¢ and ¢o() = sy
for all « € M*.

Next, for & € M* let u, be the inner product on R™! obtained by pulling back the
standard inner product on Ngmiks1/pss C R™*+1 via the map f(x,-). The space of inner

products on R™! is contractible, so for z € M* and 0 <t <1 we can find an inner product
fat ON R+ depending continuously on = and t such that p;1 = p, and such that j; g is
the usual inner product on R™*!.

Define B to be the vector bundle on MP* x [0,1] whose fiber over (z,t) e M* x [0,1] is
the subspace of R™*! consisting of the p, ¢-orthogonal complement of ¢¢(x). For x € M k
and t = 0, we have ¢¢(z) = dps1 and g,y is the standard inner product on R™ 1 5o the
restriction of B to M¥ x 0 is the trivial vector bundle (M* x 0) x R™. Tt follows that B itself
is a trivial vector bundle. We can therefore find linearly independent sections 71, ...,n, of
it such that n;(x,0) = d; for all x € M*. The desired family of framing of M* can then be
defined via the formula

n+1 n

fe(z, Y. cid) = (@, cne1de(x) + Y eimi(w,t)) (xe M, cr,... cn €R). O
i1 i=1

5 Framed circles and 7,,1(S")

In this section, we use geometric methods to show that

Z if n =2,

ny _
Tt (S )_{2/2 it n>3.

This is proven in Theorem 5.5 below. We begin with the following theorem of Hurewicz—
Steenrod [10].
Theorem 5.1. For k >3, we have m,(S?) = m1,(S3).
Proof. Recall that the Hopf fibration is the fiber bundle
St 5% 52

arising from the restriction of the map (C?)* - CP! = S? to S% c (C?)*. The associated
long exact sequence of homotopy groups contains the segment

mp(SY) > 1 (S?) > 1(S?) > me_1 (S1).
Since 7(SY) = m_1(S') = 0 for k > 3, we deduce that 7,(S?) = m1,(S?). O



Since m3(S%) = Z, this implies the following theorem of Hopf [8].
Corollary 5.2. We have n3(S?) = Z.

To deal with 7,1 (S™) for n > 3, we will construct an invariant of framed circles in R
This will require an understanding of the fundamental group of SL,,(R).

Lemma 5.3. We have
Z ifn=2,

71 (SLn(R)) = {Z/2 ifn>3.

Proof. The Lie group SL,(R) deformation retracts onto its maximal compact subgroup
SO, (R) (for instance, via the Gram—Schmidt process), so it is enough to prove that

Z if n =2,

m1(SOn(R)) = {Z/2 if n> 3.

The cases n = 2 and n = 3 follow from the fact that SO5(R) = S* and SO3(R) = RP3. For
the cases n > 4, the long exact sequence associated to the fiber bundle
SO,-1(R) = SO, (R) - "
contains the segment
72(S™ 1) > 11 (SOn_1(R)) = 71 (SO, (R)) — 71 (S™71).

Since n > 4, we have mo(S™!) = 11(S™1) = 0, so 11 (SOL(R)) = 71(SO,,_1(R)) and the
lemma follows. O

Now consider a framed 1-manifold M in R™*! with n > 2. Let f: M x R" - Ngn+1/pp
be the framing. Define a function

par s MY — SLy,1 (R)
as follows. Recall that each fiber of Ngn+1/y1 is a subspace of R™1. Let
{G1,...,d4n} cR"

be the standard basis. For z € M, there exists a unique vector 7(z) € R*! in the tangent
space to M at z such that the (n+1) x (n + 1) matrix

par(2) = (7 () fz,a1) f(z,d2) - F(2,dn))

has determinant 1.
Orienting M? in the direction of 7(z), we can now define

P(M') = (pa1)«([Mi]) € Hi(SLys1(R); Z) = Z/2.

This is almost an invariant of the framed cobordism class of M!. The only problem is that if
M is the trivially framed unit circle in R? ¢ R, then P(M?!) = 1 (easy exercise!); however,



= e

Figure 1: On the left is the transition from M} __ to M}

to—e to+e-

On the right is the oriented loop L.

since [M1] = 0, we want the answer to be 0. This motivates the following definition: if M*
is a framed 1-manifold in R™*! with n > 2, then

P(MY) =P(MY) +pez/2,

where p is the number of components of M'. We then have the following lemma, which
implies that we can define P(z) for = € m,,1(S™) by setting P(x) = P(M?), where M! is a
framed 1-manifold in R™"*! with [M!] = x.

Lemma 5.4. Fir some n > 2. Let M3 and M{ be framed 1-manifolds in R™* which are
framed cobordant. Then P(MJ) =P (M7).

Remark. If n = 1, then we could define an integer valued invariant P(M?') of framed 1-
manifolds in R™*! using the above procedure. However, this would be of little use since this
invariant would in fact always vanish (easy exercise!). This reflects the fact that m;(S) =0
for k > 2.

Proof of Lemma 5.4. Let C? c R™1 x [0,1] be a framed cobordism between Mj x 0 and
M} x 1. Perturbing C? slightly, we can assume that the projection R™*! x [0,1] - [0,1]
restricts to a Morse function 7 : C? — [0, 1] whose critical points project to distinct critical
values. For all regular values ¢ € [0,1] of m, define M} = 771(¢) and C% = 7~1([0,1]).
Regarding M} as a 1-dimensional submanifold of R™*!, we can endow M} with a framing
on its normal bundle by orthogonally projecting the framing on C? to R™*!; with this
definition, M} and M} agree with the framed manifolds we began with. As t increases
from 0 to 1, it is clear that P(M}) can only change when ¢ passes through a critical value.
Letting to € [0,1] be a critical value and € > 0 be small enough such that the only critical
value in [to — €,to + €] is to, we must prove that P(M _.) = P(M{,.). Let z € C? be the
critical point with 7(z) = tg. There are three cases.

e The 2-manifold Ct20 +c 1s obtained from C’EO_G by attaching a 0-handle. In other words,
the point = is a local minimum for 7. In this case, Z\ItIOJr€ differs from Mtlo—e in that
a component V appears. It is clear that P(V) = 1, so P(V) = 0 and P(ML ) =
P (Miy.o)-

o The 2-manifold Ct20 +c 1s obtained from Cfo_g by attaching a 1-handle. In other words,
the point = is a saddle point for m. The change from Mtlo,e to ]\4251O+6 is as depicted
in Figure 1. As is clear from that picture, MtlO +c has either one more or one fewer
component than ]\/[tlo_E (this depends on whether the two points that are coming

together lie on the same component or on different components). Also, the homology

10



classes P(M{,_.) € Hi(SLp.1 (R)) 2 Z/2 and P(M} ) € Hi(SLys1 (R)) = Z/2 differ by
P(L), where L is the loop shown in Figure 1. The loop L bounds a disc on the framed
surface C?, so P(L) = 1. In summary, P(M; ,.) € Z/2 is obtained from P(M} _.) € Z/2

by adding 1 (the change in the number of components) and then adding 1 again (the
change coming from L). The net effect is that P(Mtlo_ﬁ) =P(M},.), as desired.

o+e€

o The 2-manifold Ct20 +c 18 obtained from C’tzo_6 by attaching a 2-handle. In other words,

the point z is a local maximum for 7. This case is similar to that of a O-handle. [

We now define a special case of the J-homomorphism, which was originally defined by
Whitehead [16] following work of Hopf [8]. The homomorphism we need is of the form

Jn : 7T1(SLn(R)) - 7Tn+1(Sn)
and can be defined as follows. Let Ly c R? be the unit circle, oriented in the clockwise

direction. We have Ny, /T Ly xR. Endowing Npo /T with the inner product coming from

the standard inner product on R?, we frame L, with the framing whose value on x € L, is the
outward facing unit vector. For n > 3, let L, c R™ be the result of stabilizing the framed 1-
manifold L and let f : L,, xR*! — R /T be the framing. For a map 0 : L1 — SL,(R), the

framing on L,,,1 obtained by twisting f by 6 is the framing whose value on (z,9) € L1 xR™ is
f(x,0(x)(v)). Up to homotopy, this only depends on the element of 71 (SL, (R)) determined
by 6, so we will speak of twisting f by elements of 71 (SL,,(R)). We will denote by L,.1(6)
the framed 1-manifold in R™! obtained by twisting the framing of L,.; by an element
6 € 1 (SL,(R)). Then the J-homomorphism is defined via the formula

In(0) = [Lni1(0)] (0 € m(SLa(R))).
It is easy to see that this is a homomorphism.
Remark. More generally, the J-homomorphism takes 7 (SL, (R)) to m,4x(S™).
We now prove the following theorem, which is due to Freudenthal [3].
Theorem 5.5. For all n > 2, the J-homomorphism is an isomorphism. In particular,

{Z ifn=2,

n+ S™) =
SIS PPN,

Proof. That the J-homomorphism is an isomorphism for n = 2 follows easily from the proof
of Corollary 5.2. Assume now that n > 3. Let E : m3(S?) - mp+1(S™) be the map obtained by
iterating the suspension map. The Freudenthal suspension theorem (Theorem 4.1) implies
that E is surjective. Next, let F': m1(SLa(R)) — 71 (SLy,(R)) be the map induced by the
usual inclusion SLo(R) < SL,(R). The proof of Lemma 5.3 shows that F' is surjective.
Combining the evident commutative diagram

T (SLo(R)) —2  74(S2)

ls |-

m1(SLn(R)) —2s 701 (S™)
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with the above facts, we see that J, : m1(SL,(R)) = mp41(S™) is surjective. Letting 6 €
m1(SL,(R)) = Z/2 be a generator, it is clear from the construction that P(J,(0)) = 1, so
Jpn 1 (SLyp(R)) = 7,41 (S™) is also injective, as desired. O

Remark. If M! is a framed 1-manifold in R3, then P(M?') € Z/2 is the reduction modulo
2 of [M'] e 3(S?) = Z.

6 Linking numbers

Before we can calculate m,+2(S™), we need four sections of preliminaries. This section
reviews the theory of linking numbers.

Let A¥ and B! be disjoint oriented closed submanifolds of R¥*"*! whose dimensions are
k and [, respectively. We can then define a smooth function f : A*¥ x B! - S¥* via the
formula

a-b
la -]

The linking number of A* and B!, denoted Link(A*, B!), is the degree of f.
The following lemma shows the effect on their linking number of flipping A* and B'.

c Sk+l c RIHZH.

f(avb) =

Lemma 6.1. Let A* and B! be disjoint oriented closed submanifolds of RF*™*1 whose di-
mensions are k and [, respectively. Then

Link(A*, BY) = (=1)** DD Link( B!, AF).

Proof. Let f : AF x Bt - Sk be as in the first definition of the linking pairing, so
Link(A*, BY) is the degree of f. Let A : A*¥ x B! - B! x A* flip the two factors and let
i SF* s §k+l be the antipodal map. Then A has degree (=1)* and p has degree (—1)*+*1,
The number Link(B', A¥) is the degree of pio f o\, so

Link(B', AF) = (-1)¥(-1)**"1Link (A%, BY)
_ (—1)k+l+kl+1Link(Ak,Bl)
= (1) DED ik (AR, BY. O

Next, we want to show that linking numbers are unchanged by certain kinds of cobor-
disms. As a preliminary to this, we need the following result.

Lemma 6.2. Let X" be a compact oriented (n + 1)-dimensional manifold with boundary
and let g: X" — S™ be a smooth map. Then the degree of gloxnn is 0.

Proof. Let p € S™ be a regular value of g. The inverse image g~ '(p) is then a properly
embedded 1-dimensional submanifold of X"™*!. Each component of g~(p) is either a circle
or an arc connecting two points of (glgxn+1)"!(p) whose signs are opposite. Because of this,
all points of (g|sxn+1)~'(p) whose sign is positive can be paired with points whose sign is
negative, so the degree of g|gxn+1 is 0. ]

The following lemma is the promised result about cobordisms.
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Lemma 6.3. Let A¥*! and B! be disjoint properly embedded oriented compact submani-
folds of RE*+1x[0,1] whose dimensions are k and , respectively. Fori=0,1, let A¥* (resp.
BI1) be the intersection of AF*Y (resp. B') with RF* x4, Give AE™Y the orientation
coming from AL and A the opposite orientation, and similarly for B5' and Bi*L. Then

Link( AL, BSY) = Link( AV, B,

Proof. Deforming A¥*! and B! slightly (while fixing their boundaries), we can assume
that that the projection m : A**! 1 B*! - [0,1] is a Morse function such that distinct
critical points map to distinct critical values. Breaking [0,1] up into small segments, we
see that it is enough to prove the special case where the projection A¥*! 1 B*! - [0,1] has
a single critical point. Assume without loss of generality that this critical point lies in B!,
There is therefore an orientation-preserving diffeomorphism 7 : A5*! x [0,1] - A¥*! that
takes Al x 0 to AE*L. Letting 7’ : RF*+1 % [0,1] - R**I*1 be the projection, we can then
define a smooth map F : AF*! x B! — S** via the formula

a = 7T,(T(a’ﬂ-(b)))_71-,(17) c k+lc k+l+1
B = oy —wm] <% F

The key properties of F are as follows.

o 8(A16:+1 x Bl+1) — (A]g+1 x B(l)+1) L (A18+1 % Bi+1)‘
o The restriction of F' to AL x BY! has degree Link(AF*!, B{).

o The restriction of F' to AE*1 x B! has degree ~Link(A¥*1, Bi*1) (the negative sign
occurs here for orientation reasons).

Applying Lemma 6.2 to to F, we conclude that
Link(A5™, BSY) = Link (A, B,

as desired. O

7 The Hopf invariant

We now discuss the Hopf invariant H(x) € Z of an element x € mg,-1(S™). This was
introduced by Hopf in his paper [9]. Its main purpose for us is that (as we will show in
§9) it is precisely the obstruction for improving the bounds in the Freudenthal suspension
theorem. This will play an important role in our calculation of m,,2(S™).

Consider an element z € ma,_1(S™). We will regard S?"~! as R?""! U {co} and S™ as
R™ U {oo}. Fix two distinct points p,q € R™. Represent x as a smooth map ¢ : $?*°1 —» S"
such that ¢(oo0) = co and such that both p and ¢ are regular values of ¢ (such maps clearly
exist). Observe that

¢ (p), ¢ (q) cR*! c 57!

are disjoint (n — 1)-dimensional oriented submanifolds of R?*~!. The Hopf invariant of z,
denoted H(z), is Link(¢~1(p), 071 (q)).
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Lemma 7.1. The Hopf invariant does not depend on the choice of ¢ or on the choice of p
and q.

Proof. We begin by proving that H(z) does not depend on the choice of ¢. Let ¢’ : $?*°! -
S™ be another smooth map representing = such that ¢’(o0) = 0o and such that both p and
q are regular values of ¢'. There thus exists a smooth map F : $?"~1 x[0,1] - S™ such that
F(-,0) = ¢ and F(-,1) = ¢'. Deforming F slightly (but fixing F'(-,0) and F(-,1)), we can
assume that both p and ¢ are regular values of F', and hence that F~!(p) and F~!(q) are
submanifolds of R?"~! x [0,1]. Applying Lemma 6.3 to these submanifolds, we deduce that

Link(¢™" (p), ¢ (¢)) = Link((¢") ™ (p), (¢") "' (a)),

as desired.

We now check that H(x) does not depend on the choice of p and ¢. Let p’,q" € R™ be
two distinct points. There exists a compactly supported diffeomorphism 7: R” — R™ with
the following properties.

e We have 7(p) =p’ and 7(q) = ¢’
e The map 7 is isotopic to the identity through an isotopy whose support is compact.

Such a diffeomorphism is easy to construct. Letting 7: 5™ — S™ be the extension to the
one-point compactification, the map 7 is smooth and isotopic to the identity through an
isotopy that fixes co. It follows that 7o ¢ : St — S" realizes x € m2,_1(S™). The key
observation is that 7o ¢ is transverse to p’ and ¢’, and satisfies

(Tod) (@) =¢"'(p) and (Fod) " (¢)=¢""(a).
The desired independence follows. O

As we said above, we will later prove that the Hopf invariant is the obstruction to
improving the range in the Freudenthal suspension theorem. The following is a cheap
condition that ensures that the Hopf invariant vanishes.

Lemma 7.2. If n is even, then H(x) =0 for all x € ma,-1(S™).
Proof. Immediate from Lemma 6.1. 0

The final result in this section shows how to calculate H(z) from a framed manifold
representing .

Lemma 7.3. Let M™ ! be a framed (n - 1)-dimensional manifold in R*"™1 with framing
f: MM IxR™ Ng2n-1/pn-1. Regarding the fibers of Ngzn-1/pm-1 as n-dimensional subspaces
of R?""1 for e R™ define

MY YB) = {x+§(z,0) | x e M™Y.

Then for v € R™ sufficiently close to 0, the set M™1(%) is an (n—1)-dimensional submanifold
of R which is disjoint from M"™ ' and

H([M™]) = Link(M™, M"(9)).
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Figure 2: On the left is a good 1-handle H for a framed 1-manifold M together with M*(H). On
the right is a good 1-handle H for a framed 2-manifold M? together with M?(H).

Proof. It is obvious that for ¥ € R™ sufficiently close to 0, the set M™ (%) is an (n - 1)-
dimensional submanifold of R?"~! which is disjoint from A" !. The indicated formula
follows from the fact that the sets M™ ! and M"™ (%) are pullbacks of regular values under
the map given by the Pontryagin—Thom construction. O

8 Framed surgery

Our promised improvement to the Freudenthal suspension theorem will require more dras-
tic framed cobordisms than the ambient isotopies used to prove the ordinary Freudenthal
suspension theorem. The basic tool for constructing these framed cobordisms is framed
surgery. Thankfully we will only need the simplest case of this.

Let M* be a framed k-manifold in R"**. The framing provides an orientation on the
normal bundle Ngn+xjpre. The direct sum Ty @ Ngnsrjppr is the pullback to M k of Tgnk,
which is also oriented, so T+ acquires an orientation. We will call this orientation on M k
the orientation induced by the framing.

For all p > 0, let DP denote a p-dimensional closed disc. Observe that 9(DP x D7) =
(SPLx D?)u(DP x S971). The subspaces SP~t x D4 and DP x S971 of 9(DP x D?) meet along
Sptx a1,

A good 1-handle for MF is a (k + 1)-dimensional oriented submanifold H of R"** with
the following properties (see Figure 2 for examples).

e H=D!xDF,
o Hn MF=58%xDF

« The orientation of S° x D¥ c (D' x D¥) is the same as the orientation this manifold
acquires as a codimension 0 submanifold of M* (which is given the orientation induced
by the framing).

Let Y =S%x D¥ c OH and Z = D' x S*"' c OH. As in Figure 2, let M*(H) be the oriented
k-dimensional submanifold of R™** obtained by deleting Int(Y") ¢ HnM¥* from M* adding
Z, and then “smoothing the corners”.

Lemma 8.1. Let M* be a framed k-manifold in R™* and let H c R™* be a good 1-handle
for M¥. Then there exists a framing on MF(H) such that MF¥ is framed cobordant to
MF(H).
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Figure 3: On the left is a 1-manifold with a good 1-handle (in bold). On right right is the cobordism
constructed in Lemma 8.1; the handle has been “pushed” down.

Proof. Let t € [0,1] denote the final coordinate in R"** x [0,1]. As is shown in Figure 3,
we can obtain a cobordism C**! c R™* x [0,1] between M* and M*(H) via the following
procedure (which results in a manifold with corners that should be smoothed).

e Begin with
ChHl = (Mk \ Int (Y)) x [0,1].

e Glue H to C**! in the following way, which one can think of as “pushing” H x 1 down
into R™* x [0,1].

— The submanifold Y of 0H =Y u Z is at height ¢ = 1.

— Let U c Z be an open collar neighborhood of 3Z. Then the submanifold Z ~ U
of OH is at height ¢ = 0.

— The rest of H lies in R™* x (0,1).
— The submanifold H of C**! is orthogonal to the planes ¢t =0 and ¢ = 1.

All that remains is to construct a framing on C**!. We already have a framing on CF*!
and on Y c¢ dH which we must extend over H. To deal with this extension, we will use
obstruction theory (see [2, Chapter 7] and [5, p. 415] for two different expositions of this;
the point of view of [2, Chapter 7] is more elementary). The first obstruction to extending
our framing over H lies in

H'(H,Y;n0(GL,(R))) 2 H'(H,Y;Z/2) = Z/2.

This is generated by an arc connecting the two components of Y. Our assumption concerning
the orientations in the definition of “good 1-handle” implies that this first obstruction
vanishes. Since H is contractible and Y ¢ dH consists of two contractible components,
there are no higher obstructions and the desired extension exists. O

9 Improving the Freudenthal suspension theorem

Recall that Theorem 4.1 (the Freudenthal suspension theorem) says that the suspension
map .k (S™) = Tpeke1(S™1) is surjective for n > k + 1 and an isomorphism for n > k + 2.
These bounds are sharp in general, i.e. the suspension map 72, (S™) — T2,:1(S™™) need
not be surjective. The following theorem (proved by Freudenthal in [3], the same paper
that contains the usual Freudenthal suspension theorem) says that the image is exactly the
set of elements whose Hopf invariant is 0.
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Theorem 9.1. The image of the suspension homomorphism E : 79, (S™) — Ton1(S™) is
{ € mane1 (8™ | H(x) =0}

Proof. We first prove that H(E(y)) = 0 for all y € m3,(5™). Write y = [P"], where P" is a
framed n-dimensional manifold in R?"”. Let {bl, .. b2n+1} be the standard basis for R***1.
Lemma 7.3 implies that H(E(y)) = L1nk(E(P”),E(P") +bans1). This linking number is
clearly 0.

Now consider € Ta,,1(S™"!) such that H(z) = 0. We will prove that z is in the image
of E. Write z = [M™], where M™ is a framed n-dimensional manifold in R?"*!. Our goal
is to prove that M" is framed cobordant to E(N™), where N" is a framed n-dimensional
manifold in R?". Just like the proof of Theorem 4.1 (the Freudenthal suspension theorem),
this will be accomplished in two steps.

Step 1. We find a framed cobordism from M™ to a submanifold of R?" c R?"*1,

We remark that this step does not use our assumption about the Hopf invariant. It
follows from the proof of the Whitney embedding theorem (see [6, Theorem 1.3.5] and the
discussion on [6, p. 27]) that for a generic nonzero vector ¢ in R?™! the projection of
M™ onto the orthogonal complement of C is an immersion (not necessarlly an embedding!)
without triple points. Let E= (¢1,---,Con+1) be such a vector with (2,41 > 0. We will prove
that M"™ can be modified by a framed cobordism such that the projection of M™ onto the
orthogonal complement of ¢ is an embedding. We will then be able to follow Step 1 of the
proof of Theorem 4.1 line-for-line and deduce the desired result.

The fact that the projection is an immersion implies that there are finitely many lines
parallel to ¢ that pass through more than one point of M™. Let these lines be f1,. .., 0.
The fact the projection has no triple points implies that each ¢; passes through exactly two
points of M™. If m = 0, then we are done, so assume that m > 1. Let £; n M"™ = {p,q}.
We can then find a neighborhood U of ¢; that does not intersect any other ¢; and an
orientation-preserving diffeomorphism W : R?"*! — U with the following properties.

e The image of {t52n+1 | te R} is 41.
e The image of any line parallel to Z;Qn+1 is a line parallel to #1.

e Set
V={0|0e(by,....by)} and W ={0+bgps1 | € (bns1,...,ban)}.

Then U(VUW) =M"nU.

e The orientation on V induced by the framing on M" is defined by the ordered basis

{b1,...,bn}.

e The orientation on W induced by the framing on M™ is opposite to that defined by
the ordered basis {bp+1,...,b2p}.

The image H under ¥ of the set

{+ thanar | t€[0,1], Zcz(cos(t )b; +sin(tg)5n+i) for (c1,...,cn) €R" w/ Y2 <1}
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is then a good 1-handle for M™. Define M™(H) as in §8, so by Lemma 8.1 we have that
M™ is framed cobordant to M™(H). Clearly ¢; is disjoint from M"(H), the lines ¢3, ..., 4,
each intersect M™(H) exactly twice, and no other lines parallel to ¢ intersect M"(H) in
more than one place. We now replace M™ with M™(H). Repeating this procedure, we can
complete the proof.

Step 2. We isotope the framing on M™ such that M™ = E(N™) for some framed n-manifold
in R?",

This can be done exactly like Step 2 of the proof of Theorem 4.1. The only difference is
that we cannot use our dimension assumptions to prove that the map ¢ that appears there

is nullhomotopic. However, using the interpretation of the Hopf invariant in Lemma 7.3,
our assumption that H(z) = 0 implies immediately that this map ¢ is nullhomotopic. [

10 Framed surfaces and 7,.2(S™)

We now turn to m,12(S™). Our goal is to prove Theorem 10.5 below, which asserts that
Tn+2(S™) = Z/2 for n > 2. The key to this will be the construction of a Z/2-valued invariant
of framed 2-manifolds in R™*2.

Consider a framed 2-manifold M? in R"*? with framing f: M? x R™ — Ngn+2 vz We
begin by recalling some conventions introduced earlier. The framing endows Ngn+2/pr2 with
an orientation. We will regard the fibers of the tangent bundle T2 and the normal bundle
Npgne+2pr2 as subspaces of R™*2 and we will endow them with the inner product obtained by
restricting the standard inner product on R™*2. We will give M? the orientation for which
the direct sum decomposition T2 ® Ngn+2/ps2 gives the standard orientation on R™+2,

If L is an oriented 1-submanifold of M2, then we can frame L as follows. For all = € L,
let n(z) be the unique unit tangent vector to M? at 2 with the following properties.

o The vector n(x) is orthogonal to L.
« The vector n(x) points to the right of L (using the orientations on L and M?).

Also, let {di,...,dns1} be the standard basis for R"™1. Our framing on L is then the
function fr, : L x R™ - Ngns2 /1. defined via the formula

fr(x, 0+ clne1) = F(x,0) + en(x) (0 eR", ceR).

We will call this the framing on L induced by M?.
We now prove the following lemma.

Lemma 10.1. Consider a framed 2-manifold M? in R™2. Let L and L' be homologous
oriented 1-submanifolds of M?. Endow L and L' with the framings induced by M?. Then
L and L' are framed cobordant as framed 1-manifolds in R™*2.

Proof. Since L and L' are homologous, there exists an oriented properly embedded surface
2 in M? x [0, 1] such that

O¥? =220 (M?x {0,1}) = (L x 0) U (L' x 1).
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Figure 4: On the far left is our intersection p;. The second figure is a transitional one obtained
by just homotoping L". The third figure from the left is L"'. The fourth figure is L' ; eliminating
the intersection while keeping the framing from the ambient surface requires eliminating one “twist”
from the framing.

For the reader who has not seen this kind of thing before, 3 can be obtained by taking an
immersed surface with the above properties (which clearly exists) and then resolving the
self-intersections (a collection of circles) to make it embedded. The 3-manifold M? x [0,1]
in R"*3x [0,1] acquires a framing from M?, and using this we can put a framing on %2 just
like we did for L. This gives the desired framed cobordism. O

By Lemma 10.1, we can define a function
Qe 1y (M?Z) — Z/2

by setting Gy2(z) = P(L), where L is an oriented 1-submanifold of M? representing x
endowed with the framing induced by M? and P (L) is the invariant of framed 1-manifolds
in R™*2 introduced in §5. One’s first impulse might be that g2 is a homomorphism; indeed,
in [13] Pontryagin assumes that this holds and uses it to give a proof of the (false) theorem
that m,.2(S™) = 0 for n > 3. The correct statement is as follows. Let i(-,-) be the Z/2-
valued algebraic intersection pairing on Hy(M?;Z/2). For z,y € H(M?* Z), we will let
i(x,y) denote i(%,7), where T and ¥ are the images in Hy(M?;7Z/2) of = and y, respectively.

Lemma 10.2. If M? is a framed surface in R™? with n > 1, then

D2 (x+y) =ue(2) + Qe (y) +i(zy)  (2,y e Hi(M*%2)).

Proof. Let L and L’ be oriented 1-submanifolds of M? realizing the homology classes = and
y, respectively. Homotoping L and L', we can assume that they intersect transversely. Let
LnL ={p1,...,px}, so k =i(x,y) modulo 2. Let L"” be the result of taking L u L' and
pushing one of the two strands meeting at each p; off the surface into R"*? as in Figure 4.a
(it does not matter how you do this). Give L” the framing coming from the framings on L
and L’ induced by M?. Thus

P(L") =P(L) + P(L) = Qyr=(x) + Qas= (y)-

Let L' be the result of modifying L” in a neighborhood of each p; as shown in Figure 4.b.
As is clear from that Figure, L' is framed cobordant to L” (indeed, it can be obtained
from L by a sequence of surgeries on good 1-handles as in Lemma 8.1), so P(L"") = P(L").
Finally, let L(*) be the result of “pulling tight” each self-intersection of L and giving the
result the framing coming from M?2. From Figure 4, it is clear that this requires eliminating
one “twist” in the framing for each self-intersection, so

D2z +y) = PLD) = P(L") + k = Qa2 (2) + Qa2 (y) + i, ),
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as desired. O

Lemma 10.2 implies in particular that Gy2(2x) = 2@u2(z) = 0 for all « € Hi(M?;Z).
This implies that G2 descends to a function

qne  Hy (M 72)2) — 72
satisfying

(2 +y) = ae (@) +aey) +ilzy)  (2y e Hi(M*%Z)2)).

Such functions are known as quadratic refinements of the nondegenerate symmetric bilinear
form i(-,-) (this is symmetric since we are working over Z/2). Since we are working over
Z/2, such quadratic refinements are classified by their Arf invariants, which we briefly
describe (see, e.g., [15, Appendix| for details and proofs; a broader discussion of Arf’s work
on this subject, of which the above is a tiny special case, is in [11]). A symplectic basis for
Hy(M?;7/2) is a basis {d1,b1,...,dg,by} such that

i(&i,l;j):éij and 1(&1,63):1(5“63):0 (1Si,jﬁg),

where d;; is the Kronecker delta. Choosing such a symplectic basis, we then define the Arf
invariant of ¢a;2 to be

Arf(que) = iqMa(a¢>qu<bi> e7)2.

This does not depend on the choice of symplectic basis. The relevance of the Arf invariant
for us is the following result.

Lemma 10.3. Let M and M3 be framed 2-manifolds in R™*? which are framed cobordant.
Then ATf(QMg) = ATf(QMf)'

Proof. Let C® c R"™2x[0,1] be a framed cobordism between Mg x0 and M7 x 1. Perturbing
C3 slightly, we can assume that the projection R™*2 x [0,1] — [0, 1] restricts to a Morse
function 7 : C® - [0,1] whose critical points project to distinct critical values. For all
regular values t € [0,1] of 7, define M? = 7~ 1(t) and C2, = 771([0,t]). Regarding M} as a
2-dimensional submanifold of R™*2, we can endow M? with a framing on its normal bundle
by orthogonally projecting the framing on C® to R™*?; with this definition, Mg and M12
agree with the framed manifolds we began with. As t increases from 0 to 1, it is clear that
Arf(thg) can only change when t passes through a critical value. Letting o € [0,1] be a
critical value and € > 0 be small enough such that the only critical value in [tg —€,to + €]
is tp, we must prove that Arf(thzo_e) = Arf(thzme). Let z € C® be the critical point with

m(x) = to. There are four cases

o The 3-manifold C’g’to +c is obtained from Cgto_e by attaching a 0-handle. In other words,
the point z is a local minimum for 7. In this case, Mfo +c differs from Mfo_e in that
a spherical component V' appears. Since H;(V;7Z/2) = 0, this component contributes
nothing to the Arf invariant and Arf(thgof) = Arf(quo+5)'
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Figure 5: On the left is the surface Mfo_e, on the right is the surface Mfoﬂ. The “core” L of the
new tube is depicted.

e The 3-manifold Cg’to +c is obtained from C’g’to_g by attaching a 1-handle. In this case,
Mf0+€ is obtained from MEO,E by attaching a tube as in Figure 5. Let L be the
oriented 1-submanifold of Mtzo +c forming the “core” of this tube, as shown in Figure
5. Endow L with the framing induced by Mf0 +c- The loop L bounds a disc in the
framed 3-manifold C’gto +e- This disc can be framed (just like the cobordism in Lemma
10.1), so L is framed cobordant to the empty manifold and P(L) = 0. We now can
choose a symplectic basis {a1,b1,...,aq,b4} for Hl(MtZOJre;Z/Q) such that a4 equals
the homology class of L and {a1,b1,...,ag-1,bg—1} comes from Hy (M7 _;Z/2) in the
obvious sense. We then have

g-1
Arf(ap ) = (Z arp_ (@) darz (bi)) tanz, (ag)ane | (bg) = Arf(qpz ) +0,
i=1

as desired.

e The 3-manifold Cgto +c 1s obtained from Cg’to_e by attaching a 2-handle. This is similar
to the case of a 1-handle (but in this case M,?O_E can be obtained from Mf0 +e DY
attaching a tube rather than the other way around).

e The 3-manifold C’gto +c 1s obtained from Cgto_e by attaching a 3-handle. In other words,
the point z is a local maximum for 7. This is similar to the case of a 0-handle. O

Using the above invariant, we will prove the following lemma.

Lemma 10.4. For n > 2, let v, : S™*!' — S" represent the generator for m,.1(S™) (see
Theorem 5.5). Then vy o vp,1 @ S™2 — S™ represents a nontrivial element of my,.2(S™) for
alln > 2.

Proof. Let us begin by recalling the construction of v, from Theorem 5.5. Let Lo ¢ R? be
the unit circle, oriented in the clockwise direction. We have Npo /T ~ [, x R. Endowing

Ngo /T with the inner product coming from the standard inner product on R?, we frame

Ly with the framing whose value on € Ly is the outward facing unit vector. For n > 3, let
L,, c R” be the result of stabilizing the framed 1-manifold L. Finally, let L, ¢ R™ be the
result of twisting the framing of L, by a generator for 71(SLy_1(R)). Theorem 5.5 says
that Up = [[Ln+1ﬂ-

As in the proof of Theorem 3.1, we can represent v, by the map f, : S"*!1 —» S"
obtained by applying the Pontryagin—Thom construction to L,.1. Regarding S™ as R"u{co},
under this construction every point of R" is a regular value for f,, and L, c R™! is the
inverse image of 0 € R™ (framed using the framing obtained by pulling back the standard
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frame at 0). From this, we see that 0 € R” c S™ is a regular value of f, o f,+1. Define
Tn = (fno fni1)71(0) c R"2 (framed again by pulling back the standard frame at 0), so T},
is a framed 2-manifold in R™*2. It follows from the proof of Theorem 3.1 that v,ovp.1 = [T.],
so0 to prove the lemma it is enough to show that Arf(qr,) = 1.

It follows from its definition that 715, = f;}l (Ln+1). Moreover, for all x € L, the inverse
image f,1,(z) is a circle. It follows that T), is a circle bundle over a circle. Since T}, is
orientable, we deduce that T,, is a torus. We now make the following constructions.

e Define A = f,;}l(p), where p is some point in L,,1. Thus A is a 1-submanifold of T;,.
Orient A arbitrarily and endow A with the framing induced by T,,. Then since f,+1
represents a generator for m,,2(S™*), it follows that P(A) = 1.

o Let V c R™?2 be one of the fibers in the tubular neighborhood of L, used in the
Pontryagin-Thom construction. It follows that (f,+1)]y is a diffeomorphism from V'
to R"*1 c §"*1. Define B = ((fns1)|v) ' (Lns1), so B is a 1-submanifold of T},. Orient
B arbitrarily and endow B with the framing induced by 7;,. Then since f,, represents
a generator for m,,1(S™), it follows that [B] € m,,2(S™*!) is a generator, and thus
that P(B) = 1.

Let a € H1(T),;Z/2) and b € Hi(T,;7Z/2) be the homology classes of A and B, respectively.
Then {a,b} is a symplectic basis for Hi(7},;7Z/2), so by definition we have

Arf(qr,) = qr,(a)qr, (b) = P(A)P(B) =1,
as desired. O

We now come to the main theorem of this section, which was proved independently by
Pontryagin [14] and Whitehead [17]

Theorem 10.5. Forn > 2, we have mp.2(S™) = Z/2. It is generated by vy, o vpy1, where vy,
is as in Lemma 10.4.

Proof. The proof is by induction on n. The base case n = 2 follows from the following facts.
« Theorem 5.1, which implies that 7m4(S?) = 74(S?).
« Theorem 5.5, which says that 74(S%) = Z/2.
o Lemma 10.4, which says that vy o 13 represents a nontrivial element of m4(5?).

Now assume that n > 3. Let E : 14(S?) - m,,2(S™) be the composition of the suspension
maps. Combining the ordinary Freudenthal suspension theorem (Theorem 4.1) with the
improved suspension theorem (Theorem 9.1) and Lemma 7.2, we see that E is surjective.
Lemma 10.4 implies that m,,+2(S™) is not trivial, so F' cannot be the zero map. We conclude
that £ must be an isomorphism and hence m,42(S™) = Z/2. Finally, Lemma 10.4 implies
that v, o v,4+1 represents a generator of this group. O
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