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Preface

This is the first volume of what I anticipate will be a four-volume textbook on topology:

e Vol. 1: Point-set topology

e Vol. 2: Covering spaces and the fundamental group
e Vol. 3: Homology

e Vol. 4: Cohomology and Poincaré duality

This preface describes the overall goals for this series of books. For a discussion of the mathematical
choices I made in this particular volume and how they differ from other topology books, see the
introduction for the instructor. That introduction also explains how this book can be used for
different kinds of courses. There is also an introduction for the student that sets the stage for the
various topics in this book.

Structure of books

Each volume of this series of books attempts to do three things:

(a) give a linear, well-structured treatment of the subject that is suitable for a first course; and

(b) explain a large number of advanced topics and examples; and

(c) describe (with complete proofs!) how the tools developed in that volume can be applied in
other areas of mathematics.

These goals are not compatible with each other.

The solution I have adopted is to divide each volume into two parts. The first part (“Basic
topics”) represents what I believe should be covered in a first course on the subject. These chapters
are intended to be read linearly. Even here there are options, and some chapters and sections are
marked with an * to indicate that a first-time reader might want to skip them.

The second part of each volume is a collection of essays on various topics: examples, applications,
extensions, topological lore that does not fit neatly into a course, etc. These essays are less self-
contained than the basic topics, though they include many proofs and detailed examples. They are
not intended to be read linearly, though some refer to other essays for details.! They could be used
for various kinds of advanced short courses or to enrich a course based on the first part of the volume.

Details and precision

Topology has an overwhelming amount of machinery. Many theorems have multiple versions
with subtly different hypotheses and conclusions. As a writer, it is easy to get lost in technical details.
The result is a book that is more of an encyclopedia for experts than a textbook.

However, there is also an opposite danger. Students find it frustrating if they have trouble finding
precise definitions and statements of theorems. It can also be frustrating to have to flip between
multiple sections to figure out what the author is trying to say.

I therefore tried to strike a balance between technical precision and narrative. For instance, I
have not hesitated to repeat definitions for things that last appeared many pages ago. I also try
to state theorems in their most natural level of generality, always with an eye to what is useful in
applications.

I also try to include proofs that are detailed enough that a typical PhD student can read them
without suffering unduly. Of course, a balance has to be struck here: too many details can make it

11 promise that there are no circular chains of references!
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2 PREFACE

hard for a reader to figure out the main idea. However, I think that overall I include more details
than many authors. This is partially responsible for the lengths of these books.

Pictures

I include many pictures, and freely use colors to make those pictures easier to understand.
Typically these pictures are included in-line in the middle of a paragraph rather than in a separate
stand-alone figure box. One technical issue here is that students with various forms of color blindness
might have trouble interpreting the pictures. To help alleviate this, I used the palettes from the
article [3], which I recommend to anyone who wants to use color but is worried about accessibility.

Audience

Volume 1 (point-set topology) is geared to advanced undergraduates, though it also includes
many special topics that are hard to find in the literature and might be of interest to more advanced
readers. The subsequent three volumes are aimed at beginning graduate students, roughly at the
level of our first-year students at Notre Dame. The level of sophistication does rise as the books
progress, largely driven by the increasing difficulty of the material.

Smooth manifolds

A lot of the early literature on topology focused on spaces that were triangulated. This is
reflected in the textbook literature, which often uses combinatorial /piecewise-linear tools. However,
outside of algebraic topology smooth manifolds are far more important. There are now many excellent
textbooks on smooth manifolds, and I think it makes sense to replace simplicial/piecewise-linear
techniques with smooth ones whenever possible.

The level of familiarity with smooth manifolds that I assume gradually increases through the
books. Volume 1 (point-set topology) does not assume that students have seen manifolds of any kind
before. Volume 2 (covering spaces and the fundamental group) mentions smooth manifolds, but only
in remarks and essays. Subsequent volumes assume more, roughly at the level of the classic books by
Milnor [2] or Guillemin—Pollack [1]. This is compatible with the sequence of courses taken by PhD
students at most institutions I am familiar with.

Abstraction vs. concreteness

The following two quotations paraphrase things told to me by topologists whose work I admire:

(a) “I don’t care about abstract nonsense or category theory at all. It’s a distraction from what
really matters. Fundamentally, I don’t feel like I understand something until I've figured
out a picture that illustrates what is going on.”

(b) “I'm not interested in spaces for their own sake. What I care about are definitions and
analogies. Category theory is, for me, the central framework for understanding mathematics
as a unified whole.”

I find myself in the unusual position of being sympathetic to both of these points of view. I love
concrete geometry and abstract machinery, and think the best mathematics involves a mixture of
both.

I do think that some students come to topology with an unhealthy attitude towards category
theory. For some parts of topology and algebra, it has a marvelous unifying power. I cannot imagine
ignoring category theory while teaching those subjects. However, it is not magic and needs to be
combined with other tools to give interesting results. Students must learn to be eclectic and not
expect any single tool to unify all of mathematics.

In keeping with the above, I try to use categorical language (functors, natural transformations,
universal properties, etc) when appropriate, but not to over-emphasize it. Topology has many
beautiful things to say about concrete geometric questions, and I hope even readers with a taste for
abstraction will come to appreciate how all these tools can be used to prove results that seemingly
have little to do with high-powered machinery.
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Stylistic goals

I tried hard to obey the following stylistic rules:

(a) Each chapter is short (typically at most 8 pages, not including exercises), does exactly one
thing, and is broken up into short sections with descriptive titles.

(b) T avoid overly long unbroken blocks of text. More concretely, I try to avoid having more
than 6 lines of text appear without a paragraph break or math display.

(¢) T give examples of each new concept, and try to illustrate major results with multiple
examples.

(d) Iinclude a large number of exercises in almost every chapter. These are an essential part of
the text. Exercises marked with an * are more difficult than the others, and the particularly
difficult exercises are marked with sx.

Acknowledgements

This is where I thank my many teachers, mentors, collaborators, friends, etc. It will be written
later.
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CHAPTER 1

Review of the topology of subsets of Euclidean space

We start with a review of some basic facts about Euclidean space.

1.1. Preliminary discussion

The most familiar spaces are R% and its subspaces. Indeed, we live in a space that looks like R?
and our drawings typically depict objects in R? for d < 3. For instance:

(=) @ A

We can imagine subspaces of R? for d > 4 by analogy with R?. Subspaces of Euclidean space are the
geometric objects studied by mathematicians going back to the ancient Greeks. Calculus and linear
algebra were developed in part to provide tools for studying these kinds of spaces.

In this book, we will assume that our readers are familiar with the basic topology of subspaces
of Euclidean space, roughly at the level of an introductory course in real analysis. This will allow us
to quickly introduce interesting examples of the more abstract geometric objects we define. This
chapter is a review of this material, mostly without proofs. We do, however, include proofs of three
important results: the Bolzano—Weierstrass theorem, the Heine-Borel theorem, and the extreme
value theorem.

Readers may want to skip this chapter if they are comfortable with the following topics:

Continuous functions on R<.

The basic facts about sequences and their limits in R?, including Cauchy sequences.
Open and closed sets in R?, including related concepts like limit points.

Sequential compactness® of subsets of R?, including the Heine-Borel theorem saying that a
subset of R? is sequentially compact if and only if it is closed and bounded.

e The extreme value theorem for functions on R<.

REMARK 1.1.1. In Chapter 2, we will abstract some of the features of Euclidean space to define
metric spaces. Many of the unproved assertions of this chapter have generalizations to metric spaces,
and we will prove them in that broader context in Chapter 2. ]

1.2. Euclidean distance

Consider a point x € R% TIts norm |x| is the distance from 0O to x. In coordinates, if

x = (21,...,x4) then
Ibell = y/af + - -+ 2

For points x,y € R%, the distance from x to y is ||x — y||.

1A set K C RY is sequentially compact if every sequence of points of K has a subsequence converging to a point
of K. This is equivalent to requiring that every open cover of K has a finite subcover, though for pedagogical reasons
we chose to postpone that more sophisticated notion of compactness until we can introduce it for general topological
spaces.

13



14 1. REVIEW OF THE TOPOLOGY OF SUBSETS OF EUCLIDEAN SPACE

1.3. Continuous functions

Let X ¢ R and Y C R® be subsets and let f: X — Y be a function. For xq € X, we say that f
is continuous at X¢ if it satisfies the classical e-¢ definition of continuity:

e For all € > 0, there exists some § > 0 such that if x € X satisfies ||x — x¢|| < ¢, then
1f(x) = fxo)ll <€

We say that f is continuous if it is continuous at all points x¢g € X. Continuous functions satisfy a
variety of expected properties. For instance:

LEMMA 1.3.1. Let X C R? and Y C R® and Z C R¥ be subsets and let f: X —Y and g: Y — Z
be continuous functions. Then go f: X — Z is continuous.

LEMMA 1.3.2. Let X C R? be a subset and let f,g: X — R be continuous. Then their sum f + g
and product fg are continuous functions from X to R.

We can write down continuous functions using formulas. Here are two examples:

EXAMPLE 1.3.3. Let X C R? be arbitrary. We can define a continuous function f: X — R via
the formula f(x1,z2,23) = 21 — 2€*27 73 for (z1, 29, 73) € X. O
ExaMPLE 1.3.4. For d > 0, recall that the d-sphere is
S*={(z1,...,2q41) ER |2+ 2], = 1}.
We can define a continuous function f: S x R — S%*! via the formula
f@1,. . a1, y) = (cos(y)xr,. .., cos(y)Tar, sin(y)) € ST for all (z1,...,24:1,y) € ST x R.

Here we are implicitly viewing S? x R as a subset of R%*2, O

1.4. Sequences

Consider a sequence (X,),>1 of points of R%. We say that the sequence (x,)n>1 converges to
x € RY if for all € > 0, there exists some N > 1 such that |x, — x|| < € for all n > N. In this case,
we write lim,_, o, x,, = x and say that (x,),>1 is a convergent sequence. The value x is also called
the limit of the sequence. If (x,)n>1 is a convergent sequence, then its limit is unique. We can
characterize continuity using limits as follows:

LEMMA 1.4.1. Let X C R? and Y C R® be subsets and let f: X — Y be a function. Then f is
continuous if and only if for all convergent sequences (X )n>1 of points of X whose limit lies in X,
the sequence (f(xy))n>1 of points of Y is also convergent and we have

ai3p, Oen) = L Jigg ).

A sequence (x,,),>1 of points of R? is a Cauchy sequence if for all € > 0, there exists some N > 1
such that for all n,m > N we have ||x,, — X,,|| < €. All convergent sequences of points of R? are
Cauchy sequences. The following converse to this is one of the cornerstones of real analysis:

THEOREM 1.4.2. Let (X,,)n>1 be a Cauchy sequence of points of R%. Then (x,)n>1 converges to
a limit x € R?.

REMARK 1.4.3. This expresses the fact that R? is complete. The fact that R = R! is complete is
one of the most important features of R. Recognizing this was a key insight in the development of
the modern foundations for analysis in the 19th century. (]

1.5. Open sets

For xg € R? and r > 0, define the open ball around xq of radius 7 as follows:
By(xo) = {x € R? | ||]x —xo| <7}
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A subset U C R? is open if for all xq € U, there exists some r > 0 such that B.(x0) C U:

N X0/

EXAMPLE 1.5.1. For all x € R? and r > 0, the set U = B,(x) is open. O

More generally, consider X € R%. A set U C X is open in X if for all xo € U, there exists some
r > 0 such that B,.(x¢) N X C U. Equivalently, U is open in X if U = X NV for some open subset
V c R%. In particular, a set U C R? is open if and only if U is open in R,

ExAMPLE 1.5.2. Let X = [0,1] C R. The half-open interval [0,1) is open in X, but is not open
as a subset of R. d

EXAMPLE 1.5.3. If X € R? is open, then a set U C X is open in X if and only if U is open as a
subset of RY. O

EXAMPLE 1.5.4. Let X C R? be a subset and let f: X — R be a continuous function. Then for
a,b € R with a < b the sets

U={xe€X|a< f(x)<b},
U'={xeX|f(x)<b},
U'={xe X |a< f(x)}
are all open in X. O

REMARK 1.5.5. Example 1.5.1 is a special case of Example 1.5.4. Indeed, for x € R? we can
define a continuous function fx: R? — R as follows:

Sx(y)=lly —x|| foryeR%
For r > 0, we then have B,.(x) = {y € R? | fx(y) <7}. O
Open sets are closed under arbitrary unions and finite intersections:

LEMMA 1.5.6. Let X C R? be a subset. The following hold:

e The empty set O and the whole set X are open in X.
o If{U;}icr is an arbitrary collection of sets that are open in X, then U;erU; is open in X.
o If{U1,...,Uy} is a finite collection of sets that are open in X, then NI_ U, is open in X.

1.6. Limit points and closed sets

Consider A C R?. A point x € R? is a limit point of A if for all € > 0, there exists some y € A
with y # x such that ||y — x|| < e:

Equivalently, there exists a sequence (y,)n>1 of points of A with y,, # x for all n > 1 such that

lim,, s 0 Yn =Xt

Ky /X

>

A set C C R? is closed if all limit points of C are contained in C. Equivalently, for all convergent
sequences (Xp)p>1 of points of C, we have lim,, o x,, € C.
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EXAMPLE 1.6.1. For x € R% and r > 0, define the closed ball of radius r around x to be?
Bif(x)={y eR"[ |y — x| <r}.
For all x € R? and 7 > 0, the set C' = B (x) is closed. O
More generally, consider X C R%. A set C' C X is closed in X if for all limit points ¢ of C' with

c € X, we have ¢ € C. Equivalently, C is closed in X if C' = X N D for some closed subset D C R,
In particular, a set D C R? is closed if and only if D is closed in R?.

EXAMPLE 1.6.2. Let X = (0,1) C R. The half-open interval (0,1/2] is closed in X, but is not
closed as a subset of R. O

EXAMPLE 1.6.3. If X C R? is closed, then a set C C X is closed in X if and only if C is closed
as a subset of R%. O

EXAMPLE 1.6.4. Let X C R? be a subset and let f: X — R be a continuous function. Then for
a,b € R with a < b the sets
C={xeX|a<f(x)<b},
C' = {x € X | f(x) b},
C"={xeX|a<[(x)}
are all closed in X. In particular, for all y € R the set f~!(y) = {x € X | f(x) =y} is closed in
X. O

Closed sets are closed under arbitrary intersections and finite unions:

LEMMA 1.6.5. Let X C R? be a subset. The following hold:

e The empty set ) and the whole set X are closed in X.

o If{C;}icr is an arbitrary collection of sets that are closed in X, then M;c;C; is closed in X.

o If{Ch,...,Cy} is a finite collection of sets that are closed in X, then Ul ,C; is closed in
X.

1.7. Relating open and closed sets
Open and closed sets are related as follows:

LeEMMA 1.7.1. Let X C R? be a subset. A set U C X is open in X if and only if X \ U is closed
m X.

This might lead an inexperienced reader to think that openness and closedness are opposite
conditions. However, this is not true even for open/closed subsets of R? itself:

e A typical set is neither open nor closed. For instance, the half-open interval [0,1) in R is
neither open nor closed.

e The empty set () and the whole space R? are both open and closed. More generally, for
X C R? the empty set () and the whole set X are both open and closed in X.

1.8. Interior, closure, and boundary of a set

Let Z C R? be a subset. Associated to Z are the following:

e The closure of Z, denoted Z, is the union of Z and all of its limit points. The set Z is
closed, and is the smallest closed set containing Z in the sense that if C' C R? is closed and
Z C C,then Z C C.

e The interior of Z, denoted Int(Z), is the set of all points xo € Z such that there exists
some r > 0 with B,(x0) C Z. The set Int(Z) is open, and is the largest open set contained
in Z in the sense that if U C Z is open then U C Int(Z).

2Tt is also common to write this as B(x), but this notation could potentially be confusing. Indeed, later we will
define the closure A of a set A, and the notation B, (x) suggests that By (x) is the closure of By (x). For r > 0 we have
BS(x) = By(x) for x a point in Euclidean space, but this is false in more general settings.
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e We have Int(Z) C Z C Z. The boundary of Z, denoted 0Z, is 0Z = Z \ Int(Z). The set
0Z is closed. An alternate way of describing 0Z is that it is the set consisting of all z € R?
such that for all 7 > 0 the ball B,.(z) contains points of both Z and R?\ Z.

EXAMPLE 1.8.1. Let Z = [0,1) C R. We have Z = [0,1] and Int(Z) = (0,1) and 8Z = {0,1}. O

REMARK 1.8.2. More generally, if Z C X C R%, then we can talk about the closure, interior,
and boundary of Z in X. To avoid multiplying technicalities we will not discuss this. O

1.9. The Bolzano—Weierstrass theorem

Consider a sequence (x,),>1 of points of R?. We introduce the following two definitions:

e The sequence (X,,)n>1 is bounded if there exists some r > 0 such that ||x,| < r for all n > 1.
o A subsequence of (x,)n>1 is a sequence (¥m)m>1 such that there exists an increasing
sequence of positive integers

1<n;<no<---
such that y,, = x,,, for all m > 1. For instance, (y.,)m>1 might be the sequence (X2m )m>1-
With these definitions, we have the following fundamental result:

THEOREM 1.9.1 (Bolzano—Weierstrass theorem). Let (x,)n>1 be a bounded sequence of points of
R<. Then (Xn)n>1 contains a convergent subsequence.

PROOF. Since (x,)n>1 is bounded, we can find some sufficiently large A > 0 such that each x,
is contained in the cube Cy = [-)/2,A/2]%. Set ny = 1, so x,,, € C1. Note that each side of C; has
length A. As in the following figure, divide C; into 2¢ subcubes with side length \/2:

At least one of these subcubes must contain infinitely many terms of the sequence (x,,),>1. Choose
such a subcube and call it C'5. Let ng be such that x,,, € Cy and ny > n;. This process can then be
repeated: Cy can be divided into 2¢ subcubes with side length \/22, and among these there must
exist a subcube C3 containing infinitely many terms of (x,)n>1. Let ng be such that x,, € C5 and
ns > ng. We then divide C5 into 2% subcubes with side length /23 etc.

This procedure gives a nested sequence

CiD2C3DC3D -
of cubes and an increasing sequence of integers
ng<ng <ng<---

such that the following holds for all & > 1:

e the cube C}, has side length \/2¢~1; and
® X, € Ck. In fact, since the C} are nested we have x,,, € C}, for all K > k.

Since the diameters of the Cy are shrinking to 0 and x,,, € Cy for all k' > k, it follows that the
subsequence

Xni1yXngs Xngsy -

of (x,,)n>1 is a Cauchy sequence. In particular, it converges (see Theorem 1.4.2), as desired. O
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1.10. Sequentially compact sets and the Heine—Borel theorem
The following is perhaps the most important definition in this chapter:

DEFINITION 1.10.1. A set K C R? is sequentially compact if every sequence (X5)n>1 of points of

K has a subsequence that converges to a point of K. O
EXAMPLE 1.10.2. A finite set K C R? is sequentially compact. O
ExaMPLE 1.10.3. For d > 1, the whole space R? is not sequentially compact. Indeed, for n > 1

set x, = (n,0,...,0) € R%. Every subsequence of (%pn)n>1 diverges to infinity,® so (%p)n>1 has no

convergent subsequence. |

REMARK 1.10.4. We will later define what it means for a general topological space to be
compact. The definition involves “open covers”, and is rather different from the definition of
sequential compactness we gave above. For sufficiently nice spaces (including subsets of R?, and
more generally the metric spaces we will define in the next chapter), compactness is equivalent to
sequential compactness. In complete generality, however, neither implies the other. ([l

It is not easy to directly verify that a set is sequentially compact using the above definition;
however, there is a simple characterization of sequentially compact sets. A subset X C R? is bounded
if there exists some r > 0 such that ||x|| < r for all x € X. We then have the following:

THEOREM 1.10.5 (Heine-Borel theorem). A set K C R? is sequentially compact if and only if it
1s closed and bounded.

ProoF. We divide the proof into two parts.
CraM. Assume that K is closed and bounded. Then K is sequentially compact.

Let (x5,)n>1 be a sequence of points of K. We must prove that (x,),>1 has a subsequence
that converges to a point of K. Since K is bounded, the Bolzano—Weierstrass theorem (Theorem
1.9.1) implies that (x,)n>1 has a convergent subsequence (y,)m>1. Since K is closed, we have
lim,, oo Y € K. The claim follows.

CLAIM. Assume that K C R is sequentially compact. Then K is closed and bounded.

To see that K is closed, consider a convergent sequence (x,),>1 of points of K. We must prove
that lim,,_,o X, € K. Since K is sequentially compact, there is a subsequence (¥,,)m>1 0f (Xn)n>1
that converges to a point of K. Passing to a subsequence does not change the limit of a sequence
(see Exercise 1.3), so

lim x, = lim y,, € K,
n—oo m—0o0

as desired.

To see that K is bounded, assume for the sake of contradiction that it is not bounded. We can
then find a sequence (z,,),>1 of points of K such that ||z, || > n for all n > 1. Since K is sequentially
compact, there is a subsequence (Wi, )m>1 of (2,),>1 that converges to a point of K. However, since
|z || > n for all n > 1 it follows that lim,, . [|[Wm| = 400, contradicting the fact that (W, )m>1 is
a convergent sequence. We conclude that K is in fact bounded. O

1.11. Continuous functions on sequentially compact sets

Let X C R? be a nonempty set and f: X — R be a function. Recall that f is bounded if there
exist a,b € R with @ < b such that a < f(x) < b for all x € X. Assume that f is bounded. The
infimum of f, denoted inf(f), is the infimum of the image

fX)={/x) | xe X} CR

of f,i.e., its greatest lower bound. We say that the infimum of f is attained if there exists some
x € X such that f(z) = inf(f), in which case we write min(f) = inf(f). Similarly, the supremum
of f, denoted sup(f), is the supremum of f(X), i.e., its least upper bound. We say that the

3Recall that a sequence (¥m)m>1 is said to diverge to infinity if for all C' > 0, there exists some M > 1 such that
llyml|l > C for all m > M.
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supremum of f is attained if there exists some x € X such that f(x) = sup(f), in which case we
write max(f) = sup(f).
Neither the infimum nor the supremum of a bounded continuous function need to be attained:

ExaMPLE 1.11.1. Let f: (0,1) — R be the function f(¢) =t for all ¢ € (0,1). This is a bounded
continuous function with inf(f) = 0 and sup(f) = 1. Neither the infimum nor the supremum is
attained. m

The following is a key feature of continuous functions on sequentially compact sets:

THEOREM 1.11.2 (Extreme value theorem). Let K C R be a nonempty sequentially compact set
and let f: K — R be a continuous function. Then:

(i) The function f is bounded.
(i) The infimum and supremum of [ are attained.

PROOF. We prove the two parts separately.
CLAM (i). The function f is bounded.

Assume for the sake of contradiction that there does not exist b € R such that f(x) < b for all
x € K. This implies that there exists a sequence (x,,),>1 of points of K such that f(x,) > n for all
n > 1. Since K is sequentially compact, there is a convergent subsequence (y,;)m>1 of (Xp)n>1. Set
y =limy, 00 ¥ym € K. Since f is continuous, we have

(1.11.1) Jim f(ym) = f( Im_ym) = f(y)-

However, since (y,)m>1 is a subsequence of (x,,)n>1 and f(x,) > n for all n > 1, the terms f(ym)
in the limit on the left-hand side of (1.11.1) tend to +o0, a contradiction. This implies that there
does exist some b € R such that f(x) <b for all x € K. A similar argument” shows that there exists
some a € R such that a < f(x) for all x € K. We conclude that f is bounded, as desired.

Cram (ii). The infimum and supremum of [ are attained.

We will prove that the supremum of f is attained. The proof that the infimum of f is attained is
similar. By definition, we can find a sequence (x,),>1 of points of K such that lim,,_, f(x,) =
sup(f). Since K is sequentially compact, we can replace (x,)n,>1 by a subsequence and assume that
it is convergent. Letting x = lim,,_,~ X, € K, since f is continuous we have

F) = f(lim x,) = lim_ f(x,) = sup(f).
as desired. (]
This result has the following useful consequence:

LEMMA 1.11.3. Let K C R be a nonempty sequentially compact set. There then exist a,b € K
with a < b such that a = inf(K) and b = sup(K).

PRrROOF. Apply Theorem 1.11.2 to the continuous inclusion map ¢: K — R. ([

1.12. Exercises

EXERCISE 1.1. Compute the limit points, closure, interior, and boundary of the following:

a) The open unit ball in R? for d > 1.

b) The closed unit ball in R for d > 1.

¢) Theset Z={1/n|n>1}inR.

d) Theset W ={0}U{l/n|n>1}inR.

(e) The subspace Q of R. O

(
(
(

EXERCISE 1.2. Do the following:

(a) For x,y € R%, prove the triangle inequality ||x + y|| < ||x|| + ||y||. Hint: use the Cauchy—
Schwarz inequality.

4Altornativcly, one could just apply the above argument to — f.
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(b) For x,y € R?, prove the reverse triangle inequality |||x|| — |ly|| < ||z — ¥
(c) Fix some x¢ € RY. Define f: R? — R via the formula

f(x) =[x — xo| for all x € R%.

Prove that f is continuous.
(d) Use (c) to prove that open balls are open. Hint: see Example 1.5.4. O

EXERCISE 1.3. Let (x,),>1 be a sequence in R? that converges to a point x € R%. Do the
following:
(a) Prove that (x,,)n,>1 is Cauchy.
(b) Prove that (x,,),>1 is bounded.
(c) Prove that every subsequence of (x,),>1 also converges to x. O

EXERCISE 1.4. Do the following:

(a) Find open sets Uy, Uz, Us, ... in R such that N5, U, is not open.
(b) Find closed sets C1,Cs,Cs, ... in R such that US2 ;C,, is not closed. g

EXERCISE 1.5. Let (x,,)n>1 be a sequence in R?. For n > 1, write x,, = (z(n)1, ..., x(n)q) with
z(n)1,...,x2(n)q € R. Do the following:
(a) Prove that (x,),>1 is a Cauchy sequence if and only if for each 1 < j < d the sequence
(z(n);)n>1 of real numbers is a Cauchy sequence.
(b) For some x = (z1,...,2q), prove that lim, . x,, = x if and only if lim,,_,o, x(n); = x; for
all 1< j<d. 0

EXERCISE 1.6. Do the following;:

(a) Prove Lemma 1.3.1 directly from the e-¢ definition of continuity. Recall that this lemma
says the following. Let X C R? and Y C R® and Z C R¥ be subsets and let f: X — Y and
g:Y — Z be continuous functions. Then go f: X — Z is continuous.

(b) Prove Lemma 1.3.2 directly from the e-¢ definition of continuity. Recall that this lemma
says the following. Let X C R? be a subset and let f,g: X — R be continuous. Then their
sum f + g and product fg are continuous functions from X to R. O

EXERCISE 1.7. Let Z C R%. Do the following:

(a) Prove that Int(Z) = R?\ R?\ Z.
(b) Prove that 0Z = ZNR%\ Z.
(

(c) Prove that Z = Z U dZ.
d) Prove that Z is open if and only if ZNdZ = 0.
(e) Prove that Z is closed if and only if 0Z C Z. O

EXERCISE 1.8. Let K C R? be sequentially compact and let Z C K be an infinite set. Prove
that Z has at least one limit point in R? and that each limit point of Z lies in K. O

EXERCISE 1.9%. Let C C R? be a nonempty closed subset and let x € R?. Do the following:
(a) Prove that there exists some cg € C such that ||x — co|| = inf {||[x — || | c € C}.
(b) Let K C RY be nonempty and sequentially compact. Assume that K N C = ). Prove that
inf{|lk—c| | ke K,ceC}>0.
(c) Give a counterexample to show that (b) can fail if K is assumed to be merely closed instead
of sequentially compact. O



CHAPTER 2

Metric spaces: definition and basic properties

This chapter introduces metric spaces and discusses their basic properties.

2.1. Metric spaces

As we will see throughout this book, there are geometric entities that share features with classical
spaces like the subsets of Euclidean space discussed in Chapter 1. Modern formalizations of the
notion of “space” give a precise language for extending our geometric imagination to these less easily
visualizable kinds of spaces.

What features should we look for in an abstract notion of a space? One basic feature of spaces is
that they have “points” of some kind, and some of those points are “closer” to one another than
other points. One way to formalize this is to abstract the idea of distance. For points z,y € R?, the
distance from 2« to y is || — y||. In a metric space, the distance ||z — y|| is replaced by a number
o(z,y) satisfying three axioms.

DEFINITION 2.1.1. A metric space is a pair (M,0), where M is a set and 9: M x M — R is a
function called the metric satisfying the following axioms:

e Positivity. For all z,y € M, we have 0(x,y) > 0 with equality if and only if z = y.
e Symmetry. For all z,y € M, we have 0(z,y) = 0(y, ).
e Triangle inequality. For all z,y,z € M, we have d(x,y) <0(z,2) +0(z,y). |

Sometimes we will not mention 9 and just say that M is a metric space.

The triangle inequality has this name because it expresses the fact that the length of a side of a
triangle is at most the sum of the lengths of the other two sides:

X b (Z:Y>
b(x,z)

Another way of thinking about this is that there are no “shortcuts”: if you travel from x to z to y,
then you must have moved at least as far as you would have if you went directly from z to y.

Z

EXAMPLE 2.1.2. Define a metric 9: R? x R — R via the formula
ox,y) =x—y| forxyeR"

The pair (R%,0) is a metric space. The triangle inequality follows from the triangle inequality for the
Euclidean norm: for x,y,z € R%, we have

AWx,y) = |x -yl =l(x—2) - (y —2)| <lx—zl + [y — zl| = 0(x,2) + 2(y, ).
We call this the Euclidean metric on R%. O

EXAMPLE 2.1.3. Let M be a set. The discrete metric on M is the function 0: M x M — R
defined by

1 if
o(w,y) = 1 z# Y, for x,y € M.
0 ifex=y

This is a metric (see Exercise 2.1). O

21
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EXAMPLE 2.1.4. A set can typically be endowed with many different metrics. For instance, R¢
can also be endowed with the following metrics (see Exercise 2.2):

e The ¢! -metric:

d
01(x,y) = Z |xn —yn| for x = (z1,...,2q4) and y = (y1,...,Yd)-
n=1
e The /*°-metric:
DOO(X7Y) = max{|x1 - yl‘w tey |'rd - yd|} for x = (Ila s axd) and y = (y17' <. 7yd)'

We remark that the Euclidean metric is also often called the £2-metric. In Chapter 4, we will explain
one sense in which these all give the “same” metric space: using language we will introduce in that
chapter, they are all bi-Lipschitz equivalent to each other. See Exercise 4.16*. (]

EXAMPLE 2.1.5. If (M,9) is a metric space and M’ C M is a subset, then ' =0 |prxpr IS &
metric on M’ making (M’,?’) into a metric space. We call (M’,d’) a metric subspace or sometimes
just a subspace of (M, D). O

EXAMPLE 2.1.6. Let M C R%. Endow R¢ with the Euclidean metric. Viewing M as a metric
subspace of R?, we get a metric space (M,0). We call 0 the Euclidean metric on M. Many of the
most important spaces in algebraic topology are either subspaces of R? themselves or are constructed
from subspaces of R? by geometric operations (gluing, taking quotients, etc.). O

EXAMPLE 2.1.7. Recall that a graph X is a set V(X) of vertices together with a set £(X) of
edges, each of which connects two vertices in V(X). We allow edges to join a vertex to itself, and we
also allow there to be more than one edge joining two vertices. Here are two examples:

- HH

An edge path in X connecting vertices v, v’ € V(X) is a sequence of vertlces V=1vg,V1,...,0p =0
together with a choice of edge e; joining v;_1 to v; for all 1 <i < n. The integer n is the length of
the edge path. We allow n = 0, in which case the edge path has no edges and v = v’. A graph X is
connected if V(X) # () and any two of its vertices can be connected by an edge path.

Let X be a connected graph. We can define a metric @ on V(X) as follows. For vertices
v,w € V(X), let 9(v,w) be the minimal length of an edge path connecting v and w. Since X is
connected, the set of lengths of edge paths connecting v and w is a nonempty subset of Zx>q, so this
minimum makes sense. For example, for v, w € V(X) as below we have d(v,w) = 3:

w

v
The highlighted edge path realizes the minimal distance. The pair (V(X), ) is a metric space (see
Exercise 2.2). O

EXAMPLE 2.1.8. Let S be a set and let Seq(.S) be the set of sequences s = (8, )m>1 of elements
of S. The first-difference metric ® on Seq(S) is as follows. Consider s,t € Seq(S). Write s = (S )m>1
and t = (tm,)m>1. If s = t, then set 9(s,t) = 0. Otherwise, let k = min{m > 1| s,, # t,,} and set
0(s,t) = 1/k. This is a metric (see Exercise 2.4). O

EXAMPLE 2.1.9. Let £*° be the set of sequences x = (,,,)m>1 of real numbers that are bounded,
i.e., such that there exists some C' > 0 with |z,,| < C for all m > 1. This can be endowed with the
structure of a metric space via the following metric 0:

A(x,y) = sup |Tm — Ym| for x = (zp)m>1 and y = (Ym)m>1 in £
m>1
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Since both (@, )m>1 and (Ym)m>1 are bounded, this supremum is finite. The triangle inequality
follows from the following calculation: for x = (,)m>1 and y = (Ym)m>1 and z = (2, )m>1 in £°°,

D(Xa y) = sup ‘xm - ym| = sup I(:Cm - Zm) - (ym - Zm)l
m>1 m>1
<sup (|zm — 2ml + [Ym — 2m|) < SUp [Ty — 2| + SUP [Ym — 2m| = 0(x,2) +0(z,y). O
m>1 m>1 m>1

ExXAMPLE 2.1.10. Let I = [0,1] be the closed interval and let C(I,R) be the set of all continuous
functions f: I — R. Define a metric on C(I,R) as follows:
D(f,9) =sup{|f(t) —g(t)| | t € I} for continuous f,g: I — R.

Since the closed interval I is sequentially compact, this supremum is finite and attained at some
point of I (see' Theorem 1.11.2). The metric ® is called the sup metric on C(I,R). It makes C(I,R)
into a metric space (see Exercise 2.2). O

2.2. Products of metric spaces

Let (M1,01),...,(Mqg,04) be metric spaces. Set X = My X - -+ X My. Define 0,p0q: X x X - R
as follows:

d
Vprod (X, y) = Zbk(xk,yk) for x = (z1,...,24) and y = (y1,...,yq) in X.
k=1

This is a metric on X that we will call the product metric (see Exercise 2.3). The metric space
(X, 9pr0a) will be called the metric product of (M7,01),. .., (Mg,04).

EXAMPLE 2.2.1. Consider R with the standard Euclidean metric d(x,y) = | — y|. The product
metric on R? =R x --- x R is then the /!-metric

0 (x,y) =|x1 — |+ +|xqa —ya| forx=(x1,...,24) and y = (y1,...,y4) in RY.

We remark that we could have defined the product metric to ensure that this was the Euclidean
metric. However, the product metric as defined above is easier to work with. As we said earlier,
in Chapter 4 we will explain why 9, is equivalent to the Euclidean metric from the standpoint of
topology, so we might as well use the easier product metric. O

2.3. Continuity

Once we have defined metric spaces, we can define continuity by imitating the classical definition
from Chapter 1:

DEFINITION 2.3.1. Let (M,0,) and (N,9y) be metric spaces and let f: M — N be a function.
Then:
e fis continuous at xg € M if for all € > 0, there exists a § > 0 such that for all x € M with
O (x, x0) < & we have dn(f(x), f(xo)) <e.
e fis continuous if it is continuous at all ¢y € M. O

EXAMPLE 2.3.2. Let M Cc R¢ and N C R® be equipped with their Euclidean metrics and let
f: M — N be a function. In this special case, the above definition of what it means for f to be
continuous is exactly the same as the definition from Chapter 1. O

EXAMPLE 2.3.3. Let (M,9) be a metric space and let p € M be a point. Define f: M — R via
the formula
flz) =0(x,p) forze M.

Equipping R with the Euclidean metric, the function f is continuous. Indeed, consider xg € M and
€ > 0. Setting d = ¢, if x € M satisfies d(z,z9) < = € then

(2.3.1) [f (@) = f(zo)| = [0(z,p) — 0(x0,D)]-

Here we are using the fact that the function ¢: I — R defined by ¢(t) = |f(t) — g(t)| for t € I is continuous.
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We must prove this is less than e¢. The triangle inequality implies that
o(z,p) < 0(w,20) +3(xo,p) and  d(xo,p) < (w0, ) + d(z,p).
Rearranging these, we see that
o(x,p) — 0(xo,p) < O(z,z9) and d(xg,p) — 3(z,p) < 0(zg, z) = 0(x,x0).
These imply that (2.3.1) is at most ?(z, zo) < €, as desired. O

Continuous functions between metric spaces have many of the same formal properties as continuous
functions between subsets of Euclidean space. One important such property is as follows:

LEMMA 2.3.4. Let (M,0y) and (N,0n) and (P,0p) be metric spaces. Let f: M — N and
g: N — P be continuous functions. Then go f: M — P is continuous.

PROOF. Let zp € M and let € > 0. Since g is continuous at f(zg), there is some &' > 0
such that for all y € N with dn(y, f(z¢)) < 0" we have 2p(g(y), 9(f(z0))) < €. Letting ¢ = &',
since f is continuous at xo there is some 6 > 0 such that for all x € M with dp(z,20) < 6
we have On(f(2), f(xo)) < € = ¢’. Combining these, for x € M with 0p(x,29) < 6 we have

0p(g(f(x)),9(f(z0))) < €, as desired. O
2.4. Open sets
Fix a metric space (M,0). For g € M and r > 0, let
B, (z9) ={x € M | d(x,z9) <7}.
This is called the open ball of radius r around xg.

EXAMPLE 2.4.1. On R?, recall that the Euclidean metric 9, the ¢!-metric 91, and the ¢>°-metric
0 are as follows:

((x,y%(z,w)) \/(x_z)2 +(y_w)27
((x,y)(z,w)) —|$—Z|+‘y ’LU‘
oo (2, 9), (2, w)) =max{[z — z[, [y — wl}.

The balls of radius r = 1 around zg = (0,0) in these three metrics are as follows:

PN N 1
,/ \ . R
1 \ 2 N

SEANZNRN

The pictures are similar in higher dimensions, and it is enlightening to draw them in R3. (|

EXAMPLE 2.4.2. Let S be a set, let Seq(S) be the set of sequences s = (S, )m>1 of elements of S,
and let d be the first-difference metric on Seq(S) (see Example 2.1.8). Consider a point s = (S, )m>1
of Seq(S) and some r > 0. Let n > 0 be the largest integer that is less than or equal to 1/r. A point
t = (tm)m>1 of Seq(S) lies in B,.(s) precisely when t,,, = s, for all 1 < m < n (see Exercise 2.4). O

A set U C M is open if for all xg € U, there exists some r > 0 such that B,(z¢) C U:

EXAMPLE 2.4.3. The set B,(z) is open (see Exercise 2.6). O

EXAMPLE 2.4.4. An open interval in R is a set of the form (a,b) with —co < a < b < co. Open
intervals are open, and each open set in R can be written as a union of open intervals. In fact, it
turns out that open sets in R can be written as the union of countably? many disjoint open intervals
(see Exercise 2.16). 0

20ur convention is that a finite set is countable. A countably infinite set is a countable set that is infinite.
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EXAMPLE 2.4.5. Let M be a metric space and let X C M be a metric subspace. The open sets
in X are exactly the sets of the form U N X for an open set U of M (see Exercise 2.14). O

If A C M is an arbitrary subset then the interior of A, denoted Int(A), is the set of all zg € A
such that there exists some r > 0 such that B,(xz¢) C A. We have:

LEMMA 2.4.6. Let (M,0) be a metric space and let A C M. Then Int(A) is an open set contained
in A. Moreover, Int(A) is the largest open set contained in A in the following sense: if U C A is
open, then U C Int(A).

PROOF. Once we prove that Int(A) is open, the remaining conclusions will immediately follow.
To see that Int(A) is open, consider zy € Int(A4). By definition, there is some r > 0 such that
B, (zg) C A. We claim that B,(xzg) C Int(A). Indeed, consider 1 € B,(xo). We must prove that
x1 € Int(A). Set ' =r —0(z1,20) > 0. For « € B,s(x1), the triangle inequality implies that

(x,x0) <0(z,21) + 0(x1,20) < (r — (21, 20)) + (21, 20) =17,

so © € By(xo) C A. Tt follows that B,/ (z1) C A, so z1 € Int(A), as desired. O

EXAMPLE 2.4.7. The closed unit disk in R? is

D = {(z1,...,2q) ERY |22+ +ai< 1}.
We have
Int(DY) = {(z1,...,24) € R | 2f + -+ 23 < 1} = B1(0). O
Open subsets of metric spaces are closed under arbitrary unions and finite intersections:

LEMMA 2.4.8. Let (M,0) be a metric space. Then:
e The empty set O and the whole set M are open.

o If {Ui}ier is an arbitrary collection of open subsets of M, then U;crU; is open.
o If{U1,...,Uy} is a finite collection of open subsets of M, then NI_,U; is open.

PROOF. See Exercise 2.11. O
REMARK 2.4.9. In Lemma 2.4.8, we allow the empty union (i.e., the union of no subsets) and

the empty intersection (i.e., the intersection of no subsets). For subsets of M, our convention is that
the empty union is () and the empty intersection is M. O

2.5. Limits and continuity

Fix a metric space (M, ). Consider a sequence (x,,),>1 of points of M. We say that the sequence
(xn)n>1 converges to x € M if for all € > 0, there exists some N > 1 such that d(z,,z) < € for all
n > N. Equivalently, the sequence of real numbers d(z,,, ) converges to 0 as n — oco. If this holds,
we write lim,,_,oo 2, =  and say that (x,),>1 is a convergent sequence. The following shows that a
sequence (z,)n>1 can converge to at most one point of M, so this notation is unambiguous:

LEMMA 2.5.1. Let (M,0) be a metric space and let (xn)n>1 be a sequence of points of M that
converges to points x € M and ¥’ € M. Then z = x'.

PROOF. Let € > 0. Since (z,,)n>1 converges to z and &', we can find N > 1 such that for n > N
we have 0(z,,x) < ¢/2 and d(x,, ") < €¢/2. Using the triangle inequality, we thus have

o(z,2") <o(z,zn) +0(zN,2") < €/2+¢€/2 =€
Since ?(z,z’) < € for all € > 0, it follows that ?(z,2’) = 0 and thus z = 2/, as desired. O

A sequence (z,,)n>1 of points of M is a Cauchy sequence if for all € > 0, there exists some N > 1
such that for all n,m > N we have 0(x,, z,,) < . We have:

LEMMA 2.5.2. Let (M,?) be a metric space and let (x,)n>1 be a convergent sequence of points
of M. Then (x,)n>1 is a Cauchy sequence.

PRrROOF. Consider € > 0. Setting z = lim,,_, o &, there exists some N > 1 such that for alln > N
we have 0(z,,,x) < €/2. For n,m > N, we have 3(Zpn, Tm) < 0(@n, z) +0(x,Tm) < €/2+€/2=€. O
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Here is an example showing that not all Cauchy sequences converge:

ExXAMPLE 2.5.3. Let M = (0,1) with the Euclidean metric. For n > 1, set z, = 1/(n+1) € M.
The sequence (z,,)n>1 of points of M is a Cauchy sequence since in R it converges to 0 (see Lemma
2.5.2). However, since 0 ¢ M it does not converge in M (see Lemma 2.5.1). O

REMARK 2.5.4. A metric space in which all Cauchy sequences converge is said to be complete.
We will discuss this in Chapter 6. (]

We can express continuity using limits as follows:

LEMMA 2.5.5. Let (M,0y) and (N,0n) be metric spaces and let f: M — N be a function. Then
f s continuous if and only if the following holds:
(#) For all convergent sequences (xn)n>1 of points of M, the sequence (f(xn))n>1 of points of
N is convergent and lim, o f(zn) = flimp o0 Tn)-

PrOOF. We must prove the following two claims:
CrLAaM. Assume that f is continuous. Then (#) holds.

Let (2)n>1 be a convergent sequence of points of M. Set & = lim,,_, z,,. Our goal is to prove
that lim,, oo f(zn) = f(z). Consider some € > 0. We must find some N > 1 such that for n > N we
have oy (f(z), f(x,)) < €. Since f is continuous at x, there is some ¢ > 0 such that if y € M satisfies
o (y, ) < &, then 0n(f(y), f(z)) < e. Choose N > 1 such that for n > N we have 0p/(x, x,) < 4.
It follows that for n > N we have on(f(z), f(zn)) < €, as desired.

CLAIM. Assume that (#) holds. Then f is continuous.

Assume for the sake of contradiction that f is not continuous at some point xy € M. There thus
exists some € > 0 such that for all § > 0, it is not the case that for all x € M with 9/ (x, z9) < J we
have 0 (f (), f(zg)) < €. For each n > 1, there therefore exists some x,, € M with 9 (2,, z0) < 1/n
and On (f(zn), f(z0)) > €. Since dps(zp, o) < 1/n for all n > 1, it follows that

lim o7 (zp,x0) = 0.
n—oo

This implies that lim,, oo z, = xo. It thus follows from (#) that lim, o f(z,) = f(zo). In
particular, there exists some N > 1 such that for n > N we have x5 (f(zn), f(z0)) < €, contradicting
the fact that On (f(zn), f(x0)) > €. O

2.6. Limit points

Fix a metric space (M,0). Let A C M be a set. A limit point of A is a point € M such that
for all € > 0 there exists some y € A with y # x such that ?(y,z) < e

X
Ay
EXAMPLE 2.6.1. Let M =R and let A = Q. All points of M are limit points of A. ([l
EXAMPLE 2.6.2. Let M =R and let A =7Z. No points of M are limit points of A. (]

REMARK 2.6.3. In Example 2.6.2, each a € A = Z is an isolated point, i.e., there exists r > 0
such that B,(a) N A = {a}. By definition, isolated points of a set A cannot be limit points of A. O

The following lemma gives an alternate way of thinking about limit points:

LEMMA 2.6.4. Let (M,0) be a metric space and let A C M. A point x € M is a limit point of
A if and only if there exists a convergent sequence (Yn)n>1 of points of A with y, # x for alln > 1
such that limy, oo Y = .

ProOF. Fix x € M. We must prove the following two claims:
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CLAIM. Assume that there exists a convergent sequence (Yn)n>1 of points of A with y, # x for
allm > 1 such that lim,_, oy, = . Then x is a limit point of A.

Consider € > 0. Since lim,,_, o ¥ = T, there exists some N > 1 such that d(y,,x) < € for n > N.
In particular, yy € A is a point satisfying yny # = and 9(yn,x) < e. We conclude that x is a limit
point of A.

CLAIM. Assume that x is a limit point of A. Then there exists a convergent sequence (Yn)n>1 of
points of A with y, # x for allm > 1 such that lim, o y, = .

For n > 1, we can therefore find y,, € A such that y,, # = and 9(y,,, x) < 1/n. Since d(yn,z) < 1/n,
it follows that lim,_ oo 9(Yn, ) = 0. This implies that lim,_, . y, = x, as desired. O

COROLLARY 2.6.5. Let (M,0) be a metric space, let A C M, and let x be a limit point of A.
Then for all v > 0, there exist infinitely many y € B,(x) withy € A and y # x.

PrOOF. By Lemma 2.6.4, there exists a sequence (y,),>1 of points of A with y, # z for all
n > 1 such that lim, o yn = z. Fix some r > 0. We can find n; > 1 such that d(y,,,z) <r. We
can then find ng > n; such that 3(yn,, ) < 9(yn,, ). This process can be repeated over and over,
and the result is a sequence (yy, )k>1 of points of A such that

7> 0(Yny, ) > 0(Ynys ) > 0(Yns, ) > -

Since the ?(yp, , z) are strictly decreasing, they are in particular distinct. This implies that the points
(Yn, )e>1 are all distinct. The corollary follows. O

2.7. Closed sets
Let (M,0) be a metric space. A set C C M is closed if it contains all of its limit points.

ExaMpPLE 2.7.1. Every finite subset C' C M is closed. Indeed, a finite subset of a metric space
has no limit points, and thus vacuously contains all of its limit points. O

ExAMPLE 2.7.2. The set
D? = {(z1,...,24q) eER |22+ - 422 < 1}
is a closed subset of R®. O

ExaMPLE 2.7.3. Unlike open subsets of R, closed subsets of R do not have a simple description.

For instance, the classical Cantor set is as follows. Each z € I = [0, 1] can be written as®
Nz
=N "I ith 2, € {0,1,2) for all n > 1.
x nzz:l gn Withe { } for all n >
The Cantor set C' consists of all z € I that can be written as
o~ T
=3I ith 2, € {0,2} for all n > 1.

x ; gn Withe {0,2} for all n >

The set C is closed (see Exercise 2.17%). O

EXAMPLE 2.7.4. Let M be a metric space and let X C M be a metric subspace. The closed sets
in X are exactly the sets of the form D N X for a closed set D of M (see Exercise 2.14). O

Another way to think about closed sets is as follows:

LEMMA 2.7.5. Let (M,0) be a metric space and let C C M. Then C is closed if and only if for
all sequences (Yn)n>1 of points of C' that converge in M, we have lim,_,o y, € C.

PRrROOF. We must prove the following two claims:

CLAIM. Assume that for all sequences (yn)n>1 of points of C that converge in M, we have
limy,, o0 Y € C. Then C' is closed.

3This expression is not unique; for instance, 1/3 = 2/32 +2/3% +2/3% + .... This is the same ambiguity that
occurs in ordinary base-10 decimal expansions and results in identities like 1 = 0.999- - -.
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Let = be a limit point of C. We must prove that z € C'. By Lemma 2.6.4, there exists a sequence
(Yn)n>1 of points of C with y,, # z for all n > 1 such that lim,_,o ¢, = 2. This is even stronger
than the condition on sequences in our assumption, which does not require that y,, # x for all n > 1.
By our assumption, x = lim,,_. yn, € C.

CrAM. Assume that C is closed. Then for all sequences (yn)n>1 of points of C that converge in
M, we have lim,,_, oy, € C.

Consider a sequence (yn)n>1 of points of C' that converge in M. Set x = lim,,_, o0 ¥ We must
prove that x € C. If x is a limit point of C, then since C' is closed we must have z € C. Assume,
therefore, that x is not a limit point of C'. There then exists some € > 0 such that there does not
exist y € C with y # 2z and 0(y, x) < €. Since lim,_, o yn = x, we can find some N > 1 such that for
n > N we have 0(y,, z) < e. Since y,, € C for all n > 1, the only way this can hold is if y,, = = for
all n > N. In particular, z = yy € C. ]

Let A C M be a subset. The closure of A, denoted A, is the union of A with its limit points.
We have:

LEMMA 2.7.6. Let (M,0) be a metric space and let A C M. Then A is a closed set containing
A. Moreover, A is the smallest closed set containing A in the following sense: if C' is a closed set

with A C C, then A C C.

PROOF. Once we prove that A is closed, the remaining conclusions will immediately follow. Let
x € M be a limit point of A. We must prove that € A. To do this, it is enough to prove that z is
a limit point of A.

Consider € > 0. We must find y € A with y # 2 and 0(y,x) < €. Since x is a limit point of A,
there exists z € A with 2z # z and 9(z,2) < €/2. If z € A, then we can take y = 2. Otherwise, z
must be a limit point of A. By Corollary 2.6.5, there exist infinitely many y € A with y # z and
0(y, z) < €/2. Since there are infinitely many, we can find such a y € A with y # = as well. By the
triangle inequality, 0(y,z) < 0(y,2) +0(z,x) < €/2+¢/2 =€ O

Closed subsets of metric spaces are closed under arbitrary intersections and finite unions (see
Remark 2.4.9 for our conventions about the empty union and the empty intersection):

LEMMA 2.7.7. Let M be a metric space. Then:

e The empty set ) and the whole set M are closed.
o If {C;}icr is an arbitrary collection of closed subsets of M, then N;erC; is closed.
o If {C4,...,Cy} is a finite collection of closed subsets of M, then UY_,C; is closed.

PROOF. See Exercise 2.11. O

2.8. Relating open and closed sets
We close this chapter by relating open and closed sets:

LeEMMA 2.8.1. Let (M,0) be a metric space and let A C M be a set. Then A is open if and only
if M\ A is closed.

PrOOF. We must prove the following two claims:
CLAIM. Assume that A is open. Then M \ A is closed.

Let € M be a limit point of M \ A. We must prove that z € M \ A. Assume otherwise. We
then have = € A, so since A is open there exists some r > 0 such that B,(z) C A. Since B,(z)
contains no points of M \ A4, it follows that « is not a limit point of M \ A, contradicting the fact
that it is such a limit point.

CLAIM. Assume that M \ A is closed. Then A is open.

Consider a € A. We must find some r > 0 such that B,.(a) C A. Since M \ A is closed and
a € A, it must be the case that a is not a limit point of M \ A. There therefore exists some r > 0
such that B, (a) contains no points of M \ A, i.e., such that B,(a) C A. O
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2.9. Exercises

EXERCISE 2.1. Let M be any set. Endow M with the discrete metric 0, so

1 ifx ,

o(z,y) = . 7Y for z,y € M.
0 ifex=y

Prove that (M,0) is a metric space, and identify its open sets and its closed sets. (|

EXERCISE 2.2. Prove that the following are metrics, verifying in particular the triangle inequality:
(a) On R, the ¢!-metric

d
al(xay) = Z |x’ﬂ _ynl for x = (xl,...,.'I}d) and y = (yla"'ayd)-
n=1
(b) On R4, the ¢*-metric:
0o (%,y) = max{|z1 —v1l,..., |xa —ya|} forx=(x1,...,24) and y = (y1,...,Yd)-

(¢) On the set C(I,R) of continuous functions f: I — R, the sup metric
D(f,9) =sup{|f(t) —g(t)| |t € I} for all continuous f,g: I — R.

(d) For a connected graph X, the metric 9 on the set V(X) of vertices where for v,w € V(X)
the value 9(v,w) is the minimal length of an edge path connecting v to w. ([

EXERCISE 2.3. Let (M,01),...,(Mg,04) be metric spaces. Set X = Mj X --- x My. Do the
following:

(a) Recall that the product metric dp0q4 on X is as follows:

d
0prod(xvy) = Zbk(xkvyk) for x = (xh ) vird) and y = (yla v 7yd) in X.
k=1

Prove that 9,04 is a metric on X.

(b) Let (x[n])n>1 be a sequence of points in X. For each n > 1, write x[n] = (z[n]1, ..., z[n]q).
Prove that (x[n]),>1 converges to a point y = (y1,...,yq) if and only if for all 1 <k <d
we have lim,, o z[n]r = yk. O

EXERCISE 2.4. Let S be a set, let Seq(S) be the set of sequences s = (S, )m>1 of elements of
S, and let 0 be the first-difference metric on Seq(S). Recall that 0 is defined as follows. Consider
s,t € Seq(S). Write s = (S;)m>1 and t = (¢,)m>1. If s = t, then set 9(s,t) = 0. Otherwise, let
E=min{m > 1| s # tm} and set 0(s,t) = 1/k. Do the following:
(a) For s, t,u € Seq(S) prove that 9(s,t) < max{d(s,u),d(u,t)}. This kind of inequality is
sometimes called an ultrametric inequality.
(b) Prove that d is a metric.
(¢) Using the ultrametric inequality, prove that for all s € Seq(S) and r > 0, the open ball
B,.(s) is closed.
(d) Using the ultrametric inequality, prove that if B and B’ are two open balls in Seq(S) with
BN B’ #, then either B C B’ or B’ C B.
(e) Consider a point s = (8, )m>1 of Seq(S) and some r > 0. Let n > 0 be the largest integer
that is less than or equal to 1/r. Prove that a point t = (¢,,,)m>1 of Seq(S) lies in B, (s) if
and only if ¢, = s, for all 1 <m < n.
(f) Let (s[n])n>1 be a sequence of points in Seq(S). For n > 1, write s[n| = (s[n]m)m>1. Prove
that (s[n]),>1 converges to a point t = (t,,)m>1 in Seq(S) if and only if for all k > 1, there
exists some N > 1 such that for all n > N we have s[n|; =t; for all 1 <i < k. O

EXERCISE 2.5. Let (M, ) be a metric space. Give M x M the product metric. Prove that the
distance function 9: M x M — R is continuous. We remark that this generalizes Example 2.3.3. O

EXERCISE 2.6. Let M be a metric space, let xg € M, and let » > 0. Prove that B,.(x¢) is
open. O
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EXERCISE 2.7. Let (M,07) and (N,9y) be metric spaces and let f: M — N be a function.
Assume that M is a finite set. Prove that f is continuous. O

EXERCISE 2.8. Let (M,0) be a metric space and let A C M be an arbitrary nonempty subset.
Define a function f: M — R via the formula

f(z) =inf{d(x,a) |a € A} forxz e M.
Prove that f is continuous. (]
EXERCISE 2.9. Let (M,0) be a metric space. For g € M and r > 0, define
B (o) = {z € M | d(x,x0) <7} .
Do the following:
(a) Prove that B (z0) is closed.

(b) Give an example with 7 > 0 to show that BS(x¢) can be different from the closure B, (o)
of the open ball B,.(x). O

EXERCISE 2.10. Let (M, ) be a metric space and let f: M — R and g: M — R be continuous
functions. Prove the following:
(a) Define a function ¢: M — R? via the formula

o(x) = (f(x),g(x)) forallxze M.

Endow R? with the Euclidean metric. Prove that ¢ is continuous.
(b) Use part (a) to prove that the sum and product of f and g are continuous. Hint: we already
know from real analysis that the functions s: R?> — R and m: R? — R defined by
s(z,y)=xz+y and m(z,y)=zy foralz,yeR

are continuous. Use the fact that the sum and product of f and g are s o ¢ and m o ¢.
(c) For any X € R, prove that the constant function M — R with value X is continuous. Use
this to prove that Af is continuous. O

EXERCISE 2.11. Let M be a metric space. Prove the following (see Remark 2.4.9 for our
conventions about the empty union and the empty intersection):

(a) The empty set () and the whole set M are both open and closed.

(b) If {U;}icr is an arbitrary collection of open subsets of M, then U;c;U; is open.
(¢) If {C;}ier is an arbitrary collection of closed subsets of M, then N;c;C; is closed.
(d) If {U1,...,U,} is a finite collection of open subsets of M, then N_,U; is open.
(e) If {C1,...,Cy} is a finite collection of closed subsets of M, then U, C; is closed.

Hint: you can use Lemma 2.8.1 to reduce the assertions about closed sets to the assertions about
open sets. |

EXERCISE 2.12. Let (M, ) be a metric space and let f: M — R be a continuous function.
(a) For real numbers a < b, prove that the following sets are open:
U={zxeM|a< f(x) <b},
U'={a e M| f(x) < b},
U'={zeM]|a< f(x)}.
(b) For real numbers a < b, prove that the following sets are closed:
C={aeM|as< f(a) <0},
C'={weM| f()<b)
C"={zxeM|a< f(z)}
(c) For ¢ € R, prove that f~!(c) is closed.

Hint: this might seem like a lot of things to prove, but using Exercise 2.11 and Lemma 2.8.1 you can
show that a small number of these assertions imply all the other ones. |

)
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EXERCISE 2.13. Let C(I,R) be the set of all continuous functions f: I — R, equipped with the
sup metric:

D(f,9) =sup{|f(t) —g(t)| |t € I} for all continuous f,g: I — R.

Do the following;:
(a) For s € I, define a function ev,: C(I,R) — R via the formula

evs(f) = f(s) for all continuous f: I — R.

Prove that ev, is continuous.
(b) For t1,...,t, € I and c1,...,¢, € R, define

C((t1,e1)y- s (tnyen)) ={f €CU,R) | f(t;) =¢; forall 1 <i<n}.
Prove that C((t1,¢1),. .., (tn,cn)) is closed. O

EXERCISE 2.14. Let (M,0)) be a metric space and let (X,0x) be a metric subspace of M. Do
the following;:

(a) Prove that a set U C X is open in X if and only if there exists an open set V' C M such
that U =V N X.

(b) Prove that a set C' C X is closed in X if and only if there exists a closed set D C M such
that C = X N D. g

EXERCISE 2.15. Let I = [0, 1] with the Euclidean metric. For each n > 1, construct a closed set
C C I with exactly n limit points. O

EXERCISE 2.16. Recall that an open interval in R is a set of the form (a, b) with —oco < a < b < 0.
Let U C R be an open set. Prove that U can be written as the union of countably? many disjoint
open intervals. Hint: First show that U can be written as the union of a collection of disjoint open
intervals. The key fact to prove is that for z,y € U, if I, and I, are the maximal open intervals in U
containing x and y, then either I, = I, or I, NI, = (). Conclude by using the fact that each open
interval contains a rational number to prove that such a collection must be countable. O

EXERCISE 2.17*. Let C' C R be the classical Cantor set, i.e., the set of all x € T = [0, 1] that can

be written as

n

=3 withz, € {0,2} foralln > 1.
n=1

03‘3

Prove that C is closed. ]

EXERCISE 2.18. Let C(R,R) be the set of all continuous functions f: R — R. Define the following
metric on C(R, R):

D(f,g) =sup {min(|f(t) —g(¥)|,1) | t € R} for all continuous f,g: R — R.
Do the following:

(a) Prove that ® is a metric.
(b) For A € R, let cx: R — R be the constant function ¢y (t) = A. Using the metric ©® on
C(R,R), prove that lim, oo ¢1/n = ¢o-
(¢) For A € R, let f): R — R be the function fy(t) = At. Using the metric © on C(R,R), prove
that lim,, , f1/, does not exist.
(d)* We would like to have lim, , f1/, = co, which requires a more subtle metric. Define the

following:
D'(f,9) = Z 2% sup {min(|f(¢) — g(t)|,1) | t € [-k,k]} for all continuous f,g: R — R.
k=1

Prove that ®’ is a metric on C(R, R).

4Recall that our convention is that finite sets are countable.
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(e)* Using the metric ®' on C(R, R), prove that for a sequence (f,,),>1 of functions f,, € C(R,R)
we have lim,,_, o f, = f for a function f € C(R,R) if and only if for all closed intervals
[a,b] C R the functions f,[[4,5 converge to f|q,) with respect to the sup metric on C([a, b}, R).
In particular, lim,, o f1/n = ¢o- |



CHAPTER 3

Path connectedness

In this short chapter, we study how to move around continuously in a metric space.

3.1. Paths and path connectedness

A path in a metric space M from z € M to y € M is a continuous function v: [0,1] — M with

7(0) = z and (1) = y:
y
Xf_\/'

We say that v starts at  and ends at y. The metric space M is path connected if it is nonempty*
and for all z,y € M there exists a path in M from z to y.

ExAMPLE 3.1.1. The metric space R™ is path connected. Indeed, for x,y € R™ the function
v:[0,1] — R™ defined by
vt)=1—-t)x+ty fortel0,]1]
is a path from x to y. This path traces out a straight line segment from x to y. O

ExaMPLE 3.1.2. A subspace A C R™ is convex if for all x,y € A, the straight line segment from
x to y lies in A, i.e., for all ¢t € [0, 1] we have (1 —t)x+ty € A. Just like in the previous example, all
nonempty convex subspaces of R™ are path connected. O

ExaMPLE 3.1.3. Let d > 1. Recall that the d-sphere is the subspace
St ={xe R | |x| =1}

of R4+, Endow S? with its Euclidean metric. The metric space S? is path connected (see Exercise
3.7). O

3.2. Images of path connected metric spaces

We next prove that images of path connected metric spaces under continuous functions are path
connected, and use this to give more examples of path connected metric spaces.

LEMMA 3.2.1. Let M and N be metric spaces and let f: M — N be a continuous function.
Assume that M is path connected. Then the subspace f(M) of N is path connected.

ProoF. Consider points x,y € f(M). Choose z,w € M with f(z) =« and f(w) = y. Since M
is path connected, there exists a path : [0,1] — M from z to w. The function fo~y: [0,1] — f(M)
is then a path from z to y. |

EXAMPLE 3.2.2. Let X C R? be the circle in the -2z plane with center (2,0, 0) and radius 1. Let
T C R3 be the torus obtained by revolving X around the z-axis:

IThisis a slightly controversial convention, but it avoids a large number of awkward edge cases.

33
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We can define a surjective continuous function f: R? — T via the formula
£(60,6) = (2 + cos(8)) cos(@), (2 + cos(0)) sin(@), sin(8)) for 6, € R.

Since R? is path connected, we can then apply Lemma 3.2.1 to deduce that f(R?) = T is path
connected. 0

3.3. The intermediate value theorem

Our next goal is to give examples of spaces that are not path connected. The key is the following
basic result from real analysis:

THEOREM 3.3.1 (Intermediate value theorem). Let a < b be real numbers and let f: [a,b] — R
be a continuous function. Assume that f(a) < f(b), and let X € R satisfy f(a) < A < f(b). There
then exists some c € [a,b] such that f(c) = A.

PROOF. If f(a) = A or f(b) = A this is trivial, so assume that f(a) < A < f(b). Set
(3.3.1) c=sup{z € [a,b] | f(z) <A} € [a,b].

We claim that f(c) = A. Indeed, assume for the sake of contradiction that f(c) # A. There are two
cases:

e If f(c) < A, then we must have ¢ < b. Since f is continuous at ¢, there exists some § > 0
such that for z € [a,b] with |z — ¢| < § we have |f(z) — f(c)| < |A — f(¢)|. Shrinking § if
necessary, we can assume that ¢+ <b. For all = € [¢,c+ ¢), we then have f(z) < A. In
particular, ¢ + §/2 lies in the set in (3.3.1), contradicting the fact that ¢ is the supremum
of that set.

o If f(c) > A, then we must have ¢ > a. Since f is continuous at ¢, there exists some ¢ > 0
such that for z € [a,b] with |z — ¢| < § we have |f(z) — f(c)| < |A — f(¢)|. Shrinking § if
necessary, we can assume that ¢ — d > a. For all « € (¢ — §,¢|, we then have f(z) > \. By
the definition of ¢ we also have f(z) > A for all « € [a, b] with & > ¢. Thus ¢ — 0 is an upper
bound for the set in (3.3.1), contradicting the fact that ¢ is the supremum of that set. O

Here is an example of how this can be used:

EXAMPLE 3.3.2. Let € R and set M =R\ z, endowed with the Euclidean metric. Then there
does not exist a path in M from z — 1 to « + 1. Indeed, by the intermediate value theorem (Theorem
3.3.1) a path 4: [0,1] = R from z — 1 to 4+ 1 must have v(c) = = for some ¢ € [0,1]. It follows that
M is not path connected. O

REMARK 3.3.3. Another example that can be handled the same way is that Q is not path
connected (see Exercise 3.11). ]

3.4. Paths and isolated points

For a metric space M, recall that a point € M is an isolated point if there exists some r > 0
such that B,.(x) = {z}. We have:

LEMMA 3.4.1. Let (M,?) be a metric space, let x € M be an isolated point, and let v: [0,1] — M
be a path starting at x. Then v is constant.

PROOF. Let r > 0 be such that ?(y,x) > r for all y € M with y # x. Define f: [0,1] = R
via the formula f(t) = o(z,~(t)) for ¢ € [0,1]. Recall that the map M — R defined by y — 0(x,y)
is continuous (see Example 2.3.3). Since f is the composition of this with ~, it follows that f is
continuous (see Lemma 2.3.4). We have f(0) = 0 and f(¢) > 0 for all ¢t € [0, 1], and to prove the
lemma we must prove that f is constant.

Assume that f is not constant, so there exists some 0 < s < 1 such that f(s) > 0. Choosing
some 0 < A < f(s) with A < r, the intermediate value theorem (Theorem 3.3.1) implies that there
exists some t € [0, s] with f(¢t) = A. We then have 0 < ?(z,v(t)) = A < r, a contradiction. O

This has the following consequence:
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COROLLARY 3.4.2. Let M be a metric space with at least two points. Assume that M has an
isolated point. Then M is not path connected.

PROOF. If z € M is an isolated point and y € M satisfies y # =, then Lemma 3.4.1 implies that
there is not a path from z to y. ]

This corollary implies, for example, that if M is a set with at least two elements and 0 is the
discrete metric on M, then (M, ?) is not path connected.

3.5. Operations on paths
The following lemma summarizes some basic properties of paths:

LEMMA 3.5.1. Let M be a metric space. The following hold:

(i) For all x € M, there exists a path from x to x.
(i) Let x,y € M be such that there exists a path from x to y. There then exists a path from y
to x.
(iii) Let x,y,z € M be such that there exists a path from x to y and a path from y to z. There
then exists a path from x to z.

Proor. We prove the three parts separately:
CraM. For all x € M, there exists a path from x to x.
The desired path is the constant path ¢, : [0,1] — M defined by ¢, (t) = « for t € [0, 1].

CLAIM. Let x,y € M be such that there exists a path from x to y. There then exists a path from
Yy to x.

Let «y: [0,1] — M be a path from z to y. Let 7: [0, 1] — M be the path defined by ¥(t) = v(1—1)
for t € [0,1]. This path traverses 7 in reverse order, and is a path from y to x.

CLAIM. Let x,y,z € M be such that there exists a path from x to y and a path from y to z.
There then exists a path from x to z.

Let v1: [0,1] = M be a path from x to y and let 72: [0,1] — M be a path from y to z. Let
v1+y2: [0,1] = M be the path defined by

(y192)(t) = {%(275) for t € [0,1/2],

(2t — 1) for t € [1/2,1].

This path traverses 77 at double speed and then traverses v, at double speed. Since v1(1) = y = 72(0),
it is continuous at ¢t = 1/2:

The path v1-7y2: [0,1] — M is thus a path from z to z. |

REMARK 3.5.2. In Volume 2, we will use operations like those in the proof of Lemma 3.5.1 to
extract a group called the fundamental group from the collection of paths in M. O

3.6. Path components

We will now need the notion of an equivalence relation. A reader who has not seen this should
consult Appendix 3.1. Let M be a metric space. Let ~ be the following relation on the points of M:
for z,y € M, we have x ~ y if there is a path in M from z to y. Lemma 3.5.1 says that this is an
equivalence relation. Its equivalence classes are the path components of M. Two points x,y € M are
thus in the same path component exactly when there is a path in M from x to y.

The following summarizes the main properties of path components:
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THEOREM 3.6.1. Let M be a metric space and let {P;}jcs be the path components of M. The
following hold:
(i) The P; are pairwise disjoint and M = U;c 1 P;.
(ii) Each P; is path connected.
(111) If N C M is a path connected subspace, then there exists a unique j € J such that N C P;.

Proor. Conclusion (i) is true for the equivalence classes of any equivalence relation. We prove
conclusions (ii) and (iii) separately:

CLAIM. For j € J, the subspace P; is path connected.

Consider z,y € P;. Let v: [0,1] — M be a path from z to y. To prove the claim, it is enough
to prove that the image of v lies in P;. In other words, for a fixed s € [0,1] we must prove that
x ~ 7y(s). The required path vs: [0,1] — M from = = v(0) to (s) is given by the following formula:

vs(t) = ~(st) for t € [0,1].

Cram. If N C M is a path connected subspace, then there exists a unique j € J such that
N C Pj.

For =,y € N we have x ~ y. This implies that all points of IV lie in the same equivalence class,
i.e., there exists a unique j € J such that N C P;. O

Another important observation is that continuous functions take path components to path
components:

LEMMA 3.6.2. Let M and N be metric spaces and let f: M — N be a continuous function. For
all path components P of M, there exists a unique path component Q of N such that f(P) C Q.

PRrROOF. Immediate from the fact that f(P) is path connected (Lemma 3.2.1) together with
conclusion (iii) of Theorem 3.6.1. O

Here are some examples:

ExaMPLE 3.6.3. If M is a path connected metric space, then the only path component of M is
M itself. |

EXAMPLE 3.6.4. Let M =R\ 0. The path components of M are (—oo,0) and (0, 00). O

EXAMPLE 3.6.5. Let M = Q. The path components of M are the one-point sets {¢} with ¢ € Q

(see Exercise 3.11). O
3.7. Exercises

EXERCISE 3.1. A subspace A C R? is star-shaped if there exists some ag € A such that for all
x € A, the straight line segment from ag to x is contained in A. Do the following;:

(a) Give an example of a star-shaped subspace of R? that is not convex.

(b) Prove that all star-shaped subspaces of R? are path connected. O
EXERCISE 3.2. Fix n > 1, and consider real numbers a; < --- < a,. Determine the path
components of R\ {a1,...,an}. O

EXERCISE 3.3. Let M and N be metric spaces. Give M x N the product metric. Do the
following:
(a) Assume that M and N are path connected. Prove that M x N is path connected.
(b) Prove that the path components of M x N are exactly the subspaces of the form P x Q
with P a path component of M and @ a path component of N. O

EXERCISE 3.4. Let M be a metric space. Let {A;};ecs be a nonempty collection of path connected
subspaces of M. Assume that Njec;A; # 0. Prove that UjejA; is path connected. |
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EXERCISE 3.5. Let I = [0,1]. As in Example 2.1.10, let C(I,R) be the set of all continuous
functions f: I — R and let ® be the sup metric on C(I,R):

D(f,9) =sup{|f(t) —g(t)| |t € I} for all continuous f,g: I — R.
Prove that C(I,R) is path connected. O

EXERCISE 3.6. Fix some d > 2. Do the following:

(a) Let S C R? be a finite set. Prove that R?\ S is path connected.
(b) Prove that R?\ Q% is path connected. O

EXERCISE 3.7. Let d > 1. Recall that the d-sphere is the subspace
St = {xe R | x| = 1}

of R4, Endow S? with its Euclidean metric. Prove that S¢ is path connected. Hint: We know that
R\ 0 is path connected (see Exercise 3.6). Construct a continuous surjection f: R4*1\ 0 — S¢
and use it to prove that S¢ is path connected. O

EXERCISE 3.8. An interval in R is a set of one of the following forms:

(a,b) for some —oo < a < b < oo; or
[a,b) for some —oo < a < b < 005 or
(a, b] for some —oo < a < b < oo; or
[a, ] for some —o0 < a < b < 0.

Prove that the only path connected subspaces of R are the intervals. O
EXERCISE 3.9. For d > 1, let
PConfy(R?) = {(z,y) e R x R? | z £ y} .

Give R? x R? the product metric, and endow PConfy(R?) with the subspace metric. The metric
space PConfy(R?) is called the pure? configuration space of 2 points in R?. We will encounter this
space and its generalizations many times in later volumes. Do the following:

(a) Prove that PConfy(R) has exactly two path components.
(b) Prove that PConfq(R?) is path connected for d > 2. O

EXERCISE 3.10. Fix some d > 1. Let V C R? be a k-dimensional linear subspace for some
0 <k <d-1. Do the following:

(a) If d — k = 1, then prove that R\ V has exactly two path components. Hint: Start by
choosing a linear map ¢: R? — R with ker(¢) = V.
(b)* If d — k > 2, then prove that R?\ V is path connected. O

EXERCISE 3.11. Do the following:

(a) Prove that any path in Q must be constant. Deduce that Q is not path connected and that
the path components of Q are the one-point sets {¢q} for ¢ € Q.

(b) Prove that Q? is not path connected for any d > 1. Hint: reduce this to (a) by projecting
Q9 surjectively to Q. O

EXERCISE 3.12. Asin Example 2.1.8, let S be a set, let Seq(.S) be the set of sequences s = (S, )m>1
of elements of S, and let ® be the first-difference metric on Seq(S). Assume that S has at least two
elements. Prove that Seq(S) is not path connected. Hint: Give S the discrete metric, so S is not
path connected. Construct a continuous surjection f: Seq(S) — S. O

EXERCISE 3.13. Generalize Exercise 3.12 as follows. Let S be a set, let Seq(S) be the set of
sequences s = (Spy)m>1 of elements of S, and let ? be the first-difference metric on Seq(S). Let
v: [0,1] — Seq(S) be a path. Prove that + is constant. O

20r ordered.
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EXERCISE 3.14%*. Let X = {(0,y) | -1 <y <1} U {(x,sin(1/z)) | * > 0} C R

The space X is often called the topologist’s sine curve. Prove that X is not path connected and that
its path components are

Xi ={(0,y) [ -1 <y <1},
X2 = {(z,sin(1/x)) | = > 0}. O



APPENDIX 3.1

Relations and equivalence relations

This appendix introduces relations and equivalence relations, which are needed for our discussion
of path components. They will also show up later in this book. For instance, we will use them to
construct completions of metric spaces.

3.I.1. Relations
We start with the following very general definition:

DEFINITION 3.1.1.1. Let S be a set. A relation on S is a subset R C S x S. For s,t € S, we say

that s is related to ¢ by R if (s,t) € R, and we indicate this by writing sRt. O
ExXAMPLE 3.1.1.2. On Z, let R = {(n,m) €Z%|n< m}. For n,m € Z, we then have nRm
precisely when n < m. O
ExAMPLE 3.1.1.3. Fix an integer d > 2. On Z, let R = {(n,m) € Z* | n — m is divisible by d}.
For n,m € Z, we then have nRm precisely when n = m (mod d). O

3.1.2. Equivalence relations
We now focus on the following special kind of relation:

DEFINITION 3.1.2.1. A relation R on a set S is an equivalence relation if it satisfies the following
three axioms:

e Reflexive. For all s € S, we have sRs.
e Symmetry. For all s,t € S with sRt, we have tRs.
e Transitivity. For all s,t,u € S with sRt and tRu, we have sRu. ([l

ExAMPLE 3.1.2.2. The relation R on Z where nRm precisely when n < m is not an equivalence
relation since it is not symmetric. O

ExampLE 3.1.2.3. For an integer d > 2, the relation R on Z where nRm precisely when n = m
(mod d) is an equivalence relation. O

REMARK 3.1.2.4. We will meet other kinds of relations later in this book; for instance, the
relation R on Z where nRm precisely when n < m will be an example of a total ordering. O

NotraTioN 3.1.2.5. Rather than R, it is traditional to write equivalence relations using the symbol
~, so for an equivalence relation on a set S we write s ~ ¢ to indicate that s is related to ¢. (|

3.1.3. Equivalence classes
Associated to an equivalence relation are the following subsets of a set:

DEeFINITION 3.1.3.1. If S is a set equipped with an equivalence relation ~, then for s € S the
equivalence class of s is the following subset of S

[s]={teS|s~t}.
Sets of the form [s] for some s € S are called the equivalence classes of S. g
The following summarizes the key properties of equivalence classes:

LEMMA 3.1.3.2. Let S be a set equipped with an equivalence relation ~. The following then hold:
(i) For all s € S, we have s € [s].
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(ii) For all s,t € S, we either have [s] = [t] or [s] N [t] = 0.
(i11) The set S is the disjoint union of its equivalence classes.

PRrOOF. Item (iii) follows from (i) and (ii). For (i), since ~ is reflexive we have s ~ s, so s € [s].
For (ii), assume that [s] N [¢] # . We must prove that [s] = [¢]. Since s and ¢ play symmetric roles
here, it is enough to prove that [s] C [¢] since this will also imply that [t] C [s] and hence that [s] = [¢].

For this, consider u € [s], so s ~ u. We must prove that u € [t]. By assumption there exists some
v E[s]N[t],so s ~v and t ~ v. Since s ~ u and ~ is symmetric, we have u ~ s. Since u ~ s and
s ~ v, we can apply transitivity to see that u ~ v. Since ~ is symmetric, this implies that v ~ u.
Since t ~ v and v ~ u, transitivity implies that ¢ ~ w. This implies that u € [t], as desired. O

If S is a set equipped with an equivalence relation ~, then the set of equivalence classes of S is
called the quotient of S by ~ and is denoted by S/ ~. The map p: S — S/ ~ defined by p(s) = [s] is
called the projection to the quotient. To explain this terminology, consider the following example:

ExaMpLE 3.1.3.3. Let V be a vector space over a field and let W < V be a subspace. Define an
equivalence relation ~ on V' as follows: for v,v’ € V, write v ~ v’ if v — v' € W. The equivalence
classes of this equivalence relation are then the cosets of W in V:

[v)]=v+W forveV.
It follows that V/ ~ can be canonically identified with the quotient vector space V/W. O

Another important example is as follows:

EXAMPLE 3.1.3.4. Let S and T be sets and let f: .S — T be a surjection. Define an equivalence
relation ~ on S as follows: for s,s" € S, write s ~ §" if f(s) = f(s’). The equivalence classes of this
equivalence relation are the fibers of f:

e For s € S with t = f(s), we have [s] = f~1(¢).
Let p: S — S/ ~ be the projection. The map f: S — T factors as f = ¢ o p, where ¢: S/ ~— T is

the following bijection: for an equivalence class C € S/ ~, we define ¢(C) € T to be the common
value of f(s) as s ranges over elements of C. The map ¢ identifies S/ ~ with T. O

3.1.4. Exercises

EXERCISE 3.1.1. Let S ={1,2,3}. Do the following:

(a) Construct a relation on S that is symmetric and reflexive, but not transitive.
(b) Construct a relation on S that is symmetric and transitive, but not reflexive.
(c) Construct a relation on S that is reflexive and transitive, but not symmetric. ]

EXERCISE 3.1.2. For each of the following relations, determine whether or not it is an equivalence
relation. If it is an equivalence relation, describe its equivalence classes. If it is not an equivalence
relation, identify the axiom(s) of an equivalence relation that do not hold.

(a) On Z, let m ~ n if m + n is even.

(b) On R\ O, let x ~ y if zy > 0.

(c) OnR,let z ~yif z —y € Z.

(d) OnR,let z ~yif [z —y| < 1. O

EXERCISE 3.1.3. Let X be a graph with vertices V(X) and edges £(X) (see Example 2.1.7).
Define a relation ~ on V(X) by letting v ~ w if there exists an edge path from v to w. Do the
following:

(a) Prove that ~ is an equivalence relation and describe its equivalence classes.
(b) Prove that X is connected if and only if V(X)/ ~ is a one-element set. O

EXERCISE 3.1.4. Let S be a set. A partition of S is a collection P of nonempty subsets of S
such that for all s € S, there exists a unique P € P with s € P. Let P be a partition of S. Define a
relation ~p on S by letting s ~ t if there exists some P € P with s,t € P. Do the following:

(a) Prove that ~p is an equivalence relation on S.
(b) Describe the equivalence classes of S with respect to ~p.
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(c¢) Let ~ be an equivalence relation on S. It follows from Lemma 3.1.3.2 that the set of
equivalence classes of S forms a partition P of S. Prove that ~p=~.

(d) Conclude that there is a bijection between equivalence relations on S and partitions of
S. O

EXERCISE 3.1.5. Let S be a set equipped with an equivalence relation ~ and let p: S — S/ ~
be the projection. Let T be another set and let f: .S — T be a function such that for s,t € S with
s ~t we have f(s) = f(t). Do the following:

(a) Prove that there exists a unique map f: S/ ~— T such that f = f o p.
(b) Prove that f is surjective if and only if f is surjective.
(c) Prove that f is injective if and only if for all s,¢ € S with f(s) = f(t) we have s ~t. [

EXERCISE 3.1.6. Let S be a set and let R be a relation on S. Define a new relation ~ on S as
follows:

e For 5,5 € S, we have s ~ s’ if for some n > 0 there exists a sequence s = sg, $1,...,5, = §'
of elements of S such that for all 1 < i < n, we either have s;_1Rs; or s;Rs;_1.

Prove that ~ is an equivalence relation. It is called the equivalence relation generated by the relation
R. |

EXERCISE 3.1.7*. For integers 1 < k < n, let a, , be the number of equivalence relations on
{1,...,n} having exactly k equivalence classes. Do the following:
(a) For n > 1, prove that a, 1 = ap,n = 1.
(b) For 2 <k <n—1, prove that a, ; = an—1,,-1 + kan_1.
(¢) Using this recurrence, calculate the number of equivalence relations on {1,...,n} for
1<n<4. O






CHAPTER 4

Morphisms between metric spaces

We now study several families of functions between metric spaces.

4.1. Philosophical remarks

To understand a class of mathematical objects, it is important to understand not just the internal
structure of a single object, but also the structure of maps between different objects that preserve
that internal structure. These maps are often called morphisms.

EXAMPLE 4.1.1. In linear algebra, the objects are vector spaces over some fixed field like C. The
morphisms between two vector spaces V' and W are the linear maps f: V — W. In many ways,
these linear maps are more important than individual vector spaces. |

The most important morphisms are the isomorphisms, which are invertible and allow us to
identify two different objects. If there exists an isomorphism from one object to another, then we say
that those objects are isomorphic.

ExampPLE 4.1.2. If V and W are vector spaces, then an isomorphism from V' to W is a linear map
f:V — W that is invertible in the sense that there exists a linear map g: W — V with go f = 1y
and fog=1y. Here 1y: V — V and 1y : W — W are the identity maps. One of the key theorems
of linear algebra is that an isomorphism f: V — W exists if and only if V" and W have the same
dimension.! In particular, if we are working over the field C then for an integer d > 0 a vector space
is isomorphic to C? if and only if it has dimension d. O

As we will see in this chapter, one thing that makes metric spaces a little subtle is that the
metric encodes several different kinds of structure on a space, so there are several different classes of
morphisms between metric spaces. Consequently, there are several different notions of isomorphism
between metric spaces. We will discuss three different kinds of isomorphisms between metric spaces:
isometries, homeomorphisms, and bi-Lipschitz equivalences.

REMARK 4.1.3. We could have introduced the language of category theory in this chapter and
defined several different categories of metric spaces. We chose not to do this since at this point it
would not really add anything to the discussion. O

4.2. Isometric embeddings and isometries

An isometric embedding is a function between metric spaces that preserves the metric:

DEFINITION 4.2.1. Let (M,05) and (N,0x) be metric spaces. An isometric embedding is a
function f: M — N such that ox(f(x), f(y)) = 0m(x,y) for all z,y € M. O

ExXAMPLE 4.2.2. Let (M,0,s) be a metric space and let A C M be a metric subspace, so the
metric 04 on A is 4(x,y) = 0pr(x,y) for all z,y € A. The inclusion ¢: A — M is then an isometric
embedding. O

Isometric embeddings are continuous and injective (see Exercise 4.3). We now introduce a notion
of isomorphism based on isometric embeddings. For a metric space M, let 1,: M — M be the
identity function.

IThis is true even if this dimension is infinite, in which case it should be regarded as a cardinal number.
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DEFINITION 4.2.3. Let M and N be metric spaces. An isometry from M to N is an isometric
embedding f: M — N that is a bijection. Equivalently, an isometry is an isometric embedding
f: M — N that has a two-sided inverse g: N — M, so go f =1 and fog = 1y. The function g
is called the inverse of f, and is necessarily also an isometry. If there exists an isometry from M to
N, then we say that M and N are isometric. O

On any set M of metric spaces,? being isometric is an equivalence relation (see Exercise 4.5). To
give examples of isometries, one natural place to look is at the isometries of a metric space to itself:

EXAMPLE 4.2.4. Give R its Euclidean metric. The following are both isometries from R to R:
e For a € R, the translation function 7,: R — R defined by 7,(z) = z + a for all x € R.
e For a € R, the reflection function r,: R — R defined by r,(z) = a — (z — a) = 2a — « for
z € R.

Every isometry from R to R is of one of these two forms (see Exercise 4.1). O

ExXAMPLE 4.2.5. Let S be a set and let Seq(S) be the set of all sequences x = (2, )m>1 of elements
of S. Give Seq(S) the first-difference metric (see Example 2.1.8). Consider a sequence o = (0. )m>1
with 0,,,: S — S a bijection for all m > 1. We can then define an isometry ¢,: Seq(S) — Seq(.S)
via the formula

Vo ((Zm)m>1) = (Om(zm))m>1  for all (zm,)m>1 in Seq(S).
If |S| > 2, then this gives uncountably many different isometries Seq(S) — Seq(.S). However, there
are many other isometries from Seq(S) to itself that are not of this form (see Exercise 4.1). O

Isometric metric spaces share all properties that can be defined in terms of the metric. Here is
one important example:

EXAMPLE 4.2.6. Let (M,0) be a metric space and let A C M be a subspace. The diameter of A
is
diam(A) = sup ({d(z,y) | z,y € A} U{0}).
This might be infinity. It is immediate that if M is isometric to N, then diam(M) = diam(N). O

4.3. Continuous functions and homeomorphisms

We have already introduced the class of continuous functions between metric spaces. They are
far easier to construct than isometric embeddings, and lead to the following notion of isomorphism:

DEFINITION 4.3.1. Let M and N be metric spaces. A homeomorphism from M to N is a
continuous function f: M — N such that there exists a continuous function g: N — M with
go f=1y and fog=1y. The function g is called the inverse of f, and is also a homeomorphism.
If there exists a homeomorphism from M to N, then M and N are said to be homeomorphic. We
will write M = N to indicate that M is homeomorphic to V. O

On any set M of metric spaces, being homeomorphic is an equivalence relation (see Exercise 4.5).
This is the most important notion introduced in this chapter. One of the main tasks of topology is
to classify all metric spaces up to homeomorphism. Here are some examples:

ExAMPLE 4.3.2. Fix some d > 1. For r > 0, let B, = B,.(0) be the open ball of radius r in
R? around the origin 0 € R%. Endow B, with the Euclidean metric. For r, s > 0, we can define a
homeomorphism f,;: B, — By via the formula

frs(x) = fx for all x € B,..
T

The inverse of f.s: B, — By is the function fs.: Bs — B,.. The metric spaces B, and B, are thus
homeomorphic, so B, 2 B,. Since diam(B,) = 2r and diam(B,) = 2s, they are not isometric if
r#£Ss. |

2There is no set of all metric spaces for the same reason that there is no set of all sets: it would lead to a version
of Russell’s paradox.
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EXAMPLE 4.3.3. Fix some d > 1 and let B = B;(0) be the open unit ball in R?. Endow B with
the Euclidean metric. We can define a homeomorphism f: B — R? via the formula

x
f(x)=——— forall x € B.
1—lx|

Indeed, the inverse of f: B — R is the function g: R? — B given by the formula

Yy

=—2_ _ forally e R%
L+yll

g(y)

This lands in B since ||y||/(1 + ||y]|) < 1. To see that these are inverses to each other, observe that
for x € B and y € R? we have

y _ o 1 x (1= Bl R

9(f(x)) 1+ ||f(x)||f( ) 1+ 1ﬂ>‘c||)\<“ 1—|Ix|| ( 1 ) 1 — ||| 7
N v _(1+lvly v _

Floy)) =1= ”g(y)”g(y) 1- 2L Tyl ( 1 ) L+ [yl

We therefore have B = R?%. This is even more striking than the previous example since diam(B) = 2
but diam(R%) = oc. O

EXAMPLE 4.3.4. For d > 2, the metric spaces R? and R' are not homeomorphic. To prove this,
we must identify a property of metric spaces that is preserved by homeomorphisms and holds for R¢
but not for R!. One property of metric spaces that is preserved by homeomorphisms is being path
connected (see Exercise 4.10). Unfortunately, both R? and R! are path connected.

However, we can still use the notion of path connectedness to prove the result. Assume for
the sake of contradiction that there exists a homeomorphism f: R* — R!. Pick € R%, and let
y = f(x) € R!. The homeomorphism f restricts to a homeomorphism f’: R\ z — R\ y. Since
d > 2, the metric space R? \ x is path connected (see Exercise 3.6). Since R? \ x is homeomorphic
to R\ y, it follows that R! \ y is path connected (see Exercise 4.10). However, R! \ y is not path
connected (see Example 3.3.2), a contradiction. O

REMARK 4.3.5. In fact, for d, e > 1 with d # e the metric spaces R? and R¢ are not homeomorphic.
For d, e > 2 this cannot be proved in an elementary way. We will prove it using dimension theory in
Essay D. O

EXAMPLE 4.3.6. We warn the reader that metric spaces that look different can sometimes
be homeomorphic. For example, it turns out that for all d,e > 1 the metric spaces Q¢ and Q¢
are homeomorphic. This is not easy to prove — both are countable, but most easily written down
bijections between them are not continuous. We will prove a generalization of the fact that Q¢ = Q°
due to Sierpiniski in Appendix 4.T*. a

The next example shows that not all continuous bijections are homeomorphisms:

EXAMPLE 4.3.7. Identify R? with C, and regard S' as a subspace of C. Define a function
f:[0,1) — S! via the formula f(t) = e*™ for ¢t € [0,1). The function f wraps [0, 1) once around S!

in the counterclockwise direction:
—>—) —fb
[0,1)

The function f is a continuous bijection. However, its inverse g: St — [0,1) is not continuous (see
Exercise 4.8), so f is not a homeomorphism. |

REMARK 4.3.8. In fact, [0,1) is not homeomorphic to S! (see Exercise 4.8). O

The following is an interesting and non-obvious example of a homeomorphism.
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EXAMPLE 4.3.9. As in Example 2.1.8, let Seq({0,1}) be the set of sequences s = (8 )m>1 of

elements of {0, 1} and let d be the first-difference metric on Seq({0,1}). Finally, let C be the classical
Cantor set, i.e., the set of all z € I = [0, 1] that can be written as

e}
x = Z F with z,, € {0,2} for all m > 1.

w8

Define a function f: Seq({0,1}) — C as follows:

=

o0

25m
F((sm)mz1) = > T for (sm)m>1 € Seq({0,1}).
m=1
Then f is a homeomorphism (see Exercise 4.18). O

4.4. Equivalent metrics

Let M be a set. Two metrics 0 and 0’ on M are equivalent if the identity function 1: M — M is
a homeomorphism from (M, ) to (M,?’). This can be reformulated in terms of balls as follows. For
2o € M and r > 0 and a metric 0 on M, let B,.(x0,?) be the open ball around z( of radius r with
respect to the metric 9. Then:

LEMMA 4.4.1. Let M be a set and let 0 and o' be metrics on M. Then 0 is equivalent to o' if
and only if the following two things hold for all xo € M:
(i) for all r > 0, there exists some r' > 0 such that B, (x9,9") C B.(x¢,0); and
(i) for all v’ > 0, there exists some r > 0 such that By(x¢,0) C B (x0,0).

PROOF. Translating from the e-¢ definition of continuity to the language of open balls, we see
that condition (i) is equivalent to 1: M — M being a continuous function from (M,?’) to (M,?) at
xo and condition (ii) is equivalent to 1: M — M being a continuous function from (M,?) to (M,0")
at zo. The lemma follows. O

EXAMPLE 4.4.2. Let (M,?) be a metric space and let A > 0. Let A9 be the metric on M obtained
by multiplying 9 by A. Then 0 is equivalent to A0. Indeed, for all zyp € M and r > 0 we have

Bxr(20,A0) C By(10,0) and B, x(20,0) C B, (20, A0).
In fact, both inclusions are actually equalities. The claim therefore follows from Lemma 4.4.1. O

EXAMPLE 4.4.3. For d > 1, consider the following metrics on R%:
e The Euclidean metric

d
Z\xnfynP for x = (z1,...,2q) and y = (y1,.- -, Yd)-

n=1

Ax,y) =

e The ¢ -metric

d
1Y) = |#n —yn| forx=(21,...,24) and y = (41, .-, ya)-
n=1
e The ¢°°-metric
Doo(xvy) = max{|x1 - yl‘w ce |xd - yd'} for x = (xla v 7xd) and y= (ylw .. 7yd)'

For d = 2, pictures of the corresponding open unit balls around 0 € R? are as follows:

For all x,y € R%, we claim that

DOO(Xa y) < D(X, Y) < Dl(xay) < dDOO(Xv Y)
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Indeed, the only nontrivial inequality here is 9(x,y) < 91(x,y), which follows from the following
calculation:

d d 2
a(XaY)Q = Z ‘-rn - yn|2 < <Z |xn - yn|> = al(X, Y)2~
n=1 n=1

The above chain of inequalities implies that for xg € R? and r > 0, we have the following containment
relations among open balls in these metrics:®
B,.ja(%0,0) C By (x0,01) C By (x0,0) C By(X0,0c0)-

Applying Lemma 4.4.1, we see that 0 and 0; and 0., are all equivalent metrics. See also Exercise
4.16*, which gives a vast generalization of this. |

The following example shows that every metric is equivalent to a metric of diameter at most 1:

EXAMPLE 4.4.4. Let (M,0) be a metric space. Define ?': M x M — R via the formula

' (z,y) = min{d(z,y),1} for z,y € M.

This is a metric on M that is equivalent to 9, and (M,0’) is a metric space of diameter at most 1

(see Exercise 4.9). O

We now explain two senses in which equivalent metrics are the “same”. The first is that they
have the same open sets:

LEMMA 4.4.5. Let M be a set and let 0 and o' be metrics on M. Then 0 is equivalent to o' if
and only if the open sets of (M,d) are the same as the open sets of (M,?d).

PRrROOF. We must prove the following two claims:

CLAIM. Assume that 0 is equivalent to d'. Then the open sets of (M,0) are the same as the open
sets of (M,0").

Since our hypotheses are symmetric in 9 and ?’, it is enough to prove that every set that is
open in (M,?) is also open in (M,?'). Let U be an open set in (M,0). Consider zy € U. We
must find some ' > 0 such that B,/ (x¢,0") C U. Since U is open in (M,?), there exists some
r > 0 such that B,.(z(,0) C U. Applying condition (i) of Lemma 4.4.1, we get 7/ > 0 such that
B,/ (29,0") C B(x9,0) C U, as desired.

CLAIM. Assume that the open sets of (M,0) are the same as the open sets of (M,0'). Then 0 is
equivalent to .

We must verify conditions (i) and (ii) of Lemma 4.4.1. Since our hypotheses are symmetric in d
and ¥, it is enough to verify (i). Consider some zg € M and r > 0. Since B,.(z,0) is open in (M,?),
it is also open in (M,?’). It follows that there is some ' > 0 such that B, (z¢,0") C B,(20,9), as
desired. ]

The second is that they have the same limits. More precisely:
LEMMA 4.4.6. Let M be a set and let 0 and o' be metrics on M. Then 0 is equivalent to o' if
and only if the following holds:
o For every sequence (Ty)n>1 in M and every x € M, we have lim,_,o x, = x in (M,0) if
and only if lim,, o x, = x in (M,0’).
PROOF. To keep our notation straight, let X = (M,?) and Y = (M,0d’) and let f: X — Y and
g: Y — X both be given by the identity function on the underlying set M. The two metrics are

equivalent if and only if both f and g are continuous. By Lemma 2.5.5, these two maps will be
continuous if and only if the following two conditions hold:

o For all convergent sequences (x,,),>1 of points of X, we have lim,, o0 f(z,,) = f(lim,— oo @p).
o For all convergent sequences (yy,),>1 of points of Y, we have lim,,_, o g(y5) = g(lim,,— 0o Yn)-

Translating these back to statements about M and ? and ?’, they are exactly the indicated limit
condition. ]

3Note that the chain of inclusions among balls reverses the order of the chain of inequalities.
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4.5. Topological properties
A property P of metric spaces is said to be a topological property if it is preserved by homeomor-
phisms. More precisely, it should satisfy the following:
e Let X and Y be homeomorphic metric spaces. Then X has property P if and only if Y has
property P.

ExAMPLE 4.5.1. For a fixed integer ¢ > 0, one easy topological property of a metric space M is
“the underlying set M has cardinality ¢”.* Indeed, a homeomorphism f: M — N is in particular a
bijection of sets, so if M and N are homeomorphic then necessarily the sets M and N have the same
cardinality. O

EXAMPLE 4.5.2. Being path connected is a topological property (see Exercise 4.10). O

EXAMPLE 4.5.3. A metric space (M,0) is discrete if for all x € M, there exists some r > 0 such
that B,(z) = {«}. In other words, there does not exist any y € M with y # z such that d(x,y) < r.
For instance, for d > 1 the subspace Z% of R? is discrete. Being discrete is a topological property
(see Exercise 4.11). O

REMARK 4.5.4. If M and N are discrete metric spaces, then M and N are homeomorphic if and
only if M and N have the same cardinality (see Exercise 4.11). O

EXAMPLE 4.5.5. A metric space is bounded if its diameter is finite. Since the unbounded metric
space R is homeomorphic to the bounded metric space (0, 1), being bounded is not a topological
property. In fact, as we noted in Example 4.4.4 every metric space is homeomorphic to a bounded
metric space. O

4.6. Lipschitz functions and bi-Lipschitz equivalences

We now introduce a class of morphisms between metric spaces intermediate between isometric
embeddings and continuous functions. The definition is as follows:

DEFINITION 4.6.1. Let (M,057) and (N,0y) be metric spaces. A function f: M — N is Lipschitz
if there exists some L > 0 such that x5 (f(x), f(y)) < Loy (x,y) for all ,y € M. The constant L is
called a Lipschitz constant for f. O

These are always continuous:

LEMMA 4.6.2. Let (M,0p) and (N,dy) be metric spaces and let f: M — N be a Lipschitz
function. Then [ is continuous.

PROOF. Let L > 0 be a Lipschitz constant for f. Increasing L if necessary, we can assume
that L # 0. Consider some xg € M and € > 0. We must find some § > 0 such that for all x € M
with 9 (z,20) < § we have On(f(x), f(xo)) < €. Set § = ¢/L, and consider some x € M with
Oz, zp) < 6. Since f has a Lipschitz constant L, we have

v (f(x), f(zo)) < Loy (z,20) < Lo = L(e/L) = e. |
Lipschitz functions interact well with many geometric quantities. Here is one example of this:

LEMMA 4.6.3. Let (M,0y) and (N,0x) be metric spaces and let f: M — N be a Lipschitz
function with a Lipschitz constant L > 0. Then for all subsets A C M with diam(A) < co we have
diam(f(A)) < Ldiam(A).

PROOF. Consider x,y € A. By definition, we have

on(f(®), f(y) < Lon(x,y) < Ldiam(A).
This implies that diam(f(A4)) < Ldiam(A), as desired. O

4Here ¢ could more generally be a cardinal number.
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REMARK 4.6.4. Let U C R? be an open set and let f: U — R® be a function. We can write
f=(f1,..., fe) for functions f1,..., fe: U = R, and f is Lipschitz if and only if each f; is Lipschitz
(see Exercise 4.15). Moreover, if U is convex® and each f;: U — R is differentiable, then there is a
simple criterion for each f; to be Lipschitz. Indeed:

e For an open convex set U C R?, a differentiable function g: U — R is Lipschitz if and only
if there exists some constant C' > 0 such that
9g
T%(X)
See Exercise 4.15. |

<(C forallxeUand 1 <j<d.

Associated to Lipschitz functions is the following notion of isomorphism between metric spaces:

DEFINITION 4.6.5. Let M and N be metric spaces. A function f: M — N is a bi-Lipschitz
equivalence if f is a bijection and both f: M — N and its inverse g: N — M are Lipschitz. If there
exists a bi-Lipschitz equivalence from M to N, we say that M is bi-Lipschitz equivalent to N. [

These are always homeomorphisms:

LEMMA 4.6.6. Let (M,0y) and (N,0y) be metric spaces. All bi-Lipschitz equivalences f: M — N
are homeomorphisms.

PRrROOF. Immediate from the fact that Lipschitz functions are continuous (Lemma 4.6.2). O

REMARK 4.6.7. We warn the reader that there exist Lipschitz homeomorphisms whose inverses
are not Lipschitz (see Exercise 4.12). O

The following is a useful characterization of bi-Lipschitz equivalences. The constant L > 1 in it
is called a bi-Lipschitz constant of the bi-Lipschitz equivalence f: M — N:

LEMMA 4.6.8. Let (M,0y) and (N,0n) be metric spaces and let f: M — N be a function. Then

f is a bi-Lipschitz equivalence if and only if it is a surjection and there exists some L > 1 such that

1

7 om(@,y) <on(f(2), f(y) < Low(z,y) forallz,y € M.
PROOF. See Exercise 4.13. O
We now give some examples.

ExXAMPLE 4.6.9. Fix some d > 1. For r > 0, let B, = B,(0) be the open ball of radius r
in R? around the origin 0 € RY. Endow B, with the Euclidean metric. For r,s > 0, define a
homeomorphism f,.;: B, — By via the formula

frs(x) = §x for all x € B,.
T

The inverse of f.s: B, — By is the function f,.: Bs — B,. The functions f,; and fs. are both
Lipschitz (see Exercise 4.14), so f,s is a bi-Lipschitz equivalence. |

EXAMPLE 4.6.10. Fix some d > 1 and let B = B;(0) be the open unit ball in R?. Endow B with
the Euclidean metric. We can define a homeomorphism f: B — R? via the formula

x
f(x)=—— forallx e B.
1—lx|

The function f is not Lipschitz (see Exercise 4.14). In fact, B and R? are not bi-Lipschitz equivalent
(see Lemma 4.6.11 below). O

Bi-Lipschitz equivalences preserve many metric properties. One such property that is easy to
state is as follows:

LEMMA 4.6.11. Let (M,0)) and (N,0x) be two metric spaces that are bi-Lipschitz equivalent.
Then M has bounded diameter if and only if N has bounded diameter.

5That is, for all =,y € U the set U contains the straight line segment connecting = and y.
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PROOF. It is enough to prove that if M has bounded diameter then N has bounded diameter.
Assume, therefore, that diam(M) is finite. Let f: M — N be a bi-Lipschitz equivalence with a bi-
Lipschitz constant L > 1. Since f(M) = N, Lemma 4.6.3 implies that diam(N) < Ldiam(M) < oo,
as desired. |

4.7. Bi-Lipschitz equivalent metrics

Let M be a set. We close by describing the Lipschitz analogue of two metrics on a set being
equivalent. Two metrics 0 and 9’ on M are bi-Lipschitz equivalent if the identity function 1: M — M
is a bi-Lipschitz equivalence from (M, ) to (M,?’). This can be reformulated as follows:

LEMMA 4.7.1. Let M be a set and let 0 and o’ be metrics on M. Then 0 is bi-Lipschitz equivalent
to ' if and only if there is some L > 1 such that for all x,y € M we have

1

PROOF. Letting 1: M — M be the identity function, Lemma 4.6.8 says that 1: (M,?) — (M,?’)
is a bi-Lipschitz equivalence if and only if there exists some L > 1 such that the following inequality
holds:

1
Zb(x,y) < (1(z),1(y)) < Lo(z,y) forall z,y € M.

Since 1(z) = x and 1(y) = y, this is exactly the inequality in the statement of the lemma. ([l

EXAMPLE 4.7.2. Let (M,0) be a metric space and let A > 0. Let A0 be the metric on M obtained
by multiplying 0 by A. Then ? is bi-Lipschitz equivalent to A 0. Indeed, swapping the roles of 0 and
A0 if necessary it is enough to prove this for A < 1. Set L = 1/A > 1. For z,y € M, since 1/L = X
and A < L we have

1
7 0(@,y) < (A0)(z,y) < Lo(z,y).
In fact, the first inequality is an equality. The claim therefore follows from Lemma 4.7.1. |

EXAMPLE 4.7.3. For d > 1, consider the following metrics on RY:

e The Euclidean metric 0.
e The ¢/ -metric
d

01(x,y) = Z |Tn —yn| for x = (z1,...,2q) and y = (y1,...,Yd)-
n=1
e The ¢°°-metric
Doo(xvy) = max{|x1 - yl‘w cey |xd - yd'} for x = (xla oo 7xd) and y= (ylw .. 7yd)'

For x,y € R?, the chain of inequalities

Doo(X7 y) < D(X7Y) < 01(X7Y) < daOO(X7Y)

from Example 4.4.3 implies that the hypotheses of Lemma 4.7.1 are satisfied for any pair of these
metrics. For instance, they imply that

éa(x’y) < 0(x,y) S 0(x,Y).

We conclude that all three of these metrics are bi-Lipschitz equivalent. See Exercise 4.16*, which
gives a vast generalization of this. O

One source of non-examples is as follows:

EXAMPLE 4.7.4. Let (M,?) be an unbounded metric space. Define d': M x M — R via the
formula
' (z,y) = min{d(z,y),1} for z,y € M.
This is a metric on M that is equivalent to 0, and (M, ') is a bounded metric space (see Exercise
4.9). Since (M, ) is unbounded but (M, d’) is bounded, the metrics ? and 9’ cannot be bi-Lipschitz
equivalent (see Lemma 4.6.11). O
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4.8. Summary of chapter

In this chapter, we introduced three kinds of functions between metric spaces. Their names and
the implications between them are:

isometric embedding =- Lipschitz function = continuous function.

Neither implication can be reversed (see below). They lead to three kinds of equivalences between
metric spaces. Their names and the implications between them are:

isometry =  bi-Lipschitz equivalence = homeomorphism.

Again, neither implication can be reversed (see below).
Here is a table with examples showing that the above implications cannot be reversed. In it, all
the subspaces of R are given their Euclidean metrics.

Property Example

Lipschitz but not isometric embedding R—>R,z— 2z

Continuous but not Lipschitz [0,1) = [0,1],  — /z (see Exercise 4.12)
Bi-Lipschitz equivalence but not isometry [0,1] — [0,2], 2 — 2z

Homeomorphism but not bi-Lipschitz (-1,1) >R, z—a/(1—|z|)

equivalence

4.9. Exercises

EXERCISE 4.1. Do the following:
(a) Endow R with the Euclidean metric, and let f: R — R be an isometry. Prove that there is
some a € R such that either f =7, or f = r,, where 7, and r, are as follows:
e 7,: R — R is the function defined by 7,(z) = x + a for all z € R.
e 7,: R — R is the function defined by 7,(x) = a — (x — a) = 2a — x for x € R.

(b)x Let S be a set and let Seq(S) be the set of all sequences x = (zy,)m>1 of elements of S.
Give Seq(S) the first-difference metric (see Example 2.1.8). We can define isometries from
Seq(S) to itself as follows:

e Consider a sequence o = (0, )m>1 With o,,: S — S a bijection for all m > 1. We can
then define an isometry ¢5: Seq(S) — Seq(S) via the formula

Vo ((Tm)m>1) = (Om(Tm))m>1  for all (z,)m>1 in Seq(S).

Assume that |S| > 2. Construct uncountably many isometries from Seq(S) to itself that
are not of this form. Hint: Allow the permutations applied to one coordinate to depend on
previous coordinates. O

EXERCISE 4.2. Let (M,0)7) be a metric space, let N be a set, and let f: M — N be a bijection
of sets. Prove that there exists a unique metric 95 on N such that f is an isometry from (M, ;) to
(N,on). O

EXERCISE 4.3. Let (M,057) and (N,9y) be metric spaces and let f: M — N be an isometric
embedding. Do the following:

(a) Prove that f is injective.
(b) Prove that f is Lipschitz, and deduce that f is continuous. a

EXERCISE 4.4. Let (M,0)) and (N,9y) and (P,0p) be metric spaces. Do the following:

(a) Let f: M — N and g: N — P be isometric embeddings. Prove that go f: M — P is an
isometric embedding.

(b) Let f: M — N and g: N — P be Lipschitz functions. Prove that go f: M — P is a
Lipschitz function.

We remark that we proved in Chapter 2 that the composition of continuous functions is continuous
(see Lemma 2.3.4). O

EXERCISE 4.5. Let M be any set of metric spaces. Do the following:
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(a) Prove that being isometric is an equivalence relation on M.

(b) Prove that being homeomorphic is an equivalence relation on M.

(¢) Prove that being bi-Lipschitz equivalent is an equivalence relation on M.
We remark that in all three cases the most important equivalence relation axiom to verify is
transitivity. O

EXERCISE 4.6. For each d > 1, prove that R?\ {0} and S%~! x R are homeomorphic. Here
R4\ {0} and S~! and R are endowed with their Euclidean metrics and S~ x R is endowed with
its product metric. O

EXERCISE 4.7. Fix some d > 1. Do the following:

(a) Let DY = {x € R? | ||x|| < 1} be the closed unit ball in R? and let C = [-1,1]? be the
cube in R%. Give both D¢ and C their Euclidean metrics. Prove that D¢ and C are
homeomorphic. Hint: Try to find a homeomorphism f: D% — C of the form

0 ifx=0
f(x):{)\(x)x ifx#0 (x & D)

for some continuous function A\: D¢\ {0} — R. We remark that while it is possible to do
this for a A that extends continuously over 0, it is a little easier not to require this. However,
you should make sure that f is continuous at 0.

(b)* Let C = [~1,1]% be the cube in R? and let

At ={(to,...,ta) eR™ | t; >0forall0<i<dandto+- +tg=1}.
The set A? is called the d-simplex:

Al

Give both C and A? their Euclidean metrics. Prove that C' and A? are homeomorphic.

In fact, the metric spaces D¢ and C and A? are all bi-Lipschitz equivalent to each other. Indeed,
there is a good chance that the functions you wrote down to solve (a) and (b) are bi-Lipschitz
equivalences, but verifying this is a little challenging, so we decided to not include it. O

EXERCISE 4.8. Do the following:

(a) Asin Example 4.3.7, identify R? with C and regard S! as a subspace of C. Define a function
f:10,1) — S! via the formula f(t) = €™ for t € [0,1). This is a continuous bijection.
Prove that its inverse g: S* — [0, 1) is not continuous.

(b) Prove that [0, 1) is not homeomorphic to S'. Hint: try to generalize the argument from
Example 4.3.4. (]

EXERCISE 4.9. Let (M,0) be a metric space. In this exercise, you will prove that 0 is equivalent
to a metric ?’ such that (M,0’) is a bounded metric space. Define ?': M x M — R as follows:

¥ (z,y) = min{o(z,y),1} forall z,y € M.

Do the following:

(a) Prove that 0 is a metric on M and that (M,?’) is bounded.
(b) Prove that ?’ is equivalent to 0. O

EXERCISE 4.10. Prove that being path connected is a topological property. O

EXERCISE 4.11. Do the following:
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(a) Prove that being discrete is a topological property. In other words, prove that if M and N
are homeomorphic metric spaces, then M is discrete if and only if IV is discrete.
(b) Prove that all finite metric spaces are discrete.
(¢c) Let M and N be discrete metric spaces such that the sets M and N have the same
cardinality. Prove that M and N are homeomorphic.
(d) In (c), assume now that M and N are both finite. Prove that M and N are bi-Lipschitz
equivalent.
We remark that in Exercise 4.19* you will construct a counterexample to (d) if you assume merely
that M and N are both countably infinite. O

EXERCISE 4.12. Give I = [0, 1] its Euclidean metric. Do the following:

(a) Define f: I — I via the formula f(x) = 22 for all z € I. Prove that f is a Lipschitz
homeomorphism.

(b) Define g: I — I via the formula g(x) = y/z for all z € I. Prove that g is a homeomorphism
that is not Lipschitz. Conclude that f is a Lipschitz homeomorphism that is not a bi-
Lipschitz equivalence. O

EXERCISE 4.13. Let (M,9,) and (N,0y) be metric spaces and let f: M — N be a function.
Prove that f is a bi-Lipschitz equivalence if and only if it is a surjection and there exists some L > 1

such that )
ZDM(x,y) <on(f(x), fly)) < Lop(z,y) forall z,ye M. O

EXERCISE 4.14. Fix some d > 1. For r > 0, let B, = B,.(0) be the open ball of radius r in R?
around the origin 0 € R?. Endow B, with the Euclidean metric. Do the following:

(a) For r,s > 0, define a homeomorphism f,.s: B, — By via the formula
frs(x) = §x for all x € B,.
r

Prove that f,¢ is Lipschitz.
(b) Define a homeomorphism f: By — R4 via the formula

1= T

Prove that f is not Lipschitz. O

for all x € B;.

EXERCISE 4.15. Let U C R? be an open set. Do the following:

(a) Let f: U — R® be a function. Write f = (fy,..., fe) for functions fi,...,fe: U — R.
Prove that f is Lipschitz if and only if each f; is Lipschitz.

(b) Assume now that U is open and convex. Let g: U — R be a differentiable function. Prove
that g is Lipschitz if and only if there exists some constant C' > 0 such that

9g

T%(X)

Hint: use the mean value theorem. O

<C forallxeU and 1 <j<d.

EXERCISE 4.16*. Fix some d > 1. Recall that a norm on R? is a function n: R? — R satisfying
the following three properties:

e For all x,y € R%, we have n(x +y) < n(x) + n(y).

e For all x € R? and ) € R, we have n(\x) = |A|n(x).

e For all x € R%, we have n(x) > 0 with equality if and only if x = 0.
Prove the following:

(a) Let n be a norm on RY. Its associated metric is the function 9,: R? x R? — R defined by
Ou(x,y) = n(x —y). Prove that 9, is a metric.
(b) Let n be a norm on R? and let || — || be the Euclidean norm, so

x| =+/23+---+ 2% forall x = (21,...,24) in RY.
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Prove that there is some constant £ > 0 such that n(x) < E|x|| for all x € R?. Hint:
Let {€1,...,€4} be the standard vector space basis for R%. For x = (z1,...,24), start by
observing that

d d
n(x) = n(}_ @) < 3 [ailn(@).

Now use the Cauchy—Schwarz inequality.

(c) Let n be a norm on RY. Prove that the function n: R? — R is continuous. Hint: (b) will be
helpful.

(d) Let n be a norm on R¢ with associated metric d,. Prove that 9, is bi-Lipschitz equivalent
to the Euclidean metric 9. Hint: By (c), the function n: R? — R is continuous. Since
S91 is sequentially compact (Theorem 1.10.5), the restriction of n to S?! is bounded and
achieves its infimum and supremum (Theorem 1.11.2). Set

C =min{n(x) | x € Sd_l} and D =max {n(x) | x € Sd_l}.

Prove that C' > 0, and then prove that C||x|| < n(x) < D||x|| for all x € R?. Use this to
prove the result. O

EXERCISE 4.17*. For p > 1, let S, = {0,1,2,...,p}. As in Example 2.1.8, let Seq(S,) be the set
of sequences s = (S, )m>1 of elements of S, and let d be the first-difference metric on Seq(S,). We
recall that this is as follows:

o Consider s,t € Seq(S,). Write s = (8, )m>1 and t = (t,,)m>1. If s = t, then set 9(s, t) = 0.
Otherwise, let k = min{m > 1 | s,,, # tm} and set d(s,t) = 1/k.

For p,q > 1, prove that Seq(S,) is bi-Lipschitz equivalent to Seq(S,). Hint: First argue that it is

enough to prove that Seq(S,) is bi-Lipschitz equivalent to Seq(S:1) for all p > 1. Define a function

f: Seq(Sp) — Seq(S1) in the following way. Consider s = (8., )m>1 in Seq(Sp). Define f(s) € Seq(S1)

to be the sequence obtained by replacing each term s, € S, = {0,...,p} of s by the following finite

sequence of elements of S7 = {0,1}:

e If s, = 0, then replace s,, by the 1-term sequence (0).
e If 1 <s,, <p—1, then replace s,, by the (s,, + 1)-term sequence (1,...,1,0) with s,, ones

and 1 zero.
e If s, = p, then replace s,, by the p-term sequence (1,...,1) consisting of p ones.
First prove that f is a bijection, and then prove that f and its inverse are both Lipschitz. ([

EXERCISE 4.18. As in Example 2.1.8, let Seq({0,1}) be the set of sequences s = (8, )m>1 of
elements of {0,1} and let d be the first-difference metric on Seq({0,1}) (see Exercise 4.17*). Finally,
let C be the classical Cantor set, i.e., the set of all x € T = [0, 1] that can be written as

x = Z g—:z with z,,, € {0,2} for all m > 1.
1

Define a function f: Seq({0,1}) — C as follows:

o0
25m

F(smm=1) =) gm 101 (Sm)m>1 € Seq({0, 1}).

m=1
Do the following;:
(a) Prove that f is a homeomorphism.
(b) Prove that f is not a bi-Lipschitz equivalence.
(¢)* Prove that Seq({0,1}) is not bi-Lipschitz equivalent to C. Hint: Assume that they are

bi-Lipschitz equivalent, and let g: Seq({0,1}) — C be a bi-Lipschitz equivalence with a
bi-Lipschitz constant L > 1. For n > 1, let A, be the following 2"-element subset of

Seq({0,1}):
A, ={(a1,...,0,,0,0,...) | a1,...,a, € {0,1}}.
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Any two distinct elements of A,, have distance at least 1/n. It follows that the 2" elements
of g(4,) C C C [0, 1] have pairwise distances at least 1/(Ln). Derive a contradiction from
this. O

EXERCISE 4.19%. For d,e > 1, give Z? and Z¢ the Euclidean metrics. Since Z¢ and Z¢ are
countably infinite discrete metric spaces, they are homeomorphic (see Exercise 4.11). In this exercise,
you will prove that they are not bi-Lipschitz equivalent to each other if d # e.

(a) Let (M,05r) be a metric space that is bi-Lipschitz equivalent to Z? and let xog € M. Prove
that there exists some C' > 1 such that for all 7 > 1 we have |B,(zo)| < Cr?. In particular,
the number of points in the ball B, (xg) is finite.

(b) For d,e > 1 with d # e, prove that Z? is not bi-Lipschitz equivalent to Z°.

)+ Using the ideas from parts (a) and (b), prove that for d,e > 1 with d # e the metric spaces
R? and R are not bi-Lipschitz equivalent. Hint: assume that d > e, and for a bi-Lipschitz
equivalence f: R? — R® think about what growth properties f(Z?) would have. One useful
intermediate thing to prove is that the points of f(Z%) are uniformly separated in R, i.e.,
there exists some constant A > 0 such that || f(z1) — f(z2)|| > X for all distinct z;,zs € Z%.

We remark that R? is not homeomorphic to R¢, but this is much harder to prove. We will prove it in

Essay D using dimension theory. O

(c






APPENDIX 4.1*

Sierpinski’s classification of countable metric spaces with no
isolated points

This appendix proves a theorem of Sierpinski that says that any two nonempty countable metric
spaces without isolated points are homeomorphic. Since the proof is a little complicated and we will
not need it later in the book, we marked this appendix with an * to indicate that a first-time reader
might want to skip it.

4.1.1. Clopen sets

We start with some preliminary results. Let M be a metric space. A subset £ C M is clopen if
FE is both open and closed.

EXAMPLE 4.1.1.1. For a metric space M, the whole set M and the empty set () are both
clopen. O

The following lemma summarizes some basic properties of clopen sets:

LEMMA 4.1.1.2. Let M be a metric space. The following hold:
(a) A set E C M s clopen if and only if M \ E is clopen.
(b) If Ey,...,E, C M are clopen, then U?_E; and N?_, E; are clopen.

PRrROOF. Conclusion (a) follows from the fact that a set U C M is open if and only if M \ U is
closed (see Lemma 2.8.1). Conclusion (b) follows from the fact that open sets (resp. closed sets) in
M are closed under finite unions and intersections (see Lemmas 2.4.8 and 2.7.7). ]

Countable metric spaces have many clopen subsets:

LEMMA 4.1.1.3. Let (M,0) be a countable metric space, let U C M be open, and let xo € U.
Then for all € > 0, there exists some r > 0 with r < € such that B,(x) is clopen and contained in U.

PROOF. Decreasing € > 0 if necessary, we can assume that Be(xzg) C U. Let R be the set of all
r > 0 such that {x € M | 9(x,x0) =7} = 0 and such that r < e. Since M is countable, the set R
contains all but countably many r € R with 0 < r < e. In particular, it is nonempty. Letting r € R,
we claim that B,.(x¢) is clopen. Since open balls are open, it is enough to prove that B,.(zo) is closed.
By our choice of r, we have
B (z9) = Br(zg) U{z € M | 0(z,20) =r} ={x € M | 0(x,20) <r}.
This is a closed set (see Exercise 2.9, where this set is denoted BS(zp)). O

Recall that a point x € M is an isolated point if there exists some r > 0 such that B,(z) = {z}.
In this case, the one-point set B, (z) = {z} is clopen. Later it will be important for us to produce
infinite clopen sets. The following lemma ensures this:

LEMMA 4.1.1.4. Let (M,0) be a metric space and let U C M be an open set that contains a
non-isolated point of M. Then U is infinite. Note that this applies in particular if U is clopen.

PROOF. Let x € U be a non-isolated point. Pick » > 0 such that B,.(z) C U. Since B, (z) # {z},
we can find z; € B.(z) with 1 # x. Set (1) = ?(x1,2). Since B,1)(z) # {z}, we can find
Ty € Bypy(w) with 2o # 2. Set 7(2) = 0(x2,2). Etc. Repeating this process over and over, we
produce a sequence (,,)n>1 of points of B,(x) C U such that

o(zy,x) > 0(xa, ) > (w3, 2) > -
This implies that the x,, are all distinct, so {x,, | » > 1} is an infinite set of points of U. O
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4.1.2. Spaces of sequences

As in Example 2.1.8, for a set S let Seq(S) be the set of sequences s = ($,,)m>1 of elements of S
and let 9 be the first-difference metric on Seq(S). We will recall the definition of 0 later when we do
calculations with it. These contain many clopen sets:

LEMMA 4.1.2.1. Let S be a set. Give Seq(S) the first-difference metric. Consider a point
t = (tm)m>1 @ Seq(S) and r > 0. The following hold:
(i) The open ball B,.(t) in Seq(S) is clopen.
(ii) Let n > 0 be the largest integer such that n < 1/r. Then B,(t) consists of all s = (Sm)m>1
in Seq(S) such that sy, =ty for 1 <m <n.

PROOF. See parts (c) and (e) of Exercise 2.4. O

We now restrict to S = {0,1}. Let Seqy({0,1}) be the subspace of Seq({0,1}) consisting of
sequences s = (S, )m>1 such that there exists some D > 1 with s, = 0 for all m > D. The following
summarizes some properties of Seqy({0,1}):

LEMMA 4.1.2.2. The following hold:

(a) Seqy({0,1}) is countable.
(b) Seqy({0,1}) has no isolated points.
(¢) For all t € Seqy({0,1}) and r > 0, the open ball B,.(t) in Seqy({0,1}) is clopen.

PROOF. See Exercise 4.1.2. O

REMARK 4.1.2.3. We will use Seq,({0,1}) in our proof of Sierpiniski’s theorem, but we will not
use Lemma 4.1.2.2. That lemma should be regarded more as motivation for our proof. O

4.1.3. Sierpinski’s theorem

The main result we will prove in this appendix is as follows. It implies, for instance, that Q% and
Q¢ are homeomorphic for all d,e > 1.

THEOREM 4.1.3.1 (Sierpinski). Any two nonempty countable metric spaces that contain no
1solated points are homeomorphic. In particular, any such metric space is homeomorphic to Q.

PROOF. Let (M,0)s) be a nonempty countable metric space with no isolated points. By Lemma
4.1.1.4, the metric space M is countably infinite. Giving Seq,({0,1}) the first-difference metric 9, it
is enough to prove that M is homeomorphic to Seq,({0,1}).

For the proof, let FinSeq({0,1}) be the set of all finite sequences o = (o,)%,—; with n > 0 and
om € {0,1} for 1 < m < n. We call n the length of o. For n = 0, this is the empty sequence, which
we will also denote by (). Note that we regard FinSeq({0,1}) as a set, not as a metric space. For
an element o = (o))" _; of FinSeq({0,1}) and b € {0,1}, let o b € FinSeq({0,1}) be the finite

sequence obtained by appending b to o, so o * b = (0!, )} with

;rJom if 1 <m <n,
)b dfm=n+1.

The proof will have four steps. In the preliminary Step 1 we will construct for each o €
FinSeq({0,1}) a clopen set E[o] of M. Next, in Step 2 we use these to construct for each s €
Seqy({0,1}) a decreasing sequence

M = E[s,0] D E[s,1] D E[s,2] D ---

of clopen subsets of M. These clopen subsets will satisfy

m E[s,n] = {z[s]} for some z[s] € M,

n=0
and in Step 3 we will define f: Seqy({0,1}) — M via the formula f(s) = z[s]. That step will also
prove that f is a bijection. Finally, we will prove that f is a homeomorphism in Step 4.



4.1.3. SIERPINSKI'S THEOREM 59

Fix an enumeration M = {x1,zs,...}. For points z,2’ € M, we write < 2’ if © = x and
' = xy with k < £. Similarly, we will write x < z’ if either z < 2’ or z = z’. For a nonempty subset
S C M, define the minimal point of S to be the point xy, with k = min{k > 1| a2, € S}.

STEP 1. For each o € FinSeq({0,1}), we construct a nonempty clopen set E[o] of M.

Our construction of E[o] will be inductive. Start by setting E[()] = M. Next, assume that
for some n > 0 we have constructed E[o] for all o € FinSeq({0,1}) of length n. Consider some
o € FinSeq({0, 1}) of length n. We must define E[o % 0] and E[o x 1]. Let z[o] be the minimal point
of E[o]. Since E[o] is nonempty and open, it is an infinite set (see Lemma 4.1.1.4). We can therefore
choose p > 0 such that B,(z[o]) is a proper subset of E[o]. Using Lemma 4.1.1.3, we can choose
some r[o] > 0 with the following properties:

¢ B,()(z[o]) is clopen; and
¢ B,s(z[o]) C E[o]; and
e rlo] <1/(n+1) and r[o] < p. Since r[o] < p, it follows that B,(,)(z[o]) # E[o] and thus
that E[o]\ B,[s)(z[o]) is nonempty and clopen (see Lemma 4.1.1.2).
We then define

Elo * 1] = Elo] \ B,s)(z[o]).
By construction, these are nonempty clopen subsets of M.

STEP 2. For each point s = (S;m)m>1 in Seqy({0,1}) and each n > 0, we construct a nonempty
clopen set E[s,n| of M. These sets have the following properties:
(a) E[s,0] D E[s,1] D E[s,2] D ---; and
(b) lim,_,~ diam(E[s,n]) = 0; and
(c) N2 E[s,n| = {z[s]} for a point z[s] € M.
Consider a point s = (S;)m>1 of Seqy({0,1}). For n > 0, let s(< n) be the length n finite
sequence (S, )m_q. Define
E[s,n] = E[s{(<n)] forn >0.
Conclusion (a) is immediate. For the other two conclusions, by definition there exists some D > 0
such that s,, =0 for m > D + 1. For n > D + 1, we therefore have
E[S7 n] = Br[s(ﬁnfl)](x[s<§ n — 1>])
The point z[s(< n — 1)] is the minimal point of E[s,n — 1], so it follows that it is also the minimal
point of E[s,n]. We conclude that
z[s(KD)|=z[s(<D+1)]=z[s(<D+2)|=---.
Let z[s] be this common value, so
Els,n] = Bys(<n—1y)(z[s]) forn>D+1.

By construction, we have r[s(< n —1)] < 1/n. It follows that these are balls around a common point
x[s] with radii tending to 0 as n goes to infinity. Items (b) and (c) follow.

STEP 3. We construct a bijective function f: Seqq({0,1}) — M.

Define f via the formula f(s) = z[s] for s € Seq,({0,1}). Consider some z € M. We will prove
two things:
(1) There is a unique way to choose s,, € {0, 1} such that for s = (8, )m>1 we have z € E[s(< n)]
for all n > 0.
(ii) This s = ($m)m>1 lies in Seqy ({0, 1}).
Items (i) and (ii) will imply that there is a unique point s = (Sp,)m>1 in Seqy({0,1}) such that
f(s) = x. From this, we will be able to conclude that f is a bijection.
We now prove (i). We will construct the s, inductively, and use o to denote the finite sequence
consisting of the s,, we have chosen so far. For some n > 0, assume that we have proved that there
is a unique way to choose s,, € {0,1} for 1 <m < n such that for o = (s,,)",_; we have z € E[o].
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We remark that this is vacuous in the base case n = 0. We will prove that there exists a unique
Sn+1 € {0,1} such that © € E[o * s, +1]. To see this, note that the fact that € E[o] implies that
r lies in exactly one of B,[s)(z[o]) or E[o]\ B,s(z[a]). We therefore must choose s,1 = 0 if
T € Byy)(z[o]) and 8,41 = 1 if 2 € E[o]\ Bys)(z[o]). Ttem (i) follows.

Letting s = (S, )m>1, we now prove (ii). To avoid awkward notation, we will use notation
like E[s,n] even though technically this has not been defined since we do not yet know that
s € Seqy({0,1}). The point x lies in M = {x1,x2,...}. Write z = x,, for some p > 1. For all n > 0,
we have z, € E[s,n]. Since z[s,n] is the minimal point of E([s,n], it follows that z[s, n] < x,, for all
n > 0. By construction,

x[s,0] < zfs, 1] < xfs,2] < - - .
Since each of these points is less than or equal to x,, it must be the case that there is some D > 1
such that z[s,n] = x[s,n + 1] for all n > D. For n > D, we must therefore have s, 11 = 0; indeed,
otherwise we would have
E[s,n+ 1] = E[s,n| \ By[sn(z[s, n]),

so E[s,n + 1] would not contain z[s,n] = z[s,n + 1]. Conclusion (ii) follows.

Before we move on to prove that f is a homeomorphism, we make the following observation:

(#) Consider some t = (tm)m>1 in Seqy({0,1}) and some n > 1. The s € Seq,({0,1}) such

that f(s) € E[t, n] are exactly those s = (8, )m>1 such that s, = t,, for 1 <m <n.

Indeed, this is immediate from the construction underlying (i) above.

STEP 4. We prove that the function f: Seqq({0,1}) = M constructed in Step 3 is a homeomor-
phism.

We must prove that both f and f~! are continuous. Since this involves the metric ? on
Seqy({0,1}), we recall its definition. Consider s,t € Seqy({0,1}). Write s = ($;)m>1 and t =
(tm)m>1- I s = t, then ?(s,t) = 0. Otherwise, letting k& = min{m > 1| s,, # t,,} we have
o(s,t) = 1/k.

CLAIM. The function f: Seqq({0,1}) — M is continuous.

Consider a point t = (,,)m>1 of Seqy({0,1}) and € > 0. We must find some ¢ > 0 such that
for s € Seqy({0,1}) with (s, t) < & we have 2p/(f(s), f(t)) < e. Since lim,,_,o diam(E[t,n]) = 0,
we can find some n > 1 such that diam(E[t,n]) < e. Set 6 = 1/n, and consider s = ($p)m>1 in
Seqy({0,1}) such that 9(s,t) < §. This implies that s, = t,, for 1 < m <mn, so E[s,n] = E[t,n].
We have f(s) € E[s,n] = E[t,n] and f(t) € E[t,n], so we conclude that

DJV[(f(S)7 f(t)) < diam(E[ta n]) <,
as desired.
CLAIM. Letting g = f~1, the function g: M — Seq,({0,1}) is continuous.

Consider a point y € M and € > 0. We must find some é > 0 such that for x € M with
o (z,y) < 0 we have d(g(x), g(y)) < e. Setting t = g(y), we must equivalently find some § > 0 such
that for s € Seq({0,1}) with 9,/(f(s), f(t)) < 6 we have d(s,t) < e.

Pick n > 1 such that 1/n < e. The set E[t, n] is a clopen set containing f(t), so we can find some
d > 0 such that Bs(f(t)) C E[t,n]. For s € Seqy({0,1}) with d,/(f(s), f(t)) < J, we therefore have
f(s) € E[t,n]. Write s = ($;)m>1. By the observation (#) at the end of the proof of Step 3 above,
the fact that f(s) € E[t,n]| implies that s, = t,, for 1 <m <n. This implies that ?(s,t) < 1/n <,
as desired. g

4.1.4. Exercises

EXERCISE 4.1.1. Do the following:
(a) Giving Q its Euclidean metric, for r > 0 and z € Q prove that B,(x) C Q is clopen if and
only if r is irrational.
(b) Giving R its Euclidean metric, for all » > 0 and = € R prove that B,.(z) C R is not
clopen. O
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EXERCISE 4.1.2. Do the following:
(a) Prove directly (that is, without citing Theorem 4.1.3.1) that Seq,({0,1}) is countable.
(b) Prove that Seq,({0,1}) has no isolated points.
(c) For all t € Seqy({0,1}) and r > 0, prove that the open ball B,.(t) in Seqy({0,1}) is clopen.
([

EXERCISE 4.1.3. Let M be a countably infinite metric space and let € > 0. Prove that we can
write

M = G E,,
n=1

where the F,, are pairwise disjoint clopen sets with diam(FE, ) < € for all n > 1. Hint: start by
finding a sequence Ef, E), ... of clopen sets such that M = US2; E/, and such that diam(E],) < € for
all n > 1. Try to shrink the E/, one at a time to make them disjoint. O

EXERCISE 4.1.4. Do the following;:
(a) Let M be a nonempty countable metric space with no isolated points and U C M be a

nonempty open set. Prove that M is homeomorphic to U.
(b) For every finite set F' C Q, prove that Q is homeomorphic to Q \ F'. O

EXERCISE 4.1.5. Let M be a nonempty countable metric space with no isolated points. For
x,y € M, prove that there exists a homeomorphism f: M — M such that f(z) = y. |

EXERCISE 4.1.6. Give an example to show that the following generalization of Sierpinski’s theorem

is false:
e Let M and N be countably infinite metric spaces. Let Mis, C M and Nijs, C N be their
sets of isolated points. Assume that M, and Nig, have the same cardinality. Then M is
homeomorphic to . O






CHAPTER 5

Sequential compactness, total boundedness, and separability

We now introduce three properties that each say that a metric space is not too “large”: sequential
compactness, total boundedness, and separability. The most important of these conditions is
sequential compactness, which generalizes to metric spaces the concept of sequential compactness
that was discussed for subsets of Euclidean space in Chapter 1.

5.1. Definition and basic examples

Let M be a metric space. If (z,,),>1 is a sequence of points of M, then a subsequence of (z,,)n>1
is a sequence (Y, )m>1 such that there exists an increasing sequence of positive integers

1<n;<ng<---

such that y,, = x,,, for all m > 1. For instance, (¥m)m>1 might be the sequence (z2,)m>1. We
make the following definition:

DEFINITION 5.1.1. Let M be a metric space. We say that M is sequentially compact if all
sequences (%, )n,>1 in M have convergent subsequences.! (|

EXAMPLE 5.1.2. If M is a metric space with M a finite set, then M is sequentially compact (see
Exercise 5.1). O

EXAMPLE 5.1.3. By the Heine-Borel theorem (Theorem 1.10.5), a subspace K C R? is sequentially
compact if and only if it is closed and bounded. In particular, for d > 1 the (d — 1)-sphere S¥~! c R?
is sequentially compact, but R? itself is not. O

REMARK 5.1.4. We will give some more sophisticated examples of sequentially compact metric
spaces in Appendix 5.1T*. |

Recall that a metric space (M,?) is bounded if it has finite diameter, i.e., there exists some
C' > 0 such that 9(z,y) < C for all z,y € M. Every sequentially compact metric space is bounded
(see Exercise 5.3). However, the Heine-Borel theorem does not generalize in a simple way beyond
subspaces of R? (see Remark 5.2.3 below). We illustrate this as follows:

EXAMPLE 5.1.5. Let M be an infinite set. Equip M with the metric
1 ifzx
o(z,y) = ) 7Y for z,y € M.
0 ife=y
Then (M,?) is a bounded metric space that is not sequentially compact. Indeed, any sequence
(zn)n>1 of distinct points of M has no convergent subsequence. O
5.2. Sequential compactness is a topological property

We now prove that sequential compactness is a topological property, i.e., that it is preserved by
homeomorphisms. The key to this is the following lemma:

LEMMA 5.2.1. Let M and N be metric spaces and let f: M — N be a continuous function.
Assume that M is sequentially compact. Then the subspace f(M) of N is sequentially compact.

Here we emphasize that convergent sequences must converge to points of M — unlike for subsets of R%, there is
no specified ambient space containing points to which they could converge.

63
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PRrROOF. Let (z,),>1 be a sequence of points of f(M). We must prove that (z,),>1 has a
subsequence that converges to a point of f(M). For each n > 1, we can choose z, € M with
f(zn) = ®,. Since M is sequentially compact, the sequence (z,)p>1 in M has a convergent
subsequence (W, )m>1. For m > 1, set y,, = f(wy,). The sequence (Y )m>1 is a subsequence of
(n)n>1. We claim that it converges to a point of f(M). Indeed, since f is continuous we have

lim y,, = lim f(wy) = f( lim w,,) € f(M);
m— o0 m— 00 m— o0

see Lemma 2.5.5. The lemma follows. O

COROLLARY 5.2.2. Sequential compactness is a topological property.

PRrROOF. Let M and N be homeomorphic metric spaces with M sequentially compact. We must
prove that N is sequentially compact. This is immediate from Lemma 5.2.1: if f: M — N is a
homeomorphism, then since f is surjective Lemma 5.2.1 implies that N = f(M) is sequentially
compact. O

REMARK 5.2.3. Recall from Example 5.1.5 that there exist bounded metric spaces that are
not sequentially compact. This is not an isolated phenomenon. Indeed, recall that every metric
space (sequentially compact or not) is homeomorphic to a bounded metric space (see Exercise 4.9).
Since being sequentially compact is a topological property, this illustrates that being bounded is not
anywhere close to a sufficient condition for being sequentially compact. Later in this chapter we will
introduce a condition called being totally bounded that is very close to a sufficient condition. O

5.3. Sequential compactness and closed sets

Our next goal is to prove that a subspace of a sequentially compact metric space is sequentially
compact if and only if it is closed:

LEMMA 5.3.1. Let M be a sequentially compact metric space and let N C M be a subspace. Then
N is sequentially compact if and only if N is a closed subset of M.

Proor. The implication
N is sequentially compact = N is closed

holds in more generality, so we prove it separately in Lemma 5.3.2 below. To prove the converse,
assume that N is closed. We must prove that N is sequentially compact. Let (z,,),>1 be a sequence
of points of N. We must prove that (x,),>1 has a subsequence that converges to a point of N. Since
M is sequentially compact, (2,)n>1 has a subsequence (¥m)m>1 that converges to a point of M.
Since N is closed, we have lim,;, o0 Ym € N (see Lemma 2.7.5). The lemma follows. O

The following lemma was invoked in the above proof. It says that sequentially compact subspaces
of metric spaces are necessarily closed:

LEMMA 5.3.2. Let M be a metric space and let N C M be a subspace that is sequentially compact.
Then N s a closed subset of M.

PrOOF. We must prove that N contains all of its limit points. Let z € M be a limit point of
N. By Lemma 2.6.4, there is a sequence (y,)n>1 of points of N such that x = lim,, o y,. Since
N is sequentially compact, a subsequence of (y,)n>1 converges to a point of N. Since passing to
a subsequence does not change the limit of a convergent sequence, this implies that x € N, as
desired. (]

The above has the following useful corollary. For metric spaces M and N, say that a function
f: M — N is a closed map if for all closed sets C C M, the image f(C) is closed in N. Open maps
are defined similarly, though we will not need them now. We have:

COROLLARY 5.3.3. Let M and N be metric spaces and let f: M — N be a continuous function.
Assume that M is sequentially compact. Then f is a closed map.

PROOF. Let C' C M be closed. Since M is sequentially compact, the subspace C' of M is
sequentially compact (Lemma 5.3.1). It follows that f(C) is sequentially compact (Lemma 5.2.1),
and hence is a closed subset of N (Lemma 5.3.2). O
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5.4. Sequential compactness and continuous bijections

To motivate the next consequence of sequential compactness, we repeat Example 4.3.7, which
shows that continuous bijections need not be homeomorphisms:

EXAMPLE 5.4.1. Identify R? with C, and regard S' as a subspace of C. Define a function
f:[0,1) — S* via the formula f(t) = €™ for t € [0,1). The function f is a continuous bijection.
However, its inverse g: S' — [0,1) is not continuous, so f is not a homeomorphism. ([l

In Example 5.4.1, the domain of the continuous bijection f: [0,1) — S! is not sequentially
compact. The following basic result shows that continuous bijections with sequentially compact
domains are necessarily homeomorphisms:

LEMMA 5.4.2. Let (M,0p) and (N,0n) be metric spaces and let f: M — N be a continuous
bijection. Assume that M is sequentially compact. Then f is a homeomorphism.

PrROOF. Let g: N — M be the inverse to f. We must prove that ¢ is continuous. Let
Yo € N, and consider some ¢ > 0. We must find some 6 > 0 such that if y € N satisfies
On(y,y0) < 9, then 0ps(9(y), 9(v0)) < €. Rephrasing this in terms of balls, we must find § > 0 such
that g(Bs(yo)) C Be(g(yo)). Since f is the inverse to g, this is equivalent to

(5.4.1) Bs(yo) C f(Be(9(v0)))-

The open ball B.(g(yo)) is an open set in M, so M \ B.(g(yo)) is closed (Lemma 2.8.1). Since M
is sequentially compact, the function f: M — N is a closed map (Corollary 5.3.3). It follows that
F(M\ Be(g(yo))) is closed. Since f is a bijection, this closed set equals

FM\ Be(g(yo))) = N\ f(Be(9(v0)))-

We deduce that f(Bc(g(yo))) is open. This open set contains f(g(yo)) = yo, so there is some ¢ > 0
such that (5.4.1) holds, as desired. O

For metric spaces M and N, a topological embedding of M into N is a continuous map f: M — N
that is a homeomorphism from M onto its image f(M). The following is a useful immediate corollary
of Lemma 5.4.2:

COROLLARY 5.4.3. Let (M,0ps) and (N,0n) be metric spaces and let f: M — N be a continuous
injection. Assume that M is sequentially compact. Then f is a topological embedding whose image
f(M) is closed.

PROOF. Since f is a closed map (Corollary 5.3.3), its image f(M) is closed. Replacing N with
f(M), we can assume that f is surjective and hence bijective. Lemma 5.4.2 now implies that f is a
homeomorphism, as desired. O

5.5. Extreme value theorem

Let M be a nonempty metric space and f: M — R be a continuous function. The function f is
bounded if there exist a < b such that a < f(x) <b for all x € M. Assume that f is bounded. The
infimum of f, denoted inf(f), is the infimum of the image

fM) ={f(z) |z e M} CR

of f, i.e., its greatest lower bound. We say that the infimum of f is attained if there exists some
x € M such that f(x) = inf(f), in which case we write min(f) = inf(f). Similarly, the supremum
of f, denoted sup(f), is the supremum of f(M), i.e., its least upper bound. We say that the
supremum of f is attained if there exists some x € M such that f(z) = sup(f), in which case we
write max(f) = sup(f).

The following is a generalization to sequentially compact metric spaces of Theorem 1.11.2, which
is about real-valued functions on sequentially compact subsets of Euclidean space. We could prove it
using exactly the same proof as Theorem 1.11.2, but to illustrate our tools we will give a shorter and
more abstract proof:
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THEOREM 5.5.1 (Extreme value theorem, metric spaces). Let M be a nonempty sequentially
compact metric space and let f: M — R be a continuous function. Then:
(i) The function f is bounded.
(i) The infimum and supremum of [ are attained.

PROOF. Since M is sequentially compact, its image f(M) is a sequentially compact subset
of R (Lemma 5.2.1). Lemma 1.11.3 implies that there exist a,b € f(M) with a < b such that
a = inf(f(M)) and b = sup(f(M)). The theorem follows. O

5.6. Uniform continuity and the Heine—Cantor theorem

Let (M,05s) and (INV,0y) be metric spaces and let f: M — N be a continuous function. For each
x € M and e > 0, the continuity of f at = gives some § > 0 such that if y € M satisfies 0/ (2, y) < 9,
then dn (f(x), f(y)) < e. The value of § might depend on both x and e. We say that f is uniformly
continuous if we can choose § > 0 such that it only depends on e:

DEFINITION 5.6.1. Let (M,0,) and (N,0y) be metric spaces and let f: M — N be a function.
We say that f is uniformly continuous if for all € > 0, there exists some d > 0 such that if z,y € M
satisfy 0p7(z,y) < 6, then on(f (), f(y)) <e. O

Every Lipschitz function is uniformly continuous (see Exercise 5.10). However, there are uniformly
continuous functions that are not Lipschitz:

EXAMPLE 5.6.2. Let f: [0,1] — [0, 1] be the function defined by f(z) = v/z for z € [0,1]. The
function f is not Lipschitz (see Exercise 4.12). However, f is uniformly continuous. For instance,
this follows from Theorem 5.6.5 below. |

It is easy to construct examples of continuous functions that are not uniformly continuous. For
instance:

EXAMPLE 5.6.3. Let f: R — R be the function given by f(x) = 22 for all x € R. Then f is not

uniformly continuous (see Exercise 5.9). O
EXAMPLE 5.6.4. Let f: (0,1) — R be the function given by f(z) = 1/ for all € (0,1). Then
f is not uniformly continuous (see Exercise 5.9). O

However, if the domain M is sequentially compact then all continuous functions f: M — N are
uniformly continuous:

THEOREM 5.6.5 (Heine—Cantor theorem). Let (M,05) and (N,on) be metric spaces and let
f: M — N be a continuous function. Assume that M is sequentially compact. Then f is uniformly
continuous.

PROOF. Assume that f is not uniformly continuous. There must therefore exist some € > 0 such
that the following holds:
e For all § > 0, there exists z,y € M with dp(z,y) < 0 but O5(f(2), f(y)) > €.

For each n > 1, we can therefore find @, y, € M with 0y (zp,yn) < 1/n and On(f(zn), f(yn)) > €.
Since M is sequentially compact, we can find an increasing sequence of natural numbers

ng<ng <ng<---

such that the sequence (z,,)r>1 of points of M converges. Set © = limy_ o0 T, -

Since f is continuous at x, we can find some 6 > 0 such that if y € M satisfies 0y (z,y) < 0,
then On (f(x), f(y)) < €/2. Choose k > 1 large enough such that 0/ (xn, ,z) < 6/2 and 1/ny < §/2.
We therefore have the following two things:

Opf (T, ) <6/2 <6,
DM(y’rLk7x) SDNI(ynkamnk) + DM(mnkax) < 5/2 + 6/2 = 6
It follows that

ON(f(@ny), f(yn)) SON(Sf(@ny ), F(2) 8 (F(2), fyny)) < €/2+€/2=¢,
contradicting the fact that dn (f(zn,), f(yn,)) > €. O
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5.7. Total boundedness

We now discuss a property that will turn out to be a useful weakening of sequential compactness.
This requires the following preliminary definition:

DEFINITION 5.7.1. Let (M, ) be a metric space and let € > 0. An e-net in M is a subset A C M
such that for all x € M, there exists some z € A with d(x, z) <. O

For instance, for d > 1 the integer points Z¢ are a v/d-net in R%. We can now define our property:

DEFINITION 5.7.2. A metric space M is totally bounded if for every e > 0 there exists a finite
e-net in M, that is, an e-net A with A a finite set. O

Every totally bounded metric space is bounded (see Exercise 5.11). The converse is false:

EXAMPLE 5.7.3. Let M be an infinite set. Endow M with the discrete metric 0:

1 if
o(w,y) = 1 z# Y, for x,y € M.
0 ifex=y
The metric space (M, ) is bounded, but it is not totally bounded. Indeed, the only 1-net A in M is
A = M, which is infinite. a
Here is a key example:

LEMMA 5.7.4. Let d > 1 and let A C R? be a bounded subspace. Then A is totally bounded.

PRrOOF. Consider € > 0. We must find a finite e-net A in A. Since A is bounded, we can find an
integer N > 1 such that A is contained in the cube [-N, N]¢ C R%. For some k > 1, we can write
[N, N]¢ = Cy U---UCy, where each C; is a small cube of diameter less than e:

"/k‘[%

Let A C A be a finite set containing a point in C; N A for each C; with C; N A # (). We claim that A
is a finite e-net in A. To see this, consider x € A. Since A C [N, N]¢, we can find some 1 < j < k
such that z € C;. Letting z € A be a point in C; N A, since z, z € C; and C; has diameter less than
€ we have 9(z, z) < ¢, as desired. O

We next prove that all sequentially compact metric spaces are totally bounded:
LEMMA 5.7.5. Let (M,0) be a sequentially compact metric space. Then M is totally bounded.

PROOF. This is trivial if M = (), so assume that M is nonempty. Assume that M is not totally
bounded. There thus exists some € > 0 such that M has no finite e-net. We will construct a sequence
(@n)n>1 of points of M such that for all distinct ny,ne > 1 we have d(x,,, Tn,) > €. Such a sequence
has no subsequences that are Cauchy sequences, and in particular has no convergent subsequences
(see Lemma 2.5.2). This will contradict the fact that M is sequentially compact.

It remains to construct (z,)n>1. The construction is inductive. Start by letting x1 € M be
arbitrary. Assume now that we have constructed points {x1,...,z,} of M such that d(zp,,zn,) > €
for all distinct 1 < ny,ns < n. The set {x1,...,2,} cannot be an e-net since M has no finite e-net.
We can therefore find some x,, 11 € M such that 0(xg, z,41) > € for all 1 < k <n, as desired. O

Not all totally bounded metric spaces are sequentially compact:

EXAMPLE 5.7.6. Since the interval (0,1) is a bounded subset of R, Lemma 5.7.4 implies that it is
totally bounded. However, since (0, 1) is not a closed subset of R it is not sequentially compact. O

However, it turns out that being totally bounded is not far from being sequentially compact.
Recall that a sequence (x,,),>1 of points in a metric space (M,?) is a Cauchy sequence if for all € > 0,
there exists some N > 1 such that for all n,m > N we have 0(x,, z,,) < €. All convergent sequences
are Cauchy sequences (see Lemma 2.5.2), but the converse is false in general. We then have:
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LEMMA 5.7.7. Let (M,d) be a metric space. Then M is totally bounded if and only if each
sequence (x,)n>1 of points of M has a Cauchy subsequence.

PROOF. Assume that M is totally bounded. We will prove that each sequence (x,,),>1 of points
of M has a Cauchy subsequence. The converse is left as an exercise (see Exercise 5.12).

Let (z5,)n>1 be a sequence in M. We must prove that (z,)n>1 has a Cauchy subsequence. Since
M is totally bounded, for each k& > 1 we can find a finite 1/k-net A[k] in M. We inductively construct
nested infinite sets of natural numbers

Z[0] D I[1] D Z[2] D Z[3] O - --

as follows. Start by setting Z[0] = {1,2,3,...}. Next, assume that for some k£ > 1 we have constructed
Z[k — 1]. Since A[k] is finite and each z,, has distance less than 1/k from some point of A[k], there
must exist some z; € A[k] such that the set

Tkl ={neZk—1] | o(xn,2r) < 1/k}
is infinite. This constructs Z[k|. Its key property is that for n,m € Z[k] we have
(5.7.1) V(zn, Tm) < (Tp, 2k) +0(2k, Tm) < 1/k+1/k =2/k.
Since the sets Z[k] are infinite, we can find
ng<ng <ng<---

such that ny € Z[k] for all k& > 1: first choose n; € Z[1] arbitrarily, then choose ny, € Z[2] with
ng > nq, then choose ng € Z[3] with ng > ng, etc. We claim that (z,,)r>1 is a Cauchy sequence.
Indeed, consider some € > 0. Pick K > 1 such that 2/K < e. For k, £ > K, we have ny, € Z[k] C Z[K]
and ny € Z[¢] C Z|K]. Applying (5.7.1), we see that d(xy, ,2n,) < 2/K < €, as desired. O

REMARK 5.7.8. In Chapter 6, we will introduce the notion of completeness for metric spaces
and prove that metric spaces are sequentially compact if and only if they are complete and totally
bounded (see Theorem 6.3.1). O

5.8. Separability
The final condition we will discuss in this chapter is as follows:

_ DEFINITION 5.8.1. Let M be a metric space. A set A C M is dense if its closure equals M, i.e.,
if A= M. We say that M is separable if it has a countable dense subset. ]

Most of the metric spaces we have encountered so far are separable:

EXAMPLE 5.8.2. All metric spaces (M,0) with M finite are separable. For the countable dense
subset, we can just take all of M. O

EXAMPLE 5.8.3. The metric space R? is separable. Indeed, Q? is a countable dense subset. [J

EXAMPLE 5.8.4. All subspaces M C R? are separable. In fact, more generally all subspaces of
separable metric spaces are separable. We outline a proof of this in Exercise 5.15. This is a slightly
subtle fact; for instance, though Q? is a countable dense subset of R?, we might have M NQ% = (). O

Here is an important non-example:

ExXAMPLE 5.8.5. Let fﬁil] be the set of all sequences x = (£, )m>1 of real numbers such that
0<ux, <1forall m>1 Endow E‘[ﬁ” with the sup metric
(x,y) =sup{|zm —ym| [ m > 1} for x = (Tpm)m>1 and y = (Ym)m>1 in {5 4.
Then ({7, is not separable (see Exercise 5.17). O
Just like being sequentially compact, being separable is a topological property (see Exercise 5.14).

We now prove that all totally bounded metric spaces are separable. This implies in particular that
all sequentially compact metric spaces are separable (see Lemma 5.7.5).

LEMMA 5.8.6. Let (M,0) be a totally bounded metric space. Then M is separable.
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PRroOF. This is trivial if M = (3, so assume that M # (). Since M is totally bounded, for each
m > 1 we can find a finite 1/m-net S[m] in M. Set S = U°_,S[m]. The set S is countable, and we
claim that it is dense. Indeed, let z € M and let € > 0. We must find some s € S with d(s,z) < e.
For this, pick m > 1 large enough such that 1/m < e. Since S[m] is a 1/m-net in M, we can find
some s € S[m] such that (s, z) < 1/m < ¢, as desired. O

5.9. Summary of chapter
In this chapter, we introduced three conditions that ensure that a metric space is not too large:

separable

sequentially compact = totally bounded =
bounded.

Here are some simple (non)-examples of these concepts showing that in particular none of these
implications can be reversed. In this table, all the subspaces of R are given their Euclidean metrics.

Property Example

totally bounded but not sequentially (0,1)

compact

separable but not totally bounded /

bounded and separable but not totally countably infinite set M with discrete metric
bounded

bounded but not separable uncountable set M with discrete metric

REMARK 5.9.1. Being sequentially compact and being separable are both topological properties
(see Corollary 5.2.2 and Exercise 5.14). However, neither being totally bounded nor being bounded
is a topological property. Indeed, (0,1) is totally bounded (and hence bounded), but (0,1) is
homeomorphic to the unbounded metric space R. ([l

5.10. Exercises

EXERCISE 5.1. Let (M,0) be a metric space with M a finite set. Prove that M is sequentially
compact. ([

EXERCISE 5.2. Let (M,0) be a metric space and let Ny,..., Ny C M be subspaces. Assume
that each NN; is sequentially compact, and set N = Ny U---U Ng. Prove that N is sequentially
compact. O

EXERCISE 5.3. Let (M,0) be a sequentially compact metric space. Prove that M is bounded,
that is, there exists some C' > 0 such that ?(z,y) < C for all z,y € M. |

EXERCISE 5.4. Let M be a metric space. Prove that M is sequentially compact if and only if
every infinite subset of M has a limit point in M. |

EXERCISE 5.5. Let I = [0,1]. As in Example 2.1.10, let C(I,R) be the set of all continuous
functions f: I — R and let © be the sup metric on C(I,R):

D(f,9) =sup{|f(t) —g(t)| |t € I} for all continuous f,g: I — R.

Do the following:

(a) Prove that (C(I,R), D) itself is not sequentially compact.
(b) Let C(I,I) be the subspace of C(I,R) consisting of continuous functions f: I — R such
that f(I) C I. Prove that C(I,T) is bounded but not sequentially compact. O

EXERCISE 5.6. Let (M,0,) and (N,dy) be sequentially compact metric spaces. Let dpr0a be
the product metric on M x N, so

Oprod((#,9), (2,w)) = 0 (2, 2) + On(y, w) for all (z,y), (z,w) € M x N.
Prove that (M X N,p.04) is sequentially compact. |
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EXERCISE 5.7. Let (M,0) be a metric space and let N1 and Ny be two nonempty sequentially
compact subspaces of M. Do the following:
(a) Prove that there are points 1 € Ny and zo € Ny such that d(z1,22) < 0(y1,y2) for all
Y1 € N7 and Yo € No.
(b) Prove that Ny N Ny = ) if and only if inf {0(x1,z2) | 1 € Ny, 29 € Na} > 0.
(c) Give an example of a metric space (M, d) containing two disjoint closed subsets X1, Xo C M
with inf {9(z1,22) | 1 € X3, 22 € X2} = 0. O

EXERCISE 5.8. Let (M,0) be a metric space. For k > 1, let Ny, C M be a nonempty subspace
that is sequentially compact. Assume that

NleQDNgj"'.
Prove that N{2 ; N} is nonempty. O

EXERCISE 5.9. Do the following:

(a) Let f: R — R be the function given by f(z) = 22 for all # € R. Prove that f is not
uniformly continuous.

(b) Let f: (0,1) — R be the function given by f(z) = 1/x for all x € (0,1). Prove that f is
not uniformly continuous. O

EXERCISE 5.10. Let (M,0,) and (N,0y) be metric spaces and let f: M — N be a Lipschitz
function. Prove that f is uniformly continuous. |

EXERCISE 5.11. Let (M,0) be a totally bounded metric space. Prove that M is bounded. Hint:
start by choosing a finite 1-net A in M. O

EXERCISE 5.12. Let (M, ) be a metric space. Do the following:

(a) Assume that every sequence (x,)n,>1 of points of M has a Cauchy subsequence. Prove that
M is totally bounded. Hint: prove the contrapositive.

(b) Prove that M is totally bounded if and only if every subset S C M such that there exists
some € > 0 with 0(s,t) > € for distinct s,¢ € S is finite. O

EXERCISE 5.13. Let (M,?) be a totally bounded metric space and let N C M be a metric
subspace. Prove that N is totally bounded. O

EXERCISE 5.14. Prove that being separable is a topological property. In other words, prove that
if (M,0p7) and (N, 0y) are homeomorphic metric spaces, then M is separable if and only if N is
separable. 0

EXERCISE 5.15. Let (M, 0) be a separable metric space and let N be a subspace of M. Prove
that N is separable. Hint: If N = () there is nothing to prove, so assume that N # (). Let S be a
countable dense subset of M. For every pair (s,n) € S x N such that By, (s) NN # (), choose one
point t, ., € Bl/n(s) N N. Prove that the set T of all such ¢, is a countable dense subset of N. [

EXERCISE 5.16. Let (M,0) be a metric space. For each k > 1, let N C M be a subspace such
that Ny is separable. Assume that M = U2 Nj. Prove that M is separable. (]

EXERCISE 5.17. Let K[)(il] be the set of all sequences x = (£, )m>1 of real numbers such that
0<ux,, <1forall m>1 Endow E‘[’O‘”I] with the metric
(x,y) =sup{|zm —ym| [ m > 1} for x = (zp)m>1 and y = (Ym)m>1 in £ ).
Do the following;:
(a) Prove that Eﬁiu is not sequentially compact.
(b)* Prove that ([ 1) is not separable. g

EXERCISE 5.18%. Let I = [0, 1] be the closed interval and let C(I,R) be the set of all continuous
functions f: I — R. Endow C(I,R) with the sup metric:

D(f,9) =sup{|f(t) —g(t)| |t € I} for all continuous f,g: I — R.
Do the following:
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(a) For an interval J C R, a function h: J — R is affine linear if it is of the form h(z) = cx +d
for some ¢,d € R. Let £ C C(I,R) be the set of all continuous functions g: I — R with the
following property: for some k > 1, there exists a partition

O=ay<a;1 <--<ap=1
such that the following hold:
e the function g(,, , q,) is affine linear for all 1 <7 < k; and
e we have a; € Q and g(a;) € Q for all 0 < i < k.
Prove that £ is dense in C(I,R).
(b) Prove that C(I,R) is separable. O






APPENDIX 5.1*

Compactness vs sequential compactness in metric spaces

When we discuss compactness for general topological spaces, we will define it in terms of open
covers. This is a genuinely different notion from sequential compactness, and for general topological
spaces neither condition implies the other. This appendix introduces compactness for metric spaces
and proves that a metric space is compact if and only if it is sequentially compact. A reader learning
this material for the first time might want to skip this and postpone the general notion of compactness
until they study it for topological spaces, so we have marked this appendix with an *.

5.I.1. Open covers

Let M be a metric space. A cover of M is a set 9B of subsets of M such that
M= ] B
Be®B
An open cover of M is a cover U such that each U € 4 is open. Here are some examples:

ExaMPLE 5.1.1.1. Consider R with its Euclidean metric. The set { = {(n —1,n+1) | n € Z}
of open intervals is an open cover of R. This would not work if these open intervals did not overlap;
for instance, the set {(n —0.5,n 4+ 0.5) | n € Z} is not a cover of R. O

EXAMPLE 5.1.1.2. Let M be a metric space. For each © € M, choose a real number r(z) > 0.
Then 4 = {B,(;)(z) | € M} is an open cover of M. O

5.1.2. Subcovers and compactness
A cover B of a metric space M is a finite cover if B is a finite set. A subcover of a cover B is a
subset B’ C 9B that is itself a cover. We now come to the main definition of this appendix:

DEFINITION 5.1.2.1. A metric space M is compact if each open cover 4 of M has a finite
subcover. O

ExAMPLE 5.1.2.2. Every finite metric space M is compact; indeed, if M is finite, then since there
are only finitely many subsets of M each open cover of M is already a finite cover. O

ExaMPLE 5.1.2.3. Consider R with its Euclidean metric. The metric space R is not compact.
Indeed, the open cover U = {(n —1,n+ 1) | n € Z} has no finite subcover. To see this, consider a
nonempty finite subset

W={(n1—1L,ng+1),...,(nm — Lnym +1)}

of $I. Setting N = max{ni,...,n,}, the union of the intervals in Y’ does not contain the point
N+1eR. O

Generalizing this example, the following easy lemma says that all compact metric spaces are
bounded:

LEMMA 5.1.2.4. Let M be a compact metric space. Then M is bounded.

PROOF. This is trivial if M = (), so assume that M is nonempty. Let zq € M, and consider
the open cover 4 = {B,(zo) | > 0}. Since M is compact, this has a finite subcover. For some
r1,...,7n > 0, we therefore have

M = Brl (Io) U---y B,-n (SC())

Setting R = max{ri,...,r,}, each By, (o) is contained in Br(x), so M = Br(xo) and hence M is
bounded. O

73
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5.1.3. Compact vs sequentially compact

Our main goal in this appendix is to prove the following:

THEOREM 5.1.3.1. Let M be a metric space. Then M is compact if and only if M is sequentially
compact.

We will prove this in four steps. In §5.1.4, we will study intersections of closed subsets of compact
metric spaces. In §5.1.5, we will use this to prove that all compact metric spaces are sequentially
compact. Next, in §5.1.6 we will prove a result called the Lebesgue number lemma. Finally, in §5.1.7
we will use the Lebesgue number lemma to prove that all sequentially compact metric spaces are
compact.

5.1.4. Intersections of closed subsets of compact metric spaces

In this section, we prove the following. It should be compared to the similar Exercise 5.8 for
sequentially compact metric spaces.

LEMMA 5.1.4.1. Let (M,0) be a compact metric space. For k> 1, let Cx;, C M be a nonempty
closed subset such that

C12C;D>C3D .
Then N2, Cy is nonempty.

PROOF. Assume for the sake of contradiction that N2 ,Cy = 0. For k > 1, set U, = M \ Cj.
Since Cj, is closed, Uy is open (Lemma 2.8.1). Since C; D Cy D -- -, we have

UcUy,cUsC---.

Finally, since N2 ,Cy, = 0, it follows that U2 Uy = M. In other words, 4 = {Uy | k > 1} is
an open cover of M. Since M is compact, i has a finite subcover ' = {Uy,,..., U, }. Setting

K = max{ky,...,k,}, we have Uy, C Uk for all 1 <i < n. Since I’ is a cover of M, this implies
that M = Ug. Since Ux = M \ Ck, we conclude that Cx = ), contradicting the fact that Ck is
nonempty. ]

5.1.5. Compact metric spaces are sequentially compact
We now prove that all compact metric spaces are sequentially compact:
THEOREM 5.1.5.1. Let (M,0) be a metric space. If M is compact, then M is sequentially compact.
PROOF. Let (zy,)n,>1 be a sequence of points of M. We must prove that (x,),>1 has a convergent
subsequence. For n > 1, set
Cp ={xm | m >n}.
Each (), is nonempty and closed, and we have
OlDCQDC?,D"'.

Applying Lemma 5.1.4.1, we find a point y € M such that y € C,, for all n > 1. For each ¢ > 0 and
n > 1, we can therefore find some m > n such that d(x,,,y) < e. We now inductively construct a
subsequence of (x,,),>1 as follows:

e Start by choosing some n; > 1 such that d(zp,,y) < 1.
e Assume now that for some k > 1 we have constructed nj. Choose some ng1 > ng + 1 such
that 0(zp, ,,y) <1/(k+1).

By construction, (z,,)r>1 is a subsequence of (z,),>1 such that limy_,o, 3(zp,,y) = 0. It follows
that limy_, o0 zp, = vy, as desired. O
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5.1.6. The Lebesgue number lemma

Before proving that all sequentially compact metric spaces are compact, we must prove an
important result. If M is a metric space and 4 is an open cover of M, then a Lebesgue number of Ll
is a real number r > 0 such that for all x € M there exists some U € 4l such that B,(z) C U. Not
all open covers have Lebesgue numbers:

ExXAMPLE 5.1.6.1. Consider the following open cover of the open interval (0,1):
U={(1/n,1) | n>2}.

This open cover has no Lebesgue number. Indeed, consider > 0. Set x = min{r/2,1/2}. The ball
B, (z) contains points arbitrarily close to 0, so B,(z) is not contained in any interval of the form
(1/n,1) with n > 2. O

The following basic result says that all open covers of sequentially compact metric spaces have
Lebesgue numbers:

LEMMA 5.1.6.2 (Lebesgue number lemma). Let (M,0) be a sequentially compact metric space
and let 31 be an open cover of M. Then U has a Lebesgue number.

PROOF. Assume that &l does not have a Lebesgue number. For each n > 1, we can therefore find
some x, € M such that By, (z,) is not contained in any U € . Since M is sequentially compact,
the sequence (zy,),>1 has a convergent subsequence (z,, )r>1. Set y = limg_,o0 Tp, . Pick U € 4 such
that y € U. Since U is open, we can find some r > 0 such that B,(y) C U. Pick k > 1 such that
(2p,,y) <r/2and ng > 2/r. By the triangle inequality, for z € B, /3(zy, ) we have

0(z,y) <0(2,&n,) +0(Tn,,y) <7/2+71/2=r
It follows that
B, j2(xn,) C Br(y) C U.

However, by assumption By, (2, ) is not contained in U. Since 1/ny < /2, this is a contradiction.
O
5.1.7. Sequentially compact metric spaces are compact

We now prove that sequentially compact metric spaces are compact. Since we have already
proved the converse (Theorem 5.1.5.1), this will imply that for metric spaces being compact is the
same as being sequentially compact (see Theorem 5.1.3.1).

THEOREM 5.1.7.1. Let (M,0) be a metric space. If M is sequentially compact, then M is compact.

PROOF. This is trivial if M = (), so assume that M is nonempty. Let i be an open cover of M.
We must prove that 4 has a finite subcover. Let » > 0 be a Lebesgue number for 4, so for all x € M
there exists some U € 4 such that B,.(x) C U. Since M is sequentially compact, it is totally bounded
(Lemma 5.7.5). We can therefore find a finite r-net {z1,...,2,} in M. By definition, this means that

M = U’Zler(fL‘k).
For each 1 < k < n, we can find some Uy, € 4 such that B, (xy) C Ug. We have
M = UZler(xk) C U};L:lUk,

so we conclude that {Uy,...,U,} is a finite subcover of I, as desired. O

5.1.8. Final remarks

Since metric spaces are compact if and only if they are sequentially compact, we can replace
“sequentially compact” with “compact” in all our previous results. We collect some of these results
here:

THEOREM 5.1.8.1 (Heine Borel theorem, cf. Theorem 1.10.5). A set K C R? is compact if and
only if it is closed and bounded.
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LEMMA 5.1.8.2 (cf. Lemma 5.2.1). Let M and N be metric spaces and let f: M — N be a
continuous function. Assume that M is compact. Then the subspace f(M) of N is compact.

LeEMmMA 5.1.8.3 (cf. Lemma 5.3.1). Let M be a compact metric space and let N C M be a subspace.
Then N is compact if and only if N is a closed subset of M.

LEMMA 5.1.8.4 (cf. Lemma 5.4.2). Let (M,0y) and (N,0n) be metric spaces and let f: M — N
be a continuous bijection. Assume that M is compact. Then f is a homeomorphism.

THEOREM 5.1.8.5 (Extreme value theorem, cf. Theorem 5.5.1). Let M be a nonempty compact
metric space and let f: M — R be a continuous function. Then:
(i) The function f is bounded.
(i) The infimum and supremum of [ are attained.

THEOREM 5.1.8.6 (Heine—Cantor theorem, cf. Theorem 5.6.5). Let (M,05) and (N,0n) be
metric spaces and let f: M — N be a continuous function. Assume that M is compact. Then f is
uniformly continuous.

LEMMA 5.1.8.7 (Lebesgue number lemma, cf. Lemma 5.1.6.2). Let (M,0) be a compact metric
space and let L be an open cover of M. Then i has a Lebesgue number.

5.1.9. Exercises

EXERCISE 5.1.1. Let (M,0) be a compact metric space and let £l be an open cover of M. Using
the open cover definition of compactness, prove that i has a Lebesgue number. Hint: start by using
the fact that M is compact to find 1,...,2, € M and €1,...,€, > 0 such that the B, (x;) cover M
and such that for all 1 <4 < n there exists some U; € i such that By, (x;) C Us. O

EXERCISE 5.1.2. Let M be a metric space. Prove that M is compact if and only if the following
holds:

e Let B be an open cover of M such that each B € 9B is of the form B,(z) for some z € M

and r > 0. Then B has a finite subcover. ]

EXERCISE 5.1.3. Let M be a metric space and let K C M be a subspace. Prove that K is
compact if and only if for all collections 4l of open sets in M such that

Kc v
Uest
there exists a finite subset Y’ C U such that K C UyegU. ]

EXERCISE 5.1.4. Let M be a compact metric space. Using the open cover definition of compactness,
prove that M is totally bounded. O

EXERCISE 5.1.5. Say that a metric space M has the Lebesgue number property if every open
cover of M has a Lebesgue number. Do the following:

(a) Prove that M is compact if and only if it is totally bounded and has the Lebesgue number
property.

(b) Give an example of a metric space that is not compact but has the Lebesgue number
property.

(c) Give an example of a metric space that is totally bounded but does not have the Lebesgue

number property. (]

EXERCISE 5.1.6. Let M be a compact metric space and let IV be another metric space. Using
the Lebesgue number lemma, give an alternate proof that every continuous function f: M — N is
uniformly continuous. O



APPENDIX 5.IT*

Examples: discrete sequences and the Hilbert cube

This appendix describes two examples of sequentially compact metric spaces: the space of
sequences of elements of a finite set, and the Hilbert cube. The proofs that they are sequentially
compact use a diagonalization argument reminiscent of Cantor’s proof of the uncountability of the
real numbers. In Chapter 21, we will prove a general theorem called Tychonoff’s theorem that will
include the sequential compactness of both spaces as a special case. We have marked this appendix
with an * to indicate that a first-time reader might want to skip it.

5.I1.1. Spaces of discrete sequences

Recall the following definitions from Example 2.1.8. Consider a set S. Let Seq(S) be the set
of sequences s = (S;,)m>1 of elements of S. The first-difference metric ? on Seq(S) is as follows.
Consider s,t € Seq(S). Write s = (s;)m>1 and t = (ty)m>1. If s = t, then set 3(s,t) = 0.
Otherwise, let k = min{m > 1| s, # t,,} and set 9(s,t) = 1/k. This is a metric (see Exercise 2.4).
If S is finite, then (Seq(S),?) is sequentially compact:

THEOREM 5.11.1.1. Let S be a finite set and let 0 be the first-difference metric on Seq(S). Then
(Seq(5),0) is sequentially compact.
PRrROOF. Let (s[n]),>1 be a sequence of points of Seq(S). We must prove that (s[n]),>1 has a
convergent subsequence. For n > 1, write
s[n] = (s[n]m)m>1  with s[n],, € S for all m > 1.
The key to the proof is the following claim:

CLAIM. There exists t = (tm)m>1 € Seq(S) such that for all m > 1, there exist infinitely many
values of n > 1 with s[n]; =t; for 1 <i<m.

PRrOOF OF crLAaM. We construct the t,, inductively. The base case m = 1 and the inductive
case are proved identically, so we give a unified proof of them. For some m > 1, assume that we have
constructed t1,...,t,,,_1. This is vacuous if m = 1. Let

Im—-1]={n>1]|snl;=t;for 1 <i<m—1}.

Note that in the edge case m = 1 we have Z|m — 1] = {1,2,3,...}. By the inductive hypothesis,
Z[m — 1] is infinite. Since S is finite, we can choose t,,, € S such that the set

Iml={ne€Zim—1]| s[n]m =tm}
is infinite. Since Z[m] C Z[m — 1], for n € Z[m| we have s[n]; = t; for 1 <i < m, as desired. O
As in the proof of the claim, for m > 1 let
Im]={n>1]s[nl; =t for 1 <i<m}.
By construction, these are infinite sets satisfying
I[1]DZ2] DZ[38] D -~ .
We can therefore find an increasing sequence of integers
ng<ng <ng<---

such that ny, € Z[k] for all k > 1. We claim that the subsequence (s[ny])x>1 converges to t. To see
this, note that by construction the first & terms of s[ny] agree with the first & terms of t. It follows
that 9(s[ng],t) < 1/k. In particular, limy_, 0(s[ng,t) = 0, so limy_,o s[ng] = t, as claimed. O

7
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REMARK 5.11.1.2. Another way to prove Theorem 5.I1.1.1 is as follows. If S is empty then
Seq(S) = 0, and if S has one point then Seq(S) is a single point. These are both sequentially compact,
so we can assume that S has at least 2 points. For p > 1, let S, = {0,...,p}. If S has (p+ 1) points,
then Seq(S) = Seq(Sp). Exercise 4.17* says that Seq(S,) = Seq(S1), and Exercise 4.18 says that
Seq(S1) is homeomorphic to the Cantor set C. We deduce that Seq(S) = C.

The Cantor set is a closed (see Exercise 2.17*) and bounded subset of R, so by the Heine-Borel
theorem (Theorem 1.10.5) C'is sequentially compact. Since being sequentially compact is a topological
property (Corollary 5.2.2) and Seq(S) 2 C, we conclude that Seq(S) is sequentially compact. [

5.I1.2. The Hilbert cube

We now introduce an important space H called the Hilbert cube. Just like the space EFOO,H from
Example 5.8.5, the points of H are sequences (&, )m>1 of elements of the interval [0, 1]. However,
the metric on H is different from the metric on K‘foo}l].i This results in very different metric spaces.
Indeed, while E‘[)[il] is not sequentially compact (see Exercise 5.17), the Hilbert cube will turn out to
be sequentially compact.

Let H be the set of sequences x = (z,,)m>1 of real numbers such that 0 < z,, <1 for all m > 1.
For x,y € H with x = (z,)m>1 and y = (ymjmzl, define

o(x,y) Sup{w |m > 1}.
m

Since T, — ym| < 2 for all m > 1, the above set is bounded above and this supremum is finite.
This is a metric on H (see Exercise 5.I1.1). The metric space (H,0) is called the Hilbert cube. The
following lemma characterizes convergent sequences in the Hilbert cube:

LEMMA 5.11.2.1. Let (x[n])n>1 be a sequence of points of the Hilbert cube (H,0). Forn > 1,
write xX[n] = (z[n]m)m>1. For a point y = (Ym)m>1 of H, we have lim,,_,o xX[n] =y if and only if

lim z[n|ym =ym for allm > 1.
n—oo

PRrOOF. We divide the proof into two claims.

CLAIM. Assume that for some mg > 1 the sequence of real numbers (z[n)m,)n>1 does not
converge to Ym,. Then the sequence (x[n])p>1 in H does not converge to'y.

For n > 1, observe that

a0l y) = sup { =0l g} [l ],
m mo
Since the sequence (x[n]m,)n>1 does not converge to Y, , the right-hand side does not approach 0
as n goes to co. It follows that d(x[n],y) does not converge to 0 as n goes to oo, so (x[n]),>1 does
not converge to y.

CrLAIM. For each m > 1, assume that the sequence of real numbers (x[n]m)n>1 converges to yYm,.
Then lim, _,~ X[n] =y.

Fix € > 0. Our goal is to find some N > 1 such that for n > N we have d(x[n],y) < e. What we
will prove is that there exists some N > 1 such that for n > N we have |z[n],, — ym|/m < ¢/2 for all
m > 1. This will imply that for n > N we have

A(x[n],y) sup{'ac[n]ﬂ;l_yml | m > 1} <e€/2<e,

as desired.

It remains to find the desired N. Pick M > 1 such that for m > M + 1 we have 1/m < €/4.
Since limy, 00 Z[N]m = Ym for all m > 1, we can find N > 1 such that for n > N and 1 <m < M we
have |z[n]m — Ym| < me/2. For all n > N and m > 1, we claim that |z[n], — ym|/m < €/2. Indeed:

e if m > M + 1, then |z[n]n, — ym|/m < 2/m < 2¢/4 = €/2; and
o if 1 <m < M, then |z[m]m, — ym|/m < (me/2)/m = €/2.
The claim follows. [l
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Our main result about the Hilbert cube is that it is sequentially compact:
THEOREM 5.11.2.2. The Hilbert cube (H,0) is sequentially compact.

PRrROOF. Let (x[n])n>1 be a sequence of points of . We must prove that (x[n]),>1 has a
convergent subsequence. For n > 1, write

x[n] = ([n)m)m>1 with 0 < z[n],, <1 for all m > 1.
The key to the proof is the following claim:
CLAIM. There exists a nested sequence

JAo>J2>TJ8] D
of infinite sets of natural numbers such that the following holds for all m > 1:
e Enumerate J[m] as
Jm] ={nmi <nmo <nmz<---}
Then the sequence (T[N k|m)k>1 of points of [0,1] converges.

PROOF OF CcLAIM. We construct the J[m] inductively. Start by setting J[0] = {1,2,3,...}. For
some m > 1, assume that we have constructed J[m — 1]. Enumerate J[m — 1] as

TJm—=1={nm-11 <nNm-12 < Np—1,3 < -}

We therefore have a sequence (#[ny—1.k]m)k>1 of points of [0, 1]. Since [0, 1] is sequentially compact,
this has a convergent subsequence. We can therefore find a strictly increasing sequence of indices

ki <ko<ks<---
such that (2[nm—1.k,]m);>1 converges and let
JIm] ={nm-1k <Nm-1ky < Mm—1hs < - }- O
For m > 1, let J[m] be as in the above claim. Enumerate it as
Jm] ={nm1 <nmz2 <nms<--}
The sequence ([N, k]m)k>1 of points of [0,1] converges. Define
g = i alng il € 0,1]
and set y = (Ym)m>1 € H. We will prove that our sequence (x[n]),>1 of points of H has a subsequence

that converges to y.
Since the J[m] are infinite and satisfy

(5.11.2.1) JA>JIR2I>DTB D,
we can find an increasing sequence
U1 <ty <f3 <
of natural numbers such that £, € J[m] for all m > 1. By (5.I1.2.1), for each m > 1 the sequence
b < £m+1 < £m+2 < €m+3 < v
is a subsequence of the sequence obtained by enumerating J[m] in increasing order:
Jim] ={nmi <nma2 <npms<---}

Neither passing to a subsequence nor deleting finitely many terms from a sequence changes its limit,
so we deduce that for m > 1 we have

lim (E[ﬁk]m = lim x[nm,k]m = Ym-
k—o0 k—o0

Applying the criterion from Lemma 5.11.2.1, we conclude that the sequence

(X[l k=1 = ((@[le)m)m>1)k>1

of points of H converges to y = (Ym)m>1, as desired. |
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The Hilbert cube has many remarkable properties. One that is striking but easy to state is as
follows:

THEOREM 5.11.2.3. Let M be a sequentially compact metric space. Then M is homeomorphic to
a closed subspace of the Hilbert cube.

PrROOF. We will outline a proof in Exercise 5.11.4* below. (Il

REMARK 5.11.2.4. It is also the case that every separable metric space M is homeomorphic to a
subspace of the Hilbert cube. That subspace is closed if and only if M is sequentially compact. The
proof is similar to the one we give in Exercise 5.11.4* below, but a bit more work is needed to ensure
that the injective function from M to the Hilbert cube is a homeomorphism. O

5.11.3. Exercises

EXERCISE 5.I1.1. Let A be the Hilbert cube, that is, the set of sequences x = (2, )m>1 of real
numbers such that 0 < x,,, <1 for all m > 1. Recall that the metric 0 on H is defined as follows:

Tm — Ym .
d(x,y) = sup {my| | m > 1} for x = (Zym)m>1 and y = (Ym)m>1 in H.

Prove that this is a metric. O

EXERCISE 5.11.2. Do the following:

(a) Let S be a nonempty finite set and let ? be the first-difference metric on Seq(S). Since
Seq(S) is sequentially compact, we know it is separable. Construct an explicit countable
dense subset of Seq(S).

(b) Let (H,d) be the Hilbert cube. Since H is sequentially compact, we know it is separable.
Construct an explicit countable dense subset of H. Hint: a first idea is to consider the set
of points x = (2, )m>1 with z,,, € [0,1] N Q for all m > 1. However, this does not quite
work since this is an uncountable set. Try to modify it to get a countable set. O

ExXERCISE 5.11.3. Recall that EFOO 1] denotes the set of all sequences (2, )m>1 of real numbers

such that 0 < z,, <1, equipped with the sup metric. Construct an isometric embedding of H into
59 . |
[0,1]

EXERCISE 5.11.4*%. Let (M,0) be a sequentially compact metric space and let (H,0x) be the
Hilbert cube. Prove that M is homeomorphic to a closed subspace of H. Hint: If M = () there is
nothing to prove, so we can assume that M # (). By Lemmas 5.7.5 and 5.8.6, the metric space M is
separable. Let S be a countable dense subset of M. Enumerate S as S = {s1, $2, 83, . ..}, repeating
terms to give infinitely many terms if .S is finite. By Exercise 5.3, the metric space M is bounded. Let
C > 0 be such that d(y,z) < C for all y, z € M. Recalling that points of H are sequences (Zy,)m>1
of real numbers satisfying 0 < z,, < 1, define a function ¢: M — H as follows:

[ 0(z,51) 0(2,82) 0(2,s3)
¢(2)—< c ' C ' C ,) for z € M.

Prove that ¢ is a continuous injective function, and then prove that ¢ is a homeomorphism between
M and the subspace ¢(M) C H. Finally, prove that ¢(M) is closed. O




CHAPTER 6

Complete metric spaces

We next discuss complete metric spaces.

6.1. Complete metric spaces

Let (M, ) be a metric space. Recall that a sequence (z,,),>1 of points of M is a Cauchy sequence
if for all € > 0, there exists some N > 1 such that for all n,m > N we have d(z,,x,) < e. All
convergent sequences are Cauchy sequences (see Lemma 2.5.2), but the converse is false in general.
This leads to the following definition:

DEFINITION 6.1.1. A metric space (M, ) is complete if all Cauchy sequences in M converge. [

EXAMPLE 6.1.2. Euclidean space R? is complete (Theorem 1.4.2). As we will prove in Lemma
6.1.6, this implies that all closed subspaces of R¢ are also complete. (]

EXAMPLE 6.1.3. The open unit interval (0,1) with the Euclidean metric is not complete. Indeed,
forn >11let z, =1/(n+1) € (0,1). The sequence (z,),>1 of points of (0,1) is a Cauchy sequence,
but it does not converge in (0,1). The issue here is that the point 0 does not lie in (0, 1). O

REMARK 6.1.4. Since R and (0,1) are homeomorphic metric spaces with R complete and (0,1)
not complete, being complete is not a topological property. However, being complete is preserved by
bi-Lipschitz equivalences (see Exercise 6.11). O

REMARK 6.1.5. The non-completeness of (0,1) has something to do with the “missing” points
{0,1}. Later we will show how to add points to a metric space to make it complete. O

Many other examples are provided by the following observation:

LEMMA 6.1.6. Let (M,0) be a complete metric space and let X C M be a subspace. Assume that
X is a closed subset of M. Then X is complete.

PRrROOF. Let (z,)n>1 be a Cauchy sequence in X. We must prove that (z,),>1 converges to a
point of X. Since M is complete, the sequence (z,),>1 converges to a point x € M. Since X is
closed, we have z € X (see Lemma 2.7.5). The claim follows. O

6.2. Completeness of sequentially compact metric spaces
We now prove the following:
LEMMA 6.2.1. Let (M,0) be a sequentially compact metric space. Then M is complete.

PROOF. Let (xy,),>1 be a Cauchy sequence in M. We must prove that (z,),>1 converges. Since
M is sequentially compact, (2,),>1 has a convergent subsequence. In other words, there is an
increasing sequence of natural numbers
ny <ng <ng<---

such that (x,, )k>1 converges. Set z = limy_,oo p,. We will prove that (x,),>1 converges to x.
Letting € > 0, we must find some N > 1 such that for n > N we have d(x,,, ) < €. Since (2, )n>1
is a Cauchy sequence, we can find some N > 1 such that for n,m > N we have d(z,, z,,) < €/2.
Consider some n > N. Since (z,, )r>1 converges to x, we can find some k& > 1 with ny, > N such
that d(zy, , ) < €/2. Since n,ng > N, it follows that

(@, ) <0(Xp, Tn,,) + (X, x) < €/2+€/2 =k,
as desired. [l

81
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EXAMPLE 6.2.2. Since the Hilbert cube H is sequentially compact (Theorem 5.11.2.2), Lemma
6.2.1 implies that #H is complete. ]

ExXAMPLE 6.2.3. For a set S, let Seq(S) be the space of sequences of elements of S with the
first-difference metric (see §5.11.1). If S is finite, then Seq(S) is sequentially compact (Theorem
5.I1.1.1), so Lemma 6.2.1 implies that Seq(S) is complete. In fact, Seq(S) is complete for arbitrary
sets S (see Exercise 6.7). O

6.3. Complete totally bounded metric spaces are sequentially compact

Recall that a metric space (M, ) is totally bounded if for all € > 0 it has a finite e-net, i.e., there
is a finite subset A C M such that for all x € M there is some z € A with ?(z, z) < e. Sequentially
compact metric spaces are totally bounded (Lemma 5.7.5) and complete (Lemma 6.2.1). It turns out
that these two properties characterize sequentially compact metric spaces:

THEOREM 6.3.1 (Generalized Heine-Borel theorem). Let (M,0) be a metric space. Then M is
sequentially compact if and only if it is complete and totally bounded.

6.4. Spaces of bounded functions

Let (M,0) be a metric space and let S be a set. Let Map(S, M) be the set of all functions
f: S — M. For aset T'C M, define

diam(7T') = sup ({0(t1,t2) | t1,t2 € T} U{0}).

We might have diam(7) = co. A function f: S — M is bounded if diam(f(S)) < co. Let Map, (S, M)
be the set of all bounded functions f: .S — M. The sup metric on Map, (S, M) is defined as follows:

D(f,9) = sup ({2(f(s), 9(s)) [ s € S}U{0}) for all f,g € Map, (S, M).

We will prove below that ©(f, g) < co. Once we have done this, it is straightforward to see that ©
satisfies the axioms of a metric. The proof that D(f, g) is finite is as follows:

LEMMA 6.4.1. Let S be a set, let (M,d) be a metric space, and let f,g € Map,(S, M). Then
D(f,9) < oo.

PRrROOF. This is immediate if S = (), so assume that S # (). Fix some sq € S. For s € S, we have

2(f(5), 9(s)) < 3(F (), f(50)) +0(F(s0). 9(50)) +d(g(s0), 9(5))
< diam(f(5)) + 3(f(s0), g(s0)) + diam(g(S)).

Taking the supremum as s ranges over elements of S, we conclude that
D(f,9) < diam(f(S)) +d(f(s0),9(s0)) + diam(g(5)) < oo. 0
If M is a complete metric space, the sup metric makes Map, (.S, M) into a complete metric space:

THEOREM 6.4.2. Let S be a set, let (M,0) be a complete metric space, and let D be the sup
metric on Mapy (S, M). Then (Map,(S, M), D) is a complete metric space.

ProOOF. This is immediate if S =, so assume that S # 0. Let (f,)n>1 be a Cauchy sequence
in Map, (S, M). We must prove that (f,),>1 converges to a point of Map, (S, M). Define a function
f: 85— M as follows:

e Consider s € S. For n,m > 1, we have 3(f,(s), fm(s)) < D(fn, fm)- Since (fn)n>1 is a
Cauchy sequence in Map, (S, M), this implies that (f,(s))n>1 is a Cauchy sequence in M.
Since M is complete this Cauchy sequence converges. Define f(s) = lim, o0 frn($).

To prove the theorem, it is enough to prove the following two things:

CLAIM. The function f: S — M is bounded.
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Consider s,t € S. We must give an upper bound on d(f(s), f(¢)) that does not depend on s
and t. Since (fy,)n>1 is a Cauchy sequence, we can find N > 1 such that for all n > N we have
D(fn, fn) < 1. This N does not depend on s or t. Since (fy,(s)),>1 converges to f(s) and (fp(t))n>1
converges to f(t), we can find some n > N such that d(f,(s), f(s)) <1 and d(f.(t), f(t)) < 1. We
have

o(f(s), f(1)) <0(f(s), ful(s)) +0(fnls), fn(s))
+0(fn(s), [N (@) +0(fn(E), fu(t)) +0(fn(t), f(1))
<14+1+3(fn(s), fn(t)) + 141 < diam(fn(S5)) + 4.

This upper bound diam(fx(S)) + 4 only depends on N, which as we noted above is independent of s
and t, as desired.

CLAIM. The sequence (frn)n>1 converges to f.

Consider € > 0. We must find some N > 1 such that for n > N we have D(f,, f) < e. Since
D(fn, f) is the supremum of ?(f,,(s), f(s)) as s ranges over elements of S, it is enough to find some
N > 1 such that for n > N and s € S we have 2(f,,(s), f(s)) < €¢/2. Taking the supremum, we will
then be able to conclude that D(f,, f) < €/2 <e.

Since (fn)n>1 is a Cauchy sequence, we can find some N > 1 such that for n,m > N we have
D(fn, fm) < €/4. Consider some s € S and n > N. To see that d(f,(s), f(s)) < €/2, observe that
since f(s) = limy,— 00 fin(s) we can find some m > N such that 0(f,,(s), f(s)) < €/4. We then have

0(fn(s), f(5)) <O(fu(s), fm(s)) +0(fm(s), f(s))
<D (fn, fm) +0(fim(s), f(5)) < €/d+e€/4=¢€/2. 0

Recall that £*° is the set of bounded sequences of real numbers (see Example 2.1.9). We have:

LEMMA 6.4.3. Let S ={1,2,3,...}. Then Map,(S,R) with the sup metric is isometric to £
with the sup metric.

PROOF. Define a map ¢: Map,(S,R) — ¢ as follows. Consider f € Map,(S,R), so f is a
bounded function f: .S — R. For m > 1, let z,, = f(m). We then define ¢(f) = (@m)m>1 € €. It
is immediate from the definitions that ¢ is a bijection and an isometric embedding, and hence an
isometry. O

In light of Theorem 6.4.2, this implies the following:

COROLLARY 6.4.4. The metric space £°>° with the sup metric is complete.

6.5. Spaces of continuous functions

Let (N,oy) and (M,0)s) be metric spaces. Let Cp(N, M) be the set of all bounded functions
f: N — M that are continuous. This is a subset of Map, (N, M), which is a metric space with
respect to the sup metric. We will prove that it is a closed subset:

LEMMA 6.5.1. Let (N,on) and (M,05r) be metric spaces. Let ® be the sup metric on Mapy, (N, M).
Then Cy(N, M) is a closed subset of (Mapy(N,M),D).

PROOF. Let (fn)n>1 be a sequence of elements of Cp(N, M) that converges to f € Map, (N, M).
To prove that Cy(N, M) is closed, we must prove that f € Cp(N, M) (see Lemma 2.7.5). In other
words, we must prove that f is continuous. Consider a point zy € N and some € > 0. Our goal is to
find some 0 > 0 such that for z € N with dn(x,20) < ¢ we have 5/ (f (), f(z0)) < €.

Since (fn)n>1 converges to f, we can find some ng > 1 such that D(f,,, f) < ¢/3. This implies
that 97 (fn, (), f(z)) < €/3 for all x € N. Since f,,: N — M is continuous at zy, we can find
d > 0 such that for z € N with dx(z,z0) < & we have 0y ([, (%), frno (%0)) < €/3. For x € N with
On(z,2p) < § we then have

DM(f(x)a f(xO)) SDM(f(x)a fno (1’)) + DM(fno (‘T)’ fno (’130)) + DM(fno (ZO)a f(x()))
<€/3+¢€/3+¢/3=¢ O
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We will call the restriction to Cp(N, M) of the sup metric on Map, (N, M) the sup metric on
Cp(N, M). Combining Lemma 6.5.1 with Theorem 6.4.2 and Lemma 6.1.6, we deduce the following:

COROLLARY 6.5.2. Let (N,0n) and (M,0y) be metric spaces such that M is complete. Let D
be the sup metric on Co(N, M). Then (Co(N,M),D) is a complete metric space.

REMARK 6.5.3. Let I = [0,1]. Since I is sequentially compact, all continuous functions f: I — R
are bounded (see Theorem 5.5.1), so C(I,R) = Cy(I,R). It thus follows from Corollary 6.5.2 that
C(I,R) is complete. O

6.6. Exercises

EXERCISE 6.1. Let (M,0) be a metric space and let (x,),>1 be a Cauchy sequence in M. Do
the following:
(a) Prove that (z,)n>1 is bounded in the sense that there exists some C' > 0 such that
V(@p, Zm) < C for all n,m > 1.
(b) Prove that every subsequence of (x,)n>1 is a Cauchy sequence. O

EXERCISE 6.2. Let (M,0) be a metric space and let (z,),>1 be a Cauchy sequence in M. Let
¢: N — R be a function such that e¢(n) > 0 for all n > 1. Prove that (z,),>1 has a subsequence
(Yn)n>1 such that 3(yn,ym) < e(n) for all n,m > 1 with m > n. In the literature, when e(n) is
chosen to decay quickly to 0 as n — oo such sequences (y,,)n>1 are often called fast Cauchy sequences.
Common choices of quickly-decaying e(n) are e(n) = 1/2™ and e¢(n) = 1/n. O

EXERCISE 6.3. Let (M,0) be a metric space and let X C M be a subspace. Assume that X is
not a closed subset of M. Prove that X is not complete. O

EXERCISE 6.4. Let (M,?) be a complete metric space. Define 9’ as follows:
o' (z,y) = min{d(z,y),1} for z,y € M.

In Exercise 4.9, you proved that ' is a metric and that (M,?) is homeomorphic to (M,?"). Prove
that (M,0’) is complete. O

EXERCISE 6.5. Let (M, ) be a metric space. Do the following:

(a) Let Ny,..., Ni be subspaces of M. Assume that each NV; is complete. Prove that N1U- - -UN}
is complete.

(b) Let Ny, Na, N3, ... be subspaces of M. Assume that each N; is complete. Prove that N2, N;
is complete.

(c) Is (a) true for unions of countably many subspaces? Either prove this or find a counterex-
ample. ([l

EXERCISE 6.6. Let (M, ) be a metric space. For g € M and r > 0, recall that the closed ball
around xg of radius r is
B (xo) = {xz € M | o(z,z0) < r}.
This is a closed subspace of M (see Exercise 2.9). Do the following:

(a) Assume that there exists some 7 > 0 such that B (zg) is complete for all zy € M. Prove
that M is complete.

(b) Give an example of a non-complete metric space (M, ) such that for all zy € M, there
exists some 7 > 0 such that B (zg) is complete. O

EXERCISE 6.7. Let S be an arbitrary set. Recall (see §5.11.1) that Seq(S) is the set of sequences
S = (Sm)m>1 of elements of S. Also, the first-difference metric ® on Seq(S) is as follows. Consider
s,t € Seq(S). Write s = (Si)m>1 and t = (t,)m>1. If s = t, then (o, 7) = 0. Otherwise, letting
kE=min{m > 1| sy # tm} we have 0(s,t) = 1/k. Prove that (Seq(S),?) is complete. O

EXERCISE 6.8%. Let (M,0) be a metric space. For a subset A C M, recall that the diameter of
Ais

diam(A) = sup ({o(z,y) | =,y € A} U{0}).

This is finite if and only if A is bounded. Prove that M is complete if and only if it satisfies the
following condition:
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e For all nested sequences of nonempty closed and bounded sets
ClDCQDC;;D"'
such that lim,, o, diam(C),) = 0, the intersection N2, C consists of a single point. O

EXERCISE 6.9. Let (M,0)s) and (N,dy) be metric spaces. Let © be the sup metric on
Map, (M, N).

(a) Let f: M — N be a bounded function that is not continuous at some xg € M. Prove that
there exists some € > 0 such that if g: M — N is a bounded function with D(f,g) < e,
then ¢ is also not continuous at xg.

(b) Use (a) to give an alternate proof of Lemma 6.5.1, which says that C,(M, N) is a closed
subset of Map, (M, N). Hint: argue that Map, (M, N) \ Cy(M, N) is open (see Lemma
2.8.1). O

EXERCISE 6.10. Let (M,05s) and (N,0n) be metric spaces. Endow Cy(M, N) with the sup
metric ©, and give M x Cy(M, N) the product metric dprod, SO

Dprod((asa f)? (yvg)) = DM(IE7y) + @(f, g) for all (QE, f)v (yag) € M x Cb(M7 N)
Define E: M x Cy(M,N) — N to be the evaluation map, so

E(z, f) = f(z) forall (z,f) € M x Cp(M, N).
Prove that E is continuous. O

EXERCISE 6.11. Let (M,05) and (IV,0x) be metric spaces. Recall that a function f: M — N is
said to be Lipschitz if there exists some L > 0 such that o5 (f(z), f(y)) < Loy (z,y) for all x,y € M.
All Lipschitz functions are continuous, but the converse is not true. Do the following:

(a) Let f: M — N be a Lipschitz function and let (x,),>1 be a Cauchy sequence in M. Prove
that (f(zy))n>1 is a Cauchy sequence in N.

(b) Give a counterexample to (a) if f is merely assumed to be continuous.

(¢c) Let f: M — N be a bi-Lipschitz equivalence, i.e., a bijection such that both f and its
inverse g: N — M are Lipschitz. Prove that M is complete if and only if N is complete. [
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CHAPTER T7*

Completions of metric spaces

In this chapter, we prove that every metric space M can be uniquely embedded as a dense
subspace of a complete metric space M. Since the proof of this is a little more abstract than some of
our other arguments and we will not need it in later chapters, we have marked this chapter with an
* to indicate that a first-time reader might want to skip it.

7.1. Definition of completion

Let M be a metric space. A completion of M is a complete metric space M together with an
isometric embedding ¢: M — M whose image is dense. Here we recall that:
e For metric spaces (M,0)s) and (N,0y), an isometric embedding from M to N is a map
t: M — N such that dy(z,y) = dn(e(x),(y)) for all z,y € M. Isometric embeddings
are continuous. Moreover, they are necessarily injective; indeed, if t(x) = ¢(y), then
At (2,9) = dn (1), 1(y)) = 0, 50 & = y. B
e If N is a metric space and A C N is a subspace, then A is dense in N if the closure A of A
equals N.

EXAMPLE 7.1.1. The closed interval [0,1] is a completion of the open interval (0,1). The
associated isometric embedding ¢: (0,1) — [0, 1] is the inclusion. O

ExXAMPLE 7.1.2. Endow Q with its Euclidean metric. The real numbers R are a completion of Q.
The associated isometric embedding ¢: Q@ — R is the inclusion. O

REMARK 7.1.3. Like in the above examples, for a metric space M we will typically find a
completion of M by identifying a complete metric space M that contains M as a dense subspace.
The associated isometric embedding ¢: M — M will then be the inclusion. O

7.2. Uniqueness of completion

Later in this chapter we will prove that every metric space has a completion. In this section, we
prove that if it exists such a completion is unique up to isometry. This requires a small lemma:

LEMMA 7.2.1. Let (M,dp) and (N,0n) be metric spaces and let f,g: M — N be continuous
functions. Let A C M be a dense subset, and assume that f(a) = g(a) for alla € A. Then f =g.

PRrROOF. Let z € M. We must prove that f(x) = g(z), i.e., that d5(f(z),g(x)) = 0. Letting
e > 0 be arbitrary, it is enough to prove that 9y (f(z), g(z)) < e. Since f and g are both continuous
at z, there exists some § > 0 such that for all y € M with 05/(z,y) < & we have 0n(f(z), f(y)) < €/2
and Oy (g(x),g(y)) < €/2. Since A is dense in M, we can find a € A with dps(x,a) < §. We then
have

N (f(z),9(2)) <on(f(2), f(a)) +on(f(a),g(a)) +On(g(a),g(x)) <€/2+0+€/2 =,
as desired. O

Our uniqueness result for completions is as follows:

THEOREM 7.2.2 (Uniqueness of completions). Let (M,?) be a metric space and let (]\//Tl,/b\l)
and (Mz,ﬁg) be two completions of M. Let t11: M — My and to: M — Ms be the corresponding
isometric embeddings. There is then a unique isometry ¢: My — Ms such that for all x € M we

have ¢(11(x)) = t2(x).

89
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REMARK 7.2.3. If M is given as a subspace of J\/J\l and ]\/4\2, then the isometry ¢: J\/J\l — ]/\/./\2 in
Theorem 7.2.2 will satisfy ¢(x) = z for all z € M. O

PRrROOF OF THEOREM 7.2.2. The uniqueness of ¢ follows from the fact that the image of ¢; is
dense in M. 1 (see Lemma 7.2.1). We therefore must only prove existence.

Consider y € M\l. Our goal is to determine ¢(y) € M\g. Since ¢1 (M) is dense in M\l, there exists
a sequence (Zy)n,>1 of points of M such that lim,_, ¢1(x,) = y. The sequence (¢1(xy))n>1 Will be a
Cauchy sequence in J/\/[\l, so since ¢q is an isometric embedding the sequence (x,,),>1 will be a Cauchy
sequence in M. Applying the isometric embedding ¢2, we get a Cauchy sequence (io (a:n))n>1 in Mg.

Since Mg is complete, this has a limit. We would like to define ¢(y) = lim,— o0 to(x,) € Mg
To do this, we must prove that this does not depend on the sequence (z,)n>1. This follows from
the following claim:

CLAIM. Let (xp)n>1 and (z,)n>1 be sequences in M such that lim,_, o t1(2,) = limy, o0 t1(2),).
Then limy, o0 t2(2y) = limy, o0 t2(2],).

PROOF OF CLAIM. The same argument we gave before the claim shows that both (t2(zy))n>1
and (t2(2),))n>1 are convergent Cauchy sequences. We can thus talk about their limits. Since
lim,, o0 Ll(l’n) = lim,, 00 ¢1(2},), we must have

le 01 (11 (2n), 01 (2)) = 0.
Since ¢ and o are isometric embeddings, we deduce that
0= lim 01(t1(zp), 01(x))) = Jim (zp, ) = Jim 02 (L2(), ta(xl))).
We conclude that lim,, e t2(2n) = limy, 00 t2(2),), as desired. O

The claim shows that the above recipe gives a well-defined map ¢: J\/i\l — ]\72. We must prove
that ¢ is an isometry such that ¢(¢1(x)) = ta(z) for all z € M. We do this in three steps:

STEP 1. For all x € M, we have ¢(i1(x)) = t2(x).

Set y = ¢1(x). To define ¢(y), we must first find a sequence in M whose image under ¢; converges
to y. For this, we can just take the constant sequence (z),>1. Following our recipe, we have

oy) = I 15(x) = 1a(x).
STEP 2. The map ¢: 1\71 — ]\//.72 18 an tsometric embedding.

Consider y,y' € M;. Our goal is to prove that 21(y,y") = 02(0(y),(¥)). Let (zn)n>1 and
(x],)n>1 be sequences in M such that (¢1(2,))n>1 converges to y and (tq(z),))n>1 converges to y'.
Using the fact that ¢; and (o are isometric embeddings, we have

~

81y ) = Jim By (wn), 1 () = Timm 0(n,}) = lim Balia(n), 12(})) = 02(6(y), H(y).

Here the first and last equalities use the fact that the distance function in a metric space is continuous
(see Exercise 2.5).

STEP 3. The map ¢: Z/\l\l — ]/\4\2 s a bijection, and hence an isometry.

We already know that ¢: M; — Mo is an isometric embedding such that o(t1(x )) = u(z ) for all
x € M. Applying the same construction, we can find an isometric embedding ¢': M2 — M1 such
that ¢'(t2(x)) = t1(x) for all x € M.

The composition ¢’ o ¢: J/\/[\l — J\//.Tl is therefore an isometric embedding that fixes ¢1(x) for all
x € M. Since the image of ¢; is dense in ]\//Tl, this implies that ¢’ o ¢ = 1, (see Lemma 7.2.1). Here
we recall that 1M\1 is the identity of ]\//.71. In a similar way, we get that ¢ o ¢/ = 11/\/[\2. We conclude
that ¢ and ¢’ are inverse isometries. In particular, ¢ is a bijection. |
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7.3. Testing completeness on dense subspaces
Before we can prove that every metric space has a completion, we must prove a lemma;:

LEMMA 7.3.1. Let (X,0) be a metric space and let A C X be a dense subspace. Assume that
every Cauchy sequence in A converges to a point of X. Then X is complete.

PROOF. Let (z,,)n>1 be a Cauchy sequence in X. Our goal is to prove that (x,),>1 converges.
Since A is dense in X, for each n > 1 we can find some a,, € A with 9(a,,x,) < 1/n. We then have:

CrAM. The sequence (an)n>1 s a Cauchy sequence.

PRrROOF OF cLAIM. Consider ¢ > 0. Since (z,)n>1 is a Cauchy sequence, we can find some
N; > 1 such that for n,m > N; we have 0(zy, z,,) < €/3. Choose Na > 1 such that for n > Ny we
have 1/n < €/3, and set N = max(Ny, N3). For n,m > N, we have

Van, am) <an, n) +0(Tn, Tm) + 0 @m, am) < €/3+€/3+¢€/3 =c¢,
as desired. O

Since every Cauchy sequence in A converges to a point of X, the claim implies that (a,),>1 is a
convergent sequence in X. Set z = lim,,_,o, a,. We claim that lim,_ .., z,, = z. To see this, note
that for n > 1 we have

0 <0(xn,2) <(zp,an) +0(an, 2) <1/n+0(ay, 2).

Since (an)n>1 converges to z, the right-hand side of this converges to 0 + 0 = 0. This implies that
lim,, 00 0(%p, 2) = 0, so lim,, o x, = 2, as desired. O

7.4. Existence of completions

Our final goal in this chapter is to prove that every metric space has a completion. The
construction uses the notion of an equivalence relation, which we discuss in Appendix 3.I. Our
theorem is as follows:

THEOREM 7.4.1 (Existence of completions). Every metric space (M,d) has a completion.

EXAMPLE 7.4.2. Though Z with its Euclidean metric is discrete, it has other interesting metrics
that reflect its arithmetic properties. Let p be a prime. For a nonzero x € 7Z, there exists a unique
vp(z) € Zso such that @ = p*»(@)y with y € Z not divisible by p. The function v,: Z\ {0} — Zs is
called the p-adic valuation. Set

0 if x=0.

This is called the p-adic norm. Define 9,,: Z x Z — R via the formula d,(z,y) = || — y||,. Thisis a
metric (see Exercise 7.3%), and is called the p-adic metric on Z. An integer x € Z is close to 0 in the
p-adic metric if x is divisible by a large power of p. In particular, with respect to the p-adic metric we
have limy, oo p"”‘ = 0. Even better, the partial sums o,, = ZZ:1 pk form a Cauchy sequence (0, )n>1
in Z (see Exercise 7.3%). If p = 2 this Cauchy sequence converges to —2 (see Exercise 7.3%), but for
p > 3 it does not have a limit in Z. Its limit lies in the completion of Z with respect to the metric 9.

The metric completion of Z with respect to 9, is called the p-adic integers, and! is denoted
Zy. ldentifying Z with its image in Z,, the multiplication and addition operations on Z extend to
continuous multiplication and addition operators on Z, (see Exercise 7.4*). This makes Z, into what
is called a topological ring. O

p~r @) if ¢ £ 0,
zllp =

REMARK 7.4.3. Tt is tempting to use Theorem 7.4.1 to construct R as the completion of Q
under its Euclidean metric. However, this would be circular since the existence of R is needed for
our definition of a metric space. The proof of Theorem 7.4.1 is inspired by one of the standard
constructions of R from Q. O

PROOF OF THEOREM 7.4.1. Let (M,?) be a metric space. We start with the following:

11t is common to write Zy, for the cyclic group Cp of order p or for the ring Z/p, but we avoid this since we believe
that Zp should always be p-adic integers.
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CrLAaM 1. Let (xp)n>1 and (Yn)n>1 be Cauchy sequences in M. Then ((Zn,Yn))n>1 @S a
convergent sequence of real numbers.

PROOF OF CLAIM. Since R is complete (Theorem 1.4.2), it is enough to prove that (3(zn, Yn))n>1
is a Cauchy sequence. Consider € > 0. We must find some N > 1 such that for n,m > N we have
(7.4.1) [0(Tn, Yn) — 0 XTm, Ym )| < €.

Since (zp)n>1 and (yn)n>1 are both Cauchy sequences, we can find some N > 1 such that for
n,m > N we have 0(z,,, ) < €/2 and 3(Yn, Ym) < €/2. For n,m > N, we then have

(@n, Yn) S 0(@n, Tm) + (T, Ym) + 3(Ym, Yn) < €/2+0(Tm, Ym) + €/2.
It follows that d(@s, Yn) — 0(Xm, Ym) < €. Similarly, we have 3(Z,, Ym ) —0(Zn, yn) < €. The inequality
(7.4.1) follows. O

Let C(M) be the set of Cauchy sequences o = (2,)n>1 in M. By Claim 1, we can define a map
d0: C(M) x C(M) — R as follows:
e For Cauchy sequences 0 = (2, )n>1 and 7 = (yn)n>1 of M, set 50(0, 7) = limy, 00 0(Tn, Yn)-
This almost defines a metric on C(M):
CrAM 2. The following hold:
(i) For o,7 € C(M), we have §0(0, T) >
(i) For o,7 € C(M), we have Do/(\O’,T): (7 R
(i1i) For o,1,p € C(M), we have (o, 7) < 0g(0, 1) + 0o (1, 7).
PROOF OF cLAIM. Conclusions (i) and (ii) are immediate from the definitions. As for (iii), write
0= (zn)n>1 and 7 = (Yn)n>1 and g = (2, )n>1. We then have

(o, 7) = Mm (2, y) < Hm (0(2n, 20) + (20, yn) = 20 (, 1) + 0 (p, 7). O

The only property of a metric that is missing is dg (o,7) = 0 if and only if 0 = 7, which need
not hold. The issue is that different Cauchy sequences in M can be asymptotic, and thus should
represent the same point of the completion we are constructing. The solution is to quotient C'(M) by
an appropriate equivalence relation:

CLAIM 3. Let the notation be as above. For o,7 € C(M), let o ~ 7 if 09(co,7) = 0. Then the
relation ~ is an equivalence relation.
PRrROOF OF cLAIM. There are three conditions we must check:
e Reflexivity. Consider o = (x,,)n>1 in C(M). We must prove that dy(c, ) = 0. Indeed,
0g(0,0) = limy_y00 (X, zy) = 0.
e Symmetry. Consider 0,7 € C(M) with o0 ~ 7. We must prove that 7 ~ o. Since o ~ 7, we
have 0¢(c,7) = 0. By Claim 2.(ii), we have 0¢(7,0) = 09(0,7) =0, 80 T ~ 0.
e Transitivity. Consider o, 7,y € C(M) with o ~ 7 and 7 ~ . We must prove that o ~ pu.
Since o ~ 7 and 7 ~ p, we have 9y(0, 7) = (7, ) = 0. By Claims 2.(i) and 2.(iii), we have
0 < /0\0(0-7 /J’) < 50(0-7 T) +/D\O(Ta /'[/) =0+0= 07
s0 0g(o, 1) = 0 and o ~ p. O

Let ~ be the equivalence relation from Claim 3. Define M = C (M)/ ~. We wish to define a
metric 9 on M. The key is the following:

CLAIM 4. Let the notation be as above. Let o,0’,7,7" € C(M) be such that o ~ o' and T ~ 7'
Then 0g(o,7) = 09(0’, 7).

PROOF OF cLAIM. Using Claim 2.(iii), we have

(0, 7) <0o(0,0") +do(0’,7) = 0 + Do (0”,7),

$0 09(0,7) < 0g(0’, 7). The same argument shows that dy(c”,7) < d(0,7), so do(o,7) = do(0”, 7).
Applying this same proof to the second input of 0 (c”, 7), we get that 9g(c’, 7) = 09(c’, 7’). Combining
all of this, we conclude that (o, 7) = 0(c’, 7). O
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For [o],[7] € M, define 9([o],[7]) = 9o(o, 7). Claim 4 implies that this is well-defined; indeed,
we have [o] = [07] precisely when o ~ ¢’, and similarly for 7. It is immediate from Claim 2 and the
definition of ~ that D is a metric.

The next thing we must prove is as follows:

CLAIM 5. There is an isometric embedding v: M — M whose mmage is dense.

PROOF OF cLAIM. Define a map ¢: M — M as follows. Consider z € M. Let ¢, be the constant
Cauchy sequence (x,,),>1 with z,, =  for all n > 1. Define «(z) = [¢;]. We must prove two things:
(a) The map ¢: M — M is an isometric embedding, that is, an injection such that for all

x,y € M we have 2(c(z), t(y)) = 0(x, y).

(b) The image of ¢ is a dense subspace of M.
We first check (a). Consider x,y € M. By definition,

30(x). 1)) = (el [6]) = Bo(er,) = lim 2(a.y) = 2(a. ).

This calculation also shows that ¢ is injective: if ¢(x) = t(y) then 0 = d(c(z), (y)) = o(z, %), so = = y.

We conclude by checking (b). Counsider [o] € M and e > 0. We must prove that there is some
z € M such that 3(u(2), [0]) < e. Write 0 = (wy)n>1. This is a Cauchy sequence, so we can find
N > 1 such that for n,m > N we have d(wy, wp,) < €/2. Set z = wy. We then have

8(u(2), [0]) = B(fewn ), [W)nz1]) = ol (w)uzt) = i 2w, )
For n > N, the term d(wy,wy,) is less than ¢/2. It follows that lim,, . 0wy, w,) <e¢/2 <e. O

We are almost done. The only remaining thing we must prove is that M is complete. We recall
the statement of Lemma 7.3.1:

e Let (X,0x) be a metric space and let A C X be a dense subspace. Assume that every
Cauchy sequence in A converges to a point of X. Then X is complete.

Since ¢: M — M is an isometric embedding with dense image, this lemma reduces us to proving the
following:

CLAIM 6. Let 0 = (zp,)n>1 be a Cauchy sequence in M. Then lim, oo t(X,) = [0].
PROOF OF CLAIM. It is enough to prove that lim,, oo 9(¢(zm), [0]) = 0. Observe that

n}iinoos(L(xm)z lo]) = mhinoo/a\O(cxm» (Tn)n>1) = n}gnoo nlingoa(xm’ Tn).

This limit is 0. Indeed, since (z,)n>1 is a Cauchy sequence, for all € > 0 we can find some N > 1
such that for n,m > N we have 8(z,, z,) < e. This implies that the above limit is at most e. Since
€ > 0 was arbitrary and 0(z,,x,) > 0 for all n,m > 1, the limit must be 0, as desired. O

This completes the proof that every metric space has a completion. (Il

7.5. Exercises

EXERCISE 7.1. Let (M,0)) and (N,dy) be metric spaces and f: M — N be a uniformly
continuous function. Assume that N is complete and that M is a dense subspace of a metric space
(M’,0/). Do the following:

(a) Prove that there is a unique continuous function F': M’ — N such that F(x) = f(z) for all
xe M.
(b) If f is Lipschitz, prove that F' is Lipschitz. O

EXERCISE 7.2. Let (M,0)s) and (N,0y) be metric spaces. Give M x N the product metric
Oprod- Do the following:
(a) Assume that M and N are both complete. Prove that M x N is complete.
(b) Assume that A C M is a dense subset and B C N is a dense subset. Prove that A x B is
dense in M x N. ]
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EXERCISE 7.3%. Let p be a prime. Recall that the p-adic metric 9, on Z is as follows. For a
nonzero = € Z, there exists a unique v,(x) € Z>g such that z = p*»(®)y with y € Z not divisible by p.
The function v, is called the p-adic valuation. Set

p~r®) if g £ 0,
%], = e
0 if z =0.

This is called the p-adic norm. Define 9,: Z x Z — R via the formula d,(z,y) = || — y||,. This is
called the p-adic metric. Do the following:
(a) Prove that the p-adic norm satisfies the following inequality, which is called the ultrametric
inequality:
|2+ yllp < max{[[z[|p, [yll,} for all 2,y € Z.
Deduce that the p-adic metric 9, is a metric.
(b) Prove that the p-adic norm is multiplicative in the sense that ||zy|, = |lz]|lyll, for all
z,y € 2.
(c) Let (zx)r>1 be a sequence of integers such that limg_, o 2x = 0 in the p-adic metric. For
instance, we might have z; = p*. For n > 1, set o, = ZZ=1 xj. Prove that (0,)n>1 is a
Cauchy sequence of integers in the p-adic metric.? The completion Z,, of Z with respect to
this metric thus contains an element Y -, x.
(d) Identify Z with its image in Z,. If p = 2, then prove that Y -, p* = —2. However, if p > 3
then prove that 22021 p* does not lie in Z. O

EXERCISE 7.4*. Let p be a prime. As in Exercise 7.3%, let 9, be the p-adic metric on Z. Let
(Zp,ﬁp) be the completion of Z with respect to the p-adic metric. This comes with an isometric
embedding ¢: Z — Z, with dense image, and we will identify Z with its image in Z,. Do the following:

(a) Give Z x Z its p-adic product metric dprod, SO

Dprod((xay)v (va)) = Dp('rv Z) + Dp(y7w) for (x’y)a (Z,IU) € Zz'

Prove that the addition map a: Z x Z — Z defined by a(x,y) = x + y is Lipschitz with
respect to the p-adic metric.

(b) Prove that a: Z x Z — Z extends uniquely to a continuous map a: Z, x Z, — Z,. Hint:
Exercise 7.2 will be useful here.

(c¢) Prove that the multiplication map m: Z x Z — Z defined by m(z,y) = xy is Lipschitz with
respect to the p-adic metric.

(d) Prove that m: Z x Z — Z extends uniquely to a continuous map m: Z, X Z, — Z,.

(e) Use @ and 7 to define addition and multiplication in Z,, so for z,y € Z, we have

z+y=1a(z,y),

zy =m(z,y).
Prove that these operations make Z, into a ring. Hint: Use the fact that the ring axioms
hold in Z and Z is dense in Z,. To verify that additive inverses exist, for € Z, prove that

(—1)z is the additive inverse of z. Here (—1)z is the product of —1 € Z C Z,, and = € Z,,
using the multiplication in Z,,. ]

2This should be a little surprising since such a thing would be false for series of real numbers. For instance,
> o1 1/k is a divergent series even though its terms approach 0 in R.
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CHAPTER 9*

The Banach fixed point theorem

Our next topic is the Banach fixed point theorem along with two of its classic applications: the
inverse function theorem, and the Picard—Lindel6f theorem giving solutions to first-order ordinary
differential equations.

9.1. Contraction mappings and the Banach fixed point theorem

Let (M,?) be a metric space. A function T: M — M is a contraction mapping if there exists
a constant 0 < C' < 1 such that 3(T'(x),T(y)) < Co(x,y) for all z,y € M. This implies that T is
continuous.

EXAMPLE 9.1.1. Endow R? with its Euclidean metric 9. Fix xg € R% and 0 < C < 1. We can
then define a contraction mapping 7': R — R? via the formula
T(x) = xg + C(x — x9) for x € R

The fact that this is a contraction mapping follows from the following calculation: for x,y € R?, we
have

AT (x),T(y)) = IT(x) = T(y)[l = l(x0 + C(x — x0)) — (x0 + C(y — %0))||
= [|Cx = Cy[| = Cllx —y[ = Ca(x,y). O
A fized point of a function T: M — M is a point xg € M such that T(x¢) = zo. In Example

9.1.1, the point x¢ € R? is a fixed point for 7. It turns out that if M is complete, then all contraction
mappings T: M — M have a unique fixed point:

THEOREM 9.1.2 (Banach fixed point theorem). Let (M,0) be a complete nonempty metric space
and let T: M — M be a contraction mapping. Then T has a unique fized point.

PROOF. Let 0 < C < 1 be such that 3(T'(x),T(y)) < Co(z,y) for all x,y € M. We start by
observing that if a fixed point exists, then it is necessarily unique. Indeed, if xo,z(, € M are distinct
fixed points, then

d(wo, 24) = d(T(x0), T(x()) < Cd(wo, ()
Since zg # x(, we can divide by d(x, z() # 0 and see that 1 < C, contradicting the fact that C' < 1.

We now turn to constructing a fixed point. Choose some arbitrary point 1 € M. We then define
a sequence {Zy, }n>1 of points of M by repeatedly applying T to z1:

T2 = T(Il)v Z3 = T(‘TQ)’ T4 = T(l’g), etc.

In general, for n > 1 we have x,,41 = T(z,,). In the following two claims, we will prove that {z,, },>1
converges to a fixed point of T":

CramM. The sequence {xy, }n>1 converges.

Since M is complete, it is enough to prove that {z,},>1 is a Cauchy sequence. Consider € > 0.
We must find some N > 1 such that for n,m > N we have 0(z,,z,,) < €. In fact, it is enough to
prove that this holds when m > n > N. For k > 2, we have

0z, xpt1) = 0(T(2g-1), T(z1)) < CO(xp—1, Tk )-
Tterating this, we see that
wg, 2py1) < CF10(2y,20) for k> 1.
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For n,m > 1 with m > n, we deduce that

(911) O(QTn,l'm) §0($n7$n+1) + a(xn+17mn+2) +F a(xmflaxm)
S Zb(azk,xkﬂ) § Z Ck_l D(l‘l,xg).
k=n k=n

Here the second inequality holds since each term of this sum is nonnegative. Since 0 < C' < 1, the
sum > po , C*~1o(x1,22) is a convergent geometric series. It follows that there exists N > 1 such
that for n > N we have Y ;2 C*"109(z1,22) < €. Combining this with (9.1.1), we conclude that for
n,m > N with m > n we have 3(z,, ¥ ) < €, as desired.

CraM. The point o = lim,, o, T, s a fized point for T.

We must prove that 9(T(zg),xz9) = 0. Fixing € > 0, it is enough to prove that 0(T(z¢), zo) < €.
Choose N > 1 such that for all n > N we have 0(z,,z0) < ¢/3 and ?(zy+1,2,) < €/3. Forn > N,
since T'(z,,) = Tp41 we have

0(T'(z0), z0) <0(T'(x0), T (xn)) +0(T'(2n), 2n) + 0(2n, z0)
<Co(xo, Tn) + 0(Tpt1,Tn) + (X, 20) < Ce/3+€¢/3+¢€/3.
Since C' < 1, this is at most €, as desired. O

9.2. Application: inverse function theorem
9.3. Application: solving ordinary differential equations

We now give a classic application of the Banach fixed point theorem. A first-order ordinary
differential equation (ODE) is an equation involving a function and its first derivative. To solve it,
we must find the unknown function. It is an initial value problem if the value of the function at a
single point is specified. Here is an example:

EXAMPLE 9.3.1. On the closed interval [0, 1], consider the first-order differential equation
f'(x) = 2f(x) + 6 with initial value f(0) =5. A standard ODE computation shows that all solutions
to f'(z) = 2f(x) + 6 are of the form f(x) = Ce?* — 3 for some constant C' € R. Plugging in f(0) = 5,
we get C' = 8, so the solution to this initial value problem is f(z) = 8¢2* — 3. ]

It is unusual that there is an exact formula for the solution of the initial value problem in Example
9.3.1. For more typical initial value problems, there is no solution that can be expressed via a formula
and the best one can hope for is an existence theorem together with tools to approximate the solution.
The Picard—Lindel6f theorem says that under mild conditions such initial value problems have unique
solutions, at least locally. Moreover, its proof is explicit enough that it is easy to follow it to construct
approximations to the solution via what is called Picard iteration.

Let U C R? be open. A function G: U — R is locally Lipschitz in its second variable if for all
(z0,y0) € U, there exists an open set V' C U with (zg, ) € V and some L > 0 such that

|G(2,y) = Gz, y)| < Lly —y'| forall (z,y),(z,y') € V.
This holds, for instance, if G is continuously differentiable (see Exercise 9.1). We then have:

THEOREM 9.3.2 (Picard-Lindeldf theorem). Let U C R? be open and let G: U — R be continuous
and locally Lipschitz in its second variable. Then for all (zg,yo) € U, there exists 6 > 0 such that the
following holds. There exists a unique differentiable function f: [xo—9,zo+0d] — R with (z, f(z)) € U
for all x € [xg — 8,29 + 8] such that f(xg) =yo and f'(x) = G(z, f(z)) for all x € [xg — b, 20 + §].

REMARK 9.3.3. If G is continuous but not locally Lipschitz, then solutions to f'(z) = G(z, f(z))
still exist locally but might no longer be unique. This is the Peano existence theorem; see [1]. O

PrROOF OF THEOREM 9.3.2. To avoid technicalities, we will prove the theorem in the special
case where U = R? and for some fixed L > 0 we have

|G, y) = G(z,y)| < Lly —y'| for all (z,y), (x,y) € R*.
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The general case is similar, but requires a little more care (see Exercise 9.2). Choose § > 0 such that
0L < 1. Set J = [xg — d, 29 + 6]. By the fundamental theorem of calculus, a continuous function
f+J — R is differentiable and satisfies f(xg) = yo and f'(x) = G(z, f(x)) if and only if it satisfies
the integral equation

(9.3.1) flt) =yo+ /t G(z, f(z))dx forallt e J.

Consider the set C(J,R) of continuous functions f: J — R. Equip C(J,R) with the sup metric:

D(f,9) = sup{|f(t) —g(®)| | t € J}.
Since J = [zg — 0,z + 4] is a sequentially compact, each f € C(J,R) is bounded (Theorem 1.11.2).
It follows that C(J,R) = Cp(J,R), so by Corollary 6.5.2 the metric ® makes C(J,R) into a complete

metric space. We can therefore apply the Banach fixed point theorem (Theorem 9.1.2) to it.
Define a function T': C(J,R) — C(J,R) as follows:

e For a continuous function f: J — R, define T'(f): J — R to be the function
t

T(f)(t):yo+/ G(z, f(z))dx forallt € J = [zg— J,z0 + I].

Zo

A continuous function f: J — R satisfies (9.3.1) if and only if it is a fixed point of T, i.e., it satisfies
T(f) = f. Our goal, therefore, is to prove that T has a unique fixed point. By the Banach fixed
point theorem (Theorem 9.1.2), to prove this it is enough to prove that T is a contraction mapping.
We remark that the proof of the Banach fixed point theorem shows that we can approximate a fixed
point by repeatedly applying T" to any fixed initial f: J — R. This process is called Picard iteration.

Consider continuous functions f,g: J — R. We estimate ©(T'(f),T(g)) as follows. Consider
t € J=|zg—,xo+ d]. Assume first that ¢ € [zg, 2o + §]. We have

T - Tio) ()] =) (y+/ Gl f( >>dx)—(yo+/te<x,g<x>>dx)
/\fo Gz, g(x) |dx<L/ |(z) — ()] dx
/m (f,9) dx = Lt — 10) D(f,9) < L6 D/, 9).

Set C' = Ld, which by our assumptions on ¢ is less than 1. The above implies that
T(F)(t) = T(9)t)| < CD(f,g) fort € [xo, w0+ 4]

A similar argument shows |T'(f)(t) — T(g)(t)| < CD(f,g) also holds for ¢ € [z — §, xo]. It follows
that

D(T(f), T(g9)) = max{|T(f)(t) =T (g9)(®)| [ t € J} < CD(f,9),
showing that T is indeed a contraction mapping. O

9.4. Exercises
EXERCISE 9.1. WRITE IT!!! O
EXERCISE 9.2. WRITE IT!!! |
Bibliography

(1] W. Hurewicz, Lectures on ordinary differential equations, reprint of the 1964 edition, Dover, New York, 1990.
(Cited on page 98.)
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CHAPTER 11

Why are metric spaces insufficient for topology?

11.1. What is topology?

Roughly speaking, in topology we study topological properties of metric spaces.! The most basic
question in the field is as follows:

QUESTION 11.1.1. Can we classify metric spaces up to homeomorphism? O

One traditional joke is that a topologist cannot tell the difference between a donut and a coffee cup
since these are homeomorphic spaces. Here is an illustration showing how to see this homeomorphism:

< } € <
‘\‘\-» S - | > Nee Na'

QUESTION 11.1.2. Fix metric spaces M and N. We say that M can be embedded in N if there is
a subspace X C N with M = X. Can we determine whether M can be embedded in N? O

General metric spaces are far too wild for questions like these to have reasonable answers.
Typically topologists restrict to special classes of spaces; for instance, subspaces of Euclidean spaces.
Even with this restriction, this quickly leads to difficult questions. For instance, let S¢ and D? be the
d-sphere and the d-disk:

§d — {(x17~..7$d+1) ERd-H ‘ x§+"'+$3+1 :1}’
]D)d:{(xl,...,a:d)E]Rd | x§+...+x3§1}.
Consider the following assertions:

(i) For all d,e > 0, the metric spaces S? and D¢ are not homeomorphic.
(ii) For all d,e > 0 with d # e, the following hold:
— S% is not homeomorphic to S¢; and
— D4 is not homeomorphic to D¢.
(iii) For d > e, the following hold:
— D? cannot be embedded in D¢ or S¢; and
— S% cannot be embedded in D¢ or S°.

Each of these is in fact true, but aside from some degenerate cases none of them have straightforward
proofs. Using tools we will develop in this book, we will be able to prove all of them:

e We will develop a notion of “dimension” for metric spaces in Essay D. The spaces S¢ and D¢
will both have dimension d. Metric spaces of different dimensions cannot be homeomorphic,
and higher-dimensional metric spaces cannot embed into lower-dimensional ones. This
handles (ii) and (iii) and most cases of (i).

e For (i), dimension theory will prove everything but the fact that S? is not homeomorphic
to D?. To tell S and D? apart, we must identify a topological property that holds for one
but not the other. These spaces have different cardinalities for d = 0, so it is enough to
handle the case d > 1.

We will develop a notion of a space having multiple “pieces” called components. Essay
F will prove that there does not exist a subspace X C S with X = ¥ for some k > 0 such

n fact, topologists generally focus on the more general notion of a topological space we will introduce later in
this book. However, most of the key examples of topological spaces that show up in topology come from metric spaces.

103
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that S\ X has two components.? On the other hand, letting X = DN (R4~ x {0}) = D91
the space D¢\ X has two components; see the following figure:

£

This will imply that S and D? cannot be homeomorphic.

—

Dd d\Dd-l

REMARK 11.1.3. In later volumes of this book, we will develop tools from algebraic topology
like homology groups and homotopy groups. Once these tools are in place, results like (i)—(iii) will
become routine. ]

2This result is called the Jordan non-separation theorem.
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CHAPTER 12

Topological spaces: definition and basic properties

Since continuity for metric spaces can be described entirely in terms of open sets, it is natural to
abstract the notion of “open sets”.

12.1. HOLDING PEN FOR MOTIVATION

LEMMA 12.1.1. Let (M,0p) and (N,0n) be metric spaces and let f: M — N be a function.
Then f is continuous if and only if for all open sets U C N the preimage f~1(U) is open in M.

PrOOF. We must prove the following two claims:
CLAIM. Assume that f is continuous and U C N is open. Then f~*(U) C M is open.

Let g € f~1(U). To prove that f~1(U) is open, we must find some § > 0 such that Bs(zo) C
f71(U). Since U is open, we can find some € > 0 such that B.(f(xo)) C U. Since f is continuous at
xo, there is some § > 0 such that for x € M with 05/(z,z9) < & we have 0y (f(z), f(zg)) < e In
other words, f takes all x € Bs(zg) to a point of B.(f(x9)) C U, so Bs(xo) C f~1(U), as desired.

CLAIM. Assume that for all open sets U C N the set f~1(U) C M is open. Then f is continuous.

Let 9 € M and € > 0. Since B.(f(x¢)) C N is open (see Exercise 2.6), the set f~1(B.(f(z0))) C
M is open. Since mg € f~1(B.(f(z0))), there thus exists some § > 0 such that Bs(zg) C
Y B(f(x0))). In other words, for z € M with dy(x,20) < & we have dn(f(z), f(z0)) < €,
as desired. ]

12.2. Definition of topological space

A topological space is a set X equipped with a collection of subsets of X called the open sets.
These open sets should satisfy the following three properties:
e The whole space X and the empty set () are both open.
e The collection of open sets is closed under arbitrary unions: if {U;};cs is any collection of
open sets, then U;c;U; is open.
e The collection of open sets is closed under finite intersections: if Uy, ..., U, are open sets,
then Uy N ---N U, is open.
We call the collection of open sets on X a topology on X. A key example is:

ExAMPLE 12.2.1. If (M,9) is a metric space, then Lemma 2.4.8 implies that the collection of
open sets in M makes M into a topological space. We say that this topology on M is induced by the
metric 0. ]

CONVENTION 12.2.2. Whenever we draw a figure in R™, we give it the topology it inherits as a
metric space via the Euclidean metric on R™ discussed in Example 2.1.6. |

Topologies arising from metrics will play a key role in this book, so we introduce the following
terminology. A topological space X is metrizable if there exists a distance function 0: X x X — R
making (X, 0) into a metric space such that the topology on X is the one induced by 9. The metric
0 inducing the topology on X is not unique (see Exercise 12.8).

We will give many more examples of topological spaces in §12.6 and §12.7 below after introducing
some more terminology. First, however, we prove an important lemma:

LEMMA 12.2.3. Let X be a topological space and let V C X be a subset. Assume that for all
p € V, there exists an open set U C V with p € U. Then V is open.
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Proor. For p € V, let U, C V be an open set with p € U,. We have V = UpcvU,, so since
open sets are closed under arbitrary unions it follows that V' is open. O

REMARK 12.2.4. Lemma 12.2.3 allows reasoning like we did for metric spaces where the role of
the open set U is played by open balls B,.(p). a

12.3. Closed sets and limit points

Let X be a topological space. A set C' C X is closed if X \ C' is open. By Lemma 2.8.1, this
agrees with our previous definition if X is metrizable. Since the collection of open sets is closed
under arbitrary unions and finite intersections, it follows that the collection of closed sets is closed
under finite unions and arbitrary intersections. The whole subject could be developed using closed
sets instead of open ones (see Exercise 12.6).

Let A C X be a set. A limit point of A is a point p € X such that for all open sets U with p € U,
there exists some a € U N A with a # p. Just like for metric spaces, we can characterize closed sets
using limit points:

LEMMA 12.3.1. Let X be a topological space and let A C X. Then A is closed if and only if all
limit points of A lie in A.

PrOOF. We divide the proof into two steps:
STEP 1. Assume that A is closed. Then all limit points of A lie in A.

Consider p € X\ A. We must prove that p is not a limit point of A. Since X is closed, U = X\ A
is open. It follows that U is an open set with p € U and U N A = (), so p is not a limit point of A.

STEP 2. Assume that all limit points of A lie in A. Then A is closed.

We must prove that X \ A is open. Consider p € X \ A. By Lemma 12.2.3, is enough to find
some open set U C X \ X with p € U. Since all limit points of A lie in A, the point p is not a limit
point of A. There is thus an open set U with p € U such that U N A contains not points of A except
for possibly p. Since p ¢ A, it follows that UN A =0, i.e., U C X \ A4, as desired. |

12.4. Interiors, closures, and neighborhoods

For a subset A C X, we define the interior Int(A) and the closure A as follows:

e The interior Int(A) is the union of all open sets U with U C A. Since the collection of open
sets is closed under arbitrary unions, Int(A) is open. The set Int(A) is the largest open set
contained in A.

e The closure A is the intersection of all closed sets C' with A C C. Since the collection of
closed sets is closed under arbitrary intersections, A is closed. The set A is the smallest
closed set containing A.

These agree with our previous definitions if X is metrizable (see Exercise 12.7). For p € X, a
neighborhood of p is a set A with p € Int(A). More generally, for a set B C X, a neighborhood of
B is a set A with B C Int(A). The most important special case of this terminology is an open
neighborhood of B C X, which is an open set U with B C U = Int(U).

12.5. Continuity

A map f: X — Y between topological spaces is continuous if for all U C Y open, its preimage
f~Y(U) C X is open. By Lemma 12.1.1, this is equivalent to the usual e-§ definition if X and Y are
metric spaces. The following lemma shows that there is a category Top whose objects are topological
spaces and whose morphisms are continuous maps. This category is the natural home for topology.

LEMMA 12.5.1. The following hold:

(i) If X is a topological space, then the identity map 1x: X — X is continuous.
(i) If f: X =Y and g: Y — Z are continuous maps between topological spaces, then gof: X —
Z is continuous.
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ProoOF. Conclusion (i) is obvious. As for conclusion (ii), let U C Z be open. Since f is continuous
the set g~1(U) C Y is open, so since g is continuous the set f~1(g=*(U)) = (go f)"}(U) C X is
open, as desired. O

If C is a category, then a morphism m: A — B in C is an isomorphism if there exists a morphism
m~: B — Asuch that m™'om =14 and mom™! = 1p. If there exists an isomorphism from A to
B, then we say that A and B are isomorphic. An isomorphism in Top is called a homeomorphism.
Unwinding the definition, a homeomorphism between topological spaces X and Y is a continuous
map f: X — Y that is bijective and whose inverse f=!: Y — X is continuous. If there exists a
homeomorphism from X to Y, then we say that X and Y are homeomorphic and write X 2 Y.

Here is an example to show that the continuity of f~' is not immediate:

ExXAMPLE 12.5.2. Consider the injective map f: (0,1) — R? whose image X is as follows:

e,

The map f: (0,1) — X is continuous and bijective, but the inverse map f~': X — (0,1) is not
continuous (see Exercise 12.13). O

CONVENTION 12.5.3. Henceforth, we will use the word “space” as a synonym for “topological
space”. Also, unless otherwise specified all maps between spaces are assumed to be continuous. [

REMARK 12.5.4. For metric spaces, we also characterized continuity using limits (see §2.5). The
notion of limits can be generalized to topological spaces, though with some subtleties (for instance,
limits of sequences need not be unique). However, without some additional assumptions it would
give a different notion of continuity. See §15.2 for the definition of a limit in a topological space and
Lemma 16.3.1 for the conditions needed for continuity to be described in terms of limits. O

12.6. Other examples
The notion of a topological space is extremely general. Here are a few more examples.

ExXAMPLE 12.6.1. Let X be a set. The discrete topology on X is the one where all sets are open.
The trivial topology on X is the one where the only open sets are () and X. Another topology that
can be put on an arbitrary set X is the cofinite topology whose open sets are those of the form X \ F
with F finite. The fact that this is a topology follows from the fact that finite sets are closed under
finite unions and arbitrary intersections. O

EXAMPLE 12.6.2. Let k be a field; for instance, k might be C or R. For a polynomial f €
k[z1,..., zy], define the vanishing and non-vanishing loci of f to be

V() ={(z1,...,2n) €K™ | f(z1,...,2,) =0} CKk™ and NV(f)=k"\V(f).

The Zariski topology on k™ is the topology whose open sets are the nonvanishing loci NV (f) as f
ranges over elements of k[z1, ..., z,] (see Exercise 12.9). The closed sets are thus the vanishing loci
Z(f). For n = 1, the vanishing locus of a polynomial in k[z;] can be any finite subset of k!, so the
Zariski topology on k! is the cofinite topology. O

REMARK 12.6.3. For k equal to C or R, we have now seen two topologies on k™:
e the classical topology obtained by regarding k™ as a metric space; and
e the Zariski topology.

Every open set in the Zariski topology is open in the classical topology. We say that the classical
topology is finer or stronger than the Zariski topology, and that the Zariski topology is coarser or
weaker than the classical topology. |

EXAMPLE 12.6.4. A finite set X can be endowed with many topologies. For instance, if X = {a, b}
then the following are all topologies on X:
e the discrete topology: 0,{a}, {b}, {a,b}
o 0.{a},{a,b}
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e 0,{b} {a,b}
e the topology: 0, {a,b}

The number of topologies on a finite set X grows very quickly as the size of X grows. Some of these
spaces can be given geometric interpretations, but most of them are purely combinatorial objects. [J

REMARK 12.6.5. Because the notion of a topological space is so general, there is almost nothing
nontrivial that can be said about an arbitrary topological space. They are thus almost never studied
for their own sake. Rather, they provide a minimal framework and language for studying continuity
as it appears throughout mathematics. O

12.7. Basis for a topology

A basis for a topology on a set X consists of a set B of subsets of X such that:

(i) all points of X lie in some U € B; and

(ii) for all U,V € B, the intersection U NV can be written as a union of sets in B.
Given such a basis, the corresponding topology is the one where a set U C X is open if and only if U
is a union of sets in B. The following shows that this is indeed a topology:

LEMMA 12.7.1. Let X and B be as above. Then the indicated collection of open sets forms a
topology on X.

PROOF. The empty set () is open since it is the union of no elements of B. The whole set X is
open because of (i). It is immediate that the indicated collection of open sets is closed under arbitrary
unions, so the only nontrivial thing we must check is that it is closed under finite intersections. By
induction, it is enough to prove that if U and V are open then so is U N'V. Write

U=JUui and v=_]JV
iel jeJ
with each U; and Vj in B. We then have
unv=_Junv.
il
JjeJ
By (ii), each U; NV} is the union of sets in B, so U NV, as desired. |
Here are several examples:
EXAMPLE 12.7.2. Let M be a metric space. The set
B ={B,(p) | p€ M and r > 0}

of open balls in M is a basis for the metric space topology on M. It is immediate from the definitions
that a set U C M is open in the metric space topology if and only if it is a union of elements of
8. The only thing we must therefore check is that B satisfies the axioms of a basis. For this, the
nontrivial thing to verify is that if B,.(p), By (p’) € B, then B,(p) N B,»(p’) is a union of elements of
B. Let x € B,.(p) N By (p'). It is enough to find some s > 0 with Bs(z) C B,.(p) N B, (p'). Set

s = min(r — o(z,p),r —o(z,p")) > 0.
For y € By(x), we have
o(y,p) <0(y,x) +0(z,p) < (r —0(z,p)) +o(z,p) =1,
oy, p) <0y, x) +0(x,p") < (' =0(x,p')) +0(x,p') = 1",
It follows that y € B,.(p) N By (p'), so Bs(x) C By(p) N By (p'), as desired. O

ExAMPLE 12.7.3. Let S be a set with a total ordering <. For s1,s5, € S with s1 < s9, let
(s1,82) ={s €5 | s1 <s<s2}. The set

B = {(s1,52) | 51,82 € S, 51 < 52}

is a basis for a topology on S (see Exercise 12.10) called the order topology. For instance, if S =R
with its usual ordering the order topology is the same as the standard topology on R. ]
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ExXAaMPLE 12.7.4. Let X and Y be topological spaces. Let B be the set of subsets of X x Y of
the form U x V with U C X and V C Y open. This is a basis for a topology on X x Y (see Exercise
12.11). We call this the product topology, and will discuss it extensively in Chapter 21. (|

EXAMPLE 12.7.5. Consider the real line R. Let B be the set {[a,b) | a < b} of all half-open
intervals in R. This is the basis for a topology on R called the lower limit topology (see Exercise
12.12). The real line R equipped with the lower limit topology is called the Sorgenfrey line. (]

REMARK 12.7.6. There is a also the weaker notion of a subbasis; see §23.1. ]

12.8. Subspaces, embeddings, and open/closed maps

Let X be a space and let Y C X be a subset. We would like to make Y into a space. Letting
t: Y — X be the inclusion, the topology we impose on Y should make ¢ into a continuous function.
For an open set U C X, we therefore need :~1(U) = UNY to be open in Y. This suggests the
following: the subspace topology on Y is the topology whose open sets V' C Y are the sets of the form
V =UNY for an open set U C X. Unless we say otherwise, all subspaces are given the subspace
topology.

Let f: X — Y be a continuous map. By definition, f~*(U) C X is open if U C Y is open,
and also f~1(C) C X is closed if C C Y is closed. We say that the map f is open if f(V) C Y is
open for all V' C X open. Similarly, the map f is closed if f(D) C Y is closed for all D C X closed.
Homeomorphisms are both open and closed.

A map f: X = Y is an embedding if it is a homeomorphism onto its image. In other words,
an embedding f is a continuous injection onto a subspace f(X) of ¥ such that the inverse map
f71: f(X) — X is continuous. An injection which is either open or closed is automatically an
embedding. For a subspace A of X, the inclusion ¢t: A — X is an embedding. If A C X is open (resp.
closed), then ¢ is an open embedding (resp. a closed embedding).

12.9. Gluing intervals
the notion of a topological space fixes its pathological behavior.

EXAMPLE 12.9.1. For each integer n > 1, let I, be a copy of the interval I = [0,1]. Let M be
the set obtained from the disjoint union of all the I,, by identifying the points 0 € I,, together to a
single point zy:

Endow M with the following topology:
e A set U C M is open if and only if U N I, is open for all n > 1. It is easy to see that this
does indeed give a topology (see Exercise 12.4).
It is immediate from this definition that a function f: M — R is continuous if and only if f|7, : I, = R
is continuous for all n > 1. In defined via the formula f(p) = np for p € I,, is continuous. We will
later see that M is not metrizable (see Exercise 15.4). O

REMARK 12.9.2. is an example of an identification space topology. See Chapter 13 below for
more details about this. O

12.10. Exercises
EXERCISE 12.1. Give an example of a topological space X such that there exist open subsets
{U; | i > 1} of X for which N$2,U; is not open. O

EXERCISE 12.2. Let X be a topological space and let A C X. Assume that for each a € A there
exists a neighborhood N of a with N C A. Note that we are not assuming that IV is open. Prove
that A is open. O
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EXERCISE 12.3. Let X and Y be topological spaces and let f: X — Y be a set map. Prove that

f is continuous if the following holds:
e For all € X and open neighborhoods V' C Y of f(x), there exists an open neighborhood
U of x with f(U) C V. O

EXERCISE 12.4. Let Y be a set. For each i € I, let X; be a subset of Y. Assume that X; is
endowed with a topology. Prove that the following gives a topology on Y:

e A set U CY isopen if and only U N X; is open for all i € I. O

EXERCISE 12.5. Let X be a space and 2 be a collection of subsets of X such that X = UegA.
Let Y be another space and let f: X — Y be a map of sets (not necessarily continuous) such that
f]a is continuous for all A € 2L
(a) Assume that each A € 2 is open. Prove that f is continuous.
(b) Assume that each A € 2 is closed and that 2 is finite. Prove that f is continuous.
(c) Construct an example where each A € 2 is closed but f is not continuous. 0

EXERCISE 12.6. Formulate a set of axioms for a collection of closed sets to be the closed sets of
a topology. Prove that this gives the same notion of a topological space as the axiomization we gave
using open sets. O

EXERCISE 12.7. Let M be a metrizable space and let A C M be a subset. Prove that the interior
Int(A) and closure A defined in §12.4 agrees with the definitions for metric spaces given in §2.4 and

§2.7. ]
EXERCISE 12.8. Prove the following:

(a) Let (M,d) be a metric space. Define ?': M x M — R via the formula o' (p,q) =
min{0(p, q),1}. Prove that ?’ is a metric on M that induces the same topology on M that

0 does.
(b) Let || — || be the following standard norm on R™:
I(@1,...,2n)|| =/ 23+ -+ 22 forall (z1,...,2,) € R™.
This induces the metric 3(p, q) = ||p — ¢|| on R™. Now let || — ||" be an arbitrary norm on

the vector space R™. Define a function ?’: R™ x R™ — R via the formula

¥(p,a) =llp—ql" forp,qeR™
Prove that 9’ is a metric on R™ and that ?’ induces the same topology on R™ as 0. ]

EXERCISE 12.9. Let k be a field. Prove that the Zariski topology on k™ described in Example
12.6.2 is a topology. ]

EXERCISE 12.10. Let S be a set with a total ordering <. For s1,s5, € S with s; < s, let
(s1,82) = {s € 5| s1 < s < sa}. Prove that the collection of all sets of the form (s1, s2) forms a basis
for a topology on S. O

EXERCISE 12.11. Let X and Y be topological spaces. Let B be the set of subsets of X x Y of
the form U x V with U C X and V C Y open. Prove that B is the basis for a topology on X x Y.
This is called the product topology. (|
EXERCISE 12.12. Consider the real line R.

(a) Let B be the set {[a,b) | a < b} of all half-open intervals in R. Prove that B is the basis for
a topology on R called the lower limit topology.
(b) Prove that the lower limit topology on R is finer than the standard topology.

The real line R equipped with the lower limit topology is called the Sorgenfrey line. (Il

EXERCISE 12.13. Consider the injective map f: (0,1) — R? whose image X is as follows:

e,

Regard f as a bijective map f: (0,1) — X. Prove that f=!: X — (0,1) is not continuous. a



CHAPTER 13

Identification spaces and the quotient topology

We now explain how to construct a new space from a collection of existing ones by identifying
certain points together. This generalizes the construction we gave in Example 12.9.1.

13.1. Identification spaces

Let {X;}icr be a collection of spaces. An identification space is a topological space Y equipped
with maps f;: X; — Y for each i € I such that:
e each y € Y is in the image of some f;; and
e aset U CY is open if and only if f;'(U) C X; is open for all i € I.
The second condition ensures that each f;: X; — Y is continuous. It also ensures that for a space Z
a map of sets ¢: Y — Z if continuous if and only if ¢ o f;: X; — Z is continuous for all i € I (we
will say more about this in §13.4 below).

ExAMPLE 13.1.1. Let {X;};cs be a collection of spaces. As a set, let Y be the disjoint union
User X; of the X;. Topologize Y by letting U C Y be open if and only if U N X, is open for all i €
(see Exercise 12.4). The space Y is an identification space under the inclusion maps f;: X; =Y. O

Now assume that the {X;};cr are spaces and ~ is an equivalence relation on the disjoint union

;1 X;. Define
Y = Ujer Xi/ ~ .
Informally, Y is obtained from the X; by identifying some of their points together. Let f;: X; = Y
be the projections. Give Y the following topology:
e Aset U CY is open if and only if f~1(U) C X, is open for all i € I. This is easily seen to
give a topology (see Exercise 13.1).

We call this the identification space topology on Y. It makes Y into an identification space. If we
have a construction of a purported “space” from the points of the X;, then this gives a canonical
way of turning our purported “space” into a topological space.

13.2. Examples
The above discussion is a little abstract. Here are some examples.

ExAMPLE 13.2.1 (Gluing). Let X7 and X» be spaces, A C X3 be a subspace, and ¢: A — X,
be a map. As a set, let Y be the disjoint union of X; and X5 modulo the equivalence relation that
identifies each a € A C X; with ¢(a) € X3. There are natural maps f1: X1 =Y and fa: Xo = Y,
and we give Y the identification space topology. We call Y the space obtained by gluing X; to
X5 via the gluing map ¢. If A C X; is closed, then fo: X9 — Y is a closed embedding and
Jilx\a: X1\ A —Y is an open embedding (see Exercise 13.2). If A is not closed, then things can
be much more complicated. O

EXAMPLE 13.2.2. Here is one easy example of gluing. Let X; and X5 and Y be the following
surfaces:

L DY 2,
X1 ; X9

‘| glue ‘|

'I Y ™Y [ =3 Y O
Iy
/
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As is shown in this figure, Y is obtained by gluing the boundary component A = S' of X; to the
boundary component of X5 via a homeomorphism. Two open sets on Y are drawn together with
their preimages in X; and Xs. In this example, ¢ is a homeomorphism onto its image and both X3
and Xy are subspaces of Y. O

EXAMPLE 13.2.3. Here is another example of gluing where the gluing map is not injective:

In this figure, ¢ identifies the two blue vertical edges of the rectangle X; with a single segment in
the left-hand vertical edge of X5. ]

REMARK 13.2.4. The most important class of spaces in algebraic topology are CW complexes,
which are constructed from collections of disks D™ of various dimensions n by gluing their boundaries
together. See Essay H for more details. O

EXAMPLE 13.2.5 (Wedge product). Let {X;}icr be a collection of topological spaces. Assume
that each X; has a distinguished basepoint x; € X;. The wedge product of the X;, denoted V;c; X5,
is the space obtained by identifying all the x; together to a single point py. There are inclusions
fi: Xi — Vier X, and we give V;c;X; the identification space topology. The maps f; are all
embeddings (see Exercise 13.3). O

EXAMPLE 13.2.6. Here is an example of a wedge product:

wedge
o Xg
X, X5

This figure shows an open neighborhood of pg together with its preimage in the X;.

ExAMPLE 13.2.7. Example 12.9.1 is the wedge product of countably many intervals I,, = I
equipped with the basepoints 0 € I,,. Here is a picture of this, with an open neighborhood pgy together
with its preimage in the I,, indicated:

/ .
wedge \ \ /
° ¢ -
I
: ¢ .Po
See Exercise 15.4 for an explanation of why this topology does not come from a metric. O

ExaMPLE 13.2.8 (Collapsing subspace). In an identification space, we allow there to only be a
single space X. As an example of this, let X be a space and let A C X be a subspace. Denote by
X/A the result of collapsing A to a single point. The points of X/A are thus the points of X \ A
together with a single point [A] corresponding to A. Letting f: X — X/A be the projection, we
can endow X /A with the identification space topology. If A is a closed (resp. open) set, then the
restriction of f to X \ A is an open (resp. closed) embedding (see Exercise 13.4). O

REMARK 13.2.9. Collapsing a subspace A C X will typically yield a pathological space X/A if A
is not closed. For instance, in most natural spaces single points are closed, and this will only hold for
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the point [A] of X/A if A C X is closed. As an example of how pathological this can be, collapsing
the subspace Q of R gives a terrible space R/Q. O

EXAMPLE 13.2.10. Consider the boundary dD™ = S"~!. As the following shows, D" /D" = S™,
with the blue D" mapping to the north pole of S™:

Collapse
6[D‘

As this figure shows, a neighborhood of the north pole in S™ lifts to a neighborhood of oD™. ]

EXAMPLE 13.2.11. The set A need not be connected. Here is an example:

A
collapse v
- )

A

In this example, X = S? and A is two points on X. O

ExXAMPLE 13.2.12 (Quotienting by group action). Let X be a space and let G be a group acting
on X. As a set, X/G consists of the orbits of X under the action of G. Letting f: X — X/G be
the quotient map, we endow X/G with the identification space topology. The point-set topological
properties of X/G depend both on the properties of X and the qualities of the group action G. We
explore this in Essay J. O

EXAMPLE 13.2.13. Let the group Z? act on R? by translations. The quotient R?/Z? is homeo-
morphic to the 2-torus:

quotient

The orange and blue loops on R?/Z? lift to the orange and blue parallel lines on R2. O

13.3. Quotient topology

Amap f: X — Y is a quotient map if f is surjective and U C Y is open if and only if f~1(U) C X
is open. Given a space X and a surjection of sets f: X — Y, the quotient topology on Y is the
topology making f: X — Y a quotient map. We call Y a quotient space of X.

Of course, this is a special case of an identification space. Moreover, given a collection of spaces
{X;}ic and an identification space Y of the X; with maps f;: X; — Y, we can realize Y as a quotient
space in the following way. Let ;e X; be the disjoint union of the X; (see Example 13.1.1). The
maps f;: X; — Y then assemble to a quotient map F': L;c; X; — Y.

REMARK 13.3.1. Many treatments of point-set topology only talk about quotient spaces, but we
find it convenient to use the slightly more general notion of identification spaces since like in the
examples from earlier in this chapter, we often use them to build a space out of several spaces, not
just one. O
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13.4. Universal mapping property

Let f: X — Y be a quotient map. Let ~ be the equivalence relation on the set X where p ~ ¢ if
and only if f(p) = f(q). The equivalence classes of ~ are the fibers f~!(y) for y € Y. Letting Z be
another space and ¢: Y — Z be a continuous map, the composition ® = ¢ o f is a continuous map
®: X — Z that is ~-invariant, i.e., that has ®(p) = ®(¢) whenever p ~ ¢q. Conversely, if : X — Z
is a continuous ~-invariant map, then there is a set map ¢: Y — Z such that ® = ¢ o f and the
quotient topology on Y is set up to ensure that ¢ is continuous.

The above discussion shows that composition with f gives a bijection between continuous maps
¢: Y — Z and ~-invariant continuous maps ®: X — Z. This is an example of a universal mapping
property, and we will describe it informally by saying that a map ¢: Y — Z is the same as a
~-invariant map ®: X — Z. This universal mapping property characterizes quotient spaces (see
Exercise 13.8).

ExAaMPLE 13.4.1 (Disjoint union). Let {X;};cr be a collection of spaces. Let Y = U;e; X; with
the disjoint union topology discussed in Example 13.1.1. For a space Z, maps ¢: V;e; X; — Z are
the same as collections of maps ®;: X; — Z for each i € I. O

REMARK 13.4.2. If C is a category and {C;};cr are objects of C, then a categorical sum of the

C; is an object D of C together with morphisms {f;: C; — D};cs such that the following holds:
e For all objects E of C, there is a bijection between morphisms ¢: D — E and collections of
morphisms {®;: C; — E};c; taking a morphism ¢: D — F to the collection of morphisms

{¢O fz CZ — E}iEL

Categorical sums might or might not exist, but if they do exist they are unique up to isomorphism
(see Exercise 13.9). For spaces {X;}ier, the disjoint union U = U;c; X; together with the natural
inclusions {¢;: X; < U};cr is therefore the categorical sum of the {X;};cs in the category Top. See
Exercise 13.10 for what the categorical sum means in the category of abelian groups. O

REMARK 13.4.3. There are also categorical products, which we will discuss in Chapter 21. [

ExAMPLE 13.4.4 (Wedge product). Let {X;};csr be a collection of topological spaces. Assume
that each X; has a distinguished basepoint x; € X;. For a space Z, maps ¢: V;er X; — Z are the
same as collections of maps ®;: X; — Z such that ®;(z;) = ®;(z,) for all ¢, € I. In particular, this
explains why the quotient topology is the right one to ensure the real-valued function in Example
12.9.1 is continuous. O

REMARK 13.4.5. Let Top, be the following category:

e The objects of Top, are pairs (X, zo) with X a space and zy € X a basepoint.
e The morphism in Top, from (X, z) to (Y,yo) are continuous maps f: X — Y with

f(zo) = yo.
The universal mapping property from Example 13.4.4 says that the wedge product is the categorical
sum in the category Top,. O

EXAMPLE 13.4.6 (Collapsing subspace). Let X be a space and let A C X be a subspace. For a
space Z, maps ¢: X/A — Z are the same as maps ®: X — Z such that ®(A) is a single point. O

EXAMPLE 13.4.7 (Quotienting by group action). Let X be a space and let G be a group acting
on X. For a space Z, maps ¢: X/G — Z are the same as maps ®: X — Z that are G-invariant in
the sense that ®(g-x) = ®(z) for all z € X and g € G. O

13.5. Exercises

EXERCISE 13.1. Let {X,};cr be a collection of spaces. Let Y be a set, and for all i € I let
fi: X; = Y be a set map. Prove that the following gives a topology on Y:

e A set U CY isopen if and only fi_l(U) N X; is open for all i € 1. O

EXERCISE 13.2. Let X7 and Xs be spaces, let A C X3 be a closed subspace, and let ¢: A — X5
is a map. Let Y be the space obtained by gluing X; to X5 via the gluing map ¢, and let f1: X7 - Y
and fo: X9 — Y be the natural maps.
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(a) Prove that fo: Xo — Y is a closed embedding.
(b) Prove that fi|x,\a: X1\ A — Y is an open embedding. O

EXERCISE 13.3. Let {X;}icr be a collection of topological spaces. Assume that each X; has
a distinguished basepoint x; € X;, and consider the edge product V;c;X;. For each i € I, let
fi+ X; — Vier X; be the inclusion.
(a) For each i € I, prove that the map f; is an embedding.
(b) If each basepoint x; € X; is closed (as a one-point subspace of X;) then prove that each f;
is a closed embedding. |

EXERCISE 13.4. Let X be a space, let A C X be a subspace, and let f: X — X/A be the
projection.

(a) If A is closed, then prove that the restriction of f to X \ A is an open embedding.
(b) If A is open, then prove that the restriction of f to X \ A is a closed embedding. O

EXERCISE 13.5. Let f: X — Y be a quotient map. Let B C Y be either open or closed and let
A = f~Y(B). Prove that f|4: A — B is a quotient map. O

EXERCISE 13.6. Let f: X — Y be a surjective continuous map that is either open or closed.
Prove that f is a quotient map. |

EXERCISE 13.7. Let ~; and ~9 be the following equivalence relations on R2:
(z,y) ~ (z,w) if 2+ y? =2+ w?,
(z,y) ~2 (z,w) if 2% +y* = 2% + w?,
For i = 1,2, let X; be the quotient of R? by ~;. Identify the spaces X; and Xo. 0

EXERCISE 13.8. Let X be a space and let ~ be an equivalence relation on X. As a set, let

Y =X/~ andlet f: X =Y be the projection. Endow Y with the quotient topology, so f: X =Y

is a quotient map. Let Y’ be another space and let f': X — Y’ be a map such that the following
holds:

e For all spaces Z, composition with f’ gives a bijection between continuous maps ¢: Y’ — Z

and ~-invariant continuous maps ®: X — Z.
Prove that there is a homeomorphism ¢g: Y — Y’ such that f' = go f. In other words, the above
universal mapping property characterizes the quotient space Y. O

EXERCISE 13.9. Let C be a category and let {C;};c; be objects of C. For k = 1,2, let D(k) be
a categorical sum of the {C;};e; with morphisms {f;(k): C; — D(k)}ics. Prove that there exists an
isomorphism A: D(1) — D(2) such that f;(2) = Ao f;(2) for all i € I. This can be interpreted as
saying that categorical sums are unique up to isomorphism. O

EXERCISE 13.10. Let AbGrp be the category of abelian groups and group homomorphisms. Let
{4;}ier be a collection of abelian groups. Let @;crA; be the sum of the A;; so

@Ai = {(ai)iel € HAi | a; = 0 for all but finitely many i € [} )
il iel

Prove that S = @1 A; together with the natural inclusions {u;: A; < S}ier is the categorical sum
of the {4;}icr in the category AbGrp. We remark that in the exercises to Chapter 21 we will prove
that [],.; As is the categorical product of the {A;};c; (which in particular requires defining the
categorical product). O






CHAPTER 14

Connectivity properties

Our next topic is connectivity and path connectivity.

14.1. Path connectivity
Recall that I = [0,1]. A path in a space X from p € X to ¢ € X is a map v: [ — X with

7(0) = p and y(1) =
q
f_\/'
p

The space X is path connected if it is nonempty and for all p,q € X there exists a path in X from p
to q.
ExXAMPLE 14.1.1. The space R" is path connected. Indeed, for p,q € R™ the map v: I — R"
defined by
y@t) =1 —-t)p+tq fortel
is a path from p to q. O

14.2. Connectivity

We now turn to connectivity. It is easier to say what it means for a space to be disconnected. A
space X is disconnected if we can write X = U UV with U,V C X disjoint nonempty open subsets of
X. Since X \U =V and X \ V = U, the sets U and V are necessarily closed as well as open. Sets
that are both open and closed are called clopen sets.!

EXAMPLE 14.2.1. The space R\ 0 is disconnected. Indeed, R\ 0 = (—o0,0) U (0, c0). O
EXAMPLE 14.2.2. The space Q is disconnected. Indeed, for U C R let Up = U N Q. We then
have Q = (—00,v2)g U (V2, 00)g. O

A space X is connected if it is nonempty and not disconnected. Another way of saying this is
that a nonempty space X is connected if whenever U,V C X are disjoint open sets with X =U UV,
then either U = X or V = X (see Exercise 14.1).

14.3. Basic properties of connectivity

Here are some basic properties of connected spaces:

LEMMA 14.3.1. Let X be a space and let Y C X be a connected subspace. Then the closure Y of
Y is connected.

PRrROOF. Replacing X with Y, we can assume that ¥ = X. Our goal now is to prove that X is
connected. Let U,V C X be disjoint open subsets such that X = U LU V. We must prove that either
U=XorV =2X. Since Y is connected and Y = (UNY)U(V NY), we must have either UNY =Y
or VNY =Y. Reordering U and V', we can assume that UNY =Y, and hence Y C X \ V. Since
X \ V is closed, we have Y € X \ V. Since Y = X and X = U UV, this implies that U = X, as
desired. g

LEMMA 14.3.2. Let f: X — Y be a continuous map from a connected space X to a space Y.
Then f(X) is connected.

IThis is a terrible term, but is the standard word for this.

119
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PROOF. Replacing Y with f(X), we can assume that f(X) =Y. Our goal now is to prove that
Y is connected. Assume that U,V C Y are disjoint open sets such that Y = U U V. We must prove
that either U =Y or V =Y. Since f(X) =Y, this is equivalent to showing that either f~1(U) = X
or f7}(V)=X. Since Y = U UV, we have that f~}(U) and f~1(V) are disjoint open subsets of X
such that X = f~1(U) U f~1(V). Since X is connected, we must therefore have either f~1(U) = X
or f~4(V) = X, as desired. O

LEMMA 14.3.3. Let X be a space and let {Y;}jes be a nonempty collection of subspaces of X.
Assume that:

e cach Y} is connected; and
o for all j,k € J, the space Y; NY}, is nonempty; and
o X = UjEJY}.

Then X is connected.

PRrROOF. Assume that U,V C X are disjoint open sets such that X = UUV. We prove that either
U= X orV=X. Pick some jg € J. Since Y}, is connected, either U NY;, =Y}, or VNYj;, =Y.
Reordering U and V, assume that U NY}, = Y},. Now consider an arbitrary j € J. Since Y; NY),
is nonempty, we have U NY; # 0. Since Y; is connected, this implies that U N'Y; = Y;. Since
UNY; =Y; for all j € J, we conclude that U = X, as desired. O

14.4. Path connected spaces are connected

We now prove:

LEMMA 14.4.1. Let X be a path connected space. Then X is connected.

PRroOOF. This is trivial if X = (), so assume that X # ). Fix a point p € X. For each ¢ € X,
pick a path v4: I — X from p to q. Set Y; = v4(I). Below in Lemma 14.4.2 we will prove that I is
connected. Lemma 14.3.2 therefore implies that Y; is connected. The space X is the union of the Y7,
and for ¢,¢' € X we have p € Y; NY,,. By Lemma 14.3.3, we conclude that X is connected. O

The above proof required:
LEMMA 14.4.2. The space I = [0,1] is connected.

PRrROOF. Assume for the sake of contradiction that I is disconnected. We can therefore write
I =UUYV with U,V C I disjoint nonempty open sets. Define a set map f: I — R via the formula

0 ifzelU,
f(x)_{1 ifzeV.

This is continuous; indeed, if W C R is any open set then f~(W) is either ) or U or V or UUV = I.
Since the image of f contains both 0 and 1, the intermediate value theorem implies that the image of
f contains 1/2. Since the image of f is {0,1}, this is a contradiction. a

The converse of Lemma 14.4.1 is not true:
EXAMPLE 14.4.3. Let X be the following subset of R?:
X ={(0.) | =1 <y <1} U{(asin(1/a) | @ > 0}.

This is a closed subset of R? that is often called the topologist’s sine curve:

The space X is not path connected; indeed, there is no path connecting (0,0) and (z,sin(1/z)) for
any x > 0 (see Exercise 14.4). However, X is connected (see Exercise 14.4). O
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14.5. Path components

Let X be a space. Let ~ be the following relation on the points of X: for p,q € X, we have
p ~ q if there is a path in X from p to ¢. This is an equivalence relation on the points of X (see
Exercise 14.2), and its equivalence classes are the path components of X. It is immediate from the
definition that the path components of X are path connected and that X is the disjoint union of its
path components.

ExaMmPLE 14.5.1. Let X be the topologist’s sine-curve from Example 14.4.3. The path components
of X are as follows (see Exercise 14.4):

X1 ={0y) | -1=y<1},
X = {(x,sin(1/x) | x > 0} . O

14.6. Connected components

Continue to let X be a space. Now let ~ be the following relation on the points of X: for
p,q € X, we have p ~ ¢ if there is a connected subspace Y C X with p,q € Y. Just like for path
connectedness, we have:

LEMMA 14.6.1. Letting the notation be as above, ~ is an equivalence relation on the points of X .

PROOF. It is clear that ~ is reflexive, i.e., that p ~ p for all p € X. It is also clear that ~ is
symmetric, i.e., that if p ~ ¢ for some p,q € X then ¢ ~ p. We must therefore only prove that ~ is
transitive. Consider p,q,r € X such that p ~ ¢ and ¢ ~ r. We must prove that p ~ r. Since p ~ ¢
and g ~ r, there are connected subspaces Y, Z C X with p,q € Y and ¢,r € Z. Since Y and Z are
connected subspaces with ¢ € Y N Z, it follows from Lemma 14.3.3 that Y U Z is connected. Since
p,7 € Y UZ, we conclude that p ~ r, as desired. O

The equivalence classes of ~ are the connected components of X. The space X is the disjoint
union of its connected components. They have the following properties:

LEMMA 14.6.2. Let X be a space and let A be a connected component of X. Then A is closed
and connected.

PROOF. We first prove that A is connected. Fix some a € A. For p € A, there exists a connected
subspace Y, of X with a,p € Y. Since Y}, is connected we have a ~ ¢ for all ¢ € Y}, so Y, C A.
Since A = UpeyY), and each Y, contains the point a, Lemma 14.3.3 impies that A is connected, as
desired. Since A is connected, Lemma 14.3.1 implies that A is connected. It follows that A = A4, i.e.,
that A is closed. O

REMARK 14.6.3. Example 14.5.1 shows that path components need not be closed. O

14.7. Local connectivity

Since a space X is disconnected if we can write X = U UV with U,V C X disjoint nonempty
clopen subsets, it is natural to hope that the connected components of X are clopen. Unfortunately,
this need not hold:

ExampLE 14.7.1. Let X = Q. The connected components of X and the path components of X
both consist of the one-points sets {¢} for ¢ € Q. O

REMARK 14.7.2. A space like Q whose connected components consist of single points is called
totally disconnected. O

As this example suggests, the cause of this is pathological local behavior. A space X is locally
connected at p € X if for all open neighborhoods U of p, there is a connected open neighborhood V/
of p with V. C U. The space X is locally connected if it is locally connected at all p € X. Similarly,
a space X is locally path connected at p € X if for all open neighborhoods U of p, there is a path
connected open neighborhood V of p with V' C U. The space X is locally path connected if it is
locally path connected at all p € X. We then have:
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LEMMA 14.7.3. Let X be a space. Then:

o If X is locally connected, then all connected components of X are clopen.
e If X is locally path connected, then all path components of X are clopen.

PROOF. The proofs for components and path components are similar, so we will prove it for
path components.? Assume that X is locally path connected. Let Y be a path component of X. For
p € Y, since X is locally connected we can find a path connected open neighborhood V of p. By
definition, p in the same path component as all the points of V, so V C Y. We deduce that Y is
open. Since X \ 'Y is the union of the path components of X that are different from Y and all those
path components are open, it follows that X \ Y is open and hence that Y is closed. O

COROLLARY 14.7.4. Let X be a locally path connected space. Then the connected components
and path components of X coincide.

PROOF. Let Y be a connected component of X. The subspace Y is the disjoint union of a
collection of path components. To prove that it is actually a path component, it is enough to prove
that Y is path connected. Assume otherwise. We can then write Y = Y7 UY5 with each Y; a nonempty
union of path components and Y; NY; = (). Lemma 14.7.3 implies that each path component is
clopen, so both Y7 and Y5 are also clopen. Since Y = Y7 U Y5, we deduce that Y is disconnected,
contradicting the fact that it is connected. O

REMARK 14.7.5. As our examples show, not all metric spaces (or even subspaces of R™) are
locally connected or locally path connected. However, most spaces that appear in algebraic topology
are locally path connected. O

14.8. Exercises

EXERCISE 14.1. Let X be a space with X # (). Prove the following:
(a) The space X is connected if whenever U,V C X are disjoint open sets with X = U UV,
then either U = X or V = X.
(b) The space X is connected if whenever U,V C X are disjoint open sets with X = U LUV,
then either U = () or V = {).
(c) The space X is connected if whenever U,V C X are open sets with X = U UV, then
Unv #4. |

EXERCISE 14.2. Let X be a space. Prove that the following is an equivalence relation on the
points of X:
(a) For p,q € X, the relation where p is equivalent to ¢ if there is a path in X from p to q. O

EXERCISE 14.3. Let X and Y be spaces. Give X x Y the product topology (see Example 12.7.4).

(a) If X and Y are connected, prove that X x Y is connected.
(b) If X and Y are path connected, prove that X x Y is path connected. Be careful to prove
that your paths are continuous! O

EXERCISE 14.4. Let X = {(0,) | -1 <y <1} U {(a,sin(1/z) | x > 0} C R%

This space is called the topologist’s sine curve. You proved in Exercise 3.14** that X is not path
connected. Prove that X is connected. (]

EXERCISE 14.5. Let I = [0, 1] and let < be the dictionary order topology on I2, so (z,y) < (z,w)
ifx <zorifx=zandy <w. Let X the topological space on the set I? with the corresponding
order topology (see Example 12.7.3). Prove the following:

(a) X is connected.

’In fact, this case is slightly harder since in general path components need not be closed.
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(b) X is not path connected. O

EXERCISE 14.6. Let C' be the classical Cantor set (see Example 2.7.3), so C consists of all
x € I =10,1] of the form

E

n

w

x:Zx with z,, € {0,2} for all n > 1.
n=1

Prove that C' is totally disconnected. O

EXERCISE 14.7. Let S be the Sorgenfrey line (see Example 12.7.5), so S is R with the topology
given by the basis {[a,b) | a < b} of all half-open intervals in R. Prove that S is totally disconnected.
O

EXERCISE 14.8. Let X and Y be spaces such that there exists a homeomorphism f: R - X x Y.
Here we topologize X x Y using the product topology as in Example 12.7.4. Prove that either X or
Y is a point. (I






CHAPTER 15

Countability properties

This chapter discussed properties that ensure a topological space is not “too large”.

15.1. First countability

Let X be a space. A neighborhood basis for X at a point p € X is a collection 9B, of open
neighborhoods of p such that:

e For all open neighborhoods V' of p, we have U C V for some U € ‘B,,.

The space X is first countable if it has a countable neighborhood basis at each point p € X. All
metrizable spaces have this property:

LEMMA 15.1.1. Let M be a metrizable space. Then M is first countable.

PRroOOF. Fix a metric on M inducing its topology. Recall that B, (p) is the open ball of radius
r > 0 around p € M. For p € M, the set {B,(p) | » > 0 rational} is a countable neighborhood basis
for X at p. O

15.2. Sequences

Let X be a space. A sequence in X is an ordered collection {z, },>1 of points of X. Given such
a sequence, a point y € X is its limit if for all open neighborhoods U of y there is some N > 1 such
that x, € U for n > N. If y is a limit of {2, }nex, then we write lim,,, , = y and say that
{zn}n>1 converges to y. If such a y exists, then we say that {z,},>1 is a convergent sequence. If X
is metrizable, then this agrees with our previous definition (see Exercise 15.1).

REMARK 15.2.1. Be warned that a sequence can have multiple distinct limits. This only happens
for fairly pathological spaces. In the next chapter, we introduce a property of spaces called being
Hausdorff that forces convergent sequences to have unique limits. O

15.3. Closure

Sequences are most useful for first countable spaces. For instance, if X is first countable, then
for A C X we can construct the closure A using limits:

LEMMA 15.3.1. Let X be a first countable space and let A C X. Then A is the set of ally € A
such that there exists a sequence {an}n>1 of points of A such that limp, o0 an = y.

PROOF. Let B be the set of limits of sequences of points of A. We first prove that B C A. Let
be B and let C C X be a closed set with A C C. We must prove that b € C. Indeed, if b ¢ C then
we can find an open neighborhood U of b such that U C X \ C. However, since b € B there must
exist points of A C C in U, contradicting the fact that U is disjoint from C.

We next prove that A C B. This uses first countability. Consider a point p € A. Each open
neighborhood V' of p must contain a point of A. Let B, = {Uy,Us, ...} be a countable neighborhood
basis at p. For each n > 1, choose z,, € U, with z,, € A. We then have lim,, ,oc x, =p,sop € B. 0O

REMARK 15.3.2. Though metrizable spaces are first countable, not all spaces that appear in
algebraic topology are first countable. This is why arguments using limits are mostly avoided in
this book. There are generalizations of sequences and limits (nets, filters, etc.) that work for spaces
that are not first countable (see [1]), but in practice they do not simplify arguments in algebraic
topology. O
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15.4. Second countability

A space X is second countable if there is a countable basis for its topology. It is clear that all
second countable spaces are first countable. It is not true that all metrizable spaces are second
countable, but all subspaces of R™ are second countable:

LEMMA 15.4.1. Let X be a subspace of R™. Then X is second countable.

PROOF. For all p € R" and r > 0, let B,.(p) C R™ be the open ball around p. Then X has the
countable basis {B,(p) N X | p € Q" and r > 0 rational}. O

15.5. Separability

There is one further countability condition that occasionally shows up. For a space X, a set
A C X is dense if its closure A equals X. The space X is separable if X has a countable dense subset.
This is slightly weaker than second countability:

LEMMA 15.5.1. Let X be a second countable space. Then X is separable.

PROOF. Let B = {Uy,Us, ..., } be a countable basis for the topology of X. Pick x,, € U,,. Then
the set {z,, | n > 1} is a countable dense set in X. O

For metrizable spaces, these two notions coincide:
LEMMA 15.5.2. Let M be a separable metrizable space. Then M is second countable.

PRrROOF. Fixing a metric on M inducing its topology, the proof is similar to that of Lemma
15.4.1: if A C M is a countable dense set, then {Bj/,(a) | a € A, n > 1} is a countable basis for the
topology on M. O

15.6. Exercises

EXERCISE 15.1. Let M be a metric space. Prove that the notion of limit from §15.2 agrees with
the notion of limit for metric spaces from §2.5. ]

EXERCISE 15.2. Let X be second countable. Prove the following:
(a) Let 4 be a collection of open subsets of X with X = UyegU. Prove that there is a countable
subset ' C U such that X = UyeyU.
(b) Let B be any basis for the topology on X. Prove that there is a countable subset B’ C B
that is also a basis for the topology on X. O

EXERCISE 15.3. Let X be second countable and let LI be a collection of disjoint open subsets of
X. Prove that 4l is countable. U

EXERCISE 15.4. As in Example 13.2.7, let X be the wedge product of countably many intervals
I, = I equipped with the basepoints 0 € I,,. Prove that X is not first countable, and deduce that X
is not metrizable. O

EXERCISE 15.5. Let I = [0, 1] and let < be the dictionary order topology on I2, so (z,y) < (z,w)
ifx <zorifz=zandy <w. Let X the topological space on the set I? with the corresponding
order topology (see Example 12.7.3). Prove the following:

(a) X is first countable.
(b) X is not second countable. O

EXERCISE 15.6. Let S be the Sorgenfrey line (see Example 12.7.5), so S is R with the topology
given by the basis {[a,b) | @ < b} of all half-open intervals in R. Prove the following:
(a) S is first countable.
(b) S is separable.
(c) S is not second countable. O
Bibliography
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CHAPTER 16

Separation properties and the Tietze extension theorem

This chapter discusses properties that are necessary to ensure that continuous functions have the
properties one would expect.

16.1. Pathology

Consider maps f,g: X - Y. If A C X is dense and f|4 = g|a, then it is natural to expect that
f = g. Unfortunately, this need not hold:

ExAMPLE 16.1.1 (Line with two origins). As a set, let Y = (R\ {0}) U {04,02}. For i =1,2, let
fi: R =Y be the map defined by f;(z) = « for x € R\ {0} and f;(0) = 0;. Give Y the identification
space topology, so:

e aset U CY is open if and only if f;'(U) and f; ' (U) are open in R.
Here is a picture of Y:
0,

0,

With this topology, the subspaces Y \ {02} = f1(R) and Y \ {01} = f2(R) are both homeomorphic to
R. The maps fi, fo: R — Y are continuous and agree on the dense set R\ {0}. However, f1 # fo. O

16.2. Hausdorff spaces

The issue with the line with two origins from Example 16.1.1 is that the points 0; and 0y do
not have disjoint open neighborhoods. To rule this out, say that a space X is Hausdorff if for all
distinct points p, g € X, there are open neighborhoods U of p and V of ¢ with U NV = (). This has
a number of nice consequences (see Exercise 16.3):

e All points in X are closed, i.e., for all p € X the one-point set {p} is closed.

o If Z is another space and f,g: Z — X are two maps, then the subset {z € Z | f(z) = g(2)}
of points in Z where f and ¢ are equal is closed. In particular, if f and g agree on a dense
subset of Z, then f = g.

e Limits in X are unique in the following sense. Let {z,},>1 be a sequence in X and let
y1,Y2 € X be such that lim,, , x, = y1 and lim,, oo , = y2. Then y; = yso.

Most geometrically natural spaces are Hausdorff. In particular:
LEMMA 16.2.1. Let M be a metrizable space. Then M is Hausdorff.

PRrOOF. Fix a metric on M inducing its topology. For distinct p,q € M, let ¢ = 9(p, q)/2. The
open balls B.(p) and B.(q) are disjoint. O

REMARK 16.2.2. For an infinite field k, an important non-example is given by the Zariski
topology on k". See Exercise 16.4. |
16.3. Continuity

For first countable Hausdorff spaces, we can characterize continuity with sequences:

LEMMA 16.3.1. Let X be a first countable Hausdorff space, let Y be a Hausdorff space, and let
f: X =Y be a map of sets. Then f is continuous if and only if the following holds:*

IThere is a version of this result that is true without the Hausdorff assumption, but it is awkward to state since
in non-Hausdorff spaces limits need not be unique.
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o Let {xp}n>1 be a convergent sequence in X. Then {f(xn)}n>1 s a convergent sequence in
Y and limy, oo f(25) = flimpoo Tn)-

PROOF. See Exercise 16.2. O

16.4. Normal spaces

In fact, most geometrically natural spaces have even stronger separation properties. A space X
is normal if it satisfies the following two conditions:

e for all disjoint closed sets C, D C X, there exist open neighborhoods U of C' and V of D
with U NV = §; and
e all points in X are closed.?
All normal spaces are Hausdorff. The key example is:

LEMMA 16.4.1. Let M be a metrizable space. Then M is normal.

PrOOF. Fix a metric 9 on M inducing its topology Since M is Hausdorff, all points in M are

closed. Consider disjoint closed sets C, D C M. For z € M, let
r(z) =inf {8(z,¢) | c€ C} and s(z) =inf{0o(z,d)|d e D}.
Since C' and D are disjoint closed sets, we have r(d) > 0 for d € D and s(c) > 0 for ¢ € C. Define
U= ] Byyslc) and V=[] Buays(d).
ceC deD
The sets U and V are open, and C C U and D C V. To prove the lemma, it is enough to show that
UNV = (. Assume this is false, and let z € U N'V. We can therefore find ¢y € C' and dg € D such
that 9(co, z) < s(cp)/3 and 9(do, z) < r(dp)/3. We either have s(co) < r(do) or r(dp) < s(co). Both
cases lead to a similar contradiction, so we will give the details for s(cg) < r(dp). This implies that
2

gr(do)-
However, we also have d(cg,dg) > inf {0(dp,c) | ¢ € C} = r(dp), a contradiction. O

(co, do) < 0(co, ) +0(x,do) < 5(co)/3+1(do)/3 <7(do)/3+7(do)/3 =

The following characterization of normality is often useful. Recall that V is the closure of V.

LEMMA 16.4.2. A space X is normal if and only if all points in X are closed and:

(#) For all closed sets C C X and all open neighborhoods U of C, there exists an open
neighborhood V of C' with V. C U.

PROOF. Assume first that X is normal. To verify (#), let C C X be closed and let U be an
open neighborhood of C. The set D = X \ U is then a closed set that is disjoint from C, so by
normality there exist disjoint open neighborhoods V and W of C and D. Since X \ W is a closed
subset of U containing V, it follows that V C U.

Assume now that all points in X are closed and (#) holds. To verify normality, let C, D C X be
disjoint closed sets. Applying (#) to the open neighborhood U = X \ D of C, we obtain an open
neighborhood V of C with V' C U. It follows that V and W = X \ V are disjoint open neighborhoods
of C'and D. |

16.5. Urysohn’s Lemma

A key feature of normal spaces is that they have a rich supply of continuous real-valued functions.
For our first example of this, we need a definition. The support of a function f: X — R, denoted
supp(f), is the closure of the set {p € X | f(p) # 0}. We then have:

THEOREM 16.5.1 (Urysohn’s Lemma). Let X be a normal space, let C C X be closed, and let
U C X be an open neighborhood of C. Then there exists a map f: X — I =10,1] such that flc =1
and supp(f) C U.

PRrROOF. We must use the open sets provided by normality to construct f. The key is:

2This is not always included in the definition of normality, but it ensures that normal spaces are Hausdorff.
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CLAIM. There exist open sets Vo, for all a € Q with the following properties:

(i) For rational v < s, we have VsCV,.
(ii) CCVyand Vo CU.
(111) Voo =0 for a > 1 and V,, = X for a < 0.

PROOF OF cLAIM. The picture is as follows:

Define V,, for @ > 1 and o < 0 as in (iii). Next, using Lemma 16.4.2 choose an open neighborhood
Vo of C with Vy C U and an open neighborhood V; of C with V| C V. Conditions (ii) and (iii)
hold, and we inductively construct the remaining V,, satisfying (i) as follows. Enumerate the rational
numbers in I as {agp, a1, ...} with ap = 0 and «; = 1. We have already constructed Vs and V7, so
assume that n > 2 and that we have constructed V,,,, for 0 < m < n — 1 satisfying (i). We construct
V., as follows. Let

r=max{a, | 0<m<n—1 a, <a,} and s=minf{a, |0<m<n—1, an >a,}.

We thus have r < a,, < s, and by (iii) we have V, C V,.. Using Lemma 16.4.2, we can then find an
open neighborhood V,,, of Vs such that V% CcV,. O

We now define a set map f: X — R via the formula

f(p) =sup{a€Q[peV,}.

By (iii) we have f(p) € I for all p € X. Also, by (ii) we have f(p) =1 for p € C' and supp(f) C U.
All that remains is to check that f is continuous.

Let W C R be open. We must prove that f~!(W) is open. Consider p € f~1(W). Choose
rational r < s such that [r,s] C W and f(p) € [r,s]. By (iii), we have V, C V,.. To prove that
f~1(W) is open, it is enough to prove that the open set V,.\ V is contained in f~1(W). To do this,
it is enough to prove that f maps V,.\ V into [r, s] C W. This follows from the following two facts,
both of which are immediate from (iii):

e for ¢ € V,., we have f(q) > r; and
e for g ¢ V5, we have f(q) <s. -

16.6. Converse to Urysohn

The following lemma shows that the conclusion of Urysohn’s lemma characterizes normality:

LEMMA 16.6.1. Let X be a space such that all points in X are closed. For every closed C' C X
and every neighborhood U of C, assume that there exists a continuous map® f: X — R with flc =1
and supp(f) C U. Then X is normal.

PROOF. Let C' and D be disjoint closed sets in X. By assumption, there is a continuous map
f: X — R with f|c =1 and supp(f) C X \ D. The sets U = f~1((1/2,00)) and V = X \ supp(f)
are then disjoint open neighborhoods of C' and D. O

3In Urysohn’s lemma, the target of f is I = [0, 1]. Here we relax this.



130 16. SEPARATION PROPERTIES AND THE TIETZE EXTENSION THEOREM

16.7. Perfectly normal spaces

Say that a space X is perfectly normal if points in X are closed and for all closed C C X and all
open neighborhoods U of C, there exists a continuous map f: X — I = [0, 1] such that f~(1) = C
and supp(f) C U. Lemma 16.6.1 implies that perfectly normal spaces are normal.

The definition of a perfectly normal space resembles the conclusion of Urysohn’s lemma, but
there is a small difference: in a perfectly normal space we have f~1(1) = C, while in the conclusion of
Urysohn’s lemma we only have C' C f~1(1). Most geometrically natural spaces are perfectly normal.
In particular:

LEMMA 16.7.1. Let M be a metrizable space. Then M is perfectly normal.

PRrROOF. Fix a metric 0 on M inducing its topology. Lemma 16.4.1 implies that M is normal,
and in particular points are closed. Consider C' C X closed and U an open neighborhood of C. By
Urysohn’s Lemma, there exists a continuous map f: X — I such that f|c =1 and supp(f) C U.
We want to modify f to ensure it is less than 1 at all points that do not lie in C. Let g: X — R be
the function

g(p) =inf {o(p,c) | ce C} forpe X
and let h: X — I be the function

h(p) = min(g(p),1) forpe X.
Both g and h are continuous and satisfy ¢=1(0) = h=1(0) = C. The function f’: X — I defined by

f'(p) = (1 = h(p)-f(p) forallpeM
then satisfies (f')~1(1) = C and supp(f’) C U. O

REMARK 16.7.2. We have introduced the notion of a space being Hausdorff, being normal, and
being perfectly normal. These are called separation azioms. It is common to call a Hausdorff space a
Ts-space, a normal space a Ty-space, and a perfectly normal space a Tg-space. As this terminology
suggests, there are many other separation axioms as well.* For instance, we will discuss regular
spaces (i.e., T3-spaces) below in §16.10. The vast majority of spaces considered in algebraic topology
are perfectly normal. |

16.8. Uniform limits of functions

Our next goal is to prove the Tietze extension theorem, which says that continuous real-valued
functions on closed subsets of normal spaces can be extended to the whole space. The extension we
construct will be a limit of functions constructed using Urysohn’s Lemma. We therefore need a way
to certify that such functions are continuous.

Let X be a space. A sequence of functions f,, : X — R is said to converge uniformly to a function
f: X — R if the following holds:

e for all € > 0, there exists some N > 1 such that |f(p) — fn(p)| < eforalln > N and p € X.

We then have the following, which generalizes a familiar fact from real analysis:

LEMMA 16.8.1. Let X be a space and let f,: X — R be a sequence of continuous functions
converging uniformly to a function f: X — R. Then f is continuous.

Proor. This can be proved using an argument similar to the one used to prove the analogous
fact for functions defined on X = R. See Exercise 16.10. ]

16.9. Tietze Extension Theorem
We can now prove the Tietze Extension Theorem:

THEOREM 16.9.1 (Tietze Extension Theorem). Let X be a normal space, let C C X be closed,
and let f: C — R be a continuous function. Then f can be extended to a continuous function
F: X = R. Moreover, if the image of f lies in a closed interval [a,b] then F can be chosen such
that its image also lies in [a,b).

4n fact, not only are there Tj-spaces for 0 < k£ < 6, but there are even T» 5-spaces and T3 5-spaces.
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PROOF. We first prove the case where f is bounded, and then derive the unbounded case.

CASE 1. The theorem holds if the image of f lies in a closed interval [a,b].

Since [a, b] = [—1, 1], we can assume without loss of generality that [a,b] = [—1,1]. For n > 1, we
will construct continuous functions G,,: X — R such that letting F;,, = G1 + - -- + G,,, we have:

(i) The function F,, satisfies | f(p) — Fn.(p)| < (2/3)" for all p € C..
(ii) The function G,, satisfies |G, (p)| < (1/3)(2/3)"~! for all p € X.

Condition (ii) will imply that the functions F,, = G1 + - - - + G,, converge uniformly to a function F’
such that
1 1

(1+(2/3)+(2/3)2+~-~)=<> =1 forallpe X.

) < i (=2

1
3
Lemma 16.8.1 implies that F': X — [—1,1] is continuous, and condition (i) implies that F|c = f.

It remains to construct the G,. Assume that n > 1 and we have constructed G1,...,Gp,_1
satisfying (ii) such that letting F,,_1 = G1 + -+ + G,,—1, we have

(16.9.1) F(5) = Faca ()] < (2/3)"" forall pe C.

This is vacuous for n = 1. We will construct G,, as follows. Let
L={peC|fp)~ Falp) < —(1/3)(2/3)" "'}
R={peC|f(p)~ Far(p) > (1/3)(2/3)"'}.

The sets L and R are disjoint closed sets. Using Urysohn’s lemma, we can find:

e a continuous map hy: X — I with hr|p = 1 and supp(hr) C X \ R; and
e a continuous map hr: X — I with hr|g =1 and supp(hr) C X \ L.

Let Gp: X — [—(1/3)(2/3)"71,(1/3)(2/3)" "] be the map
Gn=—(1/3)(2/3)" "hr + (1/3)(2/3)" ' hp.

By construction, G, satisfies (ii). To show that F,, = F,,_; + G, satisfies (i), consider some p € C.
There are three cases:

e If p € L, then by (16.9.1) we have

[f(p) = Fu()l = 1f(p) = Fua(p) + (1/3)(2/3)" 1 < (2/3)"71 = (1/3)(2/3)" 7" = (2/3)".

e If p € R, then by (16.9.1) we have

[f(p) = Fu()l = 1f(p) = Fux(p) = (1/3)(2/3)" 71 < (2/3)"71 = (1/3)(2/3)" 7" = (2/3)".

e If p ¢ L UR, then by definition we have |f(p) — F,_1(p)| < (1/3)(2/3)"7!, so since
|Grn(p)| < (1/3)(2/3)"~1 we have

/() = Fa(p)| =11 (p) = Facr(p) — Ga(p)| < (1/3)(2/3)" 7" + (1/3)(2/3)" " = (2/3)".
In all three cases, (ii) is satisfied. The theorem follows.
CASE 2. The theorem holds in general.

Since R 2 (—1,1), it is enough to prove that every continuous function f: C' — (—1,1) can be
extended to a continuous function F': X — (—1,1). By Case 1, we can extend f to a continuous
function F’: X — [—1,1]. Our goal is to modify F’ such that its image does not contain —1 or 1.
Set U = (F')~!((—=1,1)). Applying Urysohn’s Lemma (Theorem 16.5.1), there exists a continuous
function g: X — I with g|¢ = 1 and supp(g) C U. The product F = g-F’ then still extends f and
satisfies F(X) C (—1,1). O
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16.10. Regular spaces

We close this chapter by discussing one further separation property that will play a small technical
role at several points throughout the rest of this book. A space X is regular if it satisfies the following
two conditions:

e for all points p € X and closed sets C C X with p ¢ C, there exist open neighborhoods U
of pand V of C with UNV = ); and
e all points in X are closed.’
All normal spaces are regular and all regular spaces are Hausdorff. There exist Hausdorff spaces all
of whose points are closed that are not regular (see Exercise 16.5). There also exist regular spaces
that are not normal, but these are fairly pathological; see [1]. The following lemma shows that many
regular spaces are normal:

LEMMA 16.10.1. Let X be a space that is reqular and second countable. Then X is normal.

PRrROOF. Let A, B C X be disjoint closed sets. To prove that X is normal, we must find disjoint
open neighborhoods U and V' of A and B. The key to this is:

CrLAIM. There exist countable collections of open sets {Uy}n>1 and {Vy,}n>1 such that:
e ACUS Uy, and B C U2V, and
e Foralln>1, we have Uy,NB=0 and V,NA=0.

PROOF OF cLAIM. The constructions of the {U,},>1 and the {V,},>1 are identical, so we will
explain how to construct the {U,},>1. Let B be a countable basis for X. For a € A, since X is
regular we can find disjoint open neighborhoods U, of a and V! of B. Choose U, € B such that U,
is an open neighborhood of a with U, C U,. We then have U, C U, C B\ V!, so U, N B = {). For
the {Uy }n>1 we can then take an enumeration of the countable set {U, | a € A} C B. O

The naive thing to do now would be to take our open neighborhoods of A and B to be US>, U,
and Up2, V,,, but these would not necessarily be disjoint. To fix this, for n > 1 define

UT/LZUn\LnJVk and Vé:Vn\OUk

k=1 k=1
Since each V, is disjoint from A, we still have A C U, U, Similarly, we still have B C U, V..
Now, however, we have U/, NV, = for all n,m > 1. It follows that U = U2 U, and V = U2V,
are disjoint open neighborhoods of A and B, as desired. O

16.11. Exercises

EXERCISE 16.1. Let X be Hausdorff and let z1,..., 2, € X be distinct points. Prove that there
exist open neighborhoods Uj; of the x; such that U; N U; = 0 for all 1 < 4,5 < n distinct. O

EXERCISE 16.2. Let X be a first countable Hausdorff space, let Y be a Hausdorff space, and let
f+ X — Y be amap of sets. Then f is continuous if and only if the following holds:

o Let {z,},>1 be a convergent sequence in X. Then {f(z,)}n>1 is a convergent sequence in
Y and limy oo f(2n) = flimpe oo ). O
EXERCISE 16.3. Let X be a Hausdorff space. Prove the following:

(a) All points in X are closed, i.e., for all p € X the one-point set {p} is closed.

(b) If Z is another space and f,g: Z — X are two maps, then the subset {z € Z | f(2) = g(2)}
of points in Z where f and g are equal is closed. In particular, if f and g agree on a dense
subset of Z, then f = g.

(¢) Let {xn}n>1 be a sequence in X and let y1,y2 € X be such that limp, o0 z, = y1 and
limy, o0 € = y2. Then y; = yo. O

EXERCISE 16.4. Let k be a field. Prove that the Zariski topology on k™ described in Example
12.6.2 is Hausdorff if and only if k is a finite field. ]

5This is not always included in the definition of regularity, but it ensures that regular spaces are Hausdorff.
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EXERCISE 16.5. As a set, let X = R. Let B be the set of open subsets of X = R in the standard
topology on R and let
B =BuU{UnQ|UEeB}.
Prove the following:
e The set B’ is the basis for a topology on X that we will call the B’-topology.
e The B’-topology on X is Hausdorff and all points are closed.
e The B’-topology on X is not regular. O

EXERCISE 16.6. Let X be a Hausdorff space and let Y C X be a subspace. Prove that Y is
Hausdorff. m

EXERCISE 16.7. Let X be a normal space and let Y C X be a closed subspace. Prove that Y is
normal. We remark that this need not hold if Y is not closed. See [1] for examples. O

EXERCISE 16.8. Say that a space X is completely normal if every subspace of X is normal. Prove
that X is completely normal if and only if for every pair of subsets A, B C X with AN B = ¢ and
AN B = (), there exist disjoint open neighborhoods U and V of A and B. |

EXERCISE 16.9. Let f: X — Y be a quotient map that is also closed. Assume that X is normal.
Prove that Y is normal. ]

EXERCISE 16.10. Let X be a space and let f,: X — R be a sequence of continuous functions
converging uniformly to a function f: X — R. Prove that f is continuous. O

EXERCISE 16.11. Let X be a connected normal space containing more than one point. Prove

that X has uncountably many points. O

EXERCISE 16.12. Let S be the Sorgenfrey line (see Example 12.7.5), so S is R with the topology

given by the basis {[a,b) | a < b} of all half-open intervals in R. Prove that S is normal. O
Bibliography
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CHAPTER 17

Compactness and the Heine—Borel theorem

We now introduce the key concept of compactness, which generalizes the notion of compactness
for subsets of R and R™ from real analysis.
17.1. Compactness

Let X be a space and let K C X. An open cover of K is a collection 4 of open sets in X such
that K C UyeyU. The open cover U is finite if it consists of finitely many open sets. A subcover of
an open cover i is a subset I’ C U that is still a cover. The subspace K is compact if every open
cover of K has a finite subcover. In particular, X itself is compact if every open cover of X has a
finite subcover.

17.2. Compactness and closed sets

Compactness behaves best for Hausdorff spaces. In fact, in some treatments of point-set topology
a space is said to be quasi-compact if each open cover has a finite subcover, and a compact space is a
space that is Hausdorff and quasi-compact. For Hausdorff spaces, we have:

LEMMA 17.2.1. Let X be a Hausdorff space and let K C X be compact. Then K is closed.

Proor. We must prove that X \ K is open. Consider p € X \ K. Since X is Hausdorff, for
each k € K there are disjoint open neighborhoods Uy and Vi of p and k. Since K is compact, we
can find finitely many points k1, ...,k, € K such that {Vj,,...,V, } is an open cover of K. Letting
U=Ug N---NUy,, the set U is an open neighborhood of p that is disjoint from K, as desired. [

n?

For all spaces, we have:

LEMMA 17.2.2. Let X be a space, let K C X be compact, and let C' be a closed subset of X with
C C K. Then C is compact.

PROOF. Let i be an open cover of C' C X. The set {X \ C} U4l is an open cover of K. Since K
is compact, it has a finite subcover. Removing X \ C from this finite subcover if necessary, we obtain
a finite subcover of . ]

As another indication of how strong an assumption being compact Hausdorff is, we have:
LEMMA 17.2.3. Let X be a compact Hausdorff space. Then X is normal.

PROOF. See Exercise 17.2. O

17.3. Compactness and functions
Continuous maps take compact sets to compact sets:

LEMMA 17.3.1. Let f: X — Y be a map of spaces and let K C X be compact. Then f(K) is
compact.

PROOF. See Exercise 17.4 ]
This has the following corollary:

COROLLARY 17.3.2. Let f: X — Y be a map of spaces with X compact and Y Hausdorff. Then
f is a closed map.
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PRrROOF. Let C' C X be closed. Since X is compact, C is compact. It follows that f(C) is
compact, so since Y is Hausdorff f(C) is closed. O

Another important property of compact sets is that real-valued functions on them are bounded
and attain maximum and minimum values:

LEMMA 17.3.3. Let X be a compact space and let f: X — R be a map. Then there exist real
numbers m < M such that:
e forallp € X, we have m < f(p) < M; and
e there exists py,qo € X such that m = f(po) and M = f(qo).

PrROOF. By Lemma 17.3.1, the image K = f(X) is a compact subset of R. The lemma now
follows from the following standard fact about compact subsets of R: there exist m, M € K such
that m < k < M for all k € K (see Exercise 17.5). O

17.4. Compactness and injective maps

For general spaces X and Y, an injective map f: X — Y need not be an embedding, i.e., a
homeomorphism onto its image. Here is an example:

EXAMPLE 17.4.1. Consider the injective map f: (0,1) — R? whose image X is as follows:

L

This is not an embedding; indeed, for every p € (0, 1) the space (0,1) \ {p} is disconnected but for
the indicated point py € X we have X \ {po} connected. O

However, if X is compact and Y is Hausdorff this pathology does not occur:

LEMMA 17.4.2. Let X be a compact space, let Y be a Hausdorff space, and let f: X —Y be an
injective map. Then f is a closed embedding.

PRrROOF. Immediate from the fact that f is injective and closed (see Corollary 17.3.2). O

17.5. Heine—Borel Theorem

Let (M,0) be a metric space. A subset K C M is bounded if there is some R > 0 such that
0(p,q) < R for all p,q € K. The following theorem gives a large supply of compact spaces:

THEOREM 17.5.1 (Heine—Borel Theorem). Let K C R™ be closed and bounded. Then K is
compact.

PROOF. For some D >> 0, the set K is contained in the cube [—D, D]". By Lemma 17.2.2, it is
enough to prove that [—D, D]™ is compact. Since all cubes in R™, are homeomorphic, it is actually
enough to prove that the unit cube C; = I"™ is compact. Let il be an open cover of Cy. For the sake
of contradiction, assume that it has no finite subcover. Divide C; into 2™ subcubes with side lengths
1/2:

The cover U is a cover of each of these subcubes. Since no finite subset of L covers Cy, it must the
case that among these 2™ subcubes there is a subcube C5 such that no finite subset of 4 covers Cs.
This process can then be repeated: Cy can be divided into 2" subcubes with side length 1/22, and



17.8. COMPACTNESS AND LIMITS 137

there among these there must exist a subcube C3 such that no finite subset of  covers it. We then
divide Cj3 into 2" subcubes with side lengths 1/23, etc. This procedure gives a nested sequence

ClDCQDC;gD"'

of cubes with the following properties:

o the cube C), has side lengths 1/2"; and
e 1o finite subset of L covers any of the C,,.

By the completeness of R, the intersection N2 C,, must consist of a single point p. Pick U € Y such
that p € U. Since U is open, for some € > 0 the e-ball around p must be contained in U. This implies
that for n > 0 we have C,, C U, contradicting the fact that no finite subset of 4 covers any C,,. O

REMARK 17.5.2. A metric space in which closed and bounded subsets are compact is called a
proper metric space. This is a property of the metric, not just of the topology (see Exercise 17.6). O

17.6. Compactness and intersections of closed sets
The following is a useful rephrasing of the definition of compactness:

LEMMA 17.6.1. Let X be a space. The X is compact if and only if the following holds for all
sets € of closed subsets of X :

() If for all finite subsets € C € we have (oee C # 0, then Npee C # 0.

PROOF. The condition (x) is equivalent to:

(*) If Neee C =0, then there exists a finite subset ¢’ C € such that (oee C = 0.
There is a bijection between sets of closed subsets of X and sets of open subsets of X taking a set €
of closed subsets to U(€) = {X \ C | C € €}. A set € of closed subsets of X has empty intersection

exactly when U(€) covers X. It follows (x") is equivalent to saying that if L(¢) is a cover of X, then
$1(€) has a finite subcover. O

This has the following immediate corollary:

COROLLARY 17.6.2. Let X be a space and let C1 D Cy D -+ be a nested sequence of nonempty
compact subspaces of X. Then Np>1Cy, # 0.

17.7. Lebesgue number

If M is a metric space and {4 is an open cover of M, then a Lebesgue number for 4 is an € > 0
such that for all p € M there exists some U € { such that the e-ball B.(p) is contained in U. The
following basic result shows that these always exist if M is compact:

LEMMA 17.7.1 (Lebesgue number lemma). Let M be a compact metric space and let 4l be an
open cover of M. Then \ has a Lebesgue number.

PROOF. Since M is compact, we can write M as

M =B, (p1)U---UBe, (p,) forsomepi,...,p, € M and €1,...,¢6, >0

n

such that for each 1 < i < n there is some U € i with B, (p;) C U. Set € = min(eq,...,€,), and
consider p € M. We have p € B, (p;) for some 1 < i < n. By assumption, there is some U € 4 with
Bse, (p;) C U. The triangle inequality implies that B(p) C Bae,(2;) and thus B(p) C U. O

17.8. Compactness and limits

If X is a space and {x,,},>1 is a sequence in X, then a subsequence of {x,},>1 is a sequence of
the form {x,, };>1 with nq < ng < --- a strictly increasing sequence of natural numbers. A subspace
K C X is sequentially compact if every sequence in K has a subsequence that converges to a point of
K. With appropriate countability assumptions, this is equivalent to compactness. We divide this
into two results:

LEMMA 17.8.1. Let X be a first countable space and let K C X be compact. Then K is
sequentially compact.
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PROOF. See Exercise 17.3. O

LEMMA 17.8.2. Let X be a second countable space and let K C X be sequentially compact. Then
K is compact.

PRrROOF. See Exercise 17.3. ]
Similarly, for metrizable spaces compactness and sequential compactness are the same:

LEMMA 17.8.3. Let M be a metrizable space and let K C X. Then K is compact if and only if
K is sequentially compact.

PRrROOF. Fix a metric 0 on M inducing its topology. Since M is first first countable, Lemma
17.8.1 implies that compact subsets of M are sequentially compact. For the converse, we can replace
M by the subspace in question and prove that if M is sequentially compact, then M is compact. By
Lemma 17.8.2 it is enough to prove that M is second countable, which by Lemma 15.5.2 is equivalent
to proving that M is separable, i.e., that M has a countable dense subset.

Since M is sequentially compact, it cannot contain an infinite discrete subspace. In particular,
for each n > 1 there does not exist an infinite subset T C M with 9(¢1,t2) > 1/n for all distinct
t1,to € T. For each n > 1, we can therefore find a finite set S,, such that for all p € M there exists
some s € S, with ?(p, s) < 1/n. The set Up>15, is then a countable dense subset of M. O

17.9. Exercises

EXERCISE 17.1. Let X be a space and let C,...,C, C X be compact subspaces. Prove that
C1U---UC(C, is compact. O

EXERCISE 17.2. Let X be a compact Hausdorff space. Prove that X is normal. O

EXERCISE 17.3. Let X be a space and K C X be a subspace. Prove:

(a) If X is first countable and K is compact, then K is sequentially compact.
(b) If X is second countable and K is sequentially compact, then K is compact. |

EXERCISE 17.4. Let f: X — Y be a map of spaces and let K C X be compact. Prove that f(K)
is compact. ([l

EXERCISE 17.5. Let K C R be compact. Prove that there exist m, M € K such that m < k < M
for all k € K. O

EXERCISE 17.6. Construct a metric on R™ inducing it usual topology such that the closed 1-ball
around the origin is not compact. In the terminology of Remark 17.5.2, with this metric R™ is not a
proper metric space. O

EXERCISE 17.7. Let (M,0)7) and (N,0y) be metric spaces and let f: M — N be a map. We
say that f is uniformly continuous if for all € > 0 there exists some § > 0 such that if p,q € M
satisfy 07 (p, q) < & then On(f(p), f(q)) < €. Use the Lebesgue number lemma to prove that if M is
compact then all continuous maps f: M — N are uniformly continuous. O

EXERCISE 17.8. Let X and Y be spaces. Give X x Y the product topology (see Example 12.7.4).
Let U € X XY be open. Let A C X and K C Y be such that A x K C U. Assume that K is
compact. Prove that there exists an open neighborhood V' of A such that V x K C U. We remark
that this is often called the “tube lemma”. O

EXERCISE 17.9. Let f: X — Y be a map of spaces (not necessarily continuous) with Y compact
Hausdorff. Give X x Y the product topology (see Example 12.7.4). Define the graph of f to be

I'y={(z, f(z)) e X xY |z € X}.
Prove that f is continuous if and only if I'f is a closed subset of X x Y. O

EXERCISE 17.10. Let X and Y be spaces with Y compact. Give X x Y the product topology
(see Example 12.7.4). Let m: X x Y — X be the projection onto the first factor. Prove that 7 is a
closed map. O
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EXERCISE 17.11. Let S be the Sorgenfrey line (see Example 12.7.5), so S is R with the topology
given by the basis {[a,b) | a < b} of all half-open intervals in R. Prove the following:

(a) Let C' be a compact subset of S. Prove that C' is countable. Hint: first prove that C

is compact in the classical topology on R, then prove that there is no strictly increasing
sequence 1 < xg < --- of points of C', and then prove that C' is countable.

(b) Prove that every open cover of S has a countable subcover (spaces with this property are
called Lindeldf space). O






CHAPTER 18

Local compactness and the Baire category theorem

We now turn to the local version of compactness.

18.1. Local compactness

Let X be a space. Recall that a general neighborhood of p € X is a set Z C X with p € Int(Z2).
The space X is locally compact if the following holds for all p € X:

e For all open neighborhoods U of p, there exists a compact neighborhood K of p with
KcU.

For Hausdorff spaces, this is easier to understand:

LEMMA 18.1.1. Let X be a Hausdorff space. Then X 1is locally compact if and only if for all
p € X, there exists a compact neighborhood K of p. In particular, if X is compact then X is locally
compact.

PROOF. See Exercise 18.2. O

REMARK 18.1.2. Local compactness is poorly behaved for non-Hausdorff spaces, and not all
sources agree on the right definition for non-Hausdorff spaces. |

ExaMPLE 18.1.3. If X is either an open or a closed subspace of R”, then the Heine-Borel
Theorem (Theorem 1.10.5) implies that X is locally compact. O

18.2. Regularity and normality
We now prove that locally compact Hausdorff spaces are regular:
LEMMA 18.2.1. Let X be a locally compact Hausdorff space. Then X is regular.

PRrROOF. Consider a point p € X and a closed set C C X with p ¢ C. We must find disjoint open
neighborhoods of p and C. Since X is locally compact, there exists a compact neighborhood K of p
with K € X\ C. Since X is Hausdorff the compact set K is closed. The desired open neighborhoods
are then Int(K) and X \ K. O

Since second countable regular spaces are normal (Lemma 16.10.1), this has the following
corollary:

COROLLARY 18.2.2. Let X be a locally compact Hausdorff space that is second countable. Then
X is normal.

18.3. One-point compactification

Let X be a space. A compactification of X is a compact space X containing X as an open dense
subspace.

ExAMPLE 18.3.1. The space S™ is a compactification of R". Indeed, for all py € S™ we have
S™\ po = R™ (see Exercise 18.6). O

If X is locally compact Hausdorff, there is a natural way to compactify X that generalizes the
compactification S™ of R™. As a set, let X* = X U {oo} with oo a formal symbol that does not lie in
X. Say that U C X™ is open if either:

e U is an open subset of X; or
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o U= (X\C)U{oo}, where C C X is compact.
This is a topology (see Exercise 18.5), and the space X* is called the one-point compactification of X.
The following shows that it is indeed a compactification:

LEMMA 18.3.2. Let X be locally compact Hausdorff and let X* be the one-point compactification
of X. Then X* is compact Hausdorff, and X* is a compactification of X.

PROOF. See Exercise 18.5. O

18.4. o-compactness

A space X is o-compact if it is the union of countably many compact subspaces. This condition
will be important in the next chapter when we discuss paracompactness and partitions of unity. Here
we prove:

LEMMA 18.4.1. Let X be a Hausdorff space that is second countable and locally compact. Then
X is o-compact.

PROOF. Let B be a countable basis for the topology of X. Set L = {U €B|Uis compact}, SO
1l is a countable collection of open sets of X. It is enough to prove that f covers X. Indeed, consider
p € X. We must find some U € i with p € U. By Lemma 18.1.1, there is a compact neighborhood
K of p. Since p € Int(K), we can find U € B such that p € U and U C K. Since X is Hausdorff the
compact set K is closed, so U C K. Since U is a closed subset of the compact set K, it follows that
U is compact and U € 4, as desired. O

ExXAMPLE 18.4.2. If X is either an open or a closed subspace of R™, then the Heine—Borel
Theorem (Theorem 1.10.5) implies that X is o-compact. O

18.5. Baire category theorem

The following is a surprisingly powerful tool for proving existence theorems:

THEOREM 18.5.1 (Baire category theorem). Let X be a locally compact Hausdorff space and let
{Un}n21 be a collection of open dense subsets of X. Then N,>1U, is dense.

ProOOF. Let Vy C X be a nonempty open set. We must prove that V; intersects N,,>1U,,. Since
U, is open and dense, the set 1y NU; is open and nonempty. Since X is locally compact and Hausdorff,
we can find a nonempty open set V; with V| compact such that V; C V5 N U;. The same argument
shows that there exists a nonempty open set Va with V5 compact such that Vo C V; NU,. Repeating
this over and over, we find nonempty open sets {V,, },,>1 with the following property for all n > 1:

e V, is compact and V,,4 1 C V,, N Up1.
Applying Corollary 17.6.2 to the nested sequence Vi D Vo D V3 D --- of nonempty compact

subspaces of X, we see that their intersection must be nonempty, i.e., there exists some p with p € V,
for all n > 1. By construction, p lies in both V and N,>1U,, as desired. O

REMARK 18.5.2. The word “category” in the Baire category theorem has nothing to do with
category theory. Instead, it refers to the following archaic terminology: a space X is of the first
category if it is the union of countably many nowhere dense! sets, and is of the second category
otherwise. The conclusion of the Baire category theorem then is equivalent to saying that every
nonempty open set in X is of the second category. (I

18.6. Complete metric spaces

A space X is a Baire space if all countable intersections of open dense subsets of X are dense.
Theorem 18.5.1 says that locally compact Hausdorff spaces are Baire spaces. For another useful class
of such spaces, consider a metric space (M,). A Cauchy sequence in M is a sequence {py, }»>1 such
that for all € > 0 there exists some N > 1 such that ?(p,,pm) < € for all n,m > N. The metric
space M is complete if all Cauchy sequences in M have limits. For instance, R™ is complete (Exercise
18.8). We have:

LA subset A of a topological space is nowhere dense if A contain no nonempty open sets, i.e., if Int(A) = ().
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THEOREM 18.6.1 (Baire category theorem’). Let M be a complete metric space. Then M is a
Baire space.

ProOOF. This is similar to the proof of Theorem 18.5.1, so we leave it as Exercise 18.9. ]

18.7. Application: nowhere differentiable functions

To illustrate how the Baire category theorem can be used, we prove the following classic result:

THEOREM 18.7.1. Let C(I,R) be the set of continuous functions f: I — R. Let 0(f,g9) =
max {|f(x) — g(x)| | € I} be the standard metric on C(I,R). Then the set of nowhere-differentiable
functions on is dense in C(I, R).

PrOOF. For each n > 1, let U, be the set of all continuous functions f: I — R satisfying:

There exists 0 < § < 1/n and A > 0 such that for all = € I, there exists some

(&) yEIWith5<|x—y|<1/nand‘%£(y) >n4+ A

In the three steps below, we will prove that U, is open (Step 1), we will construct a family of function
in U,, (Step 2), and we will show that U, is dense (Step 3). Since C(I,R) is a complete metric space,
Theorem 18.6.1 will then apply and show that A = N,>1U, is dense in C(I,R). Each f € A is

(@)—=f(y)
-y

nowhere differentiable; indeed, for x € I the condition (#) forces lim,, ., ! - to not exist.

STEP 1. For alln > 1, the set Uy, is open in C(I,R).

Consider f € U,. Let 0 < 6 < 1/n and A > 0 be the constants for f from (#). Let g € C(I,R)
be such that 2(f, g) < A\d/4. We claim that g € U,,. Indeed, consider « € I. Choose y € I such that

d<|r—y| <1/nand ‘%i(y) > n + A. We then have

’g(fﬂ) g(y)‘ > 'f(:v) - fy) ‘ B ‘g(x) — f(=)
z—y T —y T—y

'mwf@w
r—y

>(n+A) — %Mzwm/z.

It follows that g satisfies (#) with the constants § and A\/2, so g € U,,.

STEP 2. For somen > 1, let g: I — R be a piecewise-linear continuous function such that
lg’(z)| > n for all x € I where g is differentiable. Then g € U,.

Let 0 =ag < a1 <--- < a, =1 be a partition of I such that g|(4, q,,,) is linear for all 0 < i < m.
For each 0 < i < m, let ¢;,d; € R be the constants such that g(z) = ¢;x + d; for all x € [a;, a;41].
By assumption, |¢;| > n for all 0 <4 < m. Pick A > 0 such that |¢;| > n+ A for all 0 < i < m.
Also, pick 0 < § < 1/n such that § < (a;41 — a;)/2 for all 0 < i < m. Consider some z € I. We
have = € [a;,, aio+1] for some 0 < iy < m. Since 0 < § < (@jo+1 — @4,)/2, we can choose some
Y € [y, Gig+1] such that § < |z —y| < 1/n. It follows that

‘M@g@w_

r—=y

(cim + dz) — (Ciy + dz)
T —

:|CZ|>TL+)‘7

proving that g satisfies (#) and thus g € U,,.
STEP 3. For alln > 1, the set U, is dense in C(I,R).

Consider f € C(I,R) and € > 0. We must find some g € U,, such that d(f,g) < e. Since f is
uniformly continuous on I, we can choose a partition 0 = ag < a1 < -+ < ay, = 1 of I such that for
all 0 <i < m and z € [a;,a;41] we have |f(z) — f(a;)| < ¢/4. Let h: I — R be the piecewise-linear
continuous function that is linear on each [a;,a;11] and satisfies h(a;) = f(a;) for 0 < i < m. For
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x € [a;,a;11], we therefore have

f az+1 f(ai)

|h(z) — Aip1 — 0 (z —ai) + fai) = f(z)
f—_f“ o — il + 1F(a0) — f(@)
Qi1 — G

< [flaiva) = fla)| +[f(a:) = f(2)] < e/d+e/d=€/2.

It follows that d(f,h) < €/2. As in the following figure, we can find a piecewise-linear continuous
function g: I — R with 9(g,h) < €/2 and |¢'(z)| > n for all x € I where g is differentiable by
changing h on each interval [a;, a;11] to a function whose graph is a rapidly osculating sawtooth:

(a+1,h(aj41))
—
(a;;h(ay)
We have d(f,g) <0(f,h) +0(h,g) < €, and by Step 2 we have g € U,,. O

18.8. Exercises

EXERCISE 18.1. Find an example of a locally compact Hausdorff space X that has a subspace
Y C X that is not locally compact. O

EXERCISE 18.2. Let X be a Hausdorff space. Prove that X is locally compact if and only if for
all p € X, there exists a compact neighborhood K of p. O

EXERCISE 18.3. Let X be a locally compact space. Let K C X be compact and U C X be open
with K C U. Prove that there is a compact neighborhood L of K with L C U. ]

EXERCISE 18.4. Let X be a locally compact Hausdorff space, let K C X be a compact subspace,
and let f: K — R be a continuous function. Prove that f can be extended to a continuous function
F: X — R with supp(F') compact. We remark that X might not be normal, so you can’t just apply
the Tietze extension theorem. (|

EXERCISE 18.5. Let X be a locally compact Hausdorff space. Recall that the one-point com-
pactification of X is the set X* = X L {oo} with the following topology: a set U C X* is open if
either:

e U is an open subset of X; or
o U= (X\C)U{oo}, where C C X is compact.
Prove the following:
(a) This is a topology.
(b) The space X* is compact Hausdorff.
(¢) The space X* is a compactification of X. O

EXERCISE 18.6. Prove the following:

(a) For all pg € S™ we have S™ \ pg = R™.
(b) The space S™ is a compactification of R™.
(¢) The space S™ is homeomorphic to the one-point compactification of X. ([l

EXERCISE 18.7. Let X be the one-point compactification of Z. Prove that X is homeomorphic
to {0} U{1/n | n € Z nonzero} C R. O

EXERCISE 18.8. Prove that R™ with its standard metric is complete, i.e., that all Cauchy
sequences in R™ have limits. O

EXERCISE 18.9. Let M be a complete metric space. Prove that M is a Baire space, i.e., that the
following holds. Let {U,,},>1 be a collection of open dense subsets of X. Then N, >1U,, is dense. O
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EXERCISE 18.10. Use the Baire category theorem to prove that if S C R is a countable collection
of points, then R™ \ S is path-connected. O

EXERCISE 18.11. Recall that a subset A of a space is nowhere dense if A contain no nonempty

open sets, i.e., if Int(A) = (). Prove that R\ Q cannot be written as a countable union of nowhere
dense sets. a

EXERCISE 18.12. Let S be the Sorgenfrey line (see Example 12.7.5), so S is R with the topology
given by the basis {[a,b) | a < b} of all half-open intervals in R. Prove the following:
(a) S is not locally compact.
(b) S is not o-compact.
(c) S is a Baire space.
Hint for (a) and (b): use Exercise 17.11. O






CHAPTER 19

Proper maps

This brief chapter covers proper maps, which play an important role in both group actions and
the study of embeddings.

19.1. Definition and examples

A map f: X — Y is proper if it is closed and f~1(y) is compact for all y € Y. The topological
meaning of this is a little subtle, and will become more clear as we give examples and alternate
characterizations of these maps.

ExAMPLE 19.1.1. A closed embedding f: X — Y is trivially proper. O

EXAMPLE 19.1.2. If X is compact and Y is Hausdorff, then any map f: X — Y is proper (see
Exercise 19.1). O

19.2. Preimages of compact sets
The following is a key property of proper maps:

LEMMA 19.2.1. Let f: X — Y be a proper map and let K C'Y be compact. Then f~(K) is
compact.

PROOF. Set L = f~}(K) and let $ be an open cover of L. Consider some k € K. Set
L, = f~1(k). By assumption, Lj is compact. We can therefore find a finite subset {; C 4 that
covers Ly. Let Up = Upey, U. Since f is a closed map, the set f(X \ Ug) is closed. We can
therefore find an open neighborhood Vj, of k with Vi, C Y \ f(X \ Uy), i.e., with f=1(V}) C Us.
Since K is compact, we can find k1,...,k, € K such that K C Vi, U---UVj, . We therefore have
Lc f~Y(Vi,)u---Uf1(Vg,). The finite subset g, U-- -8l of & therefore covers L = f~1(K). O

The conclusion of Lemma 19.2.1 is often taken as the definition of a proper map. The following
shows that this alternate definition is equivalent to the one we gave for maps between spaces that
are reasonable. For instance, it applies if the spaces in question are metrizable.

LEMMA 19.2.2. Let f: X =Y be a continuous map satisfying the following:
e For all compact subsets K C 'Y, the preimage f~*(K) C X is compact.

Assume that X and Y are Hausdorff and both are either first countable or locally compact. Then f is
proper.

PROOF. We must prove that f is a closed map. We will prove this when X and Y are first
countable; see Exercise 19.2 for the case where they are locally compact. Assume that X and Y are
first countable and that C' C X is closed. We must prove that f(C) is closed, i.e., that f(C) = f(C).
Since Y is first countable, we can calculate the closure f(C') using limits; see Lemma 15.3.1. Letting

y € f(C), we can therefore find a sequence {¢,}n>1 of points of C' such that lim,,, f(cn) = y. Set
K={ytU{f(cn)|n=>1}.

Since limy,,yo0 f(cn) = y, the set K is compact. By assumption, f~1(K) is compact. Since X is
first countable, it follows that f~1(K) is sequentially compact; see Lemma 17.8.1. After possibly
replacing {c, }n>1 by a subsequence, we can therefore assume that there is some z € f~(K) with
lim,, 00 ¢, = 2. Since Y is Hausdorff, we have f(z) = f(limy oo ¢n) = iMoo f(cn) = . O
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19.3. Properness and strongly divergent sequences

Let X be a space and let {z,,},>1 be a sequence of points of X. We say that {z,, },>1 is strongly
divergent if for all compact K C X there exists some N > 1 such that z,, ¢ K for all n > N. This
implies that {z, },>1 has no convergent subsequence (see Exercise 19.3).

ExaMPLE 19.3.1. Let (M,0) be a metric space. Assume that M is a proper metric space, which
we recall means that closed and bounded subsets of M are compact. A sequence {z,}n>1 in M is
strongly divergent if and only if for all p € M we have lim,, o (2, p) = 0o (see Exercise 19.4). O

Proper maps take strongly divergent sequences to strongly divergent sequences:

LEMMA 19.3.2. Let f: X — Y be a proper map and let {x,}n>1 be a strongly divergent sequence
in X. Then {f(z,)}n>1 is a strongly divergent sequence in'Y.

PROOF. See Exercise 19.5. O

For metrizable spaces, the following lemma shows that the conclusion of Lemma 19.3.2 charac-
terizes proper maps. This gives an important source of intuition about the meaning of properness.

LEMMA 19.3.3. Let f: X = Y be a map between metrizable spaces. Assume that the following
holds:

o For all strongly divergent sequences {x, }n>1 in X, the sequence { f(xy)}n>1 inY is strongly
divergent.

Then f is proper.

PROOF. Let K C Y be compact. By Lemma 19.2.2, it is enough to show that L = f~1(K) is
compact. Since X is metrizable, to prove that L is compact it suffices to prove that L is sequentially
compact. Let {z,},>1 be a sequence of points of L. Since all points of {f(z,)}n>1 lie in the compact
set K, it follows that {f(z,)}n>1 is not strongly divergent. By assumption, it follows that {z,, },>1
is not strongly divergent.

Passing to a subsequence, we can therefore assume that there is some compact C C X such
that =, € C for all n > 1. The sequence {z,},>1 thus lies in CN L. Since C' C X and K C Y are
compact it follows that they are closed, so L = f~}(K) and C' N L are closed. The closed subset
C'N L of the compact set C' is compact and hence sequentially compact, so we conclude that {zy, },>1
has a subsequence that converges to a point of C' N L C L, as desired. O

19.4. Application: fundamental theorem of algebra

To illustrate the geometric meaning of proper maps, we use them to prove the fundamental
theorem of algebra. One way of stating this theorem is that every degree-n complex polynomial has
n roots, at least if you count these roots with multiplicity. The nontrivial part of this is that every
nonconstant polynomial has a root, so this is what we will prove:

THEOREM 19.4.1 (Fundamental theorem of algebra). Let f(z) € C[z] be a nonconstant polynomial.
Then there exists some zg € C such that f(z) = 0.

ProOOF. We will prove more generally that regarded as a map f: C — C, the polynomial f(z) is
surjective. In fact, it is slightly easier to prove a variant of this. Let f’(z) be the derivative of f(z)
and C = {2z € C | f'(2) = 0}. Define B = f(C) and A= f~1(X). Both A and B are finite sets, and
f restricts to a map F': C\ A — C\ B. To prove that f is surjective, it is enough to prove that F' is
surjective. Since B is a finite set, its complement C\ B is connected. This reduces us to showing that
F(C\ B) is both open and closed. We will prove that F is both an open map and a closed map.’

Since lim,.,~ f(2) = oo, the map f takes stronger divergent sequences to strongly divergent
sequences. By Lemma 19.3.2, the map f is proper and thus so is F' (see Exercise 19.6). In particular,
F is a closed map. For z € C\ A4, since f/(z) # 0 the inverse function theorem implies that f is
a local homeomorphism at z, i.e., there is an open neighborhood U of z such that f|y: U — C is
an open embedding. This implies that F' is also a local homeomorphism at z. Since F' is a local
homeomorphism at all points in its domain, it follows that F' is an open map (see Exercise 19.7). O

n fact, f itself is both an open and closed map, but it is a little easier to prove this for F'.
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19.5. Exercises

EXERCISE 19.1. Let f: X — Y be a map from a compact space X to a Hausdorff space Y.
Prove that f is proper. |

EXERCISE 19.2. Let f: X — Y be a continuous map satisfying the following;:
e For all compact subsets K C Y, the preimage f~!(K) C X is compact.
Assume that X and Y are Hausdorfl and locally compact. Prove that f is a closed map, and hence

is proper. O

EXERCISE 19.3. Let X be a space and let {x,},>1 be a strongly divergent sequence of points of
X. Prove that {z,},>1 has no convergent subsequence. O

EXERCISE 19.4. Let (M,9) be a proper metric space. Prove that a sequence {z, },>1 in M is
strongly divergent if and only if for all p € M we have lim,,, o 0(2,, p) = 00. |

EXERCISE 19.5. Let f: X — Y be a proper map and let {x,},>1 be a strongly divergent
sequence in X. Prove that {f(x,)}n>1 is a strongly divergent sequence in Y. O

EXERCISE 19.6. Let f: X — Y be a proper map, let Y/ C Y be any subspace, and let
X' = f~1(Y"). Prove that f|x/: X' — Y’ is a proper map. O

EXERCISE 19.7. Let f: X — Y be a map. For each z € X, assume that there is an open
neighborhood U of x such that f|y: U — Y is an open map. Prove that f is an open map. O






CHAPTER 20

Paracompactness and partitions of unity

We now turn to paracompactness, which is a condition that ensure the existence of what are
called partitions of unity. These play a basic role in algebraic topology, especially in the theory of
manifolds.

20.1. Paracompactness

Let X be a space and let 3 be a collection of subsets X. We say that 3 is locally finite if for all
p € X, there exists a neighborhood U such that only finitely many Z € 3 satisfy U N Z # (. This
implies in particular that for all p € X there are only finitely many Z € 3 with p € Z, but is stronger
(see Exercise 20.1). One nice property of locally finite collections of subset is:

LEMMA 20.1.1. Let X be a space and let 3 be a locally finite collection of subsets of X. Then

Uz=U7zZ

Ze3 Ze3

PRrROOF. See Exercise 20.2. In that exercise, you will also show that this is false without the
local finiteness assumption. O

Now let &l be an open cover of X. A refinement of 4l is an open cover U such that for all V' € 0,
there exists some U € U with V' C U. A space X is paracompact if it is Hausdorff and every open
cover of X admits a locally finite refinement. We will prove that this has strong consequences for the
topology of X. In particular, X must be normal (see Lemma 20.4.1).

20.2. Locally compact Hausdorff spaces that are o-compact are paracompact

The easiest examples of paracompact spaces are compact Hausdorff spaces, where every open
cover admits a finite cover (not just a locally finite one). Our next goal is to prove the following
generalization of this:

THEOREM 20.2.1. Let X be a locally compact Hausdorff space that is o-compact. Then X is
paracompact.

Before we prove this, we note that in light of Lemma 18.4.1 it implies:

COROLLARY 20.2.2. Let X be a locally compact Hausdorff space that is second countable. Then
X is paracompact. In particular, both open and closed subspaces of R™ are paracompact.

PRrROOF OF THEOREM 20.2.1. We start by proving:

o CLAIM. There exists a cgntable open cover {Wy, Wy, ...} of X such that for all n > 1 the set
W, is compact and satisfies W, C Wy 41.

PROOF OF CLAIM. Since X is o-compact, we can write X = U,>1 K, with K,, compact. We

will inductively construct open sets W,, of X such that Wy = @) and for all n > 0 we have:

e W, is compact; and

e W,,1 contains W, UK, 1.
Since X = Up,>1K,,, this will be a open open cover of X with the properties indicated in the claim.
Start by setting Wy = (), and assume we have constructed Wy, ..., W,,. For p € W, U K, 1, local
compactness gives an open neighborhood W, +1(p) of p with W,,11(p) compact. Since W,, U K, 11
is compact, we can find py,...,pm € W, U K,y such that {W, 1(p1),..., Wni1(pm)} covers

151



152 20. PARACOMPACTNESS AND PARTITIONS OF UNITY

W, U Kp+1. We can then deﬁniWn+1 = Wyui1(p1) U---UW,i1(pm). The set W, 41 is compact
since Wy41 = Wop1(p1) U - UW,41(pm) (see Lemma 20.1.1). O

We now prove that X is paracompact. Let 4 be an open cover of X. Let {W,},>1 be as in
the claim. Set W,, = () for m < 0. For n € Z, define Y,, = W,, \ W,,_; and Wi =W \ W, _o.
These satisfy:

(i) Y, is a compact subset of the open set W/, ; and
(if) X =US2,Y,; and

n=1
(ii) W) NW,_ =0 whenever |n; —na| > 3.
See here:
( Wn+1\Wn
Wn\Wn—l / Yn:Wn\Wn-l
W'nJrl:WnJrl\Wn—Q < Wn-]\Wn-Q ‘_—/

\
For each n > 1, the set {U NWy, | UEe il} is an open cover of compact set Y;,, so there is a finite
subset U(n) C U such that {UNW/_; | U € (n)} covers Y. Let

Y={UNW, ,|n>1and U € U(n)}.

The set U is an open cover of each Y, so by (ii) it follows that 2 is an open cover of X. By
construction, U refines 4. Using (iii) together with the fact that only finitely many V € U are
contained in each W/, the open cover 9 is locally finite. The theorem follows. ]

20.3. Metrizable spaces are paracompact

We next prove that metrizable spaces are paracompact. This was originally proved by Stone [2],
but the proof we give is a much easier argument of Rudin [1]. The proof uses some set-theoretic
technology. A well-ordered set is a set I equipped with a total ordering < such that every nonempty
subset S C I has a minimal element. We call < a well-ordering. A remarkable consequence of the
axiom of choice is that every set can be equipped with a well-ordering.

ExaMPLE 20.3.1. All total orderings on finite sets are well-orderings, and the standard ordering
on N is a well-ordering. O

We will develop the theory of well-ordered sets more in Chapter 21 when we introduce trans-
finite induction, which is needed to prove that arbitrary products of compact spaces are compact
(Tychonoff’s Theorem). Here we use them to prove the following:

LEMMA 20.3.2. Let M be a metrizable space. Then M is paracompact.

PRrROOF. Let 0 be a distance function on M inducing its topology. Consider an open cover il
of M. Choose a well-ordering on . For each x € M, let U, be the minimal element of the set
{U el |z eU}. For each U € il and n > 1, we inductively construct a subset U[n] C U as follows.
Assume that n > 1 and that for all 1 < m < n we have constructed V[m] C V for all V € U (a
vacuous assumption if n = 1). Consider some U € 4. We define U[n| to be the union of all open
balls B, (1/2") where x € M satisfies the following three conditions:

(i) U, =U; and
(ii) = ¢ V[m] for any V € Y and 1 < m < n; and
(i) B,(3/2™) C U.
By (iii) we have U[n] C U. Define
UY={U[n] | U elland n > 1}.

This clearly refines 4{. We will prove that it covers M and is locally finite:
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CrAaM 1. The set 8 covers M.

Consider some x € M. Set U = U,. Since U is an open neighborhood of x, there is some n > 1
such that B;(3/2") C U. We then either have 2 € V[m] for some V € {l and 1 < m < n or we have
B, (1/2™) C U[n] and thus x € Ul[n]. In either case, x lies in some element of V.

CLAIM 2. The set U is locally finite.

Consider some z € M. Let U be the smallest element of {{ such that there exists some n > 1
with & € U[n]. Letting n > 1 be the minimal element such that « € U[n], choose d > 1 such that
B.(1/2%) C U[n]. We will prove that the open neighborhood B, (1/2"*%) of = only intersects finitely
many elements of 0. In fact, we will prove the following:

(a) For all V € sl and m > n + d, the element V[m] of U does not intersect B,(1/2"+4).
(b) For all 1 < £ < n+ d, at most one element of U of the form W[¢] can intersect B,(1/2"+9).
Together these will imply that at most n + d — 1 elements of U can intersect B, (1/2"+%).

We start with (a). Consider some V' € 4l and m > n + d. We wish to prove that V[m] is disjoint

from B, (1/2""%). The open set V[m] is the union of open balls B, (1/2™) where y € M satisfies:

(i) Uy, =V; and

(i) y ¢ Wk| for any W €  and 1 < k < m.
We do not include condition (iii) since it is not needed for the proof. Letting y € M satisfy
these conditions, we must show that B, (1/2™) is disjoint from B,(1/2"*%), i.e., that ?(z,y) >
1/27+4 4 1/2™. Since m > n + d > n, condition (ii) implies that y ¢ U[n]. Since B,(1/2¢) C Uln],
this implies that

oz, y) > 1/2% = 1/29+ 4 1/24F1 > 1/9m+d 4 q/9m,

as desired.

We now prove (b). Fix some 1 < ¢ < n+d, and let W, W’ € 4l be such that W[¢] and W’[{] both
intersect B,(1/2"+%). We must prove that W = W'. The open set W /] is the union of open balls
B.(1/2%) where z € M satisfies:

(i) U, = W; and

(iil) B.(3/2%) c W.

We do not include condition (ii) since it is not needed for the proof. We can therefore find some
z € M satisfying (i) and (iii) such that B,(1/2%) intersects B,(1/2"*%). Choose a point p in this
intersection. Similarly, we can find 2’ € M satisfying the analogues of (i) and (iii) for W’ such that
B./(1/2%) intersects B, (1/2"*%). Choose a point p’ in this intersection. We have

(2, 2) <o(z,p) +0(p,p) +0(p,2') < 1/2° +2/2" T4 4 1/2¢ < 1/2° +1/2° +1/2° = 3/2".
Applying (iii), we deduce that
2€ B.(3/25 cW' and 2 € B,(3/2%) cW.
Conditition (i) says that W is the minimal element of {l with z € W, so W < W’. Similarly, W’ is
the minimal element of { with 2z’ € W', so W/ < W. We conclude that W = W’, as desired. |

20.4. Normality
Our next goal is to prove that paracompact spaces are normal:
LEMMA 20.4.1. Let X be a paracompact space. Then X is normal.

PRrROOF. Recall that paracompact spaces are assumed to be Hausdorff. We start by proving tha
X is regular (see §16.10), i.e., that the following holds:

CLAaM. Forp € X and C C X closed with p ¢ C, there exist disjoint open neighborhoods of p
and C.

PROOF OF CLAIM. For each ¢ € C, since X is Hausdorff there exist open neighborhoods Uy, of ¢
and U/, of p such that Uy, NU;, = . Since X is paracompact, the open cover { X \C}U{U,, | ¢ € C}
admits a locally finite refinement. Let U be the open sets in this locally finite refinement that are not
contained in X \ C'. For each V' € %, there is some g € C such that V' C Ug,. Since Uy, is an open
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neighborhood of p that is disjoint from U,,, we deduce that p ¢ V for all V € U. Set W = Uy egV.
The set W is an open neighborhood of C, and by local finiteness and Lemma 20.1.1 we have

W=V
vey

Since p ¢ V for all V € U, we deduce that p ¢ W. It follows that X \ W and W are disjoint open
neighborhoods of p and C. ]

To prove that X is normal, let C' and D be disjoint closed subsets of X. We can find disjoint
open neighborhoods of C' and D by the same argument we used to prove the above claim. Simply
substitute the above claim for X being Hausdorff and replace every occurrence of the point p by the
closed set D. |

20.5. Strong refinements

Let 4 be an open cover of a space X. Enumerate {l as t = {Ui}ier. A strong refinement of i
consists of an open cover {V;};cr such that V; C U; for all i € I. We have:

LEMMA 20.5.1. Let X be a paracompact space and let L be an open cover of X. Then there
exists a locally finite strong refinement of Ll.

ProOF. Enumerate i as 4 = {U; };cr. Let
W' = {W’ | W’ open set with W C U; for some i € I} )

The set 20" is an open cover of X; indeed, since X is normal for all p € X and all 7 € I with p € U;
we can find an open neighborhood W’ of p with W U;. Since X is paracompact, we can find a
locally finite refinement 20 of 0. For each W € 20, there is some i € I with W C U;. For i € I, let
W(i) ={W €W | W C U;} and V; = UyyeaniyW. Since 20(i) is a locally finite collection of open
sets, Lemma 20.1.1 implies that

W e (i)
The open cover U = {V;};¢s is thus a locally finite strong refinement of 4l = {U, };¢;. O

20.6. Partitions of unity

We now come to the most important property of paracompact spaces. Let X be a space. Recall
that for a continuous function f: X — R, the support of f is supp(f) = {p € X | f(p) #0}. A
partition of unity subordinate to an open cover i of X consists of continuous functions fy: X —
I =10,1] for each U € 4 satisfying the following three conditions:

(a) For all U € 4, we have supp(f) C U.
(b) The set {supp(fv) | U € U} is locally finite.
(c) For all p € X, we have ) .y fu(p) = 1. Note that (b) implies that only finitely many
terms of this sum are nonzero, so this sum makes sense.

We have:

THEOREM 20.6.1. Let X be a paracompact space and let 3L be an open cover of X. Then there
exists a partition of unity subordinate to Ll.

PrOOF. Enumerate 4 as $4 = {U;};c;. By Lemma 20.5.1, we can find a locally finite strong
refinement {V;};cr of {U;}icr. Applying this lemma again, we obtain a locally finite strong refinement
{W;}ier of {Vi}ier. Lemma 20.4.1 says that X is normal, so we can apply Urysohn’s Lemma (Theorem
16.5.1) to X. For i € I, since W; C V; Urysohn’s Lemma (Theorem 16.5.1) implies that there is a
continuous function f/: X — I such that fjl, =1 and supp(f;) C V;. Since {V;}ies is locally finite
and supp(f!) C W,; C V; for each i € I, we can define g: X — [0,00) via the formula

g(p) = Zf{(p) for p € X.

i€l
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The function g: X — [0,00) is continuous (see Exercise 20.6). Each p € X lies in some W;, so since
fils, = 1 it follows that g(p) > 0 for all p € X. For i € I, we can therefore define f;: X — [0, 00)
via the formula

filp) = if{(p) forpe X.

9(p)
For p € X, we have
1 1
filp) = —= ) filp) = —=g(p) =1
;() g(p);() '
Since f;(p) € [0,00) for all ¢ € I, this implies that the image of each f; lies in I and that the f; form
a partition of unity subordinate to 4 = {U; }iey. O

20.7. Application: extending functions
Here is a typical application of partitions of unity:

LEMMA 20.7.1. Let X be a paracompact space, let A C X be a subspace, and let f: A — R be
continuous. For all a € A, assume that there is a neighborhood U, of a and an extension of flu,~a
to Fp: Uy = R. Set U =UgcalU,. Then f can be extended to a continuous function F: U — R.

REMARK 20.7.2. If A is closed, then the Tietze extension theorem (Theorem 16.9.1) says that f
can be extended to the whole space X. This can fail for non-closed subspaces. For instance, consider
the subspace Q of R. The continuous function f: Q — R defined by

-1 it < V2,
f(x)—{l itz >3 for z € Q.

can be extended to a continuous function on the open set R\ {1/2}, but cannot be extended to a
continuous function on R. O

PROOF. Replacing X by U, we can assume that 4 = {U, | a € A} is an open cover of X. Let
{¢v,: X = R | a € A} be a partition of unity subordinate to . Since supp(¢y,) C U,, the function
Fo¢u,: Uy — R can be extended to a continuous function G,: X — R by letting G,(x) = 0 for
xz € X\ U,. We have supp(G,) C supp(¢,) for a € A, so since the set of supports of the ¢, are

locally finite we can define F': X — R via the formula F' =% _, G,. For a € A, we have

F(a) =) Fa(@)du, (@) = f(a) > ¢u,(a) = f(a),
a€cA ac€A
so F' is an extension of f. O

20.8. Exercises

EXERCISE 20.1. Give an example of a space X and a non-locally finite open cover 4 of X such
that for all p € X there are only finitely many U € 4 with p € U. ]
EXERCISE 20.2. Let X be a space and let 3 be a collection of subsets of X.
(a) If 3 is locally finite, prove that
Uz=U7z
Ze3 Z€e3
(b) Give an example to show that local finiteness is needed in the previous part. O

EXERCISE 20.3. Let X be a space, let 4l be an open cover of X, and let ¥ be an open cover of
X that refines . Assume that 20 has a finite subcover. Prove that i has a finite subcover. O

EXERCISE 20.4. Let X be paracompact and let A C X be closed. Topologize X/A using the
quotient topology (see Example 13.2.8). Prove that X /A is paracompact. O

EXERCISE 20.5. Let X and Y be paracompact spaces, let A C X be closed, and let ¢: A — Y
be a closed map. Let Z be the result of gluing X to Y using ¢ (see Example 13.2.1). Prove that Z is
paracompact. O
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EXERCISE 20.6. Let X be a space and let {V;};cr be a locally finite collection of open subsets
of X. For each i € I, let h;: X — R be a continuous function such that supp(h;) C V;. Define
h: X — R via the formula

h(p) = _hi(p) forpe X.
il
Prove that h: X — R is continuous. (]

EXERCISE 20.7. Let S be the Sorgenfrey line (see Example 12.7.5), so S is R with the topology
given by the basis {[a,b) | a < b} of all half-open intervals in R. Prove that S is paracompact.
Warning: this is harder than most of our other exercises. Exercises 16.12 and 17.11 might be helpful.
These exercises show that S is a normal Lindel6f space, and in fact all normal Lindelof spaces are
paracompact.! ([l
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CHAPTER 21

Products and Tychonoff’s theorem

We now discuss products of spaces, generalizing the topology on X x Y from Example 12.7.4.

21.1. Finite products

Let X4,...,X, be spaces. As a set, X; x --- x X,, consists of tuples (x1,...,z,) with z; € X;
for 1 < ¢ < n. Give this the topology with the basis consisting of products U; x --- x U, with
U; C X; open for 1 < i < n. We will call these the basic open sets of the product. A general
open set V C X; X --- x X,, can therefore be written a union of basic open sets. Equivalently,
V C X1 x -+ x X, is open if and only if for all (p1,...,p,) € V, there exist open neighborhoods
U; C X; of each p; such that Uy x --- x U, C V.

ExAMPLE 21.1.1. This gives the usual topology on R” =R x --- x R (see Exercise 21.1). O

21.2. Finite universal property
Let m;: X7 x --- x X, = X, be the projection. This is continuous: if U; C X; is open, then

7T-_1(Ui)=X1X~--><Xi_1XUiXXH_lX---XXn.

K2

Now let Y be another space, and for 1 < i < n let f;: Y — X; be a continuous map. Let
fixe X fn:Y = X3 x -+ x X, be the map where f1 X -+ X fn(y) = (f1(y),..., fu(y)) fory € Y.
This is continuous; indeed, if U; C X; is open for 1 <4 < n then

(fix - xfu) N UL x - xU,)=UN---NU,.

Conversely, if F:' Y — X; x --- x X, is a continuous map, then letting f; = m; o F' we have
F=f x---x f,. We summarize this informally as:

e A continuous map F: Y — X; X -+ x X, is the same thing as a collection of continuous
maps f;: Y — X; forall 1 <i<n.
Just like for quotient spaces in §13.4, this is an example of a universal mapping property. We will
say more about it in §21.6 below.

21.3. Homotopies, products, and quotient maps

One place where products show up in algebraic topology is in the definition of a homotopy.
Roughly speaking, a homotopy is a continuous deformation of a map. The precise definition is as
follows. Let fy, f1: Y — Z be maps. A homotopy from fy to f1 isamap H: Y x I — Z such that
H(y,0) = fo(y) and H(y,1) = f1(y) for y € Y. If such a homotopy exists, we say that fy and f; are
homotopic

For t € I, we can let f;: Y — Z be the map defined by fi(y) = H(y,t) for y € Y. The maps
ft:Y — Z can be viewed informally as a continuous family of maps connecting fy to fi. See §23.7
for how to topologize the space of maps Y — Z and make this precise.

ExAMPLE 21.3.1. Any two maps fo, f1: ¥ — R"™ are homotopic via the homotopy H: Y xI — R"

defined by H(y,t) = (1 —1)fo(y) + tf1(y). 0
EXAMPLE 21.3.2. Let Y = {x} be a one-point space. Two maps fo, f1: Y — Z are homotopic if
and only if fo(*) and fi(*) lie in the same path component of Z. O

157
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Now assume that ¢g: X — Y is a quotient map (see §13.3), so ¢ is surjective and U C Y is open
if and only if ¢~ (U) C X is open. Given fo, fi: Y — Z, it is natural to try to construct a homotopy
from fy to f1 as follows:

e Define g9 = fo o q and g1 = f1 o0 q. Construct a homotopy H: XxI—2Z from go to g1.
e Next, use the universal property of the quotient map from §13.4 to show that H descends
to a homotopy H: Y x [ — Z.

Here are an example of how this might work:

EXAMPLE 21.3.3. We have D" /0D™ = S™ (see Example 13.2.10). A map f: S — Z is thus the
same as a map ¢: D™ — Z such that g|sp» is constant. Given fo, f1: S — Z, let gg,g1: D" — Z
be the corresponding maps. To construct a homotopy from fy to f1, it is natural to instead try to
construct a homotopy g; from go to g1 such that g:|gp» is constant for all ¢. O

However, there is a flaw in the above reasoning: if ¢: X — Y is a quotient map, it not clear that
gx1: X xI—=Y x1Iisa quotient map. Indeed, there are counterexamples if I is replaced by a
more complicated space. However, for nice spaces like I this is not a problem. More generally:

LEMMA 21.3.4. Let q: X =Y be a quotient map and let Z be a locally compact space. Then the
map g X 1: X X Z =Y X Z is a quotient map.

PrOOF.! The map ¢ x 1: X x Z — Y x Z is continuous, so for every open set U C Y x Z we
have ¢~ *(U) open. We must prove the converse. In other words, letting U C Y x Z be a set such
that ¢=1(U) is open, we must prove that U is open. Letting (y, 2) € U, it is enough to find an open
neighborhood of (y, z) that is contained in U.

Pick z € X with g(z) = y. We have (x,2) € ¢*(U). Since ¢ *(U) C X x Z is open and Z
is locally compact, we can find an open neighborhood V; C X of z and a compact neighborhood
K C Z of z such that Vi x K C ¢~ 1(U). We have

(y,2) € ¢q(Vi x Int(K)) = ¢(V1) x Int(K) c U.

If ¢(V1) C Y were open, then ¢(V;) x Int(K) would be an open neighborhood of (y, z) contained in
U and we would be done.

Unfortunately, ¢(V;) might not be open since ¢~*(q(V;)) might be larger than V3. We do have
g 1 (q(V1))x K C ¢~ Y(U). Since K is compact and ¢~1(U) is open, we can find an open neighborhood
Vo of ¢~ (q(V1)) with Vo x K C ¢71(U) (see Exercise 17.8; this is often called the “tube lemma”).
Just like for V;, there is no reason to expect ¢(V2) C Y to be open since ¢~!(q(V2)) might be larger
than V5. However, we can iterate the procedure we used to find V5. The result is an increasing
sequence V3 C Vo C --- of open subsets of Y such that for all n > 1 we have:

o Vi XK C qil(U) and qil(q(vn)) C Vo1
The set V = U,>1V,, is then an open subset of X with V x K C ¢~ *(U) and ¢ *(¢(V)) = V. It

follows that g(V') is an open subset of Y, so ¢(V') x Int(K) is an open neighborhood of (y, z) with
q(V) x Int(K) C U, as desired. O

21.4. Tychonoff’s theorem, finite case

We have the following basic result:

THEOREM 21.4.1 (Tychonoff’s theorem, finite case). Let X1,..., X, be compact spaces. Then
X1 x - x X, is compact.

PrOOF. By induction, it is enough to prove this for n = 2. Let 4 be an open cover of X; x Xs.
We must prove that L[ has a finite subcover. In fact, it is enough to prove that some refinement of Ll
has a finite subcover (see Exercise 20.3). Each element of {l is a union of basic open sets. Letting U
be the set of all basic open sets V' such that there exists some U € i with V' C U, it is therefore
enough to prove that 20 has a finite subcover.

Iwe will give an alternate proof in Chapter 23 which is shorter but more abstract. See §23.8.
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For p € X1, let Z(p) = p x X5. By assumption, Z(p) = X5 is compact. We can therefore find a
finite subset U(p) of V that covers Z(p). Since Y consists of basic open sets, we can write

B(p) = {Vi(p) x VI(D), -+ Vin, (p) X V;r, (D)}

with V;(p) C X1 and V/(p) C X, for 1 <4 < m,. Discarding unneeded terms if necessary, we can
assume that p € V;(p) for all 1 <7 < m,. Letting V(p) = Vi(p) N--- NV, (p), it follows that V(p)
is an open neighborhood of p and U (p) covers V(p) x Xo.

The set {V(p) | p € X1} is an open cover of the compact space X1, so we can find py,...,pq € X1
such that X; = V(p1) U--- UV (pg). Since Y(p;) is a finite cover of V(p;) x Xo for 1 < i < d, we
conclude that B(p1) U ---BV(pq) is a finite subset of Y that covers X; x Xs. O

21.5. Infinite products

Now let {X;}icr be an arbitrary collection of spaces. As a set, the product [, ; X; consists of
tuples (2;);e; with z; € X; for ¢ € I. The obvious first guess for a topology on [],.; X; is the one
with basis the collection of products [[,.; U; with U; C X; open for all i € I. However, this topology
turns out to be pathological. The issue is that it has too many open sets, and there are maps into it
that should be continuous but are not. Here is a key example:

ExampPLE 21.5.1. Let X be a space and let I be an infinite indexing set. Consider the diagonal
map A: X — [[,.; X, so A(z) = (x)eq for all x € X. If U; C X is an open set for all ¢ € I, then

AN v = U

i€l i€l

i€l

Since the collection of open sets is not closed under infinite intersections, this is not always open. It

follows that A will generally not be continuous if all such sets of the form [, ; U; are open. |

To eliminate this pathology, we must avoid infinite intersections of open sets. This can be done
as follows. A basic open set in [[;.; X; is a product [[;.; U; such that:
e U; C X, is open for all ¢ € I; and
o U, = X; for all but finitely many ¢ € I.
The product topology on [],.; X; is the topology with basis the basic open sets, so a subset of [, ; X;
is open if and only if it is a union of basic open sets. To simplify our notation when talking about
these infinite products, we introduce the following convention:

iel

CONVENTION 21.5.2. We regard the indexing set I as being unordered, and thus if I = J U K
we identify

HXj x(HXk> and HXi

s keK iel

in the obvious way. ([l

With this notational convention, the basic open sets in [[,.; X; are those that for some distinct
1, ---5Jn € I can be written as

Uj, x---xUj, x H X; with U;, C Xj, open for 1 <k <n.

REMARK 21.5.3. The topology on [],.; X; with basis arbitrary products [[,.; U; with U; C X
open is sometimes called the box topology. It is rarely useful. O
21.6. Infinite universal property

Continue to let {X;};c; be an arbitrary collection of spaces. For j € I, let mj: [[,c; Xi — X
be the projection. The map ; is continuous; indeed, if U; C X, is open, then

W;l(Uj) = Uj X H )(Z
ie€\{j}
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Now let Y be another space, and for i € I let f;: Y — X; be a continuous map. Let [, fi: Y —
[I;c; Xi be the map

(H fi) (y) = (fi(y))ier foryeY.
iel

This map is continuous; indeed, if [],.; U; is a basic open set then

el
((Hfz‘) JTva=N#"
el el iel

This is open since f; YUy = fi '(X;) = Y for all but finitely many i € I, so this intersection is
actually a finite intersection. Conversely, if F': Y — [],.; X; is a continuous map, then letting
fi = mi o F we have F' = [],.; fi. We summarize this informally as:

e A continuous map F: Y — []

fi: Y - X; foralliel.
Having this universal property is one of the reasons we defined the product topology like we did. It
follows from Exercise 21.3 that this universal property categorizes [],.; X; up to homeomorphism.

e Xi is the same thing as a collection of continuous maps

il
21.7. Categorical interpretation

If C is a category and {C;};cr are objects of C, then a categorical product of the C; is an object
D of C together with morphisms {f;: C; — D};er such that the following holds:

e For all objects E of C, there is a bijection between morphisms ¢: E — D and collections of
morphisms {®;: E — C;};er taking a morphism ¢: E — D to the collection of morphisms
{fir ¢: E = Citier.
Categorical products might or might not exist, but if they do exist they are unique up to isomorphism
(see Exercise 21.3). The universal property from §21.6 shows that if {X;};cs is a collection of spaces,
the product P = [],.; X; equipped with the projections {m;: P — X;}ics is the categorical product
of the {X;}ics in the category Top of topological spaces. See Exercise 21.4 for the product in the
category of abelian groups.

REMARK 21.7.1. This should be compared to the categorical sum from Remark 13.4.2, which we
now recall. If C is a category and {C;};c; are objects of C, then a categorical sum of the C; is an
object D of C together with morphisms {f;: C; — D};cr such that the following holds:

e For all objects E of C, there is a bijection between morphisms ¢: D — E and collections of
morphisms {®;: C; — E};c; taking a morphism ¢: D — E to the collection of morphisms

{(b o fz C; — E}i€I~
As we discussed in Remark 13.4.2, the categorical sum of a collection of spaces {X;};¢cs is the disjoint
union U;e; X;. U

21.8. Metrics on countable products

Arbitrary products of metrizable spaces need not be metrizable. However, it turns out that
countable products of metricizable spaces are metrizable. This would not be true if we used the box
topology. This is easy for finite products (see Exercise 21.6), so we focus on the countably infinite
case:

LEMMA 21.8.1. For each n > 1, let M,, be a metrizable space. Then HZO:1 M, is metrizable.

PROOF. Let 0, be a metric on M,, inducing its topology. Let 0/, be the metric on M,, defined
by 9..(p,q¢) = min{9,(p, ¢),1}. This induces the same topology on M,, as 0,, (see Exercise 12.8). We
can then define a two-variable real-valued function on []°~, M, via the formula

o0

1
0((pn)n21’ qn) n>1 Z ? Py qn)-

This is a metric on [[2, M,, that induces the product topology (see Exercise 21.7). O
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21.9. Tychonoff’s theorem, countable case

Tychonoff’s theorem generalizes to arbitrary products of compact spaces. We start by proving
this for countable products. The proof of the general case is similar, but requires more set theoretic
technology.

THEOREM 21.9.1 (Tychonoff’s theorem, countable case). Let {X;};>1 be a countable collection
of compact spaces. Then ], X; is compact.

ProOOF. Unlike in the finite case, we cannot prove this by induction. However, we will see that
the argument we gave in the finite case is almost enough. Only one new idea is needed. Let 4 be an
open cover of [[,~; X;. We must prove that & has a finite subcover. In fact, it is enough to prove
that some refinement of 4 has a finite subcover (see Exercise 20.3). Each element of {( is a union of
basic open sets. Letting U be the set of all basic open sets V' such that there exists some U € i with
V C U, it is therefore enough to prove that U has a finite subcover.

Assume for the sake of contradiction that 2 has no finite subcover. The proof now has two steps:

STEP 1. For all i > 1, there exists some p; € X; such that no finite subset of U covers
D1 X+ X pp X Hi2n+1Xi for anyn > 1.

We construct the p; inductively. Assume that for some n > 1 we have found p; € X; for
1 <4 < n—1 such that no finite subset of % covers p; X --- X pp_1 x [[;5,, X;. For n =1, this is
simply our assumption that the open cover U of [[,-; X; has no finite subcover. We find p,, € X,, as
follows. For p € X, let

Z(p)=p1 X X Pp_1 X P X H X;.
i>n+1

Assume for the sake of contradiction that for all p € X,,, there exists a finite subset U(p) of UV that
covers Z(p). Since U cousists of basic open sets, we can write

V(p) =< [[Viip) | 1< <my
i>1

with V; ;(p) C X; for all ¢ > 1 and 1 < j < m,,. Discarding unneeded terms if necessary, we can
assume that p; € V; ;(p) forall1 <i<n—1and 1< j <m,, and also that p € V, ;(p) for all
1 <7 <mp. Define

Vilp) = (| Vas(p) for1<i<n,

V(p) = Vi(p) x -+ x Va(p).
It follows that V(p) is an open neighborhood of (pi,...,pn—1,p) € X1 X -+ x X, and that U(p)
covers V(p) x [[;5,41 Xi-
The set {V(p) | p € X,,} is an open cover of the compact space p; X -+ X pp,—1 X X,,, so we can
find q1,...,qq4 € X, such that
PL X X Pppo1 X X C V(1) U---UV(qq).

Since U(qx) is a finite cover of V(qx) x [];5,,41 Xi for 1 <k < d, we conclude that B(q1) U - - - UV(qa)
is a finite subset of ¥ that covers p; X -+ X pp_1 X Hi>n X, contradicting the fact that no such
finite cover exists. -

STEP 2. No finite subset of U covers [[,~; Xi.

Pick V' € 90 such that (p;);>1 € V. Since U consists of basic open sets, we can write V'
with V; C X, open for all i > 1. Moreover, we have V; = X, for all but finitely many 4
implies that there exists some n > 1 such that V; = X; for ¢ > n + 1. It follows that

P X - X Py X H X, CcVeQ.

i>n+1

Hizl Vi
1. This

AVAI

This contradicts the fact that no finite subset of U covers p; X -+ X p, X Hi>n+1 X;. O
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21.10. Well-ordered sets

To generalize the above proof of Tychonoff’s theorem to arbitrary products, we need some set-
theoretic technology. Recall from §20.3 that a well-ordered set is a set I equipped with a total ordering
< such that every nonempty subset S C I has a minimal element. We call < a well-ordering. A
remarkable consequence of the axiom of choice is that every set can be equipped with a well-ordering.

ExampLE 21.10.1. All total orderings on finite sets are well-orderings. The canonical example of
an infinite well-ordered set is N with its standard ordering. See Exercise 21.8 for more examples. [J

If I is a well-ordered set with ordering <, then an initial segment of I is a subset J C I such
that for all j € J and i € I with i < j we have i € J. If Jy,Js C I are initial segments, then either
J1 C Jy or Jy C Jp. Indeed, assume that Jy is not a subset of Jy and pick j; € Jy \ Ja. For js € Jo,
we cannot have j; < jo since j; ¢ Jo. It follows that jo < ji, so jo € Ji and thus Jy C J;. The
initial segments of I are thus totally ordered under inclusion. They fall into three classes:

e The empty set (), which is the unique initial segment that is contained in all initial segments.

e The successor segments, which are initial segments J C I of the form J = J'U{n} for some
initial segment J' C J and some n € J\ J'.

e The limit segments, which are nonempty initial segments J C I that are not successor
segments. These J are the union of the initial segments J' C J.

EXAMPLE 21.10.2. For N, the successor segments are of the form {1,...,n} and the whole set N
is the only limit segment. ]

21.11. Transfinite induction

Assume now that [ is a well-ordered set and for each i € I we have a set X;. Our goal is to
construct some p; € X; for all ¢ € I. For each initial segment J C I, we want some property P(J) to
hold that only refers to the p; € X; for ¢ € J. To simplify our exposition, assume that if P(J) holds
then so does P(J’) for all initial segments J' C J.

We can construct the p; € X; by transfinite induction.? For this, we must prove three things:

(0) The property P (@) holds. This makes sense since P(f)) makes no reference to any p;.

(1) Let J be a successor segment of the form J = J' U {n} for some initial segment J' C J.
Assume that we have already constructed p; € X; for all ¢ € J’ such that P(J’) holds. We
must show how to construct p,, € X,, such that P(J) holds.

(2) Let J be a limit segment. Assume that we have constructed p; € X; for all ¢ € J such that
P(J') holds for all initial segments J' C J. We must prove that P(J) holds.

We can then construct p; € X; for all ¢ € I such that P(J) holds for all initial segments J C I.
Indeed, let J be the set of all initial segments J C I for which we can construct p; € X; for each
1 € J such that P(J) holds. The set J is linearly ordered by inclusion and nonempty since () € J.
Let Jo = UyjezJ. By (1) and (2), we have Jy € J. We must prove that Jy = I. Indeed, assume that
Jo € I. Since I is well-ordered, there is a minimal n € I'\ Jy. It follows that Jo U {n} is an initial
segment, and by (1) we have Jy U {n} € J, contradicting the fact that J C Jy for all J € J.

REMARK 21.11.1. Isomorphism classes of well-ordered sets are called ordinals. Any set of ordinals
has a well-ordering where 07 < Oy when ; is isomorphic to an initial segment of Os. Transfinite
induction is typically discussed using ordinals. (]

21.12. Tychonoff’s theorem, general case

We now use transfinite induction to prove the general case of Tychonoff’s theorem:

THEOREM 21.12.1 (Tychonoff’s theorem). Let {X;}ier be a collection of compact spaces. Then
[L;c; Xi is compact.

2Since we constructing things, this is sometimes called transfinite recursion.
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PRrROOF. The proof will be almost identical to proof in the countable case, but with some small
complications due to the need for transfinite induction. Let L be an open cover of [, ; X;. We must
prove that 4 has a finite subcover. In fact, it is enough to prove that some refinement of i has a
finite subcover (see Exercise 20.3). Each element of ${ is a union of basic open sets. Letting U be the
set of all basic open sets V' such that there exists some U € 4 with V' C U, it is therefore enough to
prove that U has a finite subcover.

Assume for the sake of contradiction that 2 has no finite subcover. Choose a well-ordering on
the indexing set I. By transfinite induction, for each ¢ € I we will construct some p; € X; such that
the following holds for all initial segments J C I:

(&) No finite subset of U covers Y (J) =[[;c;pj * [Liep s Xi-

The special case (#;) says that no finite subset of U covers the one-point set Y (1) = [[,.; p:, which
will be our contradiction. We have (#y) from our assumption that no finite subset of U covers
Y (0) = [L;e; Xi- According to the transfinite induction scheme discussed in §21.11, to prove that
(&) holds for all initial segments J C I we must prove:

STEP 1. Let J C I be a successor segment, so J = J U {n} for some initial segment J' C J and
n € J\ J'. Assume that we have constructed p; € X; for all i € J' such that (# ;) holds. We can
then construct p, € X, such that (#;) holds.

Z(p) =p X Hpj/x H X;.

jeJ’ ieI\J
Assume for the sake of contradiction that for all p € X,,, there exists a finite subset U(p) of U that
covers Z(p). Since U consists of basic open sets, we can write

U(p) = {H%,k(p) |1<k< mp}

icl

For p € X, let

with V; x(p) C X, for all i € I and 1 < k < m,,. Discarding unneeded terms if necessary, we can
assume that p;; € Vjs ,(p) for all 5/ € J" and 1 < k < m,, and also that p € V,, x(p) forall 1 < k < m,,.
Keeping in mind that J = J' U {n}, define

Vi(p) = () Vixlp) forjeJ,
k=1

V(p) = Valp) x T] Vir(p)-
jred’

It follows that V(p) is an open neighborhood of p x [] ¢ ; p; and that U(p) covers V(p) x [[;5 1\ ; Xi-

The set {V(p) | p € Xy} is an open cover of the compact space X,, x [],/¢ » pjr, so we can find
qi,---,qqd € Xy such that

X x [[ py cV(@)U---UV(qa).
jreg’
Since U(qe) is a finite cover of V/(qe) x [[;cp ; Xi for 1 < € < d, we conclude that B(q1) U---B(qa)
is a finite subset of U that covers

Xox [[wrx [ Xi= ][] pix [] Xi=Y(),
jreJ’ i€I\J jleJ’ i€I\J’
contradicting the fact that no such finite cover exists.

STEP 2. Let J C I be a limit segment. Assume that we have constructed p; for all i € J such
that (#;:) holds for all initial segments J' C J. Then (@) holds.

Assume for the sake of contradiction that a finite subset {Vi,...,Vg} of U covers Y (J). Each Vj,
is a basic open set, so we can write

Vi = H Vi, with Vi ; C X, open for all i € 1.
iel



164 21. PRODUCTS AND TYCHONOFF’S THEOREM

Moreover, we have Vi ; = X; for all but finitely many ¢ € I. For 1 < k < d, let J(k) =
(GeJ| Vi, #X;}. Set J =JA)U------ U J(d). Let J' be the smallest initial segment con-
taining J. Since J is a finite subset of J, we have J' C J. Since Vij =X forall 1 <k <dand
j € J\ J', the fact that {V4,...,V4} covers Y (J) implies that it alsoo covers Y (J'). This contradicts
the fact that no finite subset of U covers Y (J'). O

21.13. Exercises

EXERCISE 21.1. Prove that the product topology on R® =R x --- X R is the same as the metric
space topology. O

EXERCISE 21.2. Let {X;};cr be spaces. For each i € I, let A; C X; be a nonempty subspace.

We therefore have a nonempty subspace [[;c; A; of [[;c; X;. Prove that [[,c; 4; = [[,c; 4. O

EXERCISE 21.3. Let C be a category and let {C;}icr be objects of C. For k = 1,2, let D(k) be
a categorical product of the {C;}ier with morphisms {f;(k): D(k) — C;};cr. Prove that there exists
an isomorphism A: D(1) — D(2) such that f;(2) = fi(1) o A for all 4 € I. This can be interpreted as
saying that categorical products are unique up to isomorphism. ([l

EXERCISE 21.4. Let {A;}icr be a collection of abelian groups. Prove that P = [],.; A; together
with the projections {m;: P — A;} is the categorical product of the A; in the category AbGrp of
abelian groups. We remark that Exercise 13.10 showed that the direct sum

@Ai = {(ai)ig € HAi | a; = 0 for all but finitely many i € I} )
i€l icl

is the categorical sum of the {4;};cs in AbGrp. |

EXERCISE 21.5. Let {X;}ier be a collection of spaces. For each i € I, let {p(i)n}n>1 be a
sequence of points in X; that converges to p(i) € X;. For n > 1, let p, = (p(i)n)icr € [;c; X
Prove that {p,},>1 converges to (p(i))icr € [[;c; X O

EXERCISE 21.6. For 1 <n < N, let (M,,?,) be a metric space. Define a two-variable real-valued
function on Hfj:l M, via the formula

D((plv e 7pN)’ (qla cee 7qN)) = bl(plaql) +oee +DN(pNan)
Prove that this is a metric on HZ:]:1 M, that induces the product topology. ]

EXERCISE 21.7. For each n > 1, let (M,,0,) be a metric space. For each n > 1, assume that
0,(p,q) < 1for all p,q € M,. Define a two-variable real-valued function on [] ", M, via the formula

o0

1
0((pn)n217 Qn n>1 Z 7 Pan

Prove that this is a metric on [])7 | M, that induces the product topology. ]

EXERCISE 21.8. This exercise gives more examples of well-ordered sets.

(a) Let A and B be two well-ordered sets. Let A U B be their disjoint union, and let < be the
total ordering on A LI B that restricts to the given orderings on A and B and has a < b for
all a € A and b € B. Prove that AU B is a well-ordered set.

(b) Let A and B be two well-ordered sets. Give A x B the dictionary ordering, so (a1,b1) <
(ag,b2) if a1 < ag or if a; = ag and by < be. Prove that A x B is a well-ordered set.

(¢) For some N > 1, give {1,..., N} x N the dictionary ordering. Identify the initial segments,
and say which are successor segments and which are limit segments.

(d) Give NxN the dictionary ordering. Identify the initial segments, and say which are successor
segments and which are limit segments. ]
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EXERCISE 21.9. Let C be the classical Cantor set, i.e., the set of all z € I = [0, 1] of the form
) T,
= —  with z,, € {0,2} for all n > 1.
x ;3" with z,, € {0,2} for all n >
Let X be the discrete 2-point space X = {0, 2}. Prove the following:
(a) Define a set map ¥: [[>2, X — C via the formula

U((#n)n=1) = %
n=1
Prove that ¥ is a homeomorphism.

(b) Prove that for all p,q € C there exists a homeomorphism f: C' — C such that f(p) =¢. In
other words, every two points of C' “look the same”. The technical term for this is that C'
is homogeneous.

(c) Define a set map ®: []°; X — I via the formula

o0
Ln

on’

n=1

(I)<(xn>n21) =

Prove that ® is a continuous surjection.
(d) For each d > 1, construct a homeomorphism Ag: [[°2, X — (T]02, X)*<.
(e) For each d > 1, let f4: C — I¢ be the composition

- d
C 5 I X 2 (I, %) B o

Prove that f; is a continuous surjection that can be extended to a continuous surjection
ga: I — I¢ (a “space-filling curve”). O






CHAPTER 22

Metrization theorems

This chapter discusses topological properties that ensure that a space is metrizable.

22.1. Nagata—Smirnov metrization theorem

We have already observed that all metrizable spaces are normal (Lemma 16.4.1) and first
countable (Lemma 15.1.1). These conditions are not sufficient. It turns out all metrizable spaces
satisfy a condition that is intermediate between first and second countability. A space is first countable
if it has a countable neighborhood basis at each point, and is second countable if it has a countable
basis. Say that a basis B is countably locally finite if it can be written as B = U2, B,, with each
B, locally finite. We are not requiring the B,, to be countable, so this is weaker than being second
countable.

The Nagata—Smirnov metrization theorem says that a space X is metrizable if and only if it is
regular and has a countably locally finite basis. We remark that these conditions imply that X is
normal; see Exercise 22.2. See [1, Chapter 6] for a proof of the Nagata—Smirnov metrization theorem.

22.2. Urysohn metrization theorem

We prove the following weakening of the Nagata—Smirnov metrization theorem, which is often
called the Urysohn metrization theorem:

THEOREM 22.2.1. Let X be a space that is reqular and second countable. Then X is metrizable.

PROOF. Since second countable regular spaces are normal (Lemma 16.10.1), our space X is
normal and we can apply Urysohn’s lemma to it. Let B be a countable basis for X. Set
D= {(U,V) | U,VGBandUCV}.
Since B is countable, the set D is also countable. Recalling that I = [0,1], define
z= ][ I
(U,V)eED

Since countable products of metrizable spaces are metrizable (Lemma 21.8.1), it follows that Z is
metrizable. It is therefore enough to construct an embedding F': X — Z.

For each (U,V) € D, apply Urysohn’s Lemma (Theorem 16.5.1) to find a continuous function
fuv: X — I such that fyy|; =1 and such that supp(fuyv) C V. Define a function

F:X —27= H I
(U,V)eD
via the formula
F(z) = (fuv(2))wv)ep forze X.
This is continuous by the universal property of the product topology (see §21.6). To prove that F is

an embedding, we must prove that F is injective and that F' takes open sets of X to open sets of
F(X) C Z. We divide this into two steps:

STEP 1. The map F' is injective.

Consider distinct points z,y € X. Since X is normal it is in particular Hausdorff. We can
therefore find an open neighborhood V' € B with € V and y ¢ V. Applying normality, we can find
an open neighborhood U € B of # with U C V. It follows that fyy(z) =1 and fyv(y) = 0. The
(U, V)-coordinates of F'(x) and F(y) therefore differ, so F(x) # F(y).

167
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STEP 2. The map F takes open sets of X to open sets of FI(X) C Z.

Consider V; € B. Tt is enough to prove that F(V}) is an open set of F(X) C Z. Consider some
xo € Vo. To prove that F(Vp) is an open set of F(X) C Z, it is enough to prove that there is an
open neighborhood Wy C Z of F(xz) with Wy N F(X) C F(Vp). Since X is normal, we can find an
open neighborhood Uy of 7o with Uy C V. We therefore have fy,v, (7o) = 1. Let

Wocz= [ 1
(U,v)eD
be the open subset consisting of points whose (Up, Vp)-coordinate is nonzero. Since fy,v,(xo) = 1,
we have F'(z¢) € Wy. We claim that Wy N F(X) C F(Vp). Indeed, consider a point 1 € X with

F(z1) € Wy. We must prove that 1 € V. To see this, note that since F'(z1) € Wy it must be the
case that fu,v,(x1) # 0. Since supp(fu,v,) C Vo, it follows that z; € Vp, as desired. |

22.3. Exercises
EXERCISE 22.1. Give an example of space X that metrizable but not second countable. O

EXERCISE 22.2. Prove the following variant of Lemma 16.10.1: if X is a regular space that has a
countably locally finite basis, then X is normal. O

EXERCISE 22.3. Let M be a metrizable space. Prove that X has a countably locally finite basis.
Hint: the proof uses the fact that metrizable spaces are paracompact. O

EXERCISE 22.4. Let X be a locally compact Hausdorff space and let X* be the one-point
compactification of X (see §18.3). Prove that X* is metrizable if and only if X is second countable. O

EXERCISE 22.5. Let X be a paracompact space that is locally metrizable, i.e., each p € X has a
metrizable open neighborhood.

(a) Prove that X has a countably locally finite basis. Hint: use the fact that metrizable spaces
are countably locally finite.
(b) Use the Nagata—Smirnov metrization theorem to deduce that X is metrizable.

This is often called the Smirnov metrization theorem. It is enlightening to prove it directly, though
the proof is too hard for an exercise. |
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CHAPTER 23

Function spaces and the compact-open topology

Let X and Y be spaces and let' C(X,Y) be the set of all continuous maps f: X — Y. In this
chapter we explain how to turn C(X,Y) into a space.

23.1. Subbasis

Let X be a set and let 8 be a set of subsets of X. We would like to topologize X with the
smallest collection of open sets possible to make each U € 9 open. If for all U, V' € B the intersection
U NV could be written as a union of sets in 2B, then 6 would be a basis for a topology as in §12.7.
In that case, we could topologize X by saying that U C X is open precisely when U is the union of
sets in B.

However, if 8 does not form a basis then this does not work since in the resulting “topology”
the collection of open sets is not closed under finite intersections. To fix this, let B’ be the set of all
finite intersections of elements of 9B. Here we interpret the intersection of zero sets as X, so X € B’.
The set B’ does form a basis for a topology on X. In this case, we say that 28 is a subbasis for this
topology.

23.2. Compact-open topology

For sets A, B C X, define
B(AB)={f: X—->Y | f(K)cU} CC(X,Y).

The compact-open topology on C(X,Y) is the topology with subbasis the collection of all B(K,U)
with K C X compact and U C Y open. In other words, a set V C C(X,Y) is open if for all f € V
there exist Ki,..., K, C X compact and Uy,...,U, CY open such that

f S B(Kl,Ul) n--- ﬂB(Kn,Un) cV.
23.3. Metrics

If (Y,0) is a metric space, then it is also natural to try to topologize C(X,Y’) using d. This is
easiest for X compact, in which case we can define a metric ® on C(X,Y) by letting
(23.3.1) D(f,9) = max{o(f(x1), f(z1)) | x1,22 € X} for f,g: X =Y.
This makes sense since X is compact, which implies that f(X) and g(X) are compact subsets of the
metric space Y and thus that the above maximum is finite and attained. We have:

LEMMA 23.3.1. Let X be a compact space and let (Y,0) be a metric space. The compact-open
topology on C(X,Y) and the metric topology on C(X,Y) coming from (23.3.1) are the same.

ProOF. We divide the proof into two steps:
STEP 1. Ewvery open set in the compact-open topology is open in the metric topology.

Let K C X be compact and U C Y be open. We must prove that B(K,U) is open in the metric
topology. Indeed, consider f € B(K,U), so f(K) C U. Since f(K) is a compact subset of U, we
can find some ¢ > 0 such that the e-neighborhood of f(K) is contained in U. For g € C(X,Y)
with D(f,g) < ¢, since 0(g(k), f(k)) < € for all k¥ € K it follows that g(K) is contained in the
e-neighborhood of f(K). We thus have g(K) C U, so g € B(K,U). We conclude that the e-ball
around f is contained in B(K,U), so B(K,U) is open in the metric topology.

11t is also common to call this space YX | but we think the notation C(X,Y) is easier to understand.
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STEP 2. Ewvery open set in the metric topology is open in the compact-open topology.
Let f € C(X,Y) and let € > 0. Let
B(f)={9€C(X,Y) | d(g(x), f(x)) <eforall z € X}

be the open ball around f in the metric topology. It is enough to find compact sets Ki,..., K, C X
and open sets Uq,...,U, C Y such that

f S B(Kl,Ul) M- ﬁB(Kn,Un) C Be(f)
Since f(X) is a compact subset of Y, we can find z1,...,z, € X such that

(23.3.2) f(X) C Beys(f(z1))U---UBess(f(2n))-

For 1 <i < n,let K; = f~'(Be3(f(2:))) and U; = Beo(f(2;)). Since K; is a closed subset of
the compact space X, it follows that K is closed. By (23.3.2), the sets K; cover X. Finally, by
construction

fe€B(Ky,U)N---NB(K,,Upy).

Now consider some g € B(Ky,U;) N---N B(K,,U,). We must prove that g € B.(f). In other
words, letting € X we must prove that 0(f(z), g(x)) < e. We have x € K; for some 1 <1i <n, so
f(x),9(x) € U;. Tt follows that o(f(z), g(x)) is at most the diameter € of U; = B /o(f(x:)). O

REMARK 23.3.2. If (Y,0) is a metric space but X is not compact, then the metric d induces a
topology on C(X,Y) as follows. For f € C(X,Y’) and a compact subset K C X and € > 0, let

B(f,K,e) ={g € C(X,Y) [ 0(f(x),9(x)) < eforall z,y € K}.

These sets form the basis for a topology on C(X,Y") called the topology of compact convergence, and
this is the same as the compact-open topology (see Exercise 23.1). ]

23.4. Composition

For spaces X and Y and Z, there is a composition map ¢: C(Y, Z) x C(X,Y) — C(X, Z) defined
by ¢(g,f) = go f for g € C(Y,Z) and f € C(X,Z). It is natural to hope that this is continuous.
Unfortunately, this does not hold in general. However, it does hold if Y is locally compact:

LEMMA 23.4.1. Let X and Y and Z be spaces with' Y locally compact. Then the composition
map ¢: C(Y,Z) x C(X,Y) = C(X, Z) is continuous.

PROOF. Let K C X be compact and U C Z be open. We must prove that ¢~!(B(K,U)) is open.
Let (g, f) € C(Y,Z) x C(X,Y) satisty ¢(g, f) € B(K,U). It is enough to find an open neighborhood
of (g, f) that is mapped by ¢ into B(K,U). Since go f € B(K,U), we have f(K) C g~'(U). Since
f(K) is a compact subset of the open subset g~ 1(U) C Y and Y is locally compact, there is a
compact neighborhood L of f(K) with L C g=}(U) (see Exercise 18.3). It follows that ¢ takes the
open neighborhood B(L,U) x B(K, g~ (U)) of (g, f) into B(K,U), as desired. O

23.5. Evaluation

For spaces X and Y, there is an evaluation map e: C(X,Y) x X — Y defined by ¢(f,z) = f(x)
for f € C(X,y) and = € X. Just like for the composition map, to ensure this is continuous we need
to assume that X is locally compact:

LEMMA 23.5.1. Let X and Y be spaces with X locally compact. Then the evaluation map
¢: C(X,Y) x X =Y is continuous.

PROOF. Let pg be a one-point space. We have C(pg, X) = X and C(pg,Y) =Y. Applying these
identities, the evaluation map becomes the composition map C(X,Y") x C(pg, X) — C(po,Y’), which
is continuous by Lemma 23.4.1. O
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23.6. Parameterized maps

Let X and Y and Z be spaces. It is natural to expect maps ¢: X x Z =Y and ®: Z — C(X,Y)
to be closely related. Indeed, if we were working with sets rather than spaces then such maps would
be in bijection with each other: a map ®: Z — C(X,Y’) would correspond to the map ¢: X x Z - Y
defined by ¢(z,z) = ®(z)(z). The following shows that this holds topologically if X is locally
compact:

LEMMA 23.6.1. Let X and Y and Z be spaces. The following holds:
(i) Let ¢: X x Z =Y be continuous. Define ®: Z — C(X,Y) to be the map that takes z € Z
to the map X — 'Y taking x € X to ¢(x,2) €Y. Then ® is continuous.
(i) Assume that X is locally compact. Let ¥: Z — C(X,Y) be continuous. Definep: XxZ =Y
to be the map taking (x,z) € X x Z to ¥(2)(z) € Y. Then 1 is continuous.

PRrROOF. For (i), let ¢: X x Z — Y be continuous and define ®: Z7 — C(X,Y) as in (i). Let
K C X be compact and U C Y be open. We must prove that ®~1(B(K,U)) C Z is open. Let
29 € @ YB(K,U)), so K x 29 C ¢ Y(U). Since K C X is compact and ¢~1(U) is an open
neighborhood of K x zg, Exercise 17.8 (the “tube lemma”) gives an open neighborhood V' C Z of 2
with K x V C ¢=}(U). It follows that V is an open neighborhood of zy with V C ®~}(B(K,U)), as
desired.

We now prove (ii). Assume that X is locally compact and that U: Z — C(X,Y) is continuous.
The map t: X X Z — Y defined in (ii) is the composition

XxZ 2% X xC(X,)Y) — Y,

where ¢: X X C(X,Y) — Y is the evaluation map e¢(x, f) = f(x). Lemma 23.5.1 implies that e is
continuous, so we conclude that 1 is continuous. O

23.7. Homotopies and the compact-open topology

Let fo,fi1: X — Y be maps. Recall that a homotopy from fy to f; is a continuous map
H: X xI—=Y with H(z,0) = fo(x) and H(z,1) = fi(z) for all z € X. Lemma 23.6.1 implies that
such a homotopy gives a map h: I — C(X,Y"). This map h can be viewed as a path from h(0) = fy
to h(1) = f1. Conversely, if X is locally compact then Lemma 23.6.1 implies that a path in C(X,Y)
from fo to f; gives a homotopy from fy to fi.

23.8. Quotient maps and the compact-open topology
As an application of our results, we give another proof of the following result from §21.3:

LEMMA 21.3.4. Let g: X — Y be a quotient map and let Z be a locally compact space. Then
the map q x 1: X x Z =Y X Z is a quotient map.

PRrROOF. As we discussed in §13.4, the quotient map ¢: X — Y satisfies the following universal
property. Let ~ be the equivalence relation on X where 1 ~ z9 if ¢(z1) = g(x2). Amap F: X - W
is ~-invariant if F'(z1) = F(z2) whenever x; ~ x5. For all spaces W, the following holds:

e There is a bijection between maps f: Y — W and ~-invariant maps F': X — W taking
f:Y—>Wto foq: X - W.
In fact, this universal properties characterizes the quotient topology (see Exercise 13.8). We must
therefore verify the analogue of it for the map ¢ x 1: X x Z =Y x Z.

Consider a space W and a map G: X x Z — W that is ~-invariant in the sense that G(x1,z) =
G(xe, 2) for all z1, 20 € X and 2z € Z with z1 ~ 25. We must construct a map g: Y x Z — W such
that G =go (g x1). Let F: X — C(Z,W) be the map defined by

F(z)(z) = G(x,z) forallz € X and z € Z.

By Lemma 23.6.1, the map F' is continuous. Since G is ~-invariant, so is F'. It follows that there is
amap f: Y — C(Z,W) with F = fogq. Let g: Y x Z — W be the map defined by

g(y,2) = f(y)(z) forallyeY and z € Z.
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Since Z is locally compact, Lemma 23.6.1 says that g is continuous. By construction we have
G =go(gx1), as desired. O

23.9. Parameterized maps, 11

Let X and Y and Z be spaces with X locally compact. Lemma 23.6.1 gives a bijection between
C(X x Z,Y) and C(Z,C(X,Y)). The following lemma says that this bijection is a homeomorphism if
X and Z are Hausdorft:

LEMMA 23.9.1. Let X and Y and Z be spaces with X locally compact Hausdorff and Z Hausdorff.
Let \: C(X x Z,Y) — C(Z,C(X,Y)) be the map taking ¢: X x Z =Y to the map ®: Z — C(X,Y)
defined by
O(2)(z) =d(x,2) €Y forallze€ Z andx € X.

Then X\ is a homeomorphism.

PrOOF. Lemma 23.6.1 says that A is a bijection. For K C X and L C Z compact and U C Y
open the map A restricts to a bijection between B(K x L,U) and B(L, B(K,U)). To prove the lemma,
it is enough to prove that open sets of these forms are subbases for the topologies on C(X x Z,Y)
and C(Z,C(X,Y)):

e For C(X x Z,Y), we prove this in Lemma 23.9.2 below.

e For C(Z,C(X,Y)), in Lemma 23.9.3 below we prove more generally that if /5 is any subbasis
for the topology on a space W, then sets of the form B(L,V) with L C Z compact and
V € B form a subbasis for C(Z, W). O

The above proof used the following two results:

LEMMA 23.9.2. Let X and Y and Z be spaces with X and Z Hausdorff. Then the set of all
B(K x L,U) with K C X compact and L C Z compact and U C'Y open forms a subbasis for the
compact-open topology on C(X x Z,Y).

PROOF. Let C C X x Z be compact and U C Y be open. We must prove that B(C,U) is
open in the topology with the indicated subbasis. Consider f € B(C,U). It is enough to find
Kq,...,K, C X compact and Lq,...,L, C Z compact such that

feB(Ky xLi,U)n---NB(K, x L,,U) C B(C,U).

Unwrapping this, we need the K; and L; to satisfy the following:

o C CU K, x L;; and

o K, xL;C f7Y{(U) forall1 <i<mn.
Let C(X) C X and C(Z) C Z be the projections of C C X x Z. Both C'(X) and C(Z) are compact
Hausdorff spaces, and C C C(X) x C(Z). Replacing X with C(X) and Z with C(Z), we can therefore
assume without loss of generality that X and Z are compact Hausdorff spaces. The space X x Z is
thus also a compact Hausdorff space, and in particular is normal (see Lemma 17.2.3).

The set f~1(U) is an open neighborhood of C. Since X x Z is normal, for each ¢ € C we can
find open sets V. € X and W, C Z such that ¢ € V., x W, and V. xﬁWc C f*I(U). SLm:e Cis
compact, we can find ¢y, ..., ¢, such that C C U}, V., xW,,. Let K; =V, C X and L; =W, C Z,
so K; x Ly C f~1(U). Since X and Z are compact, the closed sets K; and L; are also compact. By
construction we have C' C Ui K; x L;, as desired. g

LEMMA 23.9.3. Let Z and W be spaces with Z Hausdorff and let B be a subbasis for the topology
on W. Then the set of all B(K,V) with K C Z compact and V € B forms a subbasis for the
compact-open topology on C(Z, W).

PROOF. See Exercise 23.2. O

REMARK 23.9.4. It is a little annoying that the above results require local compactness. Unfortu-
nately, they are false in general. There is a way around this using the theory of compactly generated
spaces, which we describe in Essay 1. |
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23.10. Exercises

EXERCISE 23.1. Let X be a space and let (Y, ) be a metric space. For f € YX and a compact
subset K C X and € > 0, let

B(f,K,e) = {gEYX | 0(f(z),9(x)) <eforall z,y € K}.

Prove that these sets form the basis for a topology on Y X, and this topology is the same as the
compact-open topology. U

EXERCISE 23.2. Let Z and W be spaces with Z Hausdorff and let B be a subbasis for the
topology on W. Prove that the set of all B(K, V) with K C Z compact and V' € B forms a subbasis
for the compact-open topology on C(Z, W). ]

EXERCISE 23.3. Topologize GL,(R) by identifying it as a subspace of Mat,,(R) = R™. For
each M € GL,(R), multiplication by M gives a linear map ¢, : R” — R™. Prove that the map
t: GL,(R) — C(R™,R™) defined by (M) = ¢ is a closed embedding. O

EXERCISE 23.4. Let (M,0) be a compact metric space. An isometry of M is a bijection
fi+ M — M such that 9(f(p), f(¢)) = 0(p, q) for all p,q € M. Let Isom(M) be the group of isometries
of M. Topologize Isom(M) using the compact-open topology, i.e., by identifying Isom(M) with a
subspace of C(M, M). Prove that Isom(M) is compact. O

EXERCISE 23.5. Let Homeo(S!) be the set of homeomorphisms f: S' — S!. Topologize
Homeo(S!) using the compact-open topology, i.e., by identifying Homeo(S') with a subspace of
C(S*,Sh). Prove that Homeo(S!) is not locally compact. O






Part 2

Essays






Essays on manifolds and related topics






ESSAY A

Topological manifolds

In this essay, we use the tools we have developed to study manifolds, which are perhaps the most
important class of spaces in topology.

A.1. Basic definitions

An n-dimensional manifold (or simply an n-manifold) is a second countable Hausdorff space M™

that is locally homeomorphic to R™ in the following sense:
e For all p € M™", there exists an open neighborhood U of p that is homeomorphic to an open
subset of R".

A chart on M™ is a homeomorphism ¢: U — V with U € M™ and V C R™ open sets. If U is an
open neighborhood of p € M™, we call this chart ¢: U — V a chart around p. An atlas for M" is a
collection of charts {¢;: U; — V;}ier such that the U; cover M™.

Here are several basic examples:

EXAMPLE A.1.1. The whole space R™ is an n-manifold with an atlas consisting of a single chart
1: R™ — R™. More generally, an open set U C R™ is an n-manifold, again with an atlas consisting of
a single chart 1: U — U. (Il

ExXAMPLE A.1.2. More generally, if M™ is an n-manifold and W C M™ is open, then W is an
n-manifold. Indeed, for p € W let ¢: U — V be a chart around p for M™. Letting U’ = U NW and
V' = ¢(U’), the homeomorphism ¢|y : U’ — V' is a chart around p for W. O

ExAMPLE A.1.3. Let S™ be the n-sphere, so
Sn: {(.ﬁl,...,l’n_;,_l) ERTH_l | x%++xfl+l = 1}
This is an n-manifold. Indeed, for 1 < k <n +1 let

Uep>o = {(21,...,2py1) €S" | 2 > 0},
Umk<0 = {(£E17...,£L'n+1) eS" | T < O}

Letting B = B1(0) C R™ be the open unit ball, we have homeomorphisms ¢, >0: Uz, >0 — B and
Gzp<0: Ugp<co — B taking a point (z1,...,2n41) to (21,..., Tk, ..., Tny1) € B, where the hat in z;
indicates that this coordinate is being omitted. The set

{¢I)€>0: U:vk>0 — 37 ¢Ik<0: UiEk<0 — B ‘ 1 S k S n+ 1}
is an atlas for S™. O

EXAMPLE A.1.4. Let RP” be the set of lines though the origin in R™*!. There is a projection
map ¢: R"*1\ 0 — RP” taking z € R"™!\ 0 to the line through 0 and . We endow RP" with
the quotient topology from this projection, so U C RP" is open if and only if ¢~1(U) Cc R**1\ 0
is open. The space RP" is known as the n-dimensional real projective space. As notation, for
(21, Tpy1) € RPN 0 we write [z1,...,2,41] for the corresponding point of RP™, so for A € R
nonzero we have [Az1,..., \xp41] = [T1, -« Tny1].

The space RP" is an m-manifold. Unlike our previous examples, it is not totally obvious
that it is second countable and Hausdorff, so we leave this as an exercise (Exercise A.1). We
prove it is locally Euclidean by exhibiting an atlas as follows. For 1 < k < n+ 1, let U, =
{[z1,...,znt1] € RP" | 2 # 0}. This set is well-defined, and the map ¢y : Uy — R™ defined by

or([z1,. s ont1]) = (w1/Tky - o Tk /Ty - o -y Tpy1/TR)  fOr [T1,...,T041] € RP?
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is a well-defined homeomorphism (see Exercise A.1). The set {¢p: Uy > R" |1 <k<n+1}isan
atlas for RP". 0O

REMARK A.1.5. It is clear that the only connected 0-manifold is a single point. It turns out that
R and S! are the only connected 1-manifolds. There is also a very beautiful classification of compact
connected 2-manifolds. Here are two examples of such 2-manifolds:

Y Ny Y Ny
2l 23

We describe the classification of 2-manifolds in Essay C. The exercises in that essay also outline a proof
of the classification of 1-manifolds. In higher dimensions, things are much more complicated. (|

REMARK A.1.6. The requirement that manifolds be second countable and Hausdorff is needed
to rule out various pathological examples. Without them, even 1-manifolds would not have a simple
classification. We describe some of these pathological examples later in this chapter. (|

A.2. Basic properties
The following summarizes some of the basic point-set topological properties of manifolds:

LEMMA A.2.1. Let M™ be an n-manifold. Then:

M™ is perfectly normal.

M™ is locally compact.

M™ is paracompact.

M™ is metrizable.

M™ is locally path connected, so its path components and connected components coincide
and are clopen.

3

PRrROOF. Since M™ is locally homeomorphic to R™, the fact that M™ is locally compact and
locally path connected follows immediately from the fact that R™ is locally compact and locally path
connected. Since M™ is second countable, Hausdorff, and locally compact, it follows that M™ is
paracompact (see Corollary 20.2.2). This implies that M™ is normal (see Lemma 20.4.1). We can
therefore use the Urysohn metrization theorem (Theorem 22.2.1) to see that M™ is metrizable and
hence perfectly normal (Lemma 16.7.1). O

REMARK A.2.2. One basic property of manifolds we do not list above is that their dimension is
well-defined. In fact, it is true that if M is both an n-manifold and an m-manifold then n = m, but
this is a difficult theorem called the invariance of domain. The most natural proof of invariance of
domain uses homology. O

A.3. Embedding manifolds into Euclidean space

Many n-manifolds are constructed as subspaces of some R?, but some manifolds like RP™ do not
have obvious embeddings into any Euclidean space. However, it turns out that all manifolds can be
embedded in some R%:

THEOREM A.3.1. Let M™ be an n-manifold. Then for some N > 0 there exists a proper embedding
L: M™ < RN, Since 1 is proper it is a closed map, so this implies that M™ is homeomorphic to a
closed subspace of RN .

In fact, in Essay D we will use dimension theory to embed M™ into R?"*1. We include the proof
Theorem A.3.1 here both because it is easier than the dimension theory proof and because its details
will be useful in a later volume when we study smooth manifolds.

PrOOF OF THEOREM A.3.1. The first step is to show that M™ has a finite atlas
{¢k5Uk—>Vk | 1Sk§m}
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such that each ¢y : U, — Vi extends to a homeomorphism ak: U}j — V. This is obvious if M™ is
compact, while for M"™ non-compact it follows from Lemma A.4.1 below. This might seem paradoxical
if M™ is non-compact, but note that we are not requiring the Uy to be connected. In fact, our
construction in Lemma A.4.1 will in general give an atlas in which each Uy has infinitely many path
components.

Since M™ is paracompact, there is a strong refinement of the cover {Uy,...,Un}, i.e., a cover
{W1,..., Wy} such that W, C Uy, for each 1 < k < m (see Lemma 20.5.1). Since M™ is perfectly
normal, for each 1 < k < m we can find a continuous map fi,: X — I such that f, '(1) = Wj and
supp(fx) C Ug; see §16.7. Multiplying ¢ by fx, we get a map frdy: U — R™. Since supp(fx) C Uy,
we can extend frpdy: Ur — R™ to a continuous map Gy: M™ — R™ with Gi(p) = 0 for p ¢ Uy. Let
v: M™ — R¥+™ he the map defined by

u(p) = (Gi(p), 1(P),- -, Gm(D), fm(p)) € (R" x RT)X™ =R™F™  for p e M",
We must prove that ¢ is injective and proper:
STEP 1. The map ¢ is injective.

Consider p,q € M™ with «(p) = t(q). Pick 1 < k < m with p € Wj. We thus have fi(p) = 1, so
since +(p) = ¢(q) we also have fx(q) = 1. Since f; (1) = Wy, it follows that ¢ € Wj. On Wy we
have G, = ¢, so since p,q € Wi and 1(p) = ¢(q) we have ¢i(p) = ¢r(q). Since ¢: Uy — Vi is a
homeomorphism and Wj, C Uy, we conclude that p = q.

STEP 2. The map ¢ is a proper map. We remark that this is trivial if M™ is compact, so this
step is only needed in the non-compact case.

Let L C R"™*™ be compact. Applying Lemma 19.2.2, we must prove that :~!(L) is compact.
Since
CHLD) = (ML) NW) U U (TN D) NW )
it is enough to prove that each ¢~ (L) N Wy = (¢ly, )~ (L) is compact. We will prove this for k = 1;
the other cases are identical up to changes in notation. Let 7: R™"*T™ — R™ be the projection onto
the first n coordinates and let L’ = w(L), so L' C R™ is compact. We have

(thgr, ) THEL) C (ol ) TH(L).
Since (t|y7, )~ (L) is a closed subspace of W1, we see that it is enough to prove that (m o |y ) 7' (L)
is compact. On Wy, we have f; = 1 and G1 = ¢1. It follows that o |z = é1lg,, so what we
must prove is that (¢, |W1)_1(L/ ) is compact. We assumed at the beginning of the proof that the
homeomorphism ¢;: Uy — V7 extends to a homeomorphism ¢,: U; — V1. The closed subspace
V1N L of the compact subspace L’ is compact, so 51_1(L') is compact. Since (¢1]y, )" (L) =
51_1(L’) N Wy, we conclude that (¢1l37,) " (L)) is compact, as desired. O

A.4. Finite atlases for noncompact manifolds
At least in the non-compact case, the above proof of Theorem A.3.1 depended on the following:

LEMMA A.4.1. All n-manifolds M™ have finite atlases {¢r: Uy = Vi | 1 <k < m} such that
each homeomorphism ¢y : Uy — Vi, extends to a homeomorphism ¢, : Uy — V..

PROOF. Since M™ is second countable, we can find an atlas {¢y: Uy — Vi | k > 1} such that
each homeomorphism ¢y : Up — Vj, extends to a homeomorphism ¢, : U — V, and each Vy is a
bounded subset of R™. We now invoke a result from dimension theory we will prove in Essay D
below:

e We can shrink each Uy to a possibly smaller open set and ensure that for each p € M™ the
set {k | p € Ui} has cardinality at most! n + 1. In the terminology we will introduce in
Essay D, this means that the cover {Uj | k > 1} has order at most n + 1.

lof course, this reflects the fact that M™ is n-dimensional. We remark that the precise constant n + 1 will not
matter for our proof here, and could be replaced by any N that does not depend on the point p € M™.



182 A. TOPOLOGICAL MANIFOLDS

Since M™ is paracompact, there is a partition of unity subordinate to the cover {Uj | k > 1}, i.e.,
a collection of continuous functions {fr: M™ — I | k > 1} such that supp(fi) C Uy for each k > 1
and such that for all p € M™ we have

o0

> hp) =1

k=1

Since each p lies in at most n + 1 of the Uy, all but finitely many terms in this sum are 0. For each
unordered tuple {k1, ..., kq} of distinct positive integers, let

Uk, = {p €M™ | fi(p) < fr;(p) foralli>1and 1 <j<dwithi¢{ki,....ka}}.

These are open sets (see Exercise A.2). Since the inequality in the definition of Uy, .
follows that for p € Uy, ...k, we have fr,(p) > 0 for all 1 < j < d. We thus have

. is strict, it

Each gbkj therefore restricts to a homeomorphism between Uy, ... x, and an open set in R™. Let Vi, .,
be the image of one of these restrictions and let ¢g, .. x,: Uk, ..., k, be the restricted
homeomorphism. From the ¢, these inherit the property that they extend to homeomorphisms

.....

akly--qkd: Uk17,,_7kd — thm,;gd and that Vk17,,_7kd is a bounded subset of R"™. We now prove two key
properties of the Uy, . r,:

CLAaM 1. For some d > 1, let {ki,...,ka} and {l1,...,€q} be distinct unordered d-tuples of
positive integers. Then Ui, . 1, NUg,. 0, = 0.

PROOF OF CLAIM. Assume for the sake of contradiction that there is a point p in this intersection.

After reodering the k; and ¢;, we can assume that k; does not appear in (¢1,...,¢4) and that £,
does not appear in (ki,...,kq). We then have that f, (p) < fi, (p) and that fx, (p) < fe,(p), a
contradiction. O

CrAM 2. The collection of open sets {Uk,, k, | 1 <d<n+1andky,... kg > 1} covers M™.

PROOF OF cLAIM. Let p € M™. By assumption, p lies in at most n + 1 of the Ux. Enumerating
the set {k | fr(p) > 0} as {k1,...,kq}, we therefore have 1 < d < n + 1. Since f;(p) = 0 for all
i ¢ {k1,..., kaq}, it follows that p € Uk, . i,- O

In the rest of the proof, we not need the definition of the Uy, .., but only the above two
claims and the fact that we have homeomorphisms ¢, ...k, Uk, kg — Vi, .k, that extend to
homeomorphisms akl,..-,kd: Uk, ..y = Vi, kg Since M™ is paracompact, we can shrink the
Uk,,....k, SO that they still cover M™ but now satisfy the following strengthening of Claim 1:

(i) For some d > 1, let {ki,...,kq} and {¢1,...,£q} be distinct unordered d-tuples of positive
integers. Then Uy, . x, NUs,. 0, = 0.
Moreover, by moving the bounded sets thm,k . C R™ around we can ensure that:
(ii) For some d > 1, let {k1,...,kq} and {¢1,..., €4} be distinct unordered d-tuples of positive
integers. Then Vi, x, NV 0, = 0.
For each 1 <d <n+1,let Ay C M" be the union of the disjoint sets {Uk,,.. k, | k1,...,kg > 1}
and let By C R™ be the union of the disjoint sets {Vi, ., | k1,...,ky > 1}. The homeomorphisms
Ok kg’ Uy by = Vi ...k, assemble into a homeomorphism ¢4: Aqg — Bg. By (i) and (ii) above,
the homeomorphism 14 extends to a homeomorphism 1),: Ay — Bg. The desired finite atlas is then
{¢d1Ad%Bd|1§d§n+1}. O

A.5. Non-Hausdorff manifolds

Recall that we require manifolds to be Hausdorff and second countable. Removing these
hypotheses gives many exotic generalized manifolds, even in dimension 1. We have already seen one
example of a non-Hausdorff 1-manifold, namely the line with two origins from Example 16.1.1. We
recall the construction:
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EXAMPLE A.5.1. Asaset, let Y = (R\ {0}) U {01,02}. Fori=1,2, let f;: R = Y be the map
defined by f;(z) =« for € R\ {0} and f;(0) = 0,;. Give Y the identification space topology, so:

e aset U CY is open if and only if f;'(U) and f; '(U) are open in R.

Here is a picture of this:

= =

N

With this topology, the subspaces Y\ {02} = f1(R) and Y\ {01} = f2(R) are open subsets of ¥ that
are both homeomorphic to R. It follows that Y a second-countable non-Hausdorff 1-manifold. O

This example might not seem very geometrically interesting. The theory of foliations of the
plane gives non-Hausdorff 1-manifolds with a closer connection to geometry. See [1] for a beautiful
discussion of this. We content ourselves here with one example:

EXAMPLE A.5.2. For ¢ € R, let X, = {(z,y) | (#* — 1)e¥ = ¢} C R% Define
§={L | L is a connected component of X, for some ¢ € R}.

The set § is what is called a foliation of R?. Each L € £ is called a leaf of the foliation. Here is a

NG -

1\ [-1 El (:

Each leaf L is homeomorphic to R, and R? is the disjoint union of the L € §. The set X, consists of
two vertical lines ¢_; and ¢; where x = +1. For ¢ > 0, the set X, consists of two arcs, one lying in
the region to the left of /_; labeled A and one lying in the region to the right of ¢; labeled C. For
c < 0, the set X, consists of a single arc in the region between ¢_; and ¢, labeled B.

Let £ be the quotient space of R? obtained by collapsing each L € § to a point. This is called
the leaf space of the foliation §. The space £ is a non-Hausdorff 1-manifold. To describe it, let Ry
and Rs be copies of R. The space L is obtained by gluing R; to R so as to identify each t € Ry with
t > 0 with the corresponding ¢t € R5. The various types of leaves correspond to the following points:

The points 0 € R; and 0 € Ry correspond to £_1 and ¢;.

The points t € R; with ¢ < 0 correspond to the arcs in the region A.

The points t € Ry with ¢ < 0 correspond to the arcs in region C.

The points t € Ry and t € Ry with ¢ > 0 that are glued together correspond to the arcs in
the region B.

The picture is as follows:

C g B

Al
This space is non-Hausdorff since the points corresponding to /_; and ¢; do not have disjoint
neighborhoods. You will verify all of this in Exercise A.3. ]

A.6. Non-second countable manifolds

The theory of non-second countable manifolds has a set-theoretic flavor. It turns out that in
dimension one there is a single example of a connected non-second countable Hausdorff 1-manifold
called the long line L. We close this chapter with a brief discussion of it. The space L has the
following seemingly paradoxical properties:

e [ is a path-connected Hausdorff non-second-countable 1-manifold.
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e Like R, the points of L are endowed with a total ordering.
e For x,y € L with x < y, the “interval”

[z,yl={:€L |z <2<y}

is homeomorphic to the closed interval I = [0, 1]. This accounts for L being path connected.
e On the other hand, since L is not second countable it contains uncountably many subspaces
homeomorphic to the open interval (0,1).
Before we can construct L, we need to discuss some more details about well-ordered sets, which we
introduced in §21.10 to set up the process of transfinite induction.

A.6.1. Minimal uncountable well-ordered set. Let S be an uncountable set. Pick a well-
ordering on S. Let € be the set of all initial segments of S that are either finite or countably infinite.
The set € is nonempty since () € €. In fact, by starting with () and repeatedly adding the minimal
element we have not yet chosen we see that there exists a countably infinite set in €. As we discussed
in §21.10, the initial segments of S are totally ordered under inclusion. Let

So=JJ
Jec&

The set Sq is an initial segment of S. By construction, all initial segments J with J C Sq are
countable. We claim that Sq is not countable. Indeed, let sy be the minimal element of S\ Sq.
The initial segment Sq L {sg} cannot lie in €, so Sq U {sg} is uncountable. This implies that Sq is
uncountable. The totally ordered set Sq is called the minimal uncountable well-ordered set.? Tt is
unique up to isomorphism, but we will not need this. All we need to know about Sgq is that it is
uncountable but all proper initial segments of Sq are finite or countably infinite.

A.6.2. Constructing the long line. Let L = Sq x [0,1). Both Sq and [0,1) have total
orderings. Give L the dictionary ordering, so (s,z) < (s',2') if s < & orif s = ¢ and z < 2/. An
open interval in L is a set of the form (61,02) ={v | 01 < v < 0} for some 61,05 € L with 01 < 05.
This is a basis for a topology called the order topology (see Example 12.7.3). We endow L with the
order topology.

To form the long line L, let so € S, be the minimal element. It follows that (sg,0) € L is the
minimal element of L. Define L = E\ {(s0,0)}. As you will verify in Exercise A.4, this has the
properties claimed in §A.6.

A.7. Exercises

EXERCISE A.1. Prove the following:

(a) The space RP" is Hausdorff and second countable.
(b) Letting Uy, = {[z1,...,Znt1] € RP" | 25 # 0}, the map ¢y : Uy — R™ defined by

dr([x1,. s xn1]) = (@1/Tky oo Tk /Ty o ooy Ty /xg)  fOr [21,...,2p41] € RPY
is a well-defined homeomorphism. O

EXERCISE A.2. Let M™ be an n-manifold, let {Uy | k > 1} be an open cover of M", and let
{fx: M™ — I | k > 1} be a partition of unity subordinate to {Uy | kK > 1}. For an unordered tuple
{k1,...,kq} of distinct positive integers, let

Uky,oha = {p € M™ | fi(p) < fr;(p) foralli>1and 1 <j<dwithi¢ {ki,... . ka}}.
Prove that Uy, ...k, is open. [l
EXERCISE A.3. Verify the description of £ in Example A.5.2. O

EXERCISE A.4. Let L be the long line constructed in §A.6.2. Prove the following;:

20r the minimal uncountable ordinal, but we have chosen not to use that terminology.
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(a) For x,y € L with z <y, the closed interval
[zyl={zel]z<z<y}

is homeomorphic to the closed interval I = [0, 1].
(b) The space L is path-connected.
(c) The space L contains uncountably many subspaces homeomorphic to the open interval

(0,1).
(d) The space L is a Hausdorff non-second-countable 1-manifold. O
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ESSAY C

Classification of surfaces

C.1. Introduction

An enormous amount of algebraic topology was developed to help classify manifolds up to
homeomorphism. This classification is easy in dimensions 0 and 1, where the only connected examples
are a point, a circle S, and the real line R (see Exercise C.9). The first interesting dimension is
2, i.e., surfaces. Here there are infinitely many examples, but there is an elegant and easy-to-state
classification (at least in the compact case) whose origins go back to 19th century work of Mobius.

C.1.1. Our goal. In this essay, we prove the classification of surfaces. Our goal is to emphasize
geometric reasoning. There is a large expository gulf between the geometric topology literature and
accounts of the classification of surfaces, which are typically aimed at beginning students and involve
elaborate manipulations of triangulations. We include many examples and pictures, but some of
our proofs and definitions are a little informal. Making them rigorous will (hopefully) be routine to
readers who are experienced with smooth manifolds.

C.1.2. History and sources. The idea of our proof goes back to Zeeman [13]. Here are other
accounts geared to students earlier in their education:

e See [9] or [12] for the classical combinatorial proof. I first learned this material from [9]
when I was an undergraduate.
e See [2] for a proof similar to the one we give.

There are other possible proofs of this result. One that is particularly charming is Conway’s “ZIP”
proof, which can be found in [4]. For a history of the classification, see [5].

C.1.3. Assumed results. To avoid getting bogged down with foundational results, we will
carefully state but not prove two important results:

e The existence of triangulations of surfaces. Actually, we will use the more flexible notion of
“polygonal decompositions”.

e The fact that the Euler characteristic of a surface is a topological invariant. This result
is very easy once the theory of homology is introduced, so we see little point in giving a
combinatorial proof that uses special features of surfaces.

We will also freely use standard results about smooth manifolds, often without mentioning them
explicitly.

C.1.4. Outline. In §C.2 we give examples of surfaces and state a first version of the classification
theorem. Next, as a warm-up to the proof in §C.3 we discuss graphs and their Euler characteristics. We
then introduce polygonal decompositions and prove some basic results about the Euler characteristic
in §C.4, which ends with a refined version of the classification. We prove the classification in the next
two sections: §C.5 proves the “Poincaré conjecture” characterizing the sphere, and §C.6 proves the
rest of the classification. Finally, §C.7 gives some extensions and generalizations of the classification.

C.2. Examples of surfaces

A surface is a 2-dimensional manifold, possibly with boundary. Our focus will be on surfaces that
are connected and closed, that is, compact and without boundary. This section focuses on examples.

189
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C.2.1. Basic examples. The most familiar surfaces are the 2-sphere S? and the 2-torus
T2 = (S!)*2:

(-]

As is shown here, T2 can be obtained from D? by identifying D? with a square and identifying parallel
sides. The four vertices of the square are all identified to a single point. The sphere S? can also be
obtained from D? by identifying the entire boundary dD? = S' to a single point.

The torus is the surface of an ordinary donut. More generally, a genus-g surface, denoted ¥, is
the surface of a donut with g holes:

2l 23

We therefore have ¥g 22 S? and ¥; = T?. As we will discuss in §C.4 below, for g > 1 the surface Xy
can be obtained from a 4g-gon by identifying sides in an appropriate way.

C.2.2. Mbbius band and real projective plane. The surfaces X, are all orientable. We
will assume that this notion is familiar from theory of manifolds. The most basic example of a
non-orientable surface is a Mobius band:

D)

The Mébius band has one boundary component. To obtain a closed surface, we glue a disk D? to this
boundary component to form the real projective plane RP?. You might worry that the result depends
on the choice of a homeomorphism between 0D? = S! and the boundary component of the Mdbius
band, but it turns out that the result is independent of the gluing. This holds in great generality; see
Exercise C.11. We will use this fact silently throughout this essay.

Pictures of RP? are not particularly enlightening,' but as the following shows it can be obtained
from D? by identifying antipodal points on the boundary OD?:

D
-0

11t cannot be embedded in R3, but only in R%. There is a way of drawing it in R3 with self-intersections called
the “Boy’s Surface”, but this picture does not shed much light on its nature.

RP?
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Another way of viewing RP? is as the space of lines through the origin in R3. To connect this with
the above picture, note that every such line intersects the upper hemisphere
U={(z,y,2) eR® | 2®+¢y°+2*=1,2>0} 2D

This intersection is unique except for lines lying in the xy-plane, which intersect
oU = {(z,9,0) € R* | 2” +y? =1} = OD”

in two antipodal points. The space of lines through the origin can thus be identified with U = D2,
but with antipodal points on QU =2 9D? identified.

C.2.3. Klein bottle. Another important example of a non-orientable surface is the Klein bottle
KK, which is obtained by gluing two Mdbius bands together along their boundary. Unlike RP?, there is
a somewhat enlightening way of drawing the K, though necessarily this picture has self-intersections
See here for this and also how to get K by identifying the sides of a rectangle:

The green curve in both figures is a circle, and when you cut either open along it you get two Md&bius
bands. This shows that these two surfaces are indeed homeomorphic.

C.2.4. Cross caps. The surfaces RP? and K are the first two elements of an infinite family of
non-orientable surfaces. To explain this, we must introduce the notion of a cross-cap. A cross-cap on

a surface is obtained by removing the interior of a disk and then identifying antipodal points. We
denote this by drawing a disk with a cross in it like this:

C

In this figure, the blue and orange arcs are actually disjoint circles embedded in the surface. As the
following figure shows, a disk with a cross-cap in it is a M6bius band:

7

G

Since RP? is a Mobius band with a disk glued to it and K is two Mdbius bands glued together along
their boundary, the following are RP? and K:
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On the left the blue loop divides RP? into a Mébius band and a disk, and on the right the blue
loop divides K into two Mo6bius bands. These pictures suggest the general pattern: the genus-n
nonorientable surface, denoted X7°, is a sphere with n cross-caps on it:

Thus ¥3° = RP? and X3° = K.

C.2.5. Classification theorem, first version. We can now state a first version of the
classification theorem:

THEOREM C.2.1 (Classification of surfaces, weak). Let ¥ be a closed connected surface. Then:

o If ¥ is orientable, then ¥ = X, for a unique g > 0.
o [f ¥ is non-orientable, then ¥ = X7° for a unique n > 1.

In some ways this is a very satisfying result, but one weakness is that it does not give an effective
way to recognize a given surface. Since it is easy to write down surfaces that do not fit into the
above classification in an obvious way, this is a real problem. For instance, consider the following

non-orientable surface:

By Theorem C.2.1, this must be homeomorphic to 3° for some n > 1. However, it is not at all
obvious which 37° it is. We will later give a refined classification theorem that will make it clear
that the above surface is ¥5°; see Theorem C.4.12. Before reading this, it is worth trying to prove it
for yourself.

C.3. Graphs and their Euler characteristics

As a warm-up before proving the classification of surfaces, this section discusses aspects of graph
theory that can be viewed as a one-dimensional analogue of this classification.

C.3.1. Basic definitions. Recall that a graph X is a collection of vertices V(X)) and a collection
of edges E(X). Each e € E(X) connects two vertices in V(X). These vertices need not be distinct:

In this essay, we will only consider graphs with finitely many vertices and edges, which we call finite

graphs. A finite graph is a topological space in a straightforward way. An edge-path in a graph from a

vertex v € V(X)) to a vertex v’ € V(X) is a sequence of edges e1, ..., e, such that there exist vertices
V=00, V1., U =0

such that e; connects v;_; and v; for all 1 <i < n:
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Associated to an edge-path is a continuous map «v: I — X, and we will often confuse an edge-path
with the associated map. The edge-path is closed if v = v’, in which case the associated path is a
loop that we can regard as a continuous map v: S' — X. The edge-path is a cycle if it is closed,
n > 1, and all the e; are distinct. A graph is connected if all distinct v,v" € V(X)) are connected by
an edge-path. This is equivalent to the graph being path-connected as a topological space. A tree is
a nonempty connected graph with no cycles:

C.3.2. Euler characteristic of graphs. If X is a finite graph, then the Fuler characteristic
of X is x(X) = [V (X)| - |B(X)].

ExampLE C.3.1. If X is the graph

then the Euler characteristic of X is x(X) = |[V(X)|/ — |E(X)| =8 — 17 = -9. O

C.3.3. Poincaré conjecture for graphs. The importance of the Euler characteristic is
illustrated by the following result, which we think of as the “Poincaré conjecture”? for graphs:

LEMMA C.3.2 (Poincaré conjecture for graphs). Let X be a finite nonempty connected graph.
Then x(X) < 1, with equality if and only if X is a tree.

PROOF. If e is an edge of X connecting two distinct vertices, then we can collapse e without
changing whether or not X is a tree:

collapse
_
e

Such a collapse decreases the number of edges and vertices by 1, and thus does not change the Euler
characteristic. Collapsing such edges repeatedly, we can therefore assume without loss of generality
that all edges of X are loops. Since X is nonempty and connected, this implies that X has one
vertex. We therefore have

X(X) = [V(X)| = [E(X)| =1-[E(X)| <1
2For manifolds, the Poincaré conjecture is a topological characterization of a sphere. Once we have defined the

Euler characteristic for surfaces, the two-dimensional Poincaré conjecture will say that a compact connected surface
is homeomorphic to S? if and only if its Euler characteristic is 2.
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with equality if and only if |[F(X)| = 0, i.e., if and only if X is a tree.? O

C.3.4. Maximal trees. If X is a connected nonempty graph, then a maximal tree in X is a
subtree T of X containing all the vertices. See here:

These always exist:
LEMMA C.3.3. Let X be a connected nonempty graph. Then X has a mazximal tree.

The proof for finite graphs X is a little easier, and this is the only case we need. We therefore
restrict to this case:

ProoOF OF LEMMA C.3.3 FOR FINITE GRAPHS. Assume that X has n vertices. Inductively

define subtrees
"hcl,c---CT,

of X in the following way. Start by choosing a vertex vy of X and letting 77 = vg. Now assume that
Ty, has been constructed for some k < n. Since X has n vertices, it must be the case that T} does
not contain all the vertices of X. Since X is connected, this implies that there must be an edge e of
X that connects a vertex of T}, to a vertex that does not lie in T},. Let T)+1 be the result of adding
e to Ty. This process stops at T, which contains n vertices and hence is a maximal tree in X. [

C.4. Polygonal decompositions and the Euler characteristic

Our proof of the classification of surfaces will depend on a decomposition of the surface that is a
sort of two-dimensional analogue of the decomposition of a graph into vertices and edges.

C.4.1. Basic definitions. A surface equipped with a polygonal decomposition is a compact
surface ¥ (possibly with boundary) together with a finite graph X embedded in ¥ such that each
path component F of ¥\ X is homeomorphic to an open disk Int(ID?). We will call such an F a face
of the polygonal decomposition.* Here is a picture of part of a polygonal decomposition, with the
faces in different colors to help the reader distinguish them:

——ﬁ
/

Here is some terminology for polygonal decompositions:

e The graph X will be called the 1-skeleton.

e The vertices and edges of X will be called the vertices and edges of the polygonal decompo-
sition, and the sets of vertices and edges will be written V(X) and E(X), respectively.

e The set of faces of the polygonal decomposition will be written F(X).

e The Euler characteristic of the polygonal decomposition is x(X) = |V(Z)| — |E(X)|+ |F(Z)].

3Since X has only one vertex, the only way it can be a tree is if it has no edges.
AFor non-compact surfaces, one would also need to require that the closure of each face is compact.
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C.4.2. Existence. The following theorem will play a basic role in our proof:

THEOREM C.4.1. Let X be a compact surface, possibly with boundary. Then ¥ has a polygonal
decomposition.

See Exercise C.7 for the analogous fact in dimension 1. We will not prove Theorem C.4.1, which
requires a long detour into point-set topology. It was originally proved by Radé [11]. See [1] and [10]
for modern versions of Radd’s proof. I remark that I first learned this proof from [1]. A recent and
elegant proof along very different lines can be found in [6]. Amazingly, the proof in [6] uses smooth
manifold techniques (even though the surface is not assumed to be smooth), and avoids doing any
serious point-set work.

REMARK C.4.2. All of the above sources actually prove the slightly stronger fact that ¥ has
a triangulation, that is, a polygonal decomposition where the boundaries of each face are length-3
edge-paths in the 1-skeleton. It is easy to subdivide a general polygonal decomposition and turn it
into a triangulation. O

C.4.3. Examples of polygonal decompositions. Here are a number of examples:

ExXAMPLE C.4.3. Here are two easy polygonal decompositions of S?:

The first has a single vertex v, no edges, and one face S? \ v =2 R? = Int(D?). Its Euler characteristic
is 1 =04 1 = 2. The second has two vertices, two edges, and two faces. Its Euler characteristic is
2 — 2+ 2 = 2. Other polygonal decompositions of S? can be obtained by identifying the boundaries
of polyhedra in R? with S2. For instance:

U 4 i

Here we have stopped trying to draw the faces in different colors. As the reader will check, in each of
these cases the Euler characteristic is 2. For instance, the left-most polygonal decomposition has 4
vertices, 6 edges, and 4 faces, so its Euler characteristic is 4 — 6 + 4 = 2. All these examples reflect a
theorem we will discuss below that says that all polygonal decompositions of the same surface have
the same Euler characteristic. O

EXAMPLE C.4.4. Here are polygonal decompositions of ¥; and ¥s:

The Euler characteristics of these polygonal decompositions are
x(X1)=4-84+4=0,
X(X2) =12—-22+8=-2.

By regarding ¥; and X9 as cubes with holes drilled through their centers, we can obtain two other
polygonal decompositions for which it is a little easier to see that the faces are open disks:
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Again, the reader can verify that these have Euler characteristic 0 and —2. |

ExampLE C.4.5. When we gave examples of surfaces in §C.2, many of our surface came presented
as polygons or disks with sides identified. This gives a polygonal decomposition of the surface. For
instance, here are pictures of the torus T2, the real projective plane RP?, and the Klein bottle K:

T2 RP? K

When we identify the boundary points as shown, the boundary becomes a graph and the interior of
the disk/polygon gives a single face. In the above examples:

e T2 has one vertex and two edges and one face, so x(T?) =1 —2+ 1 = 0; and
e RP? has one vertex and one edge and one face, so X(R]P’Q) =1—-1+1=1;and
e K has one vertex and two edges and one face, so x(K) =1—-24+1=0.

We will give more examples of this later in §C.4.10. ]

C.4.4. Local structure of polygonal decompositions. Let 3 be a closed surface equipped
with a polygonal decomposition. We now discuss the local structure of this polygonal decomposition.
This local structure follows from the definition of a polygonal decomposition. However, the proof is
a little technical and we will omit it.> For a reader who cannot prove it on their own, we suggest
adding these local results to the definition. The various proofs that polygonal decompositions exist
(Theorem C.4.1) give polygonal decompositions where this local structure definitely holds.

Our statements will be informal, but will be sufficient to understand the proof of the classification.
First, a small neighborhood of a vertex looks like this:

Each of the shaded regions is part of a face. These faces need not all be distinct. Next, consider an
edge e. We have e = [0,1] and Int(e) = (0,1). A small neighborhood of Int(e) looks like this:

/

Again, the two shaded regions are parts of two faces, though these faces might be the same. We
now come to a face F. Recall that F' = Int(D?). There exists a homeomorphism ¢: Int(D?) — F
that extends to a continuous map ¢: D? — F. The restriction of ¢ to 9D? = S! is usually a closed
edge-path in the 1-skeleton:

5See Exercise C.8 for analogous results in dimension 1.
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The edges in the 1-skeleton traversed by this closed edge path need not be distinct. There is one case
where this does not hold: for the polygonal decomposition of S? with a single vertex and face and no
edges (cf. Example C.4.3), the restriction of ¢ to 9D? = S! is the constant map to this single vertex.

REMARK C.4.6. Polygonal decompositions also are useful for surfaces with boundary, but the
local structure described above needs to be modified for vertices and edges that are contained in the
boundary. 0

C.4.5. Well-definedness of Euler characteristic. In our examples above, the Euler charac-

teristics of different polygonal decompositions of the same surface were always the same. This always
holds:

THEOREM C.4.7. Let X2 be a compact surface, possibly with boundary. Then the Euler character-
istics of any two polygonal decompositions of ¥ are the same.

The most conceptual proof of this theorem uses homology. For any reasonable compact space X,
that theory produces integers b;(X) > 0 for each i > 0 called the Betti numbers of X. The Betti
number of X are manifestly invariants of X, and for any polygonal decomposition of a compact
surface ¥ we have

X(X) = bo(X) — b1(E) + ba(X).

In fact, there are higher-dimensional versions of polygonal decompositions called CW complex
structures. For a compact space X equipped with a CW complex structure, we have b;(X) = 0 for
i > 0, so the a priori infinite alternating sum

X(X) = bo(X) = by (X) +b2(X) — -+ (=1)"bi(X) + - -

is a finite sum, called the Euler characteristic of X. One of the basic structural theorems about Betti
numbers is that x(X) also equals an alternating sum of the i-dimensional cells of X. We will prove
this more general version in Volume 2 when we discuss homology.

For surfaces, there is also an alternate approach as follows. Along with the existence of polygonal
decompositions (Theorem C.4.1), there is also a uniqueness statement saying that any two polygonal
decompositions of a compact surface ¥ have what is called a common subdivision. What this means
is that after applying a sequence of the following three moves, any two polygonal decompositions
differ by a homeomorphism of X:

e Subdivide an edge as follows:

ol

e Add a vertex and edge in the interior of a face as follows:

e Add an edge connecting two vertices of a face as follows:
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3@

To prove that the Euler characteristic does not depend on the polygonal decomposition, it is thus
enough to observe that the above three moves do not change it. For instance, subdividing an edge
add one vertex and one edge, and these cancel out when calculating the Euler characteristic.

C.4.6. Cutting. We now explore the effect on the Euler characteristic of cutting along simple
closed curves. Let X be a compact surface, possibly with boundary. Let v be a simple closed curve
lying in the interior of ¥. From the theory of manifolds, v has what is called a tubular neighborhood.
There are two cases:

e This tubular neighborhood is an annulus with ~ in its interior like this:

Y

In this case, we say that ~ is a two-sided curve. If 3 is orientable, all v are two-sided.
e This tubular neighborhood is a Mdobius band with v in its interior like this:

(E)-t

In this case, we say that v is a one-sided curve.

Cutting ¥ open along « turns ¥ into a surface S If v is two-sided, the surface ¥ has two more
boundary components than 32, see here:
— _

G, - O(

—
>

On the other hand, if v is one-sided then S has only more more boundary component. We remark
that ¥ might be disconnected.
We will prove:

LEMMA C.4.8. Let X be a compact surface, possibly with boundary. Let v be a szmple closed
curve in the interior of X and let S be the result of cutting X open along . Then x (X ) x(X2).

PROOF. Fix a polygonal decomposition of 5. Assume first that v is two-sided. In this case,
there are boundary components 9; and Js of 3 such that ¥ can be obtained by gluing 9y to Js.
Necessarily 0; and 0, are cycles in the 1-skeleton of s Subdividing edges in the 0; if necessary, we
can assume that 0, and 0y contain the same number of n of vertices. As the following shows, 3 then
has a polygonal decomposition with n fewer vertices and n fewer edges than s
v

Q
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This figure does not include the part of the polygonal decomposition lying in the interior of i, which
is irrelevant for this calculation. These changes in the numbers of vertices and edges cancel out when
we calculate the Euler characteristic, giving that x(2) = y(2).

Now assume that ~y is one-sided. In this case, there is a boundary component 0 of ¥ such that
can be obtained by gluing a Mdbius band to 9. Necessarily 0 lies in the 1-skeleton of S\, Assume that
0 has n vertices. As the following shows, with respect to an appropriate polygonal decomposition ¥

has 1 more edge (labeled e) and 1 more face (labeled F') than X:
1 2 3 4 5 6

6 1

Here we have drawn the M&bius band in a skewed way to emphasize that like on 0 its vertices are
equally spaced around its single boundary component, and again we did not include the part of the
polygonal decomposition lying in the interior of ¥. These changes in the numbers of vertices and

~

edges again cancel out when we calculate the Euler characteristic, giving that x(X) = x(%). O

C.4.7. Capping. We now study the effect on the Euler characteristic of gluing a disk to a
boundary component. Recall that the result does not depend on the gluing map (Exercise C.11).

LEMMA C.4.9. Let ¥ be a compact surface with boundary and let 9 be a boundary component of
Y. Let X be the result of gluing a disk to 0. Then x(X) = x(2) + 1.

PROOF. Choose a polygonal decomposition of ¥. The disk we glued to 9 can serve as a face of
a polygonal decomposition of 3, giving a polygonal decomposition of ¥ with the same number of
vertices and edges as ¥ and one more face. It follows that

X(X) =VE) - [E@)+ FE)]=VE) - [EE@)|+ [FE)+1=x(X)+1. 0
C.4.8. Euler characteristic calculations. Our results about cutting and capping make it
easy to calculate the Euler characteristics of surfaces without needing to find explicit polygonal

decompositions of them. As examples of this, we calculate the Euler characteristics of the genus-g
surface ¥, and the nonorientable genus-n surface ,°:

LEMMA C.4.10. For g > 0, we have x(¥,4) =2 — 2g.

ProoF. Let v1,...,74 be the following two-sided curves on ¥,:

Cutting X, open along the v; yields a connected surface S with 2g boundary components. Gluing
disks to each of these 2g boundary components yields S?; for instance, see here for the case g = 3:

O

LEMMA C.4.11. Forn > 1, we have x(X7°) =2 —n.



200 C. CLASSIFICATION OF SURFACES

PROOF. Let v1,...,7v, be the following one-sided curves on X2°:

Y1 Yo Yn

Cutting 37° open along the v; yields a connected surface S with n boundary components. Gluing
disks to each of these n boundary components yields S?; for instance, see here for the case n = 2:

Applying Lemmas C.4.8 and C.4.9, we deduce that x(Xh°) = X(f)) =x($?)—n=2-n. |

| l

C.4.9. Refined classification. Recall that the classification theorem for surfaces says that
every closed connected surface is homeomorphic to some X, or X2°. Since x(X,) = 2 — 2g and
X(X8°) = 2 — n, this will imply that the homeomorphism type of a closed connected surface is
completely determined by its Euler characteristic and whether or not it is orientable. We state this
refined version of the classification as follows:

THEOREM C.4.12 (Classification of surfaces). Let ¥ be a closed connected surface. Then:

o If X is orientable then ¥ = X, where g > 0 satisfies x(X) = 2 — 2g. In particular, x(X) is
even.
e If ¥ is non-orientable then ¥ = X1° where n > 1 satisfies x(X) =2 — n.

Using this, we can answer the question we posed after stating the first version of the classification
(Theorem C.2.1):

ExampLE C.4.13. Consider the following surface X:

This surface is non-orientable since it contains a cross-cut. To calculate its Euler characteristic, let ~
be the curve drawn above. The curve 7 is two-sided, and when we cut ¥ open along it and cap off
the resulting two boundary components we get ¥; and 7°. It follows that

X(E) = x(Z1) +x(Z°) —2=04+1-2=—1.

By Theorem C.4.12, we deduce that 3 = ¥5°. O
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REMARK C.4.14. Many proofs of the classification of surfaces require the homeomorphism
3 = ¥8° from Example C.4.13, which must be proved by hand. As we will see, our proof does not
need this fact, so the above argument is not circular. O

C.4.10. Polygons with sides identified. We will start the proof of Theorem C.4.12 soon,
but first we give a few more examples of how it can be used. One natural way to build a surface is to
take a polygon (or several polygons) in R? and glue its sides together. We saw several examples of
this already in Example C.4.5. If each side is glued to exactly one other side, then the result will
always be a surface. Indeed, the only place where it is not obviously a surface is at the vertices, and
a neighborhood of a vertex looks like this:

This surface has a natural polygonal decomposition where the glued-together boundary forms the
1-skeleton and the polygon is a single face (or multiple faces if there are multiple polygons). Here are
some example of how to use Theorem C.4.12 to identify the resulting surface:

ExaMPLE C.4.15. Let ¥ be an octagon with sides identified as follows:

X9 X3

X4

Xy
Here we have labeled the sides with letters and oriented them to show how they should be glued.
The bars over the letters indicate a reversed orientation on the edge. The surface ¥ is orientable
since the gluing respects the orientation of the plane:

All the vertices are identified to a single vertex, and the boundary edges glue to 4 edges. Since there
is a single face, we see that x(X) =1—4+ 1= —2. It follows that ¥ = ¥. O

REMARK C.4.16. A nice way to give a gluing pattern on the boundary of a 2n-gon is to label
the paired edges by letters z1,...,z,. You then give a word in letters {z1,Z1, ..., Zn,Tn} obtained
by going around the polygon clockwise starting from some vertex and recording which edge-labels
appear, with a bar indicating that the edge is traversed in the opposite orientation. For instance,
in Example C.4.15 the word would be x129T1Tox324T3T4. For each 1 < i < n, the letter x; should
appear twice (each time possibly with a bar over it). ([l

ExampLE C.4.17. Generalizing Example C.4.15, let 3 be a 4g-gon with sides identified according
to the pattern
T1T2X1T2 -+ T2g—1T29T2g—1T2g-
Again, all the vertices get identified to a single vertex and there are 2g edges and one face, so
x(X)=1-2¢9+1=2—2g. We thus have ¥ = ¥ . |
ExAMPLE C.4.18. Let X be a 2n-gon with sides identified according to the pattern

T1X1T2XL * * Ly,
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For instance, for n = 3 this is
X9

X9

X

X1

X3
The blue strip here glues up to a Mobius band, so ¥ is non-orientable. All the vertices get identified

to a single vertex and there are n edges and one face, so x(X) =1—n+1 =2 —n. We thus have
¥ =ne. O

C.5. The two-dimensional Poincaré conjecture

We now start the proof of the classification by proving the two-dimensional Poincaré conjecture,
which says that S? is the unique connected closed surface with Euler characteristic 2:

THEOREM C.5.1 (Two-dimensional Poincaré conjecture). Let 3 be a closed connected surface.
Then x(X) < 2, with equality if and only if ¥ = S2.

PROOF. Fix a polygonal decomposition of ¥. Its 1-skeleton is a finite graph embedded in X. Let
T be a maximal tree in the 1-skeleton. Next, let X the following graph, which one can view as a sort
of “dual graph” to T

e Put a vertex of X in the center of each polygon of our polygonal decomposition.
e Connect two vertices of X if their associated polygons share an edge that does not lie in 7.

See here:

X

We claim that the graph X is connected. Equivalently, removing T" does not disconnect ¥. The key
to this is the fact that a small neighborhood U of T is homeomorphic to D?:

From this, we see that a path in X that crosses T' can be re-routed to turn and follow the boundary
of U until it gets to the other side of T', proving that T" does not disconnect the surface.

Lemma C.3.2 implies that x(7") = 1 and that x(X) < 1 with equality if and only if X is a tree.
Since each vertex of ¥ is a vertex of T', each polygon of ¥ contains a unique vertex of X, and each
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edge of ¥ is either an edge of T or is crossed by a unique edge of X, we have
X(X) = VE) = [EE)| + [F(o)] = [V(T)| - (IE(T)| + [EX)]) + [V(X)]
=x(T)+x(X)<1+4+1=2.
This proves half of the theorem. Equality holds if and only if x(X) =1, i.e, if X is a tree. Assume,
therefore, that X is a tree. We must prove that ¥ =2 S2. To see this, note that just like above if
we slightly thicken T" and X we get disks D7 and Dy. Choosing these thickenings carefully, we can

ensure that D; and Dy intersect in their boundaries. To help the reader understand this, here is an
example of a polynomial decomposition of a surface where T" and X are trees, along with Dy and Ds:

[
____é —

We deduce that ¥ can be decomposed into two disks meeting along their boundaries:

AP
b

It follows that ¥ = S2. O
Before continuing with the classification, we pause to extract the following from the above proof:

COROLLARY C.5.2. Let ¥ be a closed connected surface such that x(X) < 2. Then there exists a
simple closed curve v on X that is nonseparating, i.e., such that ¥\ v is connected.

ProOOF. Fix a polygonal decomposition of ¥, and let T" and X be as in the proof of Theorem
C.5.1. Since x(X) < 2, it follows from the proof of Theorem C.5.1 that X is a connected graph that
is not a tree. It therefore contains a cycle v. We claim that v is nonseparating.

In fact, even more is true: ¥\ X is connected. To see this, note that any point of ¥\ X can
be connected by a path in ¥\ X to a vertex of the polygonal decomposition. This vertex lies in
the maximal tree T, and since T is connected we can follow a path in 7" to any other vertex of the
polygonal decomposition. The claim follows. |

C.6. The classification of surfaces in general
We now come to the proof of the classification of surfaces, whose statement we recall:

THEOREM C.4.12 (Classification of surfaces). Let ¥ be a closed connected surface. Then:
o If > is orientable then ¥ = X, where g > 0 satisfies x(X) = 2 — 2g. In particular, x(X) is
even.
e If ¥ is non-orientable then ¥ = X1 where n > 1 satisfies x(X) =2 — n.

n ’

ProOOF. Theorem C.5.1 says that x(X) < 2. The proof will be by reverse induction on y(X).
The base case is when x(3) = 2, in which case Theorem C.5.1 says that ¥ =2 S? =2 4. In particular,
Y. must be orientable in this case, as claimed in the theorem.

Assume now that x(X) < 2 and that the theorem is true for closed connected surfaces with larger
Euler characteristics. Corollary C.5.2 implies that there is a nonseparating simple closed curve v on
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Y. As we discussed in §C.4.6, the curve « is either two-sided or one-sided. Let 3 be the connected
surface with boundary obtained by cutting ¥ open along . There are four cases, with the first case
being the only one that occurs for ¥ orientable:

CASE 1. 7 is two-sided and S is orientable.

Since v is two-sided, ¥ has two boundary components. Let X be the closed connected surface
obtained from ¥ by gluing disks to both of its boundary components. Using Lemmas C.4.8 and
C.4.9, we have

~

X&) =xE) +2=x(Z) +2.

We can therefore apply our inductive hypothesis to 3. Since S is orientable, so is . It follows that
¥ =%, where g > 0 satisfies x(X) = 2 — 2g. Since x(X) = x(X) — 2, we have x(X) =2 —2(g + 1).
Our goal, therefore, is to prove that ¥ = ¥ ;.

To see this, note that ¥ is obtained from ¥ 22 ¥4 by removing two open disks D; and Dy whose
closures are disjoint and gluing together the resulting boundary components. In other words, X is
obtained by attached a handle as follows:

(e0cs)
3=3,

It follows that ¥ = ¥/, as desired.

CASE 2. 7 is one-sided and S is non-orientable.

Since y is one-sided, ¥ has one boundary component. Let X be the closed connected surface
obtained from ¥ by gluing disks to its boundary component. Using Lemmas C.4.8 and C.4.9, we have

~

X(2) = x(E) +1=x(2) +1.

We can therefore apply our inductive hypothesis to . Since S s non-orientable, so is X. It follows
that ¥ = ¥8° where n > 1 satisfies x(X) = 2 —n. Since x() = x(X) — 1, we have x(3) = 2— (n+1).
Our goal, therefore, is to prove that 3 = 379 .

To see this, note that ¥ is obtained from ¥ 22 ¥° by removing an open disk D and gluing in a
Mobius band. In other words, X is obtained by adding a cross-cap as follows:

G ® EEE @—»@ ® z;.;ggl ®

It follows that ¥ = X719 |, as desired.

CASE 3. 7 is two-sided and S is non-orientable.

Following the argument in the previous two cases, the surface ¥ has one genus and n > 1
cross-caps as follows:

o ® o ®

What we did wrong in this case was choose the wrong curve v to cut along. Let «; and ~» be as
follows:
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. S @)

The curves 7; and 7» are both one-sided. Since > is one-sided and disjoint from -, it follows that
the surface ¥’ obtained by cutting along v is non-orientable. This reduces us to Case 2.

CASE 4. 7 is one-sided and S is orientable.

This time, if we follow the argument from Cases 1 and 2 we get that ¥ has 1 cross-cap and g > 0

genus as follows:

If g = 0 then ¥ = ¥}° and we are done. Otherwise, we can use the same trick we used in Case 3.
Namely, let y; and ~» be as follows:

The curves 7; and 7» are both one-sided. Since 7> is one-sided and disjoint from -, it follows that
the surface X' obtained by cutting along v; is non-orientable. This reduces us to Case 2. ]

C.7. Extensions of the classification of surfaces

We close this essay by describing two extensions of the classification of surfaces: to compact
surfaces with boundary, and to non-compact surfaces.

C.7.1. Compact surfaces with boundary. Let 3, ; be genus-g surface X, with b open disks
removed and let X7% be a non-orientable genus-n surface with b open disks removed. For instance,

Both ¥, and X, ; are compact surfaces with b boundary components. These are the only surfaces
with boundary:

THEOREM C.7.1 (Classification of surfaces with boundary). Let ¥ be a compact connected surface
with b > 0 boundary components. Then:

o If > is orientable then ¥ = X1, where g > 0 satisfies x(¥) =2 —2g — b.
e If ¥ is non-orientable then X = X719 where n > 1 satisfies x(X) =2 —n —b.

PRrROOF. Gluing disks to all the boundary components of ¥ gives a closed connected surface ¥
with x(X) = x(X) + b. By the classification of surfaces (Theorem C.4.12), we either have ¥ = %,
with () =2 —2g or ¥ = %1° with x(X) = 2 — n depending on whether or not ¥ (and hence X) is
orientable. The theorem follows. |
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C.7.2. Noncompact surfaces. One way to get a noncompact surface is to remove a finite
number of points from the interior of a compact surface with boundary. This gives what is called a
surface of finite type. However, non-compact surfaces can be much more complicated than this. Here
are some examples.

ExAMPLE C.7.2. Let C be a Cantor set embedded in S?. Then S?\ C is a very complicated
non-compact surface. O

ExampLE C.7.3. Consider the following infinite-genus surfaces S; and Ss:

S, S,

The difference between them is that S; has genus going off to infinity only to the right, while So
has genus going off to infinity in both directions. These surfaces are not homeomorphic. One way
to distinguish them is to note that for every compact subset K7 C Si, there is only one component
C of S; \ K such that C is noncompact. However, there exist compact subsets Ky C S such that
Sa \ K5 has two such components. This can be formalized using the theory of what are called “ends”
of a space. O

This might lead the reader to think that there is no hope of classifying noncompact surfaces.
However, there is such a classification making use of “end data”. It was first stated by Kerékjarté [7,
Chapter 5]. His proof had gaps, and the first correct proof was found by Richards [8].

REMARK C.7.4. Noncompact surfaces with boundary are even more complicated, especially
if they have noncompact boundary components. However, a classification of them was found by
Brown—Messer [3]. O

C.8. Exercises

EXERCISE C.1. Determine the surfaces by identifying sides of polygons as follows:
(a) The L-shaped polygon with opposite sides identified here:

X3
X2 X2
X4
X X
X3 Xy
(b) The hexagon with sides identified here:

X3

X3

X9

X

X9

(¢) The two squares with slits here:
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X X4
X3 X3
X9 —h—o Xy X5 —h—o X;
X X4
For this, make sure you are working with a polygonal decomposition. O

EXERCISE C.2. As we discussed after stating Theorem C.4.12, the following surface is homeo-

morphic to 35°:

Prove this directly by decomposing both 35° and the above surface into the union of three Mdbius
bands and ¥ 3 glued along their boundaries. ]

EXERCISE C.3. Using the fact that the Euler characteristic of S? is 2, prove that any regular
polyhedron in R? is either a tetrahedron, a cube, an octahedron, a dodecahedron, or an icosahedron.
This goes back to the ancient greeks, and appears in Euclid’s Elements. O

EXERCISE C.4. Using the fact that the Euler characteristic of S? is 2, determine the number of
components of the complement of n great circles on S? no three of which pass though a common
point. O

EXERCISE C.5. Let y; and 72 be two nonseparating simple closed curves on 3,. For instance,
the ~; might be the following:

oo ) (CED

Prove that there is a homeomorphism f: ¥, — 3/ such that f(y1) = 2. Hint: use the classification
of surfaces with boundary to prove that the 5urfaceb you get by cutting ¥, open along the ; are
homeomorphic. O

_EXERCISE C.6. Let f: Y > Yhbea degree-d cover between closed connected surfaces. Prove that
X(X) = dx(¥). Hint: Figure out how to lift a polygonal decomposition of ¥ to one of 3. O

EXERCISE C.7. Let M be a 1-manifold. A triangulation of M is a closed discrete subset V' C M
call the wertices such that each path-component E of M \ V is homeomorphic to (0,1) and has
compact closure. We will call these E the edges of the triangulation. Prove that M has a triangulation
by following these steps:

(a) First prove that there is a countable open cover {U; | i € I} of M with the following
properties:
— For each i € I, the closure U; is a closed subset of M homeomorphic to [0,1] via a
homeomorphism taking U; to (0, 1).
— The set {ﬁi | i€ I} is locally finite, i.e., for each compact subset K C M the set
{iel|U;NK #0} is finite.
We remark that this will use the fact that M is second countable and Hausdorff.
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(b) Letting {U; | i € I} be as in (a), set
V=|JU:\U.

iel
Prove that V is the set of vertices of a triangulation of M. We remark that this will also
use the fact that M is Hausdorff. |

EXERCISE C.8. Let M be a 1-manifold. Fix a triangulation of M as in Exercise C.7. We will
verify that M has local properties similar to those of polygonal decompositions of surfaces; cf. §C.4.4.

(a) Prove that for each vertex v of the triangulation, there exists an open neighborhood U of v
along with a homeomorphism f: (—1,1) — U such that f(0) = v and such that f takes
both (—1,0) and (0, 1) into open subsets of edges of the triangulation. These edges need
not be distinct.

(b) Let E be an edge of the triangulation. Prove that there is a homeomorphism g: (0,1) — E
that extends to a continuous map G: [0,1] — M with G(0) and G(1) vertices of the
triangulation. Hint: This exercise will require you to use the fact that manifolds are
Hausdorf. ]

EXERCISE C.9. Let M be a connected 1-manifold. Prove that M is homeomorphic to either S!
or R. Hint: use a triangulation as in Exercises C.7 and C.8. We remark that this relies on the fact
that manifolds are second countable and Hausdorff. Without these conditions there are many more
examples of connected 1-manifolds. Even assuming second countability, as far as I am aware there is
no reasonable classification of non-Hausdorff 1-manifolds. |

EXERCISE C.10. Let X be either X, or 79 with b > 1, let d be a boundary component of
3, and let f: O — O be a homeomorphism. In this exercise, you will prove that f extends to a
homeomorphism F': ¥ — 3.

(a) Prove that if ¢: S! — S! is an orientation-preserving homeomorphism, then there is
a homotopy ¢¢: S! — S! such that ¢9 = ¢ and ¢; = 1 and such that each ¢, is a
homeomorphism. Hint: First reduce to the case where ¢(1) = 1. Identify ¢ with a path
i I — St with 1(0) = 4(1) = 1, and then try lifting ¢ to the universal cover p: R — S! of
St.

(b) Using (a), prove the exercise for f orientation-preserving. Hint: Use the fact® that O has a
collar neighborhood, i.e., an embedding ¢: 9 x [0, 1] — ¥ such that ¢(z,0) = z for all z € 9.

(¢) Conclude by proving the exercise for f orientation-reversing. Hint: using (b), show that
it is enough to exhibit a single orientation-reversing homeomorphism ¢: ¥ — ¥ with

$(8) = 0. O

EXERCISE C.11. Let ¥ and X’ be compact connected surfaces with boundary. Assume that X
is either ¥, or Z7% with b > 1. Let 0 be a boundary component of ¥ and let 0" be a boundary
component of ¥’. Let f1, fo: 0 — 0 be two homeomorphisms and let S; be the result of gluing & C 2
to &' C ¥’ using f;. Prove that S; is homeomorphic to S,. Hint: Exercise C.10 will be helpful. O
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Dimension theory (to be written)
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ESSAY E

The Brouwer fixed point theorem

This chapter gives an elementary proof of the Brouwer fixed point theorem based on Sperner’s
Lemma, which is a classic result about the combinatorics of triangulations.

E.1. Simplices and triangulations

Let P C R? be a nonempty finite subset. Enumerate P as P = {py,...,pr}. An affine linear
combination of the points of P is a point in R? of the form

Mp1+ -+ M\epr € RT with Ay, ..., Ay € R such that A\; +--- + A\, = 1.

The affine hull of P, denoted Aff(P), is the collection of all points that are affine linear combinations
of the points of P. We say that P is affinely dependent if a point can be expressed as an affine linear
combination of points of P in two different ways. Here are two equivalent ways of expressing this
(see Exercise E.1):

e There exist A1,..., A\ € Rwith Ay +---+ Ay =0 and (A\,..., ;) # (0,...,0) such that
Ap1+ -+ Agpr = 0.
e The vectors {ps — p1,...,Pr — P1} in R? are linearly dependent.

If P is affinely dependent, then there exists some 1 < i < k such that Aff(P\ p;) = Afi(P). If P
is not affinely dependent, then we say that P is affinely independent. The convex hull of P is the
subspace

U(P):{)\lpl—i—---—i—)\kpk|)\1,...,)\120and)\1+---—|—)\;€:1}

of Aff(P). A k-simplex is a subspace of R? of the form o(P) with P an affinely independent set
with |P| = k + 1. We will just call this a simplex if we do not want to specify k. A k-simplex is
homeomorphic to D* (see Exercise E.2). The faces of o(P) are the subspaces of the form o(P’) with
P’ C P nonempty. The dimension of a face o(P’) is its dimension as a simplex, namely |P’| — 1.

Letting B = {ey,...,e,+1} be the standard basis for R"*!, the standard n-simplex is the simplex
A™ = g(B). We thus have A™ =2 D". Here are some pictures:

The different faces are indicated.
A triangulation of a subspace X of R? is a decomposition X into a union of simplices with the
following three properties:

e If o is a simplex of the triangulation, then so are all the faces of o.

e If 0 and ¢’ are two simplices of the triangulation, then o N o’ is either empty or is a face of
both o and o”.

e For each point p € X, there is an open neighborhood U of p that only intersects finitely
many simplices in the triangulation. This is automatic if the triangulation has only finitely
many simplices, which will be the case in all our examples in this chapter.

Here is an example of a triangulation of a 2-simplex:
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Let 9 be the standard distance funtion on R%. The diameter of a simplex o is
diam(o) = max {d(z,y) | x,y €o}.
The mesh size of the triangulation is the maximal diameter of any of its simplices. We have:

LEMMA E.1.1. Fizn > 1. For all € > 0, there exists a triangulation of A™ whose mesh size is at
most €.

PROOF. See Exercise E.3. O

E.2. Sperner’s Lemma

The key to our proofs is a simple combinatorial property of triangulations of simplices. Let
B ={ei1,...,e,11} be the standard basis for R"*!, so A" = ¢(B). Fix a triangulation of A", and let
V be the set of O-simplices of this triangulation (the vertices). A Sperner coloring of this triangulation
isaset map s: V — {1,...,n+ 1} such that the following holds for each v € V:
e Assume that v lies in a face o(B’) for some B’ C B. Write B’ = {e;,,...,e;, }. Then
S(U) S {il, ey Zk}
We have e; € V, and this rule implies in particular that s(e;) = i. We view the labels {1,...,n+ 1}
as “colors” for the vertices. Here is an example of a Sperner coloring of a triangulation of A2, with
the vertices colored with the colors black and blue and orange to mean that they are labeled with 1
and 2 and 3:

A rainbow n-simplex of s is an n-simplex o(v1,...,Un4+1) such that {s(v1),...,s(vp+1)} ={1,...,n+
1}. In the following the rainbow n-simplices are shaded:

Sperner’s lemma says that rainbow n-simplices always exist. In fact, even more is true:

LEMMA E.2.1 (Sperner’s Lemma). Fiz a triangulation of A™ with vertex set V. Let s: V —
{1,...,n+ 1} be a Sperner coloring. Then there are an odd number of rainbow n-simplices of s.

PROOF. The proof will be by induction on n. The base case n = 0 is trivial since A° consists of
a single point. Assume now that n > 1 and that the lemma is true for A"~1,

Call an (n — 1)-simplex o(v1,...,v,) of the triangulation a rainbow (n — 1)-simplex if we have
{s(v1),...,s8(vn)} = {1,...,n}. In particular, none of the s(v;) equal n + 1. Identify A"~ C R"
with the face of A” C R"*! that is the convex hull of the first n standard basis vectors of R?*1.
Our triangulation restricts to a triangulation of A”~!, and the Sperner coloring of our triangulation
restricts to a Sperner coloring of A”~!. Our inductive hypothesis thus implies that there are an odd
number of rainbow (n — 1)-simplices in A"~1.
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Recall that a graph G is a collection of vertices V(G) connected by edges £(G). Let G be the
following graph:

e The vertices V(G) consist of the n-simplices o of the triangulation plus a single additional
vertex .
e The edges £(G) consist of the rainbow (n — 1)-simplices of the triangulation. The edge
corresponding to a rainbow (n — 1)-simplex f connects the following two vertices:
— If f is a face of two n-simplices o and ¢’ of the triangulation (so f lies in the “interior”
of A™), then f connects the vertices corresponding to ¢ and o’.
— If f is the face of only one n-simplex o of the triangulation (so f lies in the “boundary”
of A™), then f connects the vertex corresponding to o to x.

This graph can be visualized by placing a vertex of G in the center of each m-simplex of the
triangulation and the vertex xy outside of A™ and then connecting the vertices according to the
above rule. Here is an example, with G drawn in green:

NPAY
AR
e

The reader will notice that many vertices of G have no edges coming out of them. As we will soon
see, this is not atypical.

Recall that the degree of a vertex x of a graph, denoted deg(x), is the number of edges coming out
of z. By definition, deg(z¢) is the number of rainbow (n — 1)-simplices f that are the face of exactly
one simplex of the triangulation. Since our coloring is a Sperner coloring, a rainbow (n — 1)-simplex
f must lie on the face A"~1 of A™. As we discussed above, our inductive hypothesis therefore implies
that deg(zo) is odd.

Let V,,(G) be the set of vertices corresponding to n-simplices, so V(G) = V,,(G) U {xg}. For
o € V,(G), we have deg(o) € {0,1,2} with deg(o) = 1 exactly when o is a rainbow n-simplex (see
Exercise E.4). Here are some possibilities when n = 2:

From this, we see that to show there are an odd number of rainbow n-simplices, we must prove that
Z deg(oc) =1 (mod 2).
g€V, (G)
Since each edges connects two vertices, we have
deg(xo) + Y deg(o)= > deg(x)=2/€(G)[=0 (mod2).
oeVL (@) zeV(G)
It follows that

Z deg(o) = deg(zp) =1 (mod 2),
o€V, (G)

as desired. 0
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E.3. Brouwer fixed point theorem
We now use Sperner’s Lemma, to prove the following classic result:

THEOREM E.3.1 (Brouwer fixed point theorem). Let f: D™ — D" be a map. Then there exists
some x € D™ such that f(x) = x.

PRrROOF. Identify D™ with the standard n-simplex
A" ={(z1,. ., Xpy1) ER® | 21,...,2pp1 > 0and z1 + -+ + xpy1 = 1}

see Exercise E.2. Under this identification, f is a map f: A" — A" Assume for the sake of
contradiction that f(x) # x for all x € A™. We will use this assumption to find z € A" with f(z) = z
(which is a contradiction, but also what we were trying to find in the first place!).

Define a non-continuous set map

st A" = {1,...,n+ 1}
as follows. Consider x = (21,...,2p41) € A", and let f(x) = (y1,...,Yn+1)- Since f(x) # x and the
x; and y; are nonnegative real numbers satisfying
1+ +Tpr1 =1+ FYnt1 = 1,

there must be some 1 < iy < n+ 1 such that y;, < x;,. Choose some such g, and define s(x) = 4.
The map s is sort of like a Sperner coloring in the following sense. Let B = {eq,...,e,41} be
the standard basis for R"*!. Then:
(#) Consider x € A™ such that x lies in a face o(B’) for some B’ C B. Write B’ = {e;,,...,¢e;, }.
Then s(x) € {i1,..., i}
Indeed, for j ¢ {i1,...,ix} the ej-coordinate of x is 0, so f cannot decrease the ej-coordinate of x.
For each triangulation of A", it follows from (#) that the restriction of s to the vertices of the
triangulation is a Sperner coloring. Sperner’s Lemma (Lemma E.2.1) implies that our triangulation
has a rainbow n-simplex. For each £ > 1, apply this to a triangulation with mesh size less than 1/¢
(see Lemma E.1.1) and let x(¢) be a point in this rainbow n-simplex. Letting 0 be the standard
distance function on R**1, for all £ > 1 we then have:
(%) For each 1 < i <mn+ 1, there is a point x’ € A™ with d(x(¢),x") < 1/¢ such that s(x') = .
By the Heine-Borel theorem (Theorem 1.10.5), the n-simplex A™ is compact and thus sequentially
compact. Some subsequence of the sequence {x(¢)}¢>1 therefore converges to a point z. For all € > 0
and 1 <4 <n+1, it follows from (&) that the following holds:
(#) Thereis a point z' € A™ with 9(z,2’) < e such that s(z’) = 1, i.e., such that the e;-coordinate
of f(z') is less than the e;-coordinate of z’.
Let z = (z1,...,2n41) and f(z) = (wy,...,Wnpy1). From (@), we deduce that w; < z; for all
1 <i<n+1. Since the z; and w; are nonnegative numbers satisfying

2+t =wr A+ wpg =1,
this implies that w; = z; for all 1 <i < n+1, i.e, that f(z) = z, as desired. O

If X is a space and Y C X is a subspace, then a retraction of X to Y is a map r: X — Y such
that r(y) =y for all y € Y, i.e., such that |y = 1y. Note that S*~* € D". The Brouwer fixed point
theorem implies the following;:

COROLLARY E.3.2. Forn > 1, there does not exist a retraction r: D* — S?~1,
PROOF. Assume a retraction r: D" — S"~! exists. Let a: S*~! = S*~! be the antipodal map:
a(x)=—x forallx e S" ' CR".

Since a has no fixed points, it follows that the map aor: D™ — D™ has no fixed points, contradicting
the Brouwer fixed point theorem. ]

REMARK E.3.3. Almost every tool in algebraic topology can be used to prove the Brouwer fixed
point theorem. Most of those proofs actually first establish Corollary E.3.2. See Exercise E.5 for how
to derive the Brouwer fixed point theorem from Corollary E.3.2. O
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E.4. Exercises

EXERCISE E.1. Let P = {p1,...,pr} be a finite set of points in R™. Prove that the following are
equivalent:
e The set P is affinely dependent.
e There exist A1,..., A\ € Rwith Ay +---+ Ay =0 and (A\1,..., ;) # (0,...,0) such that
Ap1+ -+ Aepr = 0.
e The vectors {p2 — P1,...,Pr — P1} in R™ are linearly dependent. |

EXERCISE E.2. Prove that a k-simplex is homeomorphic to DF. O

EXERCISE E.3. Fix n > 1 and € > 0. Prove that there exists a triangulation of A™ whose mesh
size is at most €. O

EXERCISE E.4. Fix a Sperner coloring of a triangulation of A™. Let ¢ be an n-simplex of
the triangulation, and let d be the number of (n — 1)-dimensional faces of o that are rainbow
(n — 1)-simplices. Prove that d € {0,1,2} with d = 1 exactly when o is a rainbow n-simplex. ]

EXERCISE E.5. Prove that Corollary E.3.2 implies the Brouwer fixed point theorem by construct-
ing from a map f: D" — D" with f(x) # x for all x € D" a retraction r: D* — S"~!. Hint: for
x € D", define r(x) to be the intersection point with S*~! of a ray starting at f(x) and passing
through x. O






ESSAY F

The Jordan separation theorem

This essay proves the Jordan separation theorem. As an application, we prove that disks and
spheres are never homeomorphic.

F.1. Jordan non-separation theorem

The easiest special case of the Jordan non-separation theorem is that no subspace X C S™ with
X =D can separate S” into multiple path components. Since DV is a single point, another way
to state this is that for all pg € S™, the space S™ \ pg is path connected. In fact, even more is true:
S™\ po 2 R™ (see Exercise F.2).

The general case allows X to be homeomorphic to an arbitrary disk. Since a disk can be
embedded into S™ in many ways, this is a far more non-trivial fact. The proof is as follows:

THEOREM F.1.1 (Jordan non-separation theorem). For somen >1 and m >0, let X C S™ be a
closed subspace with X = D™. Then S™\ X is path-connected.

PROOF. Assume that S” \ X is not path-connected and let U’ be a path component of S™ \ X.
Set V' = (S"\ X)\ U’. Both U" and V' are open subsets of S”. Pick some ¢y € V'. We have
S™\ qo = R™ (see Exercise F.2). Pick a homeomorphism h: S™\ ¢g — R"” and set ¥ = h(X) and
U=hU") and V = h(V’\ qo). The following hold (see Exercise F.2):

e Y is a closed subset of R" satisfying Y = D™; and
e U is a path component of R” \ Y that is bounded' and V = (R"\ Y)\ U.

Translating everything and rescaling, we can assume that 0 € U and that U is contained in the unit
disk D™. The picture is as follows:

‘/\[Dn

Y is somewhere on
Vv the boundary of U

Since R™ is locally path connected and R™ \ Y is an open subspace of R", it follows that R™ \ Y’
is locally path-connected. This implies that the path components of R™ \ Y are the same as the
connected components and that the connected components are both open and closed. It follows that
U is both open and closed in R™ \ Y. In particular, there is a closed set C' C R™ such that

U=CnR"\Y)=C\Y.
From this we see that
A=UUY =(C\Y)UY =CUY
IThat is, U is contained in some large ball around the origin.
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is closed in R™. Similarly, the set B =V UY is closed. By construction, A and B are nonempty
closed sets with R* = AUBand ANB=Y.

Recall that I = [0,1]. Since Y 2 D™ and D™ = I (see Exercise F.1), a map f: R" - Y can
be viewed as an m-tuple of maps R™ — I. The space R™ is normal, so the Tietze extension applies
to it. Applying the Tietze extension theorem m times, we can therefore extend the identity map
1y:Y — Y to a continuous map f: R™ — Y. Define r: R™ — R" to be the map

_Jf(p) ifpeA,
rp) = {p if pe B.

For p e AN B =Y, we have f(p) = p, so this definition makes sense and defines a continuous
function (see Exercise 12.5). By construction, r is a retraction from R™ to B. There also exists a
retraction r": D® \ 0 — S"~! (see Exercise F.3). The composition

D 2 BpApr — s
is then a retraction. Using the Brouwer fixed point theorem, we proved in Essay E that no such
retraction exists (see Corollary E.3.2), so this is a contradiction. O

REMARK F.1.2. Deeper than Theorem F.1.1 is the Jordan separation theorem, which says that
for any closed subspace X C S™ with X =2 S"~! the space S" \ X has two path components. It is
not hard to see that this implies a similar result with S™ replaced by R™. A special case of this is
the Jordan curve theorem, which says that any embedded circle in R? separates R? into two path
components.

I am not aware of any proof of the general high-dimensional Jordan separation theorem that
does not use tools from algebraic topology. However, there are elementary proofs of the Jordan curve
theorem. We will give one in Essay G. ]

F.2. Distinguishing spheres and disks
F.3. Exercises
EXERCISE F.1. Prove that D* is homeomorphic to I*. O
EXERCISE F.2. WRITE IT!!!
EXERCcISE F.3. WRITE IT!!! ]

O
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CW complexes (to be written)
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ESSAY J

Quotients by group actions

This essay discusses the point-set topology of group actions. Our exposition is influenced by the
paper [1], to which we refer the reader for many more results along these lines.

J.1. Group actions

Let G be a group and X be a space. In this chapter, actions of G on X are always assumed to
be continuous. This means that a (left) action of G on X consists of a left action of G on the points
of X such that for all g € G the left-multiplication map mgy: X — X defined by

mg(z) =gx forge Gandor e X

is continuous. Since m; = mg—1
For a subset Y C X, let

g = Mg—1My, the map my is necessarily a homeomorphism.

GY={gy|lgeGandyeY}.
A G-orbit of X is a set of the form G-zg for some g € X. For Y C X, the set G-Y is a union of
G-orbits. We write X/G for the space of orbits of G acting on X, equipped with the quotient topology.
Letting 7: X — X/G be the projection, a set U C X/G is thus open if and only if 7=1(U) C X is
open. Here are some examples:

EXAMPLE J.1.1. The group Z acts on R by integer translations, and R/Z = S*. O

ExaMPLE J.1.2. The cyclic group C5 of order 2 acts on S" via the antipodal map. In other
words, if t € Oy is the generator and p € S® C R"*!, then t-p = —p. The quotient S"/Cy is the
space of pairs of antipodal points on S”. A line in R®*! though the origin intersects S™ in a pair of
antipodal points, so we can identify S"/C5 with the space of lines through the origin in R™*!. This
space of lines is called real projective space, and is denoted RP™ = S§"™/Cj. |

J.2. Easy facts about quotients

Many of our results will depend on the following observation:
LEMMA J.2.1. Let G be a group acting on a space X. Then the projection m: X — X/G is an
open map.

PROOF. See Exercise J.2. O

Using this, we see that many properties of spaces pass to quotients by group actions:

LEMMA J.2.2. Let G be a group acting on a space X. The following hold:
(a) If X is path connected (resp. connected), then X/G is path-connected (resp. connected).
(b) If X is first countable (resp. second countable, resp. separable), then X/G is first countable
(resp. second countable, resp. separable).
(c) If X is compact, then X/G is compact.
(d) If X is locally compact, then X/G is locally compact.
PrOOF. Let m: X — X/G be the projection. These are all consequences of the following facts:
e The map 7 is a continuous open map (Lemma J.2.1).
e Like all continuous maps, 7w takes compact sets to compact sets.
See Exercise J.3. O

Lemma J.2.2 does not say anything about Hausdorff or normal spaces, and as we will see even
fairly tame group actions do not always preserve these properties.
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J.3. Finite group actions
We start by observing that these separation properties are always preserved if G is finite:

LEMMA J.3.1. Let X be a space and let G be a finite group acting on X. Then:

(i) If X is Hausdorff, then X/G is Hausdorff.
(i) If X is normal, then X/G is normal.

ProOF. We prove (i) and leave (ii) as Exercise J.4. Assume that X is Hausdorff. Let 7: X —
X/G be the quotient map. Consider x,y € X such that w(z) # 7(y). We must find disjoint open
neighborhoods of 7(z) and 7(y). Let

S=Gzr={gz|geG and T=Gy={gy|geG}.

By assumption, S and T are disjoint finite subsets of X. Since X is Hausdorff, we can find open
neighborhoods U of S and V of T with U NV = () (see Exercise 16.1). For all g € G, the open set
g-U is an open neighborhood of S and the open set g-V is an open neighborhood of T'. Letting

U = ﬂ gU and V' = ﬂ gV,
g€eaG g€eG

it follows that U’ is an open neighborhood of S and V' is an open neighborhood of T'. By construction,
we have U' NV’ = 0 and also g-U’ = U’ and ¢g-V' = V' for all ¢ € G. Since the quotient map
m: X = X/G is an open map (Lemma J.2.1), we conclude that 7(U’) and (V') are disjoint open
neighborhoods of 7(z) and 7(y), as desired. O

J.4. Free actions, and why they can be pathological

Nothing like Lemma J.3.1 can be true for actions of infinite groups. Let G be a group acting on
a space X. For z € X, let G, be the stabilizer of z, i.e.,

G,={9€G|gz=xz}.

One natural condition to impose on an action of a group G on a space X is that it is free, that is,
that G, =1 for all x € X. Here is an easy example showing that this can still be pathological:

EXAMPLE J.4.1. Let Q act by R by translations. Then R/Q is not Hausdorff (see Exercise
1.5). O

A reader might think that the source of this pathology is that Q is “too large”. For instance,
though Q is countable it is not finitely generated. Here is an example showing that even for the
simplest infinite group Z we can still have pathological free quotients:

EXAMPLE J.4.2. Consider the 2-torus T? = (S')*2. As the following figure shows, we can identify
T? with R?/Z? with Z? acting on R? by integer translations:

Of course, this action is not pathological. Let G = Z with generator ¢ = 1. Fix an irrational number
a € R, and define an action of G on R? via the formula

t"(x,y) = (x +n,y +na) forall (z,y) € R* and n € Z.

This action commutes with the action of Z2, and thus descends to an action of G on R?/Z? = T2
This action is free (see Exercise J.6). It turns out that all the G-orbits in T? are dense and that
T?/G is not Hausdorff (see Exercise J.6). O
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J.5. Covering space actions, and why they can be pathological

From the discussion above, we see that we have to avoid dense orbits. One way to exclude them
is as follows. An action of a group G on a space X is a covering space action® if for all z € X the
following holds:

e There exists an open neighborhood U of x such that U N g-U = ) for all g € G with g # 1.

Equivalently, g1-U N go-U =  for all distinct g1, g2 € G.

Covering space actions are clearly free. We have already seen many covering space actions:

e the action of Z on R by translations with R/Z = S' (Example J.1.1); and

e the action of Cy on S" with S"/Cy = RP" (Example J.1.2); and

e the action of Z2 on R? by translations with R?/Z2 = T? (Example J.4.2).
These examples might suggest that these actions are not pathological. Unfortunately, they can still
have pathological quotients. Here is an example:

EXAMPLE J.5.1. Let X = R?\ 0 and let G = Z with generator ¢t = 1. Define an action of G on
X as follows:
t"(z,y) = (2"z,27"y) for all (z,y) € X and n € Z.
This is a covering space action (see Exercise J.8). Let m: X — X /G be the quotient. The points

7(1,0) and 7(0,1) then do not have disjoint open neighborhoods (see Exercise J.8), so X/G is not
Hausdorff. m

REMARK J.5.2. Let (M,0) be a metric space and let G be a group acting on M. We say that G
acts by isometries if
(g-z,gy) =0(x,y) forall z,y € M and g € G.
Below in Lemma J.7.2 we will prove that if G acts by isometries via a covering space action, then
M /G is Hausdorff. In other words, we can avoid pathological examples like Example J.5.1 if we insist
that our groups preserve a metric. (|

J.6. Proper actions

Consider a group G acting on a space X. Regard G as a discrete topological space, and consider
the map 0: G x X — X x X defined by

o(g,x) = (x,g-x) forallge G and x € X.

We call ¢ the action map of the group action. In terms of the action map, we have the following
criterion for X/G to be Hausdorff:

LEMMA J.6.1. Let G be a group acting on a space X. Assume that the image of the action map
0:Gx X — X x X is closed. Then X/G is Hausdorff.>

PrROOF. Let m: X — X/G be the projection. Consider z,y € X with m(x) # w(y). We must
find disjoint open neighborhoods of 7(z) and 7 (y). Let E C X x X be the image of o, so E is closed.
Since m(x) # 7(y), we have (z,y) ¢ E. Since E is closed, we can find open neighborhoods U of = and
V of y such that the open neighborhood U x V of (z,y) is disjoint from E. Since U x V is disjoint
from E, the sets m(U) and 7(V') are disjoint. Since 7 is an open map (Lemma J.2.1), the sets 7(U)
and (V) are disjoint open neighborhoods of 7(x) and 7(y). O

The action of G on X is a proper action if its action map is a proper map. We also say that
G acts properly on X. As we will see below, there are simple criteria that imply this. Since proper
maps are closed, Lemma J.6.1 implies:

LEMMA J.6.2. Let G be a group acting properly on a space X. Then X/G is Hausdorf}.

The author of this book does not know if the following holds:

QUESTION J.6.3. Let G be a group acting properly on a normal space X. Is it necessarily the
case that X/G is normal? O

IThe terminology will be explained in a later volume when we discuss covering spaces.
2Lt is a little strange that we do not need to assume that X is Hausdorff.
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However, the following result gives something stronger in many cases.

COROLLARY J.6.4. Let G be a group acting properly on a second countable locally compact
metrizable space X. Then X/G is a second countable locally compact metrizable space.

PrOOF. Lemma J.2.2 implies that X/G is second countable and locally compact. To see that it
is metrizable, note that Lemma J.6.2 implies that X/G is Hausdorff. Since second countable locally
compact Hausdorff spaces are regular (Lemma 18.2.1), the space X is regular and the Urysohn
metrization theorem (Theorem 22.2.1) applies and shows it is metrizable. O

REMARK J.6.5. This applies in particular if X is either an open or a closed subspace of R™. [J

REMARK J.6.6. The local compactness assumption can be removed if for some metric on X the
group G acts by isometries. See Exercise J.9. O

J.7. Criteria for proper actions

We now give two criteria that ensure that a group action is proper. Confusingly, these different
criteria are both called “proper discontinuity” in the literature. The first criterion is:

LEMMA J.7.1. Let X be a Hausdorff space that is either first countable or locally compact. Let G
be a group acting on X such that the following holds:
e For all compact subsets K C X, the set {g € G | KN g-K # (} is finite.

Then G acts properly on X. Consequently, X/G is Hausdorff.

PROOF. Let 0: G x X — X x X be the action map and let L C X x X be compact. By Lemma
19.2.2, it is enough to show that o~1(L) is compact. Let 71: X x X — X and m3: X x X — X be
the two projections. Set K = m1(L) Uma(L). The set K is compact and L C K x K. Since X is
Hausdorff, the set L is closed and thus o~!(L) is a closed subset of 0 ~}(K x K). It is therefore
enough to prove that 0~ 1(K x K) is compact. For this, it follows from the definition of o that
o YK x K) = A x K with

A={geG|KngK#0}.

By assumption A is finite, so since K is compact it follows that A x K is compact, as desired. [

For our second result, recall that a group G acts on a metric space (M, ) by isometries if
gz, g-y) =0(x,y) forall x,y € M and g € G.
Also, for x € M and r > 0 recall that B,.(x) denotes the open r-ball around z. We then have:
LEMMA J.7.2. Let (M,0) be a metric space. Let G be a group acting on M by isometries such
that the following holds:
e For all x € M, there exists some € > 0 such that {g € G | Be(z) N g-Be(x) # 0} is finite.
Then G acts properly on M. Consequently, M/G is Hausdorff.

REMARK J.7.3. Lemma J.7.2 applies in particular to actions by isometries on metric spaces that
are covering space actions. O

PROOF OF LEMMA J.7.2. Let K C M be compact. Set A = {ge G| KNg-K #(0}. By
Lemma J.7.1, it is enough to prove that A is finite. For the sake of contradiction, assume that A is
infinite. We can thus find a sequence {z, },>1 of points of K and a sequence {g,},>1 of distinct
elements of A such that g,-x, € K for all n > 1. Since K is a compact subset of the metric space M,
it follows that K is sequentially compact. Passing to subsequences, we can therefore assume that
there are y, z € K such that

lim z, =y and lim g,-z, = z.
N oo N oo

Using our assumption, we can find some € > 0 such that

(J.7.1) {9 € G| B(y) Ng-Be(y) # 0}
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is finite. Choose N > 0 such that for n > N we have d(x,,y) < €/2 and ?(gn-xn, 2) < €/4. For
n > N, we thus have x,, € B.(y). Also, using the fact that G acts by isometries we have

2(gn" gn-Tnsy) < OGN gn-Tn, TN + (2N, y)
=0(gnTn, gn-N) + (TN, Y)
< (gnTn, 2) + (2, gn-TN) + (TN, Y)
<e/d+e/d+e/2=cF,

80 gn'gn Ty € Be(y). In other words, for n > N we have B(y) N gxn'gn-Be(y) # 0. By assumption
the gn' g, are all distinct, so this contradicts the fact that (J.7.1) is finite. O

J.8. Exercises

EXERCISE J.1. For the following groups G acting on spaces X, identify X/G:
(a) The cyclic group G = Cy of order 2 generated by ¢t € Cy acting on R via

t-x = —x forall z € R.
(b) The group G = Z generated by ¢t = 1 acting on X = R" \ 0 by
t"-x =2"x forallmeZ and x € X.
(¢) The cyclic group G = C5 of order 2 generated by ¢t € Cy acting on X = S™ via
t(@1, .y Tpg1) = (=21, 29, Tpyy)  for all (z1,...,2,41) € S C R*T O

EXERCISE J.2. Let X be a space and let G be a group acting on X. Prove that the projection
m: X — X/G is an open map. O

EXERCISE J.3. Let G be a group acting on a space X. Prove the following;:

a) If X is path connected, then X/G is path-connected.

) If X is connected, then X/G is connected.

) If X is first countable, then X/G is first countable.

d) If X is second countable, then X /G is second countable.

) If X is separable, then X/G is separable.

) If X is compact, then X/G is compact.

(g) If X is locally compact, then X/G is locally compact. O

EXERCISE J.4. Let X be a normal space and let G be a finite group acting on X. Prove that
X/G is normal. O

EXERCISE J.5. Let Q act by R by translations. Prove that R/Q is not Hausdorff. |

EXERCISE J.6. Let G = Z with generator t = 1. Fix an irrational number o € R, and define an
action of G on R? via the formula

t"(z,y) = (x +n,y +na) for all (x,y) € R* and n € Z.
This action commutes with the action of Z2, and thus descends to an action of G on R?/Z? = T2.
Prove the following:
(a) The action of G' on T? is free.
(b) For all p € T?, the G-orbit G-p = {g-p | g € G} is dense in T?.
(c) The quotient T?/G is not Hausdorff. O

EXERCISE J.7. Let X = R?\ 0 and let G = Z with generator ¢ = 1. Define an action of G on X
as follows:
t"(z,y) = (2"z,27"y) for all (z,y) € X and n € Z.
Prove the following:
(a) This is a covering space action.
(b) Letting ¢: X — X/G be the quotient, the points ¢(1,0) and ¢(0,1) do not have disjoint
open neighborhoods. ]
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EXERCISE J.8. Let X =R?\ 0 and let G = Z with generator ¢t = 1. Define an action of G on X
as follows:
t"(x,y) = (2"x,27"y) for all (x,y) € X and n € Z.
Let g: X — X/G be the quotient. Prove the following:
(a) The action of G on X is a covering space action.
(b) The points ¢(1,0) and ¢(0,1) then do not have disjoint open neighborhoods, so X/G is not
Hausdorff. (]

EXERCISE J.9. Let (M,9) be a second countable metric space and let G be a group acting on M

by isometries. Assume that the action of G on M is proper, so M/G is Hausdorff (Lemma J.6.2).
(a) Prove that M/G is regular.

(b) Prove that M/G is second countable and metrizable. O
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