STRING KERNEL REPRESENTATIONS IN ELASTOSTATICS

JEREMY G. HOSKINS!, ALAN E. LINDSAY?, AND MANAS RACHH?

ABSTRACT. In this paper we present a new boundary integral equation for-
mulation for the solution of the elastostatic traction boundary value problem
in two and three dimensions. The approach relies on the introduction of new
layer potentials, called string kernels, which are based on modifications of the
Boussinesq-Cerruti family of half-space solutions. We prove that the resulting
integral equations are second-kind integral equations, and show that they are
well-behaved in the incompressible limit. We illustrate the performance of the
method with several numerical examples.

1. INTRODUCTION

In this paper we consider the problem of linear elastostatics with traction bound-
ary conditions in two and three dimensions, modeled by the boundary value problem

(1) Lu)(x) :== A+ p)V(V - u(x)) + pAu(x) =0, x€eQ,
(2) n(x) - ofu](x) = f(x), xe€dQ,

where )\ and p are the Lamé parameters, u is an unknown displacement field, n(x)

denotes the outward normal, and the stress o is defined by

ou Ou;  Ouy;

O’ij[u] = )\6“3717: +u (&rz + ax;> s
where d;; is the Kronecker delta function and we employ the standard Einstein
summation convention. In what follows we will assume that 0 is infinitely dif-
ferentiable and compact, though € can be either bounded or unbounded. It is
well-known (see [41] for example) that for the interior problem the above boundary
value problem has a finite-dimensional nullspace corresponding to rigid motions.
Existence requires the applied traction to have zero net force and zero net torque.
On unbounded domains, one must also impose suitable decay conditions at infinity.
There is a large literature on solving the traction boundary value problem using
finite difference and finite element methods, see [9, [75] 2], 241 [T5] 27, 28], for example.
Direct discretization of the PDE, however, carries several well-known difficulties,
particularly for complex domains requiring adaptivity, since the condition number of
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the resulting sparse linear systems grows as h~2 under mesh refinement. Addition-
ally, exterior and unbounded problems require artificial domain truncation. These
issues are compounded as the material approaches the incompressible limit A — oo:
standard conforming displacement-based finite element methods can exhibit volu-
metric locking, and the resulting linear systems become increasingly ill-conditioned,
with error and conditioning bounds that are not uniform in A [7, [I4] [10]. Recovering
uniform behavior requires non-conforming, mixed, or stabilized formulations that
satisfy an inf-sup (LBB) condition, as in the incompressible-Stokes case to which
elastostatics formally reduces in this limit.

Boundary integral equation (BIE) methods, by contrast, discretize only the
boundary of the domain. This leads to a reduction in the dimension of the problem,
straightforward treatment of exterior problems and unbounded domains, and the
treatment of complex geometries without volumetric meshing. Moreover, for many
PDEs and for suitably chosen ansatzes, this reduction to a BIE produces second-
kind integral equations whose condition number remains bounded independent of
discretization size [48]. A further practical advantage of the BIE framework is that
derived quantities such as stress are computed by applying the relevant differential
operator to the kernel, and retain the full convergence rate of the boundary dis-
cretization at any point bounded away from 0f). With appropriate near-singular
quadrature or adaptive integration, these quantities can frequently be accurately
computed up to and on 9 itself.

In two dimensions, the standard integral-equation-based approach for solving
the traction boundary value problem is to use the Sherman-Lauricella representa-
tion [51l [67]. This approach has subsequently been extended to traction boundary
value problems on multiply connected domains in [35, B8]. For a detailed discussion
and related problems in elasticity, see [61l 66, 59l 42] [43]. However, the Sherman-
Lauricella representation does not extend naturally to three dimensions, as the
method relies on enforcing indefinite integrals of the surface traction, rather than
the value of the surface traction itself.

Another class of integral-equation-based approaches involves direct representa-
tions, which are based on the Somigliana identity (the elastostatic analog of Green’s
identity). This approach tends to result in integral equations involving singular or
hypersingular integral operators in two and three dimensions [I1], 411 [7T], 20]. Al-
ternatively, indirect representations seek to represent the solution to the PDE as
integrals of unknown densities on the boundary 02 against kernels constructed
from linear combinations of the free-space elastostatics Green’s function and its
derivatives. This choice also results in a singular integral operator upon imposing
the boundary conditions [711 [39].

In both the typical indirect and direct representations, the resulting integral
operator is Fredholm of index zero but is not a compact perturbation of the identity,
in contrast to the Laplace Neumann problem, where the single-layer ansatz produces
the classical second-kind equation %I + K*. Consequently, the standard machinery
for second-kind equations is not directly applicable. Nevertheless, a variety of
quadrature methods have been developed to address singular and hypersingular
integral operators, see [31, [T}, (66, [44], [73], for example.

Our approach represents the displacement field using a layer potential on 02
whose kernel is built from modifications of the Boussinesq-Cerruti family of half-
space fundamental solutions [12, 19 (3], i.e., the Green’s functions for a point
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load acting in a half-space with zero traction boundary conditions. Since the
Boussinesq—Cerruti solutions already satisfy the zero-traction condition on a flat
half-space boundary, they are an appealing candidate kernel for traction boundary
value problems on general domains. They do, however, carry a non-local singular-
ity: in addition to the expected singularity at the source, each kernel is singular
along a half-line emanating from the source in the direction complementary to the
half-space. This geometric obstruction rules out their direct use as layer-potential
kernels on non-convex domains and for exterior problems, where such half-lines
generically intersect the solution domain.

A key observation is that each Boussinesq—Cerruti kernel admits a representation
as a line integral of certain derivatives of the free-space elastostatic fundamental
solution along this half-line. Truncating the integration to a finite segment produces
what we call a string kernel: near the source the singularity structure inherited from
the free-space kernel is preserved, while the extended singularity is now confined to
a bounded segment which, by appropriate choice of string orientation and length,
can be made to lie entirely outside Q regardless of the domain geometry. The full
Boussinesq—Cerruti representation is recovered as the string length tends to infinity.
Using a string kernel as the integrand of a layer potential with a density supported
on 0f) gives a second-kind boundary integral equation that is well-behaved in the
limit A — oo, p fixed.

A distinct, though conceptually related, class of methods is the method of fun-
damental solutions (MFS) [20] [I8], 21l 46}, [49], in which finite collections of point
sources, called image charges, are placed outside of the domain. The strengths of the
image charges are inferred from symmetry, precomputed by a local auxiliary solve,
or included as additional unknowns in the global linear system. As such, though
effective in practice, the result does not typically correspond to a discretization of
a second-kind integral equation, and hence comes with fewer analytic guarantees
on conditioning and convergence. In the context of MFS, string kernel representa-
tions use a continuum of image charges with known relative strengths (per string)
confined only to line segments.

The contributions of this paper are as follows. We introduce a family of string
kernel layer-potential representations for the traction boundary value problem of
linear elastostatics in two and three dimensions, derived by truncating the line-
integral representation of the Boussinesq—Cerruti half-space fundamental solutions.
We prove that, for smooth 92 and an appropriate choice of string orientation and
length, the resulting boundary integral operator is a compact perturbation of a
multiple of the identity, and hence that the associated boundary integral equation
is of second kind. Naturally, the condition number of the representations deteri-
orates when the string length goes to zero. In two dimensions we show that the
strings can be bent, allowing for longer strings and almost entirely avoiding this is-
sue. Furthermore, we show that the condition number is independent of A. Indeed,
the integral equation itself is independent of A. In three dimensions, we present
numerical experiments showing the behavior of the conditioning of our represen-
tation as the string length goes to zero. Additionally, under certain assumptions,
we show that the condition number of our integral equation is bounded as A — oo
with p held fixed, and in this limit reduces to a compact perturbation of a standard
second-kind integral equation for the Stokes traction problem.
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The remainder of the paper is organized as follows. In Section [2] we review the
Boussinesq solutions and the properties of layer potentials generated using them.
Next, in Section [3| we introduce string kernel representations and use them to de-
rive our second-kind integral equation for elastostatics. In Section [4] we describe
numerical considerations required when using string kernels, including stable eval-
uation and choice of string length. Following this, in Section [5] we illustrate the
application of our approach to 2D and 3D examples.

2. BOUSSINESQ-CERRUTI SOLUTIONS IN TWO AND THREE DIMENSIONS

2.1. Notation, definitions, and basic properties. Our boundary integral rep-
resentations for solving are based on suitable modifications of the fundamental
solution of half-space elastostatics problems. In particular, we take as our starting
point the Boussinesq-Cerruti solutions [12] in two and three dimensions for point
loads on a semi-infinite isotropic elastic medium. We refer the reader to [50], for
example, for further discussion and derivations.

In two dimensions, given a source y = (y1,¥2)7, a target x = (z1,22)7, and a
unit direction vector v = (vy,v2)7, we define the matrix-valued function G?2 by

)T

1 1-—
GB2(x,y;v) = 2G¥2(x,y) + o O[arg(le ‘T, —V-r) (_? é)

where @ = (A + p)/(A+2u), r =x—y, r = |r|, v+ = (v2, —v1), arg(u,v) denotes
the argument of v + iu with branch cut along the negative real axis, and G2 is
the 2D Stokeslet [47, [62]

(3) G5 (x,y) = L —log(r)I +£
Y) = 271'/,6 g 2 T2 .
Here I; denotes the d x d identity matrix. Let GP-%(x,y;v) := GB2(x,y;V) —
2G%%(x,y).
A straightforward calculation shows that
LIGP2 (- y; 9)](x) = 0,

for all x € R?\ Ly ¢, where Ly ¢ = {x|x =y +tV, t € RT}, i.e., for all x which are
not on the half-line starting at y and going to infinity in the v direction. Moreover,
again excluding this line,

(4) oGP (y: 9)ign(x) = 20[GZ2(,y)]ijn(x) = —2

and so, in particular, o[GP-2] = 0.

Similarly, in three dimensions given a source y = (y1,¥2,¥3)7, a target x =
(w1, 22,23)7, and a unit direction vector v = (v, v, v3)T, we define the matrix-
valued function GB-? by

GP3(x,y;v) =2G%%(x,y)

1 1-«a { 1 vl — T — (v 9T QerrTQq

7"7;7’ka

b
mrd

RS R TR
wherer =x—y, 7 =r|, Qv = I3 —vv', R =r —r-v, where G*3 denotes the 3D
Stokeslet [33], [16], [69]

5) G5 xy) = 1 [

T«

I;  rr?
r r3 |
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Let GP3(x,y;V) == GP3(x,y;9) — 2G%3(x,y).
Again, a straightforward but tedious calculation shows that

LIGP3 (- y; 9)](x) = 0,
at all points x which are not on the half-line £, ¢, and

bricyry  11-a ( ) (Qur)i(Qer);Te

oGPy 9)]iju(x) = —

47rd 471' «@ 2Rz
(QV) JTk (1 _ 1) 74(Qv r);(Qer )
r R? 2 rR3
+2(Qo)i,jw 5 (@9)in(@or); + (Qo)j,k(Qor)i}
R? rR? )

2.2. Boussinesq-Cerruti layer potentials. In this section we review results on
limits of the normal stress of layer potentials constructed from Stokeslets, and prove
analogous results for the difference integral kernels G2 and GP-3. The following
standard theorem characterizes the normal stress of Stokeslet layer potentials.

Theorem 2.1. Let Q be a simply connected domain in R?, d = 2,3 with smooth
boundary 0. For p € L?(0Q; R?),

i i) o | [ G540 y)oly) ds(y)] o)

6—0+

:%MXH / (%) 0 [GS A, )i (x)pr(y) AS(y),

in an L? sense. Moreover, the integral operator on the right-hand side is compact
from L?(0Q;R?) to itself.

Proof. The proof follows from standard arguments. For continuous densities, p,
the corresponding limits can be found in [41], for example. From these, the L?
statement can be obtained using a similar argument as in [45] [4§]. O

We now turn to the difference kernels GP-2, GP+3 with the specific choice v(y) =
n(y), the outward facing normal. These functions have discontinuities or singular-
ities on the half-line £y ; and so, where these half-lines intersect the boundary, the
stress will not be well-defined. This issue is a nonlocal phenomenon in so far as the
singularities arising near a point x € 02 are due to the density at points y € 92
which lie outside of an open neighborhood of x. In light of this, we analyze the
kernels after multiplying by sufficiently narrow bump functions.

To that end, in the following we let x : R — R be a smooth function which
is identically 1 for |z| < 1/2, and identically zero for |x| > 1. For any r > 0
set x(z) = x(z/r). For a simply connected domain Q in R? or R? with smooth
boundary 952 set

B(Q) =sup{t € RT |x + sti(x) ¢ Q, for all s € (0,t), x € 9N},

and £'(2) = min{1, 3(Q?)/2}. For ease of exposition when there is no risk of confu-
sion we will write 8’ in place of ().
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Theorem 2.2. Let Q be a simply connected domain in R?, d = 2,3 with smooth
boundary OS2, and (' be defined as above. For p € L*(952;R?),

lim, y(x)or [ [Pyt —yhn)ase)| -

50+ ijk
- / (%) (G ys aly) x| - —y D]k (X)px(y) dS(y),

in an L? sense. Moreover, the integral operator on the right-hand side is compact
from L?(0Q;R?) to itself.

Proof. We begin by observing that GP-?(x, y; a(y))xs (|x—y]), d = 2,3 is a smooth
function of x in the interior of €2. Hence, for any fixed § > 0 sufficiently small, we
can interchange the differentiation and integration to obtain

n;(x)o [/ GP(ysa)xs (|- —y)ox(y)dS(y)|  (x — 6h(x))
ijk
= [ 800016 (. 35223) (|- =¥ saox — 55(x)) () dS(y).
Moreover, the kernel on the right-hand side is smooth. We split it into two terms,
T + T = 0i(x)o[GP (-, (y))lije(x = 00(x))xer (Jx — 511(x) — y])
(6) + (olxs (|- —yDax)]i(x — 0h(x))) Giji(x — di(x), v, a(y)),
where in the second term, the n(x) appearing in the argument of ¢ is not differen-
tiated.
In 2D, TM = 0. Additionally, for § > 0 and sufficiently small, |TJ(Z)| < CLO[O‘I,
for all j,k =1,2, and all x,y € 9. The constant C is independent of «, y, and .

It follows that the integral operator with kernel 7 is Hilbert-Schmidt and hence
compact from L?(9€;R?) to itself. This completes the proof.

FIGURE 1. Geometry of sources, targets, and singularities.
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In 3D, we first use the smoothness of kernels away from 9Q to show that the
operators with integral kernel T' are compact for § > 0 and sufficiently small, and
uniformly bounded. We then show that the operator with 6 = 0 is the norm limit
of these operators and hence is also compact. Though the proof involves fairly
standard arguments, we include it here for completeness. In the following we use
C to represent arbitrary constants which depend only on 9.

We first bound 7). For 6 > 0 and sufficiently small, Tj(;)(x, y;0) is smooth and
hence the resulting integral operator is compact from L?(9£2;R?) to itself. Next, if
R(x,y;0) := |x —0n(x) —y| — (x —0n(x) —y) -n(y) for x,y € 99, then there exist
constants rg, do, ¢ > 0, depending only on €, such that |R(x,y; d)| > ¢|x—dn(x)—y|,
whenever |x —y| < 79 and § < §y. Moreover, without loss of generality we can
suppose that &g is chosen sufficiently small so that T(}) (x,y; ) is smooth in x,y €
0N for all 0 < § < §. With this bound on R it follows that for all |x — y| < r¢ and
0 < dg,

10 eyi0)| < 120Ny oy
T
for some constant C, and with r = |x — dn(x) — y|. If 9Q is twice continuously

differentiable then Taylor’s theorem (see [48] for example) implies that there exist
constants Ry and C such that |Qay)n(x)| < Clx — y| whenever |x —y| < Ro.
Hence, for x and y sufficiently close, and § sufficiently small,

1
x -yl

T3 (x,y:6) < C

Essentially identical arguments applied to T?) give the bound

(2)
I’ (x,y;0)] <C .
| jk‘( y )| ‘X y|

In particular, we see that the integral operators with kernels
T(x,y;0) = TV (x,y;6) + T (x,y;9),

are compact, and uniformly bounded from L?(9Q;R3) — L2?(9Q;R?) for all non-
negative § less than some positive 5, depending only on 0. This follows from
the fact that T'(x,y;0) has a weakly singular kernel bounded by C/|x — y| with a
constant C' which is independent of ¢, see [63] for example.

Similar arguments give that for 0 < d1,d2 < do,

|61 — da]

IT(x,y501) = T(x,y;02)| < C—

For any 0 < § < 8 and any p € L?(9Q;R?), and any € > 0, we note that
H / Ty(x,y:9) pu(y) dS(y) — / Ty, y:0) pi(y) dS(y)|
oQ o0
<| /8 T (x.338) = Tonx, 330l [ ()] AS )]
<l /8 X = )T, 3) = Ty y:0) o) 4S()|

+I /09(1 = Xe(x = Y)ITr(%,y;0) = Tjn (%, 55 0)| [px(y) dS(¥) -
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Here || - || denotes the norm on L?(9£2;R3). Inserting our previous bound on T into
the above inequality yields

||/ Ty (x,v:6) pi(y) dS(y) — / Tju(x,¥:0) pu(y) dS()|
_H/ el — |\pk< y)ldS(y ||+\|/ o)l A5

where [|p(y)|lez = \/p3(y) + p3(y) + p2(y) is the standard Euclidean norm. The
smoothness of 92 implies that there is an overall constant C such that

1
Xe(x—y dS(y) < Ck,
/(m ( )|X—Y| ()

for all x € 92, and
1
Xe(X —y)—— dS(x) < C,
/cm ( )|X—Y\ &)

for all y € 09, and € > 0. It follows immediately from the Schur test [65] that

I v =)o)l S < Celo.

We also observe that
1) cé
1] Slo)last)l < Zioar ol
Hence

|| / Ty (x,y: ) p(y) dS(y) — /a Tulxyi0) ply) S ()|

6
<c(er ) o,

for some constant C' independent of &, e and p. Choosing € = /3 in the above
inequality gives

|| / Ty (%, y:6) pry) dS(y) — / Ty, y:0) pi(y) dS(y)|
o0 onN
<2063 p]].

In particular, the integral operator with kernel T'(x,y;0) is the norm limit of the
compact operators with kernels T'(x,y; ), and hence is compact.
|

Remark. Up to rotations and translations, the functions GZ?2 and GP3 defined
above are the Boussinesq-Cerruti solutions [12] 9] for the half-plane problem. In
[58] Mindlin derived a more general formula for the Green’s function in a halfspace
with zero normal boundary stress. Taking the limit as the source approaches the
boundary recovers G52 and GB-3.
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3. STRING KERNEL REPRESENTATIONS

Intuitively, the functions G?2 and G2 defined in the previous section are ideal
candidates from which to construct solutions to equations and . Indeed, one
is tempted to introduce the ansatzes

us(x) = / GP2(x,y: A(y)) paly) dSy,
o0

us(x)= | GP2(x, y;0(y)) pa(y) dSy,
for the two-dimensional and three-dimensional problems, respectively, where ps, p3
are unknown densities on the boundary 9, and the vectors f in the functions G52
and GP+3 are chosen to point in the direction of the outward facing normal of € at
y. For exterior problems the directions of i should be flipped.

Unfortunately, the branch cuts of GP>2 and the line singularities of GZ*® mean
that for any exterior problem, or interior problems on sufficiently non-convex do-
mains, the functions ug and ug will not satisfy the PDE L[u] = 0. In this section
we construct new functions K22 and K53 which have the same singularities as
GPB2 and GB3 near y, but possess singularities or discontinuities only on the finite
line segment 4y g5 == {x =y +tV|t € [0,h]}, where h > 0 is a free parameter.
The construction is based on the observation (see [30] for example), that certain
derivatives of GB2 and GP3 do not exhibit these line singularities. Appropriate
kernels can thus be constructed by taking definite integrals over finite line segments.
In two dimensions this is given by the following lemma which follows immediately
from the definition of GB:2.

Lemma 3.1. The function

1
V- VyGP2(x,y;¥) = G [

n 1 1—avt.r 0 1
27 o« 2 \—-1 0)’

has a removable singularity on the line {x = y +tv|t € (0,00)}, and satisfies
L[V -VyGP2|(x) =0 forallx #y.

_ ) _
ar? r2 4

r-v vl + v (- \Af)rrT}
r

The following corollary follows immediately from the previous lemma, and gives
the construction of a suitable function K72 having the desired properties.

Corollary 3.1.1. Defining KB2 by
h
KB2(x,y;v,h) = 7/ V- VyGP2(x,y +tv;v) dt
0

=GP (x,y1v) = GP2(x,y + h¥; v),

gives a function which satisfies L[KP?] = 0 everywhere except the line segment
Ly .n. Moreover, KB2(x,y;v,h) — GB2(x,y;V) is a smooth function of x in a
neighborhood of y.

Similar results hold in three dimensions, though an extra derivative is required.
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Lemma 3.2. The function

. . B3 R 1, R Is  rr”
VTV GE o yi¥) = v V9 Ty | 2 O
1 1 |:Ig V{’T Q{,I‘I‘TQ(,
- —2 -3
47w o

3 3 5
vl —vr? — (r- V)V\?T}
i

(7) —3(r-v)
has a removable singularity on the line {x = y +tv|t € (0,00)}, and satisfies
L[V -Vyv-Vy,GP3|(x) =0 for allx #y.

As for the two-dimensional case, the above lemma motivates the definition of a
function, K3, defined by integration of over a finite line segment.

Corollary 3.2.1. Let K53 be the function defined by

KB’3(x7y;{1,h):/ / V- Vy (V- VyGP3 (x,y + t¥;v)) dt ds
0 s

h
(8) _ / RV (V- VyGP3(x,y + 19;9)) dt
0

(9) =GP3(x,y;V) — GP3(x,y + hv; V) + hv - VyGB3(x,y + hv; ¥).

Then LIKP3] = 0 everywhere except the line segment Ly 5., and KP3(x,y; v, h) —
GP3(x,y;V) is a smooth function of x in a neighborhood of y.

It will also be convenient to have the expression for the stress tensors associated
with v - Vy,GB3 and v - V¥ - V,GB3. Tedious but straightforward calculations
yield

r;rjVy + 1, V,r, + V,r;r r;r;r(r-v)

+30

—o[v - VyGP3(y, ¥)]ijk(x) = —6

47p® 4mr?
L Ll f  (@0u(@Qn)¥(R+2r)
AT« r3R3
(QI‘) (Qr);r o o 2 Qi Vi
R + r

—sge (Qik(Qr)j + Qr(Qr)i + Qiyre)
Qka B 6(V-r)Qi rk } .

+2 r3 5
and
. . . ViV + Vil Vi + V;V.rg r;r;Tg
o[V Vy v VyGP2(y, 9)]ije(x) = —12—~ I J J
[ y y % )]Uk‘( ) drrd -

(r;r;Vy + 1,V 1) + Virjrg) (- V)

+ 60 - —210
47y 479
L Lll-a 40(@r)i (QP) Th_ ( Qik(Qr); + Qjk(Qr);
i« rd

Y N 2
192 QZJVICESI' V) _ 19 Qlé k +30 Q’L,] k ( ) } 7
T T

where, for ease of exposition, we have suppressed the dependence of Qonv.
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In the following, we define the functions ©5-2 and ©#3 by
252 (x,y;h) = n(x) - o[K72(,yia(y), h)](x),
and
$P3(x,y;h) = 0(x) - o [KP3(, y;a(y), b)) (x),
respectively, and choose h = h(y) to be a smooth non-vanishing function of y
sufficiently small so that for each y € 0€), the line segment £y 4 (y) only touches

the surface 02 at the single point y.
We summarize the previous results in the following theorems.

Theorem 3.3. For a domain Q with smooth boundary 0Q in R?, d = 2,3, let
h: 092 — RT be a smooth function such that for each y € 99, the intersection of
the line segment Cy 4(y) n(y) with OQ is {y}. For p € L*(9Q;RY),

Jim 2097 | [Py, byt aS()| 6xom)

=00+ [ 5y h¥) pr(y) dS ()
in an L? sense. Moreover, the integral operator on the right-hand side is compact
from L?(0Q;R?) to itself.

Proof. From Corollary in 2D and Corollary [3:273] in 3D, it is clear that
KBd(x,y, a(y), h(y)) — GP4(x,y,i(y)) is smooth for x € Q sufficiently close to
y € 09Q. Moreover, K2%(x,y,a(y), h(y)) and G are smooth in 2 outside of any
ball containing y. Next we write

KP4 =26+ GP e (x — y) + (K7 = 2677 — GP Iy (x —y),
= 2G5+ GP e (x —y) + (KP7 =267 — GPP)xp (x - y)
+ (K =265 (1 — xp(x —y))
=2G% + GP g (x —y) + R.

By construction, both terms comprising R are smooth in €. It follows immediately
that

lim B(x) -0 [ [ Rey0t3) a5 - o)

§—0+
- / i(x) - o[R(-,y)](x) ply) dS(y).

Applying Theorem to G*? and Theorem to GP+? gives the required result.
O

We collect the preceding results in the following theorem.

Theorem 3.4. Let Q be a domain in R, d = 2,3 with smooth boundary 0. For
a right-hand side f € L*(02;R?), if we introduce the ansatz

uj(x) = o K (x,y;:0(y), h(y)) pi(y) dS(y),

then the density p satisfies the integral equation

(10) Py (%) + /6 Sy by )y dS() = 1)
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Moreover, (@) s a Fredholm integral equation of the second kind.

Remark. Recall that the traction boundary value problem in elastostatics has a
finite-dimensional nullspace corresponding to rigid body motions. The dimension-
ality of the nullspace is 3 in two dimensions, and 6 in three dimensions, which is
inherited by equation These nullspaces can be eliminated by enforcing that the
density p satisfy 3 additional constraints in two dimensions and 6 additional con-
straints in three dimensions, as is done for mobility and interior traction problems
in Stokes flow, see [64] 22], for example.

3.1. Limiting behavior of the integral equations. Here we analyze the in-
compressible limit corresponding to taking A — oo, or equivalently, « — 17, with
u fixed. We start with the two-dimensional case. In this limit, for any x not on
the half-line emanating from y in the direction fi, we have lim,_,; GB2(x,y; V) =
2 G52(x,y). Turning to the normal stress, away from the half-line we observe that
v - 0[GB?] = 2v - ¢[G5?]. In particular, the integral operator in the 2D integral
equation is independent of «. Explicitly, (10) can be written as

(11) %Pi(x) - % /8Q iy o) L yi)(rxj _;’Jl'z(” ) (v) dS(y)
(12) G /a ay(x) S y”)(ij__ﬁ(x’“ U (v)as(y).

with y' = y 4+ h(y)i(y). The left-hand side of the previous equation is just the
integral equation for solving the traction boundary value problem when the velocity
is represented using the single layer potential for Stokes flow in two dimensions,
while the integral operator on the right-hand side has a smooth kernel and so is
compact. Hence, for any «, is a compact perturbation of the surface traction
integral equation and moreover, if is solvable for one a then it is solvable for
every «, (in appropriate spaces which handle the non-uniqueness corresponding to
rigid body motions, see Remark .

Next we turn to 3D. Suppose that x is not on the half-line emanating from y
and pointing in the direction f. It follows immediately from the definition of %53
and Theorem [3.3] that

S5y, h(y) = 2 [Ri(x)o[GV3 (%, y)]ijk — 1 (x)a (G52 (%, 5)]ijk]
+ (1= a)K;k(x,y),

where K is a kernel corresponding to a compact operator, uniformly bounded
for 6 > 0 sufficiently small. In particular, is a compact perturbation of the
integral equation arising in the traction boundary value problem when the velocity
is represented using the Stokes layer potential, and in the limit as o« — 1~ the
integral operator converges to

500 — g [yl I, ) as)
(13) = D) - o /8 () (e yi)(g_—%(xk “9) () ds().

In particular, if is invertible then will be invertible for all a sufficiently
close to 1.
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4. NUMERICAL APPARATUS

In this section we briefly sketch relevant details for the discretization and solution
of the integral equation . A nice feature of our approach is that only minor
modifications are required in order to use standard integral equations toolboxes,
chunkIE [6] in two dimensions and fmm3DBIE [5] in three dimensions. Moreover,
the kernels used in both our integral representation and the corresponding integral
equations can be applied quickly via a small extension to the standard fast multipole
method toolboxes [3].

4.1. Evaluation of the kernels. In two dimensions, the kernel X5:2(. y; h(y))
is only singular at y and y + h(y)n(y). Indeed, combining the identity with
Corollary we obtain

(r-n(x))rre 49 (r'- ﬁ(x))r;r;C

B,2 _
by (X, Y, h’(Y)) - 2 7TT4 71_(7./)4

with r' = x —y — hi(y). By construction, for a given geometry we can choose h(y)
so that ' = |r’| is bounded away from zero. In particular, the second term can be
stably evaluated with minimal loss of accuracy due to catastrophic cancellations.
The first term arises in other boundary integral equations, see [62] for example,
and can be evaluated using standard methods. Indeed, we observe that if 02
is smooth, and r(¢) is an arclength parameterization of 0, then r(t) — r(s) =

(t—s)7(t) + 5(t — s)?n(t) + O((t — s)?). Then, the first term in the kernel becomes

riTE
— kA

e T O(r)),

for x,y € 0. Using this approximation, for |x —y| small enough the kernel can be
stably evaluated. In principle, higher order expansions can be used — these involve
evaluating higher order derivatives of the normal vector.

For K22 similar reasoning applies. In principle, for x ~ y + ta(y) with ¢t > 0
sufficiently large, one will get catastrophic cancellation involving the difference of
the kernels. In practice, this will not be significant except when evaluating points
very far away, where other formulas can be used.

In three dimensions, singularities are present on the line segments ¢y 4 », both in
the integral equation kernel ¥23(-, y; h(y)) and the kernel used in the representa-
tion K B3, In particular, if @ is used to calculate both ¥%3 and K53 then when
x &y +ti(y) with ¢ > h(y), catastrophic cancellations will occur, even though the
kernels are smooth and decaying in |[x—y|. To avoid this issue, for |x—y| > h(y) we
instead use the integral representation of K23 given in . From ((7) we note that
the integrand is smooth for x away from £y 4y n(y)- It follows that the integral in
may be computed using a standard Gauss-Legendre quadrature with an order
which depends only logarithmically on the desired accuracy.

4.2. Discretization of the integral equations. As mentioned above, the bound-
ary integral equation is amenable to standard discretization and quadrature
methods. Here we use the software package chunkIE [6] in two dimensions, and
fmm3DBIE [5] in three dimensions, which discretize and solve integral equations
using a patch-based collocation scheme [36]. In particular, both the geometry and
unknowns are represented using piecewise polynomial expansions. For curves in
two dimensions these quantities are interpolated from Gauss-Legendre quadrature
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nodes, while for surfaces in three dimensions they are interpolated from Vioreanu-
Rokhlin nodes [70, [72]. High-order quadratures for weakly-singular integral opera-
tors are constructed via generalized Gaussian quadrature [13), 54} [74].

4.3. Fast algorithms. As is typical for boundary integral equations, discretizing
(10) yields a dense linear system. In either case, however, both the application
of these matrices and their inversion can be accelerated using existing machinery
with only minor modifications. Here we briefly sketch the necessary observations,
deferring a complete 3D implementation to a subsequent paper.

In two dimensions, the kernel appearing in the integral equation differs from the
traction of the 2D Stokes single-layer by only a smooth function (which can itself be
written as the traction of the Stokes single-layer from a suitable source). Thus, only
two Stokeslet evaluations are required per source. Existing fast iterative solvers
based on the 2D Stokes FMM [29], and fast direct solvers based on hierarchical
skeletonization [55] [34] [68], [57), 23], therefore apply essentially unchanged.

In three dimensions, Corollary expresses each entry of ©53(x,y;h) as a
line integral over /y 4 5 of a linear combination of terms

1
(03

(14) S0 K el <3

with f, g explicit scalar functions. For |x —y| large compared to h, the line integral
is captured to high precision by a fixed-order Gauss—Legendre rule (order 16 in our
experiments), reducing each far-field interaction to a sum of terms of the form .
Kernels of this type can be applied quickly using the standard 3D Laplace FMM [37]
3]. For |x — y| comparable to or smaller than h, the kernel is evaluated directly
via @D together with standard near-singular and self-interaction quadratures. This
yields an O(N) algorithm for applying the system matrix, provided the strings are
short compared with the FMM leaf-box size, a condition enforceable by sufficient
tree refinement. An analogous constraint on string endpoints applies to hierarchical
direct solvers, where long strings can destroy the low-rank structure of far-field
blocks. Perhaps the most closely related existing construction is [30], which treats
the case of infinite, uniformly vertical strings.

4.4. Heuristics for the choice of h. In two dimensions there is additional flex-
ibility which greatly simplifies matters. For ease of exposition we focus on the
interior problem for a simply connected domain €2, though an almost identical ap-
proach can be used for exterior problems and non-simply connected ). For fixed x
and y we observe that KB2(x,y;n, h) has a branch cut ¢ along ¢y 4.5 connecting
y to ys =y + hn. The remainder of the kernel is smooth in x except at y and y.

Clearly, one is free to continuously deform c as long as it does not pass through
x. Let y, be a point in Q¢ connected to y and y, by smooth curves ¢/,c” C Q¢,
respectively, such that ¢’ U ¢” is continuously deformable to 4y ; 5, while remaining
in Q°¢. Then

KP2(x,y;0,h) = (GP%(x,y; ) — GP2(x,y.;¢))

_ (GB’2(X, y*;cl/) _ GB’Z(X, ys;CH)),

where the branch cut in the first term lies along ¢’ and the branch cut in the second
term lies along ¢’. Here, with some abuse of notation, we replace the vector i in
the arguments of G?2 with the curve along which the branch cut lies.
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We note that the second term satisfies the homogeneous PDE in 2, and has
smooth normal stress on 9€2. Hence, we are free to replace K2 in our representa-
tion with

Kff =GP2(x,y;: ) — GPA(x,y.:¢),

where the branch cut in G2 lies along ¢’.

FIGURE 2. The contour-deformation kernel K on a smooth
cavity domain 2. The black segment is the original truncated
string from y to y + hn(y), on which KB2(. y;n,h) has its
line singularity. The solid red contour is a smooth deforma-
tion from y to a point y. € QFf, sweeping through the cav-
ity and out the opening of €2; this defines the modified kernel
KP2(x,y) = GP2(x,y;n(y)) — GP2(x,y.;n(y)). The dashed
contour from y + hni(y) to y. is the auxiliary curve used to iden-
tify the difference K2 — K72 as an integral that is regular in Q.

In three dimensions, the optimal choice of h remains something of an open prob-
lem. On one hand, if A is chosen too small, then the singularities from each end
of the string almost cancel, and the condition number deteriorates. On the other
hand, if h is too large then the singularities associated with the far end of the string
will lead to nearly singular interactions with other parts of the boundary, requiring
finer discretization and possibly again increasing the condition number. In all of
the examples considered in this work, we use a fixed string length.

5. NUMERICAL ILLUSTRATIONS

To illustrate the performance of our approach, we consider the solution of the
PDE in the interior of a star-shaped geometry (sar), and a cavity-like (Qcavity)
domain in two dimensions, and an ellipsoid (Qelipsoid), and a star-shaped torus
(Qorus) in three dimensions. The parametrization of the star-shaped geometry
denoted by vgtar 1S given by

star(t) = (14 0.3 cos (5t)) Ef’s ((;fﬂ . telo,2m).

For the cavity domain, suppose z(t) = z(t) + iy(t), t € [0,27) is an ellipse centered
at (20,0) with semi-major and minor axis (a,b). Then
22 (1)

maXge(o,2m) ( ‘Z(t) ‘QC) ’

Yeavity (t) =
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with (a,b,¢) = (0.397,8.02,3.965). The ellipsoid in three dimensions is coordinate-
axis aligned with principal semi-axes (5.1, 1.0, 2.0) respectively. Finally, the parametriza-
tion for the star-shaped torus denoted by Yiorus is given by

(R1 + R3 cos (3v) 4+ Ry cos (u)) cos (v)
Ytorus (U, V) = (R1 + Rscos (3v) + Ra cos (u)) sin (v) | ,
Ry sin (u)
with (u,v) € [0,2m)%, Ry = 4, Ry = 1.5, and Rz = 0.25. We plot the star-shaped
domain, the cavity and the star-shaped torus in Figure |3} Unless stated otherwise,

the string length A is 0.1 for examples in two dimensions, and 0.25 for the examples
in three dimensions.

FiGure 3. Top row: star-shaped domain and cavity domain in
two dimensions. The blue crosses indicate the source locations y;
for generating the exact solution. Bottom row: star-shaped torus
domain.

We test the accuracy of the string kernel representation using a known solution in
the domain. In two dimensions, sUppose Uexact(X) = Zle G*(x,y;)oj, where the
locations of the y; are denoted by crosses in Figure 3| the components of o; € R?
are drawn uniformly in [—0.5,0.5], G?(x,y) is the elastostatic Green’s function in
two dimensions given by

1

_ T

G2 (X, y) _ (X Y) (X Y) ,
2T p Ix —y[?

u =1, and A = 10. We then represent the solution and solve the integral equation

as described in Theorem [3.4] The integral equation is discretized using chunkIE,

and the solution is computed at a grid of targets inside the domain denoted by

x;, 4 = 1,2,...,N;. For the star-shaped domain, N; = 43410, and for the cavity

<—(2 —a)log|x —y|lz2 +
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N; = 14764. Since the solution is only unique up to a rigid body motion, we first
find the best vy € R?, w € R, which minimize the residual
Ny
* * :
vg,w* = argmin,, Z |Uexact (%i) — u(x;) — vo — w(x; — X
i=1

)t

)

where x. is the centroid of the domain given by x. = f@QXdS(X)’ and xt =
(—x2,21). Figure [d] plots the relative pointwise residual 7(x) = [|ttexact (X) — u(x) —
v — w*(x — %) |2 /|| Uexact || ¢2, along with the computed solution u(x;) for both
the domains.

10°
0.35
0.3 103
0.25
0.2 106
0.15
0.1 10
0.05
1012
10°
8.9
8.8
102
8.7
86
10
8.5
8.4
10°
8.3
82
10-12

FIGURE 4. Left column: computed solutions u(x) on the star-
shaped and cavity domains. Right column: Relative residual r(x).

In three dimensions, SUPPose Uexact (X) = G3(x,y0)00, where yo = (3.1, 3.19, 10.19),
oo = 103(1.1,2.1,0.3), G3(x,y) is the elastostatic Green’s function in three dimen-
sions given by

vy L (2o, ey )T
G(’y)_47w(IX—yII?’Jr x —y? )

A =1, and u = 1. Following a procedure similar to the one discussed above, we
test the accuracy of our solver in three dimensions. The linear system is formed
densely and solved using GMRES until a relative residual of 1070 is reached. In
Table[T] we illustrate high-order convergence, when the geometries were discretized
using 5th order patches and 7th order patches. The reported error is the £2 norm of
the residual r(x;) = Uexact (X:) — u(x;) — v§ —w* X (x; —X¢) at 200 random targets
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x; inside the domain, relative to the norm of the boundary data, o[uexact]. In all
cases, the number of GMRES iterations required is independent of the mesh size,
indicating a mesh-independent condition number. In all examples, we eventually
observe the expected order of convergence.

G 172 Empirical
eometry Npatches TMorder Miter T CONvergence
||0[uexact] || L2 order
Ellipsoid 56 5 211 2.7x1072
Ellipsoid 224 ) 206 2.4 x 1072 0.15
Ellipsoid 504 5 190 7.7 x 1074 8.49
Ellipsoid 896 5 187  2.0x107* 4.66
Ellipsoid 56 7 220 2.5 x 1072
Ellipsoid 224 7 190 1.5x1073 4.03
Ellipsoid 504 7 187  3.9x107° 9.04
Ellipsoid 896 7 186 2.6 x 1079 9.39
Star-shaped torus 128 5 284 3.6 x 1072
Star-shaped torus 512 5 271 2.6 x 1073 3.83
Star-shaped torus 1152 5 260 5.8 x 1074 3.68
Star-shaped torus 2048 5 257  1.0x107* 6.05
Star-shaped torus 128 7 286 4.7 %1073
Star-shaped torus 512 7 263 24 x107* 4.27
Star-shaped torus 1152 7 257 2.5 x107° 5.62
Star-shaped torus 2048 7 253 1.3 x10°° 10.16

TABLE 1. Convergence results for the ellipsoid and star-shaped
torus in three dimensions. Npatches is the number of patches in the
discretization, nq.qer is the order of discretization on each patch,
Niter 18 the number of GMRES iterations required to converge to a
relative residual of 10710, and ||7||s2 /||o[texact] || 12 (a0;ra) is & mea-
sure of the relative error. Finally, in the last column, we give the
implied order of convergence.

Next, we demonstrate the stability of the string kernel integral equation formu-
lation in the Stokes limit. In two dimensions, the condition number is trivially
independent of X since the kernel of the integral equation, o[K ?*?] does not depend
on \. In three dimensions, we illustrate the behavior in this limit numerically by
computing the condition numbers of the discretized linear systems for an ellipsoid
with principal semi-axes 2, 1,2 as a function of A € (1075,108) (A — oo corresponds
to the Stokes limit), see Figure The discrete linear systems were 2 scaled to
obtain a closer approximation of the underlying physical condition number [I3].
We observe that the condition number for our representations is practically inde-
pendent of A\. The ratio of the maximum to minimum condition number over the
range of A is 1.63.

The condition number is sensitive to both the choice of the string length h,
and the orientation vector v. In Figure [f]} we plot the condition number as a
function of h on the ellipsoid with principal semi-axes (2,1,2) with v = 11, and on
Qstar With v = 0 and v = ¢, where © = (z1,22)/y/2? + 23 is the radial vector.
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FiGUrE 5. Condition number as a function of A for an ellipsoid
with principal semi-axes (2,1,2) in three dimensions.

We see that in both cases, the condition number tends to co as the string length
h — 0. Moreover, radially oriented strings outperform normally oriented strings for
star-shaped domains. In either case, the condition number tends to improve as the
string length increases. The oscillatory nature of the condition number for normally
oriented strings is specific to the star-shaped domain owing to the oscillatory nature
of the distance of the closest point to the boundary as h is increased. In both of
the examples the same discretization was used for all h.

Ellipsoid Star-shaped domain
10t 10° T -

- <

==

10*

10° |
10°

Condition number
Condition number

10%

.
102 : M A " = =
.

1 . . 1 L
0.1 0.2 03 0.4 1o 0.1

g 0.5
String Length (h)

03
String Length (h)

FIGURE 6. (Left) Condition number as a function of h for an el-
lipsoid with principal semi-axes (2,1,2) in three dimensions, and
(right) for the star-shaped domain Qg with v =1, and v = 1.

Finally, to further illustrate the accuracy of the radial strings on star-shaped
domains, we consider a “random” star-shaped domain whose parametrization is
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given by

m
Yrandom (£) = (1 + 1.5; (a; cos (it) + by sin (it))) [ij ((3] , telo,2m),
i=
where a;, b; are i.i.d. standard Gaussians, and m = 25. Here v = r with h = 1.5,
A =10, and p = 1. Following an analogous procedure to that used in the prior
examples, we generate an artificial solution using 200 random sources in the exterior
and verify that the solution agrees with the exact solution up to a rigid body motion.
The solution u(x) and the pointwise residual r(x) are plotted in Figure [7]

0

0.35 10
0.3

10
0.25
0.2

10°¢
0.15
0.1 109
0.05

1042

FIGURE 7. (left) computed solution u(x) on Qandom, and (right)
relative residual r(x).

6. CONCLUSION

In this work, we developed new string-based representations for the solution of
traction boundary value problems in elastostatics. These representations adapt the
Boussinesqg-Cerruti solutions which are typically used for the construction of Green’s
functions in half-spaces to generic exterior and interior boundary value problems.
In particular, the singularity in the Boussinesq-Cerruti solutions extends along half-
lines in the complementary domain, which we truncate, thereby enabling their use
in non-convex domains in the interior and exterior problems.

The resulting integral equations on the boundary when using these ansatzes
are second-kind Fredholm equations. These result in discretized linear systems
whose condition number is independent of mesh size. This is illustrated in three
dimensions by the constancy of the number of GMRES iterations as the mesh is
refined. An additional advantage of integral equation methods is the absence of
volumetric locking in the Stokes limit as A — oco. The integral equation in two
dimensions is independent of A, and in three dimensions, the condition number
varies by less than a factor of 2 as A is varied over thirteen orders of magnitude.

This string kernel approach can be immediately generalized to several other
important applications, including time-harmonic elastodynamics, biharmonic and
flexural wave problems [60} 4], acoustic boundary layers [52, [§], and generalized
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impedance boundary conditions [I7]. In the above settings, existing integral repre-
sentations tend to involve singular integral operators (which in many cases are pre-
conditioned using the Hilbert transform to obtain a second-kind integral equation),
or involve kernels requiring numerical inversion of Fourier transforms. String kernel
representations provide an alternate approach for obtaining second-kind Fredholm
equations for these problems, without operator composition. For scattering prob-
lems, string kernel type ansatzes can also be combined with coordinate complexifi-
cation methods [25] 40, B2] to solve problems with infinite obstacles. All of these
directions are being pursued and will be reported at a later date.
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