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Preface

This is the second volume of what I anticipate will be a four-volume textbook on topology:

e Vol. 1: Point-set topology

e Vol. 2: Covering spaces and the fundamental group
e Vol. 3: Homology

e Vol. 4: Cohomology and Poincaré duality

This preface describes the overall goals for this series of books. For a discussion of the mathematical
choices I made in this particular volume and how they differ from other topology books, see the
introduction for the instructor. That introduction also explains how this book can be used for
different kinds of courses. There is also an introduction for the student that sets the stage for the
various topics in this book.

Structure of books

Each volume of this series of books attempts to do three things:

(a) give a linear, well-structured treatment of the subject that is suitable for a first course; and

(b) explain a large number of advanced topics and examples; and

(c) describe (with complete proofs!) how the tools developed in that volume can be applied in
other areas of mathematics.

These goals are not compatible with each other.

The solution I have adopted is to divide each volume into two parts. The first part (“Basic
topics”) represents what I believe should be covered in a first course on the subject. These chapters
are intended to be read linearly. Even here there are options, and some chapters and sections are
marked with an * to indicate that a first-time reader might want to skip them.

The second part of each volume is a collection of essays on various topics: examples, applications,
extensions, topological lore that does not fit neatly into a course, etc. These essays are less self-
contained than the basic topics, though they include many proofs and detailed examples. They are
not intended to be read linearly, though some refer to other essays for details.! They could be used
for various kinds of advanced short courses or to enrich a course based on the first part of the volume.

Details and precision

Topology has an overwhelming amount of machinery. Many theorems have multiple versions
with subtly different hypotheses and conclusions. As a writer, it is easy to get lost in technical details.
The result is a book that is more of an encyclopedia for experts than a textbook.

However, there is also an opposite danger. Students find it frustrating if they have trouble finding
precise definitions and statements of theorems. It can also be frustrating to have to flip between
multiple sections to figure out what the author is trying to say.

I therefore tried to strike a balance between technical precision and narrative. For instance, I
have not hesitated to repeat definitions for things that last appeared many pages ago. I also try
to state theorems in their most natural level of generality, always with an eye to what is useful in
applications.

I also try to include proofs that are detailed enough that a typical PhD student can read them
without suffering unduly. Of course, a balance has to be struck here: too many details can make it

11 promise that there are no circular chains of references!
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2 PREFACE

hard for a reader to figure out the main idea. However, I think that overall I include more details
than many authors. This is partially responsible for the lengths of these books.

Pictures

I include many pictures, and freely use colors to make those pictures easier to understand.
Typically these pictures are included in-line in the middle of a paragraph rather than in a separate
stand-alone figure box. One technical issue here is that students with various forms of color blindness
might have trouble interpreting the pictures. To help alleviate this, I used the palettes from the
article [3], which I recommend to anyone who wants to use color but is worried about accessibility.

Audience

Volume 1 (point-set topology) is geared to advanced undergraduates, though it also includes
many special topics that are hard to find in the literature and might be of interest to more advanced
readers. The subsequent three volumes are aimed at beginning graduate students, roughly at the
level of our first-year students at Notre Dame. The level of sophistication does rise as the books
progress, largely driven by the increasing difficulty of the material.

Smooth manifolds

A lot of the early literature on topology focused on spaces that were triangulated. This is
reflected in the textbook literature, which often uses combinatorial /piecewise-linear tools. However,
outside of algebraic topology smooth manifolds are far more important. There are now many excellent
textbooks on smooth manifolds, and I think it makes sense to replace simplicial/piecewise-linear
techniques with smooth ones whenever possible.

The level of familiarity with smooth manifolds that I assume gradually increases through the
books. Volume 1 (point-set topology) does not assume that students have seen manifolds of any kind
before. Volume 2 (covering spaces and the fundamental group) mentions smooth manifolds, but only
in remarks and essays. Subsequent volumes assume more, roughly at the level of the classic books by
Milnor [2] or Guillemin—Pollack [1]. This is compatible with the sequence of courses taken by PhD
students at most institutions I am familiar with.

Abstraction vs. concreteness

The following two quotations paraphrase things told to me by topologists whose work I admire:

(a) “I don’t care about abstract nonsense or category theory at all. It’s a distraction from what
really matters. Fundamentally, I don’t feel like I understand something until I've figured
out a picture that illustrates what is going on.”

(b) “I'm not interested in spaces for their own sake. What I care about are definitions and
analogies. Category theory is, for me, the central framework for understanding mathematics
as a unified whole.”

I find myself in the unusual position of being sympathetic to both of these points of view. I love
concrete geometry and abstract machinery, and think the best mathematics involves a mixture of
both.

I do think that some students come to topology with an unhealthy attitude towards category
theory. For some parts of topology and algebra, it has a marvelous unifying power. I cannot imagine
ignoring category theory while teaching those subjects. However, it is not magic and needs to be
combined with other tools to give interesting results. Students must learn to be eclectic and not
expect any single tool to unify all of mathematics.

In keeping with the above, I try to use categorical language (functors, natural transformations,
universal properties, etc) when appropriate, but not to over-emphasize it. Topology has many
beautiful things to say about concrete geometric questions, and I hope even readers with a taste for
abstraction will come to appreciate how all these tools can be used to prove results that seemingly
have little to do with high-powered machinery.
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Stylistic goals

I tried hard to obey the following stylistic rules:

(a) Each chapter is short (typically at most 8 pages, not including exercises), does exactly one
thing, and is broken up into short sections with descriptive titles.

(b) T avoid overly long unbroken blocks of text. More concretely, I try to avoid having more
than 6 lines of text appear without a paragraph break or math display.

(¢) T give examples of each new concept, and try to illustrate major results with multiple
examples.

(d) Iinclude a large number of exercises in almost every chapter. These are an essential part of
the text. Exercises marked with an * are more difficult than the others, and the particularly
difficult exercises are marked with sx.

Acknowledgements

This is where I thank my many teachers, mentors, collaborators, friends, etc. It will be written
later.
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Introduction for the instructor

This books covers covering spaces and the fundamental group. To help explain the mathematical
choices I made when writing it, this introduction first describes the history of the subject. I then
describe the overall structure of this book and how it differs from other books on these topics. I then
describe the individual chapters and how they can be used in different kinds of courses.
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CHAPTER 1

Definition and basic examples of covering spaces

Our first main topic is the theory of covering spaces. This chapter contains some basic definitions
and a large number of examples. A first-time reader might be tempted to skip the examples and
focus on the theory. This would be a mistake. The richness of the examples is what gives this subject
its flavor, and it is impossible to understand the theoretical aspects of covering spaces without having
absorbed a large store of these examples.

1.1. Definition and examples

Recall that a local homeomorphism is a map p: Z — X such that all z € Z have open neighbor-
hoods V with U = p(V') open and p|y: V — U a homeomorphism. Roughly speaking, in a covering
space this condition is strengthened by adding a uniformity condition to these open neighborhoods.
The definition is as follows:

DEFINITION 1.1.1. A covering space or simply a cover of a space X is a space X equipped with
amap p: X — X such that for all z € X, there is an open neighborhood U of x satisfying:

e the preimage p~1(U) is the disjoint union of open subsets {ﬁi}ieI of X such that for all
t € Z, the restriction p|U ; — U is a homeomorphism.

p
-~ Dv
We call U a trivialized nezghbor’hood1 of z (or just a trivialized open set if we do not want to emphasize

z) and each U a sheet of X over U. We will also often call the map p: X>Xa covering space, and
refer to X as the base of the cover. O

REMARK 1.1.2. We allow p~1(U) = (). In particular, for any space X the map p: ) — X is a
covering space. This convention is controversial, and some authors require the maps in covering
spaces to be surjective. O

Here are some easy examples:

EXAMPLE 1.1.3 (Trivial cover). For a space X, the identity map 1x: X — X is a covering space.
More generally, for any discrete set Z the projection map p: X x Z — X is a covering space. We will
call these the trivial covers of X. |

EXAMPLE 1.1.4 (Universal cover of circle). Regard S! as the unit circle in the complex plane C.
Let p: R — S! be the map p(f) = €2™%. This is a covering space. Indeed, consider z € S!. Write

11t is also often called an evenly covered neighborhood, though we will not use that terminology.
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14 1. DEFINITION AND BASIC EXAMPLES OF COVERING SPACES

z = e?™ . Pick € > 0 with e < 1/2. For n € Z, set
U, = (Bo+n—e0+n+e) CR.
Let U = p(ﬁo). The set U is an open neighborhood of z, and p~1(U) is the disjoint union of the Uy:

c 1.5 c 1.5 c 1.5
<1 7 <1 7 L
U, Uy U,

p
Z

Each ZNIn projects homeomorphically to U, so U is a trivialized neighborhood of z and the (7” are the
sheets over U. The covering space p: R — S! is called the universal cover of S*. See §1.5 below for
why it has this name. O

ExAMPLE 1.1.5. Let X be a locally connected space and let U C X be a union of connected
components of X. Since X is locally connected, U is open. The inclusion ¢t: U — X is a covering
space. Indeed, consider x € X and let C be the connected component of X containing z. Since X is
locally connected, C'is open. If C C U then :=}(C) = C and t|¢: C — C is the identity; otherwise,
t=H(C) = 0. It follows that C is a trivialized neighborhood of x. We remark that if U # X then
t: U — X is not surjective. ([l

REMARK 1.1.6. Let p: X > X bea covering space. From the definitions, it is straightforward

to see that p is an open map and that p(X) is a union of connected components of X (see Exercises
1.4 and 1.5). O

REMARK 1.1.7. Covering spaces are local homeomorphisms, but the converse does not hold. For
instance, the map p: (0,2) — S' defined by p() = > is a local homeomorphism but does not
have a trivialized neighborhood around z = 1 (see Exercise 1.3). However, if X and X are compact

Hausdorff spaces then all local homeomorphisms p: X — X are covering spaces. We will say more
about this in §1.6*. |

1.2. Degree of a cover

Let p: X — X be a covering space. The preimages p~!(z) C X of points z € X are called the
fibers of p: X — X. For x € X, the fiber p~!(z) is called the fiber over z. The first main property
of covering spaces is that if X is connected, then the cardinalities of its fibers are all equal. More
generally:

LEMMA 1.2.1. Let p: X3 Xbea covering space. Then the cardinal-number-valued function
r |pt(z)| forzeX
is locally constant. In particular, if X is connected then all fibers p~t(z) have the same cardinality.
ProOF. Consider z € X. Let U be a trivialized neighborhood of = and let {ﬁi}iez be the sheets

of X over U. For y € U, the preimage p~!(y) consists of one point in each U;, so |[p~1(y)| = |Z|. The
lemma follows. O

This suggests the following definition:

DEFINITION 1.2.2. Let p: X = X be a covering space. If all the fibers of p have the same
cardinality, then the common cardinality of those fibers is the degree of the cover. For an integer
n > 0, we will call a degree-n cover an n-sheeted or an n-fold cover. If the degree of p is an infinite
cardinal, then we will often simply say that p has degree infinity or is an infinite-degree cover. [
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For instance, the degree of the universal cover p: R — S! is infinity. Lemma 1.2.1 implies that if

X is connected, then every covering space p: X — X has a degree. This is false for non-connected
X (see Example 1.1.5 and Exercise 1.7).

1.3. More examples of covering spaces
Here are some more examples of covering spaces:

EXAMPLE 1.3.1 (Degree n cover of circle). Regard S! as the unit circle in C. Fix some n > 1,
and define p,: S — S! via the formula p,(z) = 2". This is a degree n covering space. Indeed,
consider z € S'. The preimage p; !(z) consists of n distinct points: writing z = €27 we have

pil(z) = {62’”(90“")/” | m is an integer with 0 < m < n} .

Fix some € > 0 with € < 1/2, and let U = {€?™ | 0 € (§y —€,0p +€)}. The set U is an open
neighborhood of z, and p,!(U) is the disjoint union of n subsets of S' each of which projects
homeomorphically onto U:

Ps

Thus U is a trivialized neighborhood of z and the components of p; }(U) are the sheets over U. [J

ExAMPLE 1.3.2 (Cosets of discrete subgroups). Let G be a topological group, i.e., a group
that is a topological space such that the product map G x G — G and inversion map G — G are
continuous. Let H be a discrete subgroup of G. Here are two examples to keep in mind:

e G is the additive group R™, and H = Z"; and

e G =SL,(R) and H = SL,(Z).
Endow the set G/H = {gH | g € G} of left cosets with the quotient topology. The quotient map
p: G — G/H is an open map.? We claim that p: G — G/H is a cover of degree |H|. Indeed,
consider a point goH of G/H. Since H is a discrete subgroup of G, we can find an open neighborhood
V of 1 € G whose translates {Vh | h € H} are all disjoint.®> Set U = p(goV'), which is open since p
is an open map. We have

P (U) = || 9Vh
heH

These are disjoint open sets. For h € H, the map p|y,vn: goV'h — U is an open bijection, and hence
a homeomorphism. It follows that U is a trivialized neighborhood and the sets goV h with h € H are
the sheets above U. |

ExAMPLE 1.3.3. Two of our previous examples are special cases of Example 1.3.2:

e The universal cover p: R — S'. Indeed, the additive topological group R contains the
discrete subgroup Z. We have R/Z = S!, and this homeomorphism fits into a commutative
diagram of the following form:

2For an open set W C G, the set p(W) C G/H is open since p~}(p(W)) = UpcaWh is a union of open sets.

3Here are some more details. Since H is discrete, we can find an open neighborhood W of 1 € G such that
WNH={1}. Let f: G x G — G be the map f(z,y) = y~'z. Since f is continuous, the set f~1 (W) is an open
neighborhood of (1,1) and thus we can find open neighborhoods V; and Va2 of 1 such that V4 x Vo C f~1(W). Letting
V = Vi N Vs, we then have f(V x V) C W. We now claim that the sets {Vh | h € H} are all disjoint. Indeed, if
hi,ha € H are such that (Vhi) N (Vhsa) # 0, then we can find vi,va € V with v1h1 = va2ho, and hence

hohT! =vylvr € f(VXV)NHCWNH = {1}.

In other words, h; = ha.
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/\

R/Z — = §!

Using this, we can identify the covers R — R/Z and p: R — S!.
e The covers p,: S' — S! defined by p,,(z) = 2™ Indeed, S! C C is a topological group under
multiplication, and it contains the discrete group p, of n'" roots of unity. The quotient
S/, is homeomorphic to S!, and just like above we can identify the covers S! — S!/pu,,
and p,: St — Sh.
As another example, as we noted in Example 1.3.2 the additive group R™ contains the discrete
subgroup Z". As the following figure illustrates, the quotient R™/Z™ is homeomorphic to an n-

dimensional torus T™ = (S!)*™:

R%/7?

RQ
This figure shows the case n = 2, and in it the indicated region is a fundamental domain which in
the quotient becomes a square with sides identified as indicated. Identifying R™/Z"™ with T"™, we get
an infinite-degree cover p: R™ — T". O

ExaMPLE 1.3.4 (Real projective space). Let RP™ be n-dimensional real projective space, that is,
the set of lines through the origin in R"*1. Topologize RP" as follows:

e Let m: R\ 0 — RP" be the map taking a nonzero point 2 € R"*! to the line determined
by 0 and x. Give RP" the quotient topology determined by , so a set U C RP" is open if
and only if 7=(U) is open.

We have S* C R"*!. Let p: S® — RP" be the restriction of 7 to S®. This is a degree 2 covering
space. Indeed, consider £ € RP". The line ¢ intersects S™ in two antipodal points z,—z € S™. Let
U C RP" be the set of lines ¢’ that are not orthogonal to £. This is an open set, and the preimage
p~1(U) is the disjoint union of two open hemispheres U1 and U2 centered at x and —=z, respectively:

Each 5‘1 projects homeomorphically to U, so U is a trivialized neighborhood and the [71 are the
sheets over U. (]

ExAMPLE 1.3.5. Let X3 be a genus 2 surface and let T be a genus 1 surface with two boundary
components. Let f: T — Y5 be the map that glues the boundary components to form a loop 7:

glue /' 3, ‘CD

together \

For 1 < <3, let S’; be a copy of T'. As in the following figure, we can glue the gl together to form a
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genus 4 surface X4 and use f to map each §Z to Xs, yielding a map p: Xy — 3o

%

Each of the three black loops in ¥4 maps homeomorphically onto the black loop v in ¥3. The map
p: X4 — 3o is a degree 3 covering space. Indeed, consider a point x € ¥o. If x ¢ ~, then for our
trivialized neighborhood we can take U = X5 \ 4. The sheets above U are the Int(gi). If instead
T € 7, then as in the following figure we can take a small open disk U around zx:

The three disks shown in ¥4 are each mapped homeomorphically to U, so U is a trivialized neighbor-
hood. |

1.4. Isomorphisms between covering spaces

We would like to classify the covers of a space X. To do this, we must first define what it means
for two covers to be the same, i.e., we must say what it means to have an isomorphism between two
covers of X. The definition is as follows:

DEFINITION 1.4.1. Let X be a space and let p1: X1 — X and ps: X2 = X be two covers of
X. A covering space isomorphism from X1 to Xg is a homeomorphism f: X1 — Xg such that the
diagram

X1 4f ” X2

N2

commutes, i.e., such that ps o f = p;. If a covering space isomorphism from X 1 to )?2 exists, we say
that X; and X, are isomorphic covers of X. This is clearly an equivalence relation. O

REMARK 1.4.2. This can be rephrased using categorical language as follows. Recall that Top is
the category of topological spaces and continuous maps. For a space X, let Top,y be the category
whose objects are spaces Y equipped with maps ¢: Y — X and whose morphisms from ¢;: Y7 — X
to ¢o: Yo — X are maps f: Y] — Y5 such that thc diagram

commutes. A covering space p: X — X is an object of Top,x, and a covering space isomorphism is
an isomorphism in Top,x between two covering spaces. (Il

Here are two basic examples.
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EXAMPLE 1.4.3. For a real number A # 0, define p*: R — S! via the formula py () = 279,
The universal cover of S is thus p': R — S'. Each p*: R — S! is also a covering space, but is
isomorphic to the universal cover. Indeed, letting f: R — R be the homeomorphism f(0) = A0, the
diagram

commutes, so f is a covering space isomorphism from p*: R — S! to p': R — S*. O

EXAMPLE 1.4.4. For n > 1, let p,,: S' — S' be the covering space defined by the formula
pn(2) = 2™ and let g, : St — S! be the covering space defined by the formula g,,(2) = 2~™. The covers
pn: S — S and g, : S' — S! are isomorphic. Indeed, letting f: S' — S' be the homeomorphism
f(z) = 271, the diagram

1 1

\/S

commutes, so f is a covering space isomorphism from p,: S' — S! to ¢,,: S* — S*. O

1.5. Goal

One of our main goals is to classify all the covers of a space up to isomorphism. Remarkably, for
a reasonable space X there is a simple algebraic classification of covers of X. We will describe this
classification later after we define the fundamental group of X (see Chapter 11). It resembles the
classical Galois correspondence.

To a reasonable path connected space X, we will associate a group G called its fundamental
group. Isomorphism classes of covers p: X — X with X path connected will correspond® to subgroups
K < G. The cover corresponding to the trivial subgroup 1 < G will be called the universal cover,
and it will cover all the other covers. Here is an example:

EXAMPLE 1.5.1. The fundamental group of S! will turn out to be Z. There are two kinds of
subgroups of Z:

e For n > 1, the subgroup nZ. This will correspond to the cover p,,: S' — S! defined by
pn(2) = 2" for z € SL.
e The trivial subgroup 0 < Z. This will correspond to the universal cover p: R — S' defined
by p(0) = > for § € R.
The universal cover p: R — S! covers the cover p,,: S! — S! in the following sense. Define ¢,,: R — S!
via g, (0) = €>™/" for § € R. This is a covering space, and we have a factorization

R 2, st Pyt O

P

1.6*. Spaces of polynomials, and covers vs local homeomorphisms

We close this chapter with an important example of a covering space obtained from certain
spaces of polynomials. The key input is a criterion for a local homeomorphism to be a covering space.
Since this material is a little harder than the rest of this chapter, we have marked it with an * to
indicate that a first-time reader might want to skip it.

We start by recalling some definitions from point-set topology. See Volume 1 for more details.
Let Z be a space. A compact neighborhood of a point z € Z is a compact set K C Z such that
z € Int(K). The space Z is locally compact if for all z € Z and all open neighborhoods U of z, there
is a compact neighborhood K of z with K C U.

4There is a small issue with basepoints we are ignoring here to simplify our story.
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ExXAMPLE 1.6*.1. All open subsets of R™ and all closed subsets of R™ are locally compact. [

Assume that Y and Z are locally compact Hausdorff spaces. A map f: Y — Z is proper if for
all compact subsets K C Z, the preimage f~'(K) is compact.’

EXAMPLE 1.6*.2. The Heine—Borel theorem says that a subset of Euclidean space is compact
if and only if it is closed and bounded. If Y and Z are both closed subspaces of Euclidean spaces,
it follows that a continuous map f: Y — Z is proper if and only if preimages of bounded subsets
are bounded. Equivalently, if {yx}r>1 is a sequence of points in Y with limg_, ||yx|| = oo, then we
must have limg_,o || f(yx)|| = oo. O

With these definitions, we have:

LEMMA 1.6%.3. Let pzw)? — X be a proper local homeomorphism between locally compact
Hausdorff spaces. Then p: X — X is a covering space.

ProoF. Consider z € X. Since p is proper, the set p~!(x) is compact. Since p is a local
homeomorphism at each point of p~!(z), the set p~*(z) is also discrete. We deduce that p~1(x) is
finite. There are two cases:

Case 1. p~Y(z) # 0.

Enumerate p~!(z) as p~1(x) = {¥1,...,T,}. For each 1 < i < n, there exists a neighborhood Vi
of Z; such that p|‘~/i is a homeomorphism onto its image V; C X. Since X is Hausdorff, we can shrink
the \71 and assume they are all disjoint. Set U =V; N --- NV, and ﬁ,- =V,N p~1(U). The set 172 is
an open neighborhood of z;, and p|5i is a homeomorphism onto U.

By construction, p~*(U) contains Uy U - - - U U,. However, we are not done since p~!(U) might
contain points that do not lie in some ﬁz We want to shrink U to ensure that this does not happen.
Since we need U to be open, we need to delete a closed set C' of “bad points” from U.

The first step is to shrink U to ensure that U is compact. This is possible since X is locally
compact: letting K be a compact neighborhood of x with K C U, we replace U with Int(K) and
cach U; with U; Np~!(Int(K)). Since X is Hausdorff the compact set K is closed, so U C K and thus
U is compact. Since p is proper p~1(U) is compact, so since X is Hausdorff p~(T) is closed. Let

C=p ' (O0))\ U U;.

Since C is a closed subset of the compact set p~1(U), it follows that C is compact. This implies that
C = p(C) is compact, and hence closed. Since p~!(z) C U ,U; we have x ¢ C. Replacing U with
U\C and each U; with U;\p~1(C), the set U is an open neighborhood of z with p~1(U) = U;U- - -UU,,
as desired.

Casg 2. p~i(z) = 0.

Let K be a compact neighborhood of 2. Since p is proper p~!(K) is compact, so p(p~(K)) C X is
compact. Since X is Hausdorff, the compact set p(p~!(K)) is closed. Setting U = Int(K)\p(p~!(K)),
the set U is open and p~1(U) = . It follows that U is a trivialized open neighborhood of z, as
desired. ]

Here is an example of how Lemma 1.6*.3 can be used.

EXAMPLE 1.6*.4 (Roots of square-free polynomials). For some n > 1, let Poly,, be the space of
degree-n monic polynomials over C. Such an f € Poly,, can be written as

f(2)=2"4a12" P+ agz" 2+ +a, withay,... a, €C.

5This is not quite the right definition if Y and Z are not locally compact Hausdorff spaces. See Chapter 9 of
Volume 1 for more details.
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The topology comes from the coefficients, so Poly,, = C". By the fundamental theorem of algebra,
such a polynomial has n roots (counted with multiplicity). Define

RPoly,, = {(f,l‘) € Poly,, xC | f(l‘) = 0}

In other words, RPoly,, is the space of polynomials equipped with a root. Let p: RPoly,, — Poly,,
be the map p(f,z) = f. For n > 2 this is not a covering space since the fibers of p have different
cardinalities. For example,

'z = {(z"0)} =1 but |p~'(z"—1)|=]{(z" —1,u) | pann™ root of unity} | = n.

As suggested by this, the issue arises because of polynomials with repeated roots. A root x € C of a
polynomial f(z) is a repeated root if f/(z) = 0. Define

Poly*f = {f € Poly,, | f has no repeated roots}

and
RPolyf = {(f, z) € Poly* xC | f(z) = o}.

The “sf” stands for “square-free”. The spaces Polyif and RPolnyf are open subsets of Poly, and
RPoly,,, respectively.® The projection p: RPolnylc — Polyflf is a degree-n covering space. Indeed,
since p is a proper map’ whose fibers all have cardinality n, by Lemma 1.6*.3 it is enough to prove
that p: RPolnyf — Polyflf is a local homeomorphism. But this is easy: for (f,z) € RPolyff, since f(2)
has no repeated roots we have f’(z) # 0, so by the implicit function theorem there is a neighborhood
UcC PolyiLf of f such that around (f,z) the subspace

RPolys' ¢ Polysf xC c C" x C
is the graph of a function U — C. ]

REMARK 1.6*.5. The cover p: RPolyflf — Polyff from Example 1.6*.4 encodes a lot of interesting
geometric and algebraic information about roots of polynomials. For instance, the fundamental
theorem of algebra is equivalent® to the fact that p: Rlz’olyflf — Polyfif has degree n for all n > 1.
We remark that there are several topological proofs of the fundamental theorem of algebra. Perhaps
the shortest can be found in Chapter 9 of Volume 1, which deduces it from the fact that the map
p: RPoly, — Poly,, is a proper map. (|

1.7. Exercises

EXERCISE 1.1. Carefully prove that the following are covering spaces. Let C* = C \ {0}.
(a) The map p: C — C* defined by p(z) = e*.
(b) For n € Z\ {0}, the map p: C* — C* defined by p(z) = z™. O

EXERCISE 1.2. Prove that the map p: C — C defined by p(z) = 22 is not a covering space. [J

EXERCISE 1.3. Do the following:
(a) Define p: (0,2) — S* to be the map p(#) = > for 6 € (0,2). Prove that p is a surjective
local homeomorphism but is not a covering space.
(b) Give an example of a local homeomorphism f: X — Y and a subset A C X such that
fla: A — f(A) is not a local homeomorphism. O

EXERCISE 1.4. Let p: X = X bea covering space. Do the following:
(a) Prove that p is an open map.

6This is an elementary exercise (see Exercise 1.17). A sophisticated way to see it is to use the fact that having
a repeated root is equivalent to the vanishing of the discriminant, which is a polynomial in the coefficients of the
polynomial.

"To show that p: RPolyf,'Lf — Polys,‘Lf is proper, it is enough to prove that p: RPoly, — Poly,, is proper. Since
RPoly,, is a closed subset of Poly,, xC = C™ x C, this is a consequence of the elementary fact that for all C' > 0, there
exists some D > 0 such that if z € C is a root of f(2) = 2" +a12" ' +--- +ay and |ag| < C for all 1 < k < n, then
j2] < D.

8The point here is that a polynomial with repeated roots certainly has roots, so to prove the fundamental theorem
of algebra one need only find roots for polynomials without repeated roots.
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(b) Assume that p has finite degree. Prove that p is a closed map.

(c) Give an example of a covering space p: X — X such that p is not a closed map.
(d) Assume that p has degree 1. Prove that it is a homeomorphism. O

EXERCISE 1.5. Let p: X > X bea covering space. Do the following:
(a) Prove that the image of p is a union of connected components of X. Hint: prove that p()? )
is both open and closed.
(b) Assume that X # ) and X is connected. Prove that p is surjective.
(¢) Assume that p is surjective. Prove that p is a quotient map, i.e., that a set U C X is open
if and only if p~(U) is open. O
EXERCISE 1.6. Let p: Y — X be a finite-sheeted cover and let ¢: Z — Y be an arbitrary cover.

Prove that poq: Z — X is a cover. We remark that it is not true that the composition of two
covering space maps is a covering space (see Exercise 2.14**). O

EXERCISE 1.7. Let p1: X’l — X1 and ps: )?2 — X5 be covering spaces. Define ¢: )2'1 L )2'2 —
X1 U X5 via the formula

pi1(z) ifz € )~(1,
q(z) = : =
pa(z) if z € Xo.
Prove that g: )?1 U )?2 — X1 U X3 is a covering space. Use this construction to find a surjective
covering space over a non-connected base that does not have a degree. (|
EXERCISE 1.8. Let py: )?1 — X7 and po: )?2 — X3 be coverirlg spaces. Define q: )?1 X )22 —
X1 x X5 via the formula g(z1, 22) = (p1(21), p2(22)). Prove that ¢: X; X Xo — X3 X X5 is a covering
space. O
EXERCISE 1.9. In this exercise, you will prove that Exercise 1.8 is false for infinite products. For
n>1,let X, =S! and X,, = R and let p,: X,, — X,, be the universal cover. Give Hn>1 X, and
II,,>1 X» the product topologies, and define a map p: [[,~, X, = [I,,>; X» via the formula
p(z1,22,...) = (p1(21),p2(22),...) forall (21,20,...) € H X

n>1
Prove that p: [],~; Xn — [I,,>, X» is n0t a covering space. O

EXERCISE 1.10. Do the following:
(a) Let p: X > X bea covering space, let Y be a connected component of )~(, and let ¢ = p[g.

Assume that X is locally connected.” Prove that ¢: Y 5 Xisa covering space.
(b) Give an example to show that (a) is false without the assumption that X is locally
connected. ]

EXERCISE 1.11*. For n > 1, let C,, C R? be the circle of radius 1/n with center (0,1/n). Let
X = U2 ,C,, topologized as a subspace of R2. This is sometimes called the “earring space” or the
“shrinking wedge of circles”:

Construct a collection of covers {p; : X, > X }ier with the following property. Let X be the disjoint

9A space X is locally connected if for all z € X and all open neighborhoods V' of z, there exists a connected open
neighborhood U of z with U C V. This implies that the connected components of X are both open and closed.
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union of the )N(Z and let p: X — X be the map that is p; on )?i for all i € I. Then p: X — X is not
a cover. 0

EXERCISE 1.12. Prove the following:
(a) Let p: X — X be a cover and let Z C X be a subspace. Define Z = p~1(Z) and q = plz
Prove that q: Z — Z is a covering space. We will call this the restriction of p to Z.

(b) Let X be a locally connected space with connected components {X;};ecs. For each j € J,
let ¢;: Y; — X; be a covering space. Define

v =]y,
jed
and let ¢: Y — X be the map that for j € J and y € Y; satisfies ¢(y) = ¢;(y) € X; C X.
Prove that ¢: Y — X is a covering space.
(c) Part (b) is false if X is not assumed to be locally connected. Construct a non-locally
connected counterexample in which each ¢;: Y; — X; is a homeomorphism. O

EXERCISE 1.13. For spaces Y and Z equipped with maps f1: Y — X and fo: Z — X to another
space X, the fiber product of f; and fs is the space

Yxx Z={(y,2) €Y xZ| fi(y) = f2(2)}.

Letting g1: Y xx Z — Y and ¢go: Y Xx Z — Z be the projections onto the first and second factors,
we have a commutative diagram

YxxZ —25Y

ml y

7z ,x

Prove the following:!°
(a) If f1 is injective, then go is injective.
(b) If fy is surjective, then gs is surjective.
(¢) If f; is a homeomorphism, then go is a homeomorphism.
(d) Assume that fp: Z — X is the inclusion of a subspace. Set W = f;*(Z). Prove that we
can identify go: Y X x Z — Z with the restriction of f; to W in the following sense:
e There exists a homeomorphism ¢: W — Y X x Z such that the following diagram

commutes:

W —25 Y xx 2

hml lm

z 2 .z

(e) Assume that f1: Y — X and fo: Z — X are inclusions of subspaces. Prove that Y x x Z &

YnzZz.
We will give a more categorical description of the fiber product via a universal property in the
exercises of Chapter 17. |

EXERCISE 1.14. Let p: X — X be a cover. This exercise will use the notion of fiber product
from Exercise 1.13. Prove the following:
(a) Let f: Z — X be a map. Let Z = X xx Z be the fiber product of X with Z and let
q: Z — Z be the associated map. Prove that ¢ is a covering space. This is often called the
pullback of p: X — X along f: 7 — X.
(b) Let p’: X’ — X be a cover that is isomorphic to p: X — X. Prove that the pullbacks of
P X > Xandp: X —» X along a map f: Z — X are isomorphic.

10The fiber product is symmetric in Y and Z, so all of these questions have analogous versions with the roles of
Y and Z swapped.
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(c) Let Z C X be a subspace. Let ¢: Z — X be the inclusion and let ¢: Z — Z be the pullback
of p: XX along ¢: Z — X. Prove that the covering space ¢: Z = Zis isomorphic to
the restriction of p: X — X to Z discussed in Exercise 1.12.

(d) Let f: Z — X and g: W — Z be maps. Let q: Z — Z be the pullback of p: X — X along
f Z— X and let r: W — W be the pullback of ¢: ZZ along g: W — Z. Finally, let

. W' — W be the pullback of p: X=X along fog: W — X. Prove that r: W= W
and v W — W are isomorphic covering spaces. O

EXERCISE 1.15. Let p: X — X be a cover. This exercise shows that many point-set topological
properties of X are inherited by X.
(a) If X is Hausdorff, then prove that X is Hausdorff.
(b) If X is regular, then prove that X is regular.

(¢)xx If X is paracompact, then prove that X is paracompact. Hint: first prove that there is a
locally finite collection of closed sets {C;}icr of X such that each C; is paracompact, and
then prove that this implies that X is paracompact.

(d)x If X is metrizable, then prove that X is metrizable. Hint: Use the Smirnov metrization
theorem, which says that a space is metrizable if and only if it is paracompact and locally
metrizable. ]

EXERCISE 1.16*. Let p: X > Xbea covering space such that p~!(z) is finite and nonempty for
all z € X. Prove that X is compact Hausdorff if and only if X is compact Hausdorff. O

EXERCISE 1.17. Let n > 1. Prove that Polyflf and RPolnyf are open subsets of Poly,, and RPoly,,.
Hint: first reduce to showing that Polnyf is open in Poly,,. Equivalently, the subspace R of Poly,,
consisting of polynomials with a repeated root is closed. Let (fi,)m>1 be a sequence of polynomials
in R such that f =lim,,_ o fm in Poly,. We must prove that f has a repeated root. For m > 1, let
Zm be a repeated root of f,,. We thus have fp,(zm) = f},(xm) = 0 for all m > 1. Prove that the
sequence (&, )m>1 of points of C has a convergent subsequence, and use this to prove that f has a
repeated root. O






CHAPTER 2

Deck transformations and regular covers

We now discuss the symmetries of a cover.

2.1. Deck transformations

We defined isomorphisms of covers in §1.4. The isomorphisms from a cover to itself are called
deck transformations:

DEFINITION 2.1.1. Let p: X > X bea covering space. A deck transformation of p: X - X is
a covering space isomorphism f: X - X i.e., a homeomorphism such that the following diagram

commutes:

The deck transformations of p: X — X form a group under composition called the deck group of
p: X — X, denoted Deck(p: X — X) or simply Deck(X) O

IIZ ~

For a cover p: X - X, the deck group Deck(X ) acts on X. Here is an example:

EXAMPLE 2.1.2. Let p: R — S! be the universal cover, so p(f) = ¢?™ for all § € R. For each
n € 7, we can define a deck transformation f,,: R — R via the formula f,(6) = 6 + n. O

2.2. Determining the deck group

The key to understanding the deck group is the following lemma, which says that in favorable
situations deck transformations are completely determined by what they do to a single point. Recall
that if G is a group acting on a set S, then the action is free if for all s € S the G-stabilizer
Gs ={g € G| g-s = s} is trivial.

LEMMA 2.2.1. Let p: X >3 Xbea covering space with X connected. Let f,9: X — X be two deck
transformations such that there exists some zy € X with f(z0) = g(z0). Then f =g. Consequently,
Deck()}) acts freely on X.

PROOF. Let E = {z €eX | flz)= g(z)} Our goal is to prove that E = X. By assumption
zo € F, so since X is connected it is enough to prove that E is both open and closed.! Consider
z € X. We must prove that if z € E (resp. z ¢ E) then there is an open neighborhood of z contained
in E (resp. disjoint from FE). Let U be a trivialized neighborhood of p(z).

Assume first that z € E. Let U be the sheet above U containing f(z) = g(z). Set V =
F~HU)N g~ 1(U), so V is an open neighborhood of z with f(V),g(V) C U. For 2’ € V, both f(2')
and g(z') are the unique point of U projecting to p(z’) € U, so in particular f(z') = g(z’). This
implies that V C E, as desired.

Assume now that z ¢ E, so f(z) # g(z). Let U1 and U2 be the sheets above U with f(z) € Uy
and g(z ) € U,. Since f(z) # g(2), the sheets U; and U, are distinct and hence disjoint. Set
W=f~ L({U,)Ng~(Us), so W is an open neighborhood of z with f(W) C Uy and g(W) C Us. Since
Uy N Us = 0, this implies that f(2") # g(2') for all 2/ € W, so W is disjoint from E, as desired. O

INote that if X is Hausdorff (like most spaces in this book) it is automatic that E is closed; indeed, if Z is
Hausdorff then for any continuous maps f,g: Y — Z the set of y € Y with f(y) = g(y) is closed.

25
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The following is a typical example of how to use Lemma 2.2.1 to determine the deck group of a
covering space:

EXAMPLE 2.2.2 (Universal cover of circle). Let p: R — S! be the universal cover of S'. For
n € Z, let f,: R — R be the deck transformation defined by the formula f,(6) = 6 + n. We claim
that
Deck(p: R —S') ={f, | n€Z} 2 Z.
To see this, consider an arbitrary deck transformation f: R — R. Since p(f(0)) = p(0), we must
have f(0) = n for some n € Z. Since f(0) = f,(0), Lemma 2.2.1 implies that f = f,. a

2.3. Regular covers

_Roughly speaking, a regular cover? is a cover with a deck group that is as large as possible. Let

p: X > Xbea covering space. The group Deck(X) acts on X. For z € X, the action of Deck(X)

X preserves the fiber p~(z), so Deck(X) acts on p~!(z). Lemma 2.2.1 implies that if X is connected
then this action is free, so for 21,2y € p~!(z) there exists at most one f € Deck(X) with f(z1) = zo.
A regular cover is a cover where such an f always exists:

DEFINITION 2.3.1. A regular cover is a cover p: X — X such that for all z € X, the group
Deck(X) acts transitively on p~1(z), i.e., for all Z1, 72 € p~'(x) there exists some f € Deck(X) with
f(Z1) = To. A cover that is not regular is irreqular. a

REMARK 2.3.2. If p: X > Xisa regular cover with X connected, then by Lemma 2.2.1 the
deck group acts freely and transitively on the fiber p~!(z) for all z € X. O

EXAMPLE 2.3.3 (Universal cover of circle). The calculation in Example 2.2.2 shows that the
universal cover p: R — S! is regular. O

EXAMPLE 2.3.4 (Trivial cover). Let X be a space and Z be a discrete set. Consider the trivial
cover p: X xZ — X. Set G = Deck(p: X x T — X). For each bijection o: Z — Z, we can define an
element f, € G via the formula f,(z,7) = (x,0(7)). These elements act transitively on the fibers, so
p: X X T — X is regular. One can check that all elements of G are of the form f, if X is connected
(see Exercise 2.10). O

REMARK 2.3.5. It is harder to show that a cover is irregular. We will give an example below in
Example 2.7.3. |

2.4. More examples of regular covers
Most of the covers we have seen so far are regular:

EXAMPLE 2.4.1 (Degree n cover of circle). Let p,,: St — S! be the cover defined by the formula
pn(z) = 2™ We claim that p,: S* — S! is a regular cover with deck group isomorphic to the cyclic
group C,, of order n. Indeed, let G = Deck(p,: S* — S'). Let f € G be the map f: S' — S! defined
by the formula f(z) = €2>™"/"z. The element f has order n and its powers act transitively on the
fiber p; (1), which equals the n'P roots of unity. This implies that the cover is regular.

The same argument using Lemma 2.2.1 that we used in Example 2.2.2 shows that G is the cyclic
group of order n generated by f. We repeat that argument one more time: for g € G, we have
g(1) = e*™*i/" for some k € Z (well-defined modulo n). Since g and f* both take 1 to e>™*¥/" it
follows from Lemma 2.2.1 that g = f*. (]

ExAMPLE 2.4.2 (Cosets of discrete subgroups). Let G be a topological group and let H < G
be a discrete subgroup. Then the projection p: G — G/H is a regular cover. Indeed, for h € H
define f;,: G — G via the formula f,(g) = gh~!. Then f; € Deck(p: G — G/H), and the f, act
transitively on the fibers of p: G — G/H. If G is connected, then by Lemma 2.2.1 this is the entire
deck group, so Deck(p: G — G/H) = H. As a special case, the deck group of the cover p: R* — T"
is the group Z", which acts on R™ by translations. ([

2These are also often called normal covers.
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ExXAMPLE 2.4.3 (Real projective space). Consider n > 1. The cover p: S" — RP" is regular.
Indeed, the map f: S™ — S™ defined by f(z) = —z is an element of the deck group that swaps the
two elements in the fiber over any point of RP". By Lemma 2.2.1, the deck group of p: S* — RP" is
the cyclic group C of order 2 generated by f. O

ExAMPLE 2.4.4 (Cover of surface). Consider the covering space p: ¥4 — X9 from Example 1.3.5.
Set G = Deck(p: ¥4 — 33). There is a deck transformation f € G that rotates 34 by 27/3 as
follows:

rotate by 2r/3
4} i
—
S
%,

The element f has order 3 and its powers act transitively on all the fibers. This implies that the
cover is regular, and also by Lemma 2.2.1 that G is the cyclic group of order 3 generated by f. O

ExXAMPLE 2.4.5 (Roots of square-free polynomials). The degree-n covering space p: RPolyif —
Poly®! discussed in Example 1.6%.4 is regular for n = 2 (see Exercise 2.9), but is irregular for n > 3.
We do not have the technology to prove this yet,? but it should not be surprising. Indeed, if it were
regular then the deck group G would act transitively on the roots of every degree-n polynomial with
distinct roots, and if such a canonical group action existed then we would surely teach about it in
elementary abstract algebra classes.* |

We will meet examples of irregular covers whose irregularity is easy to verify below when we
discuss covers of graphs.

2.5. Graphs

Graphs® provide a rich source of examples of covering spaces. Recall that a graph X is a set of
vertices V(X) connected by oriented edges £(X):
u

€

For each vertex v € V(X), the degree of v, denoted deg(v), is the number of edges that start or end
at v. If an edge is a loop based at v, it contributes 2 to deg(v). We call X a finite graph if the
sets V(X) and £(X) are both finite. In this case, it is clear how to regard X as a topological space:
the vertices are a discrete set of points, and the edges are copies of I = [0,1] that are glued to the
vertices. More generally, we say that X is locally finite if for each v € V(X)) its degree deg(v) is finite.
For locally finite graphs X, it is also clear how to regard X as a topological space.

REMARK 2.5.1. In the general case, we regard X as a 1-dimensional CW complex. See Essay K
in Volume 1 for more details. (]

3Proofs can be found in Exercises 9.9 and 12*.3.

AFor n = 2, this group action just exchanges the two roots.

50ur conventions about graphs are that unless otherwise specified they are oriented and we allow multiple edges
and loops.
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2.6. Maps of graphs

Let X and Y be graphs. To define a continuous map ¢: X — Y, we must specify where ¢ sends
each vertex and edge. This is particularly easy to do if we require our map to take vertices to vertices
and oriented edges to oriented edges, which will suffice for the examples in this section. For instance:

EXAMPLE 2.6.1. Let Y be the following graph:

€
u v

Y
We specify a graph X and a map ¢: X — Y as follows:

€y

Here we label the vertices and oriented edges of X by the vertices and oriented edges they map to.
What this map does is map each edge of the central square of X to the single non-loop edge of Y
and map each loop in X to the appropriate loop in Y. The interiors of the edges are identified with
copies of the open interval (0,1), and ¢ respects these identifications. O

2.7. Covers of graphs

The above example is not a covering map. The problem is that it is not a local homeomorphism
at the vertices. What is needed for a covering map is informally that for each vertex “the same edges
enter and exit as in the target”. Here is an example of a covering map with the same Y as above but
a different X:

ExampPLE 2.7.1. The following describes a covering space map p: X — Y:
u v

€

This is a covering space map since:

e for both vertices of X mapping to u, one edge exits mapping to e1, one edge exits mapping
to ez, and one edge enters mapping to es; and

e for both vertices of X mapping to v, one edge enters mapping to e;, one edge exits mapping
to e3, and one edge enters mapping to es.

This is a regular cover with deck group isomorphic to Cy. The generator of Cy acts on X by the
involution that swaps the two vertices labeled u, the two vertices labeled v, and for i = 1,2, 3 the
two oriented edges labeled e;. O

We now give several different covers of the following graph Z:

Since Z has only one vertex, there is no need to give it a name; indeed, all vertices of a cover of Z
map to that one vertex. We also use colors rather than letters to distinguish the two edges of Z, and
label the edges in the domain of our covering space maps by coloring them with the appropriate
colors.
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ExAMPLE 2.7.2. Consider the cover

(XD ={ >

This is a degree 2 regular cover. The deck group is isomorphic to Cs, and acts on A by the involution
that swaps the two vertices, the two orange loops, and the two blue edges. O

ExaAMPLE 2.7.3. Consider the cover

(XL )= )

This is an irregular cover with trivial deck group. To see this, note that a deck transformation of
Z must take vertices to vertices and oriented edges to oriented edges, and also must preserve the
coloring on the edges. Since there is only one orange loop in Z , any deck transformation must fix
that orange loop and therefore be the identity (see Lemma 2.2.1). O

EXAMPLE 2.7.4. Consider the cover
p %
—
7z
This is a degree 3 regular cover. The deck group is C3, which acts on Z by rotations. (]

EXAMPLE 2.7.5. Consider the cover

VWO ~CO

This is an infinite degree regular cover. The deck group is isomorphic to Z, which acts on 7 as
translations. (]

ExAMPLE 2.7.6. Consider the cover

Here Z is the graph embedded in R? whose vertices are at Z? and whose edges are horizontal and
vertical line segments connecting points of Z2. This is an infinite degree regular cover. The deck group
is isomorphic to Z2, which acts on Z C R? via the action of Z? on R? by integer translations. O
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ExAMPLE 2.7.7. Consider the cover

The indicated pattern in the domain repeats infinitely often, making it an infinite 4-valent tree.® The
horizontal edges are oriented going right, and the vertical edges are oriented going up. This is an
infinite degree regular cover. Indeed, for vertices v and w of Z there is a unique graph isomorphism
f vw . 7 — 7 with fow(v) = w such that f,.,, preserves the colors and orientations of the edges. These
form the deck group. ]

ExAMPLE 2.7.8. Consider the cover

p%
—>
R /A== z

This is an infinite degree irregular cover with trivial deck group. To see this, note that just like in
Example 2.7.3 any deck transformation of Z must fix the unique orange loop in Z and thus must be
the identity (see Lemma 2.2.1). O

2.8. Covering space actions

Let p: X — X be a cover with deck group G. The group G acts on X. If X is connected, then
Lemma 2.2.1 says that action is free, i.e., that for all z € X the stabilizer subgroup G, is trivial. In
fact, even more is true, and this section is devoted to studying this action.

REMARK 2.8.1. In this book, a group action is always assumed to preserve any structure a set has.
In particular, an action of a group G on a topological space Z is assumed to be by homeomorphisms.
In other words, for all g € G the map Z — Z that multiplies points by g is assumed to be a
homeomorphism. O

The following lemma isolates the key property of the action of the deck group of a connected
cover:

LEMMA 2.8.2. Let p: X X bea covering space with X connected, let G = Deck(p: X — X),
and let = € X. Then there is an open neighborhood V' of z whose translates {g-V | g € G} are all
disjoint.

PROOF. Let U be a trivialized neighborhood of p(z) and let U be the sheet lying above U
with z € U. We claim that V = U has the indicated property. Indeed, let g1,g92 € G satisfy
(91'[7) N (g2-U) # 0. We must prove that g; = go. Pick 21,22 € U with g1-21 = go-2. Since the
action of G preserves the fibers of p: X=X , the points z1, 29 € U must lie in the same fiber. Since
the restriction of p: X > X toUis injective, this implies that z; = 29. Letting w = z; = 29 be this
common value, we have g;-w = go-w. Lemma 2.2.1 now implies that g; = gs, as desired. O

Actions satisfying the conclusions of this lemma are important, so we give them a special name:

6A tree is a nonempty graph with no cycles, that is, no embedded circles.
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DEFINITION 2.8.3. A covering space action is an action of a group G on a space Z such that for
all z € Z, there exists an open neighborhood V of z such that the translates {g-V | g € G} are all
disjoint. 0

REMARK 2.8.4. All covering space actions are free. If G is finite and Z is Hausdorff, then the
converse is true: all free actions of G on Z are covering space actions (see Exercise 2.6). O

2.9. Quotients by covering space actions

Let G be a group and let Z be a space equipped with a left action of G. Endow the quotient”
Z /G with the quotient topology. In other words, if ¢: Z — Z/G is the projection then a set U C Z/G
is open if and only if ¢~!(U) is open. If the action of G' on Z is a covering space action, then the
quotient map ¢: Z — Z/G is a regular covering space:

LEMMA 2.9.1. Let G be a group acting on a space Z by a covering space action. Then the quotient

map q: Z — Z/G is a regular covering space. Moreover, if Z is connected then G = Deck(q: Z —
Z/G).

PRrOOF. Consider z € Z/G. Write x = ¢(z) with z € Z. Let V be an open neighborhood of z
such that the sets in the G-orbit of V' are disjoint. Set U = ¢(V'). We have

') =gV

geG

Since each g-V is open, it follows that ¢~ 1(U) is open and thus by definition U is open. The g-V
are disjoint open subsets of Z and each projects homeomorphically onto U. We conclude that U
is a trivialized neighborhood of = and the g-V are the sheets lying above U. This implies that
q: Z — Z/G is a covering space. By construction, the action of G on Z is by deck transformations
of ¢: Z — Z/G, so G < Deck(q: Z — Z/G). This action is transitive on fibers, so if Z is connected
then Lemma 2.2.1 implies that G = Deck(q: Z — Z/G). O

All of our examples of regular covering spaces could have been constructed using Lemma 2.9.1.
For instance, Cs acts on S™ via the antipodal map z — —z. This is a free action, so since C5 is finite
it is a covering space action (cf. Remark 2.8.4). We could have defined RP" = S™/C5 and identified
the covering space p: S™ — RP" with the quotient projection. This would be a little artificial, but
here is an example where this point of view is essential:

EXAMPLE 2.9.2 (Configuration space). Let X be a Hausdorff space. The ordered configuration
space of n points on X is the space®

PConf,, (X) = {(z1,...,2,) € X*" | x; # x; for all distinct 1 <4,j <n}.

Topologize this as a subspace of X*™. The symmetric group &,, on n letters acts on PConf, (X) via
the formula

o (T1,. s Tn) = (Tg-101)5 -+, To-1(ny) for o € &, and (21,...,2,) € PConf, (X).

The inverses are there to make this a left action.® This is a free action since the z; are all distinct,
and thus since &,, is finite it is a covering space action. The configuration space of n points on
X is the quotient Conf, (X) = PConf, (X)/&,,. Points of Conf,,(X) can be viewed as unordered
sets {z1,...,z,} of n distinct points in X. The projection p: PConf, (X) — Conf,(X) is a regular
covering space. |

"This is potentially confusing notation since G is acting on the left. A purist would insist that Z/G is the quotient
of Z by an action of G on the right, and denote the quotient of Z by an action of G on the left by G\Z. However, our
notation is common and traditional, and we will follow it. There will be a few situations where we will have both left
and right actions, and we will work hard to be clear about what our notation means in those cases.

8This is sometimes also called the pure configuration space, which is why it is written PConf, (X).

9This is the same reason that inverses appear in the action of GL(V') on the dual of a vector space V.
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2.10. Exercises

EXERCISE 2.1. Prove the following;:
(a) Let G be a group acting on a space X by a covering space action. Let Y be a subspace of
X that is preserved by the action of G, so G acts on Y. Prove that the action of G on Y is
a covering space action.
(b) For ¢ = 1,2, let X; be a space and let G; be a group acting on X; by a covering space
action. Prove that the action of G; X G2 on X; x X5 is a covering space action. O

EXERCISE 2.2. Let p: X > Xbea covering space with X connected and locally connected. Let
f,9: X = X be two deck transformations such that there exists some 2y € X with f(z) = g(z) for
all z € p~1(xg). Prove that f = g. Hint: this is a variant of Lemma 2.2.1, and can be proved in a
similar way. The key thing that must be shown is that each component of X contains a point of
p~1(z0). For this, Exercise 1.10 might be useful. ]

EXERCISE 2.3. Construct a covering space action of Cs x Cy on a compact surface X. |

EXERCISE 2.4. Let G be a finite group. Construct a covering space action of G on a path
connected open subset of some Euclidean space. Hint: Embed G into the unitary group U(n) for
some n > 0. This gives an action of G on C". For each g € G, let X, = {v € C" | gv = v}. Set

v=cr\ |J X,
geG\1

Prove that U is path connected and that G acts on U by a covering space action. (|

EXERCISE 2.5. Let a € R be an irrational number. Let G =2 Z be an infinite cyclic group
generated by s € G. Let G act on S! via the formula

2mina

thez=¢e 2z forze S'and n € Z.

Let p: S! — S!/G be the quotient map.
(a) Prove directly that p is not a covering space. Hint: First prove that every orbit of G on S!
is dense. The key to this is as follows. For x € R, let {z} € [0,1) be the fractional part of
x, s0 x = d+ {x} for some d € Z. You then must prove that for all € > 0 there exist n € Z

such that {na} € (0,¢€). This can be proved using the pigeonhole principle.
(b) Prove that S'/G is not Hausdorff. O

EXERCISE 2.6. Let X be a Hausdorff space and let G be a group acting freely on X. For all
x € X, assume that there is an open neighborhood U of = such that the set

{9eGlgUnU#0}

is finite. Prove that the action of G on X is a covering space action. The above condition is
automatically satisfied if G is finite, so this shows that a free action of a finite group on a Hausdorff
space is a covering space action. O

EXERCISE 2.7. Let Z be a Hausdorff topological space and let G be a group acting on Z by a
covering space action. Assume that Z/G is Hausdorff (cf. Exercise 2.13), and let z,y € Z be two
points that project to different points of Z/G. Prove that there exist open neighborhoods U of x and
V of y such that the translates {g-U | g € G} and {g-V | g € G} are all disjoint from each other. [

EXERCISE 2.8. Let Z be a first countable topological space. Let G be a group acting on Z by a
covering space action. Assume that Z/G is Hausdorff (cf. Exercise 2.13), and let K C Z be compact.
Prove that the set {g € G | g-K N K # 0} is finite. Hint: the previous exercise will be useful. O

EXERCISE 2.9. Let p: X = X be a degree 2 cover. Prove that p: X5 Xisa regular cover. [

EXERCISE 2.10. Let X be a space, Z be a discrete set, and p: X x Z — X be the trivial cover.

(a) If X is connected, prove that all elements of the deck group of p: X x Z — X are of the
form f,(x,i) = (z,0(7)) for some bijection o: Z — Z.

(b) If X is not connected, construct elements of the deck group that are not of this form. O
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EXERCISE 2.11. Let Z be a graph with one vertex and two edges. Construct degree 4 covers
p: Z — Z and q: Z' — Z with Z and 2’ path connected such that p: Z — Zis regular and
q: Z' — Z is irregular. O

EXERCISE 2.12. Let p: X — X be a cover with X connected. Let Z be a nonempty space and
f:Z — X be amap. As in Exercise 1.14, let q: Z — Z be the pullback of p along f, so

7= {(m) e X xZ|p@) = f(z)}.
Do the following:
(a) Assume that Z # . Prove that there is an injection Deck(X) < Deck(Z).

(b) Give an example where Z is nonempty and connected but the injection Deck(X) < Deck(Z)
constructed in (a) is not surjective.

(¢) Assume that p: X — X is a regular cover and Z is nonempty and connected. Prove that
the injection Deck(X) < Deck(Z) constructed in (a) is an isomorphism.

(d) Assume that p: X — X is a regular cover. Prove that ¢: Z — Z is a regular cover. O

EXERCISE 2.13. In this exercise you will see that non-Hausdorff spaces can have Hausdorff covers.
Set X =R?\ 0. Let G = Z with generator t = 1. Define an action of G on X by letting

t"(z,y) = (2"z,27"y) for all (z,y) € X and n € Z.
Prove the following:

(a) The action of G on X is a covering space action.
(b) The quotient X/G is not Hausdorff. O

EXERCISE 2.14**. In this exercise, you will see that the composition of two covering maps is not
necessarily a covering map (though later we will see that this does hold for reasonable spaces; see
Exercises 4.10 and 10.7). For n > 1, let C,, C R? be the circle of radius 1/n with center (0,1/n). Let
X = U2 ,C,, topologized as a subspace of R2. This is sometimes called the “earring space” or the
“shrinking wedge of circles”. Let p: Y — X be the regular cover of X with deck group Z shown here:

@&

Construct a degree 2 cover gq: Z — Y such that the composition poq: Z — X is not a covering space.
Hint: Enumerate the copies of the earring space in Y by (E)gez. Construct a 2-fold cover of Y that
is trivial on Ej, for k < 0. For k > 1, the cover should be nontrivial on the loop Cj = S! of Ej, and
trivial on all the other loops in E}. O






CHAPTER 3

Lifting paths and homotopies

This chapter studies lifting problems, which play a key role in both the classification of covering
spaces and their applications. As an application, we develop the theory of winding numbers and
degrees of maps from S! to iteself.

3.1. Lifting problems in general

_ Letp: X = X bea covering space and let f: Y — X be a map. A [ift of f through p is a map
f:Y — X such that the diagram

/l

vy L x
commutes, i.e., such that f =po f

ExamPLE 3.1.1. A deck transformation f: X — X is a lift of the covering space map p: XX
itself:

X
e
X s X
Of course, it is possible that a lift of p: X > Xtoa map f: X — X exists such that fis not a

homeomorphism, so not all such lifts are deck transformations. O

A lift might or might not exist. However, just like a deck transformation if a lift exists then
under favorable hypotheses it is determined by what it does to a single point:

LEMMA 3.1.2. Let p: X > X bea covering space and let f:' Y — X be a map. Assume that
Y is connected. Let fh f2 Y = X be two lifts of f through p such that there is some yg € Y with

Fi(yo) = fa(vo). Then fr = fo.

PROOF. The proof is identical to that of Lemma 2.2.1, which is the analgous result for deck
transformations. 0

3.2. Sections

We now discuss a special kind of lifting problem. Let p: X = X be a covering space. A section
of pisalift o: X — X of the identity map 1x: X — X through p. In other words, o: X — X isa
map such that p(o(x)) =« for all x € X.

ExAMPLE 3.2.1. Let X be a space and Z be a discrete set. Consider the trivial cover p: X xZ — X.
Let ig € Z, and define 0: X — X X Z via the formula o(z) = (x,4p). Then o is a section. O

The above example might be unsatisfying; however, covers typically have no sections:

LEMMA 3.2.2. Let p: X — X be a covering space with X connected. Assume that there exists a
section 0: X — X. Then p: X — X is a homeomorphism, and in particular has degree 1.

35
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PRrOOF. It is enough to prove that p: X — X has degree 1; indeed, this will imply that p is
a bijection, and since covering space maps are open maps we will be able to conclude that p is a
homeomorphism.! To prove that p has degree 1, it is enough to prove that o is surjective. Since X is
connected, this will follow if we prove that the image of ¢ is both open and closed.

Consider € X. It is enough to prove that o(x) lies in the interior of o(X) and that all points
of p~1(z) other than o(x) lie in the interior of X \ o(X). Let U be a trivialized neighborhood of =
and let {ﬁi}iel' be the sheets lying above U. Let ig € Z be such that o(x) € Tj}-o. Naively, one might
expect that o(U) = (NIZ-O; however, without further assumptions (like U being connected, which could
only be ensured if X is locally connected) this need not hold.

However, let V = ¢~ 1(U;,). The set V is also a trivialized neighborhood of z. Let {V;}iez be
the sheets lying above V, enumerated such that V; C U for all i € Z. Then YN/iO = o(V) is an open
neighborhood of ¢(x) lying in o(X). Also, the union of the V; with i # ip is an open neighborhood

of p~X(x) \ o(z) lying in X \ o(X). The lemma follows. O

3.3. Formulas for roots of polynomials

We explain an interesting application of Lemma 3.2.2. As discussed in Example 1.6%.4, let Polyflf
be the space of monic degree-n polynomials without repeated roots, let RPolyflf be the space of
pairs (f,z) with f € PolyS and f(z) = 0, and let p: RPoly®" — Poly®’ be the map p(f,z) = f. The
fundamental theorem of algebra inplies that p: RPolyflf — Polyif has degree n. We now prove that
RPoly! is path connected:

LEMMA 3.3.1. Forn > 1, the space RPolyflf is path connected.

PROOF. Let (f1,21) and (fa, x2) be two points of RPolys'. We want to find a path from (f,z)
to (f2,x2). Since the polynomial f;(z) has no repeated roots, we can factor it as

fi(z) = (z —@i)(z = Aip) - (2 = Aijp—1).
Here the A; ; are distinct complex numbers that are different from z;. We remark that the ordering

on {A;1,...,Ain—1} is not canonical. We can move (f;,z;) in RPolyiLf by moving x; and the \; ;
while keeping them distinct. Moving x; and the \; ; slightly, we can ensure that the numbers

Z={x1, M1, s M =102, A2,1, - -, A2 n—1}

are all distinct. We will now move the points 1, A11,..., A1 n—1 to 22, A21,..., A2 ,—1 One at a time,
starting with x;.
Since removing finitely many points from C does not disconnect it, the space (C\ Z) U {x1,z2}
is path connected. We can therefore find a path in (C\ Z) U {x1, 22} from z; to xa:
® Ay o)\, A\,

® A

®x ® N3

By moving z; along this path, we move (f1,21) and reduce ourselves to the case where x1 = z5.
Next, the space (C\ Z) U {A1,1, A2,1} is path connected, so we can find a path in it from A; 1 to Mg 1.
By moving A; 1 along this path, we move (f1,z1) and reduce ourselves to the case where z; =
and A1,1 = A21. Repeating this process, we move (f1,21) to (f2,z2). O

Combining this with Lemma 3.2.2, we deduce the following:

We remark that there is a simpler proof that p has degree 1 if X is path connected. Consider x € X. Set
z1 = o(x), so z1 € p~1(z). Consider z2 € p~!(z). We must prove that z; = z2. Let 5: [0,1] — X be a path with
(0) = 21 and J(1) = 2z2. Set v = po~,so~v: [0,1] = X is a path in X from = = p(z1) to z = p(z2). Define 7/ = g o~.
Both 5 and 5 are lifts of v: [0,1] = X to X with ¥(0) =5'(0) = 21, so by Lemma 3.1.2 we have ¥ = 5’. We conclude
that 21 = 5(1) = 7(1) = 22, as desired.
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COROLLARY 3.3.2. Forn > 2, the covering space p: RPolyif — Polyflf has no section.
Why is this interesting? Recall that Poly®’ ¢ C", where
f(z) =2"+a12"" ' +ag2" %+ +a, € Poly}

is identified with (a1,...,a,) € C". A section of p: RPoly*l — Poly®l is thus a function that takes
as input the coefficients of a polynomial f(z) with no repeated roots and returns (f, z), where x € C
is a root of f(z). In other words, it is a continuous “formula” for the roots of a degree-n polynomial.

The fact that these do not exist for n > 2 might seem to contradict that we do in fact have such
formulas in low degrees. For instance, we have the quadratic formula: for a quadratic polynomial

f(z) = 22 +bz! + ¢, its roots are
—b+ Vb2 —4c
2

The point here is that this is not really a well-defined function because of the 4, and indeed there is
no way to choose a canonical square root of a complex number in a continuous way. In Essay YYY,
we will see that this forms the germ of a beautiful proof of Arnold of the classical fact (usually proved
with Galois theory) that there is no elementary formula for the roots of a degree-n polynomial for
n > 5, even if you allow multivalued k' roots like in the quadratic formula.

3.4. Lifting paths

Once the basic theory of the fundamental group is in place, we will be able to give a satisfying
necessary and sufficient condition for a lift to exist, at least for reasonable spaces (see Chapter 9).
Before we can do this, we need to solve some important special cases. As notation, let I =[0,1]. A
path in a space X is a map v: I — X. The initial point of 7 is v(0) and the terminal point is v(1),
and we say that v goes from (0) to «(1). Paths can always be lifted:

LEMMA 3.4.1. Let p: XX bea covering space and let v: I — X be a path. For all To € X
with p(Tg) = v(0), there exists a unique lift ¥: I — X of v through p with ¥(0) = Zy.

PRrROOF. Uniqueness follows from Lemma 3.1.2, so we must only prove existence. Using the
Lebesgue number lemma,? we can partition I into subintervals

O=€<e< <=1
such that for all 1 < k < n the image y([eg, €x+1]) is contained in a trivialized open set in X. We
construct our lift 7 inductively as follows.

First, define 7(0) = Zy. Next, assume that for some 1 < k < n we have constructed a lift
3:[0,ex] = X of Yo,ex]: [0,€x] = X. We extend 7 to [0, €x41] as follows. Let U be a trivialized
open set in X such that y([eg, €x41]) C U. Let U be the sheet lying above U with 5(e;) € U. The
restriction p|z: U — U is a homeomorphism, and on the interval [ey, €411] we define 3 to be the
composition
(lg)™" =~ >

U X.

€k, €xv1] U
By construction, this agrees with our already-constructed partial lift 7: [0, ;] — X at €k ([l
To help the reader understand the content of this lemma, we give several examples.

EXAMPLE 3.4.2 (Circle). Let p: R — S! be the universal cover of S!, so p(f) = €2™. Let
7v:[0,1] — S! be the path that starts at 1 € S! C C and travels clockwise half-way around the circle:

Y(t)=e ™ for0<t<1.

The points of R that project to v(0) = 1 are precisely the integers. For n € Z, the lift 5: [0,1] = R
of v with ¥(0) = n is the map that looks like this:

2Recall that the Lebesgue number lemma says that if Z is a compact metric space and {W}};c s is an open cover
of Z, then we can find some ¢ > 0 such that for all z € Z the e-ball B¢(z) is contained in some W;. To find the
indicated partition of I, apply this to the cover of I by preimages of trivialized open subsets of X and choose the
partition such that each segment [y, €;+1] has diameter at most the € > 0 given by the lemma.
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| > <o |

n-1 Y n n+l

lp

In coordinates, ¥(t) =n —t/2 for 0 <t < 1. O

EXAMPLE 3.4.3 (Torus). As in Example 1.3.3, identify R?/Z? with the 2-torus T? and let
p: R? — R?/Z? = T? be the associated cover. Here is an example of a path : [0,1] — T? and one
choice of lift 7: [0,1] — T2:

o/

'”'2

RQ
The torus on the right is obtained by gluing the sides of the square together as indicated. Because of
this gluing, a path can e.g. pass through the top edge of the square and come out of the bottom
edge. The other possible lifts are obtained by varying the initial point, which results in translating
the entire lift by some element of Z2. |

EXAMPLE 3.4.4 (Graph). As in §2.5, consider the following cover p: 7 — 7

s

Let 7: [0,1] — Z be the path that starts at the vertex, goes around the orange circle in the positive
direction, then goes around the blue circle in the positive direction, and finally goes around the
orange circle in the negative direction. There are five possible lifts, one starting at each vertex of Z.
Here are pictures of them, with the initial and final vertices in purple:

R AL B N

Constructing these illustrates the necessity that each vertex of Z has one incoming edge of each color
and one outgoing edge of each color. ]

EXAMPLE 3.4.5 (Polar coordinates). Points of R? \ 0 can be expressed using polar coordinates
(r,0) with r > 0 and 6 € R:

(z,y) = (rcos(0),rsin(9)).
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While r = y/22 + y? is unambiguous, the f-coordinate is ambiguous since (r,0) = (r, 6 + 27n) for all
n € Z. Letting p: R — S! be the universal cover, a choice of polar coordinates for (z,y) € R?\ 0 is
the same as a choice of lift 8§ € R for the point

(—— z
\/J:2+y2’ V2 4 y2

Lemma 3.4.1 explains why maps f: I — R?\ 0 can always be continuously expressed using polar
coordinates. This is depends on the topology of I, and I cannot be replaced by an arbitrary space.

For instance, the inclusion ¢: St < R?\0 cannot be continuously described using polar coordinates
as v(z) = (r(z),0(z)) for some r: S' — R- and #: S — R. Indeed, in such an expression the
function r would be identically 1, but the function # would be a section of the cover p: R — S', and
Lemma 3.2.2 implies that such a section does not exist. ]

) e st

3.5. Homotopies

In algebraic topology, spaces are modeled by algebra. Spaces can vary continuously, while
algebraic objects are typically discrete. In this section, we introduce a formalism called homotopy for
studying deformations of maps. The algebraic invariants we later study will be insensitive to these
deformations.

Consider two maps f,g: X — Y. We say that f and g are homotopic if there exists a continuous
map H: X x I — Y such that f(x) = H(x,0) and g(z) = H(z,1) for all z € X. For t € I, let
hi: X =Y be the map hi(x) = H(x,t). We thus have f = hg and g = hy, and we view the h; as a
continuous family of maps witnessing f being deformed to g. Typically we will demonstrate that f
and g are homotopic by describing the h; rather than H, and will call h; a homotopy from f to g.
This is an equivalence relations on the set of maps from X to Y (see Exercise 3.3).

ExAMPLE 3.5.1. Let X be a space. Any two maps f,g: X — R" are homotopic via the straight-
line homotopy h;: X — R™ defined via the formula h:(z) = (1 — t) f(x) + tg(z) for all z € X and
t € I. In this, we have hg = f and hy = g. a

We say that a map f: X — Y is null-homotopic if f is homotopic to a constant map. As Example
3.5.1 shows, any map f: X — R"™ is null-homotopic. Here is another example:

ExXAMPLE 3.5.2. Let X be a space. Then any map f: R™ — X is null-homotopic via the
homotopy h;: R™ — X defined via the formula h:(z) = f((1 — t)x) for all x € X and ¢ € I. In this,
we have hg = f and h; is the constant map taking all points of R™ to f(0). |

To show that two maps are homotopic, one typically exhibits an explicit homotopy. It is harder
to show that two maps are not homotopic. This requires invariants of maps. For instance, the
identity map S' — S! is not null-homotopic, but this is not so easy to prove directly. In §3.7 below
we will prove this by developing the theory of degrees and winding numbers. In fact, using this we
will completely describe all homotopy classes of maps S! — S'. Doing this requires studying the
interaction between homotopies and lifting problems.

3.6. Lifting homotopies

Roughly speaking, our goal in this section is to prove that lifting problems are insensitive to
homotopies. To make this precise, consider a covering space p: X — X. Let f,9:Y = X be two
homotopic maps. One thing we would like to prove is that a lift f Y = X of f exists if and only if
aliftg: Y — X exists. We would also like to prove that if these lifts exist then we can choose lifts
f Y — X and § g:Y — X such that f and g are themselves homotopic. The following result implies
both of these claims.

LEMMA 3.6.1. Let p: XX bea covering space. Let f:' Y — X be a map and let f Y 5 X
be a lift of f through p. Let hy: Y — X be a homotopy with ho = f. There is then a unique lift of hy
through p to a homotopy ht Y — X such that ho = f
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PRrOOF. Let H:Y x I — X be the map with H(y,t) = h(y) for all y € Y and t € I. Our goal
is to prove that there is a unique lift H: Y x I — X of H through p such that H(y,0) = f(y) for all
y € Y. Uniqueness follows from Lemma 3.1.2, so we must only prove existence. In fact, even more is
true. For y € Y, let 7, : I — X be the path ’Vy( ) = H(y,t). By path-lifting (Lemma 3.4.1), we can

lift 7, to a path 7, : I — X such that Jy(0) = f( ). Define H:Y x I — X via the formula
H(y,t) = y(t) forallyeY and te I

By construction, H is a lift of H with H(y,0) = f(y) for all y € Y.

There is only one problem: it is not obvious that this H is continuous. To see that it is, fix some
Yo € Y. We will prove that H is continuous at all points of the form (yo,t) by imitating our proof of
the path-lifting lemma (Lemma 3.4.1). Just like in that proof, using the Lebesgue number lemma we
can partition I into subintervals

0= <e<---<e, =1

such that for all 1 <k < n the image H(yo X [e, €x+1]) is contained in a trivialized open set in X.
In fact, we can even find some open neighborhood Vj, of gy such that the image H(Vj X [ex, €xt1]) is
contained in a trivialized open set in X.

Define W7 = ViN---NV,_1, so Wi is an open neighborhood of 3. We will find a nested sequence

Wio>WeD---DW,

of open neighborhoods of yg such that H is continuous on each Wy x [0, ex] by constructing H on
this set in such a way that it is clearly continuous. The picture is:

Yo @ Wy X[eeo] | Wy X[eges] | Wy X[eg,e4]

W, Xg,

The construction will be inductive. First, define H: Wy x 0 — X via the formula H(y,0) = f(y).
Next, assume that for some 1 < k < n we have constructed a continuous lift H: W, x [0, e;] — X of
Hlw, x[0,ex]: Wi % [0, ex] = X. We find an open neighborhood Wy of yo with Wiy C Wy and an

extension of H to Wy41 X [0, €x41] as follows.
Let U be a trivialized open set in X such that H(Wj, X [eg, €x+1]) C U:

Wi X[ 1,84 Yo Wi X [€x,8x41]

U

Let U be the sheet lying above U with H (yo, €x) € U. Let Wi11 be the preimage of U under the

map®

Wk—WkXEkMX

The set Wi41 is an open neighborhood of gy and H takes Wi41 X € to U. The restriction p|[7 U= U
is a homeomorphism, and on Wy41 X [eg, €x+1] we define H to be the composition

«71 —~ o~
Ho g He X.

Wit X [k, €x11]

31f we could ensure that ﬁ(Wk X €g) C U (which would hold, for instance, if W} and U were connected), then
there would be no need to pass to the nested sequence W1 D Wa D ... Since we are not assuming that our spaces are
locally connected, this is unfortunately necessary.
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By construction, this agrees with our already-constructed partial lift H: Wig1 X [0,ex] — X on
ch+1 X €f. O

3.7. Winding numbers

To illustrate the meaning of all this machinery, we study the classical subject of winding numbers.
Fix a point 29 € C. We start with an intuitive discussion. Consider a map f: St — C \ xo. Roughly
speaking, the winding number wind,, (f) of f around zy measures the number of times the vector
f(2) — zo rotates as z moves around S'. The “number” here includes a sign: a counterclockwise
rotation counts as +1, while a clockwise rotation counts as —1. Here are several examples, with the
point zg the black dot:

G T (e

w1ndXO £)=0 w1r1de H=1 WlIldXo f)=-2 w1ndXO f)=-2 WlIldXO £)=0

One feature of the winding number is that it is invariant under homotopies of f through maps that
avoid zg. In fact, it is a complete invariant of such maps (see Exercise 3.1). It is enlightening to
verify that the different f above with the same winding number are homotopic.

We now give a precise definition. Let p: R — S! be the universal cover. Consider some
f: St — C\ xg. Define a map F: I — S* via the formula

f(e27rit) — 20
[1f(e2™) = ol
This definition makes sense since f(z) # o for all z € S'. Pick some 6y € R such that p(6y) = F(0),
and use path lifting (Lemma 3.4.1) to lift F through p to F: I — R with F(0) = . Since
F(0) = F(1), the lifts F(0) = 6y and F(1) differ by an integer. We define

wind,, (f) = F(1) — F(0) € Z.
The only arbitrary choice we made was the lift 8. Any other choice of 8y is of the form 6y + m for
some m € Z, and using 0y + m as our initial lift would change F to F +m. Since

(F(1) +m) = (F(0) + m) = F(1) = F(0),
this would not change wind,, (f). In other words, wind,,(f) € Z is well-defined.

F(t)= fort e I.

EXAMPLE 3.7.1. Fix k € Z, and define f: S' — C\ x¢ via the formula
f(z)=xg+2F forzeS'cC.

In the above recipe, we then have

f(e2™) —xg 2mikt
Flt)= —F—%——F—— =¢"™ forteI.
O = i)
We can take 6y = 0, and then B
F(0)=k0 for 0 cR.

It follows that wind,,(f) = k. We thus see that all integers can be winding numbers. |
One of the main properties of the winding number is that it is unchanged under homotopies:

LEMMA 3.7.2. Let zg € C, and let f,g: S* — C\ x¢ be homotopic maps. Then wind,,(f) =
windg, (g).

PROOF. Let p: R — S! be the universal cover. As in the definition of the winding number,
define F: T — St and G: I — S via the formulas?
f(627ris) — 0
[ f(e27%) — ao|

27ris) _

and G(s) = gle

Fls) = l9(&) o]

for s € I.

4We use s instead of ¢ since we will later use ¢ when we talk about homotopies.
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Pick some 6y € R such that p(6y) = F(0), and use path lifting (Lemma 3.4.1) to lift F' through
p: R —S! to F: I — R with F(0) = . We then have wind,, (f) = F(1) — F(0). We will hold off
on constructing the lift of G that would determine wind,, (g).

Now let hs: St — C \ x¢ be a homotopy from f to g. Define H;: I — S* via the formula

ht<627ris) — 20
H =———+—— fi I
= e a0

so Hy is a homotopy from Hy = F'to H; = G. Use the homotopy lifting lemma (Lemma 3.6.1) to lift H,
to a homotopy Hy: I — R with Ho = F. It follows that H is a lift of G, so wind, (9) = Hi(1)—H1(0).
More generally, we have wind,, (k) = H¢(1) — H¢(0) for all ¢t € I. This implies that the map

t— Hy(1) — H,(0) fortel

is a continuous integer-valued function. It is thus constant, so

wind,, (f) = Ho(1) — Ho(0) = Hy(1) — Hy(0) = wind,, (g). O

3.8. Degree of map of circle

Consider a map f: S! — S. We can regard f as a map to C\ 0, giving an integer windo(f) that
we will call the degree® of f. Denote this by deg(f). Lemma 3.7.2 implies that deg(f) is invariant
under homotopy, and just like in Example 3.7.1 we have deg(z™) = n for all n € Z. In particular, the
degree of the identity is 1 and the degree of a constant map is 0. Since these are different, we deduce
the following, which was promised at the end of §3.5:

LEMMA 3.8.1. The identity map 1: S' — S' is not nullhomotopic.

The following basic result says that the degree is a complete invariant of homotopy classes of
maps from S! to itself:

LEMMA 3.8.2. Let f,g: S' — S be maps with deg(f) = deg(g). Then f is homotopic to g.

PRrROOF. By postcomposing f and g with paths of rotations of S!, we can homotope them to
maps with f(1) = g(1) = 1. Define F: I —+ S and G: I — S! via the formulas

F(s) = f(e*™*) and G(s) = g(e*™) for seI.

We thus have F(0) = G(0) = 1. Letting p: R — S! be the universal cover, by the path lifting lemma
(Lemma 3.4.1) we can lift F' and G through p to maps F,G: I — R with F(0) = G(0) = 0. We
have F(1) = deg(f) and G(1) = deg(g), which are equal by assumption. Define H;: I — S* via the
formula

Hy(s) = p((1 — t)F(s) + tG(s)) forsel.

The maps H; are a homotopy from F to @, and since F(0) = G(0) = 0 and F(1) = G(1) € Z we
have H;(0) =1 and H;(1) = 1 for all ¢ € I. This implies that there exists some h;: S! — S with

Hy(s) = hy(e*™*) for s € 1.

This h; is a homotopy from f to g. ]
REMARK 3.8.3. In later volumes when we develop some basic results about homology, we will
generalize the notion of degree to an integer-valued invariant of maps f: M™ — N™ with M"™ and

N™ compact oriented n-manifolds. Lemma 3.8.2 generalizes to a deep theorem of Hopf saying that
this degree is a complete invariant for maps f: M"™ — S™. O

51f f is a covering space, this is different from the degree of f as a covering space. For instance, it can be negative.
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3.9. Exercises

EXERCISE 3.1. Let 29 € C and let f,g: S! — C\ 2o be maps with wind,, (f) = wind,, (g). Prove
that f is homotopic to g. Hint: first homotope f and g such that their images lie in S', then appeal
to Lemma 3.8.2. ]

EXERCISE 3.2. Let p: X > X bea covering space and let f: D™ — X be a map. Set ¢ = f(0).
For each Ty € p~1(xg), prove that there is a unique lift f D" — X with f( ) = Zo. O

EXERCISE 3.3. Let X and Y be spaces. Prove that the relation of being homotopic is an
equivalence relation on maps from X to Y. O

EXERCISE 3.4. Let X and Y and Z be spaces. For i = 0,1, let f;: X - Y and g;: Y — Z be
maps. Assume that f; is homotopic to f; and that gg is homotopic to g;. Prove that ggo fo: X — Z
is homotopic to g1 o f1: X — Z. O

EXERCISE 3.5. Let f: X — Y and g: Y — Z be maps. Prove that go f: X — Z is nullhomotopic
if either f or g is nullhomotopic. |

EXERCISE 3.6. Let X be a space and let f: S™ — X be a map. Prove that f is null-homotopic
if and only if f extends to a map F: D"*! — X. O

EXERCISE 3.7. A space Y is contractible if the identity map 1y : Y — Y is null-homotopic (we
will say more about this concept in Chapter 6). Let p: X > X bea covering space with X # () and
let f: Y — X be a continuous map with Y contractible. Prove that f can be lifted to f: Y - X.
Hint: First prove that f is null-homotopic. (|

EXERCISE 3.8. Let p: R — S! be the universal cover. For a space X, prove that a map f: X — S!
can be lifted to a map f: X — R if and only if f is null-homotopic. ]

EXERCISE 3.9. Let p: ):( — X be a cover. Let Z be a nonempty space and f: Z — X be a map.
As in Exercise 1.14, let q: Z — Z be the pullback of p along f, so

7= {(5,,2) e)?xz|p(z):f(z)}.

Finally, let W be a space and g: W — Z be a map. Prove that g can be lifted to g: W — Z if and
only if go f: W%Xcanbehftedtogof W — X. ]

EXERCISE 3.10. Let X be a topological space and let f: X — C be a continuous function such
that f(z) #0 for all z € X.

(a) Construct a degree 2 cover p: X — X such that fop: X — C has a continuous square root,

i.e., there exists a continuous function g: X — C such that f(p(Z)) = g(Z)? for all 7 € X.

(b) Prove that p: X — X is a trivial cover if and only if f: X — C has a continuous square
root. ]

EXERCISE 3.11. Define a map f: S! x I — S! x I via the formula
f(z,5) = (€*™2,5) forallz€S'cCandsc .

Prove the following:
(a) There is a homotopy f;: S x I — S! x I with fy = f and f; = unit such that f;(z,0) = (z,0)
for all z € S' and t € I.
(b) There does not exist a homotopy f;: St x I — S! x I with fo = f and f; = unit such that
fi(2,0) = (2,0) and fi(z,1) = (2,1) for all z € S* and t € I. O

EXERCISE 3.12. Let f: S' — C\ {zo} be a smooth map. Prove that you can compute the
winding number of f around x( using the following formula from complex analysis:

Windmo(f)zl_/f ! dz.

211 Z— X

Here the integral is the usual path integral. |
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EXERCISE 3.13. Let f,g: S' — S! be maps. Prove that deg(f o g) = deg(f) deg(g). O

EXERCISE 3.14. Let f: S' — S! be a map with deg(f) # 1. Prove that there exists some z € S
such that f(z) = . O

EXERCISE 3.15. Let A € GL2(R). Identify C with R?, so for 2 € C we have Az € C. Define
f:S' — C\ 0 via the formula f(z) = Az. Prove that

) 1 ifdet(A) >0,
d =
windo(f) {—1 if det(A) < 0.

In other words, windg(f) is the sign of det(A). O

EXERCISE 3.16. Let f: S' — C be a smooth map. We say that f is an smmersion if for all
x € S' the derivative map D, f: T,S' = T #(z)C is an injective map from the 1-dimensional tangent
space T,;S' to the 2-dimensional tangent space T(,)C = C. A homotopy f;: S' — C is a regular
homotopy if each f; is an immersion. Define g: S! — C and h: S' — C via the formulas

g(z2) =z and h(z)=z"' forzecSh

Prove that there does not exist a regular homotopy from g to h. Hint: for z € S!, we can
identify T,,S' with a subspace of T,,C = C. Using this identification, we have iz € T,S'. For an
immersion f: S' — C, consider the winding number around 0 of the map Ty St — C\ 0 defined by

7f(x) = (Do f)(i). O
EXERCISE 3.17. For a < b, a map v: [a,b] — R™ is linear if for some z,y € R™ it can be written

in the form

v({t)=xz+ty fort € [a,b].
A map 7v: I — R" is piecewise linear if there exist

=€ <e< - <yy=1
such that v, c,.,] is linear for all 1 <k < n. For an open set U C R™ and a map y: I — U, prove
that there is a homotopy ~;: I — U such that:

e 9 = and 7, is piecewise-linear; and
e 7:(0) = v(0) and (1) = (1) for all t € I. O



CHAPTER 4

Homotopy classes of paths

Setting the stage for introducing the fundamental group in the next chapter, this chapter discusses
homotopy classes of paths and how they lift to covers. As an application, for a broad class of spaces
X we give a criterion that implies that all covers p: X — X are trivial.

4.1. Homotopies of paths

Let X be a space and let z,y € X. Recall from §3.4 that a path in X from z to y is a map
v: I — X with v(0) = « and (1) = y. We wish to study paths up to homotopy. This would be
uninteresting if we allowed the endpoints of v to move during the homotopy since then all paths
would be homotopic if X is path connected (see Exercise 4.1). We therefore make the following
definition:

DEFINITION 4.1.1. Let X be a space, let x,y € X, and let y9,v1: I — X be two paths from x to
y. We say that vy and ~; are homotopic paths from x to y if there exists a homotopy v;: I — X
from 7y to y; that fixes the endpoints in the sense that

7%(0) =2z and w(1)=y foralltel.

The relation of being homotopic is an equivalence relation! on paths, and we will call the equivalence
classes of paths under this equivalence relation homotopy classes. For a path v, we will write [] for
its homotopy class. O

Here are two examples:

EXAMPLE 4.1.2. For all z,y € R™, there is a unique homotopy class of path from = to y. Indeed,
let vo: I — R™ be the straight line path

Y(s) =1 —-s)x+sy forsel.

If v: I — R™ is any other path from x to y, then 7y is homotopic to v via the homotopy ~v:: I — R™
defined by ~;(s) = (1 — t)yo(s) + ty(s) forall s€ I and t € I. O

EXAMPLE 4.1.3. View S! as a subspace of C, and let vo: I — S and v;: I — S' be the paths
defined by the formulas

(4.1.1) Y0(s) =™ and 7i(s)=e ™ forsel.

Both vy and v, are paths from 1 to —1:

We claim that vy and ~; are not homotopic. To see this, assume that they are homotopic and that

IThe proof is the same as the one needed for Exercise 3.3.

45
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4¢: I — St is a homotopy. Let p: R — S! be the universal cover, so p(6) = €% for all § € R. The
lift of vo to R starting at 0 is the map 7p: I — R defined by

(4.1.2) Yo(s) =s/2 forsel.

By Lemma 3.6.1, we can lift the homotopy 7; to a homotopy 7:: I — R with 7y the map (4.1.2).
Since 7:(0) = 1 and (1) = —1 for all ¢ € I, we have that
7:(0) ept(1) =27Z and (1) €p ' (-1)=27Z+7 fortel.
Since 277 is discrete, it follows that both 3:(0) and 7;(1) are constant functions of ¢, i.e., that
7:(0) = 0 and 4¢(1) = 1/2 for all ¢ € I. This implies in particular that 7; is the lift of v; to R starting
at 0. From (4.1.1), we see that
F1(s) = —s/2 for sel.
In particular, 41 (1) = —1/2, contradicting the fact that 71 (1) = 1/2. O

4.2. Lifting homotopies of paths

Let p: X — X be a cover and let v: I — X be apathin X fromz € X toy € X. For & €pt(n),
Lemma 3.4.1 implies that there exists a unique lift 7: I — X of v with 5(0) = Z. Generalizing the
reasoning from Example 4.1.3, we prove that this lift only depends on the homotopy class [7]:

LEMMA 4.2.1. Let p: X — X be a cover and let Y0,71: L = X be two homotopic paths in X
fromx € X toy € X. Pickx € p~'(x), and fori = 0,1 let ¥;: I — X be the lift of v; to X with
7i(0) = . Then 7 and 71 are homotopic, i.e., [Yo] = [Y1] In particular, Fo(1) = F1(1).

PROOF. Let «;: I — X be a homotopy of paths from ~y to 1. We thus have
7(0) =2 and y(1)=y foralltel

By Lemma 3.6.1, we can lift the homotopy 7 to a homotopy? 7,: I — X with 7} = 5. We claim
that +; is a homotopy of paths from 7y to 4. Indeed, since 4:(0) = « for all ¢t € I it follows that the
map t — 7;(0) is a path in the discrete space p~*(z). This path must be constant, so

7,(0) =74(0) =7(0) =2 forall t € I.

Similarly, 77(1) = 7 (1) for all ¢ € I, as claimed. It follows that 7, = ¥y is homotopic to 7;. Moreover,
A1 is a lift of v; with 71 (0) = Z, so by the uniqueness of lifts of paths we have 7] =4;. The lemma
follows. O

4.3. Connecting fibers
Let p: X — X be a cover and let v: I — X be a path in X from z € X to y € X. Define a map
i pL(z) = p~i(y) as follows:
e For & € p~1(x), let 7 be the lift of  to X with 5(0) = Z. We then set (%) =7(1) € p~1(y).

If vy is an embedding, then the lifts ¥ used to construct 7., are all disjoint (see Exercise 4.2). The
picture thus looks like the following:

X® - oy
By Lemma 4.2.1, the map 7, only depends on the homotopy class [y] of 7. The following lemma says
that it is a bijection:
LEMMA 4.3.1. Let p: X — X be a cover and let v: I — X be a path in X fromx € X toy € X.
Then the map 7,: p~'(x) — p~*(y) is a bijection.

2We call this J; since it is not obvious that 3] = 71, though we will soon prove this.
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PrOOF. Let 7: I — X be the path obtained by reversing v, i.e.,
F(s)=~v(1—-s) forsel.
The path 7 goes from y to x. To prove the lemma, it is enough to prove that 7=: p~!(y) — p~!(z)

is an inverse to 7. To see this, consider Z € p~*(z). Let ¥ be the lift of v to X with ~¥(0) =z, so
7,(Z) = 7(1). The lift 7 of 7 to X with 7(0) = F(1) is exactly the path obtained by reversing 7, so

m5(75(%)) = 5(7(1)) =7(0) = .
Similarly, 7, (75(y)) = ¢ for all ¥ € p~!(y). The lemma follows. O

REMARK 4.3.2. For a cover p: X — X with X connected, Lemma 1.2.1 implies that the fibers
p~1(z) all have the same cardinality. If X is path connected, then, Lemma 4.3.1 also implies this,
giving an alternate proof in this special case. O

4.4. Regularity from action on single fiber

Let p: X — X be a cover with deck group G. Recall that p: X 5 X is regular if for all g € X
the group G acts transitively on the fiber p~!(zg). One application of Lemma 4.3.1 is that if X is
path connected it is enough to check this on a single fiber:

LEMMA 4.4.1. Let p: X — X be a cover with deck group G. Assume that X is path connected
and that there exists some xo € X such that G acts transitively on p~t(zg). Then p: X — X s
regular.

PRrROOF. Let 1 € X. We must prove that G acts transitively on p~!(z). Let v be a path in X
from zo to z1. Lemma 4.3.1 says that the the map 7,: p~*(z9) — p~!(x1) is a bijection. Since the
action of G takes lifts of v to lifts of «, it commutes with 7., in the sense that

Ty(9Z0) = g74(Zy) for all g € G and Ty € p_l(a:o).

Since 7, is a bijection and G acts transitively on p~!(z¢), it follows that G acts transitively on
p~1(x1), as desired. .

4.5. 1-connectivity, spheres, and general position

We say that a space X is 0-connected if it is nonempty and path connected.® For each x,y € X,
there thus exists a path from = to y. We say that X is 1-connected if X is O-connected and for all
z,y € X there is a unique homotopy class of paths from x to y. It is also common to say that a
1-connected space is simply connected.

ExXAMPLE 4.5.1. We showed in Example 4.1.2 that R™ is 1-connected. We also showed in Example
4.1.3 that S' is not 1-connected. O

Spheres of dimension at least 2 are important examples of 1-connected spaces:
LEMMA 4.5.2. Let n > 2. Then S™ is 1-connected.

PRrROOF. Consider x,y € S™. We must prove that there is a unique homotopy class of paths from
z to y. Let z € S™ be a point with z # x,y. Since S™ \ z 2 R", it follows from Example 4.1.2 that
there exists a unique homotopy class of path from x to y in §™\ r. Letting v be a path from z to y in
S™, to prove the claim it is enough to prove that v can be homotoped into S™ \ z. This is nontrivial
since there do exist space-filling curves in S™.

One way to do this is to use smooth manifold techniques. Indeed, it follows from standard results
that « can be homotoped to a smooth map that is transverse to z. The point z is O-dimensional, and
thus is a codimension n submanifold of S™. It follows that y~*(z) is a codimension n > 2 submanifold
of I, and thus that v~1(2) = 0.

Here is another approach that avoids using any technology. As in the following figure, let V' = R™
be a small open neighborhood of z with z,y ¢ V:

3See Exercise 4.7 for the origin of this terminology.
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The subspace V = R" is 1-connected (Example 4.1.2), and V' \ z is path connected. Intuitively, we
should be able to make a small homotopy to the portions of v that pass through V' to make them
miss z. Indeed, this is what the smooth manifold approach in the previous paragraph did. Lemma
4.5.3 below shows that this is in fact possible even in more general settings where smooth manifold
techniques are unavailable. ([l

The above proof used the following result:

LEMMA 4.5.3 (General position). Let X be a space, let x,y € X, and let y be a path in X from
x to y. For some z € X with z # x,y, assume there is an open neighborhood V' of z such that:

e V is l-connected; and
e V'\ z is path connected.

Then v can be homotoped such that its image does not contain z.

PROOF. Set U = X \ 2. The set {U,V} is an open cover of X, so by the Lebesgue number
lemma (cf. the proof of Lemma 3.4.1) we can find

O=¢<e1 < <e =1

such that y([e;_1,€;]) is contained in either U or V. After possibly deleting some ¢; whose adjacent
intervals are mapped to the same open set we can also assume that for all 1 < 7 < k —1 we
have v(¢;) € UNV. In particular, y(e;) # z for all 0 < j < k. Consider some jy such that

Y([€jo—1,€50)) C V:

Since V' \ z is path connected, there is some path ¢ in V' \ z from ~y(¢j,—1) to v(€j,). Since V
is 1-connected, the path obtained by re-parameterizing 7| ¢;,) to make its domain I = [0, 1]
is homotopic to 4. It follows that we can homotope 7 to change 7|
parametrization of J:

€ig—1s

cjo_1,e;,] tO a suitable re-
Jjo—1:%4p

This ensures that the image of leig—1:€10] does not contain z. Doing this repeatedly homotopes v to
a path that avoids z, as desired. O

4.6. 1-connectivity and covers

Recall that a trivial cover of a space X is a cover that is isomorphic to a cover of the form
X X T — X for some discrete set Z. We will prove below that if X is 1-connected and has reasonable
local properties, then all covers of X are trivial. For instance, this is why we have not seen any
nontrivial covers of S™ for n > 2.
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A space X is locally path connected if for all x € X and all open neighborhoods U of x, there is
a path connected open neighborhood V of z with V' C U. Most geometrically natural spaces are
locally path connected; for instance, all manifolds have this property. We have:

THEOREM 4.6.1. Let X be a 1-connected space that is locally path connected and let p: X5 X
be a cover. Then p: X — X 1is trivial.

REMARK 4.6.2. This would be false without the assumption that X is locally path connected.
See Exercise 4.11. |

PRrROOF OF THEOREM 4.6.1. Fix a point zg € X. Consider some = € X. Let v be a path in X

from zg to z and let
Ty pH(wo) — p7 (@)

be the map constructed in §4.3 by lifting v to X starting at different points of p~1(zp). As we
observed in §4.3, the map 7., only depends on the homotopy class of 7. Since X is 1-connected, all
choices of v are homotopic, so 7., only depends on x. We therefore write 7, = 7,,.

We proved in Lemma 4.3.1 that 7, is a bijection from p~!(xg) to p~1(x). Every point of X lies
in p~!(z) for some unique z € X. Letting Z = p~!(z(), we can therefore define a bijective set map
¢: X xZI — X as follows:

(x, %) = 74(Tg) for x € X and Tgp € T = p~*(z0).

Let ¢: X xZ — X be the projection onto the first factor. By construction, ¢ fits into a commutative
diagram

XxT—2" X

NS

To prove that ¢ is an isomorphism from the trivial cover q: X x Z — X to p: X — X, we must
prove that ¢ is a homeomorphism. At this point, we remark that we do not even know that ¢ is
continuous.

Since ¢ is a bijection, to prove that it is continuous and a homeomorphism it is enough to
prove that it is a local homeomorphism. Consider some z € X and g € Z = p !(zg). Set
T = ¢(x,Fo) = 72(To), s0 T € p~*(x). Let U C X be a trivialized neighborhood of z and let U ¢ X
be the sheet lying above U with T € U. Since X is locally path connected, we can shrink U and
assume that it is path connected. We claim that the restriction of ¢ to U X Zg is the composition

Uxxo—>U(&>U

Since this is a homeomorphism between the open sets U x Ty and ('_Nf this will give the theorem.

To see this claim, consider some y € U. Let v be a path in X from z( to y, and let 7 be the lift
of v to X with 7(0) = Zo. Set ¥ = (1), so § € p~(y). What we must prove is that y € U. In fact,
since X is 1-connected any two paths from x( to y are homotopic, so we can choose y to be any such
path we like.

Let 71 be a path in X from z( to x and let 75 be a path in the path connected subspace U from
x to y. Let v: I — X be the path?

~1(2s) if0<s<1/2,
S) =
7 v2(2s—1) if1/2<s<1.

The path « thus first goes along 7; at 2x speed and then goes along Y2 _at 2z speed. Let 47 be the
lift of 1 to X with 71 (0) = Zp. By assumption, 31(1) = ¢(z,Zp) =7 € U. Let 5 ~2 be the lift of 75 to
X with 5(0 ) =1

41 the next chapter, we will systemize this kind of operation. In the notation of that chapter, we have vy = y;1-va.
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[ ]
[ ]
Y1
Xy
Y1
Xo.

As this figure shows, the lift ¥ of v to X with ¥(0) =z is

5(s) = 71(2s) if0<s<1/2,
M= 50— 1) if1/2<s<1.

Since the image of 75 lies in U and 72(0) € U , it follows that 75 is the composition

va (plg) ™" ~
I — U —— U.

In particular, ¥ =32(1) € U, as desired. O

4.7. Exercises

EXERCISE 4.1. Let X be a path connected space and let vy, v1: I — X be two paths in X. Prove
that ¢ is homotopic to ~y; if we do not require the homotopy to fix the endpoints of the path. [

EXERCISE 4.2. Let p: X — X be a cover and let v: I — X be a path in X. Assume that ~ is
an embedding. Let 71 and 72 be two lifts of v to X such that 7;(0) # 72(0). Prove that the images
of 41 and 7, are disjoint. O

EXERCISE 4.3. Let ny,...,n, > 2. Fix basepoints z; € S™ for all 1 < ¢ < n,,. Define
S™ v ...V S™ to be the space obtained from the disjoint union S™ LI---US™ by identifying all the
x; to a single point py (this is called the wedge sum of the S™; see §8.6). Prove that S™ v ...V S"m
is 1-connected. O

EXERCISE 4.4. Prove that a nonempty space X is 1-connected if and only if any two maps
f,g: S' = X are homotopic. ]

EXERCISE 4.5. Calculate a complete set of homotopy classes of paths from 1 € S' C C to
—1 € S! € C. Hint: the ideas from Example 4.1.3 will be helpful. ]

EXERCISE 4.6. As discussed in Example 1.6%.4, let Polyif be the space of monic degree-n
polynomials without repeated roots, let RPolyflf be the space of pairs (f,z) with f € Polyflf and
f(z) =0, and let p: RPolnyf — Polyflf be the map p(f,z) = f, so p is a degree n covering space. Fix
points f,g € Polyflf. Letting x1,...,x, € C be the roots of f and y1,...,y, € C be the roots of g,
we have

p_l(f) = {(f7$1)7' “ (f, mn)}v
pil(g) = {(gayl)v T (g7yn)}
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Let &,, be the symmetric group on n elements and let 0 € &,,. Prove that there is a path v in Polyfitf
from f to g such that the map ¢,: p~*(f) — p~*(g) is given by

¢’Y(fa xi) = (97%(1)) forall 1 <i <mn.
Hint: the ideas from the proof of Lemma 3.3.1 might be helpful. (]

EXERCISE 4.7. This exercise explains why we defined 0- and 1-connectivity the way we did. The
sphere S¢ and the disk D¢ are usually defined for d > 0. As a convention, for any d < 0 define
S% = () and D? = (). For all d € Z, the space D?*! contains S? as a subspace. Say that a space X is
n-connected if the following holds for all d < n:

e All continuous maps S* — X extend to continuous maps D4t — X

Prove the following using the above definition for 0- and 1-connectivity rather than the one we gave
in the text:
(a) All spaces are n-connected for n < —2.
(b) A space X is —1-connected if and only if it is nonempty.
(¢) A space X is O-connected if and only if it is nonempty and path connected.
(d) A space X is 1-connected if and only if it is nonempty, path connected, for all z,y € X
there is a unique homotopy class of paths from z to y. O

EXERCISE 4.8. Let X be a graph and let p: X — X be a cover. Prove that X is a graph. Hint:
Start by adding vertices to the interiors of edges as necessary to ensure that X has no loops (make
sure this does not change the truth of the exercise!). Next, use Theorem 4.6.1 to prove that the
restriction of p: X — X to each edge of X is trivial. |

EXERCISE 4.9. Fix a space Z. Do the following:

(a) Let r: W — Z x I be a cover. Prove that there is a cover q: Z — Z such that r: W — ZxI
is isomorphic to the cover ¢ x 1;: Z x I — Z x I. Hint: For each z € Z and t € I, let
Yzt I — Z x I be the path

Vai(s) = (z,st) forallsel

from (z,0) to (z,t). Use the bijections between the fibers 7=1(z,0) and r~!(z,t) given by
Ty,.- Make sure to check that all the maps in your covers and covering space isomorphisms
are continuous. _

(b) Let p: X — X be a cover. For i = 0,1, let f;: Z — X be a map and let ¢;: Z; — Z be the
pullback of p: XX along f;: Z — X as in Exercise 1.14, so

7 = {(5,,2) e X xZ|p@@) = fi(z)}.

Assume that fy is homotopic to f;. Prove that the covers qq: ZO — Z and ¢ : Zl — Z are
isomorphic. O

EXERCISE 4.10. Let X be a locally path connected space. Do the following:

(a) Let p: X — X be a cover and let U C X be a 1-connected open set. Prove that U is a
trivialized neighborhood for p: X > X.

(b) Say that X is locally 1-connected if for all x € X and all open neighborhoods V' of x, there
exists a 1-connected open neighborhood U of x with U C V. This strengthens X being
locally path connected. If p: X — X is a cover and X is locally 1-connected, then prove
that X is locally 1-connected.

(¢c) Let p: Y — X and ¢: Z — Y be covers. Assume that X is locally 1-connected. Prove that
pogq: Z — X is a cover. We remark that the composition of two covering space maps is
not always a covering space map (see Exercise 2.14**). O

EXERCISE 4.11. The quasi-circle is the space Y obtained from the topologist’s sine curve

X ={(z,sin(1/z)) eR* [0 <z <1} U{(0,y) | -1 <y <1}
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by connecting (1,sin(1)) to (0,0) by an arc; see here:

Prove the following:
(a) The space Y is 1-connected.
(b) There exists a nontrivial cover p: Y — Y.
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CHAPTER 5

Definition and basic properties of the fundamental group

As the last chapter showed, there is a close connection between covers of a space X and the
collection of homotopy classes of paths in X. In this section, we organize the collection of homotopy
classes of paths into algebraic objects called the fundamental group and groupoid.

5.1. Multiplying homotopy classes of paths

Let X be a space. Our goal is to endow the set of homotopy classes of paths between points of X
with an algebraic structure. In this structure, only some paths can be “multiplied”. The definition is
as follows:

DEFINITION 5.1.1. Let v: I — X and v': I — X be paths between points of X. We say that
~ and +' are composable if the terminal point of v equals the initial point of 7. If v and ~' are
composable, then v-+': I — X is the path defined by the formula

, ~v(2s) if0<s<1/2,
. = f el. |
(r)(s) {7’(23 1) if12<s<1. 7

In other words, -y’ first traverses v at 2x speed and then traverses 7' at 2x speed:

If v goes from z to y and ' goes from y to z, then -y’ goes from x to z. This only makes sense if
and v are composable, and we do not define -y’ if they are not.

REMARK 5.1.2. Being composable is not symmetric: if vy’ is defined, then it need not be the
case that v/-y is defined. O

For a path 7: I — X, recall that [y] denotes its homotopy class. The following lemma says that
our “multiplication” descends to a multiplication on homotopy classes:

LEMMA 5.1.3. Let X be a space. Let vy and ), be composable paths in X. Let 1 be a path that
is homotopic to o and let v; be a path that is homotopic to ), so [yo] = [v1] and [v)] = [v1]. Then
[vo-v0l = [oil-

PROOF. Assume that vy goes from z to y and that  goes from y to z. Let 4; be a homotopy
from 7o to 1 and let y; be a homotopy from - to v{. For each t € I, we have

1(0) =2 and %(1)=7(0)=y and (1) =z,
so ¢ and ~y; are composable and 7;+v; is a well-defined path from « to z. As t varies over I, the
paths ~;+y; form a homotopy from oy to v1-7;. |

5.2. Properties of multiplication

Let X be a space. This section explores properties of our multiplication that resemble the
properties of a group. We start with associativity. Let v and 7/ and v be paths in X such that
and ' are composable and 7' and 7" are composable. It follows that -7’ and 4" are composable,

55
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and also that v and +'-7" are composable:

Both (y-v)-y" and v-(7'+y") thus make sense; however except in degenerate cases we have (y-y')-y" #
~v-(7'+y""). The following lemma shows that passing to homotopy fixes this:

LEMMA 5.2.1 (Associativity). Let X be a space. Let v and v’ and 4" be paths in X such that
and v’ are composable and v' and v are composable. Then [(v-y')~"] = [v-(v' )]

PRrROOF. The paths f; = (v-9/)-y" and fo = v-(7'+y") are almost the same. They both traverse
~ and then " and then 4”; however, they do this at different speeds. As functions on I = [0, 1], we
have the following:

e The path f; traverses v at 4x speed on the interval [0,1/4], then 7/ at 4x speed on the
interval [1/4,1/2], and then 7" at 2x speed on the interval [1/2,1].

e The path f, traverses v at 2x speed on the interval [0,1/2], then 4/ at 4x speed on the
interval [1/2,3/4], and then 4" at 4x speed on the interval [3/4,1].

Let p: I — I be the piecewise linear function with the graph
le

3/4 ¢
1/2 ¢

174 ¢

174 172 3/4 1

We then have f = f1 o p. The lemma now follows from Lemma 5.2.2 below. O

LEMMA 5.2.2 (Reparameterization lemma). Let X be a space and v: I — X be a path. Let
p: I =1 be a function such that f(0) =0 and f(1) = 1. Then [yo p] = [v].

PROOF. The desired homotopy from o p to -y is given by
Y (s) =~v((1 —t)p(s) +ts) fort,sel.
Here we use the fact that f(0) =0 and f(1) = 1 to ensure that the endpoints of v; do not move:
7(0) =v((1 = 1)p(0) + 0) =~(0) and (1) =~7((L—t)p(1) +t) =y(A—t+t)=~(1). O
We now turn to multiplicative identities. For a point z € X, let ¢,,: I — X be the constant path
cz(s)=x forsel.

This serves as an identity for our multiplication. However, since we can only multiply composable
paths an appropriate ¢, must be chosen for the left- and right-identities of any given path:

LeEMMA 5.2.3 (Multiplicative identities). Let X be a space and let v be a path in X from x to y.
Then [y-¢a] = [7] and [c,7] = [7].

ProOOF. The path ~-c, stays at « on the interval [0,1/2] and then traverses v at 2x speed:

x if s €[0,1/2],

f el
v@s—1) ifse[l/2,1.

(ve2)(s) = {
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Letting p: I — I be the map

o(s) = {0 if s €[0,1/2],

for s € I,
2s—1 ifse[1/2,1]

we thus have v-c, = v o p. Applying Lemma 5.2.2, we see that [y-¢,] = [y 0 p] = [7], as desired. The
proof that [c,y] =[] is similar. O
Having found identities, our final goal is to find inverses. Let v be a path in X from z to y.
Define 7: I — X to be the path that traverses v in the reverse order:
F(s) =v(1—s) forsel.
The path 7 goes from y to =, and serves as a sort of “inverse” to our multiplication:

LEMMA 5.2.4 (Inverses). Let X be a space and let vy be a path in X from x toy. Then [y7] = [¢4]
and [y] = [¢y].
ProOOF. The path 77 goes from z to x. For ¢ € I, define §;: I — X to be the path
v(25) if s € [0,t/2],
0c(8) = ¢ y(t) if set/2,1—-t/2], forsel.
721 —s)) ifse[l—1t/2,1].
This makes sense since
V(2(/2)) = () = v(2(1 = (1 = 1/2))).

Geometrically, d; travels along v to y(t), waits for a while, and then goes back along 7:
y(1/4)

Since &; is a homotopy from ¢, to 7-y, we deduce that [c,] = [y7], as desired. The proof that
[¥-v] = [c,] is similar. "

5.3. Fundamental group

Let X be a space. In the previous sections, we showed that the set of homotopy classes of paths
between points of X has a partially-defined “multiplication” that is associative, has identities, and
has inverses. What kind of algebraic structure could this be? As we will see later in this chapter,
this is an example of what is called a “groupoid”. The definition of a groupoid is a little abstract,
and in the applications this full structure is rarely needed. We therefore start by extracting from it a
group called the fundamental group.

Fix a basepoint o € X. A loop in X based at xg is a path v from zqg to itself. The fundamental
group of X with basepoint z, denoted (X, x¢) is

m1(X,z0) = {[7] | v is a loop in X based at zo}.

If v and +' are loops in X based at g, then v and + are composable and ~v-+' is also a loop based at
xo. It follows that m1 (X, z¢) can be endowed with the multiplication

M= AT for [7],[1'] € m (X, x0)-

The results of §5.2 show that this makes 71 (X, zg) into a group. The unit is [¢,,], and the inverse of
[v] € m1(X, ) is the reversed path [§] € m1 (X, zo).
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5.4. Dependence on basepoint

Consider zg, x, € X. How are the fundamental groups 7 (X, zo) and m (X, x() related? If « is
a path from xg to z(), then we get a set map

a,: m (X, xh) = 71 (X, 20)

defined by
a.((y]) = [ay-a] forall [7] € m (X, xp).
This is a group homomorphism: for [v], [y'] € m1(X, z(), we have

ax([vy]) = [eya] = [ey-@ay'a] = [ayalley'a] = o ((])en([v])-
We claim that a, is an isomorphism with inverse @,: m1(X,x0) — 71 (X, z(). Indeed, for [] €
m1(X, x) we have
a.(ax([h])) = @u([ayal) = [a-aya-a] =[],
so @00y = 1p (x ) Similarly, ax o@s = 1y, (x,2,)- We call o the change of basepoint isomorphism
associated to a. Using these isomorphisms, we deduce the following:

LEMMA 5.4.1. Let X be a path connected space. Then for all zo,zy € X we have w1 (X, zg) =
™ (X, .’1’,‘6)

PrOOF. Use the change of basepoint isomorphism associated to a path « from zg to z. O

We will give many computations of 71 (X, z¢) over the next few chapters. For X path connected,
Lemma 5.4.1 says that the isomorphism type of 71 (X, z) is independent of the basepoint . The
isomorphism type of 71 (X, z¢) is thus a useful invariant of path connected spaces, i.e., if two path
connected spaces have different fundamental groups, then they are not homeomorphic.

We remark that serious applications of m1 (X, zq) often require a careful treatment of the basepoint
xg. Simply identifying the fundamental group at different basepoints will quickly lead you astray. This
is analogous to the fact that while all finite-dimensional vector spaces over a field k are isomorphic to
k™ for some n > 0, one cannot simply identify vector spaces with k™. Such an identification requires
a choice of basis, and often there is no natural choice. Much of linear algebra focuses on carefully
choosing bases adapted to different situations and studying how all these different bases are related.

5.5. Categorical language

To a space X equipped with a basepoint xg, we have associated a group 71 (X, zg). Our next
goal is to provide a language to discuss the way in with 71 (X, 2) depends on X and z(. Recall that
a category C consists of the following data:

e A collection of objects. We will write A € C to indicate that A is an object of C.
e For all objects A, B € C, a set C(A, B) of morphisms. We will often write f: A — B to
indicate that f is a morphism from A to B.
e For all objects A € C, an identity morphism 14: A — A.
These morphisms can be composed: if f: A — B and g: B — C are morphisms, then we have a
morphism go f: A — C. This composition should be associative in the sense that if f: A — B and
g: B— C and h: C'— D are morphisms, then

(fog)oh=fol(goh).
Because of this, there is no need to insert parentheses when composing morphisms. Under this
composition, the identity morphisms should be units: if f: A — B is a morphism, then foly = f
and 1B Of = f

ExaMPLE 5.5.1. The collection of all sets and set maps forms a category Set. O

ExAMPLE 5.5.2. The collection of all topological spaces and continuous maps forms a category
Top. (Il

ExAMPLE 5.5.3. The collection of all groups and homomorphisms forms a category Group. O

EXAMPLE 5.5.4. For a group G, there is a category G with one object @ and with G(e,e) = G. O
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REMARK 5.5.5. The language of category theorem might seem overly abstract, but it turns out
to be very useful and clarifying. Fundamentally, it is just a way of organizing information. Typically
you cannot prove interesting new theorems by just defining a category, but the language of category
theory often suggests useful constructions. |

5.6. Functoriality: fundamental group

We now return to the fundamental group. Let X and Y be spaces. Consider a map f: X — Y
and xg € X. If v is a loop in X based at xq, then fo~ is aloop in Y based at f(x¢). The loop [f o]
only depends on the homotopy class of v, and the map f.: m (X, zo) = 71 (Y, f(x0)) defined by

fe([7]) = [f o] forall [v] € m1(X, o)

is a homomorphism called the homomorphism induced by f.

Since the fundamental group is the group of homotopy classes of loops, one expects the homo-
morphism induced by a map to only depend on the homotopy class of the map. However, this is not
quite right since we have to be careful about the basepoint. To state things properly, we introduce
the following terminology:

DEFINITION 5.6.1. A pointed space is a pair (X, zo) with X a space and 2o € X. A map between
pointed space (X, z) and (Y,yp) is a map f: X — Y such that f(xg) = yo. We will denote such a
map by f: (X,z9) = (Y,y0). A homotopy of maps from (X, z¢) to (Y, yo) is a homotopy fi: X — Y
such that fi(xg) = yo for all t € I. Just like for maps, we will denote this by f;: (X, z¢) = (Y, 90), and
if such an f; exists we will say that fo: (X, 20) — (Y, y0) and f1: (X, 20) — (Y, yo) are homotopic. O

With this setup, a map f: (X,zo) — (Y, y0) between pointed spaces induces a homomorphism
ferm (X, 20) = m(Y,90), and if f: (X, 20) — (Y, y0) and g: (X, z9) — (Y,Y)) are homotopic maps
between pointed spaces then f, = g,. The homomorphisms induced by maps of pointed spaces have
the following two simple properties:

e for maps of pointed space f: (X,z9) = (Y,y0) and g: (Y, y0) — (Z, 20), we have (go f). =
g« © fi; and
e the identity map 1: (X, z¢) — (X, zo) induces the identity homomorphism, i.e., 1, = 1.
All of this can be summarized in categorical language as follows. Recall that if C and D are categories,
then a functor F': C — D consists of the following data:

e For all objects C' € C, an object F'(D) € D.
e For all morphisms f: C1 — Cs between objects of C, a morphism F(f): F(Cy) — F(Cs).
These are required to satisfy:
e for all morphisms f: C; — Cs and g: Cy — C3 between objects of C, we have F(go f) =
F(g) o F(f); and
e for all identity morphisms 1¢: C'— C' in C, we have F(1l¢) = 1p().

EXAMPLE 5.6.2. There is a functor F': Top — Set that takes a topological space and returns its
underlying set. There is also a functor G: Set — Top that takes a set and returns the corresponding
discrete topological space. O

EXAMPLE 5.6.3. There is a functor Z: Set — Group defined as follows:

e For S € Set, define Z(S) to be the abelian group of finite formal Z-linear combinations of
elements of S. In other words, each element of Z(S) can for some n > 0 be written in the
form Aysy + -+ A8, with \; € Z and s; € Sforall 1 <i <n.

e For S,T € Set and a morphism f: S — T in Set, define Z(f): Z(S) — Z(T) to be the
group homomorphism induced by f in the following way:

Z(fY(Ms1 4+ Ansn) = A1 f(s1) + -+ A f(sn) forall Aysy+ -+ Aps, € Z(S). O

To fit the fundamental group into this, let Top, be the category of pointed spaces, so the objects
of Top, are pointed spaces (X, () and the morphisms in Top, are the maps f: (X, z) — (Y, yo0)
between pointed spaces. We can then summarize our discussion by:

LEMMA 5.6.4. The fundamental group is a functor my: Top, — Group.
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REMARK 5.6.5. We can fit homotopies into this framework as follows. Let hTop, be the category
whose objects are pointed spaces (X, zo) and whose morphisms are homotopy classes of pointed
maps f: (X,z9) = (Y,y0). The fundamental group can then be viewed as a functor from hTop,
to Group. There is a functor Top, — hTop, that is the identity on objects and takes a morphism
f+(X,20) = (Y, y0) to its homotopy class, and the functor 71 : Top, — Group factors as

Top, — hTop, — Group. (|

5.7. Homotopies that move the basepoint

Let (X, x0) be a pointed space and let fy, f1: X — Y be two homotopic maps. Set yo = fo(zo)
and y; = fi1(xo). We therefore have maps fo: (X, z0) — (Y,90) and fi: (X,2z9) = (Y,y1). Since
their targets are different, it does not make sense to say that the induced maps

(fo)«: (X, 20) =m1(Y, y0),
(f1)s: m(X,20) =m1 (Y, 1)

are equal. Instead, they are related as follows:

LEMMA 5.7.1. Let X and Y be spaces and let fi: X — Y be a homotopy of maps from X to Y.

Let g € X be a basepoint, and set yo = fo(xo) and y1 = f1(xo). Let 6: I =Y be the following path
from yo to yi:
d(s) = fs(xo) forsel.

Then for all [v] € m (X, z0) we have (fo).([7]) = [0](f1)«([?])[0] € w1 (Y, yo).
PRrROOF. For t € I, let y; = §(¢) and let §*: I — Y be the path
§'(s) = fis(wo) = 6(ts) for s € I.

The path §* thus goes from §(0) = yo to 6(t) = yy:
y=f(xo)

Since f; o v is a loop based at fi(xg) = §(t) = y;, it follows that the map ¢t — §-(f; o fy)-gt is a
homotopy of paths. Since ¢° is the constant path based at yo, we conclude that

(Fo)a (1) = [fo 0] = [8°(fo 0 7)0] = [8-(f1 07):0 | = [8](f1) (W] 0. 0
5.8*. Fundamental groupoid

For a pointed space (X, zg), the fundamental group (X, xg) consists of homotopy classes of
loops in X based at xg. Our final goal in this chapter is to encode all homotopy classes of paths in
X into an algebraic structure called the fundamental groupoid. Since this structure will only play a
small role in this book, we mark these sections with an * to indicate that a reader might want to
skip them when first learning the subject.

The fundamental groupoid will be a category. Its objects will be the points of X. For points
z,y € X, the morphisms from z to y will be the homotopy classes of paths from x to y. There is one
annoying technical point: in a category, composition goes from right to left like functions. However,
we multiply paths from left to right: if v is a path from x to y and ' is a path from y to z, then
~v+y' is a path from z to z. To fix this, we introduce the following notation:

NoTATION 5.8%.1. Let X be a space. For points z,y,z € X, let v be a path in X from z to y
and let § be a path in X from y to z. We then define 7 * v = v-+'. This descends to homotopy
classes of paths, and we also write [y] x [y] = [’ *7]. O

We now define the following:
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DEFINITION 5.8%.2. Let X be a space. The fundamental groupoid of X, denoted II(X), is the
following category:

e The objects of II(X) are the points of X.

e For points z and y, the II(X)-morphisms from z to y are the set of all homotopy classes of
paths from z to y. For a path « from « to y, we will write [y]:  — y for the corresponding
morphism from x to y.

e If vis a path from z to y and 7' is a path from y to z, then the composition of the morphisms
[v]: * = y and [y']: y — 2z is the morphism [y'] * [y]: z — z.

e For a point € X, the identity morphism of z is the constant path [c,]:  — z. (]

Lemma 5.2.4 says that all the morphisms in the fundamental groupoid II(X) are invertible. This
is the defining property of a groupoid:

DEFINITION 5.8%.3. A groupoid is a category G in which all morphisms are invertible, i.e., such
that for all morphisms ¢: A — B, there is a morphism ¢: B — A with ¢o¢ =14 and pop =15. O

ExAMPLE 5.8%.4. As we discussed in Example 5.5.4, a group can be identified with a groupoid
containing a single object. ([

Consider a groupoid G. For zg € G, write
Autg(zo) ={g | g: xo — zo is a morphism in G}.

Since all morphisms in G are invertible, this is a group. The one-object category corresponding to
Autg(zo) is a subcategory of G with one object zg.
The following relates the fundamental groupoid and group:

LEMMA 5.8%.5. Let X be a space. For xog € X, we have Autyy(x)(zo) = m1 (X, zo).

PROOF. By definition, Autrx)(zo) consists of all homotopy classes of loops [y] € 71 (X, zo) with
the multiplication
] x[] =[] for 4], [v] € m(X, 20).
This is similar to 71 (X, zg), but the order of multiplication is reversed. This is something that can
be done to any group. For a group G with multiplication -, the opposite group of G, denoted G°P is
the group with the same elements as G but with the multiplication

gxg =g¢-g forg,g €q.

We therefore have Autrx)(wo) = 71(X,20)°P. For any group G, it turns out that G = G°P; see
Exercise 5.11. The lemma follows. (]

For a groupoid G, a morphism ¢: g — 27 in G induces an isomorphism 9, : Autg(xzg) —

Autg(z1) defined by
Y(g) =t ogorp forall g: mg — 20 in Autg(zo).

In this way, a groupoid packages together a collection of groups along with certain isomorphisms
between them. For the fundamental groupoid, these induced isomorphisms are the change of basepoint
isomorphisms from §5.4.

Unlike the fundamental group, the fundamental groupoid is not so useful as an invariant of a
space since it knows far too much about the space; for instance, its objects are literally the points of

the space. You might wonder why we bothered to introduce the fundamental groupoid at all. There
are two reasons:

e While for a path connected space the isomorphism type of the fundamental group does not
depend on the basepoint, the isomorphisms between the fundamental groups at different
basepoints are not canonical. The fundamental groupoid packages them all together, and
is present at least implictly in all serious treatements of the fundamental group. It seems
perverse to refuse to give a name to a structure you use.

e There are many constructions in topology that are most naturally phrased in terms of the
fundamental groupoid. For instance, the most general form of the classification of covering
spaces uses the fundamental groupoid (see Chapter 13*). Later volumes of this book will
contain other examples.
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5.9*. Functoriality: fundamental groupoid

For completeness, we now explain how to think about the fundamental groupoid as a functor.
Recall that a groupoid is a category in which all morphisms are invertible. For groupoids G; and Go,
a groupoid homomorphism from G; to Gg is a functor F': G; — Go. Unpacking this, F' consists of
the following data:

e For each object x € Gy, an object F(x) € Go.

e For each morphism ¢: x — y in G1, a morphism F(¢): F(z) — F(y) in Go.
The morphisms F'(¢) must respect composition in the obvious sense. For each = € G1, we have the
group Autg, (z), and F': G; — Gg induces a group homomorphism F: Autg, (z) = Autg,(f(x)).
If we think of a groupoid as a collection of groups connected by isomorphisms, the homomorphism
F: G; — Gy can be regarded as a collection of group homomorphisms that respect the given
isomorphisms.

Let Groupoid be the category whose objects are groupoids and whose objects are groupoid
homomorphisms. The fundamental groupoid can then be regarded as a functor II: Top — Groupoid:

e For a space X, we have the groupoid II(X).
e For a map of space f: X — Y, we have the groupoid homomorphism f,: II(X) — II(Y)
defined as follows:
— An object of TI(X) is a point z € X, and fi(x) = f(z) € Y.
— A morphism in II(X) from « € X to y € X is the homotopy class of a path v from z
to y, and f.([v]) = [for].
We remark that unlike for the fundamental group, the groupoid homomorphisms f,: II(X) — I(Y)
are not homotopy invariant, at least not in a naive sense. See Exercise 5.12 for one way to think
about this.

5.10. Exercises

EXERCISE 5.1. Let (X, z0) and (Y, yo) be pointed spaces. Prove that
(X XY, (w0,0)) = (X, x0) X w1 (Y, y0). 0

EXERCISE 5.2. Let X be a space and let g, 2, € X. For each path « from zy to z{, we defined
a change of basepoint isomorphism «,: 7 (X, z() — 71 (X, x0) in §5.4:
ax([7]) = [ay-a] for all [7] € m (X, xp).

Prove that «, is independent of the path « if and only if 71 (X, ) is abelian. This exercise shows that

when the fundamental group is abelian there is a canonical isomorphism between the fundamental
groups at different basepoints. O

EXERCISE 5.3. Prove that m;(S',1) & Z. Hint: though this does not follow directly from the fact
that the degree is a complete invariant of homotopy classes of maps S — S (Lemma 3.8.2), it can
be proved by carefully examining the construction of the degree and the proof of Lemma 3.8.2. [

EXERCISE 5.4. Let (X, xg) be a pointed space. Do the following:

(a) Prove that there is a bijection between elements of 71 (X, z¢) and homotopy classes of maps
of pointed spaces f: (S, 1) — (X, o).

(b) Let f: (S',1) — (X, z0) be a map of pointed spaces. Prove that f represents the trivial
element of 71 (X, zo) if and only if f extends to a map F: (D?,1) — (X, x0).

(c) Let Z be a graph with a single vertex * and two loops ¢; and {2 based at . Regarding
the ¢; as circles, for maps f1, fo: (S',1) — (X, x0) let f1 V fa: (Z,%) — (X, 20) be the map
that equals f; on ¢; and f; on 3. Problem: Construct a map m: (S!,1) — (Z, *) with
the following property:

e Consider elements [vy1], [y2] € 71 (X, z0). Represent [y;] by a map f;: (S',1) — (X, x).
Then [v;+y2] is represented by the map (f1 V f2) om: (S, 1) — (X, z). O

EXERCISE 5.5. Let X be a space and let f;: X — X be a homotopy from fy=1x to fi = 1x.
For a basepoint g € X, let v: I — X be the path v(s) = fs(z0). Prove that [y] € 71 (X, x0) is a
central element, that is, that [y] commutes with all elements of 7 (X, o). O
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EXERCISE 5.6. Let G be a topological group, that is, a space G that is also a group such that
the multiplication map G x G — G and the inversion map G — G are continuous. Letting 1 € G
be the identity, prove the following:

(a) Define an alternate multiplication on 71 (G, 1) using the multiplication on G as follows: for
[71]s [v2] € m1(G, 1), define [y1] ® [y2] = [v3] where v3: I — G is the loop

v3(8) = 71(8)72(s) for s € I.

Prove that e is the same as the usual multiplication on m (G, 1).
(b) Prove that m1 (G, 1) is abelian. O

EXERCISE 5.7. Let X be a 0-connected space and let z,y € X. Set
P(z,y) ={[0] | 0 is a path in X from z to y}.
Define an action of m (X, x) on P(z,y) as follows:
[Y][0] = [y-0] for all [y] € m (X, z) and [d] € P(z,y).

Do the following:
(a) Prove that this action is faithful, i.e., that for all [§] € P(x,y) the only [y] € 71 (X, z) with
[Y1[6] = 6] is [y] = 1.
(b) Prove that this action is transitive, i.e., that for all [§1],[d2] € P(z,y) there exists some
(] € m(X, ) with [7][d1] = [62].
For a group G, a torsor for G is a set X equipped with a faithful and transitive action of G. In this
case, for g € X we have a bijection G — X taking g € G to gzg € X. The above shows that P(z,y)
is a torsor for m (X, z). O

EXERCISE 5.8. Let p: X — X be a cover. Fix a basepoint o € X, and set S = p~!(xg). Prove
that the following defines an action of 1 (X, z¢) on S:

[¥]s = T;l(s) for s € S and [7] € m1 (X, o).

Here 7, is the map defined in §4.3. For path connected pointed spaces (X, z¢) with reasonable
local properties and sets S, we will later prove this construction gives a bijection between actions

of m (X, x0) on S and isomorphism classes of covers p: X — X with p~1(xg) = S. See Chapter
12%, [l

EXERCISE 5.9. Let p: X — X be a cover. Fix a basepoint zo € X and some Zo € p~L(z0).
Prove that the induced map p,: m ()?,%0) — m (X, o) is injective. We will later prove that if
(X, zp) is a path connected space with reasonable local properties, then there is a bijection between
subgroups G < 71 (X, zg) and pointed maps p: ()?,EO) — (X, zg) such that p: X — X is a cover
and X is path connected (up to an appropriate notion of isomorphism of covers). This bijection
takes p: (X,To) — (X, xo) to the image of p,: m (X, %) — m1(X,20). See Chapter 11. O

EXERCISE 5.10. Let G be a groupoid and ¢: A — B be a morphism in G. Consider ¢, 5/: B — A.
Prove that ¢ = 5, if any of the following conditions are satisfied:

©Gop=0op=1uor

© pob=¢o¢ =1p;or
e pop=14and pog =1p. O
EXERCISE 5.11. Let G be a group with multiplication *. The opposite group, denoted G°P, has
the same elements as G. However, the multiplication - in G°P is the “opposite” multiplication to G:

zy=yxxz forall x,y € GP.

Prove the following:
(a) The opposite group G°P is a group.
(b) The group G°P is isomorphic to G. O
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EXERCISE 5.12. Let f;: X — Y be a homotopy of maps between spaces. Prove that f; induces
a natural isomorphism between the functors fo: 113 (X) — II;(Y) and f;: I1;(X) — I, (V) giving
the induced maps between fundamental groupoids. Here recall that if F,G: C — D are functors
between categories C and D, then a natural isomorphism VU: F' — G consists of the following data:

e For all objects A of C, a D-isomorphism U(A): F(A4) — G(A).
These must satisfy the following:
e For all morphisms \: A — B between objects of C, the diagram

F(a) 2% By
J{\IJ(A) J{\I/B
a4y £ qB)

must commute. U



CHAPTER 6

Triviality of certain fundamental groups

In this chapter and the next, we calculate the fundamental groups of many spaces. This chapter
focuses on spaces with trivial fundamental groups. The results we prove will be needed in the next
chapter to handle spaces with nontrivial fundamental groups.

6.1. l-connectivity and the fundamental group

Recall that a space X is 1-connected if it is nonempty and for all z,y € X there is a unique
homotopy class of paths from z to y. If X is 1-connected and locally path connected, then Theorem
4.6.1 says that all covers of X are trivial. We can relate this to the fundamental group as follows:

LEMMA 6.1.1. Let (X, ) be a path connected pointed space. Then X is 1-connected if and only
ifTFl(X, Io) =1.

PROOF. If X is 1-connected, then in particular there is only one homotopy class of paths from
xo to itself, so m (X, x9) = 1. Conversely, assume that 71 (X, 29) = 1. Let p and ¢ be two points of
X, and let v and «/ be paths from p to ¢:

Y

Since X is path connected, Lemma 5.4.1 implies that m1(X,p) = 0. The path v is a path from p
to p, so [v7] € m1(X, p) must be trivial. We therefore have

V1 =1l]= 71l = hF] = b,
as desired. O
Lemma 4.5.2 says that S™ is 1-connected for n > 2, so we deduce the following:

LEMMA 6.1.2. Forn > 2, we have w1 (S", xz¢) = 1 for all xg € S™.

6.2. Retracts and deformation retracts

Let X be a space and let A C X be a subspace. A retract of X to A is a map r: X — A such
that r(a) = a for all @ € A, i.e., such that r|4 = 1. A deformation retraction of X to A is a homotopy
ri: X — X from the identity 1: X — X to a map r1: X — X such that:

e the map r is a retraction of X to A; and
e for all t € I and a € A, we have r(a) = a.

If there exists a deformation retraction of X to A, then we say that A is a deformation retract of X
and that X deformation retracts to A. Here are several examples:

ExAMPLE 6.2.1. Let U C R™ be a set that is star-shaped, i.e., such that there exists a point
po € U such that for all x € U the line segment from pg to z is contained in U. For instance, U might
be convex. We claim that U deformation retracts to pg. Indeed, the maps r;: U — U defined by

ri(x)=(1—t)x+tpy forxeUandtel
form a deformation retraction. O
LSince zo € X, the space X is nonempty and thus 0-connected.

65
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EXAMPLE 6.2.2. Let f: Z — A be a map between spaces. The mapping cylinder of f, denoted
Cyl(f), is the quotient of the disjont union (Z x I') U A that identifies (z,1) € Z x I with f(z) € A
for all z € Z:

7x0

7x1
—» Gyl

-«—
—

A

'

For z € Z and s € I, let (z, s) be the image of (z,$) € Z x I in Cyl(f). Both Z and A are subspaces
of Cyl(f): the space Z can be identified with {(2,0) | z € Z}, and the copy of Ain (Z xI)U A
maps homeomorphically to a copy of A in Cyl(f). The space Cyl(f) deformation retracts to A via
the deformation retract 7;: Cyl(f) — A defined by

{rt(z, s)=(z,(1—t)s) for (z8) € Z x [0,1],

ri(a) =a for a € A.
The reader can easily check that this makes sense and is continuous. O

EXAMPLE 6.2.3. As in the following figure, let A be the letter A embedded in the plane and for
some small € > 0 let X be a closed e-neighborhood of A:

>

Then X deformation retracts to A via a deformation retraction during which points travel along
straight line segments to A. In fact, this is a special case of the previous example: the boundary

of X consists of two circles S! US', and X is homeomorphic to the mapping cylinder of a map
f:Stust — A. O

EXAMPLE 6.2.4. We claim that S"~! is a deformation retract of R™\ 0. Geometrically, the picture
is as follows, where the blue arrows show the paths points of R™ \ 0 travel during the deformation
retraction:

e
In formulas, this deformation retraction is given by the maps r;: R™\ 0 — R™ \ 0 defined by
t

rt(m):<(1—t)—|—”x”>x forzr e R"\Oand t € I. O



6.3. CONTRACTIBILITY 67

Recall from §5.6 that the fundamental group is functorial under maps of pointed spaces. Using
this, we have:

LEMMA 6.2.5. Let X be a space, let A C X be a subspace, and let ag € A. Letv: (A,a9) — (X, ao)
be the inclusion. Then:

(i) If A is a retract of X, then the map t.: (4, ag) = (X, ag) is injective.
(ii) If A is a deformation retraction of X, then the map t.: m(A,a0) — 7 (X, a9) is an
isomorphism.

Proor. We start with (i). Let r: X — A be a retraction. Since 7 ot = 14, it follows that
T+ 0 Le = 11 (4,a0)s 1-€., that the following composition is the identity:

71'1(14,0,0) i> 7T1(X,(l0) h) 771(A,a0).

This implies that ker(c,) is trivial, so ¢, is injective.

We now prove (ii). Let 7;: X — X be a deformation retraction. In light of (i), it is enough to
prove that the map ¢,: m (4, ag) = m (X, ap) is surjective. Consider a loop §: I — X based at p.
We must prove that § can be homotoped to a loop lying in A. Since r(ag) = ag for all t € I, we
have a homotopy of paths r; o §. Since 71 (X) C A, the image of the endpoint 71 0 ¢ of this homotopy
lies in A, as desired. a

Here is one consequence:
LEMMA 6.2.6. Let n > 3. For xg € R™\ 0, we have m (R™\ 0,x¢) = 0.

PROOF. Since R™\ 0 is path connected, we can change ¢ without changing the fundamental
group. Choose x( such that xo € S*~* C R™\ 0. Since R™ \ 0 deformation retracts to S"~!, Lemma
6.2.5 implies that

Wl(Rn \ O,xo) = 7T1(Sn71,(£0).
Since n > 3, this vanishes by Lemma 4.5.2. O

6.3. Contractibility

A nonempty space X is said to be contractible if the identity map 1: X — X is homotopic to
a constant map. This holds, for instance, if X deformation retracts to any one-point subspace xg.
Star-shaped or convex subspaces of R™ are therefore contractible. However, being contractible is
more general than this since none of the points of X need to be fixed during the contraction. See
Exercise 6.12 for an example where these are genuinely different notions.

If a space X deformation retracts to a point zy € X, then it follows from Lemma 6.2.5 that

7T1(X,ZL'0) = 771(1’0,170) =1.
The following shows that this vanishing holds more generally if X is merely contractible.
LEMMA 6.3.1. Let X be a contractible space and let xg € X. Then w1 (X, zo) = 1.

PrOOF. Let f;: X — X be a homotopy from the identity 1: X — X to a constant map. Since
X is path connected, its fundamental groups at different basepoints are all isomorphic. We can
therefore assume without loss of generality that x( is the constant value of f;. Let §: I — X be the
following path from xg to xg:

0(s) = fs(xzg) forsel.

Consider [y] € m1(X,xg). Since fo = 1 we have (fo)«([y]) = [7], and since f; is the constant map
we have (f1).([7]) = 1. By Lemma 5.7.1, we therefore have

7] = (fo)« (7)) = [0](f2)([¥])[0] = [8][8] = 1. 0
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6.4. Trees

Here is an important example. Recall that we discussed graphs in §2.5. A tree is a nonempty
connected graph with no cycles. We will prove:

LEMMA 6.4.1. Let T be a tree and let vy be a vertex of T. Then T deformation retracts to vy,
and in particular T is contractible.

PrOOF. We will omit some of the point-set details, and invite the reader in Exercise 6.9 to verify
that all the maps we construct are continuous. Inductively define subtrees

ToCcTyCIy C---

of T in the following way. Start by letting Ty = vg. Next, if T,,_1 has been constructed, let T, be
the subtree obtained from T,,_; by adding all edges of T" with an endpoint in T}, _1:

Since T is a tree, each new edge e added to T;,—; to form T, has the property that exactly one
endpoint of e lies in T;,_1; otherwise, e would form part of a cycle in T),,. This implies that T,
deformation retracts to T;,_; via a deformation retract where the points of these new edges e move
along e to the vertex lying in T;,_;. Let r}: T,, — T, be this deformation retract. Since T is
connected, we have

oo

T = U T,,.
n=0

For each n > 1 and m > 0, consider the retractions

R :T?O..~OT?+m: Totm = Th-1.

For my > mg > 0, the retractions R, and R}, agree where they both are defined, namely on T, 1, .

It follows that for a fixed n > 1 the different R}, glue together to give a retraction R™: T — T, 1.

Assume first that T' = T,,, for some n; > 0 (which holds, for instance, if T' is a finite tree). In
this case, we can deformation retract T = T,,, to Ty = vg by first using ;' to deformation retract
T,,, to Ty, _1, then using "~ " to deformation retract T}, _; to T}, o, etc. For the general case, we
have to be a bit more careful. Write

o0
I={oyu|J 1, with I, =[1/2",1/2"""],
n=1
so I, has length 1/2". Define r4: T — T in the following way:
o Forte I, and x € T, let 74(2) = 15, ;1 jou) (R (2)).
e For t =0 and x € T, define ro(z) = =.
The reader will check in Exercise 6.9 that this definition makes sense and is continuous. By definition
we have rg = 1, and since 1 € I; we have
ri(z) =ri(R*(z)) =vy forz €T,

where we recall that Tj is the vertex vg. It follows that r; is a deformation retraction of T' to vy, as
desired. O

6.5. Projective spaces

Recall that real projective space RP™ is the space of lines through the origin in R®*!. This has
the degree 2 cover p: S™ — RP" taking € S® C R"*! to the line through x. This reflects the fact
that RP™ is not 1-connected, as we will see rigorously in Chapter 7.

An important relative of RP" is complex projective space, that is, the space CP" of lines through
the origin in C**1. This can be topologized just like RP": letting C"*1\ 0 — CP" be the map taking
z € C"*1! to the line through z, we give CP" the quotient topology:
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e A set U C CP” is open if and only if its preimage in C"*! \ 0 is open.
The space CP" will play an important role in subsequent volumes when we discuss homology and
cohomology. However, it is less important in this volume since it turns out to be 1-connected. We
outline a proof of this in Exercise 6.3.

6.6. Exercises

EXERCISE 6.1. Let X be a contractible space and let A C X be a subspace such that there is a
retract r: X — A. Prove that A is contractible. a

EXERCISE 6.2. Let X be a space. Letting p be a one-point space, the cone on X, denoted
Cone(X), is the mapping cylinder of the constant map X — p. The space X is a subspace of
Cone(X). Also, the image of p in Cone(X) is called the cone point. The suspension of X, denoted
YX, is the quotient of the disjoint union Cone(X) Ll Cone(X) that identifies the copies of X in the
two cones. Do the following:

(a) Prove that Cone(X) deformation retracts to the cone point, and in particular is contractible.

(b) Prove that 3S™ =2 S+,

(¢) If X is O-connected, then prove that £.X is 1-connected. Note that by (b) this generalizes
the fact that S™ is 1-connected for n > 2. Hint: apply Lemma 4.5.3 (general position). O

EXERCISE 6.3. This exercise outlines a proof that CP" is l-connected. As notation, for
(21,--+y2n41) € C*1\ 0 let [21,...,2,51] be the corresponding point in CP", i.e., the line in
C"*! though the origin and (z1,...,2,+1). The proof will be by induction.

(a) For the base case, prove that CP! = §2, so CP! is 1-connected.

(b) Now assume that n > 2 and that CP" " is 1-connected. Fix a basepoint zo € CP" .
Embed CP"~! into CP" via the map taking [z1, ..., 2,] € CP" ! to [z1,..., z,,0] € CP".
Using this, we identify z¢ with a point in CP". Finally, set » = [0,...,0,1] € CP".
Problem: for [y] € w1 (CP", x(), prove that v can be homotoped such that its image does
not contain r. Hint: use Lemma 4.5.3 (general position).

(¢) Prove that CP" \r deformation retracts to CP"~*. Since our inductive hypothesis implies
that 7 (CP" "%, z0) = 1, this will imply that 7; (CP"\r,z0) = 0 and thus by (b) that
m1(CP", z9) = 1. We conclude that CP" is 1-connected. O

EXERCISE 6.4. Let X be a space. Prove the following:
(a) The space X is contractible if and only if for all spaces Y, every map f: X — Y is

nullhomotopic.
(b) The space X is contractible if and only if for all spaces Z, every map g: Z — X is
nullhomotopic. O

EXERCISE 6.5. Let X be a space. Let Cone(X) be the cone on X from Exercise 6.2. Prove that
X is contractible if and only if X is a retract of Cone(X). O

EXERCISE 6.6. Let f: X — Y be a map. Prove that there exists a map g: Y — X such that
go f: X — X is homotopic to the identity if and only if X is a retract of the mapping cylinder

Cyl(f). O
EXERCISE 6.7. Do the following:

(a) Let X be a space. Assume that X = U UV where U and V are 1-connected open sets such
that U NV is 0-connected. For o € U NV, prove that 71 (X, z¢) = 1. Hint: Start with
some [y] € m1 (X, zo) and try to write [y] = [y1] - - - [yn] where each [y;] € 71(X, zg) is such
that the image of ~; lies in either U or V. The Lebesgue number lemma will be useful.

(b) Use part (a) to give an alternate proof that S™ is 1-connected for n > 2.

(¢) Generalize part (a) as follows. Let X be a space and let X = U;c;U; with each U; open.
Let zg € X be a basepoint such that zq € U; for all 1 € I. Assume the following:

e The open set U; is O-connected for all i € I.
e The open set U; N Uj is 0-connected for all 4,5 € I.
e The map 71 (U;, z9) — 71 (X, xo) is trivial for all ¢ € I.
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Prove that 71 (X, zo) = 1. O
EXERCISE 6.8. Let X and Y be spaces. The join of X and Y, denoted X * Y, is
XY =XUYUX XY xI)/~,
where ~ makes the following identifications for all x € X and y € Y:
(,9,0) ~2z and (z,y,1) ~y.
Identify X and Y with their images in X %Y. The space X Y can be viewed as the space of all
lines connecting points of X to points of Y. In analogy with the usual way of writing a line segment
between points of R™ using barycentric coordinates, it is useful to denote the image in X * Y of
(z,y,t) € X xY x I by the formal sum (1 — ¢)z + ty. Do the following:
(a) For n,m > 0, we have S x S™ = §ntm+1,
) For n,m > 0, we have D" x D™ = pntm+l,
(¢) Prove that (X #Y)\ X deformation retracts to Y.
) Assume that Y is nonempty. For zg € X, prove that the map m1 (X, z¢) — 71 (X * Y, z¢) is
trivial.
(e) Assume that Y is O-connected and that Y is nonempty and locally path connected. Prove
that X Y is 1-connected. Hint: Part (¢) of Exercise 6.7 might be useful. It also might

be easier to first prove this when Y is 0-connected. For the general case, since Y is locally
path connected, we can decompose it into clopen path components Y = Ll;c;Y;. O

EXERCISE 6.9. Verify that the maps constructed in the proof of Lemma 6.4.1 are well-defined
and continuous. 0

EXERCISE 6.10. Let O(n) be the n-dimensional orthogonal group. Prove that GL,, (R) deformation
retracts to O(n). Hint: analyze the Gram—Schmidt orthogonalization process. O

EXERCISE 6.11. Let X C R? be the union of the following subspaces:

e the horizontal segment [0, 1] x 0; and
e for each r € Q, the vertical segment r x [0,1 — r].

a e space eformation retracts to any point on the horizontal segment [0, 1] x 0.
Th X defi ti tracts t int the horizontal t [0,1] x 0
(b) The space X does not deformation retract to any point that does not lie on [0,1] x 0. O

See here:

Prove the following:

EXERCISE 6.12. Let X C R? be the subspace from Exercise 6.11. Let Y C R? be the space
obtained by identifying countably many copies of X in the following pattern:

Prove the following:

(a) The space Y is contractible.
(b) The space Y does not deformation retract to any point. |



CHAPTER 7

Basic calculations of the fundamental group

We now calculate a number of nontrivial fundamental groups. One of the main places areas to
which the fundamental group can be applied is group theory, where it allows geometric arguments
that would be difficult to express purely algebraically. We give a first example of this at the end of
this chapter, where we use the fundamental group to construct free groups.

7.1. Calculating the fundamental group using covering spaces

The following is our main tool for calculating fundamental groups:

THEOREM 7.1.1. Let p: X=X bea regular cover such that X is 1-connected. Set G = Deck()?).
Then for o € X we have m (X, zo) = G.

PROOF. Pick 7y € X with p(To) = zp. Define a set map f: w1 (X, 29) — G as follows. Consider
[v] € m(X,20). By path lifting (Lemma 3.4.1), we can lift v to a path 5 in X starting at .
Lemma 4.2.1 implies that the homotopy class of 4 only depends on the homotopy class of v. In
particular, 7(1) € X only depends on [y] € m (X, x9). The point 5(1) projects to v(1) = xo:

Y()=g%

X0

Y
I»

Since X is a path connected regular cover of X, there exists a unique g € G with gy = 7(1); see
Lemma 2.2.1. Define f([y]) = g. To prove the theorem, it is enough to prove that f is a group
homomorphism that is injective and surjective. We do this in the following three claims:

CramM 1. The set map f is a group homomorphism.

Consider [y1], [y2] € m1 (X, xg). For i = 1,2, let ; be the lift of 7; to X with 7:(0) = Zg. Letting
gi = f([7]), the path 7; thus goes from g to ¢;Zo. The deck group G acts not only on X, but also
on paths in X. Under this group action, the path g;7s goes from g1Zy to g1g2Zg. It follows that 7;
and g17, are composable paths, and 7;-(g172) goes from T to g192To:

The path 71-(g172) is the lift of v;-y2, so by definition this implies that f([y1-72]) = g192, as desired.

71
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CLAIM 2. The homomorphism f is surjective.

Consider g € G. Since X is path connected, we can find a path 7 in X from Zo to gZo. The path
7 projects to a path 7 in X from zg to xg, so [y] € m1(X,x0). By definition, f([y]) = g.

CLAIM 3. The homomorphism f is injective.

Consider [y] € m (X, o) such that f([7]) = 1. Let 5 be the lift of 5 to X with 5(0) = Z,. Since
f([v]) = 1, we must have 7(1) = Ty, so 7 is a loop based at Zy. Since X is 1-connected, the loop 7
is homotopic to a constant loop. Composing this homotopy with the map p: X - X, we obtain a
homotopy from + to a constant loop, so [y] = 1, as desired. O

7.2. The lifting map

Before giving examples of Theorem 7.1.1, we give a name to the isomorphism underlying its
conclusion. Let p: X = X be a regular cover such that X is 1-connected. Let To € )NC, and set
2o = p(Zo) and G = Deck(X). Theorem 7.1.1 says that 71 (X, zo) = G. In the proof of that theorem,
this isomorphism is given by the following set map f: 7 (X, xo) = G:

e Consider [y] € m1 (X, o). Let 7 be the lift of v to X with 5(0) = Zo. There exists a unique

g € G with ¥(1) = gZo. We then have f([7]) = g.
We will call this isomorphism f: 71 (X, z9) — G the lifting map. The proof that it is a well-defined
surjective homomorphism only depends on the fact that X is path connected. The 1-connectedness of
X is only used in the proof that f is injective. We record these observations in the following lemma:

LEMMA 7.2.1. Let p: X > Xbea regular cover with X path connected. Let Ty € )Z', and set

o = p(Zo) and G = Deck(X). Then the lifting map f: m1(X,z9) — G is a surjective homomorphism.

7.3. Circle and torus

We now give some calculations using Theorem 7.1.1. Our first is important enough that we single
it out as a lemma. Recall that we identify S' with a subset of C, so 1 € S*.

LEMMA 7.3.1 (Circle). We have 71 (S',1) = Z, where n € Z corresponds to the loop vy,: I — S
defined by vy, (s) = > for s € I.

PrOOF. Consider the universal cover p: R — S* of S, so p() = €2™. As we observed in

Example 2.2.2; this is a regular cover with deck group Z, which acts on R by integer translations.
Since R is contractible, it is 1-connected. We can therefore apply Theorem 7.1.1 to see that
m1(St,1) = Z. This isomorphism is given by the lifting map, and under the lifting map n € Z
corresponds to the loop 7. ([

Our next example generalizes this:

EXAMPLE 7.3.2 (Torus). As in Example 1.3.3 let Z"™ act on R™ by integer translations and
identify the quotient R™/Z" with the n-dimensional torus T = (S!)*":

R?/7? T2

RQ
This figure shows the case n = 2. The projection p: R™ — Z" is a regular cover with deck group Z".
Set z¢p = p(0). Since R™ is contractible, it is 1-connected. We can thus apply Theorem 7.1.1 to see
that Wl(Tn,Io) :Wl((Sl)Xn,l‘Q) = 7", O
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REMARK 7.3.3. More generally, by Exercise 5.1 if X and Y are spaces with basepoints xg € X
and yp € Y, then m (X X Y, (zo,y0)) = m (X, 20) X 71 (Y, y0)- O

7.4. Brouwer fixed point theorem

Since 71 (S*, 1) 2 Z but S™ is 1-connected for all n > 2, it follows that S! is not homeomorphic
to S™ for any n > 2. This is not a particularly profound result, and can be proved in many other
ways.! In the next chapter we will talk about homotopy equivalences, and we will be able to deduce
the more interesting result that S' and S™ are not homotopy equivalent for any n > 2.

Here, however, we give an interesting application of a different flavor that also illustrates how
the functorality of the fundamental group can be used to obstruct the existence of maps. Regard S*
as the boundary of D?.

LEMMA 7.4.1. There does not exist a retraction r: D? — S'.

PROOF. Assume for the sake of contradiction that a retraction r: D? — S! exists. Let ¢: St — D?
be the inclusion, and fix some xg € S'. Since r o v = 1g1, the following composition is the identity:

’/Tl(Sl,.’[Q) i) 7T1(D2,1'0) L> Fl(Sl,xo).
| | |
Z 0 Z
However, since the middle group is 0 this composition is also the 0 map, a contradiction. ]

This has the following consequence:

THEOREM 7.4.2 (Brouwer fixed point theorem). Let f: D? — D? be a continuous map. Then f
has a fived point, i.e., there exists some x € D? with f(x) = z.

PROOF. Assume for the sake of contradiction that f(z) # x for all z € D?. Define r: D? — S!
to be following map:

e For x € D?) let r(z) be the point where the ray from f(x) to  intersects S':

r(x)

By construction, f is a continuous retraction, contradicting Lemma 7.4.1. |

REMARK 7.4.3. The Brouwer fixed point theorem (Theorem 7.4.2) actually holds for maps
f: D" — D™ with n > 1 arbitrary. See Exercise 7.6 for the (easy) proof when n = 1. Similarly,
Lemma 7.4.1 holds in all dimension. For general n > 1, we gave an elementary proof of both of
these results in Volume 1 using a combinatorial result called Sperner’s Lemma. Once we develop the
theory of homology, we will be able to give a proof of the general case that is very similar to the
proof we gave above for n = 2. O

7.5. Real projective space
We now turn to real projective space:

ExampLE 7.5.1 (Real projective space). Let n > 2. Recall that RP" is the space of lines through
the origin in R*™!. As we described in Example 1.3.4, there is a 2-fold cover p: S* — RP" taking
x € S™ to the line through z. This is a regular cover with deck group the cyclic group Cs of order 2,
which acts on S by the antipodal map x — —z. Fix some z¢ € S™, and let £y = p(x¢) € RP". Since
n > 2, we have m1(S", z9) = 1 (Lemma 4.5.2). We can therefore apply Theorem 7.1.1 and see that

7T1(RP”7£0) = 02.

IFor instance, by observing that S \ {p, ¢} has two path components for any distinct p,q € S, while removing
two points from S™ cannot disconnect S™ for any n > 2.
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This isomorphism is given by the lifting map, and under the lifting map the generator of Co
corresponds to the loop in 71 (RP", {;) that rotates the line ¢, around an axis by an angle of ,
coming back to itself but with the reversed orientation. O

REMARK 7.5.2. We have RP' 2 S (see Exercise 7.8), so m (RP', 4y) = Z. O

7.6. Free groups: definition

Before we can give our next example, we need some background about free groups. Let S be a
set. Roughly speaking, a free group on S is a group that is easy to map out of. One need only say
where the elements of S must go. Here is the formal definition:

DEFINITION 7.6.1. Let S be a set. A free group on S is a group F(S) equipped with a map of
sets t: S — F(S) such that the following holds:

(f) Let G be a group and h: S — G be a map of sets. Then there is a unique homomorphism
H: F(S) — G such that h = H o «.

The set S is called a free basis for F(S). O
REMARK 7.6.2. The condition () is an example of a universal mapping property. O
The map ¢ in the definition of a free group is necessarily injective:

LEMMA 7.6.3. Let S be a set and let F(S) be a free group on S. Then the associated map
1S — F(S) is injective.

PROOF. Let G be a group of cardinality at least |S| and let h: S — G be an injection. By the
universal property (), there is a homomorphism H: F(S) — G such that h = H o . Since h is
injective, it follows that ¢ is injective. (|

Let F(S) be a free group on a set S. By Lemma 7.6.3, we can identify S with a subset of F'(.S)
via the corresponding map ¢. Having done this, we can now rephrase (1) as follows:

(f) Let G be a group and h: S — G be a map of sets. Then h extends uniquely to a
homomorphism H: F(S) — G.

Whenever we work with free groups in this book, we will identify S with a subset of F(S) and use
(") as the defining property of F(S). The subset S generates F(5):
LEMMA 7.6.4. Let S be a set and let F(S) be a free group on S. Then S generates F(S).

PROOF. Let G < F(S) be the subgroup generated by S. By ({'), the inclusion h: S — G
extends uniquely to a homomorphism H: F(S) — G. The composition

F(S) —25 G —— F(S)

and the identity map 1pgy: F'(S) — F(S) both extend 15: S — S, and thus must be equal. We
conclude that G = F(S), as desired. O

It is not obvious that a free group on a set S exists. We will soon construct one, but first we
prove that they are unique in the following sense:

LEMMA 7.6.5. Let S be a set and let F(S) and F'(S) be free groups on S. There is then a unique
isomorphism ¢: F(S) — F'(S) with ¢|s = 1g.
PRrOOF. Applying (') to the identity maps between S C F(S) and S C F'(S), we get:
e a homomorphism ¢: F(S) — F'(S) such that ¢|s = 1g; and
e a homomorphism ¢': F'(S) — F(S) such that ¢'|s = 1s.
The composition ¢’ o ¢: F(S) — F(S) fixes each element of the generating set S, so ¢’ 0 ¢ = 1p(g).
Similarly, po ¢’ =1 F/(s)- We conclude that ¢ and ¢’ are inverse isomorphisms. O

REMARK 7.6.6. A similar argument shows uniqueness for other mathematical objects defined by
universal mapping properties. |
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7.7. Free groups: reduced words

Let S be a set. A word in S is a formal expression w = s{' -+ s&» with s; € S and ¢; € {£1} for

all 1 <4 < n. This word is reduced if for all 1 < i < n we do not have
siisit €{ssT s s | s€ S5}

By cancelling terms of the form ss~! and s~!s with s € S we can reduce any word to a reduced
word. If S is a subset of a group I', then we can regard words in S as elements of I". Cancelling
terms of the form ss~! and ss~! does not change the associated element of I, so every element of I'
that can be written as a word in S can be written as a reduced word in S.
The main existence theorem for free groups is:
THEOREM 7.7.1. Let S be a set. There then exists a group F(S) with S C F(S) such that:
(i) the group F(S) is a free group on S; and
(ii) every element of F(S) can be represented by a unique reduced word in S.
The standard proof of this is algebraic, and proves the two parts separately:

e First, free groups are proved to exist, establishing (i).
e Next, (ii) is proved using the universal property of the free group.

See Exercises 7.15 and 7.16 for an outline of this proof. We will prove Theorem 7.7.1 geometrically
in the next section. Our argument will reverse the logic of the algebraic proof:

e First, we will use geometry to construct a group F(S) containing a set .S such that every
element of F'(S) can be represented by a unique reduced word in S. This establishes part
(ii) of Theorem 7.7.1.

e Next, we will prove that F'(S) has the desired universal property, establishing part (i).

In fact, the second step is quite formal:

LEMMA 7.7.2. Let S be a set and let T be a group containing S such that every element of I' can
be represented by a unique reduced word in S. Then I is a free group on S.

PROOF. Let G be a group and let h: S — G be a set map. We extend h to H: I' — G as follows.
Consider g € I'. We can uniquely write g as a reduced word in S:

g=sit s with s1,...,8, € S and €,...,¢, € {£1}.
We then define
H(g) = h(s1)" - h(sn)™.
This is a homomorphism. Indeed, consider g,¢’ € I'. Write them as reduced words in S:
g=si'---sgr with s1,...,8, € S and €,...,¢, € {£1},
g =ty -5 with tq,...,t, € S and eq,..., e, € {£1}.
Then the reduced word representing gg’ is obtained from
Sil .. .sZntil .. .tfnm
by cancelling terms. The images of those terms under H also cancel, so
H(gg') = h(s1)" - h(sn) " h(t1) - h(tm)"™ = H(g)H(g").

It follows that H is a well-defined homomorphism. Since S generates I', it is the only possible
homomorphism extending h. ]

7.8. Constructing free groups using graphs

We now prove Theorem 7.7.1. In fact, we prove something better. Recall our convention from
§2.5 that all graphs are oriented. Let S be a set. Denote by Xg the graph with one vertex xy and
with |S| oriented edges, each labeled with an element of S. For instance, if S = {a,b, c} then Xg is



76 7. BASIC CALCULATIONS OF THE FUNDAMENTAL GROUP

Each s € S corresponds to a loop in Xg based at xg, and we will identify s with the corresponding
element of 71 (Xg,x0). The elements of S correspond to distinct elements of m1(Xg, zg). Indeed, for
s€ S let rg: (Xs,20) — (S, 1) be the retraction onto the loop labeled s. The induced map

(rs)e: m(Xg,20) = m (S, 1) =2 7Z
takes s to 1 € Z and each s’ € S\ {s} to 0 € Z,s0 s # &' for all s € S\ {s}. We can therefore
identify S with a subset of 71(Xg,z0). We then have:
THEOREM 7.8.1. Let S be a set. The following hold:
(i) the group m(Xs,xq) is a free group on S; and
(ii) every element of m(Xg,xg) can be represented by a unique reduced word in S.
ProoF. By Lemma 7.7.2, it is enough to prove (ii). Define Ts to be an infinite tree each of

whose vertices has valence 2|S|. Label the oriented edges of Ts by elements of S such that for each
vertex v of T there are:

e |S| edges coming out of v labeled by elements of S; and
e |S| edges going into v labeled by elements of S.

For instance, if S = {a,b, ¢} then the local picture of Ts around v looks like
b

Fix a vertex xg of Tg.

There is a covering space p: Ts — Xg taking each vertex of T to xg and each oriented edge of
Ts labeled by s € S to the corresponding loop in Xg labeled by s. For instance, if S = {a, b} this is
the cover

Just like in the S = {a, b} case, the cover p: Ts — Xg is regular.? Since T is a tree, it is contractible
and hence 1-connected (see Lemma 6.4.1).
Letting G be the deck group of p: Ts — X, we can apply Theorem 7.1.1 to see that

(781) 7T1(Xs,l’o) ~@.

The group G acts freely and transitively on the vertices of T', so each vertex is of the form gz for
some unique g € G. The isomorphism (7.8.1) is given by the lifting map, so the element of m (X, z¢)
corresponding to g € G is the homotopy class of the loop in X based at zy obtained by taking a
path in T from Zg to gZo and projecting it to X.

2The point here is that T is a tree each of whose vertices has the same local picture, so there are edge-label
preserving graph automorphisms of T" taking any vertex to any other vertex. These are deck transformations.
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For each vertex z1 of T, there is a unique sequence of edges connecting xy to x; that does not
backtrack, that is, traverse an edge in one direction and then go backwards along the same edge.
This non-backtracking condition is exactly what is needed to ensure that this edge-path corresponds
to an element of m(Xg, o) represented by a reduced word in S. In this way, we see that every
element of m1 (Xg, o) is represented by a unique reduced word in S, as desired. (]

7.9. Exercises

EXERCISE 7.1. For d > 2, construct a pointed space (X, zq) with 7 (X,z9) = Cy4. Hint:
generalize the construction of RP™ as S”/C5. It might be helpful to view S?"~1 as a subspace of
Cr = R?". O

EXERCISE 7.2. Let A be a finitely generated abelian group. Construct a pointed space (X, x¢)
with 7 (X, z0) & A. Hint: the previous exercise might be helpful here. O

EXERCISE 7.3. Let M be the Mobius band:

M

Fixing a basepoint xg € M, prove that m (M, z¢) = Z in two ways:
(a) By identifying M as Z/Z for an explicit 1-connected space Z equipped with a covering
space action of Z.
(b) By showing that M deformation retracts to a subspace A C M with A = S!. ]

EXERCISE 7.4. As in Exercise 7.3, let M be the Mdbius band. Let M be its boundary, so
OM = S'. Prove that there does not exist a retraction r: M — OM. Hint: fixing a basepoint
xo € OM, first calculate the image of 71 (OM, xg) £ Z in 71 (M, xo) = Z. a

EXERCISE 7.5. Let X be the “line with two origins”, i.e., the quotient of R IR that for x € R
nonzero identifies the points z in the two copies of R to a single point. This is a non-Hausdorff space
composed of an open set R\ 0 along with two “origins”:

0,

0,
Letting zg € X, prove that m (X, z9) = Z. Hint: Exercise 6.7 might be useful for proving that the
cover you produce is 1-connected. O

EXERCISE 7.6. Prove the 1-dimensional Brouwer fixed point theorem: every continuous map
f: D! — D! has a fixed point. O

EXERCISE 7.7. Say that a space X has the fized point property if every continuous map f: X — X
has a fixed point.
(a) Prove that if X has the fixed point property and Y C X is a retract of X, then Y has the
fixed point property.
(b) Prove that every finite tree 7' has the fixed point property. Hint: embed T into D? such
that D? retracts to T, and apply the Brouwer fixed point theorem.
(¢) A challenging problem: give a direct proof of part (b) that does not use the Brouwer fixed
point theorem. O

EXERCISE 7.8. Prove that RP* 2 S!, and thus that for all o € RP' we have m; (RIP’l, x0) =2 Z. O

EXERCISE 7.9. Let X be a graph with one vertex xzg and two oriented edges labeled a and b, so
m1(X, x0) is the free group F(a,b) on a and b. Define a map f: (X, z¢) — (X, x0) as in the following
figure:
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Here the three vertices on the left hand side all map to the single vertex zy on the right hand side,
and the edges connecting those three vertices map to the edges on the right hand side as indicated.
Do the following:
(a) Calculate the induced map f.: m1 (X, z9) = m1 (X, 20) by determining the images of the
two generators a,b € F(a,b) = m1 (X, x0) in 71 (X, x0) = F(a,b).
(b) Prove that the map f. you computed in the previous part is not the identity, and conclude
that f: (X,z0) — (X, x0) is not homotopic to the identity as a map of pointed spaces.
(¢) Prove f: X — X is homotopic to the identity as a map of unpointed spaces. (]

EXERCISE 7.10. Let X5 be a closed oriented genus 2 surface and let X be a graph with one
vertex xy and two oriented edges labeled a and b. Fix a basepoint yy € ¥o:

Y 2 Y

.Yo

We do not yet know how to calculate 71 (X2, yo), but we can still say various things about it using
the calculations we have done. Construct a map f: (X2,y0) — (X, xo) such that the induced map
for m(B2,y0) — m1(X, z0) is surjective. Hint: To prove it is surjective, draw explicit elements of
1 (32, yo) mapping to a and to b. O

EXERCISE 7.11. Let G be a group. The goal of this exercise is to construct a pointed space
(X, zp) with m1 (X, z9) = G. This exercise uses the notion of the join of spaces from Exercise 6.8. Do
the following:

(a) Let A and B be spaces equipped with left G-actions. Prove that there is an induced action
of G on the join A x B.

(b) Let X = G and Y = G, both viewed as discrete spaces. Let J be the join J = X Y. Prove
that J is 0-connnected.

(c) Let Z = G, again viewed as a discrete space. Prove that K = Z x J is 1-connected. Hint:
Exercise 6.8 will be useful.

(d) The group G acts on itself on the left. By part (a), we get induced actions of G on J and
K. Prove that the action of G on K is a covering space action. Letting X = G/K and
fixing a basepoint 2o € X, deduce that m (X, z0) = G. |

EXERCISE 7.12. Let F(aq,...,a,) be the free group on elements aq,...,a,. Recall that the
abelianization of a group G is the abelian group G/[G,G], where [G,G] is the normal subgroup
generated by elements of the form [g, h] = ghg~'h~! with g, h € G. Prove that the abelianization of

F(aq,...,ay,) is isomorphic to Z™. Hint: start by constructing a map F(ai,...,a,) — Z" using the
universal property of the free group. O
EXERCISE 7.13. Let F(S) be the free group on a set S. Prove that F'(S) is torsion-free. O

EXERCISE 7.14. Let F(S) be the free group on a set S and let z,y € F(S). Prove that zy = yx
if and only if there exists some z € F(S) and n,m € Z with x = 2" and y = z™. O

EXERCISE 7.15. In this exercise, we outline one of the classical constructions of a free group on
aset S.

(a) Let M be the set of all words w = s{' - - - s&», including the empty word. Prove that M is
an associative monoid under concatanation. Here an associative monoid is a set equipped
with an associative multiplication with an identity, but unlike in a group there need not be
inverses.

(b) Let ~ be the equivalence relation on M where w ~ w’ if w’ can be obtained from w by a
sequence of the following two moves:

e For some s € S, insert either ss~!

or s~1s somewhere in w.
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e For some s € S, delete a subword of the form ss~! or s™'s from w.
Set F' = M/ ~. Prove that the multiplication on M descends to an associative multiplication

on M, and that F' is a group.
(¢) Prove that F' along with the evident map ¢: S — F satisfies the universal property of a free
group. Hint: first prove that M satisfies an appropriate universal property to be a “free
associative monoid” on S. ]

EXERCISE 7.16. Let S be a set and let F'(S) be a free group on S. This exercise outlines the
classical algebraic proof that every element of F(.S) is represented by a unique reduced word in S.

(a) Let W be the set of reduced words in S. Use the universal property of the free group to

construct a left action of F(S) on W that for s € S multiplies a word w € W by s to get

sw and then reduces appropriately to get a reduced word. Hint: an action is the same as a

homomorphism F(S) — Sym(W) where Sym(W) is the symmetric group consisting of all

bijections of W. You can construct such homomorphisms using the universal property of

F(S).
(b) Prove that every element of F(S) is represented by a unique reduced word. Hint: consider
w € F(S), and think about where w takes the trivial word 1 € W. O

EXERCISE 7.17. For a group G generated by a set .S, we have the following two classic decision
problems:

e The word problem: decide if two words in S represent the same element of G.
e The conjugacy problem: decide if two words in .S represent conjugate elements of G, that is,
elements g1, g» € G such that there is some h € G with g, = hgih™ 1.
For a free group F(S) on a set S, the word problem is easy since two words in S represent the same
element of G if and only if they become the same reduced word after repeatedly cancelling terms of
the form ss~! and s~'s with s € S. In this exercise, you will solve the conjugacy problem in F(S).
(a) Consider a word w = s7* ---s& in S. For some k > 1, let
w! = sl st
where the subscripts are interpreted modulo n. Prove that w and w’ are conjugate elements
of F'(S). We say that they are cyclically conjugate.
(b) Say that a word w = s7* ---s& is cyclically reduced if w is reduced and si* # s, *. Prove
that every element of F'(S) is conjugate to a cyclically reduced word.
(¢) Prove that if w and w’ are cyclically reduced words, then w and w are conjugate elements of
F(S) if and only if they are cyclically conjugate. Since we can check this by just enumerating

all the cyclic conjugates of w, this gives an algorithm for solving the conjugacy problem. [






CHAPTER 8

Homotopy equivalences

In this chapter, we discuss a weakening of a homeomorphism called a homotopy equivalences
that plays an important role in algebraic topology.

8.1. Pointed homotopy equivalences

A map f: (X,z9) = (Y,y0) between pointed spaces is a homotopy equivalence if there exists a
map g: (Y,yo) = (X, o) such that go f: (X,z9) = (X,20) and fog: (Y,y0) — (Y,y0) are both
homotopic to the identity. We call g a homotopy inverse to f, and if there is a homotopy equivalence
between (X, z¢) and (Y, yo) then we will say that (X, zq) is homotopy equivalent to (Y, yo) and write
(X, 20) ~ (Y, yo). Here is an example:

ExamPLE 8.1.1. Let X be a space, let A C X be a subspace, and let r,: X — X be a deformation
retract to A. We can therefore regard ry as a retraction r1: X — A. Pick a basepoint ag € A, and
let ¢: (A, a9) = (X, ap) be the inclusion. Then ¢ is a homotopy equivalence with homotopy inverse
ri: (X,a0) = (A, a0). Indeed, r1 ot: (A,a0) — (A, ap) is literally the identity, and r; is a homotopy
from the identity 7o = 1x: (X, 20) — (X,20) to 71 =t 077. O

It will become more and more clear as we delve deeper into algebraic topology that homotopy
equivalent pointed spaces are in many ways the “same” from the perspective of the tools of the
subject. Here is one easy way in which this is true, which generalizes the corresponding fact for
deformation retracts (Lemma 6.2.5):

LEMMA 8.1.2. Let f: (X,z9) = (Y,y0) be a homotopy equivalence between pointed spaces. Then
fur m (X, 20) = m1(Y,90) is an isomorphism.

ProOF. Let g: (Y,y0) = (X, x0) be a homotopy inverse to f. Since go f: (X, x0) = (X, z0) and
fog: (Y,yo) — (Y, yo) are homotopic to the identity, the induced maps (go f).: 71 (X, z9) — m1 (X, zo)
and (fog).: m(Y,yo) = m1(Y,y0) are the identity. Functorality implies that

1ri(xm0) =(9 0 f)sx =gxo fi and
171'1(Y,y0) :(f © g)* :f* O Gx,
so f. and g, are inverses to each other. This implies that that f, and g, are isomorphisms. O

8.2. Composing deformation retractions

As we already noted, if X deformation retracts to a subspace Y and yg € Y, then (Y, yo) ~ (X, yo)-
Being homotopy equivalent is an equivalence relation (see Exercise 8.1), so by applying this multiple
times we can get interesting homotopy equivalences. For instance, if Y is a subspace of both X and
Z and both X and Z deformation retract to Y, then (X, y0) ~ (Z,yo) even though neither X or Z
is contained in the other. Here is an example:

EXAMPLE 8.2.1. Let (X, x0) and (Y, o) be the following surfaces with boundary:

81
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Both X and Y deformation retract to the same space Z, with xy and yg corresponding to the same

point of Z:
Q def
—
retract

—
Yo retract

‘O

It follows that (X, zq) ~ (Y,y0). Moreover, since the fundamental group of Z is a free group on
two generators (Theorem 7.8.1), it follows that 71 (X, z¢) and m(Y,yo) are free groups on two
generators. O

3. Unpointed homotopy equivalences

We now explain how this works without basepoints. A map f: X — Y between spaces is a
homotopy equivalence if there exists a map ¢g: Y — X such that go f: X — X and fog: Y — Y are
homotopic to the identity. The difference between this and the pointed case is that these homotopies
need not fix a basepoint. We call g a homotopy inverse to f, and if a homotopy equivalence from X
to Y exists we say that X and Y are homotopy equivalent and write X ~ Y.

In Lemma 6.3.1, we proved that even though contractions need not fix a basepoint, it is still
true that contractible spaces have trivial fundamental groups. By being similarly careful with the
basepoint, we prove the following:

LEMMA 8.3.1. Let f: X =Y be a homotopy equivalence and let xog € X. Set yo = f(xo). Then
fo:m(X,20) — (Y, y0) s an isomorphism.

REMARK 8.3.2. Since 71(S*,1) & Z but S" is 1-connected for n > 2, it follows from this lemma
that S! and S™ are not homotopy equivalent for n > 2. Similarly, since 71 (RP"™,1) = C; for n > 2 it
follows that RP™ and S are not homotopy equivalent for n > 2. We remark that RP' and S' are
homeomorphic (see Exercise 7.8). O

PrOOF OF LEMMA 8.3.1. Let g: Y — X be a homotopy inverse to f. Set 1 = g(yo) and
y1 = f(x1). The naive thing to do would be to prove that the maps f.: 71 (X, z¢) — m1 (Y, yo) and
g« m(Y,y0) = m1(X, x1) were inverses to each other. However, this does not make sense since the
domain 7 (X, zo) of f, is not the same as the codomain 1 (X, x1) of g..

Instead, what we will prove is that

(8.3.1) (go fle: m(X,m0) = m(X,21) and (fog)e: mi(Y,y0) = m(Y,y1)

are both isomorphisms. This will imply that f.: 71 (X, z¢) = m1(Y,y0) and g.: 71 (Y, y0) = m1 (X, x1)
are both injections. We claim that this implies that f, is a surjection and hence an isomorphism.
Indeed, consider ¢ € m1 (Y, y0). We want to find some 1 € 71 (X, z) with f.(n) = . Since g. o f, is
an isomorphism by (8.3.1), there exists some n € 71 (X, z¢) such that ¢.(f«(n)) = ¢.({). Since g, is
an injection, we must have f.(n) = ¢, as desired.

It remains to prove that the two maps in (8.3.1) are isomorphisms. The proofs are the same, so
we will give the details for (go f).: m (X, z¢) — 71 (X, 21). Since g is a homotopy inverse to f, the
map go f: X — X is homotopic to the identity. Let h;: X — X be a homotopy from go f to 1x.
Let 6: I — X be the following path from z1 = (g o f)(xg) = ho(zo) to z¢g = h1(zo):

0(s) = hs(xg) forsel.
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For [v] € m1(X, x¢), Lemma 5.7.1 implies that

(g0 £)«([) = (ho)«([¥]) = [0](h1)«([¥D[0] = [8][¥][3]-

In other words, (g o f)« equals the change of basepoint isomorphism from m (X, zg) to m1 (X, z1)
given by the path 6. In particular, (g o f). is an isomorphism. O

8.4. Mapping cylinder neighborhoods

Let X be a space and Y be a contractible subspace of X. Consider the quotient map ¢: X — X/Y.
It turns out that in many cases ¢ is a homotopy equivalence. Roughly speaking, this holds as long
as Y is embedded into X with reasonable local properties. There are a number of conditions that
ensure this. Our next goal is to give one that is fairly easy to state and prove. This requires some
preliminary definitions.

Recall from Example 6.2.2 that for a map f: Z — Y between spaces, the mapping cylinder of f
is the space Cyl(f) obtained by quotienting the disjoint union (Z x I) UY to identify (z,1) € Z x I
with f(z) € Y for all z € Z. For z € Z and s € I, let (z,s) be the image of (z,s) € Z x I in Cyl(f).
We now define:

DEFINITION 8.4.1. Let X be a space and let Y C X be a subspace. A mapping cylinder
neighborhood of Y is a closed subset N of X containing Y along with a closed subset Z C N such
that:

e N\ Z is an open neighborhood of Y in X; and

e there exists amap f: Z — Y and a homeomorphism ¢: Cyl(f) — N such that f((z,0)) =z
and f(y)=yforallze Zandy €Y. O

EXAMPLE 8.4.2. Let Y be the sidewise-Y shaped subspace of R? shown here:
Z\
%

The subspace Y of R? has a mapping cylinder neighborhood N indicated in blue. This blue subspace
is the mapping cylinder of a map f: Z — Y with Z = S! the indicated subspace. The lines connect
points z € Z with their images f(z) € Y. Since Y is contractible and has a mapping cylinder
neighborhood, it will follow from Theorem 8.5.1 below that the quotient map ¢: R? — R?/Y is a
homotopy equivalence. (Il

ExAMPLE 8.4.3. Let X be the following surface with boundary and let Y = I be the indicated
arc in X:

.‘h—

A mapping cylinder neighborhood N of Y is drawn in blue. Here N 2 Y x I, and N is homeomorphic
to the mapping cylinder of the projection f: YUY — Y. Since Y is contractible and has a mapping
cylinder neighborhood, it will follow from Theorem 8.5.1 below that the quotient map ¢: X — X/Y
is a homotopy equivalence. Here is a picture of this map:

I fact, it is not hard to see that R?/Y = R2. However, letting ¢: R?/Y — R? be a homeomorphism, the
composition ¢ o g: R? — R? is not a homeomorphism, so knowing that R?/Y = R2 is not directly useful for seeing
that ¢ is a homotopy equivalence.
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N /Y

In this case, X and X/Y are not homeomorphic; indeed, X/Y is not a manifold around the point
that is the image of Y. We showed in Example 8.2.1 that the fundamental group of X is the free
group on two generators, so the same is true for X/Y. O

Our final example will be important later, so we separate it out as a lemma:

LEMMA 8.4.4. Let X be a graph and let Y C X be a subgraph. Then'Y has a mapping cylinder
neighborhood.

PRrROOF. Once an example is understood this lemma will be clear, so we give one in lieu of a
formal proof. Let X and Y be as follows, with Y in purple:

/
.\

The mapping cylinder neighborhood N is then the union of Y with the blue region here:

SR
/]

Here Z consists of eight points, and N is the mapping cylinder of a map f: Z — Y taking each of
those eight points to a vertex of Y. O

8.5. Collapsing subspaces with mapping cylinder neighborhoods
We now prove:

THEOREM 8.5.1. Let X be a space and let Y C X be a contractible subspace with a mapping
cylinder neighborhood. Then the quotient map q: X — X/Y is a homotopy equivalence.

ProOF. We must use the hypotheses to construct a homotopy inverse g: X/Y — X to ¢. Let
N be a mapping cylinder neighborhood of Y. Identify N with Cyl(f) for some Z C N and some
map f: Z — Y. Let yo be the point of X/Y corresponding to Y, let f': Z — yo be the projection,
and let N’ = Cyl(f’). We can identify N’ with N/Y, and after making this identification N’ is a
mapping cylinder neighborhood of yg in X/Y with X \ N = (X/Y) \ N’. See here:

» :\TV

To construct a continuous map X/Y — X, it is enough to construct a continuous map N’ — N that
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is the identity on Z and then extend N’ — N to X/Y by the identity.? In a similar way, we can
construct continuous maps X — X (resp. X/Y — X/Y') by constructing continuous maps N — N
(resp. N’ — N) and extending by the identity.

For z € Z and s € I, let (2,s) € N and m/ € N’ be the corresponding points. We now divide
the proof into three steps:

STEP 1. We construct the purported homotopy inverse g: X/Y — X.

Since Y is contractible, there is a homotopy h;: Y — Y from 1y to a constant map. Let y; € Y
be the constant value of h;. Define g: X/Y — X via the formulas

9((z.8)) = (z,29) for z € Z and s € [0,1/2],
g((z,s),) = hos—1(f(2)) for z € Z and s € [1/2,1],
9(yo) =1
gx)=x forz € (X/Y)\N' =X\ N.
See here, where the indicated map takes each line segment from z € Z to yg to the path that first
goes to f(z) (in black) and then in Y to y; (in orange):

Yo

By what we said above, this map ¢g: X/Y — X is continuous.
STEP 2. We prove that the composition go q: X — X is homotopic to the identity.
The map go q: X — X is given by the formulas

goq((z,9) = (z,2s) for z € Z and s € 0,1/2],
goq((z,8)) = has—1(f(2)) for z€ Z and s € [1/2,1],
90°4(y) = foryev,

gogq(x)=x for z € X\ N.

This is homotopic to the identity via the homotopy ¢:: X — X given by the formulas
Di((2,8)) = (2,(2 —1)s) for z € Z and s € [0,1/(2 — )],
¢:((2,8)) = ha—t)s—1(f(2)) forz€ Z and s € [1/(2 —1),1],
di(y) = hi-e(y) foryeY,
oi(x) ==z forx € X\ N.

By the discussion at the beginning of the proof this is continuous.

STEP 3. We prove that the composition qo g: X/Y — X/Y is homotopic to the identity.
The map gog: X/Y — X/Y is given by the formulas

qgog((z, s)l) = (z723)/ for z € Z and s € [0,1/2],

qog((z,s),) =y for z € Z and s € [1/2,1],
g0 9(yo) = Yo
gogq(z)==x for x € (X/Y)\ N".

2To see that this is continuous, note that the map X/Y — X is continuous on the closed sets N’ and (X/Y)\(N'\Z);
indeed, on the latter set it is the identity. These cover X/Y. Now apply the fact that if ¢p: A — B is a map of sets
between spaces and {C1,...,Cn} is a cover of A by closed sets such that each v¥|¢, is continuous, then 1 is continuous.
Note that this would be false if our cover had infinitely many closed sets in it.
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This is homotopic to the identity via the homotopy ©:: X/Y — X/Y given by the formulas
wt((z,s),) =(z((2- t)s) for z € Z and s € [0,1/(2 — t)],

@bt((z,s)/):yo for € Z and s € [1/(2 —t),1],
Ye(Yo) = Yo
Y(z) = forx € X\ N.
By the discussion at the beginning of the proof this is continuous. |

8.6. Example of collapsing

We now give an example of how to this to analyze an interesting example.

EXAMPLE 8.6.1. Let (X, z0) and (Y, o) be the following spaces:

The space X is obtained by quotienting S? to identify two points together,® and the space Y is
obtained by gluing S? and S! together at a single point. We will prove that X ~ Y and that
(X, m0) = m (Y, y0) = Z.

Let Z be the following space and let I and D = D? be the indicated subspaces of Z:

)

We have Z/I = X and Z/D =2 Y. Since I is contractible and has a mapping cylinder neighborhood in
Z, it follows that Z ~ X. Similarly, since D is contractible and has a mapping cylinder neighborhood
in Z, it follows that Z ~ Y. We conclude that X ~ Y.

In particular, 71 (X, 29) = m1 (Y, yo). It remains to prove that w1 (Y, yo) = Z. The space Y is the
union of §? and S!. Identifying S? and S! with their images in Y, we have S? N'S! = y,. There is a
retraction Y — S! that collapses S? to yo. It follows that the inclusion (S',y0) — (Y, o) induces an
injection from 71 (S, y0) = Z to 71 (Y, vo).

We must prove that this injection is surjective. Consider some [y] € 71 (Y, o). Let r € S? be a
point other than yo. Just like in our proof that S™ has a trivial fundamental group (Lemma 4.5.2),
we can use Lemma 4.5.3 (general position) to homotope « such that its image does not contain 7.
Since S? \ r =2 R? deformation retracts to g, it follows that « can be homotoped to a loop in S', as
desired. ]

We close this section by introducing some terminology. For pointed spaces {(Z;, z;) }ic1, the
wedge product of the Z; is the space W = V;¢1(Z;, 2;) obtained from the disjoint union of the Z; by
identifying all the basepoints z; together to a single point wy. The point wg serves as a basepoint, so
(W, wp) is a pointed space. We will often omit explicit mention of the basepoints z; and just write
W = V,erZ;, and if I is finite we will use the V like a sum and e.g. write Z; V Z5. For instance, the
pointed space (Y, o) in Example 8.6.1 is S? v S!.

3Tt does not matter which two points are identified. Indeed, any two points “look the same” in the sense that
they differ by a homeomorphism of S2. More generally, if M™ is a connected n-manifold with n > 2 and {p1,...,px}
and {q1,...,qr} are two sets of k distinct points on M™, then there exists a homeomorphism f: M™ — M™ with
f(pi) =q; forall 1 <i<k.
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8.7. Maximal trees

Our final goal in this chapter is to use these tools to calculate the fundamental group of an
arbitrary connected graph. This requires some preliminaries. Recall that a tree is a nonempty
connected graph with no cycles. Each tree is contractible (Lemma 6.4.1). For a graph X, a maximal
tree in X is a subtree T' of X that contains every vertex of X. For instance:

T

These always exist:
LEMMA 8.7.1. Let X be a nonempty connected graph. Then X contains a maximal tree.
PROOF. Inductively define subtrees
TocTyCcTy C---

of X in the following way. Start by choosing a vertex vg of X and letting Ty = vg. Next, if T,,_1 has
been constructed, let T;, be the subtree obtained from T,,_; as follows:

e For each vertex v of X that does not lie in T,,_; but is connected by an edge to T;,_1,
choose an edge connecting 7T,,_1 to v and add it to T,,.

Now define -
T = U T,.
n=0

This is a subgraph of G. Since a cycle in T only involves finitely many edges, a cycle of T' must be
contained in some T},. Since each T, is a tree, it follows that T has no cycles, so T is a tree. Since X
is connected, each vertex of X must lie in T, so T is a maximal tree. O

8.8. Fundamental groups of graphs
Using maximal trees, we will prove:

THEOREM 8.8.1. Let X be a connected graph and let vy be a vertex of X. Then m (X, v0) is a
free group.

PROOF. Let T be a maximal tree in X. The quotient graph X/T contains a single vertex wq
and a loop for each edge of X that does not lie in T

Wo
X X/T

Note that though our graphs are always oriented, this picture does not indicate the orientations
of the edges. We saw in the proof of Theorem 7.7.1 that m (X, w) is a free group. Since T is a
contractible subspace of X with a mapping cylinder neighborhood (Lemma 8.4.4), the quotient map
q: X — X/T is a homotopy equivalence. The induced map g.: m1 (X, vg) — 71 (W, wp) is therefore
an isomorphism, so 71 (X, vg) is also a free group. O

If X is a finite connected graph with vertices V(X) and edges £(X), then we can give a formula
for the rank of the free group (X, vg) as follows. The Euler characteristic of X is

x(X) = [V(X)| - E€(X)| € Z.
We then have:
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THEOREM 8.8.2. Let X be a finite connected graph and let vy be a vertex of X. Then 71 (X, vo)
is a free group of rank n, where x(X) =1—n.

PRrROOF. Let T be a maximal tree of X. The proof of Theorem 8.8.1 shows that m1 (X, vg) is a
free group of rank n where n is the number of edges of X/T. Collapsing a single non-loop edge to a
point does not change x(X) since it causes the number of vertices and edges to both go down by 1.
Iterating this, we see that x(X) = x(X/T) =1 — n, as desired. O

8.9. Free bases for fundamental groups of graphs

Let X be a connected graph and let vy be a vertex of X. By analyzing the proof of Theorem
8.8.1, we can construct a free basis for the free group 71 (X, vg). Begin by choosing a maximal tree
T of X. Let wg be the single vertex of X/T. As in the proof of Theorem 8.8.1, the quotient map
g: X — X/T induces an isomorphism g, : 71 (X, vg) — m (X/T, wo).

Let {e; | i € I} be the edges of X that do not lie in T. The map ¢ maps each e; to a loop €; in
X/T that is based at wg. Recall our convention that each edge of a graph is oriented (cf. §2.5). Using
the orientation on €;, we get an element [€;] € w1 (X /T, wp). By Theorem 7.8.1, the set {[e;] | i € I}
is a basis for the free group m (X/T, wp).

For each i € I, we must lift €; to a loop in X that is based at vg. To do this, let ¢; be a path in
T from vg to the initial vertex of the edge e; and let t; be a path in T from the terminal vertex of e;
back to vg. We then have a loop t;-¢;-t; in X based at vg, and ¢.([t;-¢;-t]]) = [€;]. We deduce that
{[ti-e;-t}] | @ € I} is a basis for the free group m1 (X, vp).

ExXaMPLE 8.9.1. Consider the following graph X with maximal tree T

We have labeled and shown the orientation on each edge of X. Following the above algorithm, we
obtain a free basis for m1 (X, vg). There is one element of this basis for each edge {a, b, ¢,d}. For the
edge a, the corresponding element of 7 (X, vg) is [t1-a-t5-t4-ta]:

We similarly get basis elements corresponding to b and ¢ and d. In summary, the following is a free
basis for 71 (Xg, vg):

{[tl-a-t5-t4-f2], [tl-b-ig-ig], [tg'tg-c-izyig], [d-t5-t4-ig]}. ([l

8.10. Exercises

EXERCISE 8.1. Prove that being homotopy equivalent is an equivalence relation on pointed
spaces and on spaces. O
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EXERCISE 8.2. Prove that a space X is contractible if and only if it is homotopy equivalent to a
one-point space py. (Il

EXERCISE 8.3. Let (X, z0) and (Y, yo) be pointed spaces. Let [(X,x0), (Y,40)]« be the set of
homotopy classes of maps f: (X,z9) = (Y,y0). We will often omit the basepoints and just write
[X,Y].. We remark that set of homotopy classes of maps f: X — Y that do not necessarily preserve
the basepoints is written [X,Y]. Prove the following:

(a) Precomposition with a pointed homotopy equivalence h: (Z,z9) — (X,zo) induces a
bijection hy: [X, Y]« = [Z,Y]..
(b) Postcomposition with a pointed homotopy equivalence h: (Y,y0) — (Z,29) induces a

bijection h.: [X,Y]. = [X, Z].. O

EXERCISE 8.4. For some n > 1, let X = {(z,y) € S™ x S" |  # —y}. Define a map f: S" - X

via the formula f(x) = (z,z). Prove that f is a homotopy equivalence. O
EXERCISE 8.5. Let A = S! x ] be an annulus and let M be a closed Mobius band:

Prove that A and M are homotopy equivalent. ]

EXERCISE 8.6. Let A = S! x [0, 1] be an annulus and let Int(A) = St x (0,1) be an open annulus.
Prove that A and Int(A) are homotopy equivalent. a

EXERCISE 8.7. Let (X, x0) and (Y, yo) be the following spaces:

-'

Prove that X ~ Y, and calculate m (X, zo) = 71(Y, yo)- O

EXERCISE 8.8. Let X be six 2-spheres intersecting in 9 points, arranged as follows:

Do the following:
(a) Prove that X is homotopy equivalent to (Vi_,S?) Vv (Vj_,S").
(b) Letting z¢p € X be a basepoint, calculate 71 (X, z¢). The result will be a free group, and
you should also draw loops on X corresponding to generators of this free group. ]
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EXERCISE 8.9. For a space X, let Covers(X) be the set of isomorphism classes of covers p: X = X.
For amap f: Y — X, let f*: Covers(X) — Covers(Y) take p: X — X to the pullback ¢: Y — Y
of p: X > X along f as in Exercise 1.14. If f: Y — X is a homotopy equivalence, prove that
the induced map f*: Covers(X) — Covers(Y) is a bijection. Hint: Exercise 4.9 says that f* only
depends on the homotopy class of f. O

EXERCISE 8.10. As in Exercise 7.5, let X be the “line with two origins”, i.e., the quotient of
R UR that for x € R nonzero identifies the points = in the two copies of R to a single point. This is
a non-Hausdorff space composed of an open set R\ 0 along with two “origins”:
0,

0,

Prove that X is not homotopy equivalent to any Hausdorff space. Hint: you proved in Exercise 7.5
that the fundamental group of X is Z. Prove that any map from X to a Hausdorff space induces the
trivial map on the fundamental group. O

EXERCISE 8.11. Calculate free generating sets for 71 (X, 29) where X is one of the following
three graphs with the indicated base vertex xg:

0 XX
X0

The edges are labeled to make it easy to describe loops based at xy. Hint: first find a maximal
tree. 0

EXERCISE 8.12. Let 33 be a closed oriented genus 2 surface with a basepoint yo. Let [y1],...,[V4] €
m1(32,yo) be the following curves:

In this exercise, you will prove that the abelianization (32, 70)*" is isomorphic to Z*.

(a) Choose a point zg € Xy with 2p # yo. Prove that the map w1 (22 \ 20, y0) — 71 (X2, 90) is
surjective. Hint: use Lemma 4.5.3 (general position).

(b) Prove that 71 (32 \ 20, yo) is a free group on the [v;], considered as elements of 71 (32 \ 20, ¥o)-
Hint: view X5 as an octagon P with sides identified in pairs and zy as the central point
¢ € P. Deformation retract P\ ¢ to its boundary, and use this to deformation retract X \ zo
to a graph with one vertex yo and 4 edges corresponding to the [v;].

(c) Deduce from (b) that there is a surjection from 71 (32 \ 20, %0)* = Z* to m1 (X2, yo)-
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(d) Let T* = (S')** be the 4-dimensional torus. Construct a map f: X — T* such that the
map fi: 71 (X2, y0) — m1 (T4, f(yo)) = Z* takes [y;] to the i*® basis vector of Z*. Hint: It
might be easier to construct maps fi, fo: 3o — T2 such that:

o (f1)s takes [y1] and [y2] to the basis elements of 71 (T?, f1(yo)) = Z? and has [y3],[v4] €
ker((f1).); and
e (f2). takes [y3] and [y4] to the basis elements of 71 (T?, f1(yo)) = Z? and has [y1], [12] €
ker((f2).).
You can then take f = fi x fa. To construct the f;, think about collapsing subsurfaces of
Yo to points.
(e) Deduce from (d) that there is a surjection from 71 (2o, yo)®P to Z*.
(f) Combine (c) and (e) and prove that 71 (Xq, yo)*" = Z*. O

EXERCISE 8.13. As a silly exercise in pure point-set topology, prove that for all n > 1 there exist
topological spaces X with exactly n points that are contractible. O
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CHAPTER 9

The lifting criterion for covers

In this chapter, we use the fundamental group to characterize when a map can be lifted to a
cover. Using this, we will prove that in favorable situations covering spaces can be understood using
fundamental group information. We will elaborate on this more in subsequent chapters when we
describe the classification of covering spaces.

9.1. Fundamental group of cover

Before giving the lifting criterion, we introduce some terminology and prove a preliminary result.
Let p: X — X be a cover and let v: I — X be a path. For # € X such that p(Z) = v(0), Lemma
3.4.1 (path lifting) says that there is a unique lift 7: I — X of ~y such that 3(0) = Z. We will simply
call this the lift of v to X with ~(0) = 2.

We will also need to be careful with basepoints. A pointed cover is a pointed map p: ()} , o) —
(X, x0) such that the map p: X — X is a cover. A pointed cover p: ()?,50) — (X, z9) induces a
map py: T ()?, Zo) — (X, z0). This map is injective; in fact, the following holds:

THEOREM 9.1.1. Let p: (X, o) — (X,20) be a pointed cover. Then the following hold:
(i) The map py: m1 (X, %) — m (X, 20) is injective.
(ii) The image of p. consists of all [y] € m1(X,x0) such that the following holds:
() Let 7 be the lift of v to X with ¥(0) = Zo. Then 7 is a loop, i.e., ¥(1) = Zy.
) If X is path connected, then the index of Im(py) in m (X, 20) equals the degree of the cover.

PROOF. We prove each part separately:
STEP 1. The map p.: m(X, %) — m1 (X, o) is injective.

Consider [7] € 7r1()~(, Zo) in the kernel of p,. Our goal is to prove that [7] = 1. Letting v = po~,
the element [v] € 7 (X, ) is trivial. Lemma 4.2.1 says that the homotopy class of the lift 5 of v to
X only depends on the homotopy class of . Since [y] = 1, it follows that [¥] = 1.

STEP 2. The image of p. consists of all [y] € m1 (X, xo) such that the following holds:
(1) Let 5 be the lift of v to X with 5(0) = Zo. Then 7 is a loop, i.e., (1) = Fo.

It is immediate from the definitions that the image of p, consists of all [y] € m1 (X, z¢) such that
~ is homotopic as a path to a loop 7' based at xy such that ' satisfies (). Just like in Step 1, we
can lift a homotopy of paths from « to 7 to a homotopy of paths in the cover. It follows that ~ also
satisfies (). The step follows.

STEP 3. If)? is path connected, then the index of Im(p.) in m1 (X, zo) equals the degree of the
cover.

We have Ty € p~1(z9). Enumerate the entire fiber p~!(x¢) as {Z; | i € I} for some indexing set
I with 0 € I. The cardinality |I| is thus the degree of the cover. For each i € I, pick a path 5 in X
from Zo to Z;. Let &; be the image of &; in X, so [§;] € m (X, z0). We claim that {[6;] | i € [} is a
set of left coset representatives for Im(p.).

To see this, consider [vy] € 71 (X, zg). Lift v to a path ¥ in X starting at Zo. Let Z;, be the
endpoint of 5. As in the previous steps, Z;, only depends on [y]. We have

95
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Since v-6;, lifts to the loop ﬁzo based at ¥, Step 2 implies that [y-6;,] € Im(p.). The equation
(9.1.1) exhibits [y] as an element of the left [4;,]-coset of Im(p.). Since this expression is clearly
unique, this proves the claim. O

9.2. Lifting criterion

Let p: ()? Zo) — (X, x0) be a pointed cover. Consider a pointed map f: (Y,y0) — (X, z0).
Our goal is to understand when f can be lifted to X i.e., when there exists a pointed map
f: (Y, y0) — (X Zo) such that f =po . In other words, we Want the following diagram to commute:

X 170)

a

(Y,y0) —— (X, o).

There is one obvious necessary condition. Assume that fexists, and pass to the fundamental group.
We get a commutative diagram

1 (X, To)

/l*

T (Y, yo) SELEN 71 (X, o).

Since p, o ﬁ = f,, it follows immediately that the image of f, is contained in the image of the
injective map p,. It turns out that for reasonable spaces Y, this necessary condition is sufficient.
Since the fundamental group only depends on the path component containing the basepoint, we
clearly need to assume that Y is path connected.

To avoid pathological local behavior, we also need to assume that Y is locally path connected, i.e.,
that for all y € Y and all open neighborhoods U of y there exists a path connected open neighborhood
V ot y with V' C U. This property passes to covers in the sense that if Y is locally path connected
and ¢: Y — Y is a cover, then Y is locally path connected (see Exercise 9.1). Our lifting criterion is
as follows:

THEOREM 9.2.1 (Lifting criterion). Let p: (X, o) — (X, x0) be a pointed cover. Let f: (Y,yo) —
(X, z0) be a pointed map such that the image of fi.: w1 (Y, yo) — w1 (X, x0) is contained in the image
of P« ﬂl()z,%o) — (X, xz9). Assume that'Y is path connected and locally path connected. Then f
can be uniquely lifted to a map f: (Y,y0) — (X, Fo).

REMARK 9.2.2. See Exercise 9.12 for an example showing that it is necessary to assume that Y
is locally path connected. O

PrOOF OF THEOREM 9.2.1. We proved in Lemma 3.1.2 that for connected spaces lifts are
determined by what they do to a single point. Since we are assuming that our lift ftakes Yo to T,
this implies that the lift is unique if it exists. We must prove existence.

Consider y € Y. We define f(y) as follows. Since Y is path connected, we can find a path v from
Yo to y. Its image 6 = f o~y is a path from f(yg) = z¢ to f(y). Let 5: 1 — X be the lift of § to X
with 6(0) = Zo. We would like to define f(y) = 6(1). To do this, we must prove that this does not
depend on the choice of ~:

CrAaM. The above definition of f~( )€ X does not depend on the choice of ~y.

PROOF OF CLAIM. Let 7' be another path from yo to y. Letting 6’ = f o+’ be its image in X
and 8': I — X be the lift of § with &'(0) = %o, our goal is to prove that 6(1) = &’(1). Observe that
~-¥' is a loop in Y based at yo:

Y o
Yo y —> X0 fly)
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As is shown here, the image of [y-y'] € m1(Y, yo) under f, is the loop [4- 3/] € m (X, zg). By assumption,

this lies in the image of p,. Theorem 9.1.1 therefore implies that §- 5T — X lifts to a loop in X
starting at Tg:

As is shown here, this lifted loop equals 54], where:

e as introduced above, the path ¢ is the lift of § with 5(0) = Tp; and

o the path 7 is the lift of & with 7(0) = 3(1) = f(y).
Since 7(1) = To, it follows that 7 is the path 5 introduced above that we obtained by lifting 0" to a
path with ¢’(0) = Zy. We conclude that 6(1) = n(0) = ¢’'(1), as desired. O

We have now defined f: Y — X. This map satisfies f(yg) = Iy since in its definition when
calculating f(yo) we can take 7 to be the constant path at yo. All that remains to prove is that fis
continuous. Consider some y; € Y. Let U C X be a trivialized open neighborhood of f(y;) € X and
let U C X be the sheet above U containing f(yl) Since Y is locally path connected, we can find a
path connected open neighborhood V' of y; such that V' C f=*(U). To prove that f is continuous at
Y1, it is enough to prove that on V' the map ]?is the composition

(pla)”!

V*>U U.

To see this, consider some y € V. The image f(y) € X lies in the fiber p~1(f(y)), and we must prove
that it is the point of this fiber lying in U. In other words, we must prove that f(y) € U.
Let v; be a path in Y from yo to y; and let v, be a path in V' from y; to y. The path -y,

in Y goes from gy to y, and thus can be used to compute f(y) Set 1 = fovy and §y = f oy

Y1 O,

Yo Xp

By definition, f(y) is the endpoint of the lift of 6;-, to X starting at xo. We construct this lift in
two steps:

o Let 6~1 be the lift of §; to X with 51( 0) = xo By definition, f(yl) = 5~1(1) eU.

e Let &, be the lift of 6, to X with §,(0) = 61(1) € U. By definition, f(y) = 5y (1).

Since v, is a path in V and f(V ) C U, it follows that 4, is a path in U. Since 5, ( ) € U, we have
that (5 is a path in U; in fact, 8, = (plz) "' o dy. We conclude that fly) = 0y(1) € U, as desired. O

9.3. Pointed isomorphisms of covers

Our next goal is to apply Theorem 9.2.1 (lifting criterion) to help us classify pointed covers and
construct deck transformations using fundamental group information. We defined what it means for
two covers to be isomorphic in §1.4. Adding basepoints, we make the following definition:
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DEFINITION 9.3.1. Let (X, o) be a pointed space and py : (X1,%1) — (X, xo) and pa: (X, 72) —
(X,20) be two pointed covers of (X,z¢). A pointed covering space isomorphism from (X1,Z1) to
(X2, %,) is a homeomorphism f: (X1,%;) — (X2, %) such that the diagram

(X1, 71) ! (X2, %)

(X, l‘o)

commutes, i.e., such that p2© f = p;. If a pointed covering space isomorphism from ()?1,51) to

(X, T2) exists, we say that (X1, %) and (Xa, %) are isomorphic pointed covers of X. This is clearly
an equivalence relation. (Il

Using Theorem 9.2.1 (lifting criterion), we will prove that in favorable situations pointed covers
are determined up to isomorphism by the images of their fundamental groups:

THEOREM 9.3.2. Let p1: (X1,%1) — (X, 20) and py: (X2, 72) — (X, 30) be two pointed covers
such that:
o the images of (p1)s: T1(X1,71) — m(X,20) and (p2)s: m1 (X2, T2) — m1(X,z0) are the
same; and
e both X1 and Xo are path connected.

Assume that X is path connected and locally path connected. Then (Xl,fl) and ()?2,52) are
isomorphic pointed covers of (X, ).

PrOOF. Since X is locally path connected, so are X; and Xo. Applying Theorem 9.2.1 twice,
we get pointed maps f: (X1,%1) — (X2,72) and §: (Xa,%2) — (X1,%1) such that the following
diagrams commute:

B (;(27%2) X17I1)
% J{m and / J,pl
(X1,%1) —2 (X, z0) (X2, T2) —2 (X, 20)

commute. To prove that f is the desired isomorphism of pointed covers, it is enough to prove
that it is a homeomorphism. In fact, we will prove that f and g are inverse homeomorphisms, i.e.,

of: (X1,71) — (X1,71) and fo§: (Xa,@2) — (X2, 72) are both the identity. The two proofs are
similar, so we will prove the first. By construction, the diagrams

o (X1,71) (X1,71)
gof lpl and / lpl
(X1,71) 2 (X, 20) (X1,31) 2 (X, 20)

both commute. Since X; is path connected and g o ]?and 1 are both lifts of p;: ()~(1, Z1) = (X, o)
that are equal at the point zy, it follows from Lemma 3.1.2 that they are equal, as desired. O

9.4. Deck transformations

Let p: X — X be a cover with deck group G. For ¢ € X, the group G acts on the fiber p~!(z).
If X is connected, then Lemma 2.2.1 says that if g,¢’ € G are elements such that there is some
Zo € p~(zo) with gZo = ¢’Fo, then g = ¢’. In other words, the group G is not only determined by
its action on p~1(xg), but even by its action on any single point of p~!(z). In favorable situations,
the following theorem therefore completely describes G:
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THEOREM 9.4.1. Let p: X — X be a cover with deck group G. Let xg € X and let Zo, T} €
pH(X). Set T =7 (X, x0), and let K and K' be the following subgroups of T':

K =Im(p,: m (X, %) = m(X, 20)),
K' =Im(p,: m(X, %)) = m (X, 20)).

Assume that X is path connected and that X is locally path connected. Then there exists g € G with
9Zo = Ty if and only if K = K.

PROOF. If such a g exists, then the corresponding deck transformation fg and its inverse }\;71
fit into commutative diagrams

: (X, ) B (X, 7o)
/ lp and / i
(X,T0) —2— (X, 0) (X, 7)) —2— (X, z0).

Applying the fundamental group, we get commutative diagrams

CmEa) (X 7)
~ y lp and / i
(X, To) —— m (X, z0) Wl()z,xo) 2 m(X, z).

From this, we see that K = K'. Conversely, if K = K’ then Theorem 9.2.1 (lifting criterion) says
that there exists fg and fg—l makmg the above diagrams commute. Just like in the proof of Theorem

9.3.2, the compositions fg fg 1 and fg 10 fg are both the identity, so they are homeomorphisms
and thus the desired deck transformations. O

9.5. Regular covers

Let p: ()? ,Zo) — (X, x0) be a pointed cover with deck group G. Recall that the cover is regular
if for all z € X the group G acts transitively on the fiber p~!(z). In fact, if X is path connected then
Lemma 4.4.1 says that it is enough to check this transitivity on a single fiber, for instance p=!(x).
Also, recall from §7.2 that if X is path connected the lifting map is the set map f: 71 (X, 20) = G
defined as follows:

e Consider [y] € T. Let ¥ be the lift of v to X with 5(0) = Zo. Letting f([7]) = g, we then
have ¥(1) = gZo.
The lifting map is a surjective group homomorphism (see Lemma 7.2.1). Moreover, when we proved
Theorem 7.1.1 we showed that the lifting map is an isomorphism if X is 1-connected. Our final result
in this chapter generalizes this as follows. See the next section for some examples of it.

THEOREM 9.5.1. Let p: (X,Zo) — (X, xq) be a pointed cover. Let T' = w1 (X, x0), and let K be
the following subgroup of T':

K =Im(p.: 7T1(j5,:fo) — m(X,z0) =T).

Assume that X is path connected and that X is locally path connected. The following hold:

(i) The cover p: X3 Xisa reqular cover if and only if K is a normal subgroup of T'.
(i) Assume that p: X — X is a regular cover, and let G be its deck group. Then the lifting
map f: ' — G is a surjective homomorphism with kernel K.

PrOOF. We prove (i) and (ii) separately:

STEP 1. The cover p: X Xisa reqular cover if and only if K is a normal subgroup of I.
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By Lemma 4.4.1, the cover is regular if and only if the deck group G acts transitively on p~*(zg).

For 77 € p~ (o), set

Kz, =Im(p.: m(X,71) = m(X, z0)).
By Theorem 9.4.1, there exists some g € G with gZ9 = z; if and only if Kz, = K. We deduce that
p: X = X is regular if and only if Kz = K for all #; € p~!(z0).

For 71 € p~Y(z0), let 4z, be a path in X from Zo to 1. The change of basepoint isomorphism
from 71 (X, 71) to m1 (X, %) takes [n] € 71 (X,%1) to [Fz,-n-7z,] € m (X, To). Let vz, be the image
of ¥z, in X, so vz, is a path from zg to xg. We thus have [¥z,] € m(X,20) =T. It follows that

[’yil]K[’yil]_l = Kz,.
Moreover, every g € I' = w1 (X, z) can be lifted to a path connecting Ty to Z; for some choice of
71 € p~Y(zo). We conclude that our cover is regular if and only if gKg=! = K for all g € T, i.e., if
and only if K is a normal subgroup.

STEP 2. Assume that p: X Xisa reqular cover, and let G be its deck group. Then the lifting
map [: T — G is a surjective homomorphism with kernel K.

Lemma 7.2.1 gives all of this except for the fact that the kernel of the lifting map is K, so this
is what we must prove. Consider [y] € 71 (X, zo) such that f([vy]) = 1. Let ¥ be the lift of v to X
with 7(0) = Zo. Since f([7]) = 1, we must have (1) = Zo, so 7 is a loop based at Zo. It follows that
[v] = p«([7]) € K. Conversely, reversing the above logic we see that elements of K lie in the kernel of
f, as desired. O

9.6. Examples of regular and irregular covers
We now give two examples of Theorem 9.5.1.

EXAMPLE 9.6.1. Consider the following pointed cover p: (X, 7o) — (X, z0):

X

@ - 0
—

X X

This is a regular cover with deck group Cs. Letting ¢ be the generator of Cs, the generator t acts on
X by flipping the two vertices, the two oriented edges labeled a, and the two oriented edges labeled
b. We explain how we could see this using Theorem 9.5.1. To do this, we must prove:

e The image of p,: m; ()N(, Zo) — m (X, o) is a normal subgroup of m (X, zg).

e The quotient of (X, zg) by the image of p, is Co.
The group 7 (X Zo) is isomorphic to the free group F'(a,b) on generators a and b. We have labeled
the edges of X with the loops in X they map to. We calculate the image of p, : m; (X Zo) = m (X, z0)
as follows. Let T be the following maximal tree in X:

Using the algorithm described in §8.9, we can use T to calculate a free basis S for m; ()? ,Zo). Since
P« is injective, we might as well describe the elements of this free basis by giving their images in
7T1(X,.’E0) = F(a,b):

S = {b,a? aba™"'}.
The subgroup of F'(a,b) generated by S is normal; indeed, it is the kernel of the map f: F'(a,b) — Cs
taking a to t and b to 1. (I

ExXAMPLE 9.6.2. Consider the following pointed cover p: ()~(, To) = (X, x0):

o 0 ‘ p X :
—
X X X

As we noted in §2.5, this is an irregular cover. We explain how we could see this using Theorem
9.5.1. To do this, we must prove:
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e The image of p, : m (X, %) — 71 (X, 20) is a non-normal subgroup of w1 (X, z¢).
The group m1 (X, o) is isomorphic to the free group F(a,b) on generators a and b. We have labeled
the edges of X with the loops in X they map to. We calculate the image of p, : 71 (X, %) — 71 (X, zo)
as follows. Let T be the following maximal tree in X:

T

X o

Using the algorithm described in §8.9, we can use T to calculate a free basis S for m; (X' ,Zo). Since
P+ is injective, we might as well describe the elements of this free basis by giving their images in
m (X, x0) = F(a,b):

S = {b,a? ab’a™!, abab 'a"'}.
The subgroup of F(a,b) generated by S is not normal. Indeed, it contains b, but we claim it does
not contain aba~!. To see this, let S’ = S U {aba='}. Since

abab~'a™ = (aba")(a?)(b")a !,

the subgroup generated by S’ contains a~! and hence a. But this implies that this subgroup contains
both a and b, and hence S’ generates all of F(a,b). Since S generates a proper subgroup® of F(a,b),
this implies that aba~! is not in the subgroup generated by S. ]

9.7. Exercises

EXERCISE 9.1. Let X be a locally path connected space and let p: X — X be a cover. Prove
that X is locally path connected. |

EXERCISE 9.2. Let (X, ) be a pointed space that is path connected and locally path connected.
Assume that 71 (X, zg) is a finite group. Let f: (X,z9) — (S*,1) be a map. Prove that f can be
lifted to the universal cover p: (R,0) — (S, 1). O

EXERCISE 9.3. Let n > 2 and m > 1. Let T™ = (S})*™ be the m-torus. Prove that every
continuous map f: S™ — T™ is null homotopic. O

EXERCISE 9.4. Let f: X — Y be a continuous map with X and Y both path connected and
locally path connected. Let p: X — X and ¢: Y — Y be covers such that X and Y are both
1-connected (we will prove in the next couple of chapters that such covers exist if X and YV are

reasonable; they are called universal covers). Prove that there exists a map f: X — Y such that the
diagram

N

NTNZ
><<T"<?

I
commutes. O

EXERCISE 9.5. Let X and Y be path connected and locally path connected space. As in the
previous exercise, let p: X — X and q: Y — Y be covers such that X and Y are both 1-connected.
Assume that X and Y are homotopy equivalent. Prove that X and Y are homotopy equivalent. [

EXERCISE 9.6. Let p: (X, %) — (X,20) be a pointed cover. Let T' = m1 (X, z¢), and let K be
the following subgroup of I':

K =Im(p.: m (X, %) = m(X, 20)).
Assume that X is path connected and that X is locally path connected. Let N(K') be the normalizer

of K in I, i.e., the subgroup of I' consisting of g € I with gKg~! = K. Prove that the deck group of
p: X — X is isomorphic to N(K)/K. O

IFor instance, we know that it generates a rank-4 free group, which has abelianization Z* (see Exercise 7.12). On
the other hand, F(a,b) has abelianization Z2.
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EXERCISE 9.7. Let G be a topological group, i.e., a space that is also a group such that the
multiplication map m: G Xx G — G and the inversion map i: G — G are continuous. Assume that
G is path connected and locally path connected. Prove the following:

(a) Let p: G — G be a cover. Prove that G can be given the structure of a topological group
such that p is a group homomorphism.

(b) If G is abelian, then prove that G is abelian.

(¢) Prove that ker(p) is a central subgroup of G, i.e., that each g € ker(p) commutes with all
elements of G. O

EXERCISE 9.8. Consider the following pointed covers p: ()Nf, Zo) = (X, x0):

@ ‘\ b °

T X
) ) P X0
(b) a a —>
X
Xy

For both, give a free basis for image of p,: m ()?, Zo) — (X, zp). Also, determine if these images are
normal. If they are, describe them as the kernels of maps to the deck group of the cover. If they are
not, prove it. O

EXERCISE 9.9. As in Example 1.6*.4, let Poly,, be the space of degree-n monic polynomials over
C. Such an f € Poly,, can be written as
f(2)=2"4+a12" ' +az" % +---4+a, withay,...,a, €C,
so Poly, = C". Let
Poly*f = {f € Poly,, | f has n distinct roots},

RPolyf = {(f,x) € Poly™f xC | f(z) = o}.

We showed in Example 1.6*.4 that the projection p: RPolnyf — Polnyf is a degree n cover. In this
exercise, you will show that it is an irregular cover for n > 3. We remark that another proof of this
can be found in Exercise 12*.3. Do the following;:
(a) Let
Cp={(M1,...; ) €C* | \;# N forall 1 <i<j<n}.
Let m: C,, — Polnyf be the map
mA, .. A ) =(@—=X) - (x—A\,) forall (\,...,\,) € Ch.

Prove that m: C,, — Polyif is a regular cover with deck group the symmetric group &,, on
n generators.
(b) Let ¢: C,, — RPoly®’ be the map

qA, - An) = (m(Ag, ., A n), An) forall (Aq,...,\,) € Ch.

Prove that ¢: C), — RPolnyf is a regular cover with deck group the symmetric group &,,_;
on (n — 1) generators.

(c¢) Use the previous two parts to prove that p: RPolyflf — Polyif is an irregular cover for n > 3.
Hint: Fix a basepoint fy € Polyff. Let z1,...,z, € C be the roots of fy. We will then use
ro = (21, ..., 2y) for our basepoint of C, and (fy, x,) as our basepoint for RPolyiLf. Applying
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Theorem 9.5.1 to the cover from (a), we get a homomorphism ¢: 7 (Poly™!, fo) — &,
whose kernel is the image of m.: w1 (Cp,70) — m1(Poly®l, fo). Argue using (b) that the
homomorphism ¢ takes the image of p,: m (RPoly®, (fo,2,)) — m1(Poly, fo) to the
subgroup &,,_; of G,,. Conclude by using the fact that &,,_; is a non-normal subgroup of
S, forn > 3. O

EXERCISE 9.10. Let T™ = (S*)*" be the n-torus. Using the group structure on S C C coming
from the multiplication on C, endow T"™ with the structure of a topological group. Let Aut(T™) be
the group of continuous group homomorphisms. Prove that Aut(T") = GL,(Z).

Hint: Let 0 € T™ be the identity, and let f: (T™, 0) — (T™,0) be a continuous group homomor-
phism. Let p: (R™,0) — (T™,0) be the pointed covering space obtained by taking the product of
the universal cover R — S!. The space R” is a topological group under addition, and p is a group
homomorphism. Prove that you can lift f to a map f: (R™,0) — (R™,0), then prove that fis a linear

map, and then finally prove that f € GL,,(Z). The uniqueness of lifts will be important here! [
EXERCISE 9.11. Let K be the Klein bottle:

In this figure, the green loop on the left corresponds to the two green lines on the right, whose ends
match up to form a circle. Prove that the fundamental group of K is the following group I':

e Let Z act on Z via the homomorphism ¢: Z — Aut(Z) defined by
o(n)(m) =(=1)"m for alln € Z and m € Z.

Then I = Z % Z, i.e., the semidirect product? of Z and Z.
Hint: First prove that there is a homomorphism f: Z x Z — Cs with ker(f) = Z x Z. Then construct

a regular degree 2 cover p: T2 — K with deck group Cs and use Theorem 9.5.1 to analyze the
fundamental group of K using this cover. O

EXERCISE 9.12. The quasi-circle is the space Y obtained from the topologist’s sine curve
X ={(z,sin(l/z)) eR* |0 <2z <1} U{(0,y) | -1 <y <1}
by connecting (1,sin(1)) to (0,0) by an arc; see here:

We saw in Exercise 4.11 that X is 1-connected but has nontrivial covers. Note that this would be
impossible if Y were locally path connected (cf. Theorem 4.6.1). Prove the following:

e Let f: Y — S! be the map that collapses {(0,y) | =1 <y < 1} to a point and identifies
the resulting space with S'. Prove that f cannot be lifted to the universal cover p: R — S!.
Note that f could be lifted if Y were locally path connected (cf. Theorem 9.2.1). ]

2Let G and H be groups such that G acts on H on the left. For g € G and h € H, we will write 9h for the image
of h under the action of g. The corresponding semidirect product H x G is the following group:
— The elements of H x G are pairs (h,g) with h € H and g € G.
— For (h1,91), (h2,g92) € H x G, their product is (h1, g1)(h2,g92) = (h1 91 h2,g192).
It is enlightening to prove that this is a group. If the G-action on H is trivial, this is just the usual direct product
H x G.






CHAPTER 10

Universal covers

Our next major goal is to classify covers of spaces in terms of fundamental group information.
The first step is to construct what is called the universal cover.

10.1. Definition and examples of universal covers

Let (X, xg) be a pointed space that is path connected and locally path connected. Assume that
there exists a pointed cover p,,: ()?u, Ty) — (X, 2p) such that X, is 1-connected. If such a cover
exists, then Theorem 9.3.2 implies that it is unique up to isomorphism. It turns out that such a
cover exists for most reasonable spaces. We will give a precise statement of this soon. The cover
Dy ()?u,fu) — (X, x0) is called the universal cover of (X, xg). The following lemma explains this
terminology: it covers all other covers.

LEMMA 10.1.1. Let (X, xq) be a pointed space that is path connected and locally path connected.
Let py: ()?mfu) — (X, z0) be a pointed cover such that X, is 1-connected. Then for all covers
p: ()?,50) — (X, o), there exists a unique pointed cover q: ()?u,fu) — ()N(, To) such that p, =pogq,
i.e., such that the following diagram commutes:

(jzuyiu) *‘1> ()?7%0) L> (X,JZ())-

Pu

PROOF. Since m ()A(;u, Zy) = 1, we can apply the lifting criterion (Theorem 9.2.1) to lift the map
pu: (Xu, Ty) = (X, 20) to a map q: (X, Zy) = (X, Zo) such that p, = pog. That ¢ is a covering
space map follows from Lemma 10.1.2 below. |

LEMMA 10.1.2. Let q: (Z,z9) = (Y,y0) and p: (Y,yo) — (X, o) be maps such that p and poq
are covering space maps. Assume that X is locally connected. Then q is a covering space map.

PrOOF. Consider y € Y. Our goal is to find a trivialized open neighborhood V of y for ¢. Since
p and p o q are covering space maps there exists:

e a trivialized open neighborhood U; C X of p(y) for p; and
e a trivialized open neighborhood Us C X of p(y) for p o q.

Since X is locally connected, we can find a connected open neighborhood U of p(y) such that
U C Uy NUs;. The connected open set U is a trivialized open set for both p and p o q. Let the sheets
above U be

PO = Vi and (o)) =W
i€l jeJ
Each V; and Wj is connected, and they satisfy the following key property:
CLAM. For all j € J, there exists some i(j) € I such that q takes W; homeomorphically to Vi;y.

PRrROOF OF cLAIM. We have ¢(W;) C U;e;V;. Since ¢(W;) and each V; is connected, there must
exist some i(j) € I such that ¢(W;) C Vj¢;y. The map q|w,: W; — Vj(; is then a homeomorphism
with inverse the composition
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Letting ig € I be such that y € V;,, it follows from the above claim that V =V, is a trivialized
open neighborhood of y for g. The sheets of ¢ lying above V;, are

q_l(wo): |_| Wj' U
jeJ
i(j)=to
We will also talk about the unpointed version of a universal cover: if X is path connected and
locally path connected and p,,: )~(u — X is a cover with )?u a l-connected space, then )?u will be
called the universal cover of X.

ExampLE 10.1.3. If X is a 1-connected space that is locally path connected, then X is its own
universal cover with covering space map the identity map 1: X — X. 0

EXAMPLE 10.1.4. Since R is 1-connected, the universal cover p: R — S! we have discussed since
the beginning of this book exhibits R as the universal cover of S!. O

ExAMPLE 10.1.5. Let X be a graph with one vertex and two edges. Let X be a regular 4-valent
tree. As we have already seen several times, there is a covering space p: X — X see here:

(>

Since X is a tree, it is contractible and hence 1-connected (see Lemma 6.4.1). It follows that X is
the universal cover of X. O

ExAMPLE 10.1.6. For n > 2, the degree 2 cover p: S® — RP™ taking x € S™ to the line through
z exhibits S™ as the universal cover of RP". O

REMARK 10.1.7. We emphasize that in the above we only defined the universal cover of a pointed
space (X, zo) such that X is path connected, locally path connected, and has a 1-connected cover.
For general connected pointed spaces (X, xg), it is natural define a universal cover of (X, zg) to be a
pointed cover p,, : ()?u, Ty) — (X, x0) satisfying the conclusion of Lemma 10.1.1:

e for all covers p: (X, %) — (X, z0), there exists a unique pointed cover q: (X, %) — (X, %)
such that p, = po g, i.e., such that the following diagram commutes:

(X, Tu) —— (X, %) —— (X, z0).

~_ ,

These might or might not exist. Even for spaces X that are path connected and locally path
connected, these general universal covers can behave in unexpected ways; for instance, they do not
need to be 1-connected (see Exercise 10.12). We remark that pathological spaces like this rarely show
up in algebraic topology. |

10.2. Semilocal 1-connectedness

Let X be a space that is path connected and locally path connected. As we said in §10.1, there
might not exist a 1-connected cover of X. The following lemma gives one property of spaces with
1-connected covers:

LEMMA 10.2.1. Let X be a space. Assume there exists a cover p: X — X such that X is
1-connected. Then for all x € X, there exists an open neighborhood U of x such that the map
w1 (U, z) — m (X, ) is the trivial map.
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_ PrOOF. Let x € X, let U C X be a trivialized open neighborhood of X for p: X - X, and let
U C X be any sheet lying above U. Let € U be the point lying in the fiber over z. We can factor
the inclusion (U, z) — (X, z) as
~ -1 ~ ~

W,2) U2 (7,7 — (X,2) —2 (X, 2),
where ((7, z) — ()N(, x) is the inclusion. Passing to fundamental groups, the map m (U, z) — m1 (X, z)
factors as
-1

m(U,z) D2 7 (0,7) — m(X,2) 2 m(X,2).

I
1

It follows that the map 71 (U, z) — 71 (X, ) is the trivial map, as desired. |

A space X is semilocally 1-connected if for all x € X, there exists an open neighborhood U of z
such that the map 71 (U, x) — m1 (X, z) is the trivial map. Lemma 10.2.1 implies that spaces with
1-connected are semilocally 1-connected. Many spaces have this property:

ExAMPLE 10.2.2. Let X be a space that is locally 1-connected, that is, for all x € X and all
open neighborhoods V' of x, there is a 1-connected open neighborhood U of x with U C V. For this
U, since m1 (U, z) = 1 it follows that the map m (U, z) — 71 (X, x) is trivial. We conclude that X is
semilocally 1-connected. Many spaces are locally 1-connected. Indeed, many satisfy even stronger
local conditions like being locally contractible. For instance, manifolds are locally contractible. [

10.3. Existence of universal covers
The main result about semilocally 1-connected spaces is the following;:

THEOREM 10.3.1 (Existence of universal covers). Let (X, xq) be a pointed space. Assume that X
is path connected, locally path connected, and semilocally 1-connected. Then there exists a universal
cover of (X, x), i.e., a pointed cover py: (Xu, o) — (X, 20) such that X, is 1-connected. This cover
is a regular cover with deck group m (X, xg).

REMARK 10.3.2. Let (X,x9) be path connected and locally path connected. Theorem 9.5.1
implies that a cover py: (Xu,%,) — (X,20) such that X, is l-connected is regular with deck
group 71(X,zg). The final sentence of Theorem 10.3.1 is therefore automatic. We include it for
emphasis. O

The rest of this chapter is devoted to proving Theorem 10.3.1. We remark that while the details
of the proof are beautiful, they are not important for applying it in concrete situations. Indeed, when
trying to understand the fundamental group of a concrete space the first step is usually to identify its
universal cover explictly like we did in the examples in the previous section. We therefore mark the
rest of the sections of this chapter with * to indicate that a reader might want to skip them when
first learning the subject.

10.4*. Basis for topology of semilocally 1-connected spaces

Let X be a space that is locally path connected and semilocally 1-connected. If p: X3 Xisa
cover, then all 1-connected open subsets U C X are trivialized open sets for p: X=X (see Exercise
4.10). Unfortunately, our assumptions do not imply that X has any 1-connected open subsets. Our
goal in this section is to use the fact that X is semilocally 1-connected to identify a larger collection
of open sets that are trivialized open sets for all covers of X.

Call a set U C X an sllc subset if U is open and path connected, and for all x € U the map
m (U, z) — m (X, x) is the trivial map. We have:

LEMMA 10.4%.1. Let X be a space that is locally path connected and semilocally 1-connected. The
following hold:

(i) If p: X — X is a cover of X and U C X is an slic subset, then U is a trivialized open set
for X.
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(i) If U C X is an sllc subset and if U’ is a subset of U that is open and path connected, then
U’ is an sllc subset.
(iii) The slic subsets of X form a basis for the topology on X.

PrROOF. We will not use (i) in our proofs, so we leave it as an exercise (see Exercise 10.7). For
(ii), let U C X be an sllc subset and let U’ C U be open and path connected. To prove that U’ is an
sllc subset, we must prove that for z € U’ the map m (U’, z) — 71 (X, z) is trivial. To see this, note
that this map factors through the map 7 (U, z) — 71 (X, x), which is trivial by assumption.

For (iii), let y € X and let W be an open neighborhood of y. We must find an sllc subset V of y
with V' C W. Since X is semilocally 1-connected, there is an open neighborhood V' of y such that
the map m (V' y) — m1 (X, y) is trivial. Since X is locally path connected, there is a path connected
open neighborhood V of y with VC W NV’. The map m(V,y) — m1(X,y) factors through the map
m (V' y) = m(X,y), so m (V,y) = m1(X,y) is trivial.

We claim that V is an sllc subset. To see this, consider z € V. We must prove that the map
m1(V, z) = m (X, 2) is trivial. Since V is path connected, there is a path o in V' from y to z. Letting
a, denote the change of basepoint isomorphism (see §5.4), we have a commutative diagram

7T1(V,Z) — 7T1(X7Z)

= =

m(V,y) —— m(X,y).
Since the map m (V,y) — 71(X, y) is trivial, it follows that the map 71(V, 2) — 71(X, z) is trivial. O

10.5*. Motivation for construction of universal cover

Let (X, () be a pointed space that is path connected, locally path connected, and semilocally
1-connected. Our goal is to construct the universal cover X, of X. This should be a 1-connected
cover of X. We start with some motivation. Let p: (X, %) — (X,zo) be a pointed cover such that
X is l1-connected. Consider 7 € X. Since X is 1-connected, there is a unique homotopy class of
paths 7 in X from 7 to 7. Projecting 7 to X, we get a path v in X from z( to p(Z). We can recover
~ from v by lifting v to X. We conclude that there is a bijection between the following two sets:

e The set of homotopy classes of paths v in X with v(0) = xo.

e The set of points of X.
This bijection takes a path v in X with 7(0) = z¢ to the point 7(1) € X, where 7 is the lift of 7 to
X with 5(0) = Zo.

Inspired by this, we will define the universal cover )A(:u to be the set of homotopy classes of paths
in X that start at zo. This comes equipped with a set map py: X, — X defined by pu([¥]) = ~(1).
Our main task will be to put a topology on )?u such that p,,: X’u — X is a cover. The topology will
be constructed from the sllc sets in X, which by Lemma 10.4*.1 form a basis for the topology on X
and will all be trivialized open sets for p,,: X, > X.

10.6*. Construction of universal cover

We now turn to the construction of the universal cover. Let (X, zg) be a pointed space. Assume
that X is path connected, locally path connected, and semilocally 1-connected. As a set, define

X, = {0 | v apath in X with 7(0) = zo} .
Let p,: X, — X be the map

pu([r]) = (1) for [4] € X,

and let 7, € Xu be the homotopy class of the constant path c;,. In this section, we endow )Z'u with
a topology. The next section will prove that p,: (X,,%,) — (X, z0) is a covering space, and the

section after that will prove that X, is 1-connected.
Let [y] € X, and let U C X be an sllc subset such that (1) € U. Define

U = {[7+6] | § a path in U with §(0) = (1)} C X,.
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Xo

Set
B = {ﬁh] | [7] € X, and U C X is an sllc subset with v(1) € U}.

Our goal is to prove that 25 is the basis for a topology on )~(u We need the following lemma:
LEMMA 10.6*.1. Let the notation be as above. Let U C X be an sllc subset. The following hold:
(i) Let [y] € X, be such that v(1) € U. Then the map p, takes [7[7] bijectively to U.

(ii) Let [y],[7'] € Xu be such that v(1),7'(1) € U. Assume that [7'] € . Then UM = U[“/’]

(iii) Let [y],[] € Xu be such that y(1),7'(1) € U. Assume that [y'] ¢ Uh Then U’v] and Uv]
are disjoint.

(iv) Let U' C X be an slic subset with U' C U. Let [y],[7'] € X, be such that v(1) € U and
(1) € U’'. Assume that ['] € U[A, Then Uv] C Upy-

PRrROOF. We prove (i), then (iv), then (ii), and then (iii):
CramM (i). Let [y] € X, be such that v(1) € U. Then the map p, takes Tj'h] bijectively to U.

Since U is an sllc subset of X, for each y € U there exists a path ¢ in U from ~(1) to y and ¢ is
unique up to homotopy in X. The claim follows.

CLAIM (iv). Let U’ C X be an slic subset with U' C U. Let [y],[y] € Xu be such that y(1) € U
and 7'(1) € U'. Assume that [y'] € U). Then Ul C Uly).

Since [7'] € [7[7]7 we can write [y'] = [y-6] with ¢ a path in U such that §(0) = (1). Each element

of ﬁfw’] is of the form [y’-0’] with ¢’ a path in U’ such that §’(0) = +/(1), so
8] = [(8-6")] € Tpay.

The claim follows.

Cram (ii). Let [v],[7] € Xu be such that v(1),7'(1) € U. Assume that [y'] € ﬁ[v]' Then
U = Upr-

Claim (iv) implies that ﬁh’] C (7[7]. We also have [y] = [y+0], so [7] € ﬁ[ﬂ and we can apply
Claim (iv) again to see that ﬁ[’r] C U'W]. The claim follows.

Cram (iii). Let [7],[y] € Xy be such that v(1),+'(1) € U. Assume that [y'] ¢ ﬁ[v]' Then ﬁ[w]
and [7[ 1 are disjoint.

Assume for the sake of contradiction that there is some [y”] € X,, that lies in both ﬁ[v] and
U[,y/] By Claim (ii), we have U’y] = U[ ) and U[,y/] = U[ ], SO ﬁ[v] = Tj'w]. This contradicts our
assumption that [y'] ¢ Uh . O

We now prove that B is the basis for a topology on X,
LEMMA 10.6*.2. Let the notation be as above. Then B is the basis for a topology on X,.
PrOOF. Consider U, > (7[’7,] € B. We must prove that ﬁ[v} N 17[’7,] is the union of elements of

B. Consider some [y"] € [7[7] N ﬁ[’y,]. We must find an element of B that contains [y”] and lies in

(NJM N Tj'[’,y,]. By Lemma 10.4*.1, the sllc subsets of X form a basis for the topology on X. We can
therefore find an sllc subset U" of X such that 7"(1) € U” and U” C UNU’. Applying Lemma
10.6*.1, we see that U[’;,,} C U, and U[’,'y,,] C U[' 7> SO U[ n C UM N U[ > as desired. O

In light of Lemma 10.6*.2, we can endow Xu with the topology with basis B.
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10.7*. The universal cover is a cover
We now prove that the space we constructed in the previous section is a cover:

LEMMA 10.7*.1. Let (X, z0) be a pointed space. Assume that X is path connected, locally path
connected, and semilocally 1-connected. Let p,,: (Xu,Zyn) — (X, x0) be the space and map constructed
in §10.6%. Then p, is a covering space.

PRrROOF. The key to the proof is the following:

CLAIM. Let U C X be an slic subset of X and let [y] € X, satisfy ~v(1) € U. Then the restriction
of pu to Uy, is a homeomorphism from Uy, to U.

PROOF OF CLAIM. Let g: 17[7] — U be the restriction of p, to ﬁ[v]' Lemma 10.6*.1 says that ¢
is a bijection of sets. Lemma 10.4*.1 implies that the topology on U has for a basis the set of all sllc
subset U’ C U. Lemma 10.6*.1 implies that each of these lifts to a unique element of the basis for
the topology on U},). The claim follows. O

Now fix an sllc subset U of X. Since the sllc subset of X form a basis for the topology on X
(Lemma 10.4*.1), it is enough to prove that U is a trivialized open set in X for p,. For z € X, set

P(z0,2) = p,, ' (x) = {[7] | v a path in X from z( to z}.
We therefore have
v (©) = | Plao.u)
uev
Fix some ug € U. Since U is an sllc subset, for each u € U and each [y'] € P(zo,u), there exists
[v] € P(x0,up) and a path § in U from wug to u such that [y'] = [y-0] € (7[,”. We conclude that

)= || U
["]€P(wo,u0)
The fact that this is a disjoint union follows from Lemma 10.6*.1. For [y] € P(x,up), the above
claim implies that p, takes ﬁ[w] homeomorphically to U. We conclude that U is a trivialized open
set for p,, and the (7[,” with [y] € P(zo,up) are the sheets lying above U, as desired. O

10.8*. 1-connectedness of universal cover
We now complete the proof of Theorem 10.3.1, whose statement we recall:

THEOREM 10.3.1 (Existence of universal covers). Let (X, o) be a pointed space. Assume that X
is path connected, locally path connected, and semilocally 1-connected. Then there exists a universal
cover of (X, xg), i.e., a pointed cover py: (X, T,) — (X, z0) such that X, is 1-connected. This cover
is a regular cover with deck group m (X, zg).

PROOF. Let p,: ()?u, Zy) — (X, x0) be the space and map constructed in §10.6*. Lemma 10.7*.1
says that p, is a covering space map. Below we will prove that )?u is 1-connected. Assuming this,
Theorem 9.5.1 will imply that X, is regular with deck group 71 (X, zg).

It remains to prove that )Z'u is 1-connected. Theorem 9.1.1 implies that (p).: m1 ()?u, Ty) —
71(X, zo) is injective and its image consists of all [y] € 71 (X, ) such that the following holds:

(1) Let 5 be the lift of v to X,, with 7(0) = Z,. Then 7 is a loop, i.e., 3(1) = Z, = [c4,] € X
Here we recall that ¢, is the constant path in X at the point xo.
To prove that m ()zu,’fu) = 1, it is therefore enough to prove the following. Consider some
[v] € T1(X, o). Let 3 be the lift of y to X,, with 3(0) = Zy, = [cz,]. Then 3(1) = [y] € X...

In fact, this is true for all paths, not just loops. Let v: I — X be any path in X with v(0) = xo.

Let 5: I — X,, be the lift of v to X,, with 7(0) = [¢4,]. For ¢ € I, let v;: I — X be the path

ve(s) =~(ts) forsel.
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We therefore have v9 = ¢, and y; = . We claim that
(10.8%.1) J(t) = [y € X, foralltel

This will imply in particular that (1) = [y1] = [7], establishing the theorem.
It remains to verify (10.8*.1). Using the Lebesgue number lemma just like in our proof of path
lifting for covers (cf. Lemma 3.4.1), we can divide the domain I of v: I — X into subintervals

D= << -<e, =1
such that for all 1 < k < n the image ([e, €x+1]) is contained in an sllc subset U(k) C X. For
t € [ex, €xt1], we have v,(1) = ~(t) € U(k), so [v] € U(k),,;- The set U(k) is a trivialized open
set for p, and ﬁz_k/)[%] is a sheet of p, lying above U(k) (see the proof of Lemma 10.7*.1). We can
therefore establish (10.8%.1) just like our proof of path lifting for covers (Lemma 3.4.1): we first first
lift v on the interval [ey, 2], then on the interval [es, €3], etc. O

10.9. Exercises

_EXERcISE 10.1. Let p: X — X be a cover. Prove that X is semilocally 1-connected if and only
if X is semilocally 1-connected. (]

EXERCISE 10.2. Let X be a semilocally 1-connected space and let Y be a space that is homotopy
equivalent to X. Prove that Y is semilocally 1-connected. O

EXERCISE 10.3. Let (X, z) and (Y, yo) be the following spaces:

We proved in Example 8.6.1 that these spaces are homotopy equivalent, and also that 7 (X, zo) and
m1(Y, yo) are isomorphic to Z. Explictly construct the universal covers of X and Y. O

EXERCISE 10.4. Let (X, z) and (Y, yo) be the following surfaces with boundary:

=) &

We proved in Example 8.2.1 that these spaces are homotopy equivalent, and also that m (X, z¢) and
m1(Y, yo) are free groups on two generators. Explictly construct the universal covers of X and Y. O

EXERCISE 10.5. Let K be the Klein bottle:

In Exercise 9.11, you proved that the fundamental group of K is the following group I':
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e Let Z act on Z via the homomorphism ¢: Z — Aut(Z) defined by
¢(n)(m) = (-1)"m foralln € Z and m € Z.
Then I = Z % Z, i.e., the semidirect product! of Z and Z.

Construct a covering space action of I' on R? such that R?/T' = K. This shows that the universal
cover of K is R?, and also gives a new proof that the fundamental group of K is I O

EXERCISE 10.6. Let X5 be a closed oriented genus 2 surface, which can be identified with an
octagon with sides identified in pairs as follows:

by
- &
‘\ kl\_)

Prove that the universal cover of ¥y is homeomorphic to R2. Hint: Let P =2 D? be an octagon, so
the above picture shows a surjection f: P — Y5. The map f is an open embedding on the interior of
P, but is not injective on the boundary. Construct a space S = R? and a covering map p: S — 3
by carefully gluing together infinitely many copies of P and letting p equal f on each copy of P. We
remark that this same argument will show that for all g > 1 the universal cover of a closed genus g
surface is homeomorphic to R2. O

EXERCISE 10.7. Let X be a space. Prove the following:

(a) Let p: X — X be a cover with X locally path connected and let U C X be an sllc-set.
Prove that U is a trivialized open set for p: X — X. Hint: imitate the proof of Theorem
4.6.1.

(b) Let p: Y — X and ¢: Z — Y be covers. Assume that X is locally path connected
and semilocally 1-connected. Prove that pogq: Z — X is a cover. We remark that the
composition of two covering space maps is not always a covering space map (see Exercise

2.14%%), 0

EXERCISE 10.8. Let (X, z) be a pointed space that is path connected, locally path connected, and
semilocally 1-connected. Let p,: (Xy,ZTy) — (X, 20) be the universal cover given by the construction
from §10.6*, so the points of X,, are [y] with « a path in Xy starting at zo. Do the following:

(a) We know that the deck group of p,: ()?u, Ty) — (X, x0) is isomorphic to m (X, x¢). For
[6] € m1 (X, z0) and [7] € X, give an explicit formula for the action of [6] on [y]. Make sure
to prove that this indeed gives a deck transformation!

(b) Let p: (X,Zo) — (X, z) be another cover. We know that there is a cover ¢: (X, %,) —
()Z' , @) such that pog = p,,. For [y] € X, given an explicit description of q([v]) € X. Make
sure to prove that this does indeed give a cover q. ([l

EXERCISE 10.9. Let (X, zo) be a connected pointed space. Call a pointed cover py: (Xu, Fo) —
(X, x0) a universal cover of (X, x) if it satisfies the following condition:

o If p: ()?, Zo) = (X, x0) is a cover, then there exists a unique pointed cover q: ()N(u, Zy) —
(X, o) such that p, = pog, i.e., such that the following diagram commutes:

et G and H be groups such that G acts on H on the left. For g € G and h € H, we will write 9h for the image
of h under the action of g. The corresponding semidirect product H x G is the following group:
— The elements of H x G are pairs (h,g) with h € H and g € G.
— For (h1,91), (h2,g92) € H x G, their product is (h1, g1)(h2,g92) = (h1 91 h2,g192).
It is enlightening to prove that this is a group. If the G-action on H is trivial, this is just the usual direct product
H x G.
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(X, Tu) — (X, 7o) —2 (X, 0).

We remark that these do not always exist (see Exercises 10.10-10.11). Assume that py: (Xu, o) —
(X,x0) and pl,: (X,7,) = (X, o) are two universal covers of (X, xg). Prove that p,: (X, %) —

u’

(X,x0) and pl,: (X],2),) — (X, x0) are isomorphic covers. O

EXERCISE 10.10. For n > 1, let C,, C R? be the circle of radius 1/n with center (0,1/n). Let
X = U2 ,C,, topologized as a subspace of R2. This is sometimes called the “earring space” or the
“shrinking wedge of circles”:

Prove the following:

(a) The space X is path connected.

(b) The space X is locally path connected.

(¢) The space X has no 1-connected cover.

(d) Defining a universal cover as in Exercise 10.9, for all g € X prove that (X, z) has no
universal cover. ]

EXERCISE 10.11. Let X =[], S', endowed with the product topology. Prove the following:

(a) The space X is path connected.

(b) The space X is locally path connected.

(¢) The space X has no 1-connected cover.

(d) Defining a universal cover as in Exercise 10.9, for all o € X prove that (X, zg) has no
universal cover. |

EXERCISE 10.12. This exercise uses the notion of the cone of a space from Exercise 6.2. Let X

be the earring space from Exercise 10.10 and let 29 € X be the point (0,0) € X. By Exercise 6.2,
the space Cone(X) is contractible. The contractible space Cone(X) contains the point zg, which
we emphasize is not the cone point. Let (Y1,y1) and (Ya,y2) be two copies of the pointed space
(Cone(X), o). Let (Z,29) be the wedge product of (Y1,y1) and (Ya2,y2). Later in Exercise 16.8 you
will prove that (7, z) is nontrivial.? Prove the following:

(a) The space Z is path connected.

(b) The space Z is locally path connected.

(c) Every cover of Z is trivial.
It follows that Z is not semilocally 1-connected. However, by (c¢) the space Z is its own universal
cover in the generalized sense of Exercise 10.9 even though Z is not 1-connected. (]

EXERCISE 10.13. Let (X, x0) be a space that is path connected, locally path connected, and
semilocally 1-connected. Let

Co(I,(X,z9)) ={y: I = X | 7 continuous and v(0) = z¢} .

Give Cy(I, (X, z0)) the compact open topology. Let py: (X,, %) — (X, ) be the universal cover
given by the construction from §10.6* and let f: Co(I,(X,z0)) — X, be the map defined by

f(7) = []. Prove that f is a quotient map, so a set V C X, is open if and only if f~1(V) is open.
Warning: this is a fairly difficult problem. ]

2This could be proved now, but will make more sense in the context of that exercise. We remark that this depends
on the fact that the basepoint of Cone(X) is zg, and would be false if we used the cone point as the basepoint.






CHAPTER 11

The Galois correspondence for covers

We now describe one version of the classification of covering spaces.

11.1. Subgroup corresponding to cover

Let (X, o) be a pointed space and let p: ()~(, Zo) — (X, zp) be a pointed cover. We proved in
Theorem 9.1.1 that the induced map

Dx 7T1()~(,50) — mi (X, zo)

is injective. We call its image the subgroup of 71 (X, zg) corresponding to the cover.

Assume now that X is path connected and locally path connected. Call p: (X,Zo) — (X, z0)
a connected pointed cover if X is path connected. We proved in Theorem 9.3.2 that a connected
pointed cover of (X, x¢) is determined up to isomorphism by its corresponding subgroup of w1 (X, xo).

ExaMPLE 11.1.1. If (X, x0) is any pointed space, then the subgroup of 71 (X, zg) corresponding
to the cover 1: (X, z) — (X, zg) is the whole group 71 (X, zg). O

ExXAMPLE 11.1.2. If (X, x¢) is path connected, locally path connected, and semilocally 1-connected
then the subgroup of 71 (X, zg) corresponding to its universal cover p,: (X, Z,) — (X, x0) is the
trivial subgroup 1 < (X, o). O

11.2. Galois correspondence

The first version of the classification of covering spaces is as follows. For reasons we will describe
soon, it should be thought of as analogous to the classical Galois correspondence.

THEOREM 11.2.1 (Galois correspondence). Let (X, xq) be a pointed space that is path connected,
locally path connected, and semilocally 1-connected. There is then a bijection between the following
two sets:

e The set of isomorphism classes of connected pointed covers p: ()?,530) — (X, z0)-

e The set of subgroups of 71(X, xo).
This bijection takes a connected pointed cover p: ()?7 Zo) = (X, zg) to its corresponding subgroup, i.e.,
to the image K of the map p.: m1(X,Zo) = m1(X, z0). The degree of the cover p: (X,To) — (X, zo)
is the index of K in w1 (X, o).

PRrROOF. Let I' = m(X,29) and let K < T be a subgroup. Theorem 9.3.2 says that there is at
most one isomorphism class of connected pointed covers corresponding to K, and Theorem 9.1.1 says
that its degree is the index of K in I'. What we must prove is that there exists a connected pointed
cover whose corresponding subgroup is K.

Let py: (Xu,Zu) = (X, 20) be the universal cover provided by Theorem 10.3.1. This is a regular
cover with deck group I'. We can therefore identify X with )?u/F Set X = )Z'u/K, and let Zy be the
image of Z,, under the projection q: X, = XU/K = X. Let p: ()?,50) — (X, z) be the projection

X =X,/K — X,/)T =X.

We claim that p: ()?,550) — (X, xp) is a covering space and that the image of p.: m ()?,fo) —
7T1(X,I0) is K.
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To see that p: ()?, Zo) = (X, z0) is a covering space, consider x € X. Let U C X be a trivialized
neighborhood for p,: (X, Z,) = (X,z¢) and let U, C X, be the sheet lying above U with Z,, € U,.
The deck group I' acts freely and transitively on the sheets of the universal cover lying above U, so

P (U) = | | 9T
ger
Let {g. | ¢ € I/K} be a set of left coset representatives for K in I'. Recalling that ¢: X, — X, /K =
X is the projection, it follows that

p ) = || algD)
cel’/K

and that that the restriction of p to each ¢(g.U) is a homeomorphism. We conclude that U is a
trivialized neighborhood for p: ()N(, Zo) = (X, z0) and that the q(gcﬁ) are the sheets lying above U.
In particular, p: (X, %) — (X, z0) is a covering space.

It remains to prove that the image of p,: 71 (X, %) — m (X, zo) is K. For this, recall that
Theorem 9.1.1 says that the image of p. consists of all [y] € 71 (X, zg) such that the following holds:

(1) Let ¥ be the lift of v to X with ¥(0) = Zo. Then 7 is a loop, i.e., (1) = Zo.

Consider some g = [y] € m (X, z). Let ¥ be the lift of v to X with 5(0) = Z, and let 7, be the lift
of v to the universal cover )?u with 7, (0) = Z,. The path 7, projects to 7, and 7,(1) = gz,. It
follows that 7 is a loop if and only if gz, maps to zg € X’, i.e., if and only if g € K, as desired. O

Before giving some examples of Theorem 11.2.1, we extract the following from its proof:

COROLLARY 11.2.2. Let (X, x0) be a pointed space that is path connected, locally path connected,
and semilocally 1-connected. SetT = m1(X, xg), and let K < T be a subgroup. Letp: ()~(, Zo) — (X, x0)
be the connected pointed cover whose corresponding subgroup is K and let p,: ()?u,fu) — (X, x0) be
the universal cover. Then X = )Z'u/K

PRrROOF. Immediate from the proof of Theorem 11.2.1. |
We now give some examples of Theorem 11.2.1:
EXAMPLE 11.2.3 (Circle). We have 71(S*, 1) = Z. The subgroups of Z are all of the form nZ for

some n > 0. These correspond to the following covers:

e For n > 1, the index n subgroup nZ < Z corresponds to the degree n cover p,: (S',1) —
(S, 1) defined by
pn(2) = 2" for z€S' cC.
In particular, the whole group 1Z = Z corresponds to the trivial cover 1g1: (S*,1) — (St 1).
e The infinite index trivial subgroup 0 < Z corresponds to the universal cover p: R — S, [

ExAMPLE 11.2.4 (Real projective space). Let n > 2 and let g € RP™ be a basepoint. We have
m1(RP", 29) = C. There are two subgroups of Cs:
e The whole group Cy has index 1 and corresponds to the trivial cover 1gpn: (RP", z¢) —

(RP”, 1‘0).
e The index 2 trivial group 0 < Cy corresponds to the degree 2 cover p: (S™,Zg) — (RP", ),
where To € S™ is a point projecting to xg. This is the universal cover of RP". |

11.3. Comparison with classical Galois correspondence

Theorem 9.3.2 should be viewed as an analogue for spaces of the classical Galois correspondence.’

Letting L/K be a finite Galois extension of fields, the classical Galois correspondence is a bijection
between:

e fields F with K C F C L; and

1Understanding this analogy is not essential for understanding covering spaces, so a reader should not worry if
they are unfamiliar with the classical Galois correspondence.
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e subgroups of the Galois group Gal(L/K), which we recall is the set of automorphisms of L
that fix the subfield K.
This bijection tales a subgroup G of Gal(L/K) to the subfield L = {¢ € L | g¢ = ¢ for all g € G}.
The degree of the field extension LY /K is the index of the subgroup G of Gal(L/K).

We hope the analogy is clear: the field K corresponds to the base of the cover, the Galois group
Gal(L/K) corresponds to the fundamental group, and the field L = L' corresponds to the universal
cover. Another feature of the classical Galois correspondence is that it is order-reversing:

o If G1,G2 < Gal(L/K) are subgroups with G; < Ga, then the corresponding fields satisfy
LG < L&,
Something similar holds for covers, where the relation “is contained in” is replaced with the relation
“covers”. The following generalizes the fact that a 1-connected cover is universal, that is, covers all
other covers (Lemma 10.1.1), which corresponds to the special case K; = 1.

THEOREM 11.3.1. Let (X, ) be a pointed space that is path connected, locally path connected,
and semilocally 1-connected. Let pr: ()?1,%1) — (X, x0) and py: ()}2,5&2) — (X, x0) be connected
pointed covers corresponding to subgroups Ky, Ko < m1(X, o) satisfying K1 < Ko. Then there is a
pointed covering map q: (fl,il) — ()?2,52) such that the following diagram commutes:

(X1,71) — (X2,72) 2 (X, 0).
\p_l/v

PROOF. Since K; < Kj, we can apply the lifting criterion (Theorem 9.2.1) to lift the map
p1: (X1,Z1) = (X, 20) to amap q: (X1,71) = (Xo,T2) such that p; = py 0 ¢q. That ¢ is a covering
space map follows from Lemma 10.1.2. |

Here is an example:

EXAMPLE 11.3.2 (Circle). For n > 1, the cover of (S!,1) corresponding to the subgroup
nZ < Z = m(S', 1) is the cover p,: (S',1) — (S, 1) defined by p,(2) = 2™. For n,m > 1, we have
nZ < mZ if and only if m divides n. In this case, we have the covers

(S, 1) 22 (st 1) 22 (S1,1)
S~

as in Theorem 11.3.1. O

11.4. Subgroups of free groups are free

We now explain an application of Theorem 11.2.1 to group theory. The following theorem
was originally proved algebraically by Nielsen (who proved it for finitely generated subgroups) and
Schreier (who proved it in general).

THEOREM 11.4.1. Let F(S) be the free group on a set S and let G be a subgroup of F(S). Then
G is a free group.

PROOF. Let Xg be the graph with one vertex z¢ and with |S| oriented edges, each labeled with
an element of S. Identify each s € S with the corresponding loop in Xg based at zy. Theorem 7.8.1
says that m1(Xg, o) is a free group on {[s] | s € S}. By Theorem 11.2.1, there is a pointed cover
q: ()?(G),ig) — (Xg,x9) whose corresponding subgroup is G. Since Xg is a graph, one way to
proceed would be to appeal to Exercise 4.8, which says that all covers of Xg are also graphs. This
would imply that X (G) is a graph, and thus that G = 71 (X (G),Z¢) is a free group (Theorem 8.8.1).

Instead of doing this, we give a more explicit approach that will later allow us to compute free
generators for G. In the proof of Theorem 7.8.1, we identified the universal cover of (Xg, z), though
of course that term had not yet been defined. Namely, let Ts to be an infinite tree each of whose
vertices has valence 2|S|. Label the oriented edges of Ts by elements of S such that for each vertex v
of Tg there are:
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e |S| edges coming out of v labeled by elements of S; and

e |S| edges going into v labeled by elements of S.
Fix a vertex Zg of Ts. There is a pointed covering space p: (Ts,Zo) — (Xg,x0) taking each vertex
of Ts to xp and each oriented edge of Ts labeled by s € S to the corresponding loop in Xg labeled
by s. For instance, if S = {a,b} this is the cover shown here:

Ty

The tree Ts is contractible (Lemma 6.4.1), so T is the universal cover of Xg. In particular, it is
a regular cover with deck group F(S). Let X(G) = Ts/G and let T € X(G) be the image of of

Zog € Ts. The map p factors through a map pg: (X(G),Z¢) — (Xs, o). Corollary 11.2.2 says that
pe: (X(G),Zg) = (X, xo) is the pointed connected cover corresponding to G. In particular,

m(X(G), Z¢) = G.
Since X (G) is a graph, Theorem 8.8.1 says that 71 (X (G), Z¢) is a free group. The theorem follows. [

11.5. Computing free generators for subgroups of free groups

As in Theorem 11.4.1, let F'(S) be a free group on a set S and let G be a subgroup of F(S). The
proof of Theorem 11.4.1 actually gives an algorithm to compute free generators for G. We start with
the following definition:

DEeFINITION 11.5.1. Let H be a group with generating set T'. The Cayley graph of H with respect
to T, denoted Cay(H,T), is the following graph:

e The vertices of Cay(H,T) are the elements of H.
e For each h € H and t € T, there is an oriented edge of Cay(H,T') connecting the vertices h
and ht. O

ExAaMPLE 11.5.2. Consider the infinite cyclic group Cy, generated by ¢. The Cayley graph of
C with respect to the generating set T = {¢} is as follows:
o — —0—>—0—>—0—>—0—>
t t! =1 t! 2 £’
The group Co, has many other generating sets, and each of these has a different Cayley graph. For
instance, here is the Cayley graph of C, with respect to the generating set 7" = {¢,?}:

NN NN
AL AT T

Here the edges corresponding to t2 are in blue. O

D)

For a group H with a generating set T, the graph Cay(H,T') is connected. Indeed, for h € H we
can write h = t{* -+ -t with ¢1,...,¢, € T and e3,...,e, € {£1}. The following is then an edge
path from the vertex 1 € H to the vertex h € H:

1,85t 40 82 6752053t -t = h
Here we are using the fact that for ' € H and ¢ € T there is an oriented edge from h/t~! to h’. The

group H acts on Cay(H,T) on the left. This action is transitive on the vertices, and the orbits of
the edges are in bijection with 7.

REMARK 11.5.3. In the above, we allow the generating set T to have repeated elements. It is
also allowed to contain the identity element 1 € H. The same is true in what we do below. ]
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We now return to the setting of free groups. The tree Ts constructed in the proof of Theorem
11.4.1 is exactly Cay(F(S),S). It follows that the graph X (G) from that proof with fundamental
group G < F(S) is Cay(F(S),S)/G. If G is a normal subgroup, then letting S be the image of
S in F(S)/G we have Cay(F(S),S)/G = Cay(F(S)/G,S). More generally, Cay(F(S),S)/G is the
Schreier graph of F(S)/G with respect to S, whose definition is as follows:

DEFINITION 11.5.4. Let H be a group with generating set T and let K < H be a subgroup. The
Schreier graph of H/K with respect to T, denoted Sch(H, K,T), is the following graph:
o The vertices of Sch(H, K,T') are the right cosets Kh with h € H.
e For each right coset Kh and generator ¢t € T, there is an oriented edge of Sch(H, K,T)
connecting the vertices Kh and Kht. O

Here are three examples of how to use all this to compute free generators for subgroup G of free
group F(5):

ExamPLE 11.5.5. Consider the free group F'(a,b) on a and b. Let C5 be the cyclic group of
order 3 generated by t. Let G be the kernel of the homomorphism F'(a,b) — C3 taking a and b
to t. Following the above recipe, the group G is the fundamental group of the Cayley graph of
F(a,b)/G = C3 with respect to the generating set {a,b}. These map to the same element of C3, so
this generating set has a repeated element in it:

t?
a
a
—_—
I
a

The basepoint is the vertex labeled 1. Let T be the following maximal tree in this Cayley graph:
2

Using the recipe for computing fundamental groups of graphs from §8.9, we see that G < F(a,b) is a
free group on the following four generators: {ba=!,aba=2, a®, a?b}. O

ExaMPLE 11.5.6. Cousider the free group F'(a,b) on a and b. Let G be the normal subgroup
of F(a,b) generated by a. We thus have F(a,b)/G = Cy. Under this isomorphism, ¢ maps the
generator ¢ € Oy, and b maps to t° = 1. Following the above recipe, the group G is the fundamental
group of the Cayley graph of C, with respect to the generating set {a,b}:

—
Q b @ b Q
o ;

0— 1
t=1 t
The basepoint is the vertex labeled 0. Let T be the following maximal tree in this Cayley graph:

Using the recipe for computing fundamental groups of graphs from §8.9, we see that G < F(a,b) is
the free group on the following set of generators: {b"ab™" | n € Z}. O
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ExAMPLE 11.5.7. To illustrate this construction for a non-normal subgroup, let F'(a,b) be the
free group on a and b and let G be the cyclic subgroup generated by b. We already know that G is
free on the single generator b. The cosets of G in F(a,b) are of the form Gw where w € F(a,b) is a
reduced word that does not start with b or b=1. The Schreier graph of G in F(a,b) with respect to S
is thus of the following form:

For reasons of space, we only label the vertex corresponding to the trivial coset GG, which is the
basepoint. Note that this Schreier graph deformation retracts to the single loop labeled by b, so G is
indeed the free group on the single generator b. O

REMARK 11.5.8. It is enlightening to re-interpret the examples in §9.6 from this point of view. [

11.6. Exercises
EXERCISE 11.1. Let X be a space that is path connected, locally path connected, and semilocally
1-connected. Fix a basepoint zy € X. Construct a bijection between the following two sets:

e The set of isomorphism classes of connected covers p: X = X.
e The set of conjugacy classes of subgroups of 71 (X, z0). |

EXERCISE 11.2. Let p: (X, %) — (X, z0) be a pointed cover and let f: (Z,2) — (X, x0) be a
pointed map. As in Exercise 1.14, let ¢: Z — Z be the pullback of p: X — X along f: Z — X, so

Z={@E=eXx2|p@ =1}
Set 2o = (%o, 20) € Z, so0 q: (Z,%) — (Z, ) is a pointed cover fitting into a commutative diagram

(Z,%)) —— (X, o)

L1 b

(Z, 20) 7, (X, z0).

We call ¢: (Z,%) — (Z, ) the pullback of p: (X,%o) — (X, z0) along f: (Z,2) — (X,z0). Prove
the following;:

e Let G < m (X, o) be the subgroup corresponding to p: ()?,50) — (X, z9). Then the

subgroup of 71(Z, zp) corresponding to q: (Z,2y) — (Z, z0) is the preimage of G under the

map fi: m(Z, 20) = 71 (X, x0). O

EXERCISE 11.3. Let (X, z0) be a space. Let p1: (X1,71) = (X, x0) and pa: (Xa, %2) — (X, 20)
be two covers. As in the previous exercise, let

Z2={EDeXx % | n@ =p@)

be the pullback of ps along p;. Set Zp = (Z1,%2) € 7. Let qi: (Z,Eo) — ()}1,551) and go: (Z,Zo) —
(X2, Z2) be the projections. These are now both covers, and fit into a commutative diagram

(Z o) — ()?1,51)

b

(Xa,72) —2— (X, x0).

Set 7 =p;o0q) = pa 0 g, SO T is a map r: (Z, Z0) = (X, z0). Prove the following:
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(a) The map r: (Z,%y) — (X, o) is a covering space. Hint: it is not necessarily the case that
the composition of two covering maps is a covering map (see Exercise 2.14**), so you will
have to prove this directly.

(b) Fori=1,2, let G; < m1(X,x0) be the subgroup corresponding to p;: (5(:1,51) — (X, zp).
Prove that the subgroup of 71 (X, o) corresponding to r: (Z, Z0) = (X,20)is G1 NGy, O

EXERCISE 11.4. Let T? = (S)*2 be the 2-torus. Fix a basepoint zo € T?, so (T2, xq) = Z2.
(a) Construct the universal cover of T2.
(b) Let K < Z2 be a finite-index subgroup and let p: (X, Zo) — (T2, ) be the cover whose
corresponding subgroup is K. Prove that X T2
(¢) Let K < Z2 be a nontrivial subgroup of infinite index and let p: (X, Zo) — (T2,z0) be the
cover whose corresponding subgroup is K. Prove that X ~S! xR. O
EXERCISE 11.5. Let (X, z0) be a path connected pointed space such that 71 (X, z¢) is finite and
let p: (X,z9) — (X, z0) be a covering space. Prove that p is a homeomorphism, i.e., has degree 1.

Hint: since we are not assuming anything about the local topology of X, you cannot use the results
in this chapter. However, you can still think about the subgroup of 71 (X, z¢) corresponding to p. O

EXERCISE 11.6. Let K be the Klein bottle:

In Exercise 9.11, you proved that the fundamental group of K is the following group I':
e Let Z act on Z via the homomorphism ¢: Z — Aut(Z) defined by

¢(n)(m) = (=1)"m for alln € Z and m € Z.

Then I' = Z % Z, i.e., the semidirect product? of Z and Z.

Also, in Exercise 10.5 you proved that the universal cover of K is R? and determined the action of I'
on R? such that R?/T' = K. Do the following:
(a) Fixing a basepoint z¢ € K, construct a irregular cover p: (K, z¢) — (K, o) and identify
the corresponding subgroup of 71 (K, zo).
(b) Letting T? be the 2-torus and yy € T? be a basepoint, construct an irregular cover
q: (T2, y0) — (K, z0) and identify the corresponding subgroup of 71 (K, zg). |

EXERCISE 11.7. As in Exercise 11.6, let K be the Klein bottle. Identify all the possible
homeomorphism types of connected spaces Z such that there is a cover p: Z — K. O

EXERCISE 11.8. Let X be a graph with one vertex xg and two edges labeled a and b. We can
therefore identify 71 (X, z¢) with the free group F'(a,b). Classify all the connected degree 2 and degree
3 covers of X, and for each cover determine if it is regular and give generators for its corresponding
subgroup of 71 (X, z9) = F(a,b). O

EXERCISE 11.9. Let F' = F(a,b) be the free group on a and b. Recall from Exercise 7.12 that the
abelianization of F' is Z2. The kernel of the abelianization map F — Z?2 is the commutator subgroup
[F, F]. Compute a free basis for the free group [F, F]. O

2Let G and H be groups such that G acts on H on the left. For g € G and h € H, we will write 9h for the image
of h under the action of g. The corresponding semidirect product H x G is the following group:
— The elements of H x G are pairs (h,g) with h € H and g € G.
— For (h1,91), (h2,g92) € H x G, their product is (h1, g1)(h2,g92) = (h1 91 h2,g192).
It is enlightening to prove that this is a group. If the G-action on H is trivial, this is just the usual direct product
H x G.
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EXERCISE 11.10. Let F(a,b) be the free group on a and b and let w € F satisfy w # 1. Prove that
there is a finite-index subgroup G' < F(a, b) such that w ¢ G (such groups are called residually finite?).
Hint: Let X be a graph with one vertex zo and two edges labeled a and b. We can therefore identify
m1 (X, z¢) with the free group F(a,b). It is enough to find a finite pointed cover p: (X, Zo) — (X, zo)
such that w is not in the subgroup of m (X, zo) = F(a,b) corresponding to p. Write w as a reduced
word:

w=s]""--si" with s1,...,8, € {a,b} and €1,...,€, € {£1}.

Let Z be the graph with vertices {vg,...,v,} and n oriented edges {e1,...,e,}, with e; labeled by
s; € {a,b} and connecting:

e v;_1 tow; if e =1; and

® U; to Vi—1 if e = —1.
Letting Ty = vg, show that you can add oriented labeled edges to (Z,Z() to make it a finite graph
()~( , o) whose edge-labels define a cover of (X, zg). We remark that this same argument works for
free groups of arbitrary finite rank, not just F(a,b). |

3Another way of defining residually finite groups is as follows. A group I is residually finite if the intersection of
all finite-index subgroups of I' is the trivial subgroup 1.



CHAPTER 12*

Monodromy and the classification of covers

In Chapter 11, we gave a classification of covers in terms of subgroups of the fundamental group.
This chapter gives an alternate classification terms of actions of the fundamental group on sets. We
have marked this chapter with an x to indicate that a first-time reader might want to skip it.

12*.1. Monodromy action of the fundamental group

Let p: X — X be a cover. For z € X, consider the fiber p~!(z) over . If v is a path in X from
€ X toy € X, then in §4.3 we defined a map 7,: p~'(z) — p~1(y) as follows:

e For 7 € p~*(x), let 5 be the lift of v to X with 5(0) = Z. We then set 7 (Z) =7(1) € p~H(y).

X - [ J
[ J Y [ J
) TY(§>
lp
y
X @ & Y ®

Lemma 4.2.1 says that 7, only depends on the homotopy class of v, and Lemma 4.3.1 says that 7, is
a bijection. These compose as follows:

LEMMA 12*%.1.1. Let p: X — X be a cover. v be a path in X fromx € X toy € X and let § be
a path in X fromy € X toz € X. Then 7,5 =15 0 7,.

PRrOOF. Consider some & € p~*(x). Let 5 be the lift of v to X with 7(0) = Z. We thus have

(1) = 7, (). Let § be the lift of & to X with §(0) = F(1). As the following figure shows, the path
~-6 is the lift of v-d to X starting at :
X

- ° N °
o i o 5 (1))
° — °

7,(X)
lp
X @ > Y z > 8 @ Z

It follows that 7,.s = 6(1) = 75(6(0)) = 75(7(

=)

), as desired. O

Fix a basepoint zg € X. Consider the set p~!(x¢). Define a right action of 71 (X, x¢) on p~!(z0)
as follows:
z[y] = 7,(z) forall T € p~'(z0) and [] € m1 (X, x0).
The fact that this is an action uses Lemma 12*.1.1: for Z € p~*(zg) and [v], [0] € 71 (X, x0), we have
Z[y-0] = 7y.6(7) = 75(74 (%)) = 7/(2)[8] = Z[7][0].
This is called the monodromy action of m1(X,xg) on p~*(zp).

REMARK 12*.1.2. In Lemma 12*.1.1, the order of v and § are reversed in 7,.s = 75 o 7. This
order reversal is why we get a right action rather than a left action. It happens because we compose
paths from left to right, but functions from right to left. O

123
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ExaMPLE 12*.1.3. Consider the following cover p: X = X:

€L
—
X X

This is an irregular cover with trivial deck group (see Example 2.7.3). Let 29 € X be the indicated
basepoint, so p~!(x¢) = {Zo, Z1,72}. We have 71(X, 1) = F(a,b), and the right monodromy action
of F(a,b) on p~!(zg) is as follows:

ioa :il 51@ :io 52& 252
Tob =xg T1b =Ty Tob =23

Since the deck group of this cover is trivial, this action has nothing to do with the action of the deck
group. O

ExaMPLE 12*.1.4. Consider the following pointed cover p: ()Z',EO) — (X, z0):

This is the universal cover of (X, xy), so its deck group can be identified with m (X, z9) = F(a,b).
Using the left action of the deck group F(a,b), we can identify p~!(z¢) with F(a,b) by letting
g € F(a,b) correspond to gzy. As the following shows, under this identification the right monodromy
action of F(a,b) on p~1(xg) is identified with the right action of F(a,b) on itself:

gb

On the other hand, the left action of the deck group on p~!(zg) corresponds to the left action of
F(a,b) on itself. O

12*.2. Monodromy and G-sets

Let G be a group. A right G-set is a set S equipped with a right G-action. If S and T are right
G-sets, then a G-equivariant map is a set map ¢: S — T with ¢(sg) = ¢(s)g for all s € S and g € G.
A G-equivariant map ¢: S — T is a G-equivariant isomorphism if it is a bijection, in which case its
inverse is G-equivariant. If a G-equivariant isomorphism from S to T exists, then we say that S and
T are isomorphic as right G-sets.

Now let (X,z0) be a pointed space and let G = 71 (X, z0). If p: X — X is a cover, then the
fiber S = p~!(x) is a right G-set via the monodromy action. For X path connected, locally path
connected, and semilocally 1-connected, our main goal in this chapter is to prove that in a suitable
sense covers of X are the “same” as right G-sets. Proving this will require some preliminary results.

Before moving on to those preliminary results, we make a remark about the nature of the
monodromy action. Continue to let (X, () be a pointed space and G = (X, (). Let S be an
abstract set and let &(.5) be the symmetric group of S, that is, the group of all bijections S — S. If
S is endowed with the structure of a right G-set, then we can define a homomorphism o: G — &(S)
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via the following formula:
(12*.2.1) o(g)(s) =sg™ forallge GandscS.

The inverse is there to convert the right action into a left action. Conversely, if o: G — &(S) is a
homomorphism then we can make S into a right G-set via (12*.2.1). The upshot is that right G-set
structures on S are the same as homomorphisms o: G — &(5).

Once we have proved that for appropriate X covers of X can be identified with right G-sets, it
will follow that covers of X whose fiber over x is the set S can be identified with homomorphisms
o: G — &(S). These homomorphisms are called the monodromy representations of the cover. We
remark that these covers need not be regular, and the monodromy representations are very different
from the lifting homomorphisms that characterize regular covers.

REMARK 12*.2.1. Let (X, o) be a pointed space. Consider a degree n cover p: X — X. Let
S = p~1(xp), and enumerate S as S = {Z1,...,Z,}. This enumeration allows us to identify &(9)
with the symmetric group &,, on n letters, so the monodromy representation of p takes the form
o: m(X,x0) = &,. In the 19th century before the concept of a cover was formalized, degree n covers
were constructed from data like this. The homomorphism ¢ characterized how you transitioned
between different “sheets” of the cover as you went around loops. O

12*.3. Morphisms of covers

Let (X, zg) be a pointed space. Consider covers py : X; — X and P2 X, — X. Set S; = pfl(xo)
and Sy = py (o). A morphism of covers from p; to po is a cover ¢: X; — X, such that the following
diagram commutes:

commutes. Given a morphism ¢: X 1 — Xg of covers, let q,: S1 — S3 denote the restriction of ¢ to
S1. This map g, is G-equivariant:

LEMMA 12%.3.1. Let (X,x0) be a pointed space and let G = w1 (X, xo). Let py: X — X and
po: Xo — X be covers. Set Sy = pyH(xo) and So = py H(x0). Let q: X1 — Xo be a morphism of
covers. Then q,: S1 — Sz is G-equivariant.

ProOF. Consider s € S7 and [7] € G. Our goal is to prove that ¢(s[y]) = q(s)[y]. Let A2 be the
lift of y through py: X — X with 32(0) = ¢(s). We thus have ¢(s)[y] = 32(1). Let 3; be the lift of
Yo through ¢: X1 — X» with 71(0) = 5. We thus have ¢(71(1)) = 32(1). Since p; = ps o g, the path
1 is also the lift of v through p1: X1 — X with 7 (0) = s. We thus have s[y] = 41(1). Putting all
our equalities together, we have ¢(s[y]) = ¢(71(1)) = F2(1) = q(s)[7]. O

12*.4. Deck groups and monodromy

Let H and G be groups. An (H,G)-set is a set S equipped with a left action of H and a right
action of G such that

(hs)g = h(sg) forallhe H and s € S and g € G.

We define (H, G)-equivariant isomorphisms between (H,G)-sets in the obvious way. These arise
from covering spaces as follows. Let (X, zg) be a pointed space and let p: X — X be a cover. Set
G =11 (X,x0) and H = Deck(X) and S = p~(z0). The set S is a right G-set via the monodromy
action. It is also a left H-set via the action of the deck group H on S. Lemma 12*.3.1 implies
that H acts on S via G-equivariant isomorphisms. It follows that these two actions make S into an
(H, G)-set. The following generalizes the pattern from Example 12*.1.4:

LEMMA 12*%.4.1. Let p: ()?,EEO) — (X, z0) be a regular pointed cover with X connected. Set
G = m(X,x0) and H = Deck(X), and let f: G — H be the lifting map from §7.2. Finally, let
S =p~Y(xg). Then the (H,G)-set S is isomorphic to H with the following (H,G)-set structure:
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e The group H acts on H on the left via its usual group multiplication.
e The group G acts on H on the right as hg = hf(g) for all h € H and g € G.

PROOF. Since X is connected, H acts freely and transitively on S. Each element of S can thus
be written as hZg for a unique h € H. Define a set map ¢: S — H as follows: for s € S, let

¢(s) = h for the h € H with s = hiy.

The map ¢ is a bijection and satisfies ¢(hs) = ho(s) for all h € H and s € S. Fixing some s € S and
[v] € G = 71 (X, x0), we must prove that ¢(s[y]) = o(s)f([7]). N

Write s = hZo with h € H, so ¢(s) = h. Let 5 be the lift of v to X with ¥(0) = hZo, so
s[v] = 7(1). To prove that ¢(s[y]) = &(s)f([v]), we must prove that (1) = hf([y])To. Letting the
deck group H act on paths in X’, the path h=15 goes from h~'s = T to h~15(1). By the definition
of the lifting map from §7.2, we have h=15(1) = f([y])Zo. Applying h to this, we conclude that
(1) = hf([7])Zo, as desired. O

12*.5. Covers are the same thing as right G-sets, I

Recall that our goal is to prove that if (X, zg) is a pointed space with suitable local properties
and G = m1 (X, x), then covers of X are in some sense the “same” as right G-sets. The following is
a first version of this. Using category theoretic language, we will give a more precise statement in
the next chapter.

THEOREM 12*.5.1. Let (X, xo) be a pointed space that is path connected, locally path connected,
and semilocally 1-connected. Set G = w1 (X, zg). The following hold:

(i) For all right G-sets S, there exists a cover p: X — X such that the right G-set p~*(z0) is
isomorphic to S. N
(i) Let p1: X1 — X and pa: Xo — X be covers. Set S; = py'(xo) and Sy = py* (o), and

assume that the right G-sets S1 and Ss are isomorphic. Then py: X1 — X and ps: )2'2 — X
are isomorphic covers.

PRrROOF. We divide the proof into two steps:
(a) We first prove (i) by giving a construction that takes a right G-set S and produces a cover
p: X — X such that p~!(z) is isomorphic to S.
(b) We then prove that if p: X — X is a cover and S = p~1(x0), then p: X > Xis isomorphic
to the result of performing the construction from the first step to S. This will imply (ii).

STEP 1. Let S be a right G-set. There then exists a cover p: X — X such that the fiber p~1(xq)
is isomorphic to S as a right G-set.

By Theorem 10.3.1, there exists a universal cover py: (Xu, F4) — (X, 20). This is a regular cover
with deck group G. Regarding G as a (G, G)-set via the left- and right-actions of G on itself, we can
therefore apply Lemma 12*.4.1 to see that p, () is isomorphic to G as a (G, G)-set. In particular,
Py (7o) is isomorphic to G as a right G-set.

Endow S with the discrete topology, and let ¢: S X )N(u — X be the projection defined by
q(s,%) = pu(Z) for s € S and Z € X,,. The map ¢ is a covering space. We have ¢~ () = S x p; ! (20).
However, we cannot combine with this fact that p;!(z¢) is isomorphic to G as a right G-set to deduce
that ¢~1(x¢) is isomorphic to S x G as a right G-set. The issue is that the right action of G on S
plays no role in ¢. Instead, letting S,iv be the right G-set with the same underlying set as S but
with the trivial G-action, we have an isomorphism ¢~!(x¢) = Siiv X G of right G-sets.

Define a left action of G on S x )Z'u as follows:

g(5,7) = (sg7*,g7) forallsc Sandge Gand 7 € X,.

The inverse is there to convert the right action of G on S into a left action. This action is a covering
space action; indeed, G acts on S X )?u via deck transformations of the cover ¢: S x )Z'u — X. Since
we have both left- and right-actions, we will write X = G\(S x X,,) for the quotient of S x X,, by
the left action of G. The cover ¢: S X )N(u — X factors through a cover p: X > X.
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We claim that this is the cover we are looking for, i.e., that the right G-set p~1() is isomorphic
to S. Since ¢~ 1(wg) = Siriv X G, we have p~1(1g) = G\(Siriv X G). To prove that this is isomorphic
to S, define a set map ®: Sy X G — S via the formula

®(s,g) =sg for s € Syiv and g € G.

This map is G-equivariant for the right action of G on Sy X G. Moreover, for s € Sy and g1,92 € G
we have

®(g1(s,92)) = P(sg7 . g192) = s91 ' 9192 = sg2 = D(s, ga).

It follows that ® is G-invariant for the left action of G on Si;v X G. We conclude that ® factors
through a map ¢: G\(Suiv X G) — S that is equivariant with respect to the right action of G. The
map ¢ is a bijection with inverse the map taking s € S to the image of (s,1) in G\(Suiv X G). It
follows that ¢ is an isomorphism of right G-sets, as desired.

STEP 2. Let p: X — X be a cover and S = p~Y(x0). Then p: X > X is isomorphic to the result
of performing the construction from Step 1 to S.

As in Step 1, let py: ()Z'U,Eu) — (X, ) be the universal cover, endow S with the discrete
topology, and let ¢: S x X, — X be the covering space defined by ¢(s,Z) = p,(Z) for s € S and
Ze X, ForseS=pxg), the universality of the universal cover (Lemma 10.1.1) implies that
there exists a unique covering map 7 : ()N(u, Ty) = (5{ ,s) such that p, = pors. These assemble into
a covering space 7: S X X, — X defined by

r(s, &) = r5(Z) forall (s,7) € S x X,,.

The fact that this is a covering space uses the fact that X (and hence X ) is locally connected and
semilocally 1-connected. Indeed, this implies that X can be covered by sllc subsets U. These are
trivialized open sets for all the r, (see Lemma 10.4*.1), and hence are trivialized open sets for r.

As we observed in Step 1, the group G acts on S x X, on the left by deck transformations for
q: S x X, = X:

g(s,7) = (sg71,¢9%) forallsc Sandge Gand T € X,

What we must prove is that these are also deck transformations for r: S x )A(;u — X and that they
act transitively on the fibers of r. Indeed, this will imply that we can identify X with G\ (S x )?u),
showing that X is isomorphic to the result of performing the construction from Step 1 to S.

In fact, this is quite formal. By Lemma 12*.4.1, the fiber ¢~!(z¢) is isomorphic as a right G-set
to Siiv X G. We also have S = p~1(x9). When we restrict r to the fiber over zg, it is the map
®: Siriv X G — S defined via the formula

®(s,g) =sg for s € Syiv and g € G.

This map also appeared in Step 1. This map & is invariant under the restriction of the action of G
on ¢ 1 (z0) = Suiv X G. What we must prove now follows formally. Indeed, in Exercise 12*.7 you
will prove the following more general fact:

e Let (X,x0) be a path connected pointed space. Set G = m1(X,xq). Consider covers
p:Y - X and q: Z — X and 7: Z — Y such that p = gor. Set S = p~!(zg) and
T = q (z0), so S and T are right G-sets. Then the following hold:

(a) The map r restricts to a G-equivariant map R: T — S of right G-sets.

(b) Let H be a group acting on Z on the left by deck transformations of ¢: Z — X. The
set T is thus an (H, G)-set. Assume that the map R: T — S is H-invariant. Then H
acts by deck transformations of r: Z — Y.

Just apply this with Z = )N(u and Y = X and H = G. O
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12*.6. Properties of covers from monodromy

We now discuss how properties of covers are reflected in their monodromy representations. We
start by characterizing when a cover is connected. If G is a group, a right G-set S is transitive if for
all 5,5’ € S there exists some g € G with sg = s’

LEMMA 12*;6.1. Let p: X — X be a cover with X path connected and let o € X. The path
components of X are in bijection with the w1 (X, zg)-orbits of the right 71 (X, zo)-set p~(xg). In
particular, X is path connected if and only if the right w1 (X, xq)-set p~t(zg) is transitive.

ProOF. For z € )Z', a path § in X from p(Z) to x¢ lifts to a path from Z to a point of p~! ().
It follows that each path component of X contains at least one point of p~!(zg). To prove the lemma,
it is therefore enough to prove that two points of p~!(x() can be connected by a path if and only if
they are in the same 71 (X, zg)-orbit.

Consider 7,7’ € p~1(xg). A path ¥ from 7 to 2’ projects to a loop 7 with [y] € m1(X, zg) such
that Z[y] = 2. Conversely, if [7] € m (X, xo) satisfies Z[y] = Z’ then the lift of v to X starting at &
is a path from T to Z’. It follows that = and Z’ can be connected by a path if and only if they are in
the same 71 (X, zg)-orbit, as desired. O

We next discuss the subgroup of the fundamental group corresponding to a cover. If G is
a group and S is a right G-set, for s € S we will write G4 for the stabilizer subgroup of s, i.e.,
Gs ={g € G| sg = s}. We then have:

LEMMA 12%.6.2. Let p: (X, o) — (X, x0) be a pointed cover and let G = 71 (X, x0). Then the

subgroup of G corresponding to p: ()?, Zo) — (X, z0) is Gz, .
PROOF. Recall that the subgroup of G = (X, ) corresponding to the cover is the image

of the induced map p,: m1 ()N(J?O) — 71 (X, ). By Theorem 9.1.1, this subgroup consists of all
[v] € m1 (X, zo) such that the following holds:

(1) Let 7 be the lift of v to X with 5(0) = Zo. Then 7 is a loop, i.e., 3(1) = Zo.
By definition, these are exactly the [v] such that Zg[y] = Zo. O

We now turn to the deck group. For a right G-set S, let Autg(S) be the group of G-equivariant
isomorphisms of S. If X has suitable local properties, the deck group of a cover of X is isomorphic
to the automorphism group of its fibers:

LEMMA 12%*.6.3. Let p: X — X be a cover and let zo € X. Assume that X is path connected,
locally path connected, and semilocally 1-connected. Set S = p~1(zg). Then Deck(X) = Autg(S).

PRrROOF. Consider the map p: Deck(X) — Autg(S) obtained by restricting deck transformations
to S = p~1(wg). We must prove that p is injective and surjective:

CLAIM 1. The map p: Deck(X) — Autg(S) is injective.

If X were connected, this would follow from Lemma 2.2.1, which says that for connected covers
the action of the deck group is determined by what it does to a single point. However, we are only
assuming that X is path connected. As we observed in Exercise 2.2, in this case the proof of Lemma
2.2.1 goes through to show that the action of the deck group is determined by what it does to a
single fiber. The lemma follows.

CLAIM 2. The map p: Deck(X) — Autg(S) is surjective.

Let py: (Xu,7u) — (X,20) be the universal cover. As in Step 1 of the proof of Theorem 12*.5.1,
give S the discrete topology and let X’ = G\(S x X,,), where G acts on S x X, as follows:
g(s,7) = (sg71,¢9%) forallsc Sandge Gand T € X,.

The composition S x X, = X, — X factors through a cover p': X’ = X. Since G acts freely and
transitively on p,!(xg), we have (p')~1(x9) = G\(S x GZ,). For s € S and g € G, let [s, g] denote
the image of (s, g7,,) in (p/) " (zo).
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The argument in Step 2 of the proof of Theorem 12*.5.1 gives an isomorphism of covers \: X' = X.
The restriction of A to (p’)~!(zo) is the following bijection (p')~1(x¢) — p~1(x) = S:

(12*.6.1) A[s,g9]) =sge S forse Sandged.

Consider some ¢ € Autg(S). We will construct a deck transformation ¢’ of X’ and then use A to
build a deck transformation ¢ of X with p(q) = ¢
Define a homeomorphism p: S X X, — S x X, via the formula

w(s, @) = (¢(s),Z) forall s € S and 7 € X,,.
The map p is G-equivariant; indeed, for g € G and s € S and = € X,, we have
wg(s, @) = p(sg™",97) = (6(s97"),97) = (¢(s)g ™", 97) = 9(d(s), T) = gn(s, 7).
It follows that p descends to a homeomorphism ¢’: X’ — X’. On (')~ ( 0), the map p takes the

form u([s, g]) = [(s), 9] for s € Sand g € G. Set g =Aoq o A™1: X = X, s0 ¢ € Deck(X). Using
(12*.6.1), for s € S = p~*(zo) we have

q(s) = Ao d'([s,1]) = A([¢(5), 1]) = o(s).
It follows that p(q) = ¢. O

REMARK 12%.6.4. It was a little annoying in the proof of Claim 2 above that we had to use the
explicit constructions from the proof of Theorem 12*.5.1. In §13*.4 we will show how to use category
theory to package these constructions together in way that will make Lemma 12*.6.3 obvious. [

12*.7. From monodromy to the Galois correspondence

We close this chapter by explaining how to recover the Galois correspondence (Theorem 11.2.1)
from our classification of covers in terms of monodromy. We recall the statement of what we must
prove:

THEOREM 11.2.1 (Galois correspondence). Let (X, xzq) be a pointed space that is path connected,
locally path connected, and semilocally 1-connected. There is then a bijection between the following
two sets:

e The set of isomorphism classes of connected pointed covers p: ()2',50) — (X, z0).
e The set of subgroups of (X, xg).

This bijection takes a connected pointed cover p: ()?, Zo) = (X, xg) to its corresponding subgroup, i.e.,
to the image K of the map ps: 71 (X, Zo) = m1(X, z0). The degree of the cover p: (X,Zo) — (X, xo)
is the index of K in m1(X, xo).

PROOF. Set G = 71(X,x0). A pointed right G-set is a pair (5, sg) with S a right G-set and
s0 € S. Two pointed right G-sets (S, s1) and (Sa, s2) are isomorphic if there exists an isomorphism
¢: S1 — Sy of right G-sets such that ¢(s1) = so. If p: (X,Z0) — (X, x0) is a pointed cover, then the
pair (S, s09) = (p~!(z0),To) is a pointed right G-set. Lemma 12*.6.1 says that X is connected if and
only if S is a transitive right G-set. Theorem 12*.5.1 implies that there is a bijection between the
following two sets:

e The set of isomorphism classes of connected pointed covers p: (X, %) — (X, z0).

e The set of isomorphism classes of pointed right G-sets (.9, sg) with S transitive.
Consider a pointed right G-set (S, sg) with S transitive. Set K = G4,. Associated to the subgroup
K < G is the transitive right G-set K\G consisting of the right cosets Kg of K. Letting kg = K
be the trivial right coset, we have an isomorphism of pointed right G-sets (S, sg) = (K\G, ko) (see
Exercise 12*.4). Combining all of this, we see that there is a bijection between the following two sets:

e The set of isomorphism classes of pointed right G-sets (.5, sp) with S transitive.

e The set of subgroups of G.
This bijection takes (S, sg) to K = G,. Putting our two bijections together gives a bijection between
the following two sets:

e The set of isomorphism classes of connected pointed covers p: ()N( ,To) = (X, x0).
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e The set of subgroups of G.
This bijection takes a connected pointed cover p: ()?,50) — (X, z0) to the subgroup K = Gjz,.

Lemma 12*.6.2 implies that this K is the subgroup corresponding to p: ()},50) — (X, x0). The
theorem follows. O

12*.8. Exercises

EXERCISE 12*.1. Let X be a graph with one vertex xy and n oriented edges labeled z1, ..., x,, so
G = m (X, o) is a free group on generators 1, ..., T,. Let p: X — X be a cover. Set S = p~L(z0),
so S is right G-set. The set S is the set of vertices of the graph X. Describe the set of edges of X in
terms of the right G-set structure on S. (]

EXERCISE 12*.2. Let (X, zo) be a pointed space that is path connected, locally path connected,
and semilocally 1-connected. Let K < m1(X,z0) be a subgroup and let p: (X,%) — (X, x0) be
the connected cover whose corresponding subgroup of m (X, o) is K (see Theorem 11.2.1). Let
S =p~(ao) and let o: (X, 29) — &(S) be the monodromy representation of p: (X, Zo) — (X, zo).
Do the following;:

(a) Describe ker(o) < 71 (X, xo) in terms of K < m (X, o).
(b) Assume that S is a finite set. Prove that the image of o has cardinality |S| if and only if K
is a normal subgroup. ]

EXERCISE 12*.3. As in Example 1.6*.4, let Poly,, be the space of degree-n monic polynomials
over C. Such an f € Poly,, can be written as
f(2)=2"4+a12" ' +az" ?+---4+a, withay,...,a, €C,
so Poly, = C". Let
Poly®f = {f € Poly,, | f has n distinct roots},

RPolyf = {(f,x) € Poly™! xC | f(z) = o}.

We showed in Example 1.6%.4 that the projection p: RPoly®l — PolyS' is a degree n cover. Do the
following:
(a) Let
fo=(x—1)(x—2)---(x —n) € Poly™ .
Set S =p~1(fy), so
S ={(fo,1), (f0,2),---, (fo,m)}.
Let o: 1 (Poly, fo) = &(S) be the monodromy representation of the cover p: RPolyS —
Polyflf. Prove that o is surjective. Hint: the ideas from the proof of Lemma 3.3.1 might be

useful.
(b) Prove that p: Rlz’olyflf — Polyfif is an irregular cover for n > 3. Hint: Exercise 12*.2 might
be useful. We remark that another proof of this can be found in Exercise 9.9. (]

EXERCISE 12*.4. Let G be a group and let (S, sp) be a pointed right G-set. Set K = G5, and
let ko = K. Then (.5, sg) is isomorphic to (K\G, ko). O

EXERCISE 12%.5. Let (X, z¢) be a pointed space, let p: X — X be a cover, and let f: (Z,z) —
(X, 20) be a pointed map. As in Exercise 1.14, let ¢: Z — Z be the pullback of p: X — X along
f+Z—-X,s0

Z={@=)eXx2z|p@ =1}
Let S =p~!(x) and T = ¢~ '(x0). Do the following:

e Letting ]"12 — X be the projection onto the first factor. Prove that f restricts to a
bijection f.: T — S such that

Ft0]) = (0 f.([y]) for allt € T and [3] € m1(Z, 20). U
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EXERCISE 12*.6. Let (X, () be a space. Let p;: X, — X and po: X5 — X be two covers. As
in Exercise 1.14, let

72={@0 e Xix X | (@) = (@)

be the pullback of py along p;. Let ¢q: 7 — )Z'l and go: 7 — Xz be the projections. These are now
both covers, and fit into a commutative diagram

(Z,%0) —2— (X1,71)

lq’z Jpl
(Xa,T2) —2 (X, x0).

Set r =proqi = paoqe, SO T is amap r: 7 — X. You proved in Exercise 11.3 that r is a cover.
Set G = m1(X,x0) and S; = p; *(x0) and Sy = p; *(20), so S; and Sy are right G-sets. Prove the
following:
(a) As aset, r~1(zg) = S x Sa.
(b) The right G-set structure on 7~1(z) = S; x Sy is the product of the right G-set structures
on Sy and Ss, i.e., (s1,82)[7] = (s1[7], s2[7]) for all (s1,s2) € S1 X Se and [] € G. O

EXERCISE 12*.7. Let (X, () be a path connected pointed space. Set G = m1 (X, zp). Consider
coversp: Y — X and ¢: Z — X andr: Z — Y such that p = gor. Set S = p~1(xg) and T = ¢~ (=),
so S and T are right G-sets. Prove the following;:

(a) The map r restricts to a G-equivariant map R: T — S of right G-sets.

(b) Let H be a group acting on Z on the left by deck transformations of ¢: Z — X. The set
T is thus an (H, G)-set. Assume that the map R: T — S is H-invariant. Prove that H
acts by deck transformations of r: Z — Y. Hint: We must prove that r restricts to an
H-invariant map on all the fibers of ¢: Z — X from the fact that it does so on ¢~!(xo).
Use the maps 7, from §12*.1 to connect the different fibers of ¢: Z — X. O






CHAPTER 13*

Categorical frameworks for covers and Grothendieck’s

We now recast our theory of monodromy in more categorical terms. This chapter has three
families of results:
e a strengthening of our identification of covers and right G-sets; and
e a description of Grothendieck’s approach to the fundamental group, which makes no
reference to paths and can be applied in contexts where they make no sense; and
e a slightly more general version of the classification of covering spaces in terms of the
fundamental groupoid.
The arguments in this chapter are more abstract and categorical than those in the other chapters of
this book. We have therefore marked it with an * to indicate that a reader might want to skip it on
a first pass through the subject.

13*.1. Reminder about categories and functors

Since we have not used much categorical language for a while, we remind the reader of some

basic terminology. Recall that a category C consists of the following data:

e A collection of objects. We will write A € C to indicate that A is an object of C.

e For all objects A, B € C, a set C(A4, B) of morphisms. We will often write f: A — B to

indicate that f is a morphism from A to B.

e For all objects A € C, an identity morphism 14: A — A.
These morphisms can be composed: if f: A — B and g: B — C are morphisms, then we have a
morphism go f: A — C. This composition should be associative in the sense that if f: A — B and
g: B— C and h: C — D are morphisms, then (f og)oh = fo(goh). Under this composition, the
identity morphisms should be units: if f: A — B is a morphism, then fols = f and 1gof = f.

ExaMPLE 13*.1.1. The collection of all groups and group homomomorphisms forms a category
Group. (]

EXAMPLE 13*.1.2. The collection of all pointed topological spaces and pointed maps forms a
category Top,. (Il

EXAMPLE 13*.1.3. For a group G, there is a category G with one object  and with G(e,e) =
G. O

Next, recall that a functor is defined as follows. Let C and D be categories. A functor F from C
to D consists of the following data:
e For each object ¢ € C, an object F(c) € D.
e For each morphism f: ¢ — ¢’ in C, a morphism F(f): F(c¢) = F(c) in D.
This data should respect composition in the sense that if f: ¢ — ¢’ and g: ¢ — ¢’ are morphisms in
C, then F(go f) = F(g) o F(f). We write F': C — D to indicate that F is a functor from C to D.

EXAMPLE 13*.1.4. There is a functor A: Group — Group taking G € Group to its abelianization
G?P. For a group homomorphism f: G — H, the the functor A takes the value A(f) = fap, where
fab: G2P — H?P is the induced map on the abelianization. O

EXAMPLE 13*.1.5. There is a functor 7 : Top, — Group taking (X, z¢) € Top, to m1(X,zg). O

REMARK 13*.1.6. Like we did for m;, we will often describe functors by just saying what they
do to objects if their behavior on morphisms is obvious. ]

133
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13*.2. Natural transformations

We now introduce a sort of morphism between two functors. Let C and D be categories and let
F.G: C — D be functors. A natural transformation p from F to G consists of the following data:

e For each ¢ € C, a morphism p(c): F(¢) — G(c) in D.
These morphisms should be natural in the following sense: for all morphisms f: ¢ — ¢’ in C, the
following diagram should commute:

Fle) =I5 F(¢)

Ae) Ac)

ale) 29 g(e)

In other words, A(¢') o F(f) = G(f) o A(c). We write A\: F = G to indicate that A is a natural
transformation from F' to G.

ExAaMPLE 13*.2.1. Let A: Group — Group be the functor taking a group G to its abelianization
and let Id: Group — Group be the identity functor. There is a natural transformation p: Id = A
defined as follows:

e For a group G, we must define a group homomorphism p(G) from Id(G) = G to A(G) = G2P.
Let u(G): G — G2 be the abelianization homomorphism.

The naturality of p is the assertion that if f: G — H is a group homomorphism, then the diagram

G%H

LL(G) lM(H)

Gab fab Hab
commutes, which is immediate. (Il

EXAMPLE 13*.2.2. Let Ring be the category of commutative rings and let n > 1. Define two
functors GL,,: Ring — Group and U: Ring — Group as follows:

e For a commutative ring R, let GL,,(R) be the rank-n general linear group over R.
e For a commutative ring R, let U(R) be the group of units of R, i.e., the group of all z € R
such that there exists some y € R with zy = 1.

We can define a natural transformation p: GL, = U as follows:

e For a commutative ring R, let u(R): GL,(R) — U(R) be the homomorphism taking a
matrix to its determinant.

The naturality of u is the assertion that if f: R — R’ is a ring homomorphism, then the diagram

GL,(R) —— GL.(R')

ldet J{det

UR) —L— UR)

commutes, which is immediate. In our future examples of natural transformations, we will generally
not expand out the meaning of the assertion that they are natural, but leave it as an exercise to the
reader. ]

For functors F,G: C — D, a natural transformation u: F = G is a natural isomorphism if the
morphisms p(c): F(c) — G(c) are isomorphisms for all ¢ € C. In this case, we say that F' and G are
naturally isomorphic.
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13*.3. Equivalences of categories

The final piece of abstract nonsense we need is the notion of an equivalence of categories. One
way that categories C and D can be the “same” is if they are isomorphic, i.e., there exist functors
F:C—Dand G: D - C such that Go F: C — C and F o G: D — D are both the identity
functor. However, it turns out that this is too restrictive.

Weakening this, functors F': C — D and G: D — C form an equivalence of categories if
GoF:C — Cand FoG: D — D are both naturally isomorphic to the identity functor. This is
the right notion of equivalence in category theory. We will also say that a functor F': C — D is
an equivalence of categories if a functor G: D — C as above exists, though be warned that G is
typically not unique.

For our first example of this, we need two pieces of terminology. Let A be a category. A
subcategory of A is a category B such that:

e all objects b € B are also objects of A; and
e for all b,b' € B the morphisms in B from b to b’ are also morphisms of A, i.e., we have
B(b,b') C A(b,'); and
e the composition rule for morphisms of B is the same as that of the corresponding morphisms
of A.
These conditions imply that there is a natural inclusion functor B — A. If for all b,b’ € B we have
B(b,b') = A(b,b'), then we say that B is a full subcategory of A.

EXAMPLE 13*.3.1. Regard # as a formal symbol. Let Set be the category of sets and let Setxa
be the full subcategory of Set consisting of sets that can be written as X x {#} for some X € Set.
Let F': Setxa — Set be the inclusion and let G: Set — Set« 4 be the functor G(X) = X x {#}.
The functors F' and G form an equivalence of categories. Indeed:

e The functor F o G: Set — Set is the functor taking X € Set to X x {#}. This is naturally
isomorphic to the identity functor Id: Set — Set via the natural isomorphism p: FoG = Id
defined as follows:

— For X € Set, we must define a set map p(X) from F o G(X) =X x {#} to X. This
map takes (z,#) € X x {#} tox € X.

e The functor Go F': Set,a — Setya is the functor taking X x {#} € Setx 4 to (X x {#}) X
{#}. This is naturally isomorphic to the identity functor Id: Set s — Setya via the
natural isomorphism p: G o F' = Id defined as follows:

— For X x{#} € Set.a, we must define a set map u(X) from GoF'(X) = (X x{#})x {4}
to X x {#}. This map takes ((z,®), M) € (X x {#}) x {#} to (z,Md) € X x{#}. O

Though the inclusion Set .4 — Set is not an isomorphism of categories, the categories Set 4 and
Set are actually isomorphic. This might make Example 13*.3.1 a bit unsatisfying. The following is a
more typical example of an equivalence of categories where the two categories are not isomorphic.

EXAMPLE 13*.3.2. Let FinSet be the category of finite sets. Forn > 0, set n = {1,...,n} € FinSet.
Let C be the full subcategory of FinSet whose objects are the sets of the form n for n > 0. Let
F: C — FinSet be the inclusion functor. We claim that F' is an equivalence of categories. The
corresponding morphism G: FinSet — C is constructed as follows:

e For a finite set X € FinSet, set n = | X| and let G(X) = n. For later use, we also choose a
bijection ox : X — n. To simplify things, we choose this such that if X = n then ox is the
identity 1: n — n. We remark that this depends on the axiom of choice.

e For finite sets X and Y and a set map f: X — Y, define G(f): G(X) — G(Y) as follows.
Set n = |X| and m = Y|, and let G(f): n — m be the following composition:

—1

QUXXfY(TYm.

IThere is a small foundational issue here. The collection of all finite sets is too large to be a set, so the usual
axiom of choice is not strong enough to make all these choices. Instead, the collection of finite sets is what is called a
proper class. The version of the axiom of choice we need is what is called the axiom of global choice. Roughly speaking,
it says that it is possible to consistently choose an element from each nonempty set. Since in this book we do not focus
on foundational issues, we refer the reader to books on set theory for a precise statement of this.
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We check that F'o G and G o F' are both naturally isomorphic to the identity as follows:
e Since g, =1 for all n > 0, the functor F o G: C — C equals the identity functor.
e Consider a finite set X. Letting n = |X|, the functor G o F': FinSet — FinSet satisfies
GoF(X) = n. We can define a natural isomorphism p: Go F' = Id by letting u(X): n — X
be the bijection 0;(1. O

The subcategory C of FinSet from Example 13*.3.2 is an example of a skeleton of a category,
that is, a full subcategory containing exactly one representative of each isomorphism class of objects.
The argument from Example 13*.3.2 shows that the inclusion of a skeleton into a category is an
equivalence of categories.

In fact, even more is true. This requires some terminology. Let C and D be categories and let
F: C — D be a functor. For ¢,¢’ € C the functor F induces a map F: C(c,) — D(F(c), F(c)).
We make the following definitions.

e The functor F' is faithful if for all ¢, ¢’ € C the induced map F': C(c,c¢’) — D(F(c), F(c'))
is injective.
e The functor F is full if for all ¢,¢’ € C the induced map F': C(c,¢’) — D(F(c), F(c')) is
surjective.
e The functor F is essentially surjective if for all d € D there exists some ¢ € C such that
F(c) is isomorphic to d.
If F: C — D is the inclusion of a subcategory then F' is faithful, and if F' is the inclusion of a full
subcategory then F' is full and faithful. The inclusion of a skeleton of a category is full, faithful, and
essentially surjective. The following lemma helps explain the meaning of an equivalence of categories:

LEMMA 13*%.3.3. Let C and D be categories and let F: C — D be a functor. Then F is an
equivalence of categories if and only if F' is full, faithful, and essentially surjective.

PROOF. The main idea of the proof is similar to that of Example 13*.3.2, so we leave it as an
exercise (see Exercise 13*.5). O

13*.4. Covers are the same thing as right G-sets, II
We now return to covering spaces. Let (X, xo) be a pointed space. Set G = 71(X, xg). Define
the following categories:

e Let RSety be the category whose objects are right G-sets and whose morphisms are G-
equivariant maps.

e Let Coverx be the category whose objects are covers p: X — X and where a morphism
from a cover p;: )?1 — X to a cover ps: )2'2 — X is a cover q: )?1 — )2'2 such that the
following diagram commutes:

The fiber functor is the functor F: Coveryxy — RSetG defined by
F(p: X — X) =p *(z0) €RSetg for a cover p: X - X.
The fact that this is a functor follows from Lemma 12*.3.1. Our first main result in this chapter is

the following, which strenthens Theorem 12*.5.1:

THEOREM 13*.4.1. Let (X, xo) be a pointed space that is path connected, locally path connected,
and semilocally 1-connected. Set G = w1 (X, xg). Then the fiber functor F: Coverx — RSetq is an
equivalence of categories.

For a category C and ¢ € C, let Autc(c) denote the group of invertible morphisms f: ¢ — ¢ in
C(e,¢). For (X,xzg) as in Theorem 13*.4.1, that theorem together with Lemma 13*.3.3 implies the

following. Consider a cover p: X — X, and set S = p~(z). Then
Deck(X) = Autgoyery (p: X — X) = Autgsers (07 (20)) = Autg(S).
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This fact was proved earlier in Lemma 12*.6.3. It is enlightening to go through the proof of Lemma
12*.6.3 and see that secretly it was using the same ingredients as the proof of Theorem 13*.4.1 below.

PROOF OF THEOREM 13*.4.1. The proof uses the same ideas as the proof of Theorem 12*.5.1.
We divide it into three steps: we first construct a functor R: RSetg — Coverx that we call the
realization functor, then we prove that F o R: RSets — RSet is naturally isomorphic to the identity,
and then finally we prove that R o F: Covery — Coverx is naturally isomorphic to the identity.
Throughout the proof, we fix a universal cover p,: (X,,Z,) = (X, o), which we recall is a regular
cover with deck group G (see Theorem 10.3.1).2

STEP 1. We construct the realization functor R: RSetg — Covery.

Let S be a right G-set. Endow S with the discrete topology, and define a left action of G' on
S x X, as follows:

g(s,7) = (sg7,g9%) forallsc Sandge Gand T € X,
Consider the space G\ (S x )?u) The group G is acting on S x X, by deck transformations of the
cover q: S x X, — X given by
S x X, 2% X, P X,

so we get an induced cover p: G\(S x X,) — X. Define R(S) = p. This is clearly functorial.

STEP 2. We prove that F o R: RSetg — RSetq is naturally isomorphic to the identity.

Let S be a right G-set. To construct a natural isomorphism p: F o R = Id, we must define a
natural isomorphism x(S): F o R(S) — S. Examining the construction from Step 1, we see that

FoR(S)=G\(S x p,  (x0)) = G\(S x GT,).
Let ;(\S/): S x Gz, — S be the map

m(s,g%u) =sg forallsc Sandged.

—_—

The map p(S) is G-invariant, so it factors through a map u(S): G\(S x GZ,) — S. The map u(S)
is a bijection whose inverse takes s € S to the image of (s,Z,) in G\(S x GZ,).

STEP 3. We prove that R o F: Coverx — Coverx is naturally isomorphic to the identity.

Let p: X — X be a cover. To construct a natural isomorphism p: R o F = Id, we must define
an isomorphism of covers p(p): Ro F(p) — p. Let S = F(S) = p~*(zo). The cover R o F(p) = R(S)
is of the form p': G\(S x X,,) — X. Our goal is to construct a homeomorphism A: G\(S x X,,) — X
such that the following diagram commutes:

G\(Sx X,) —2—— X

(13*.4.1) X) /

X
We can then define u(p) = A. It will be clear from our construction that this y is natural.
For s € S = p~!(xg), the universality of the universal cover (Lemma 10.1.1) implies that there
exists a unique covering map rs: (X,,Z,) — (X, s) such that p, = pors. These assemble into a
covering space r: S x X,, = X defined by

r(s,%) = ro(Z) for all (s,Z) € S X X,.

The fact that this is a covering space uses the fact that X (and hence X ) is locally connected and
semilocally 1-connected. Indeed, this implies that X can be covered by sllc subsets U. These are
trivialized open sets for all the r; (see Lemma 10.4*.1), and hence are trivialized open sets for r.

2The universal cover is unique up to isomorphism. We are fixing a representative of its isomorphism class.
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Let ¢: S x X, = X be the cover from Step 1. The group G acts on S x X, on the left by deck
transformations for ¢: S x X,, — X:

g(s,%) = (sg~',g%) forallse SandgeGand i€ X,.

Just like in Step 2 of the proof of Theorem 12*.5.1, it follows from Exercise 12*.7 that the action
of Gon S x X, is by deck transformations of r: .S x X, — X and that G acts transitively on the
fibers of r. We conclude that r factors through a homeomorphism A: G\ (S x Xu) — X such that
(13*.4.1) commutes, as desired. O

13*.5. Grothendieck’s approach to the fundamental group

Let C and D be categories. Define Fun(C, D) be the following category:

e The objects of Fun(C, D) consist of functors F': C — D.
e For functors F,G: C — D, the morphisms from F to G consist® of natural transformations
uw: F=aG.
For F' € Fun(C,D), the Fun(C, D)-automorphism group consists of all natural isomorphisms
w: F = F. We call this the automorphism group of the functor F.
Grothendieck showed how to describe the fundamental group in this language. Let (X, x0) be a
pointed space. Let Fyot: Coverx — Set be the functor defined by

Feet(p: X = X) =p~(ax) € Set  for a cover p: X — X.
The difference beetween this and the fiber functor from the last section is that Fye; takes values

in sets, not in right G-sets for G = 71 (X, zg). The functor Fy; makes no reference to m (X, z);
however, in favorable situations we can recover 71 (X, xo) from it:

THEOREM 13*.5.1 (Grothendieck). Let (X,xo) be a pointed space that is path connected, locally
path connected, and semilocally 1-connected. Then m (X, x) is isomorphic to the automorphism
group of the functor Fget.

ProOOF. Concretely, an element o of the automorphism group of Fye consists of the following
data:

e For each cover p: XX, a bijection o ¢ of the fiber p~(x0).

These bijections must be compatible in the sense that if p;: )?1 — X and ps: )Z'g — X are covers
and ¢: X; — X5 is a morphism of covers, then

(0%, (@) = 0%,(()) for all T € pi* (o).

We now turn to the proof of the theorem. Set G = 71 (X, x¢). Let F: Coverx — RSetq be the fiber
functor. The functor Fie: Coverx — Set factors as

Cover x TN RSetq 5, Set,

where §: RSetg — Set takes a right G-set and forgets the right action of G. Since F is an equivalence
of categories (Theorem 13*.4.1), the automorphism group of Fe is isomorphic to the automorphism
group of S (see Exercise 13*.6). We can define a map ¢ from G to the automorphism group of
S: RSetg — Set: for g € G, let ¢(g): S = S be the following natural transformation:

e For S € RSetg, let ¢(g)(S): S — S be the bijection defined by ¢(g)(5)(s) = sg~*! for g € G.

We must prove that this is an isomorphism. This is a purely algebraic result about right G-sets, so
we leave it as an exercise (see Exercise 13*.4). O

Theorem 13*.5.1 is an interesting result since it describes the fundamental group entirely in
terms of covers. There are contexts where “covers” make sense but loops do not. Grothendieck was
interested in defining the fundamental group of an algebraic variety Z over an arbitrary field. In
algebraic geometry, infinite covers do not make sense. However, finite covers p: Z — Z do make

3There is a small set theoretic issue here. In our definition of a category, the collection of objects was not required
to be a set but the collection of morphisms between two objects was required to be a set. This need not hold here in
general, but in our examples it will always hold.
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sense, and are what the algebraic geometers call finite étale morphisms. Grothendieck used these to
define his étale fundamental group. Roughtly speaking, what he did was as follows.

Fix a basepoint zg € Z. Grothendieck defined a category Etaley of finite étale morphisms
p: Z — Z. There is a fiber functor F: Etale; — Set that takes a finite étale morphism p: Z—Z
and returns its fiber p~!(zp). Grothendieck defined 7¢*(Z, o) to be the automorphlsm group of the
functor F: Etale; — Set. Since Etalez only includes the analogues of finite covers, 7¢4(Z, 29) has a
natural topology making it into what is called a profinite group. The group 7$*(Z, zo) plays the same
role in the topology of varieties that the classical fundamental group plays in the topology of spaces.

13*.6. Reminder about fundamental groupoid

Let X be a space. Our final result in this chapter uses the fundamental groupoid of X, which is
a category that encodes the collection of homotopy classes of paths between points of X. Since we
have not discussed the fundamental groupoid since introducing it in Chapter 5, we recall some basic
facts about it.

As we discussed in §5.8% in a category morphisms are composed right-to-left like functions.
However, our conventions for composing paths goes from left to right: if v is a path from z to y and
~" is a path from y to z, then -+ is the path from x to z that first traverses v and then traverses +'.
To fix this mismatch of conventions, we introduced the following notation:

NOTATION 13*.6.1. Let X be a space. For points z,y,2 € X, let v be a path in X from z to
y and let 6 be a path in X from y to z. We then define 7/ x v = v-y'. This descends to homotopy
classes of paths, and we also write [y] x [y] = [’ *7]. O

With this notation, the fundamental groupoid of X, denoted TI(X), is the following category:

e The objects of TI(X) are the points of X.

e For points z and y, the II(X)-morphisms from z to y are the set of all homotopy classes of
paths from z to y. For a path « from x to y, we will write [y]:  — y for the corresponding
morphism from z to y.

e If vis a path from z to y and +' is a path from y to z, then the composition of the morphisms
[v]: # = y and [y]: y — z is the morphism [y] % [7]: z — 2.

e For a point « € X, the identity morphism of x is the constant path [¢;]: x — .

13*.7. Global fiber functors

Let X be a space and let p: X > Xbea covering space. The global fiber functor of p: XX
is the following functor G,: II(X) — Set. For an object = € X, we define Gp(z) = p~ (). For a
morphism [7]: z — y in II(X), we define G,([7]): Gp(z) = Gp(y) to be the map 7, we discussed in
§12*.1. To see that this is a functor, consider morphisms [y]: z — y and [§]: y — z in TI(X). We
must prove that G,([0] * [v]) = Gp([0]) 0 Gp([7]), i-e., that

TV'é = Ts O T’Y'
This is exactly Lemma 12*.1.1.

REMARK 13*.7.1. Using * instead of the concatanation product - in the fundamental groupoid
accomplished the same thing for the fiber functor that using right actions did for the monodromy
action of the fundamental group. ]

13*.8. Realizing fiber functors

Let X be a space that is locally path connected and semilocally 1-connected. Note that we are
not assuming that X is path connected. Our goal is to prove that covers of X are the “same” as
functors from II(X) to Set. The easiest version of this says the following:

e For all functors F': TI(X) — Set, there is a cover p: X — X whose global fiber functor is
naturally isomorphic to F'.

e If py: )?1 — X and ps: )~(2 — X are covers whose global fiber functors are naturally
isomorphic, then p; : X; — X and P2 X, — X are isomorphic.
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The more precise form is an equivalence of categories.

Recall from §13*.5 that Fun(II(X), Set) is the category of functors F': II(X) — Set. The
morphisms in Fun(II(X), Set) are natural transformations. It is immediate from the definitions that
the map G: Coverx — Fun(II(X), Set) taking a cover p: X — X to its global fiber functor G, is a
functor that we will also call the global fiber functor. We will prove:

THEOREM 13*.8.1. Let X be a space that is locally path connected and semilocally 1-connected.
The global fiber functor G: Coverx — Fun(II(X), Set) is an equivalence of categories.

PROOF. It is enough to prove this on each path component of X, so we can assume without loss
of generality that X is path connected. Fix a basepoint xy € X. Let C be the full subcategory of
I1(X) with the single object zo. This is a skeleton of II(X). Indeed, consider z € X. We must prove
that there is an isomorphism in II(X) from z to z(. Since all morphisms in II(X) are invertible, this
follows from the fact that X is path connected, so in particular there exists a path in X from zq to x.

Since C is a skeleton of II(X), the inclusion functor C — II(X) is an equivalence of cate-
gories (see Lemma 13*.3.3). This implies that restricting functors to C gives an equivalence of
categories Fun(II(X), Set) — Fun(C, Set); see Exercise 13*.6. Composing G with this gives a functor
F: Coverx — Fun(C,Set), and it is enough to prove that this is an equivalence of categories.

As we discussed in Example 13*.1.3, a group G can be identified with a category G with one
object o and with G(e,e) = G. Setting G = (X, x0), under this identification G equals the
category C. A functor F' € Fun(G, Set) is determined by the following data:

e The set S obtained by evaluating F' on the single object o of G.
e For each g € G, amap F(g): S — S. Since G is a group, the element g is invertible and
F(g) is a bijection.
Using this, it is easy to show that Fun(G, Set) is isomorphic to the category RSetq of right G-sets
(see Exercise 13*.3). The functor

F: Coverx — Fun(C, Set) = Fun(QG, Set) = RSetg

is exactly the fiber functor that we proved is an equivalence of categories in Theorem 13*.4.1. The
theorem follows. |

13*.9. Exercises

EXERCISE 13*.1. Expand out what it means for the natural transformations in Examples 13*.3.1
and 13*.3.2 to be natural. O

EXERCISE 13*.2. Let G be a group, and let LSetg and RSetg be the categories of left G-sets
and right G-sets. Prove that LSets and RSetg are isomorphic categories. O

EXERCISE 13*.3. Let G and H be groups and let G and H be the corresponding categories with
one object o. Do the following:

(a) Prove that the category Fun(G, Set) is isomorphic both to the category LSetq of left G-sets
and to the category RSetg of right G-sets.

(b) Prove that a functor F': G — H can be identified with a group homomorphism f: G — H.

(c) Let F1, F»: G — H be two functors, and let fi, fo: G — H be the corresponding group
homomorphisms as in (b). Prove that there exists a natural transformation p: Fy = Fy if
and only there exists some h € H such that fi(g) = hf2(g)h~! for all g € G. O

EXERCISE 13*.4. Let G be a group and let S: RSetg — Set be the functor that takes a right
G-set and forgets the right action of G. Prove that the automorphism group of S is isomorphic to
G. O

EXERCISE 13*.5. Let C and D be categories and let F': C — D be a functor. Prove that F
is an equivalence of categories if and only if F' is full, faithful, and essentially surjective. To avoid
set-theoretic issues, you may assume that the collection of objects of D forms a set. ([l

EXERCISE 13*.6. Let C and D be categories. Consider the category Fun(C, D) of functors from
C to D. Do the following:
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(a) Let C’ be a category and E: C' — C be an equivalence of categories. Prove that composing
with E gives an equivalence of categories Fun(C,D) — Fun(C’,D). In particular, for
F € Fun(C, D) the automorphism groups of the functors F: C - D and Fo E: C' - D
are isomorphic.

(b) Let D’ be a category and E: D — D’ be an equivalence of categories. Prove that composing
with E gives an equivalence of categories Fun(C,D) — Fun(C,D’). In particular, for
F € Fun(C, D) the automorphism group of the functors F: C - D and Eo F: C —» D’
are isomorphic. O

EXERCISE 13*.7. Let (X, zp) be a pointed topological space that is path connected, locally path
connected, and semilocally 1-connected. Describe the functor F': II(X) — Set that is the global fiber
functor of the universal cover of X. |

EXERCISE 13*.8. Let X be a topological space that is locally path connected and semilocally
1-connected. Let F': II(X) — Set be a functor. By Theorem 13*.8.1, the functor F' is the global
fiber functor of a cover p: X — X. As a set, we know that the points of X are in bijection with the
elements of the sets F'(z) as « ranges over points of X. Define

Y ={(z,7) |z€ X and T € F(z)}.

This is a set, and by the above the points of Y are in bijection with the points of X. Let q: Y — X be
the projection on to the first factor. Without using Theorem 13*. 8.1, explitely construct a topology
on Y such that q: Y — X is a cover and prove that the cover q: Y = X is isomorphic to p: X - X.
Hint: try to use the ideas from the construction of the topology on the universal cover in Chapter
10. |
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CHAPTER 14

Preliminaries on group presentations

Our final goal is to show how to compute the fundamental groups of more complicated spaces
than the ones we have thus far discussed. Before we can do this, we need a language to describe an
arbitrary group. The key notion is that of a group presentation, which we describe in this chapter.

14.1. Some basic groups

There are a vast range of groups that arise throughout mathematics. For instance:

EXAMPLE 14.1.1 (Cyclic groups). The cyclic groups include the infinite cyclic group Coo & Z
and the finite cyclic group C,, = Z/n of order n. We will typically write the generator of these cyclic
group by t, s0 Coo = {t" | n € Z} and C,, = {1,¢,...,t" "1} O

EXAMPLE 14.1.2 (Abelian groups). Let A be an abelian group. One possibility is that A might
be cyclic. When we are thinking of the cyclic groups as abelian groups we will often write them as Z
and Z/n. If A is a finitely generated abelian group, then we can write

k
A= @2/
i=1

with n > 0 and p1,...,pr prime and dy, ...,d, > 1. However, if A abelian but not finitely generated
then is no hope for any kind of simple classification. ]

ExAMPLE 14.1.3 (Finite dihedral groups). For n > 3, the dihedral group D, of order 2n
is the isometry group of a regular m-gon P,. Enumerate the vertices of P, counterclockwise

as [n] = {1,...,n}. The group D, acts on [n], and an element o € Da, is determined by
o(1) € [n] and whether or not o preserves the orientation of P,. From this, we see that Da, =
{L,r,...,r" L s,rs,...,r" s} where r and s are as follows:

e The element r is the counterclockwise rotation by 27 /n:

| '
]

e The element s is the reflection in the vertex 1 € [n]:

AV IpAY

These elements satisfy the relations r» =1 and s> =1 and srs~! = r~!. There is a homomorphism
o: Dy, — Cy that records whether or not an element preserves orientation, so o(r) = t0=1¢eC,
and o(s) =t € Cy. We have ker(o) = {1,r,...,r""1} 22 C,, and o splits via the map Cy — Da,
taking t € Cy to s. We therefore have a semidirect product decomposition® Ds,, = C,, x Cy where
the generator of Cy acts on C,, by the automorphism taking th e C, tot7*. O

Let G and H be groups such that G acts on H on the left. For g € G and h € H, we will write 9h for the image
of h under the action of g. The corresponding semidirect product H x G is the following group:

145



146 14. PRELIMINARIES ON GROUP PRESENTATIONS

EXAMPLE 14.1.4 (Infinite dihedral group). The infinite dihedral group D, is the group of
isometries of R that preserve the subspace Z. We have D, = {7“’“, stk | ke Z}, where:
e The element r: R — R is the translation map r(z) =z + 1.

e The element s: R — R is the reflection map s(z) = —z.

These elements satisfy the relations s> = 1 and srs~! = r~!. Just like for the finite dihedral groups,

we have Do, = Cy x Cy where Cy acts on Oy, by the automorphism taking t* to t=*. There are
also surjections f,,: Do — Dsy, taking r € Do, to r € Do, and s € Do, to s € Do, O

EXAMPLE 14.1.5 (Symmetric groups). Fix n > 2. Let [n] = {1,...,n} and let &,, be the
symmetric group on [n], i.e., the group of bijections o: [n] — [n]. The group &,, contains every finite
group G of order n as a subgroup. Indeed, enumerate G as

G:{gl7"'agn}-

For g € G, let 04 € &,, be the permutation such that gg; = g,,(;) for 1 <i <n. Themap f: G = &,
defined by f(g) = o4 for g € G is then an injective homomorphism whose image is isomorphic to
G. More generally, if G is an arbitrary group then an action of G on the set [n] is the same as a
homomorphism G — &,,. For instance, there is an injective homomorphism Ds,, — &,, arising from
the action of Ds,, on the n vertices of the regular n-gon P,. O

EXAMPLE 14.1.6 (Linear groups). For a field k, the group GL, (k) = Aut(k™) plays a basic role
in linear algebra. It contains many interesting subgroups; for instance, the orthogonal groups of
quadratic forms on k™. It also contains a copy of &,, consisting of the permutation matrices. A
subgroup of GL, (k) for some n and k is called a linear group. For instance, since &,, can be realized
as a linear group and all finite groups are subgroups of &,, for some n, it follows that all finite groups
can be realized as linear groups. O

ExaMPLE 14.1.7 (Free groups). Let S be a set and let F(S) be the free group on S (see §7.6).
The group F(S) is generated by S, and each element w € F(S) can be uniquely expressed as a
reduced word w = s7' ---s&* in S. Recall that this means that:

e s;€Sande; € {£1} forall 1 <i < n;and
e for all 1 <i < n we do not have s5's; ' € {ss™!, s71s | s € S}. O
14.2. Presentations for groups

The examples in the previous section barely scratch the surface of the world of groups. To write
down an arbitrary group, we introduce the notation of a presentation. We start with some notation:

NOTATION 14.2.1. Let G be a group. If C C G is a subset, then (C) denotes the subgroup
generated by C and {C) denotes the normal subgroup generated by C. We therefore have {C') =
(gcg™ | c€ C and g € G). O

This allows us to make the following key definition:

DEFINITION 14.2.2. Let S be a set and let R be a subset of the free group F'(S) on S. Define
G = (S | R) to be the quotient F(S)/{R). We call S the generators and R the relations for the
presentation, and (S | R) is called a group presentation for G. If both S and R are finite, then (S | R)
is a finite presentation for G. A finitely presented group is a group with a finite presentation. |

EXAMPLE 14.2.3. For a set S, we have F(S) = (S | 0). This is often written (S | ). If S is finite,
then this is a finite presentation and F(S) is a finitely presented group. ]

e The elements of H x G are pairs (h,g) with h € H and g € G.

e For (hi,91), (h2,g2) € H X G, their product is (h1,g1)(h2,g2) = (h1 91 h2,g192).
It is enlightening to prove that this is a group. If the G-action on H is trivial, this is just the usual direct product
H x G. Identify H and G with the subgroups of H x G consisting of elements of the form (h,1) and (1, g), respectively.
The subgroup H is normal, and every x € H x G can be uniquely written as x = hg with h € H and g € G.

Conversely, let I be a group and H, G < I' be subgroups such that H is normal and every € I' can be uniquely

written as x = hg with h € H and g € G. Since H is a normal subgroup of I', the group I'" acts on H by conjugation.
This restricts to an action of G on H, and I' & H x G. This isomorphism takes (h,g) € H x G to hg € I'. One way
this can arise is if I' is a group and p: I' — G is a surjection that splits via a map o: G — I'. Identify G with its image
in " under the injective map o, and set H = ker(p). We are then in the above situation, so I' & H x G.
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EXAMPLE 14.2.4. As a special case of the previous example, Co, 2 (¢ | ). Similarly, for n > 2 we
have C, & (¢ | t"). Both C and C,, are therefore finitely presented. O

REMARK 14.2.5. Not all presentations of finitely presented groups are finite. For instance,
Coo = (t | ) can also be written Coo = (t, 21, 22,... | T1,T2,...). O

Every group has some presentation:
LEMMA 14.2.6. Fvery group G can be written as G = (S | R).

PROOF. Let S be a generating set for G; e.g., S = G. The map S — G extends to a surjection
¢: F(S) = G. Set R =ker(¢), so ¢ induces an isomorphism from F(S)/R = (S | R) to G. O

Before we give more examples, we introduce some notation. Let G = (S | R) be a group equipped
with a presentation. For w € F'(S), we write w for its image in G. A relation in G is an element
r € {R) C F(S). The relations of the presentation are thus relations in G, but except in degenerate
cases there are many other relations in G. For instance, here are some relations in G = <a, b|a?, b3>:

-2

a=2,a', a’b?a?, ab*a"ta?

= ab’a.
If w,v € F(S) are such that w = v, then wv ™! is a relation. We will sometimes write this relation as
w = v. This convention will also be used when giving presentations. For instance,

<a, bc|ab=c,b*=1,cab= a> = <a,b,c | abcil,b2,caba*1>.

For w,v € F(S), we will also write w = v to mean that W = 7, i.e., that w = v is a relation.

14.3. Mapping from groups with presentations

Let G = (S | R) be a group given by a presentation. For any group H that is well-understood,
it is easy to construct homomorphisms ®: G — H. Indeed, choose a set map ¢: S — H. The
map ¢ extends to a homomorphism ¢: F(S) — H. To check if ¢ descends to a homomorphism
on G = F(S)/{R), we must only verify that ¢(r) = 1 for all » € R. In summary, to construct a
homomorphism ¢: G — H we must choose where the generators go and then verify that relations go
to relations. Here is an example of this:

EXAMPLE 14.3.1. Let G be a group. Let S be the set of formal symbols {s, | g € G} and let
R = {sgsp, = sgn | g,h € G}. Set I' = (S | R). We claim that I' = (S | R). Indeed, the map s, — ¢
gives a map S — G taking each relation sys;, = sqn, to a relation in G. We thus get a surjective map
o: T — G.

To see that ® is injective, consider w € F(S). For g € G the relation s;l = 541 holds in T
indeed, s; = 1 since s181 = 51, 80 545,-1 =51 = 1 = sgsgl. It follows that w is equivalent to a
word in S in which only positive powers of generators appear. Using the relations in I', we then see
that w is equivalent to a single generator s,. We conclude that I' = {5, | g € G}. Since ® takes

{54 | g € G} bijectively to G, we conclude that ® is injective. O

REMARK 14.3.2. If GG is a finite group, then the presentation from Example 14.3.1 is finite and
thus G is finitely presented. O

14.4. Normal forms

We abstract the argument from Example 14.3.1. Let G be a group with a generating set S. For
each g € G, pick wy € F(S) such that wy, maps to g under the natural map F'(S) — G. The collection
of elements {w, € F(S) | g € G} is called a normal form for G. Assume now that R C F'(S) is a
collection of relations that hold in G. Letting I = (S | R), we want to prove that I = G.

Since S generates G and each relation in R holds in G, we get a surjective homomorphism
®: ' - G. We want to prove that ® is an isomorphism. Observe that ® restricts to a bijection from
{wy € F(S) | g € G} to G. Tt is therefore enough to prove that {wy, € F(S) | g € G} =T. In other
words, we must prove that every w € F(S) can be reduced to some w, using the relations in R. Here
are some examples:



148 14. PRELIMINARIES ON GROUP PRESENTATIONS

EXAMPLE 14.4.1 (Free abelian group). Fix n > 1. For 1 < i < n, let x; € Z™ be the element
with a 1 in position ¢ and zeros elsewhere. The elements S = {z1,...,z,} generate Z". They satisfy
the relations

RZ{LEZ‘Z'j = T;T4 ‘ ISZ,]SH}

We claim that Z" = (S | R). Indeed, Z™ has the normal form {wfl coeadn | dy, .. dy € Z}. We

must prove that an arbitrary w € F(S) can be reduced to an element in this normal form. For this,
use the relations in R to move the x; terms to the left, then the x5 terms to the left, etc. Here is an
example:?

mgxglxlxgwf3 = mlmf?’xg:c;lxg = xle?’x;lx%acg = xf%gxg. |

ExXAMPLE 14.4.2 (Finite dihedral group). Fix n > 3. As in Example 14.1.3, let Do, be the
dihedral group of order 2n. This group is generated by the rotation r € D, and the reflection
s € Day,. Set S = {r,s}. The elements r and s satisfy the relations

R={r"=1,8=1srs ' =r"'}L

We claim that Dy, = (S | R). Indeed, as we observed in Example 14.1.3 the group Ds, has the
normal form {r¢,sr¢ | 0 < d < n—1}. We must prove that an arbitrary w € F(S) can be reduced
to an element in this normal form. Using the relation s? = 1, we can replace all s~! terms in w with
s. Also using s = 1, the relation srs~! = 7~! can be rearranged to rs = sr~'. This implies that we
also have r~1s = sr. Applying all of these, we can pull all the s-terms in w to the left and reduce w
to s°r¢ as in the following example:

srlsr3sr? = ssrlr3sr? = sssrr?r? = 3t

Using the fact that s> = 1 and ™ = 1, we see that s°r¢ is equivalent to either r? or sr? with

0 <d<n-—1, as desired. O
EXAMPLE 14.4.3 (Infinite dihedral group). An argument identical to the one in the previous
example shows that D, = <7’, s|s2=1,srs71 = r*1>. O
REMARK 14.4.4. See Exercise 14.2 for a presentation of the symmetric group S,,. O

14.5. Abelianization

As we will elaborate on below, it is hard to determine much about a group G from a presentation.
The only easy thing to calculate is its abelianization G, which we recall is the largest abelian group
on which G surjects. Letting [G,G] be the commutator subgroup® of G, we have G* = G/[G, G].
For instance, if S is an n-element set, then F(S)*> = Z" (see Exercise 7.12).

Assume that G has a finite presentation G = (z1,...,2Zy | 71,...,7m). Let V = Z" be the free
abelian group with basis {X1,...,X,}. For 1 <i <m, let R; € V be the following element:

e Write r; = :cjll xj}’: with 1 <ji,...,5s <nandei,...,ex € {£1}. Then R; = e1 X, +
e tepX;, €V
It is immediate from the definitions that G2" is the quotient of V by (Ry,..., R,,). As is discussed
in most treatements of the classification of finitely generated abelian groups, this quotient can be
calculated using tools like Smith normal form. However, it is often easier to work with it directly.
Here are some examples.

ExXAMPLE 14.5.1 (Infinite dihedral group). As we saw in Example 14.4.3, we have
Dy, = <7",s | 2 =1,srs 1 = 7"*1>.
Following the above recipe, the abelianization of D, is the quotient of the free abelian group with
basis R and S by the following two relations:*
e 25 =0and S+ R— S = —R. This second relation can be rewritten 2R = 0.

2Here we are also using relations like x;lxj = a:jx;l, which can be obtained from x;2; = x;2; by multiplying
both sides on the left by :1:;1 and on the right by 2;1.

3The commutator subgroup [G, @] is the subgroup generated by commutators [g, h] = ghg= h~1.

4Here quotienting an abelian group by a relation A = B should be interpreted as quotienting by A — B.
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We thus see that the abelianization of D is (Z/2) & (Z/2). O
ExXAMPLE 14.5.2 (Finite dihedral group). Fix n > 3. As we saw in Example 14.4.2, we have
Doy = (r,s | 7" = 1,s2=1,srs ! = r_1>.
Following the above recipe, the abelianization of Dy, is the quotient of the free abelian group with

basis R and S by the relations nR = 0 and 25 =0 and S + R — S = —R. This last relation can be
rearranged to 2R = 0. From this, we see that there are two cases:

(a) If n is even, then the relations reduce to 25 = 0 and 2R = 0, so the abelianization is
(Z)2) ® (Z/)2).

(b) If n is odd, then nR = 0 and 2R = 0 combine to give that R = 0, so the abelianization is
7)2. O

14.6. Some cautionary examples

As we said in the last section, it is not easy to extract information from a group presentation.
This section contains a number of cautionary examples. The first is as follows:

ExAMPLE 14.6.1. Cousider the group G = (a,b | babab = 1). What kind of group is this? We
first determine its abelianization. Following the recipe in the previous section, G?" is the quotient
of the free abelian group with basis {A, B} subject to the relation B+ A+ B+ A+ B = 0, or
2A 4+ 3B = 0. After making the change of basis A = X —Y and B =Y, this relation becomes
2(X —Y)+3Y =0, or —2X =Y. Eliminating the variable Y, we conclude that G*" = Z.

In fact, it turns out that G is an abelian group, so G = Z. To see this, note that we can conjugate
babab = 1 by (bab)~! and get

1 = (bab) ™! (babab) (bab) = abbab.
It follows that
1 = (abbab)(babab) ™' = (abbab)(bra b~ ta"'07) = aba™ b1,
so a and b commute and G is indeed abelian. O

REMARK 14.6.2. Another way to see that G = (a,b | babab = 1) is isomorphic to Z is as follows.
Let H = <x, y | 2%y = 1>. It is clear that H = Z since y = x~2. Define f: H — G via the formulas

f()=0ba and f(y)=0.
This works since f takes the relation 2%y = 1 to (ba)?b = 1, which is the relation in G. The map f is
an isomorphism with inverse the map g: G — H defined by

gla)=y 'z and g(b) =y.

Again, this works since g takes the relation babab = 1 to y(y~‘x)y(y~'x)y = 1, which reduces to the

relation z%y = 1 in H. O
For our next examples, for n > 1 define
G, = <x1,...,a:n | Ziprasm; ) = o7 for 1 <4 < n>

Here the subscripts should be taken modulo n. These are called the Higman groups. All of these
groups have trivial abelianizations:

LEMMA 14.6.3. For alln > 1, we have G2> = 0.

PROOF. The abelianization G2 is the free abelian group with basis X1, ..., X,, modulo the
following relations:

e For 1 <1i <mn, we have X; 1 + X; — X;4+1 = 2X;. This reduces to X; = 0.
The lemma follows. O

The first three G,, are trivial:
LEMMA 14.6.4. We have G = 1.

PROOF. We have G = <$1 | .T1$1I1_1 = x%> = <I1 | T = 1> = 1. O
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LEMMA 14.6.5. We have G5 = 1.

PROOF. Rewrite the relations in G as xox1 = x%xg and z120 = m%xl. These imply that

2,2 — .3 - ..8..3
TiTy = T2T1T2 = Tox1 = T Ty,

SO Tg = fo. We conclude that x; and zo commute, so G5 is abelian and G = G%b =1. O

LEMMA 14.6.6. We have G3 = 1.

PROOF. The proof is a more elaborate version of the calculation we used to prove Lemma 14.6.6,
so we leave it as Exercise 14.5. O

However, it turns out that G, is infinite for n > 4. We will discuss the proof in Essay YYY.
The reason this proof is difficult is that it is hard to map G,, to other well-understood groups. In
particular, we have the following theorem of Higman:

THEOREM 14.6.7. For n > 4, any homomorphism from G, to a finite group is trivial.

PRrROOF. Let H,, be the image of G,, in some finite group. Each element of H,, has finite order.

We can therefore write H,, = (y1,...,Yn | R) where R contains the following relations:
e For 1 < i < n, the relation yi“yiy;rll = y2. Here the subscripts should be interpreted
modulo n.
e For 1 <1i < n, a relation of the form yzd =1 for some d; > 1. Choose the d; to be as small
as possible, so d; is the order of y;.
There might also be some other relations. We will prove that these relations force H,, to be trivial.
Assume that H,, is nontrivial. We must have d; > 2 for all ¢. Indeed, if d;, = 1 for some g, then
Yip—1 = yioyio—lyq;;l = yz‘2071>
S0 Yi,—1 = 1 and thus d;,—1 = 1. Iterating this, we deduce that d; = 1 for all ¢ and hence that
H, =1, contrary to our assumptions.

Let p > 2 be the smallest prime dividing some d;. Since everything is invariant under cyclic
permutations of the generators, we can assume without loss of generality that p divides dy. Since ds
is the order of ys, we have

= yetys =y
and thus y%dLl = 1. Since d; is the order of y1, it follows that d; and hence p divides 292 _ 1. This
implies that p is odd. Since 292 = 1 (mod p), we see that d is a multiple of the order p — 1 of 2
in (Z/p)*. This implies that a prime smaller than p divides da, contradicting the fact that p is the
smallest prime dividing some d;. O

REMARK 14.6.8. Malcev proved that if k is a field and H is a nontrivial finitely generated
subgroup of GL,,(k), then H has many nontrivial finite quotients. In fact, H is residually finite: for
any h € H with h # 1, there exists a finite group F and a homomorphism f: H — F with f(h) # 1.
It therefore follows from Theorem 14.6.7 that all homomorphisms f: G,, — GL,,(k) are trivial for
n > 4. We outline a simple proof of this for k = C in Exercise 14.6. O

14.7. Decision problems for groups
In 1911, Dehn posed the following three problems about group presentations.

PrROBLEM 14.7.1 (Word problem). Let G = (S | R) be a finitely presented group. Give an
algorithm that for w,v € F(S) determines whether or not w =7 in G.

PROBLEM 14.7.2 (Conjugacy problem). Let G = (S | R) be a finitely presented group. Give an
algorithm that for w,v € F(S) determines whether or not w € G and v € G are conjugate.’

PROBLEM 14.7.3 (Isomorphism problem). Give an algorithm that for finitely presented group
G =(S|R) and G' = (S’ | R') determines whether or not G and G’ are isomorphic.

Here are some simple observations about the relationship between these problems.

5Recall that g, h € G are conjugate if there exists some k € G such that g = khk™1.
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(a) Let G = (S | R) be a finitely presented group. To solve the word problem for G, it is
enough to give an algorithm that for w € F(S) determines whether or not w = 1. Indeed,
for w,v € F(S) such an algorithm allows us to determine whether or not wv—! =1, and
thus whether or not w = 7.

(b) Let G = (S | R) be a finitely presented group. If we can solve the conjugacy problem for
G, then we can also solve the word problem for G. Indeed, an element w € F(S) satisfies
w = 1 if and only if w is conjugate to 1.

(¢) A special case of the isomorphism problem is the triviality problem: give an algorithm that
for a finitely presented group G = (S | R) determines whether or not G = 1. The group
satisfies G = 1 if and only if for all s € S we have 5 = 1, so a solution to the word problem
gives a solution to the triviality problem.

While these problems can be solved in many special cases, they are quite difficult and our knowledge
about them is limited. For instance, consider a one-relator group G, that is, a group of the form
G = (S | r) where S is finite and r € F(S). In 1932, Magnus showed how to solve the word problem
for one-relator groups. However, we still do not know how to solve the conjugacy problem for
one-relator groups. We also do not know an algorithm to determine if two one-relator groups are
isomorphic. For groups with two relations, even the word problem is open.

One reason that these problems are difficult is that they are unsolvable in general. Indeed, in
the 1950’s Novikov and Boone independently proved the following theorem:

THEOREM 14.7.4 (Novikov-Boone). There erists® a finitely presented group G = (S | R) for
which there does not exist an algorithm solving the word problem.

REMARK 14.7.5. To make sense of Theorem 14.7.4, the notion of an “algorithm” must be formally
defined. Roughly speaking, an “algorithm” here means a program in any standard computer language
(C, Python, LISP, etc.) run on a computer with unlimited memory. This algorithm must terminate
in finite time for any input. The formal definition involves the notion of a Turing machine, and is
discussed in any book on computability theory. O

One observation about Theorem 14.7.4 is that the hard part in it is checking that some w € F(.S)
does not represent the identity. More precisely, we have the following:

LEMMA 14.7.6. Let G = (S | R) be a finitely presentable group. There exists an algorithm that
takes as input w € F(S) and does the following:

e [fw =1, then the algorithm terminates and certifies that w = 1.
o Ifw # 1, then the algorithm does not terminate.

PrOOF. Each w € F(S) can be uniquely be written as a reduced word w = sj' - --s& with
si € S and ¢ € {£1} for all 1 < i < n, and we define the length of w to be f(w) = n. Set
B, (S) ={w € F(S) | £(w) < n}. Define B, (R) to be the set of all elements of F(S) that for some
m < n can be expressed as

(wiriwy ) - (Wi,
with r; € R and w; € B,(5) and ¢; € {£1} for 1 <4 < m. Note that the above is not necessarily a
reduced word. The set B, (R) is a finite set, and can be effectively enumerated on a computer. We
have

Bl(R) C BQ(R) C Bg(R) (G
and the normal closure (R} is U2, B, (R). Our algorithm is as follows:

e Start at Step n = 1.
e At Step n, enumerate B, (R) and check whether or not w € B, (R). If it does, terminate.
Otherwise, go on to Step n + 1.

This terminates if and only if w € (R)), i.e., if and only if w = 1. O

We close with the following observation whose proof illustrates the fact that Theorem 14.7.4
touches on deep logical issues that seemingly have nothing to do with computers:

6The proof of this theorem is not merely an existence proof. It gives an explicit such group. There are now several
such groups in the literature; for instance, in 1969 Borisov constructed such a group with 12 relations.
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THEOREM 14.7.7. Let G = (S | R) be the group with an unsolvable word problem from Theorem
14.7.4. There exists some w € F(S) with the following two properties:

e We have w # 1 in G.
e There is no proof in ZFCT that w # 1 in G.

PRrROOF. Consider w € F(S). Using two computers (or two threads on one computer), run the
following two algorithms on w at the same time, terminating if either of the two terminate:

e Computer one runs the algorithm from Lemma 14.7.6, and thus terminates if and only if
w=1in G.

e Computer two systematically enumerates all possible proofs in ZFC. For each proof, it first
determines whether or not it is a valid proof. If it is, it checks whether it proves that w # 1
in G. If it does, then this algorithm terminates. Otherwise, it keeps going.

This algorithm will terminate if w = 1 in G or if there is a proof in ZFC that w # 1 in G. Since
there is no algorithm to solve the word problem in G, there must be some w € F(S) for which this
algorithm does not terminate. The theorem follows. O

REMARK 14.7.8. Theorem 14.7.7 is not effective, and there is no way to determine which w € F(.S)
satisfies its conclusions since doing so would in particular provide a proof that w # 1. O

14.8. Exercises

EXERCISE 14.1. Let

1 a c
H= 0 1 b]|abceZ
0 0 1
The group H is often called the integer Heisenberg group.
(a) Set
1 10 1 00
=10 1 0 and y=(0 1 1
0 0 1 0 0 1

As notation, set [g1, g2 = g1929; ‘g5 - Prove that H = (z,y | [[z,y],2] = 1,[[z,y],y] = 1).
Hint: work out a normal form.
(b) Calculate the abelianization of H. O

EXERCISE 14.2. Fixn > 2. Let &,, be the symmetric group on [n] = {1,...,n}. For1 <i<n-1,
let 7; € &,, be the transposition (i,4+ 1). Let
S={rn|1<i<n-1},
R={r?=1|1<i<n-1}U{nm =77 |1<ij<n,l|i—j >2}
U {TiTi+1Ti = Ti+1TiTi+1 ‘ 1 S ’L S n — 2} .
Prove the following:
(a) The group &, is generated by S.
(b) Each element of R is a relation in &,,.
(c) We have &,, = (S | R). Hint: For 1 <i < j <mn,let o;,; =1j_17j_1---7. For i = j, our
convention is that o; ; = 1. The key feature of o; ; is that as an element of &, it takes
i € [n] to j € [n]. Prove that &,, has the normal form
{on—1in 1 On—2,in_s 01 |ij=jfor 1<j<n—1}.

Use this normal form to prove the result.
(d) Calculate the abelianization of &,,. O

"There is nothing special about ZFC, and the same argument works in other foundational systems that are rich
enough to express facts about group theory and unsolvability. We focus on ZFC since that is the set of foundations we
are assuming in this book.
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EXERCISE 14.3. Let G; = (S1 | R1) and G = (S | R2). Let R¢ be the following set of relations
in F(Sl U SQ)Z
Re = {8182 = 8981 | s1 €51 and sq € SQ}
Set I' = (S1US2 | Ry U Ry U Re). Prove that I' 2 7 x G. Hint: use normal forms. O

EXERCISE 14.4. Let G1 = (S1 | R1) and G3 = (S | R2). Assume that Gy acts on G on the
left. Determine a presentation for the resulting semidirect product G; x Go. Hint: For each s € Sy
and t € Sy, start by writing ‘s as a word ws; in 5. O

EXERCISE 14.5. Recall that the third Higman group is
Gs = <x1,9:2,x3 \ xgxlxg_l = I%,lﬂgl‘g.f;l = x%,zlxgxl_l = x§>

Prove that G3 = 1. Hint: Start by applying the relations to 2223 to find an identity that lets you
write x3 in terms of x; and x5. Plug this into x3x2x3_1 = :c% and manipulate the result to show that
o equals a power of x1, and hence that x5 and z; commute. O

EXERCISE 14.6. Recall from Remark 14.6.8 that if k is a field and G,, is the Higman group, then
all homomorphisms f: G,, — GL,, (k) are trivial. This exercise explains how to prove this for k = C.
Let H < GL,,(C) be the image of such a homomorphism. Let yi,...,y, € H be the images of the
generators x1,...,x, of G. By Theorem 14.6.7, it is enough to prove that y; has finite order for all
1 < i < n. Do the following;:
(a) Prove that all the eigenvalues of each y; are roots of unity. Hint: use the relation y;1y;yi+1 =
vi-
(b) Prove that there is some polynomial p € C[z] such that for all 1 <i <mn and all k£ > 1, if
c € C is one of the entries of the matrix y¥ then |c| < p(k). Hint: use Jordan normal form
along with (a).
(¢) Prove that the matrix y; is diagonalizable for 1 < i < n. Hint: think about the Jordan
normal form of y;, and consider the identity pf 1PiD; fl = pfk You will use part (b).
(d) Prove that the matrix y; has finite order for 1 < i < n. O

EXERCISE 14.7. Recall that a group G is residually finite if for all g € G with g # 1, there exists
a finite group F' and a homomorphism f: G — F with f(g) # 1. Prove the following:

(a) The group G = GL,,(Z) is residually finite. Hint: think about reducing matrices modulo p
for various primes p.

(b) Let G be a residually finite group and let G’ < G be a subgroup. Prove that G’ is residually
finite.

(c¢) Let G be a finitely generated group. For all g € G with g # 1, assume that there exists
a finite-index subgroup H < G with g ¢ H. Prove that G is residually finite. Hint: the
problem is that H might not be normal, so G/H might not be a group. Try to intersect
conjugates of H to get a smaller finite-index normal subgroup.

(d) Let F'(S) be a free group on a finite set S. Prove that F'(S) is residually finite. Hint: it
might be easier to first use part (b) to reduce to the case of the free group F(a,b) on a
and b. For w € F(a,b) with w # 1, try to use covering spaces to produce a finite-index
subgroup H of F(a,b) as in part (c).

(e) Let G = (S| R) be a finitely generated residually finite group. Prove that there is an
algorithm to solve the word problem in G. Hint: just like in the proof of Theorem 14.7.7,
it is enough to produce an algorithm that terminates for w € F(S) with w # 1. Try
to systematically list all finite groups F and all homomorphisms f: G — F. One key
observation is that a group structure on a finite set X is determined by its multiplication
table. |






CHAPTER 15

The effect on the fundamental group of attaching cells

In this chapter, we calculate presentations for the fundamental groups of surfaces and show that
all groups can be realized as the fundamental groups of spaces. The key to this is understanding how
the fundamental group changes under a geometric operation called attaching a cell.

15.1. Restricting covers to subspaces

Before we can make these computations, we need to understand how covers behave when we pass
to subspaces. Let p: ()Z',fo) — (X, z0) be a pointed cover and let X’ C X be a subspace. Define
X' =p1(X)and p = plg., sop': X' — X' is a cover (see Exercise 1.12). We call p': X' — X
the restriction of p: X — X to X'. If zo € X’ then 7 € X'. We therefore have a pointed cover
P (X', %) = (X', m0), again called the restriction of p: (X, %) — (X, z0) to X'

We need two properties of this. The first explains how this interacts with the Galois correspon-
dence:

LEMMA 15.1.1. Let p: ()~(, To) = (X, z0) be a pointed cover with corresponding subgroup K <
m(X,20). Let X' C X be a subspace with zo € X' and let p': (X', %o) — (X', x0) be the restriction
of p to X'. Let v: (X',x9) — (X, x0) be the inclusion and let v.: m (X', x0) — m1(X,20) be the
induced map. Then the subgroup of 1 (X', xq) corresponding to p' is 17 (K).

PROOF. As we observed in Theorem 9.1.1, the subgroup K < m(X,xo) corresponding to p
consists of all [y] € m1 (X, zo) such that the following holds:

e Let 7 be the lift of v to X with 7(0) = . Then 7 is a loop, i.c., 3(1) = Zo.

A similar result holds for p': (X', %) — (X', o). For [y] € mi (X', 20), we can view 7 as a loop in
X' or in the larger space X, so the lift 7 starting at Zo is the same. In particular, whether or not
that lift is a loop is the same in X’ or in X. It follows that [y] lies in the subgroup corresponding to
p’ if and only if its image t.([y]) = [v] € m1(X, zo) lies in the subgroup corresponding to p. O

If p: ()N( ,Zo) = (X, x0) is a connected cover, it is not necessarily the case that the restriction of
p to a subspace of X is connected. For instance, the restriction to the one-point subspace xg is the
projection p~1(x¢) — xo. For the universal cover, we have the following:

LEMMA 15.1.2. Let p: ()?, To) = (X, zq) be a pointed cover with corresponding subgroup K <
(X, x0). Let X' C X be a subspace with o € X' and let p': (X', %) — (X', x0) be the restriction
of p to X'. Let v: (X',x9) — (X, x0) be the inclusion and let t.: m (X', x9) — m1(X,20) be the
induced map. Then v, is surjective if and only if X' is path connected.

PROOF. Let [y] € m1 (X, x) and let 7 be the lift of v to X with 3(0) = Zo. Set 73 = F(1). Let
[v] € m (X', x0) and let 7 be the lift of 4/ to X’ with 7/ (0) = Zo. If 1.([y]) = [4], then 7/ (1) = Z;.
Also, since X is 1-connected any path in X from Zo to Z; will be homotopic to «. It follows that
t([¥']) = [7] if and only if ¥(1) = ;. We can find such a [y] € 71 (X', z0) if and only if Ty and z;
are in the same path component of X' Therefore, ¢, is surjective if and only if all points of (p')~!(z0)
are in the same path component of X’, which holds if and only if X' is path connected. |
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15.2. Orientable surfaces

Let X, be a closed orientable genus g surface:

3, 3

We calculate the fundamental group of ¥, as follows. For a group G and z,y € G, recall that

[z, y] = zyz~ty~t.

THEOREM 15.2.1. For some g > 0, let zg € X, be a basepoint. Then
Fl(zg,xo) = <Cl1,b1, ‘e ,ag,bg | [al,bl] R [ag,bg] = 1> .
PROOF. Let D = D? be a regular 4g-gon. Label the edges of D going clockwise with the following
labels:
ay, b1, ay, bl, <oy ag, bg, Clg, bg.

Orient the edges such that the first a; and b; go clockwise and the second a; and b; go counterclockwise.
Gluing the edges with the same label together according to these orientations, we get X :

by
- &
‘\ él\_)

As is shown here, all the vertices of D get identified to a single point, which we can assume is the
basepoint xg. The a; and b; become loops based at xg, and will form the generators for our group
presentation. The element r = [a1,b1] - - - [ag, by] is a relation between the a; and b;; indeed, as an
element of the fundamental group it traces out the boundary of D and can be homotoped to the
following loop in 3:

Let X C X, be the graph with vertex zo and edges the loops a; and b;. Let zg € X; be the image
of the center ¢y € D. Set Y = X, \ 29. Since D \ ¢g 2 D?\ 0 deformation retracts to its boundary
0D = S!, the space Y deformation retracts to X. It follows that
7T1(}/,£IZQ) = 7T1(X, .730) = F(al,bl,. . ,ag,bg).

To prove the theorem, it is enough to prove two things:

(1) The inclusion ¢: (Y, zg) — (X4, o) induces a surjective map ¢, : m1 (Y, zo) — m1 (X, 2o).

(ii) The kernel of ¢, is the normal subgroup generated by r = [a1,b1] - - - [ag, bg].
Let p: (ig,fo) — (X4,20) be the universal cover and let g: (Y,%o) — (Y,20) be the restriction
of p to Y. By Lemma 15.1.2, to prove (i) we must prove that Y is path connected. We have
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Y = ig \ p~!(20). Let B = Int(D?) be the image in X, of the interior of D, so zy € B. Since B is
contractible, the restriction of p to B must be trivial. We can therefore write
= |_| Bi7
iel

where P takes each E homeomorphically to B. The fiber p~1(zg) contains exactly one point Z; in
each B;. Since B; \ Z; & Int(]D)Q) \ 0 is path connected, it follows that removing these points z; to
form Y does not disconnect E We conclude that Y is path connected, and thus that (i) holds, i.e.,
that the inclusion ¢: (Y, zo) — (24, x0) induces a surjective map ¢, : m1 (Y, 20) = m1(Zg, 20)-

It remains to prove that K = ker(c,) is the normal subgroup generated by r. By Lemma 15.1.1,
the cover q: (Y, %) — (Y, ) is the connected cover corresponding to K. Let K’ < m1(Y, z) be
the normal subgroup generated by 7, so K’ < K. Let ¢': (Y’,5) — (Y,20) be the connected cover
corresponding to K’. We will prove below that ¢’ is the restriction to Y of a cover p’: (f];, xH) —
(X4, 20). Letting L < m1(X,4,z0) be the subgroup corresponding to p/, Lemma 15.1.1 will imply that
K'=.;1(L). Since K’ < K = ker(t), this will allow us to conclude that L = 1 and K’ = K, as
desired.

To see that ¢’ is the restriction to Y = X, \ 2o of a cover of X/, consider the subspace
B\ z0 = Int(D?)\ 0 of Y. For a basepoint by € B\ zg, we have 71 (B \ 20, bg) = Z. This Z is generated
by the loop r’ shown here:

bg

Since the subgroup K’ corresponding to ¢’ contains all conjugates of r, it follows that all lifts to Yy’
of a loop representing r lift are loops. From the above figure, this implies that all lifts of 7’ to the
cover are also loops. We conclude that the restriction of ¢’ to B\ zo is trivial, so

(¢)"(B\z20) = U B;
jed
with ¢’ taking E; homeomorphically to B\ 2o = Int(D?) \ 0. By adding the missing central point to

each B}, we can extend ¢’ to a cover of ;, as desired. |

COROLLARY 15.2.2. For g,¢' > 0 with g # ¢', the surfaces £, and X4 are not homotopy
equivalent. In particular, they are not homeomorphic.

Proor. For g > 0, let I'y be the fundamental group of ¥,. Theorem 15.2.1 says that
Iy =(ai,bi,...,aq,bqg | [a1,b1]--[ag, byl =1).
The abelianization sz is thus the abelian group with generators Ay, B1,..., Ay, B, subject to the
single relation
(Av+B1— A —Bi)+---+ (4, +B;— A, — By) =0.

The left hand side of this is already 0, so this relation is trivial. We conclude that ng ~ 729,
Consequently, for g, ¢’ > 0 with g # ¢’ the groups I'y and I'ys are not isomorphic, and thus £, and
Y4 are not homotopy equivalent. O

REMARK 15.2.3. We could have proved earlier that these surfaces are not homeomorphic by
observing that for zp € X, the surface X, \ zyp deformation retracts onto a graph with one vertex and
2g edges (cf. the proof of Theorem 15.2.1 above). Consequently, the fundamental group of 3, \ zq is
a free group on 2¢ generators. O
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15.3. Attaching 2-cells

The key to our calculation of the fundamental groups of surfaces was the observation that ¥,
can be obtained by gluing a disk D? to a graph. We generalize this as follows. Let X be a space and
let {D2?};e1 be a collection of 2-cells, i.e., spaces D? with D? = D2, We thus have 9D? = 9D? = S*.
Fori € I, let ¢;: 9D? — X be a map that we will call the attaching map for D2. The result of of
attaching the 2-cells {D?};¢c via the attaching maps {¢;: 9D? — X} is the space

Z = (Xu|_|D$>/~,

i€l
where ~ is the equivalence relation that for i € I and 2z € dD? identifies z ~ ¢;(z) € X.

ExaMPLE 15.3.1. Let X be a graph with one vertex and 2g edges. As we observed in the proof
of Theorem 15.2.1 above, 3, can be obtained from X by attaching a single 2-cell. O

Let 9 € X be a basepoint. For i € I, a loop around D? in (X, ) is a loop r; of the form
r; = 8;-0;-0;, where §; and 0; are as follows:
e The path §; is a path in X from zg to ¢;(1). Here are are identifying D? with S* C C.
e The path v;: I — X is the loop in X based at ¢;(1) defined by the formula 7;(s) = ¢;(e>™*)
for s € 1.
We have [r;] € 71 (X, z9). When we attach the cells {D?};c; to X to form Z, the loops r; = 6;-0;-5;
become null-homotopic:

It follows that [r;] is in the kernel of the map 71 (X, zg) — m1(Z, zo). It turns out that they normally
generate the kernel of this map. In fact:

THEOREM 15.3.2. Let (X, x) be a pointed space. Assume that X is path connected, locally path
connected, and semilocally 1-connected." Let Z be the result of attaching a collection {D?};cr of
2-cells to X wvia attaching maps {¢;: OD? — X}. For each i € I, let r; = 8;-0;-0; be a loop around
D? in (X,x). Then m1(Z,x0) is the quotient of m1(X,xg) by the normal subgroup generated by
{[r:] | i € I}.

Before proving Theorem 15.3.2, we give an example.

EXAMPLE 15.3.3. Let X =2 S! be a graph with one vertex xy and one loop labeled ¢t. Let D? = D?,
identified with a triangle. Let Z be the space obtained by attaching D? to X as indicated in the
following figure:

Then it follows from Theorem 15.3.2 that 71 (Z, zo) is the quotient of m1(X,x0) =Z = {t" | n € Z}
by the normal subgroup generated by r = t3. In other words, 71 (X, zo) = Cs. (]

1As we will prove in Chapter 19* using the Seifert—van Kampen theorem, it is not necessary to assume that X is
locally path connected and semilocally 1-connected.
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PROOF OF THEOREM 15.3.2. The proof is almost exactly the same as our calculation of the
fundamental group of ¥, in Theorem 15.2.1, so we just sketch it. For ¢ € I, let z; € Z be the image
of the central point 0 € D2. Set Y = Z \ {2; | i € I}. Since D?\ 0 deformation retracts to 9D?,
the space Y deformation retracts to X. We thus have 71 (Y, zg) = 71 (X, x0). We must prove the
following:

(i) The inclusion ¢: (Y, z¢) — (Z,z¢) induces a surjective map t.: 71(Y, zg) = m1(Z, zo).
(ii) The kernel of ¢, is the normal subgroup generated by {[r;] | ¢ € I'}.

Let p: (Z,%0) — (Z,x0) be the universal cover. Let

¥=Z\\Up ')
iel
and let ¢ = pls, s0 ¢: (}7, Zo) — (Y, xp) is the restriction of p to Y. Just like in the proof of Theorem
15.2.1, removing the points in p~!(2;) does not disconnect Z, soY is path connected. By Lemma
15.1.2, it follows that ¢,: m1 (Y, z9) = 7m1(Z, 20), as was claimed by (i).

For (ii), let K = ker(s,) and let K’ be the normal subgroup of 71 (Y, z¢) generated by {[r;] | i € I},
so K' < K. Let ¢': (Y',5) — (Y,20) be the connected cover corresponding to K’. Just like in
the proof of Theorem 15.2.1, it is enough to prove that ¢’ is the restriction of a cover of (Z, ).
For i € I, identify Int(D?) with its image in Z, so z; € Int(D?). Following the proof of Theorem
15.2.1, we must prove that the restriction of ¢’ to each Int(D?) \ z; is trivial. Fixing a basepoint
b; € Int(D?) \ z;, let [r]] € m1(Int(D2?) \ z;,b;) be a generator as in the following figure:

Just like in the proof of Theorem 15.2.1, the fact that each lift of r; = 5;-0;-0; to Y’ is a loop implies
that each lift of 7} to Y is a loop. This implies that the restriction of ¢’ to each Int(D?)\ z; is trivial,
as desired. The theorem follows.

15.4. Attaching 2-cells: local properties

We will soon give an interesting example of the the above result, but first we prove that attaching
2-cells does not turn a nice space into a terrible one:

LEMMA 15.4.1. Let X be a space that is locally path connected and semilocally 1-connected. Let
Z be the result of attaching a collection {D?};c; of 2-cells to X wia attaching maps {¢;: 0D? — X }.
Then Z is locally path connected and semilocally 1-connected.

PrOOF. We will prove that Z is semilocally 1-connected and leave the proof that it is locally path
connected as an exercise (see Exercise 15.4). Let z € Z. It is enough to find an open neighborhood
U of z that is semilocally 1-connected. There are two cases:

e The first is 2 ¢ X. There is an i € I such that z is in the image U of Int(D?). The open
set U = Int(D?) is contractible, so in particular U is semilocally 1-connected.

e If second is z € X. For each i € I, let z; € Z be the image of the central point 0 € D?.
Let U = Z\ {z; | i € I}. The subspace U is an open neighborhood of z that deformation
retracts to X (cf. the the proof of Theorem 15.3.2). Since X is semilocally 1-connected, it
follows that U is as well (see Exercise 10.2). O

15.5. All groups are fundamental groups

As an application of the above ideas, we prove that all groups can be realized as fundamental
groups of spaces. We remark that an alternate proof of this was sketched in Exercise 7.11.
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THEOREM 15.5.1. Let G be a group. Then there exists a pointed space (Z,xo) with m(Z,20) = G.
Moreover, Z can be chosen to be path connected, locally path connected, and semilocally 1-connected.

PROOF. Choose a presentation G = (S | R). Let X be a graph with 1 vertex zy and |S| oriented
edges, each labeled by an element of S. We therefore have 71 (X, zg) = F(S). For each r € R C F(S),
we can therefore identify r with an element of 71 (X, zg). For each r € R, let D? = D? be a 2-cell
and ¢,: S! — X be an attaching map such that the following holds:

e Let Z be the result of attaching the collection {D?},c; of 2-cells to X via the attaching
maps {¢,: OD? — X}. Then each r € R is the homotopy class of a loop around D? in
(X, .Z‘()).

It then follows from Theorem 15.3.2 that m(Z, z¢) is the quotient of m1 (X, x9) = F'(S) by the normal
subgroup generated by R. In other words, m(Z,x0) = G. Since X is path connected, locally path
connected, and semilocally 1-connected it follows from Lemma 15.4.1 that Z is as well. |

15.6. Attaching higher-dimensional cells

We close this chapter by explaining how attaching higher dimensional cells affects the fundamental
group. Let X be a space and let {D}"},c; be a collection of cells, i.e., spaces D" with D;"* = D"
for some n; > 0. We thus have D[ = D" =S" 1. Fori € I, let ¢;: 9D — X be a map that
we will call the attaching map for D]'*. The result of of attaching the cells {D}" };c; via the attaching
maps {¢;: ID]" — X} is the space

Z:(Xu|_|D;%>/~,

i€l
where ~ is the equivalence relation that for ¢ € I and z € 9D} identifies z ~ ¢;(z) € X.

EXAMPLE 15.6.1. Let X = D™ and let Z be the space obtained by attaching a single n-cell
D™ =D" to X via the attaching map ¢: 0D™ — X given by the composition

OD" =S§" ' =9D" — D" = X.
We then have Z = S™ with X the lower hemisphere and the n-cell D™ the upper hemisphere. O

It turns out that attaching cells of dimension greater than 2 to a space does not change its
fundamental group. In light of Example 15.6.1, this gives a new proof that S™ is 1-connected for
n > 2.

THEOREM 15.6.2. Let (X, xo) be a pointed space. Assume that X is path connected, locally
path connected, and semilocally 1-connected.> Let Z be the result of attaching a collection {D}" }ier
of cells to X wia attaching maps {¢;: 0D — X}. For each i € I, assume that n; > 3. Then
7T1(X,SL‘0) = 7T1(Z,x0>.

ProOOF. The proof is very similar to that of Theorem 15.3.2, so we leave it as an exercise (see
Exercise 15.6). O

REMARK 15.6.3. As we will see in later volumes, the most important spaces in algebraic topology
are the CW complexes. These are spaces X such that X = UffZOX(”), where X(") is obtained
from X (=1 by attaching a collection of n-cells. The starting point is X (9, which is obtained from
X1 = ( by attaching a collection of O-cells, i.e., adjoining a discrete collection of points. The
subspace X (™ is called the n-skeleton. We discussed the point set topology of these spaces in Volume
1, and will say more about their algebraic topology in Essay YYY. (Il

2Just like for 2-cells, we will prove in Chapter 19* using the Seifert—van Kampen theorem that it is not necessary
to assume that X is locally path connected and semilocally 1-connected.
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15.7. Exercises

EXERCISE 15.1. Let p: ()?,50) — (X, z0) be a connected pointed cover and let f: (Y,y0) —
(X, ) be a map. Assume that X and Y are path connected and locally path connected. Define

V={wnev=xX|iy=p@},
o = (40, %) €V,

and let ¢: ()7, Yo) — (y,yo) be the projection onto the first factor. You proved in Exercise 1.14 that

q: (Y,y0) = (Y, yo) is a covering space. Let Y’ be the path component of Y containing 7y and let
q" = ql5,. Prove the following:

(a) The map ¢": (Y, 50) — (Y,10) is a cover.
(b) Let
K =1Im(p,: m (X, %) — m (X, 20))
be the subgroup corresponding to p: ()Af, Zo) — (X, z0) and let
K/ = f;l(K) C 7T1(Y,y0).
Prove that K’ is the subgroup corresponding to ¢’: (37’, ¥o) — (y,0)- |

EXERCISE 15.2. Let 2!1] be a compact oriented genus g surface with 1 boundary component:

Its boundary 82; is thus homeomorphic to S'. Do the following:

(a) Prove that m (X}, 20) is isomorphic to a free group Fa, on 2g generators.

(b) Let 2o € S' be a basepoint and let ¢: (9%}, z0) = (X}, 20) be the inclusion. The induced
map ¢, thus goes from m(az_},, x0) 2 Z to Wl(E;, x0) = Fy4. Passing to the abelianizations,
the map ¢, thus induces a map from Z to Z29. Prove that this induced map on abelianizations
is the trivial map.

(c) Prove that there does not exist a retraction r: E}J — 82;

(d) Assume that g > 2. For some g1,g1 > 1 with g + g2 = g, let C C ¥, and D C X, be the
following two subspaces:

\
\
1 D
g1 (G /I EgQ

Prove that ¥, does not retract onto C, but that X, does retract onto D. ([l

EXERCISE 15.3. Let X7° be a closed non-orientable surface of genus n > 1, i.e., a sphere with n
crosscaps:

090 000

Fix zy € ¥2°. Do the following:
(a) Prove that m (32, z0) = (as,...,a, | a}---a2 =1).
(b) Calculate the abelianization of w1 (X5°, zg).
c) Prove that 1s not homotopy equivalent to or any m > 1 with m # n.
Prove that £ is not h v equival $1° for any m > 1 with
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(d) Prove that XI° is not homotopy equivalent to any closed orientable surface. (Il

EXERCISE 15.4. Let X be a space that is locally path connected. Let Z be the result of attaching
a collection {D?};c; of 2-cells to X via attaching maps {¢;: 0D? — X}. Prove that Z is locally
path connected. O

EXERCISE 15.5. Let X = S! be a graph with one vertex xo and one loop labeled ¢. Let D? = D?,
identified with a triangle. Let Z be the space obtained by attaching D? to X as indicated in the
following figure:

glue
—> X t

t
>

As we observed in Example 15.3.3, we have m1(Z, z9) = C3. Describe the universal cover p: Z—2Z

as well as the Cs-action on Z. O

EXERCISE 15.6. Let (X, zq) be a pointed space. Assume that X is path connected, locally path
connected, and semilocally 1-connected. Let Z be the result of attaching a collection {D}"};c; of
cells to X via attaching maps {¢;: 0D;* — X}. For each i € I, assume that n; > 3. Prove that
Wl(X,IQ)ngl(Z,SCo). O



CHAPTER 16

Free products and regular G-covers

This chapter introduces free products and explains how to compute the fundamental groups of
wedges of spaces. Along the way, we introduce the notion of a regular G-cover, which will play a key
role our proof of the Seifert—van Kampen theorem in the next chapter.

16.1. Free products

We start by defining free products. The definitions parallel those of free groups from §7.6. Let
{A;}icr be a collection of groups. Roughly speaking, a free product of the A; is a group I' such
that maps from I" to a group G are the same as collections of maps from the A; to G. The formal
definition is as follows:

DEFINITION 16.1.1. Let {A;};cr be a collection of groups. A free product of the A; is a group T’
equipped with homomorphisms ¢;: A; — T for each i € I such that the following holds:

(1) Let G be a group and for each i € I let h;: A; — G be a homomorphism. Then there is a
unique homomorphism H: I' — G such that h; = H o; for all i € I. O

The maps ¢; in the definition of a free product are necessarily split injective:

LEMMA 16.1.2. Let {A;}icr be a collection of groups and let T' be a free product of the A;. Then
for each i € I the associated map v;: A; — T is split injective.

Proor. Fix some iy € I. For each i € I, let h;: A; — A;, be the identity if i = iy and the
trivial homomorphism if i # ig. By the universal property (}), there is a homomorphism H: ' — G
such that h; = H o ;. In particular, 1Ai0 = h;, = H o1, so ¢, is split injective. O

Let T be a free product of the groups {A;};cr. By Lemma 16.1.2; we can identify each A; with a
subgroup of T' via the corresponding map ¢;. Having done this, we can now rephrase (1) as follows:

(t') Let G be a group and for each i € I let h;: A; — G be a homomorphism. Then the h;
extend uniquely to a homomorphism H: T' — G.

Whenever we work with free products in this book, we will identify the A; with subgroups of I' and
use (1') as the defining property of the free product. The subgroups A; generate the free product:

LEMMA 16.1.3. Let {A;}ier be a collection of groups and let T be a free product of the A;. Then
T is generated by its subgroups {A;}ier.

PROOF. Let G < T be the subgroup generated by the A;. By ({'), the inclusion maps h;: 4; — G
extend uniquely to a homomorphism H: I' — G. The composition

r-2.g—-r

and the identity map 1p(gy: I' = I both extend the identity maps 14,: A; — A;, and thus must be
equal. We conclude that G =T, as desired. O

We now prove that free products exist and are unique in an appropriate sense:

LEMMA 16.1.4. Let {A;}icr be a collection of groups. The following hold:

(i) There exists a free product of the A;.
(ii) Let T and T be two free products of the A;. There is then a unique isomorphism ¢: T — T’
with ¢|la, = 14, for alli e I.

PRrOOF. We divide the proof into two parts:

163
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STEP 1. There exists a free product of the A;.

For i € I, choose a presentation A, = (S; | R;). Set
(1611) I'= <|—|iEISi | uiEIRi> .
For i € I, the evident map A; — I splits via the map taking S; to itself by the identity and S; for
i' € I with ¢’ # i to 1. We can therefore identify A; with a subgroup of I'. We verify (') for I as
follows. Let G be a group and for each i € I let h;: A; — G be a homomorphism. For i € I, let
fi: Si = G be the composition
The f; assemble into a set map f: U;c; S; — G. By the universal property of a free group, the map
f extends to homomorphism F': F(U;c1S;) — G. Since each F(S;) — G factors through A;, the map
F takes each r € R; to 1 € G. We conclude that F' factors through a map H: I' — G, as desired.

STEP 2. Let T' and I be two free products of the A;. There is then a unique isomorphism
¢: T =T with ¢|la, = La, forallicl.
Applying (') to the identity maps between the subgroups A; C I" and A; C IV, we get:
e a homomorphism ¢: I' — T such that ¢|4, = 14, for all i € I; and
e a homomorphism ¢': IV — T such that ¢'|4, = 14, for all i € T.

The composition ¢’ o ¢: I' — T fixes each element of subgroups A;. Since these generate I', we have
¢’ o ¢ = 1p. Similarly, ¢ o ¢’ = 1. We conclude that ¢ and ¢’ are inverse isomorphisms. |

In light of this lemma, it makes sense to talk about the free product. If each A; is given by a
presentation A; = (S; | R;), then this free product has the presentation (16.1.1). We introduce the
following notation:

NoOTATION 16.1.5. Let {A;}icr be a collection of groups. We denote their free product by *;ecr A;.
For the free product of finitely many groups Ay, ..., A,, we will also use the notation Ay *---x A,
for their free product. O

16.2. Free products: reduced words

Let {A;}ier be a collection of groups. A word in the A; is a formal expression w = a; - - - a,, such
that for all 1 < j < n we have a; € A;; for some i; € I. Since the A; are subgroups of *;e7A;, a word
corresponds to an element of this free product. The word is reduced if the follow two conditions hold:

e For all 1 < j <n, we have a; # 1.

e Forall 1 <j<mn-—1, wehave i; # i;4+1. In other words, a; and a;4; lie in different A;’s.
By repeatedly deleting a; with a; = 1 and combining adjacent terms that lie in the same A;, each
word can be reduced to a reduced word. It follows that each element of *;c;A; can be written as a
reduced word. The main theorem about free products is that this reduced word is unique:

THEOREM 16.2.1. Let {A;}ier be a collection of groups. Then every element of *;crA; can be
represented by a unique reduced word.

See Exercise 16.7 for an outline of the standard algebraic proof of this fact. At the end of
this chapter, we will explain how to prove it geometrically. This requires first finding a space
whose fundamental group is a given free product. To verify the universal property of the free
product, for a pointed space (X, z) we will need a way to understand geometrically a homomorphism
fim(X,z0) = G. We will do this using the notion of a regular G-cover, which is our next topic.

16.3. Regular G-covers

Let X be a space and G be a group. A regular G-cover' of X is a covering space p: X5 X
together with a left action of G on X by deck transformation such that the following holds:

IThese are also sometimes called principal G-bundles, but for principal G-bundles the group action is typically on
the right, so we do not use that terminology.
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e For all z € X, the action of G on the fiber p~!(z) is free and transitive.

For x € X and 7 € p~!(z), this implies that the orbit map G — p~!(z) taking g € G to g7 is a
bijection. Here are two examples:
EXAMPLE 16.3.1. Let p: X 5 Xbea regular cover with X connected. For each z € X, the

deck group Deck(X) acts freely and transitively on the fiber p~1(z) (cf. Remark 2.3.2). Endowing

p: X — X with the structure of a regular G-cover is then the same as fixing an isomorphism
G = Deck(X). O

EXAMPLE 16.3.2. Regard G as a discrete set. The trivial regular G-cover of X is the trivial
cover p: X X G — X together with the following action of G:

g(x,h) = (x,gh) forall g € G and (z,h) € X x G. O

REMARK 16.3.3. If p: X Xisa regular G-cover and X is not connected, then the inclusion
G — Deck(X) coming from the action of G' by deck transformations will in general not be surjective.
For instance, if |G| > 3 then in Example 16.3.2 there will be deck transformations not coming from
the action of G. ]

A pointed regular G-cover is a pointed cover p: ()~(, Zo) — (X, z0) such that p: X > Xisa
regular cover. If py: (X1,71) — (X, x0) and py: (Xa, F2) — (X, o) are two pointed regular G-covers,
then an isomorphism between them is a pointed covering space isomorphism ]?: ()~(1, 1) — ()22, T2)
that is G-equivariant, i.e., such that

]?(gg?) = gf(f) for all g € G and & € X,.

Here recall that a pointed covering space isomorphism is a homeomorphism fsuch that following
diagram commutes:

7

(X1,71) (X2,2)

(X7 ZEO)

If an isomorphism between pointed regular G-covers exists, we say that they are isomorphic. Our
next goal in this chapter will be to classify pointed regular G-covers up to isomorphism.

16.4. The G-lifting map

This requires some preliminaries. Let p: (X, Zo) — (X, xo) be a pointed regular G-cover. Define
a set map f: m (X, zo) = G as follows:

e Consider [y] € m1 (X, z). Let 7 be the lift of v to X with 5(0) = Zo. Since G acts freely
and transitively on p~1(z), there exists a unique g € G with 5(1) = gzo. We then set

fbD) =9

When X is path connected, we proved in Lemma 7.2.1 that this is a surjective homomorphism and
we called f the lifting map. In that lemma, G was the whole deck group and we used the fact that X
is path connected to ensure that G acted freely and transitively on p~!(x¢). In our context, we have
fixed an action of G by deck transformations that is free and transitive on each fiber, and the proof
of Lemma 7.2.1 goes through to show that f: m (X, x09) — G is a homomorphism. However, if X is
not path connected then f need not be surjective.? We call f: 7, (X, z0) — G the G-lifting map.

2If X is path connected, then f will be surjective if and only if X is path connected.
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16.5*. Classification theorem via monodromy

We will give two approaches to our classification theorem. The shortest approach uses results
about the monodromy action from Chapter 12*. Since that chapter was marked with an * to indicate
that a first-time reader might want to skip it, this section is also marked with an x. We will give
another approach using the Galois correspondence next.

For a pointed space (X, ) satisfying appropriate hypotheses, the following theorem classifies
pointed regular G-covers of (X, x¢):

THEOREM 16.5%.1. Let (X, xq) be a pointed space and G be a group. Assume that X is path
connected, locally path connected, and semilocally 1-connected. There is then a bijection between the
following two sets:

(i) The set of isomorphism classes of pointed regular G-covers p: (X,To) — (X, x0).
(ii) The set of homomorphisms f: m (X, x9) = G.

This bijection takes a pointed regular G-cover to its G-lifting map.

PROOF. Set H = m1(X,x0). As we observed in §12*.7, Theorem 12*.5.1 implies that there is a
bijection between the following two sets:
(a) The set of isomorphism classes of pointed covers p: (X, %) — (X, o).
(b) The set of isomorphism classes of pointed right H-sets (S, sg).
We must incorporate the regular G-cover structure into this bijection. Let p: ()?, To) = (X, x0) be
a pointed cover and let (S, sg) be the corresponding pointed right H-set. By Lemma 12*.6.3, an
action of G on X by deck transformations is the same as a left action of G on S by H-equivariant
bijections. This will correspond to the structure of a regular G-cover if the action of G on S is free
and transitive. We conclude that there is a bijection between the following two sets:
(i) The set of isomorphism classes of pointed regular G-covers p: (X, %) — (X, zg).
(ii’) The set of isomorphism classes of pointed right H-sets (S, sg) such that S is equipped with
a free and transitive left G-action by H-equivariant bijections.
The isomorphisms in (ii”) must respect the action of G. Now consider (S, sg) as in (ii’). Since G
acts freely and transitively on S, each element of S can be uniquely written as gsy for some g € G.
Define a set map f: H — G as follows: for h € H, let f(h) € G be the unique element such that
soh = f(h)so. This map f is a homomorphism; indeed, since G acts on S by H-equivariant bijections
it follows that for h, h’ € H we have

f(hl')sg = so(hh') = f(R)soh’ = f(h)f(h)s0.
We have therefore constructed a homomorphism f: H — G from each element of (ii’). Conversely,
given a homomorphism f: H — G we can construct an element of (ii’) as follows:
e Set (5,50) = (G, 1), where 1 € G is the identity. Equip S with the left G-action coming
from the left action of G on itself and the right H-action induced by f as follows:
sh=sf(h) forall he H.

We conclude that the set (ii’) is in bijection with the set of homomorphisms f: H — G. This estab-
lishes a bijection between the sets (i) and (ii) in the theorem, and tracing through the constructions
we see that this bijection takes a pointed regular G-cover to its G-lifting map. ]

16.6. Inducing actions and covers

Before describing the approach to the classification using the Galois correspondence, we need
some general results about group actions. We will call a space X equipped with an action of a group
G a G-space. Two G-spaces X and Y are isomorphic if there exists a homeomorphism f: X — Y
that is G-equivariant, i.e., such that

flgx) =gf(z) forallge G and x € X.

If X is a G-space and H < G is a subgroup, then Resg X will denote the H-space obtained by
forgetting the whole G-action on X and just remembering the H-action.
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Now let G be a group and let Z be an H-space for a subgroup H < G. Regard G as a discrete
space. Define

md$ Z = (G x Z)/ ~
where ~ is the following equivalence relation:
(gh,z) ~ (g,hz) forallge Gand he H and z € Z.
We endow Indg Z with the quotient topology. The group G acts on G x Z via
g(g',2)=(g99',2) forg,g € Gand z € Z.

This descends to an action of G on Ind$, Z. We call Ind$, Z the induced G-space of the H-space Z.
The subspace 1 X Z of G x Z maps homeomorphically to a subspace of Indf[ Z. We will identify this
subspace with Z. The space Indf{ Z satisfies the following universal property:?

LEMMA 16.6.1. Let G be a group and H < G be a subgroup. Let Z be an H-space and let X be a
G-space. There is then a bijection between:
o H-equivariant maps f: Z — Resg X; and
o G-equivariant maps F': Indg Z — X.
This bijection takes a G-equivariant map F': Indg Z =X tof=F|z.

PROOF. Since Ind% Z = Uyeq(9Z), a G-equivariant map F: Ind$ Z — X is determined by its
restriction to Z. To prove the lemma, we must prove that an H-equivariant map f: Z — Resg X
can be extended to a G-equivariant map F': Indg Z — X. For this, define f': G x Z — X via the
formula

f'(g,2) =gf(z) forall (g,2) € GxZ.
Since f'(gh,z) = f'(g,hz) for all g € G and h € H and z € Z, the map [’ factors through a map
F: Ind$ Z — X with F|z = f. O

For g € G, we have a subspace gZ of Indg Z that is homeomorphic to Z. The space Indfl Z
is the disjoint union of a collection of such subspaces indexed by the left cosets G/H. Indeed, let
{¢i}icr be a complete set of left H-coset representatives in G, so G = U;crc; H. We have

Ind$, Z = |_| aZ
iel
The action of G permutes these subspaces transitively, and the stabilizer of Z is H. Conversely, we
have the following:

LEMMA 16.6.2. Let G be a group and let X be a G-space. Let Z C X be a subspace and let H
be the subgroup stabilizing Z. Letting {c;};c1 be a complete set of left H-coset representatives in G,

assume that X = | |;c;c;Z. Then the G-space X is isomorphic to Indg Z.

PROOF. The map G x Z — X taking (g,2) € G x Z to gz € X factors through a G-equivariant
map f: Indg Z — X. Our assumptions imply that f is a homeomorphism. O

For a pointed space (X, zo), let ¢: (}7 Yo) — (X, z0) be a pointed regular H-cover. Regard X as
a G-space with the trivial G action, so ¢ is an H-equivariant map ¢: Y — Res$ i X. Let X = IndG Y
and let p: X — X be the map given by the universal property from Lemma 16.6.1. Finally, let
To € X be the point 7o in the subspace Y C X so we have a pointed map p: (X xo) (X, 20). We
call p: (X, o) — (X, z0) the induced regular G-cover of the regular H-cover q: (Y, 7o) — (X, zo).
As is suggested by its name, it is a regular G-cover:

3In an obvious way, Resg is a functor from G-spaces to H-spaces and Ind% is a functor from H-spaces to G-spaces.
A categorically inclined reader will recognize that this lemma says that Indg is a left adjoint to Resg, i.e., that for
H-spaces Z and G-spaces X we have a natural identification Hom g (Z, Resg X) =Homg (Indg Z,X). See Exercise
16.2 for the right adjoint to Rcsg,
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LEMMA 16.6.3. Let G be a group and let H < G be a subgroup. For a space X, let q: (37,50) —
(X, 20) be a pointed regular H-cover. Let p: (X,Zg) — (X, x0) be the induced regular G-cover of
q: Y,90) = (X,z0). Then p: (X,Zg) — (X, x0) is a regular G-cover.

PRrROOF. The only nontrivial thing to prove is that p: X — X is a cover. Consider z € X.
Let U C X be a trivialized neighborhood of = for the cover ¢: Y — X and let U C Y be a sheet
lying above U. The sheets of ¢: ¥ — X lying above U are then ¢~ *(U) = Upen (hU). We have
U CY C X, and by construction we have p~(U) = I_Igeg(gﬁ). Each gU maps homeomorphically
to U, so U is a trivialized neighborhood of x for p: X = X. O

The following is a sort of converse to Lemma 16.6.3:

LEMMA 16.6.4. Let G be a group and let p: ()N(,EO) — (X, z0) be a pointed regular G-cover.
Assume that X is locally path connected. Let Y be the path component of)? with Tg € 37, let yo = Zo,
and let H < G be the subgroup stabilizing y. Set q = pls-. Then:

(i) The map q: (Y, 5o) — (X, x0) is a regular H-cover-
(ii) The reqular G-cover p: (X,%o) — (X, z0) is isomorphic to the reqular G-cover induced from
q: (Yag()) - (Xax())'

PROOF. That q: (Y, %) — (X, z0) is a pointed cover follows from the fact that X is locally path
connected (see Exercise 1.10), and that it is a regular H-cover is immediate. This proves conclusion
(i). Conclusion (ii) is immediate from Lemma 16.6.2. O

16.7. Classification theorem via Galois correspondence
We now prove our classification theorem using the Galois correspondence:

THEOREM 16.5%.1. Let (X, x0) be a pointed space and G be a group. Assume that X is path
connected, locally path connected, and semilocally 1-connected. There is then a bijection between the
following two sets:

(i) The set of isomorphism classes of pointed regqular G-covers p: (5(,’%) = (X, x0).
(i) The set of homomorphisms f: m (X, z0) = G.
This bijection takes a pointed reqular G-cover to its G-lifting map.

ProOOF. We divide the proof into two steps.

STEP 1. Let f: m(X,x0) = G be a homomorphism. Then f is the G-lifting map of a pointed
reqular G-cover p: (X,Zo) = (X, xo).

Let H = Im(f) and K = ker(f). By the Galois correspondence (Theorem 11.2.1), there is a
pointed connected cover q: (37, ¥o) — (X, zo) whose corrsponding subgroup is K. Let f': m (X, z9) —
H be the surjection obtained by restricting the codomain of f to H = Im(f). We will prove below
that ¢: (Y,30) — (X, zo) is a regular H-cover with lifting map f’. The desired regular G-cover can
then be obtained by inducing ¢: (Y, %) — (X, o) to G (see Lemma 16.6.3).

It remains to prove that ¢: (Y, 7o) — (X, ) is a regular H-cover with lifting map f’. Since
K is a normal subgroup of 71 (X, xg), the cover ¢: (§~/, ¥o) — (X, o) is regular and the lifting map
g: (X, z0) — Deck(Y) is a surjection with ker(g) = K (Theorem 9.5.1). Since both f’: 71 (X, zg) —
H and g: m1(X,29) — Deck(Y) are surjections with kernel K, there is an isomorphism ¢: H —
Deck(Y) making the following diagram commute:
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Using the isomorphism ¢: H — Deck(Y'), we can endow ¢: (Y, 7o) — (X, zo) with the structure of a
regular H-cover (cf. Example 16.3.1). By construction, f’ is the H-lifting map of q: (Y, 7o) — (X, z0).

STEP 2. Let f: m(X,z9) — G be a homomorphism. Fori = 1,2, let p;: ()Z'l,fl) — (X, z0) be a
reqular G-cover with lifting map f. Then py and ps are isomorphic.

Using Lemma 16.6.4, we can reduce to the case where the X, are path connected and f
is surjective. Since the p;: ()?“51) — (X, z() are pointed connected covers with corresponding
subgroup K = ker(f), the Galois Correspondence (Theorem 11.2.1) implies that they are 1somorphlc
as pointed covers. Let f: (X1,%1) — (Xg,xg) be the? isomorphism. We will prove that f is an
isomorphism of regular G-covers, i.e., that f is G-equivariant. By Theorem 9.5.1, the lifting maps
induce isomorphisms

(X, 20)/K —» Deck(X1) and (X, 20)/K — Deck(X>).

Using these two isomorphisms, we get an isomorphism \: Deck(;( 1) — Deck()?g). By its construction,
the isomorphism f is natural with respect to the isomorphism A in the sense that

(16.7.1) F(dx) = ¢(d)f(Z) for d € Deck(X;) and 7 € X;.
We now use the fact that the G- hftlng map for both covers is f: m1(X,z9) — G. This gives an
identification between G' and Deck(X;) for ¢ = 1,2. By construction, A: Deck(Xl) — Deck(X) is

simply the composition of the identifications Deck(X;) = G and G = Deck(X,). We therefore see
that (16.7.1) implies that

]?(g%) = gf(f) for all g € G and & € X1,
as desired. O

16.8. Wedges of spaces and free products

We now recall some terminology from §8.6. For pointed spaces {(X;, ;) }ier, the wedge product
of the X; is the space Y = V;¢1(X;, x;) obtained from the disjoint union of the X; by identifying all
the basepoints x; together to a single point yo. The point yg serves as a basepoint, so (Y,yp) is a
pointed space. We will often omit explicit mention of the basepoints x; and just write Y = V;c1X;,
and if [ is finite we will use the V like a sum and e.g. write X7 V Xs.

For each i € I, the pointed space (Y, o) retracts onto its subspace (X;,x;). This retraction takes
each X; with j # ¢ to the basepoint yo. It follows that m (X;, x;) is a subgroup of m1 (Y, yo). The
main theorem in this section says that if the X; have reasonable local properties, then 71 (Y, yo) is
the free product of its subgroups m (X;, z;):

THEOREM 16.8.1. Let {(X;, ;) }ier be a collection of pointed spaces and let yo be the basepoint for
Vier X;. Assume that each X; is path connected, locally path connected, and semilocally 1-connected.
Then T (\/iEIXi, yo) = *ieI T (Xi, xl)

PROOF. We verify the universal property of the free product from §16.1. Let G be a group, and
for each i € I let h;: m1(X;,z;) — G be a homomorphism. We must prove that there is a unique
homomorphism H: 71 (VX;, yo) — G that restricts to h; on each subgroup 71 (X;,x;). For each i € I,
Theorem 16.5*.1 implies that there is a unique pointed regular G-cover p;: (X;,z;) — (X;, x;) with
G-lifting map h;. Define

Y =| |Xi/~,

icl
where ~ is the equivalence relation that for g € G and ,j € [ identifies the points gz; € X and
9Z; € X The actions of G on each X; induce an action of G on Y. Let Yo € Y be common image of
the points z; € X;. The p; glue together to give a map p: (Y, ¥o) = (VierXi, yo). This map is clearly
a regular G-cover. The corresponding G-lifting map H: m (VX;,y0) — G is the desired extension of
the h;. Since no choices were made in this construction and the correspondence in Theorem 16.5*.1
between regular G-covers and homomorphisms to G is a bijection, this map H is unique. O

4The isomorphism is unique since the X; are path connected and we require f(Z1) = f(F2).
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16.9. Reduced words in fundamental groups of wedges of spaces

We now use covering spaces to prove Theorem 16.2.1, whose statement we recall:

THEOREM 16.2.1. Let {A;}icr be a collection of groups. Then every element of x;crA; can be
represented by a unique reduced word.

PROOF. By Theorem 15.5.1, for each i € I we can find a pointed space (X;, x;) with w1 (X, z;) =
A;. Moreover, we can ensure that X; is path connected, locally path connected, and semilocally
1-connected. Let Y = V1 X; and let yo be the basepoint of Y, so 71 (Y, yo) = *;e;A;. For i € I, let
i ()Z'z, Z;) — (Xi, ;) be the universal cover. Let R be the set of all reduced words in *;c;A;. For
w € R, let w € m(Y,yo0) = *;erA; be the corresponding element. We will construct a pointed cover
p: (Y, %) — (Y, yo) such that:

(&) For each w € R, let AM(w) € Y be the endpoint of the lift to Y starting at yo of a loop ~ such

that [y] € m1 (Y, yo) represents w. Then A(w;) # A(ws) for all wy,ws € R with wy # ws.
Since every element of m1(Y,y9) = *;c14; can be represented by some reduced word in R, this
will immediately imply the theorem. We remark (#) will also imply that no nontrivial element of
m1 (Y, yo) lifts to a loop in Y based at 70, so the subgroup corresponding to p: (17, 70) — (Y, yo) is
trivial. Since Y will be path connected, this implies that it is the universal cover of Y.

For i € I, recall that 71 (X;,z;) = A; and that p;: ()Z’l,il) — (X, z;) is the universal cover of
(X, ;). The group A; acts freely on X; by deck transformations, and p; (i) = {a%; | a € A;}. Let
R; consist of the empty reduced word 1 along with the set of reduced words a; - - - a,, whose final
letter a,, does not lie in A;. We thus have R = U;c;R; and R;NR; = {1} for distinct i,j € I. Define

P (Umo)

iel
where ~ is the equivalence relation that identifies the following points together:
e Foralli,jel,set (1,z;) ~ (1,;). Let y[1] € Y denote this common point.
e Forallie I and w e R, and a € 4; \ 1, we have wa € R; for all j € I with j # i. Set
(w,aZ;) ~ (wa,z;) for all j € I with j # i. Let glwa] € Y denote this common point.
Recall that Y = V,;c;X; and that yo € Y is the basepoint obtained by identifying the x; € X3
together. The maps

assemble into a map p: Y Y. By construction,

P~ (yo) = {glw] | w e R}.
Set yo = y[1], so we have a map p: (}7,%) — (Y, y0). We will prove that p: (}7,170) = (Y,yp) is a
pointed covering space satisfying (#):

CramM 1. The map p: Y 5Yisa pointed covering space.

The only point of Y for which there might be any issue is the basepoint 3. To find a trivialized
open neighborhood of yg, for i € I let U; C X; be a trivialized open neighborhood of z; for
;i ()?i, Z;) = (Xi,x;). Set V. =V,c1U;, so V is an open subset of Y = V,;¢; X;. We claim that V is
a trivialized open set for p: Y Y.

To see this, for i € I let ﬁi be the sheet of p; lying above U such that z; € [71 Since p; is a
regular cover with deck group A;, the sheets of p; lying above U; are of the form a[j’i with a € A;.
For w € R; and a subspace Z C )~(i7 let Z[w] be the image of w x Z C w x Xl in Y. The sheets of p
lying above V' are then the following:

e For i € I, the set 17,-[1} contains the point y[1]. Wedging these sets together at this wedge
point, the open set V;c;U;[1] is a sheet.
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e Consider w € R; for some i € I and a € A; \ 1. The set al;[w] contains §wa], and for
j € J with j # i the set Ujwa] also contains ylwa]. Wedging these sets together at this
wedge point, the open set

aBiful v (\/ T fwal)
%

is a sheet.
CrAM 2. The pointed covering space p: (37, ¥o) = (Y, yo) satisfies (M), which we recall says the
following:

(&) For each w € R, let A(w) € Y be the endpoint of the lift to Y starting at §o of a loop v such
that [y] € m1(Y,yo) represents w. Then A(w1) # A(wz) for all wy,wy € R with wy # ws.

In fact, for w € R we have A(w) = y[w]. To see this, write w = a; - - - a, with a; € A;; \ 1 for
1 < j < n. The lifted path starts at o = g[1], goes in X, [1] to F[a1], then goes in X;, [a1] to Flarasz],
etc. For instance, if I = {1,2} and w = ajazas with a; € Ay \ 1 and a; € A3\ 1 and a3 € Ay \ 1 the
picture looks like this:

At the final step, the lifted path goes in X;, [a1 - - - an_1] from Jay - - - an_1] to Jlay - - - an] = Jlw], as
desired. 0

16.10. Exercises

EXERCISE 16.1. Do the following:

(a) Let S and T be sets. Prove that FI(S)« F(T)=F(SUT).
(b) If S ={as,...,a,}, then prove that F(S) is isomorphic to the free product of n copies of
Z. O

EXERCISE 16.2. Let G be a group and let H < G be a subgroup. For an H-space Z, regard G
as a discrete space and endow the set C(G, Z) of continuous functions ¢: G — Z with the compact
open topology. We then define

Coind$ Z = {¢: G — Z | ¢(hy) = ho(y) for all h € H and v € G} € C(G, Z).

As you will prove below, this is a G-space called the coinduced G-space of the H-space Z. Prove the
following:

(a) Let Z be a G-space. For g € G and a map ¢: G — Z in Coindg Z, define g¢: G — Z to
be the map

9(7y) = ¢(vg™') forally € G.

Prove that g¢ € Coindg Z and that this defines an action of G on Coindg Z by continuous
maps. In other words, this makes Coindg Z into a G-space.
(b) Let Z be an H-space and let X be a G-space. Prove that there is a bijection between:
e H-equivariant maps f: Resg X — Z; and
e (GG-equivariant maps F': X — Coindfl Z.
This bijection takes a G-equivariant map F: X — Coindfl Z to the map f: Resg D A
defined by f(x) = F(z)(1).
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(¢) Prove that as a space we have Coind$ Z = HG/H Z. Hint: first prove that if Z is any space
and D is a discrete space, then C(D, Z) = [[,cp Z. O

EXERCISE 16.3. Recall that C,, is the cyclic group of order n. In this exercise, you will determine
all subgroups of Cs x Cs.

(a) Let 2o € RP? VRP? be the basepoint, so m (RP? VRP? z9) 2 Cy * Cy. Enumerate all
connected pointed covers of (RP? V RP?, ).
(b) As notation, let a € Cy * Cy be the generator of the first factor and b € Cy * Cy be
the generator of the second factor, so Cy x Cy = <a, b|a?=1,b = 1>. For each cover
p: ()Z', To) — (RP?VRP? x4) from part (a), determine the following:
e Cenerators for the corresponding subgroup of 71 (RP? V RP?, z) = Cy * Cs.
e The isomorphism type of the group 771(5(, Zo)- |

EXERCISE 16.4. Let G be a finite group. In this exercise, you will give construct a space X
whose fundamental group is G and whose universal cover is a product of finitely many copies of S3.
Do the following:

(a) For g € G, let (g) be the corresponding cyclic subgroup. Construct a free action of (g) on
S®. Let S? be the corresponding (g)-space.

(b) For each g € G, by Exercise 16.2 we have a G-space Coindi,) Sg which is homeomorphic to
a product of finitely many copies of S. Define

v : G 3
X = H Comd<g> Sg'
geG

This is a product of G-spaces, and thus is a G-space. Prove that G acts freely on X.

This shows that G acts freely on a product X of finitely many copies of S. Since G is finite this is
a covering space action. Moreover, since S? is 1-connected the space X is 1-connected, so letting
X = X/@G and letting zy € X be a basepoint we have 7 (X, zo) = G. O

EXERCISE 16.5. Recall that the center of a group G is the subgroup
Z(G)={ceG|cg=gcforall ge G}.

Let A and B be nontrivial groups. Prove that Z(A x B) = 1. Hint: use the fact that elements of
A x B can be represented by unique reduced words. O

EXERCISE 16.6. Let A and B be groups. Let v € A * B be an element of finite order, so v = 1
for some d > 1. Prove that v is conjugate to an element of either A or B. Hint: use the fact that
elements of A x B can be represented by unique reduced words. O

EXERCISE 16.7. Let {A;};cr be a collection of groups. This exercise outlines the classical
algebraic proof that every element of I' = *;c1 A; is represented by a unique reduced word.

(a) Let W be the set of reduced words. Use the universal property of the free product to
construct a left action of I' on W that for a € A; multiplies a word w € W by a to get
aw and then reduces appropriately to get a reduced word. Hint: an action is the same as
a homomorphism I' — Sym(W) where Sym(W) is the symmetric group consisting of all
bijections of W. You can construct such homomorphisms using the universal property of

I'= *iGIAi~
(b) Prove that every element of T' is represented by a unique reduced word. Hint: consider
w € I', and think about where w takes the trivial word 1 € W. O

EXERCISE 16.8. This exercise uses the notion of the cone of a space from Exercise 6.2. For n > 1,
let C,, C R? be the circle of radius 1/n with center (0,1/n). Let X = U ,C,,, topologized as a
subspace of R2. This is sometimes called the “earring space” or the “shrinking wedge of circles”:
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Let 9 € X be the point (0,0) € X. By Exercise 6.2, the space Cone(X) is contractible. The
contractible space Cone(X) contains the point zg, which we emphasize is not the cone point. Let
(Y1,y1) and (Ya,y2) be two copies of the pointed space (Cone(X),zg) and let zg be the basepoint of
Y7 VY;. Prove that m1(Y7 V Y3, 20) is nontrivial even though both Y; and Y; are contractible. We
remark that this depends on the fact that the basepoint of Cone(X) is xp, and would be false if we
used the cone point as the basepoint. O






CHAPTER 17

The Seifert—van Kampen theorem

We finally come to the Seifert—van Kampen theorem. For a space X decomposed into open
sets as X = U UV, this theorem shows how to write the fundamental group of X in terms of the
fundamental groups of U and V and UNV.

17.1. Naturality of regular G-covers

We first briefly describe how pointed regular G-covers restrict to subspaces. Let (X, zo) be a
pointed space, let G be a group, and let p: ()279?0) — (X, zg) be a pointed regular G-cover. For
a subspace X' C X with zo € X/, let X/ = p~1(X’) and let p’ = p|,, so Ty € X'. The map
P ()?’,3?0) — (X', xg) is a cover called the restriction of p to X’ (see §15.1). The G-action on X
restricts to a G-action on X', so p': (X', %o) — (X', xg) is a regular G-cover.

Associated to p and p’ are G-lifting maps f: m1(X,z9) — G and f': (X', 20) = G. If X and
X’ are both path connected, locally path connected, and semilocally 1-connected the maps f and f’
characterize p and p’ up to isomorphism (see Theorem 16.5%.1). They are related as follows:

LEMMA 17.1.1. Let (X,z0) be a pointed space, let G be a group, and let p: ()?,ffo) — (X, z0)
be a pointed reqular G-cover. Let X' C X be a subspace with xo € X' and let p': ()~(’, To) = (X, x0)
be the restriction of p to X'. Let f: m(X,z9) = G and f': m (X', z9) — G be the G-lifting
maps of p and p'. Finally, let v: (X', 29) = (X, x0) be the inclusion, so we have an induced map
L T (X' 20) = (X, 20). Then f' = fou,.

PROOF. Immediate from the definition of the G-lifting map. ]

17.2. Pushouts of groups

The Seifert—van Kampen theorem expresses the fundamental group of a space as a pushout of
groups, which we define here. This requires a certain amount of notation to set up. Let X and
Y and Z be groups and f1: Z — X and fe: Z — Y be homomorphisms. Denote this data by the
pair [f1, f2]. For a group @, a map h: [f1, f2] = @ is a pair of homomorphisms h;: X — @ and
ho:Y — @ such that the diagram

commutes, i.e., such that hyo f; = hoo fo. A pushout of [f1, f2] is a group P and amap g: [f1, fo] = P
such that if h: [f1, fo] — @ is another map, then there exists a unique homomorphism ¢: P — @
such that the following diagram commutes:

z I x

fzJ/ glJ{
h1

y 2, p



176 17. THE SEIFERT-VAN KAMPEN THEOREM

In this case, we will say that

z -y x

fzJ/ glJ{
vy 25 P
is a pushout. The same argument we used for free group and free products shows that pushouts are

unique up to isomorphism if they exist (see Exercise 17.1). In fact, they always exist and can be
easily calculated from a presentation:

LEMMA 17.2.1. Let X andY and Z be groups and f1: Z — X and fo: Z — Y be homomorphisms.
Let X = (S1 | R1) andY = (S1 | Ra) be presentations and let T' be a generating set for Z. For
t €T, choose uy € F(S1) and v, € F(S2) such that f1(t) =11 € X and fo(t) =0, € Y. Define

P:<Sll_|52 | R1|_|R2|J{ut:’l]t | tGT}>.
Then P is isomorphic to a pushout of [f1, f2].

PROOF. Let g1: X — P and go: Y — P be the evident homomorphisms. Let @) be a group and
let h: [f1, f2] = @ be a map. We must show that there is a unique homomorphism ¢: P — @ such
that the following diagram commutes:

7z - x
le glJ/ s
y 2., p
&
h2 Q

For s € S; U S5, define

. hi(3) ifse Sy,
9(s) = {hQ(S) if s € Sy.

We must check that this takes the relations in Ry U Ry U{us = v; | t € T} to relations in Q. The map
¢ takes the relations in R; to relations since hi does, and it take the relations in Ry to relations since
hg does. As for the others, consider ¢ € T. We must check that ¢(u;) = ¢(ve). Since h: [f1, f2a] = Q

O

is a map, we have ¢(u;) = h1(u) = f1 0 hi(t) = fa 0 ha(t) = ha(vy) = ¢(vy).
To help the reader understand what this means, here are two examples:
ExXAMPLE 17.2.2. Let A and B be groups. We then have a pushout

1— A

|

B —— AxB.
This can be proved directly from the universal property. It is also immediate from Lemma 17.2.1. O

EXAMPLE 17.2.3. Let f: A — B be a homomorphism of groups. Letting { f(A)}) be the normal
subgroup of B geneated by f(A), we have a pushout

A—~L B

| |

L —— B/{f(A)).

Again, this can be proved directly from the universal property or by using Lemma 17.2.1. O



17.3. THE SEIFERT-VAN KAMPEN THEOREM 177

17.3. The Seifert—van Kampen theorem
The following is our main theorem. In it, the maps f; and g; are induced by subspace inclusions.

THEOREM 17.3.1 (Seifert—van Kampen). Let (X, zo) be a pointed space. Let U,V C X be open
sets such that X = U UV and xg € UNV. Assume that U and V and X NV are path connected.
We then have a pushout

T (UNV,20) —2 m(U, z0)

A .|

7T1(Vv,.730) L 7T1(X,.130)

We will prove this under the assumption that the spaces {X,U,V,U NV} are all path connected,
locally path connected, and semilocally 1-connected, which we will call the “tame” case. This suffices
for most applications and has a simple proof due to Grothendieck. See Chapter 19* for the general

1
case.

PROOF OF TAME CASE OF THEOREM 17.3.1. Let @ be a group and let h: [f1, fo] = Q be a
map. We must prove that there is a unique homomorphism ¢: 7 (X, zg) — @ such that the following
diagram commutes:

T (UNV,z0) —L 71(U, 20)

le g1l
h1

(17.3.1) m1(V, x0) —2 m1(X, 20)

S Y
s Q
By Theorem 16.5*.1, we can find the following:

e a pointed regular G-cover ps : (17, Zy) = (U, o) with G-lifting map hq: m (U, zg) — G; and

e a pointed regular G-cover py: (V,Z,) — (V, zo) with G-lifting map hg: m (V,20) — G.
Let g1: (7 (UNV),Z,) = (UNV,x0) and q2: (p; (UNV),Z,) = (UNV,x0) be the restrictions
of p; and ps to U NV, respectively. By Lemma 17.1.1, the G-lifting map of ¢; is hy o f; and the
G-lifting map of g is hg o fo. Since hq o f1 = hg o f, these G-lifting maps are the same. Theorem
16.5*.1 therefore implies that ¢; and g2 are isomorphic pointed regular G-covers.

Let A\: (p; " (UNV),T,) — (p3(UNV),7,) be an isomorphism between these covers, so A is a

G-equivariant homeomorphism such that the following diagram commutes:

Py (UNV),Ty) A (pz (UNV),T)

(U n {/7.%‘0)

We use A to glue p; and ps together into a pointed regular G-cover p: (X', Zo) = (X, xg) as follows:

e Set X = U LV/ ~, where ~ is the equivalence relation that for & € p; (U NV) identifies
U~ @) ep; ' (UNV). Let T € X be the image of &g ~ p.
e Since X = U UV, the maps p; and ps glue together to give a map p: ()?,%o) — (X, xp).
The map p is easily seen to be a pointed cover (see Exercise 17.3).
e Since A is G-equivariant, the G-actions on U and V glue together to give a G-action on X
by deck transformations. This makes p: (X, o) — (X, 20) into a regular G-bundle.
Let ¢: m1(X,z9) — G be the G-lifting map of p. By the naturality of the G-lifting map (cf. Lemma
17.1.1), the diagram (17.3.1) commutes. Since the correspondence between isomorphism classes of

INote that we will quote the general case in our applications to get the most general possible statements.
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pointed regular G-bundles and maps from the fundamental group to G in Theorem 16.5*.1 is a
bijection, we made no arbitrary choices and ¢ is unique. The theorem follows. (|

REMARK 17.3.2. There is also a version of the Seifert—van Kampen theorem for arbitrary open
covers X = U;crU;. In this more general version, we need to assume each U; is path connected, each
U; NU; is path connected, and each U; N U; N Uy is path connected. The version we gave above
suffices for almost all applications. We describe the more general version in Chapter 19*. (Il

17.4. Wedges, redux

In many simple examples of the Seifert—van Kampen theorem, at least one of the groups in the
pushout is trivial. Here is an example of this. In Theorem 16.8.1, we proved the following:

o Let {(X;,x;)}ier be a collection of pointed spaces and let yg be the basepoint for V,crX;.
Assume that each X is path connected, locally path connected, and semilocally 1-connected.
Then 1 (\/iEIXia yo) = *iEIﬂ-l (Xi, l‘i).
Using the Seifert—van Kampen theorem, we can prove a result like this under slighly different
assumptions. For each ¢ € I, instead of assuming that X; is path connected, locally path connected,
and semilocally 1-connected, what we will need is that for all ¢ € I, there exists an open neighborhood
N; of the basepoint x; € X; such that N; deformation retracts onto z;. Neither hypotheses implies
the other, so this is neither stronger nor weaker than Theorem 16.8.1.
Here we explain how to prove this for wedges of finitely many spaces. For wedges of infinitely
many spaces, what is needed is the Seifert—van Kampen theorem for covers with more than two open
sets, which we describe in Chapter 19%*.

THEOREM 17.4.1. Let {(X;, z;) }icr be a finite collection of path connected pointed spaces and
let yo be the basepoint for V;c1 X;. For each i € I, assume that there exists an open neighborhood
N; C X; of x; such that N; deformation retracts onto x;. Then w1 (Vier Xi, yo) = xicrm (X, ;).

PRrROOF. Identifying all the X; with subspaces of V;c; X; identifies x; with yg for all i € I. By
induction, it is enough to handle the wedge of two spaces. Assume, therefore, that I = {1,2}. We
must prove that 7T1(X1 \ X27y0) = 7T1(X1,y0) * 7T1(X2, yo)

Let U =X;VNyand V=NV Xy, 80 XiVXo=UUV and UNV = N; V N,. Since
N; deformation retracts to x; for i = 1,2, it follows that U deformation retracts to Xi, that V
deformation retracts to X5, and that U NV deformation retracts to the basepoint yy. It follows
that U and V and U NV are all path connected, so Theorem 17.3.1 (Seifert—van Kampen) applies.
Applying our homotopy equivalences, we get a pushout

T (UNV,y0) ——— m1(U,90) I ———— m(X1,90)

| L= |

T (V,yo) — m (X1 V X2, %) m1 (X2, 90) —— m (X1 V X2,%0)-
As we described in Example 17.2.2, this implies that 71 (X7 V Xo,y0) = m1 (X1, y0) * m1(X2,90). O

REMARK 17.4.2. It is tempting to try to prove Theorem 17.4.1 using the cover X; V Xy = X; UXq,
where X1 N X5 is the basepoint. The problem is that this is not an open cover. As in the above
proof, it is often useful to “thicken” a non-open cover to an open cover. However, care must be taken
to ensure that the relevant fundamental groups are not changed. O

17.5. Attaching 2-cells, redux

Let (X, z0) be a path connected pointed space. Let D? =2 D? be a 2-cell, let ¢: 9D? — X be an
attaching map, and let Z be the result of attaching D? to X via ¢. Recall that a loop around D? in
(X, ) is a loop of the form r = §-9-9, where:

e The path § is a path in X from g to ¢;(1). Here are are identifying dD? with S! C C.
e The path v: I — X is the loop in X based at ¢(1) defined by the formula v(s) = ¢;(e*™**).
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See here:

In Theorem 15.3.2, we proved the following result:

e Let (X, z) be path connected, locally path connected, and semilocally 1-connected pointed
space. Let Z be the result of attaching a collection {D?};c; of 2-cells to X via attaching
maps {¢;: D? — X}. For each i € I, let 7; = §;-0;-0; be a loop around D? in (X, z¢). Then
m1(Z, z9) is the quotient of 71 (X, zp) by the normal subgroup generated by {[r;] | i € I'}.

Using the Seifert—van Kampen theorem, we can prove this without the assumption that X is locally
path connected and semilocally 1-connected. Here we will do this in the case where Z is obtained by
attaching finitely many 2-cells. The general case not only requires the Seifert—van Kampen theorem
for covers by more than one open set, but also a new idea to get around some basepoint issues. We
describe it in Chapter 19*.

THEOREM 17.5.1. Let (X, xq) be a path connected pointed space. Let Z be the result of attaching
a finite collection {D?};c; of 2-cells to X via attaching maps {¢;: 0D? — X}. For eachi € I, let
r; = 8;-0;:0; be a loop around D? in (X, x). Then m(Z,xo) is the quotient of w1 (X,xo) by the
normal subgroup generated by {[r;] | i € I}.

PROOF. By induction, it is enough to handle the case where Z is obtained by attaching a single
2-cell D? via an attaching map ¢: dD? — X. Let r = §-9-6 be a loop around D? in (X, z). Our
goal is to prove that m1(Z, xg) is the quotient of m1 (X, x¢) by the normal subgroup generated by
[’f’] € 7T1(X, iE()).

Let 29 € Z be the image of the central point 0 € D2. Let U = Z\ 2o and let V' C Z be the image
of Int(D?), so V = Int(D?) and U NV = Int(D?) \ 0. Since D? \ 0 deformation retracts to D2, the
open set U deformation retracts to X. It follows that 71 (U, z¢) = m1 (X, z¢). We would like to apply
the Seifert—van Kampen theorem to the open cover X = U U V. The only issue is that the basepoint
2o does not lie in V. To fix this, let bg € U NV be the basepoint and r’ be the loop shown here:

If we change the basepoint from zg to b, the element [r] € m1(X, o) goes to an element that is
conjugate to [r'] € (X, bo). It follows that it is enough to prove that m(Z,bg) is isomorphic to the
quotient of 71 (X, zg) by the normal closure of [r'] € 71 (X, o).

We can now apply the Seifert—van Kampen theorem. Just like above, we have (U, bp)
71 (X, bg). Also, since V = Int(D?) and UNV 2 Int(D?)\ 0, we have 71(V, by) = 1 and 71 (UNV, by)
Z. Theorem 17.3.1 (Seifert—van Kampen) therefore gives us a pushout

1

m(UNV,by) —2= m(Ubo)  Z —2— mi(X,bo)

| |- |

7T1(V,b0) _— 7T1(X,b0) 1 —— 7T1(X7b0).

As in Example 17.2.3, we deduce that (X, bg) is isomorphic to the quotient of 7 (X, bg) by the
normal closure of the image of ¢. Since [r'] € m (U NV, by) is a generator, the image of ¢ is generated
by [r'] € m1(X,bg). The theorem follows. O
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17.6. Connect sums

Our final two examples of the Seifert—van Kampen theorem require a definition from manifold
topology. Let M and N be connected n-dimensional manifolds, possibly with boundary. A connect
sum of M and N is an n-manifold M#N obtained as follows:

e Let D C M and D' C N be embedded n-dimensional disks, so D = D' =~ D",

o Let My = M\ Int(D) and Ny = N\ Int(D’), so My and Ny are n-manifolds with boundary.
Let S = 0D and S’ = 0D', so S C My and S’ C Ny are boundary components with
S~ g st

e Choose a homeomorphism ¢: S — S’, and define M#N = My U Ny/ ~, where ~ is the
equivalence relation that for « € S identifies x ~ ¢(x) € S".

Here is a picture:

-

Y N>
M

As in the above figure, let T' = S*"~! be the common image of S and S’ in M#N. If M and
N are oriented, then orienting S and S’ in the usual way one usually requires ¢: S — S’ to be
orientation-reversing. This makes M#N into an orientable manifold with M on one side of T" and
Ny on the other.

REMARK 17.6.1. With the above conventions, it is a difficult theorem that the homeomorphism
type of M#N is independent of our choices if M and N are orientable. The non-orientable case is
more subtle. However, for our purposes this will not be important. O

17.7. Fundamental groups of connect sums, higher dimensions
For manifolds of dimension n > 3, the fundamental group of a connect sum has a simple form:

THEOREM 17.7.1. Let M and N be connected manifolds of dimension n > 3, possibly with
boundary, and let M#N be a connect sum of M and N. Let xo € M and yg € N and zog € M#N be
basepoints. We then have mi (M#N, zp) = m (M, zo) * 71 (N, yo).

PROOF. As in the definition of a connect sum, let D € M and D’ C N be embedded n-dimensional
disks. Set My = M \ Int(D) and Ny = N \ Ind(D’). Both My and Ny are subspaces of M#N, and
MyN Ny =T = S* 1. Changing all of our basepoints, we can assume that x9 = yo = 20 € T. Since
boundary components of manifolds have collar neighborhoods, there is an open neighborhood W of
T in M#N along with a homeomorphism A: T x (—1,1) — W such that:

T=XTx0) and AT x(—1,0]) C My and AT x[0,1)) C No.

Set U= MyUW and V = NgUW,s0o M#N =UUV. Since T x (—1,1) deformation retracts to
T x (—1,0], the open set U deformation retracts to M. Similarly, V' deformation retracts to Ny and
UNV =W deformation retracts to T’ =2 S”~!. All of these are path connected, so Theorem 17.3.1
(Seifert—van Kampen) gives a pushout

Wl(Uﬁ‘/,Zo) 4>7T1(U,Zo) 1 4>7T1(M0,Zo)
7T1(V,Zo) —_— Wl(M#N,Zo) 7T1(N0,Zo) —_— 7T1(M#N,ZQ).

Here we are using the fact that 7w (U NV, z9) = 71 (T, z0) = 1, which holds since T =2 S"~! and n > 3.
As in Example 17.2.2, we deduce that
(1771) Wl(M#N, ZO) g’]‘rl(Mo,Zo) *7T1(N07Z(]).

The manifold M can be obtained from M, by attaching an n-cell. Since n > 3, attaching an n-cell
does not change the fundamental group (see Theorem 15.6.2), so 71 (Mo, z9) = 71 (M, zp). Similarly,
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m1(No, 20) = 71 (N, 20). Recalling that 29 = yg = 29, we can plug these two facts into (17.7.1) and
conclude that m (M#N, z9) = 71 (M, zg) * w1 (N, yo), as desired. a

17.8. Fundamental groups of connect sums, dimension 2

The proof of Theorem 17.7.1 fails for n = 2. As a final example, we discuss what the Seifert—van
Kampen theorem says in this case. Fix some g > 1. Let ¥, be a closed oriented genus-g surface, let
D C X4 be an embedded 2-dimensional disk, and let 21 Z \ Int(D

- - Q] G QD

The surface X, is obtained from 21 by attaching a 2-cell. One thing that goes wrong with the proof
of Theorem 17.7.1 is that attachmg a 2-cell does change the fundamental group. Indeed, it follows
from the discussion in §15.2 that:

° Z_}] deformation retracts onto a graph with one vertex xy and 2g loops a1, b1, ..., a4, bg; and

o m(Xg,x0) = (a1, b1,...,a4,04 | [a1,b1] - [ag,bg] =1).
See here for the case g = 2:

a ]
- Qﬁ
\ X /

As in this figure, we can choose the basepoint zg € X, such that zo € 0D. It can therefore also serve
as a basepoint for E;. Let r € 771(251], Zo) be the loop going around D with E; on its right. The
group my (E;, x0) is free on {a1,b1,...,a4,b,}, and it follows from the above figure that

r=la1,bi]---[ag,byl.

Now let A > 1. Set X = X,#%). The surface X = X}, is obtained by gluing E}] and E}L together
along their boundary:

Identifying Z; and X} with subsurfaces of X, the basepoint zg for Z; we chose above also lies in
%}, Just like for X}, the group (X}, xo) is free on 2 generators. To make our notation match up,
we call these generators {ay4+1,bg+1, - -, agtn,bgin}. Letting r’ € m (3}, x0) be the loop around the
boundary with E,ll on its right, we can choose these free generators such that

= [ag+1,bg+1] -+ - [agshs bgrn].

We can choose small open neighborhoods U C X of E; and V C X of E,ll such that:

e U deformation retracts to Z; and V deformation retracts to X} ; and
e UNV deformation retracts to the common boundary T' = S' of £} and X}, so 7, (UNV, z0) =
Z.
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Applying Theorem 17.3.1 (Seifert—van Kampen), we get a pushout

T (UNV,20) —I m (U, 20) ZLM(Z;JO)
2 |- o |
m (Vi z9) —— mi (X, z0) (2}, 20) — T (X, z0).

Let t € m (U NV,x9) = Z be the following generator:

Since ¥/ lies to the right of ¢ and X, lies to the left of ¢, we have fi(t) = r and fy(t) = ’. Since
m1(X}, 20) and (X}, z0) are free groups, it follows from Lemma 17.2.1 that
7T1(X, 1‘0) = <(11, bl, ceey ag+h,bg+h | fl(t) = f2(t)> = <CL1, bl, <oy Qgth, bg+h | r= (’I“/)_l> .
The single relation can be rewritten as 77/ = 1. Expanding this out, we get the single surface relation
rr’ = [a1, ba] -+ [ag, bllagt1, bgr1] - - [ag4n, byl

for the fundamental group of X = 3}, as in Theorem 15.2.1.

17.9. Exercises

EXERCISE 17.1. Let X and Y and Z be group and f;: Z — X and f3: Z — Y be homomorphisms.
Consider two different pushouts of [f1, fa:

f1 f1

7 —— X J —— X
le gll and le gil
y 2., p y %2, p

Prove that there is a unique isomorphism v : P — P’ such that the following diagram commutes:

z I x

Hint: see the proofs of Lemmas 7.6.5 and 16.1.4.(ii). The use of generating sets in those proofs should
be replaced by the uniqueness statement in the definition of a pushout. O

EXERCISE 17.2. Let

be a pushout of groups. Prove the following:

(a) If f1 is an isomorphism, then g; is an isomorphism.
(b) If f; is a surjection, then g; is a surjection. a

EXERCISE 17.3. Let Z be a space, let pi: 21 — Z and ps: Zg — Z be covers, and let \: 21 — Zg
be a coverlng space 150morphlsm Define Z = Zl L Zg / ~, where ~ is the equlvalence relation that
for Z € Z; identifies 7 ~ AZ) € Zs. The maps p; and ps glue together to a map p: Z — Z. Prove
that p is a covering space. |
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EXERCISE 17.4. Let M™ be a connected n-dimensional manifold with n > 3 and let 29,21 € M™
be distinct points. Prove that m (M™, x0) & m (M™ \ 21, 2g). g

EXERCISE 17.5. Let X1, Xy = T? = (S1)*? and let Y = X; U X5/ ~ where ~ identifies
St x 1 c X; with S! x 1 C X5 via the evident homeomorphism. Here 1 € S' € C is the basepoint.
Calculate the fundamental group of Y. |

EXERCISE 17.6. Let (X, x0) be a path connected pointed space and let f: (X, zq) = (X, z0) be
a map. The mapping torus of f is the space My = X x I/ ~ where ~ is the equivalence relation
that identifies (z,1) with (f(x),0) for all x € X. Let yo € My be the image of zy x 0. Assume that
o has an open neighborhood that deformation retracts to xg.

(a) Use the Seifert—van Kampen theorem to prove that m; (M, yo) is isomorphic to the semidirect
product of m1 (X, z¢) with C,, where C, acts on 71 (X, o) by letting the generator ¢t € Co
act via fi: m1 (X, x0) = m (X, o).

(b) Assume that X is locally path connected. Give an alternate proof of (a) by constructing
a regular cover p: X x R — M; with deck group Z and then examining the resulting
homomorphism p, : w1 (My, yo) = Z (see Theorem 9.5.1). Hint: Recall from the footnote in
Example 14.1.3 that semidirect products arise from split surjections. |

EXERCISE 17.7. Fix a basepoint 2o € RP*#RP?. Tt follows from Theorem 17.7.1 that
71 (RP? # RP?, 29) = Cy % Cy. Do the following:

(a) Fix a basepoint yo € S? x S'. Construct a cover p: (S* x S!, o) — (RP® # RP?, ) of

degree 2.
(b) Explicly identify the subgroup of 71 (RP? # RP?, 29) = Cy % Cy corresponding to the cover
from (a). Hint: It might be helpful to let a and b be the generators of the two copies of
Cs, so w1 (RP® #RP?, z9) = (a,b | a*> = 1,b% = 1). You can then identify the subgroup by
giving a generating set for it. |






CHAPTER 18*

More examples of Seifert—van Kampen

To understand a manifold, it is often useful to decompose it into the union of two submanifolds
meeting along a common boundary. The Seifert—van Kampen theorem can then be used to calculate
the fundamental group. This chapter contains some examples of such calculations for 3-manifolds.

18*.1. Gluing spaces together

We begin with a general discussion of gluing spaces together. Let X and Y be topological
spaces. Let X’ C X and Y’ C Y be closed subsets and let f: X’ — Y’ be a homeomorphism.
Define Glue(X,Y; f) = (X UY)/ ~, where ~ is the equivalence relation that for z € X’ identifies
z ~ f(z) €Y’. Both X and Y are closed subsets of Glue(X,Y; f), and X NY is the common image
of X" and Y’ in Glue(X,Y; f). There is a natural homeomorphism Glue(Y, X; f~1) = Glue(X,Y; f).

The following gives a criterion for homeomorphisms f1, fo: X’ — Y’ to give homeomorphic
spaces Glue(X,Y’; f1) and Glue(X,Y; f2):

LEMMA 18*.1.1. Let X and Y be topological spaces. Let X' C X and Y’ CY be closed subsets
and let f: X' — Y’ be a homeomorphism. The following hold:

(i) Let g: X' — X' be a homeomorphism that extends to a homeomorphism G: X — X. Then
Glue(X,Y; fog) = Glue(X,Y; f).

(i) Let h: Y’ — Y’ be a homeomorphism that extends to a homeomorphism H:Y —Y. Then
Glue(X,Y,ho f) = Glue(X, Y f).

ProOOF. Using the symmetry Glue(Y, X; f~!) = Glue(X,Y; f), conclusions (i) and (ii) are
equivalent. It is thus enough to prove (i). Let ~; and ~5 be the equivalence relations on X LY that
for x € X’ identify

z~y fog(x) €Y' and z~s f(x) €Y.
We therefore have Glue(X,Y;fog) = (X UY)/ ~; and Glue(X,Y;f) = (X UY)/ ~3. Let
¢: XUY — X UUY be the homeomorphism ¢ = GU1ly. For z,w € X UY, we have z ~1 w if
and only if ¢(z) ~2 ¢(w). It follows that ¢ descends to a homeomorphism ®: Glue(X,Y; fog) —
Glue(X,Y; f). O

We now specialize this to manifolds. Let M and N be compact n-manifolds with boundary. Let
f: OM — ON be a homeomorphism. The space Glue(M, N; f) is then a closed n-manifold. The
easiest case of this when M = N = D", so M = ON = S"~L. The following lemma shows that in
this case gluing M to N always gives S™:
LEMMA 18*.1.2. Let f: S*~1 — S"~! be a homeomorphism. The following then hold:
(i) The homeomorphism f extends to a homeomorphism F: D™ — D".
(ii) We have Glue(D™, D"; f) = S™.

ProoFr. For (i), each point of D™ other than 0 can be uniquely written as tx for some ¢ € (0, 1]
and € S"~1. We can therefore define an extension F': D" — D" of f: S*~! — S§"~! via the formula
F(tx) =tf(z) forte (0,1] and z € S~ 1,
F(0) =0.
Note that by Lemma 18*.1.1, conclusion (i) implies that the homeomorphism type of Glue(D", D"; f)
is independent of f. Conclusion (ii) follows since S™ can be decomposed into the union of two

copies of D" meeting along their common boundary S"~!, so there exists some homeomorphism
/oSt — S"7! with Glue(D™, D™ f7) =2 S~ 1. |
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18*.2. Decomposing S? into a union of solid tori

Since S? is the only 3-manifold that can be obtained by gluing two copies of D? together along
their common boundary, to obtain interesting 3-manifolds we will have to use more complicated
pieces. Before we can do this, we need some more facts about S®. We will describe subsets of S? in
two ways:

e Using coordinates in S* = {(z,w) € C? | [2]* + |w|* = 1}.
e By drawing subsets of R3. Letting co = (0,i) € S, subsets of R? can be identified with
points of S* C C? via the stereographic projection®

S?\ 0o —» C x R =R,
The standard torus is the following subspace T =2 T? of S3:
(18*.2.1) T={(z,w) € C*| |2|* = |u]* = 1/2}.

This is the boundary of a tubular neighborhood of the unit circle S* x 0 € S3. Under the stereographic
projection, this unit circle goes to the unit circle S' x 0 C R3. Taking the boundary of an appropriate
tubular neighborhood of this, we can draw T as follows:

From this, it is clear that T bounds a solid torus X = S' x D?, namely the closure of the bounded
component of R?\ T. We will call X the interior solid torus. In fact, from (18*.2.1) we see that T
divides S? into two solid tori X = S' x D? and Y = D? x S!:

X ={(z,w) €C?* | [2]* =1 — |w|? and |w|* < 1/2},

Y = {(z,w) € C* | [2]* <1/2 and |w|* =1 — |2|*}.
We will call Y the exterior solid torus. Another way to see that T C S? bounds solid tori on either
side is as follows. Up to a homeomorphism of R3, the solid torus X is obtained from the unit ball

D3 C R3 by drilling a hole through its center. The exterior S* \ Int(D?) is another solid ball B, and
when we drill the hole through the center of D? we add a handle to B makmg it into a solid torus Y

exterlor
drﬂl blue
hole

18*.3. Fundamental group and homeomorphisms of standard torus

Let T = {(z,w) € C? | |2|* = |w|> = 1/2} be the standard torus in S* C C2. For its basepoint,
we will always use tg = (1/2,1/2). Let a and b be the following loops on T

We will identify 1 (T, tg) with Z? in such a way that [a] € m1(T, ) corresponds to (1,0) € Z? and

1By definition, the stereographic projection takes a point € S \ co to the following point of C x R. Let
£y = {tx + (1 — t)oo | t € R} be the line in C? through = and co = (0,). Then the stereographic projection of x is the
intersection point of ¢, with C x R.
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[b] € 71 (T, to) corresponds to (0,1) € Z2. Let X = S! x D? be the interior solid torus and Y = D? x S*
be the exterior solid torus, so X NY = T. We will identify m (X, to) with Z such that [a] € 71 (X, to)
corresponds to 1 € Z, and we will also identify m (Y, o) with Z such that [b] € m1(Y,to) corresponds
to 1 € Z. With these conventions, the map 71 (T, tg) — 71 (X, o) is the projection of Z? onto its first
coordinate and the map 71 (7T, to) — 71 (Y, to) is the projection of Z? onto its second coordinate.

Let m: R? — T be the map 7(z,y) = (2% /+/2, 2™ /y/2). This exhibits R? as the universal
cover of the 2-torus 7"

— = C >

R?/7? T

RQ
For M € SLy(Z), let ¢ar: R? — R? be the associated linear map. The map ¢»; commutes with the
action of Z2 on R?, and thus induces a homeomorphism A/ : (T,ty) — (T, tp). With our identification
71(T, to) = Z2, the induced map (Aps)«: m1 (T, tg) — 71 (T, ) is multiplication by M € SLo(Z).

18*.4. Three-dimensional lens spaces

Let T = T? be the standard torus in S3. Let X = S' x D? be the interior solid torus and
Y =2 D? x S! be the exterior solid torus, so X NY = T. We therefore have S* = Glue(X,Y’; 17). For
M € SLy(Z), we wish to study the 3-manifold Glue(X,Y; Aps). To understand how it depends on
M € SLy(Z), we make the following observation:

LEMMA 18*4.1. Let X and Y and T be as above. For d € 7, let

A(d)(; ?) and B(d)(é f)

Then Ap(ay extends over X and Ap(q) extends over Y.

PROOF. The proofs for A 44y and Ap(g) are similar, so we will prove it for for A 4(4). Recall that

T ={(z,w) € C*| |2|* = [w|* = 1/2},
X ={(z,w) €C?*| [2]* =1 — |w|® and |w|* < 1/2}.

To make our formulas more attractive, rescale everything such that

T={(z,w) €C*| |2* = |u|* =1},
X ={(z,w) €C* | [2]* =2 — |w|* and |w| < 1}.

With these identifications, the map Ay(q): 7' — T' is the map
Ay (z,0) = (2, 2w?)  for (z,w) € T.
The desired extension to X is then the map Fy4): X — X defined by

Fyay(z,w) = (z,w(z/|z\)d) for (z,w) € X.
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Here is a somewhat impressionistic picture of this for d = 1:

We remark that this is the d*® power of what is called a Dehn twist. O

We now make the following definition. Consider p,q € Z with ged(p, ¢) = 1. We can therefore
find n,m € Z with np + mq = 1. Define L(p; q) to be the 3-manifold Glue(X,Y; Aps) with

M = (’qL _;”) € SLy(Z).

This matrix lies in SLy(Z) since np + mq = 1. It might appear that this depends on the choice of
n,m € Z with np +mqg = 1. To see that it does not, let n’,m’ € Z also satisfy n'p +m’q = 1 and let

I
M’:(’; }T)eSLg(Z).

It is easy to see that for some d € Z we have n’ = n + dg and m’ = m — dp (see Exercise 18*.1).
Letting B(d) be as in Lemma 18*.4.1, we have

ro—m/ 1 d\(n —m
M =" m):( >( ):BdM.
(q P 0 1)\qg »p (d)
Lemma 18*.4.1 says that Ap(q) extends over Y, so by Lemma 18*.1.1 we have
Glue(X,Y; Ayr) = Glue(X, Y5 Aga) 0 Anr) = Glue(X, Y5 Ayg),

as desired. The closed orientable 3-manfold L(p;q) is what is called a 3-dimensional lens space.

18*.5. Fundamental groups of three-dimensional lens spaces
We finally come to our first fundamental group calculation:

THEOREM 18*.5.1. Let p,q € Z satisfy ged(p,q) = 1. Let g € L(p;q) be a basepoint. Then
m1(L(p; q); w0) = Clp|-

PrOOF. Let T = T? be the standard torus in S3. Let X = S' x D? be the interior solid torus
and Y = D? x S! be the exterior solid torus, so X NY = T. Pick n,m € Z such that np — mq = 1,

and let
n —-m
M= € SLo(Z).
(q p) (@)

We therefore have L(p; q) = Glue(X,Y; Apr).

Let T and X and Y be the images of T and X and Y in Glue(X, Y; A\as). Changing our basepoint,
we can assume that xo € Glue(X,Y;\yr) is the image #y € T of the basepoint ¢, € T' discussed in
§18*.3. Thickening up X and Y, we can find open neighborhoods U of X and V of Y such that:

o U deformation retracts to X = D? x S'; and
e V deformation retracts to Y = S! x D?; and
e U NV deformation retracts to T = T?, and satisfies UNV =T x (—1,1).
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Applying Theorem 17.3.1 (Seifert—van Kampen), we get a pushout

(Uﬂvto) 4>7T1(U to) 71'1(?,%0) *>7T1Yf 72 #}Z
f2J/ J{ = le l = fzi l i
1 (Vito) — mi(L(p; q);to) (Y, 1) — m1(L(p;q), to) Z — m1(L(p;q), to)-

Here the second equality identifies these fundamental groups as in §18%*.3.
To use this to compute 71 (L(p; q),to), we must understand the maps f; and fo. Using the
formulas from §18*.3, the map f;: Z% — Z is the map f1(dy,dy) = d;. Since

n —m\ (di\ _ [ndi —mds
¢ p ) \do qdy +pdz )’
those same formulas show that fo: Z? — Z is the map fo(dy,ds) = qdy + pds. Let © € (X, 20) 2 7Z

and y € m(Y,20) = Z be the standard generators from §18*.3, and let a = (1,0) € Z? and
b=(0,1) € Z%. Tt follows from Lemma 17.2.1 that

1 (L(p; q), 20) = (2, y | fi(a) = fa(a), f1(b) = f2(b))
2y le=yl1=9y")=(y |y’ =1) = (). O

REMARK 18*.5.2. The 3-dimensional lens spaces are interesting since they were the first examples
found of closed manifolds where the classifications up to homeomorphism and up to homotopy
equivalence differ. Indeed, consider p,q € Z and p’, ¢’ € Z with ged(p, q) = ged(p', ¢’) = 1. We then
have:

e The spaces L(p;q) and L(p';¢’) are homeomorphic if and only if [p| = |p| and ¢’ = ¢
(mod p). See Exercise 18*.2 for the easy direction of this.

e The spaces L(p;q) and L(p';¢’) are homotopy equivalent if and only if |p| = |p’| and
q'q = £d? (mod p) for some d € Z.

The proofs of these two results use more sophisticated tools from algebraic topology, and we will give
them in subsequent volumes. O

18*.6. Torus knots

Our final example illustrates how to use the Seifert—van Kampen theorem to solve a classical
problem in geometric topology. A knot in S? is a subspace K C S? with K = S!. Just like we did in
the previous sections, we can draw knots as subsets of R3. Here are three knots K and K’ and K"’

P%

The knot K is the unknot, the knot K’ is the trefoil, and the knot K" is the cinguefoil.

Two knots K1, Ky C S? are equivalent if there exists a homeomorphism? F: S? — S§? with
F(K;) = Ky. We will often confuse knots with their equivalence classes. One easy way to see
that knots are equivalent is as follows. Assume that the K; are the images of smooth® embeddings
fi: St — S3. We say that f; is smoothly isotopic to fo if there is a homotopy h;: S! — S? from f; to
f2 with the following properties:

e the map H: S x I — S? defined by H(x,t) = hy(z) is a smooth map; and
e cach h;: S* — S? is a smooth embedding.

If f1 is smoothly isotopic to fs, then it follows from a standard result in manifold topology called the
isotopy extension theorem that K3 is equivalent to Ko.

20ne often requires this homeomorphism to be orientation-preserving, but we will ignore this.
3Here we are regarding S! and S3 as smooth manifolds.
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REMARK 18*.6.1. The above is false without some assumption like smoothness. Indeed, the
following depicts a homotopy h;: S — S* with each h; a topological embedding such that ho(S!) is
the trefoil and hy(S') is the unknot:

@ﬁ@GGQ

However, we will soon see that the unknot and the trefoil are not equivalent.

Our main goal is to prove that many knots are not equivalent. In particular, the unknot, the
trefoil, and the cinquefoil are all pairwise non-equivalent. This requires constructing invariants of a
knot K. The invariant we will use is the knot group, that is, the fundamental group of S* \ K. In
fact, we will be able to handle the more general class of torus knots, which are defined as follows.

Consider p, q € Z with ged(p,q) = 1. Let T = {(z,w) € C? | |z\2 |w|? = 1/2} be the standard
torus in S* € C2. As in §18*.3, let 7: R? — T be the map 7(z,y) = (e*7*/+/2,e*™¥ /4/2). This
exhibits R? as the universal cover of the 2-torus T

1

R%/7?

RQ

Let ¢, , C R? be any line of slope ¢q/p € QU {co}. The (p, q)-torus knot, denoted K, 4, is w(€p.q)-
We claim that K, , is a circle embedded in T" C S3. To see this, let v = (p,q) € R? and consider
z,y € €, 4. We have 7(z) = m(y) if and only if y—x € Z2. Since £, ; has slope q/p, we have y —z = cv
for some ¢ € R. This will lie in Z? if and only if ¢ € Z. That K, , = m({, ) = S* follows. Any two
choices of ¢, ; give smoothly isotopic K, 4, so up to equivalence of knots K, ; does not depend on
the choice of ¢, ;. We will call the K, ; corresponding to choices of ¢, , different realization of K, .

The knot K, , wraps |p| times around the first factor of 7= S' x S! and |g| times around the
other factor. A bit of reflection shows that the unknot is equivalent to K o, the trefoil is equivalent
to K> 3, and the cinquefoil is equivalent to K 5. For instance, here is K3 3:

S :@\
:O:L/

We will completely classify torus knots. To do this, we will first compute a presentation for the
fundamental group of S* \ K, , and then carefully analyze its group-theoretic properties.

18*.7. Knot groups for torus knots

To calculate the fundamental group of S?\ K, ,, we need to understand the fundamental group of
T\ K, 4. We will use the basepoint to € T and the identification 7 (T, tg) = Z? from §18*.3. Recall
that K, , is the image in T of a line ¢, , of slope ¢/p € QU {oc} in R%. The integer points Z?* of R?
map to to, so by choosing ¢, , to not pass through Z? we can ensure that ¢y ¢ K, ,. We then have:
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LEMMA 18*.7.1. Let p,q € Z satisfy ged(p,q) = 1. Let T be the standard torus and let K, , C T
be a realization of the (p,q)-torus knot with to ¢ K, 4. Then m (T \ Kpq4,t0) = Z and the image of
T (T \ Kpq,to) in mi (T, to) = Z* is generated by (p,q) € Z>.

PrROOF. We first prove this for (p,q) = (0,1). Choose a realization of Ky with tg ¢ Ko 1. As
the following figure shows, T\ Ko 1 2 S' x (0,1):

& T

This implies that 71 (T \ Ko,1,%0) = Z. The above figure also shows that T\ Ky, contains the loop b
such that [b] € 71(T,tg) corresponds to (0,1) € Z2. The lemma follows in this case.
For the general case K, 4, since ged(p, ¢) = 1 we can find n,m € Z with np+ mg = 1. Set

M = (m z) € SLy(Z).

As in §18*.3, let ¢pr: R? — R? be the linear map associated to M and let A\ys: (T, to) — (T, to) be
the induced homeomorphism of T' = R? /Z2. The linear map ¢, takes lines of slope 1/0 = oo to lines
of slope g/p. It follows that s takes realizations of Ky 1 to realizations of K, 4. Applying Ay, we
reduce to the already proven case of Ko ;. O

We now calculate the fundamental group of the complement of a torus knot:

THEOREM 18%.7.2. Let p,q € Z satisfy ged(p,q) = 1. Then for zg € S*\ K,, we have
m (S? \ Kpq,0) = (2,y | 2P = y9).

PRrROOF. Let T C S? be the standard torus with its basepoint ¢, € T. Choose a realizsation of
K, 4 such that to ¢ K, ,. Changing the basepoint, we can assume that xo = to. As in §18*.2, let
X =S xD? and Y =2 D? x S! be the interior and exterior solid tori, so X NY = T. Thickening up
X\ Kpqand Y\ K, ,, we can find open sets U,V C §*\ K, , such that:

o U deformation retracts to X \ K, 4; and
o V deformation retracts to Y \ K, 4; and
o UNYV deformation retracts to 7'\ K, 4.
Applying Theorem 17.3.1 (Seifert—van Kampen), we get a pushout

7T1(Uﬂv,t0) # 7T1(U,t0) Wl(T\Kp,q,to) L) Wl(X\K;mq,tQ)

| L= 4 |

7T1(V, to) _— 7T1(S3\Kp’q,t0) Wl(Y\Kp,q,to) Emd 771(53 \Kp,q,to).

The spaces X = S! x D? and X \ K, 4 both deformation retract to the same circle S! x 0, so we can
identify their fundamental groups and see that
7T1(X \ Kp,qatO) = 7T1(X,t0) =7Z.

Similarly, m (Y \ Kpq4,t0) = m1(Y,t9) = Z. Lemma 18*.7.1 says that m1(T \ K, 4,t0) = Z, so the
above becomes a pushout

7z —I 7

f2l l
Z — m(S*\ K, g to).

Let x € m(X \ Ky g, to) =Z and y = m (Y \ Kp q,t0) = Z and t € m1 (T \ K}, ¢,t0) = Z be generators.
Lemma 17.2.1 says that

m(S°\ Kp g to) = (w,y | fu(t) = f2(1)) -
Lemma 18*.7.1 implies that fi(¢t) = P and f2(t) = y?. The theorem follows. O
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18*.8. Classification of torus knots

We now classify torus knots. The easy part of the classification will be to show that certain torus
knots are equivalent, and will be left as exercises:

LEMMA 18*.8.1. For all d € Z, the knots K1 4 and Kq1 and K_1 4 and K4 _1 are all equivalent
to the unknot.

PROOF. See Exercise 18*.3. O

LEMMA 18*.8.2. Let p,q € Z satisfy ged(p,q) = 1. The following hold:

(i) The knots K, , and K, , are equivalent.
(i1) The knots Kp 4 and K, _q and K_, , and K_, _, are all equivalent.

PROOF. See Exercise 18*.4. O

By these two lemmas, it is enough to handle the knots K, , for p, ¢ > 2 with ged(p, ¢) = 1. Our
main result is as follows:

THEOREM 18*.8.3. Fori=1,2, let p;, q; > 2 satisfy ged(pi, ¢;) = 1. Then K, 4, is equivalent
to Kp,.q, if and only if either (p1,q1) = (p2, g2) or (p1,q1) = (q2,D2).
PROOF. Let p,q > 2 satisfy ged(p,q) = 1 and let 2o € S* \ K, , be a basepoint. Set G =
m1(S*\ K4, o). Theorem 18*.7.2 says that
G=(z,y |z’ =y7).

The isomorphism type of the group G only depends on the equivalence class of K, ;. It is therefore
enough to prove that we can recover the unordered pair of integers {p, ¢} from group-theoretic
properties of G.

Let Z(G) denote the center of G:

Z(G)={ce G| cg=gcforall g G}.

This is a normal subgroup of G, so we can quotient G by it and get a group G/Z(G). The key to the
theorem is the following:

CLAIM. We have G/Z(G) = Cp, x C.

PROOF OF CcLAIM. For w € F(x,y), recall that w is its image in G. Since TP commutes with T
and y? commutes with 7, the common value ¢ = 77 = y? commutes with both T and 7, and thus lies
in Z(G). Letting C = (c), since C is a subgroup of Z(G) it follows that C' is a normal subgroup of
G. We have

G/C= (ay 2P =1Ly =1) = (x| &P = U)x (y | y* = 1) = Cy + C}.

Since p, g > 2, the groups C, and C; are nontrivial and thus their free product C, * C;; has a trivial
center (see Exercise 16.5). Under the surjection G — G/C, elements of Z(G) map to elements of
Z(G/C). We deduce that Z(G) maps trivially to G/C, so Z(G) < C and thus Z(G) = C. We
conclude that G/Z(G) = G/C = Cp, x Cy, as desired. O

It is thus enough to prove that we can recover p and ¢ from group-theoretic properties of
Cp x Cy. A first idea might be to look at the abelianization of Cp, * Cy, but this does not work: since
ged(p, q) = 1, the Chinese remainder theorem says that

(Cp* Co)™ 2 Z/p® L/ = L[pg,
so we can only recover pq from the abelianization of C}, * C,. Instead, we use the fact each v € C, *C,
that has finite order is conjugate to either C, or C, (see Exercise 16.6). Letting
O = {d > 2| there exists some v € C), * Cy of order d},
it follows that
O ={d>2|ddivides p} U{d > 1 | d divides g} .

This is a disjoint union since ged(p, ¢) = 1. We conclude that p and ¢ are the maximal elements of O
under the partial order of divisibility. The theorem follows. ]
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18*.9. Exercises

EXERCISE 18*.1. In this exercise, you will verify a number-theoretic fact we used to prove that
3-dimensional lens spaces are well-defined. Let p,q € Z satisfy ged(p,q) = 1. Let n,m € Z and
n',m’ € Z satisfy np — mqg = 1 and n’p — m’q = 1. Prove that there exists some d € Z such that

n' =n+dg and m' = m + dp. O
EXERCISE 18*.2. Consider p,q € Z and p', ¢’ € Z with ged(p, q) = ged(p’, ¢') = 1. Assume that
|p| = |p'| and that ¢’ = +¢ (mod p). Prove that L(p;q) = L(p';q). O
EXERCISE 18*.3. Let d € Z. Prove that the knots K; 4 and K41 and K_; 4 and K4 1 are all
equivalent to the unknot. O

EXERCISE 18*.4. Let p, q € Z satisfy ged(p,q) = 1. Do the following:

(a) Prove that the knots K, ; and K|, , are equivalent.
(b) Prove that the knots K, , and K, _, and K_, , and K_, _, are all equivalent. O

EXERCISE 18*.5. Let X and Y be the following subspaces of S3:

Both X and Y are thus homeomorphic to the disjoint union of two copies of S, with the two circles
linked in Y and not linked in X.
(a) Prove that the fundamental group of S*\ X is isomorphic to the free group on two generators.

(b) Prove that the fundamental group of S\ Y is isomorphic to Z2.
(c) Conclude that there is no homeomorphism f: S* — S* with f(X) =Y. O






CHAPTER 19*

The general Seifert—van Kampen theorem (to be written)

This chapter does two things. First, it explains how to generalize the Seifert—van Kampen
theorem to covers by more than two open sets. Second, it describes the traditional proof of the
Seifert—van Kampen theorem. Unlike our proof in Chapter 17, this proof does not require the space
to be locally path connected or semilocally 1-connected. We have marked this chapter with an * to
indicate that a reader might want to skip it when first learning the subject.






Looking ahead






CHAPTER 20*

Higher homotopy groups (to be written)

This final chapter introduces higher homotopy groups. It proves that they are abelian, and using
smooth methods proves that m4(S™, z¢) = 0 for d < n — 1. There aren’t many other interesting
calculations you can do at this point, though this chapter does discuss some of them without proofs
(and constructs the Hopf fibration and proves it is non-trivial). To illustrate how powerful homotopy
groups are, it proves that a CW complex is contractible if and only if its homotopy groups are all
trivial and also proves Whitehead’s theorem.
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Essays






Essays on applications






ESSAY A

Holomorphic functions, germs, and analytic continuation (to
be written)

This essay will describe how covering spaces interact with complex analysis. It will include the
following topics:

e The space of germs of holomorphic functions, and how this projects to C via a local
homeomorphism.

e A bunch of examples of using this to study analytic continuation, including some where it
gives a covering space and others where it does not.

e How the derivative map is a covering space from the space of germs to itself, and how path
lifting and homotopy lifting can be applied to this covering space to clarify complex path
integrals and their homotopy invariance.






ESSAY B

Lie groups and covers (to be written)

This essay will describe how covering spaces interact with Lie groups. It will include the following

topics:

e How to make covers of Lie groups into Lie groups, and how the kernel of the covering space

map is a discrete central subgroup.

Some examples of calculations of the fundamental group of Lie groups: SL,(R) and SO,,.
These can be done in an elementary way for n < 3, but for n > 4 we will need to use the
long exact sequence in homotopy groups associated to a fiber bundle (discussed in a later
essay).

Lie algebras, and the proof that subalgebras of Lie algebras correspond to subgroups. This
is a nice illustration of covering spaces. Examples will be included showing that covering
spaces are really needed here.

Related to the previous bullet point, the fact that Lie algebra homomorphism correspond
to homomorphisms between Lie groups. Again, this is a nice illustration of covering spaces.
Combined with our fundamental group computations, this also gives nice examples of
non-linear Lie groups.
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ESSAY C

Orientations (to be written)

This essay will describe how covering spaces clarify orientations of manifolds. It will include the
following topics:

e A quick review of what a local orientation is on a smooth manifold.

e To generalize this to topological manifolds, we need degrees of continuous maps S™ — S™.
Explain how to deduce this from the corresponding smooth theory. Refer to Milnor and
Gullemin—Pollack for smooth degree, but sketch the main idea. Mention that in the next
volume the degree will be constructed directly using homology.

e Use this to define a local orientation on a topological manifold. Really, what you do is
describe what it means for a homeomorphism f: U — V with U,V C R"™ to be orientation
preserving/reversing at a point p € U, which can be done by looking at degrees of maps of
small spheres around p.

e Construct the orientation double cover, and talk about the (non)-existence of sections of it.
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ESSAY D

The unsolvability of the quintic (to be written)

This essay will give Arnold’s beautiful proof of the unsolvability of the quintic using covering
spaces.






ESSAY E

The Borsuk—Ulam theorem and its applications (to be written)

This essay will motivate and state the general Borsuk—Ulam theorem and then use the fundamental
group to prove it in in dimensions < 2. We will then promise to prove the general case once we
have cohomology available to us. We will then give several classic applications of the Borsuk—Ulam
theorem in general,! including the ham sandwich theorem and the proof of Kneser’s conjecture.

IThese applications work the same no matter what dimension we are in, so there is no point in restricting the

dimension here.






Essays on examples






ESSAY F

Free groups (to be written)

In the main part of the book we already explained the connection between free groups and
graphs, and used it to prove that all subgroups of free groups are free. This essay will expand on this
by discussing immersions and Stallings folding. This will allow us to actually calculate a free basis
for a subgroup generated by a given set of elements, prove Marshall Hall’s theorem, and prove that
intersections of finitely generated subgroups of free groups are finitely generated.






ESSAY G

Surfaces (to be written)

This essay will prove a bunch of basic results about the topology of surfaces:

e Using the fundamental group, it will prove that a closed oriented genus g surface does not
contain a topologically embedded M&bius band (which was assumed in the first volume when
we classified surfaces). In the smooth category this is clear from orientability assumptions,
but is not so trivial in the topological category. There is another proof of this in the essay
on orientations (which does orientations on topological manifolds), but the proof here is
more direct and self-contained.

e [t will explain Dehn’s solution to the word problem in surface groups.

e It will prove that non-compact connected surfaces have free fundamental groups. The proof
I will give actually proves something much more general: for a non-compact connected
n-manifold M™ that can be triangulated, there is an (n — 1)-dimensional spine X C M™ to
which M™ deformation retracts (a theorem of Whitehead).

e As a consequence of the last fact, it will prove that a subgroup of a surface group is either
a surface group or a free group.






ESSAY H

Knot theory (to be written)

This essay will show how to use the fundamental group and covering spaces to prove a bunch of
basic facts about knot theory. The focus mostly will be on examples. For instance, it will construct
winding numbers to detect linking, prove the Wirtinger presentation, and explain the connection
between knot colorings and maps from the fundamental group of the knot complement to dihedral
groups.

There are two things that it will describe but not prove at this point:

e The loop theorem. The proof here is a nice illustration of covering spaces, but I can’t figure
out how to do it cleanly without Poincaré duality. I will include an essay with that proof in
a later volume.

e The Alexander polynomial: while it will explain why there is a canonical infinite cyclic
cover and show how to construct it using a Seifert surface, since we don’t have Poincaré
duality available it would be unnatural to construct the Alexander polynomial here. Again,
this will be in a later volume.






ESSAY 1

Braid groups and configuration spaces (to be written)

This essay will introduce braid groups as fundamental groups of configuration spaces. After a
bunch of examples, it will restrict to the classical case of the braid group on a 2-dimensional disk and
prove two things: the usual presentation for the braid groups, and the fact that the configuration
space of n points on a disk is an Eilenberg—MacLane space. These will use fiber bundles, which are
discussed in a later essay.






ESSAY J

Some wild spaces (to be written)

This essay will discuss the fundamental groups and covers of some “wild” spaces: the Alexander
horned ball, the earring space, and the harmonic archipelago.






Essays on bundles and related topics






ESSAY K

Fiber bundles and fibrations (to be written)

This chapter will introduce fiber bundles as a generalization of covering spaces. It will contain
a large number of examples and prove the usual lifting results. It will then introduce fibrations as
a weakening of a fiber bundle and give the path-loop fibration as an example. It will conclude by
proving the long exact sequence in homotopy groups.






ESSAY L

Diffeomorphisms, embeddings, and isotopies (to be written)

This chapter will give Lima’s beautiful short proof of the Palais’s theorem saying that in the
smooth category, the restriction map on embedding spaces is a fiber bundle. Along the way, we will
establish the isotopy extension theorem (used elsewhere in the book to show that smoothly isotopic
knots are ambient isotopic).
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ESSAY M

Structure groups and monodromy (to be written)

This essay will introduce structure groups to our theory of fiber bundles (via a formalism using
groupoids that seems to be more “canonical” than the traditional methods). We can then talk about
things like vector bundles. Of course, there will be many examples. We will also explain how to
construct appropriate monodromy representations on the fundamental group of the base of such a
fiber bundle.
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ESSAY N

Flat bundles (to be written)

This will explain how flat bundles (i.e., fiber bundles with discrete structure groups) are the
same thing as functors from the fundamental groupoid to spaces, or for connected base spaces the
same as actions of the fundamental group on spaces. This will generalize our discussion of similar
results for covering spaces.






ESSAY O

Classifying spaces for bundles (to be written)

Let G be a topological group. This essay construct a classifying space for bundles with structure
group G.

To do this, we first have to show how to pull such bundles back and prove that the result is
homotopy invariant. We then define classifying spaces. We state the existence theorem, and then
explore some properties of them.

Using the clutching construction, we prove that if BG is a classifying space for G, then 7, (BG) =
Tn—1(G). This lets us show that if G is discrete, then BG is an Eilenberg—-MacLane space. From
this, we get a new proof of the classification of pointed regular G-covers, at least for CW complexes.

We then have to prove the recognition principle: a classifying space BG can be obtained by
starting with a weakly contractible space EG on which G acts freely and properly, and taking
BG = EG/G. Finally, we give Milnor’s construction of such an FG.
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Essays on group theory






ESSAY P

Eilenberg—Mac Lane spaces (to be written)

Let G be a discrete group. This essay introduces K (G, 1) spaces. It will give many examples,
prove existence, prove uniqueness up to homotopy equivalence, and prove that for a pointed CW
complex (X, z() a homotopy class of pointed map X — K(G, 1) is the same thing as a homomorphism
T (X, LU()) — G.
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ESSAY Q

Combinatorial group theory and topology (to be written)

This essay contains more combinatorial group theory, showing how a mixture of topological
and combinatorial arguments can help analyze many natural groups (for instance, Baumslag—Solitar
groups). It also introduces HNN extensions, topologically proves some of their major properties, and
gives some standard applications of them (e.g., that every countable group can be embedded in a
2-generator group).
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ESSAY R

Bass—Serre theory (to be written)

This is an essay on the topological version of Bass—Serre theory discussed in Scott’s “Topological
methods in group theory”. The main example it works out in detail is SLo(Z).






Essays on additional technical topics






ESSAY S

Smooth methods (to be written)

This essay explains how to use smooth manifold techiques to study things like the fundamental
group. For smooth manifolds M and N, it proves that continuous map f: M — N can be homotoped
to smooth ones and that homotopic smooth maps f,g: M — N are smoothly homotopic. We
already explain in the chapter on higher homotopy groups how this implies that m4(S™, z¢) = 0
for 0 < d <n—1. We will give some other applications here, e.g. that removing a submanifold
of codimension at least 3 from a manifold does not change its fundamental group (note that this
requires smoothness, and there are interesting counterxamples in the topological setting; I might
sketch them).
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ESSAY T

Cofibrations (to be written)

Generalizing our earlier discussion of subspaces with mapping cylinder neighborhoods, this essay
discusses cofibrations.






ESSAY U

CW Complexes II (to be written)

Volume 1 contains an essay on the point-set topology of CW complexes. This essay continues
that discussion by bringing in the tools from this volume. Here are some topics:

e CW complexes are locally contractible.

e Subcomplexes of CW complexes are deformation retracts of open neighborhoods.
e Gluing constructions and homotopies.

e the cellular approximation theorem.
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