ASYMPTOTIC ANALYSIS OF THE NARROW ESCAPE AND
BERG-PURCELL PROBLEMS ON GENERAL
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Abstract. We present an asymptotic analysis of two diffusive capture problems in general
smooth closed three-dimensional geometries with multiple small reactive boundary patches of arbi-
trary shapes. (i) The narrow escape problem seeks to determine the escape rate of Brownian particles
from an enclosed region through small boundary windows. (ii) The related Berg-Purcell (or narrow
entrance) problem seeks to resolve the capture rate for signaling molecules diffusing outside the cell
and entering through localized reactions at membrane-bound receptors. We obtain matched asymp-
totic solutions of these two problems and thus address the long-standing challenge of describing the
role that curvature and local reactivities play in modulating diffusive capture rates. Our explicit
expansions quantify local effects on diffusive capture through the sizes, shapes, and reactivities of
the patches together with the principal curvatures of the manifold at each patch. In turn, we examine
global effects on diffusive capture such as the spatial configuration of patches on the manifold, as
encloded by the associated surface Neumann Green’s function and its regular part. The accuracy
of our asymptotic formulas is validated against a full numerical solution for an ellipsoidal domain.
Overall, our results yield new insights on how geometry and stochasticity combine to shape the
dynamics of various biological processes.
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1. Introduction. The event where a diffusing particle hits a threshold or arrives
at a small reaction site is a key milestone in the completion of numerous biological
phenomena. Examples include the binding of the T-cell receptor to a ligand on an
opposing cell, the entry of a virus into a cell or the trafficking of intra-cellular molecules
through nuclear pore complexes [5, 11, 12, 26, 45, 51, 52, 54, 55, 60, 64].

An ongoing and challenging avenue of research is to describe how the interaction
of diffusive processes with complex geometries affects the timescale of such processes
incling shielding, confinement and boundary induced motion. The interaction of dif-
fusive particles with curved manifolds is of great importance in understanding cellular
functions where morphology plays a significant role [1, 15, 22, 53].

In this paper, we describe the solution by matched asymptotic analysis of two
related problems in diffusive transport, the Narrow Escape Problem (NEP) [14, 17,
34, 38, 54, 56] and the Berg-Purcell (BP) problem [6, 33, 40, 44]. Before introducing
the precise mathematical formulation of these problems and our main results, we
outline the geometric setting which is common to both.

Let M C R3 be a three-dimensional simply-connected bounded domain, whose
smooth reflecting boundary dM hosts the union OM, = UN OM; of N small par-
tially reactive patches O M;. Each boundary patch O M; has a length-scale L;, and a
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constant reactivity B; > 0. More specifically, we denote 2L; to be the diameter of the
orthogonal projection of the patch 0€2; when mapped onto the tangent plane. The
geometry of each patch is assumed to be simply-connected with a smooth boundary,
but with an otherwise arbitrary shape. Within this setting, the NEP is posed on the
interior of M while the BP problem is solved in the exterior region R?\ M. Owing to
differences that arise from this geometric consideration, we outline the two problems
separately.
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FI1G. 1.1. Three-dimensional diffusion interior (x € Q) and exterior (x € R3\ Q) to a general
closed and smooth curved surface Q. The Berg-Purcell problem (1.1) solves the exterior diffusion
problem and seeks the capture rate of ligands on a cell surface with localized reaction receptors
{8Qk}kN:1. The narrow escape problem (1.6) solves the interior diffusion problem and seeks the
escape rate of diffusing molecules in Q through small boundary windows {an}gzl. The non-
overlapping reactive patches are centered at points {xk}szl with spatial extent € < 1.

The Berg-Purcell (BP) problem: A foundational model of diffusion-mediated signal-
ing, introduced by Howard Berg and Edward Purcell [6], posits that interactions
between cells and the extra-cellular medium is negotiated through binding of ligands
to membrane-bound surface receptors. In this context, the steady-state concentration

U of diffusing ligands satisfies the mixed Neumann-Robin boundary value problem
(BVP)

(1.1a) AxU=0, XecR\M,

(1.1b) DOU+BU=0, XedM;, i=1,...,N,

(1.1c) U =0, XedM,=dM\UY, oM,;,

(1.1d) U ~ Ung (1 - |C;| + (’)(|X|_2)> , as |X|— oo,

where D > 0 is the constant diffusivity, U, is the constant concentration imposed at
infinity, Ax is the Laplacian in the dimensional coordinate X, and 9,, is the outward
normal derivative to M, directed into M. We emphasize that the original work [6]
dealt with perfectly reactive patches (B; = o0), in which case the Robin condition
(1.1b) is reduced to the Dirichlet condition U = 0; various physical and probabilistic
interpretations of the Robin boundary condition (1.1b) are discussed in [25, 26]. The
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monopole coefficient Ct in the far-field (1.1d) is referred to as the capacitance of the
heterogeneous partially reactive boundary dM. The key quantity of interest is the
combined flux through the whole cell surface, given by

(1.2) J=-D / &nu ds = 47TDZ/[infCT .
oM

In arriving at (1.2), we have used the divergence theorem to relate the total flux J to
the far field behavior (1.1d). Our analysis will provide an asymptotic expansion for
the total flux J in the small patch diameter limit.

To analyze (1.1), we introduce the dimensionless variables
(1.3)

X
X:R—*, L:mlax{Li}, €=

Lo Lo, LB U . Cr
R*a Z*La P — Da 7uinf, T*R*a

where R, is a length-scale for M. We also consider the rescaled domain 2 = R M
and the rescaled patches 9Q5 = R;10M; of small O(¢) diameter, which are assumed
to satisfy 025 — x; € 092 as ¢ — 0. Moreover, we assume that the patches are
well-separated in the sense that |x; — x;| = O(1) for all i # j as ¢ — 0. In the region
exterior to €2, (1.1) becomes

(1.4a) Ayu=0, xeR*\Q,
(1.4b) eopu+bu=0, x€0Q;, i=1,...,N,
(1.4c) Opu =0, x€0Q, =00\ UNY, 905,
C
(1.4d) u~1—ﬁ+0(\xr2), as  |x| — oo,

where Ay is the Laplacian in x, and 0,, is the outward normal derivative, directed
into 2. The relevant biophysical question is to understand the dependence of J; =
Ji(X1,...,Xn) on the geometry Q together with the trapping configuration as de-
scribed by the locations {x1,...,xx} € 9 of the centers of the patches, their relative
sizes, shapes, and reactivities {b1,...,bx} (see Fig. 1.1). The distribution of fluxes
across the reactive sites plays an important role in cellular mechanisms of source
detection [7, 9, 21, 40, 43].

In §2 we will analyze the BP problem (1.4) in the small patch limit € — 0 by using
the method of matched asymptotic expansions. Our analysis provides a three-term
asymptotic expansion for the capacitance Cr, which is valid for a general smooth
and closed domain . The result extends previous works [10, 40, 41] where perfectly
absorbing circular patches (b; = co) on the boundary of a sphere were considered.
It also extends upon the results of [31] where a three-term expansion for Ct was
derived for a spherical domain with partially reactive boundary patches of arbitrary
shape. Our result Ct for an arbitrary bounded 3-D domain is given by (2.46) and
depends on the exterior surface Neumann Green’s function, which will be computed
numerically, together with some local geometric properties of the domain boundary
0f) near the patch locations. An important case of biological interest is N identical
perfectly absorbing circular patches of radius €. In this scenario, our main result for
e — 0, as given in Proposition 1, simplifies to
log(4¢) + 1e (pe(xl7 CoXN) 3H> + O(e? loge)} .

1 ™ eH
1. — - —
(1.52) N 8

CTNETV Nm
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Here

where H; is the mean curvature of the surface at x = x;, defined in terms of the two
principal curvatures r1(x) and k2 (x) at x = x; by H; = 3 [k1(x;) + r2(x;)], with sign
convention that H; = —1 if Q is the unit sphere. In (1.5a), the inter-patch interaction
energy pe(xi,...,xy) is defined in terms of the exterior surface Neumann Green’s
function G, and its regular part R. (see (2.18a) and (2.18b) below) by

N N

(1.5¢) Pe(X1,...,XN) = Z [Re(xi) + ZGe(xj;xi)} .
i=1 j=1
J#i

The Narrow Escape Problem (NEP): By using a similar asymptotic framework, we
will also analyze the mean first-reaction time (MFRT) for diffusing ligands inside M
to react on a collection of small well-separated partially reactive patches situated on
an otherwise reflecting boundary. Adopting the same notation as (1.4), the MFRT
U(X) for a Brownian particle starting at X € M satisfies the mixed Neumann-Robin
problem

(1.6a) “DAxU=1, XeM,
(1.6b) DOU+BU=0, XedM,;, i=1,...,N,
(1.6¢) U =0, XeM,=0oM\UY,oM;,

where 0, now denotes the normal derivative directed outward to M. A central quan-
tity to describe is the global (or volume-averaged) MFRT,

_ 1
(1.7) U= |~A/l|//\/l U(X)dX,

which corresponds to the average MFRT with respect to a uniform distribution of
initial points X € M. Here |M| denotes the volume of M. We non-dimensionalize
the MFRT problem (1.6) by introducing the dimensionless variables defined by

(1.8)

X:R—*, L:m?x{Li}, €=

L L; LB; D

R7*, —f, bl:?’ U(X):F%U(XR*)
In terms of (1.8), the dimensionless MFRT w(x) with partially reactive patches and
dimensionless reactivities b; > 0 satisfies

(1.9a) Ayu=—-1, xe€Q,
(1.9b) edpu+bu=0, x€0Q;, i=1,...,N,
(1.9¢) Ou =0, x€0Q, =00\ UNY, 905,

with the same notation and assumptions on the patches as for (1.4). For a uniform
distribution of initial points x € €2, the dimensionless global MFRT is

*—i u(x)ax
(1.10) um/g (x) dx .
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By using the method of matched asymptotic expansions, we will derive in §3 a three-
term asymptotic expansion for @ in the limit ¢ — 0, which is valid for a general smooth
and closed domain 2. Our analysis extends that of [20] and [29] for perfectly absorbing
and for partially reactive patches, respectively, on the boundary of a spherical domain.
It also extends the work of [47] for a single perfectly absorbing boundary patch by
describing the interaction of N non-overlapping partially reactive patches. Finally, it
extends to higher order the two-term asymptotic result of [22] for perfectly absorbing
circular patches on the boundary of non-spherical domains.

For the important case of N identical perfectly absorbing circular patches with
common radius &, our main result for (1.10) given in Proposition 2 simplifies to

_ 9 eH de 3H 9
(1.11) @ ANe Nﬂ_logéla—i—N ps(xl,...,xN)—i—Sﬂ_ + O(e”loge)| .

In (1.11), the quantities H and ps(x1,...,xx) take the form outlined in (1.5¢), but
with values drawn from the interior surface Neumann Green’s function G4 and its
regular part R, satisfying (3.2) and (3.3). In (1.11), the sign convention is now
H; = 1if Q is the unit sphere.

Our asymptotic analysis of (1.4) and (1.9) relies heavily on a careful resolution of
the singularity behavior of the surface Neumann Green’s function with Dirac source
located on the curved boundary. While some previous works on resolving this behavior
were given in [42, 47, 50, 57, 58], our local analysis in Appendix B of this singularity
behavior is characterized in terms of the local tangential-normal coordinate system
near each patch (see Appendix A). This local coordinate system recapitulates the weak
path-dependent singularity structure uncovered using a microlocal analysis approach
in [47], but in terms of coordinates that are especially convenient for our asymptotic
analysis. In comparison to the analysis in [50] and [58], which yielded the first two
terms of the singularity behavior only on the surface, our analysis resolves the first
three terms of this singularity behavior, and is valid in a small neighborhood of the
singular point, i.e. both on and off the surface.

The outline of the paper is the following. In §2 we analyze the BP problem (1.4)
in the limit &€ — 0. Our result provides explicit formulas for the capacitance Cr (1.4d)
in terms of the reactivities and spatial configuration of boundary patches. In §3, we
apply this asymptotic analysis to the NEP defined in (1.9). Again our result takes
the form of an explicit asymptotic expansion for the mean exit time of a Brownian
particle through multiple boundary windows. Numerical validation of our results are
given in §4 and we show that the derived expansion has the errors predicted by the
asymptotic theory. We also demonstrate that our asymptotic framework is able to
accurately describe the effects that non-constant surface curvature has on the capture
statistics of Brownian particles to small reactive sites. In §5 we conclude by discussing
some future research directions which emanate from this work.

2. Asymptotic analysis of the Berg-Purcell problem. We now use the
method of matched asymptotic expansions to derive a three-term asymptotic expan-
sion for (1.4) in the small-patch limit ¢ — 0. The analysis is valid for arbitrary
reactivities and arbitrary patch shapes on the domain boundary.

For our analysis, it is convenient to introduce U by

(2.1) uw=—CqU,
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so that from (1.4) we find that U satisfies

(2.2a) AU =0, xeR\Q,

(2.2b) e, U+bU=0, x€9Q;, i=1,...,N,

(2.2¢) o,U =0, x€dQ, =00\UY, 005,

(2.2d) UN—L—&—L—&— prx +--, as x| —o0.

Cr |x|  Cr|x)?

In (2.2d), pr is the dipole vector. Equivalently, we can write the far-field condition
(2.2d) as a flux condition over the boundary 92, of a large sphere of radius o centered
at x = 0, in the form

(2.2e) lim OpU|r=y dS = —4m.

T — 00 BQU

In the outer region away from the boundary patches we expand the outer solution
for (2.2) as

(2.3) Un~e Uy + Uy +elog(e) Uy +eUs ...,
where Uy is a constant to be determined. The correction terms Uy for k > 1 satisfy

AU, =0, xeRN\Q; U =0, x€0O\{x1,...,xn},

(2.4) .
lim 8nUk|T:U dsS = —47‘(‘5;91 5

o= Jaq,

where 01 is the Kronecker symbol. Singularity behaviors for Uy as x — x;, for each
i=1,...,N, will be derived by asymptotic matching to the local or inner solutions
near each patch.

Near each boundary patch centered at x = x; € 09, in (A.2) of Appendix
A we introduce a local tangential-normal coordinate system (ty,to,d)”, where d =
dist(x,0Q) > 0, and where t; and t, are aligned with the two principal directions
through x; € 0 associated with the two principal curvatures x1; and ko;, respec-
tively. We define the e—localized coordinates by & = t1/e, & = ta/e, and n = d/e,
and label the inner solution near each x; as V;(y), where y = (&1, &,1)7.

We then expand the inner solution near each patch as

(2.5) Vo~ e W 4+ log(e) Vii 4+ Vai + ... .

Upon substituting (2.5) into the local transformation (A.6) of the Laplacian derived
in Appendix A, we obtain that Vj; for k£ = 0,1 satisfies

(2.6a) AyVii =0, yeR},
(2.6b) =0y Vii +0;Vii =0, =0, (§&,6) €Ty,
(26C) 87]Vki =0, n= 0, (51752) ¢ Ly,

where Ay = 0c¢, + O, + Oyy, with the behavior at infinity being fixed below
via asymptotic matching conditions. Here I'; < ¢719Q¢ is the flattened compactly-
supported partially reactive patch on the horizontal plane n = 0, obtained from the
e—localized tangential-normal coordinate system (e.g., if 9 is a small spherical cap
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of radius ea;, then I'; is the disk of radius a;; in other words, I'; represents a rescaled
flattened shape of the patch in the limit e — 0). In addition, we find that V5; satisfies

(2.7a) AyVai = 2H; (MVain + Voi) — 2Qim (Voice, — Voieaes) » ¥ €RY,
(2.7b) —O0yVai +b;Vai =0, =0, (&,&) €Ty,

(2.7¢) OMVai =0, n=0,(&,6) ¢T;.

Here H; and Q; are the mean curvature and curvature difference of 92 at x;, given
1 1

(2.8) H; = 5(/*611' + K2q) Q; = i(ﬁu — K2i),

with H; < 0 if 9 is convex at x; as seen from a point x € R?\ . In (2.6) and (2.7),

we label the upper half-space by

(2.9) R} ={y = (&1,&,m)7 | >0, —00 < &,& < o0}

Upon imposing the leading-order matching condition Vp; ~ Uy as |y| — oo, the
solution to (2.6) for k =0 is

(2.10) Voi = U (1 —wy) ,

where w;(y;b;) is the solution to

(2.11a) Ayw; =0, yeR3,

(2.11b) —Oqw; + biw; =b;, n=0, (§&,8) €Ty,

(2.11c) Ow; =0, n=0,(&,&) ¢1y,
i(bi i(bi)-

(2.11d) wi~cl(|)+p( |§y+~~7 as |y| — oo,
y y

where |y| = (£24+£3+n02)Y/2. In (2.11d), C;(b;) is referred to as the reactive capacitance
of T'; (cf. [29],[31]). From the divergence theorem, it satisfies the identity

1 1
(2.12) Ci(k) = ;/ qi(§1,&2:b;) d§1d€o,  where  q;(&1,62;0:) = _ianwiln:0~
I;

We refer to ¢; as the charge density in analogy with electrostatics. We remark that
C;(b;) is invariant under rotation of a given patch shape I';. As a result, in com-
puting C;(b;) it is not necessary to align the coordinate axes of I'; along the two
principal directions. The dipole vector p; = p;(b;) in (2.11d) must have the form
pi = (p14,p2:,0)T to ensure that the far-field behavior (2.11d) satisfies (2.11c).

In [29] (see also [31]), the reactive capacitance for a circular patch was computed
numerically in terms of a Steklov eigenfunction expansion. The form of this expansion
was the motivation for constructing a heuristic approximation for C;, which is rather
accurate over the full range 0 < b; < oo (see [29] and §4.2). Moreover, this analysis
of [29] and [31] was extended in [28] to numerically compute C;(b;) for patches of
arbitrary shape and to derive monotonicity principles for C;. For circular patches,
the following lemma was established in [31] (see also [29]):

LEMMA 2.1. (Lemma 8.1 of [29]) When T; is the disk 0 < s < a;, where s =
&2 + €3, we have w; = w;(s,n; b;) and

1

(2.13) Ci(b;) = 2/0 qi(s; bi)s ds, qi(s;b;) = *iwi,n\nzo,
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where w; is the solution to (2.11). The asymptotics of C; are

log b;
b;

o 2ai

>, as b; = oo, with Ci(o0) = ,
T

(2.14&) Cz(bz) ~ Oz(OO) + O (
(2.14]:)) Cl(bl) ~ Q; |:61 (blal) — Cg(biai)Q + 03(biai)3 + O((bzal)‘l) , as b, —0,

where ¢ = 0.5, co = 4/(37w) ~ 0.4244 and c3 ~ 0.3651. Moreover, for b; — oo,
qi ~ qi(s;00) = 1 (af - 32)71/2 on 0 < s <a;.
We now proceed with the asymptotic analysis. The matching condition is that

the local behavior of the outer expansion (2.3) as x — x; must agree with the far-field
behavior of the inner expansion (2.5), so that for each ¢ = 1,..., N we must have

U,
=4 Uy +elog(e) Us+eUs + . ..

~22 (1—-"?) +log(e)Vai + Vi + ... .
€ vl Iyl

(2.15)

By using |y| ~ e~ x—x;| from (A.9) of Appendix A, this matching condition provides
the singular behavior for U; as x — x;. In this way, we conclude that U; satisfies

(2.16a) AU =0, xeR3\Q; o0nU1 =0, x€dN{x1,...,xn},
(2.16b) U1~|U°Ci|, as x—x; €00, i=1,...,N,

X —X;
(2.16¢) lim OrUi|r=e dS = —4m.

o= a0,

From the divergence theorem, the solvability condition for (2.16) determines Uy as

(2.17) Up=—=, where C= Z Ci(b;)

Qll o

To determine Uy, we introduce the surface Neumann Green’s function G.(x;x;)
for the exterior problem, which is the unique solution to

AG, =0, xecRN\Q; O0nGe =0(x—x%;), x€099,
(2.18a) 1
e~ ——, as |x| = oo,
4|x]|
where x; € Q and 9, is the outward normal derivative to R*\Q, which points into
Q. In Appendix B we show that the local singularity behavior of G, is

(2.18b)
1 H;
Go(x;%;) = ————————log (|x — x;| + d)+e(x;x;)+ Re(x;)+o(1), as x —x;.
2m|x — x| 4w
Here #,; is the mean curvature of 992 at x = x; (with H; = —1 if Q is the unit sphere),
d = dist(x,9Q) > 0, while the term e(x;x;) given in (B.29) is proportional to the
curvature difference and depends on the specific path of approach to x = x; € 99.
In contrast, Re(x;) is a globally determined quantity, referred to as the regular part of
G, which depends on the domain shape and on x;. When € is the unit sphere, the
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explicit analytical solution to (2.18a) and the corresponding regular part R, are given
in (B.30). For the case of prolate spheroids, a series solution for G, and R, has been
derived in [42], while for more general domains a numerical method is also available
[42].

The solution to (2.16) is represented in terms of G, as

N
(219) U1 :U1 —27TU()ZC]‘GE(X;XJ‘)7

j=1
where U is an unknown constant, which must be expanded as (cf. [20], [44], [29])
(220) Ul = Ul() log(s) + Ull s

where Uy and Uqq are constants, independent of €, to be determined. The term
Uiplog(e) is a “switchback term” (cf. [39]) and simply corresponds to inserting a
constant term between Up/e and U; in the outer expansion (2.3).

In order to determine the local behavior of U; as x — x;, in Appendix B we
establish the refined asymptotic behavior of the surface Neumann Green’s function
G, as x — x;, written in terms of the local tangential-normal coordinate system. In
terms of the e-localized boundary-fitted coordinates it is given in (B.28). In this way,
by using (B.28) and (2.20) in (2.19), we obtain as x — x; that

(2.21)
Uy ~ —

UyC; H,UC;  — H,UpC;
€(|)y| + ( 20 +U10> loge + TO (log (n+lyl) —

QUG [ 2n 1
4 yI* (i +ly)?

n(& +§§)>
lyl?

) (6§ =€)+ U1 + UpBei -

Here the constant (.; is the i-th component of a matrix-vector product defined by
(2.22) Bei = —2m(G.C); ,

where C = (C4,...,Cn)T and G, is the Green’s matrix defined by
(2.23)

Rey Gei2 T Gein
Ge21 ReZ te GEQN

ge = . . . . 3 Rei = Re(xi)a Geij = Ge(Xi;Xj) .
Gent -+ Genn-1 Ren

Upon substituting (2.21) into the matching condition (2.15), we observe that the
O(loge) term in (2.21) specifies the far-field limiting behavior Vy; ~ Uyg + H;UpC; /2
as |y| — oo, where V7; satisfies the inner problem (2.6) with k = 1. In terms of w; of
(2.11), we conclude that

(2.24) Vi; = <Hig00i +Ulo> (1—w),

which has the far-field behavior

’HiUCi - Ci
(2.25) VHN(QO—I—Ulo) (1—|y|+~-~>, as |y| = oo.
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Upon substituting (2.25) into the matching condition (2.15), we obtain the sin-
gularity behavior for the correction U, in the outer expansion (2.3). In this way, we
conclude that U, satisfies

(2.26a) AU, =0, xeR*\Q; OUs =0, x€d\{x1,...,xn},

(2.26b) U ~ — HiUOC"Jer Cs , as x—ox, €00, i=1,...,N,
2 |x — x|

(2.26¢) lim OrUs|r=6 dS =0.

=00 [0,

By using the divergence theorem, we readily find that (2.26) is solvable only when
Z;\le C; Wlo +H; Uon/Z] = 0, which determines Ui as

= N
Uio 1 2 —

With U determined in this way, the solution to (2.26) is given in terms of the surface
Neumann Green’s function and an additional unknown constant Ug as

(228) U2 —QFZC (H UO J +U10> Ge(X;Xj).

Next, we match the O(1) terms in (2.21) when substituted into the matching
condition (2.15). In this way, we find that V5; satisfies (2.7) with the far-field behavior

(2.29)
— H; U
Vai ~ Vaioo = BeilUo + U1 + 0

Ci 2 2
(log(n +lyl) - n(£|1y+3£2)> ,

QUG
4

o be e
|y|3 (77+ |y|)2] (61 62)7 as ‘Y| — 00.

To analyze (2.29), it is convenient to decompose Va; as
(2.30) Vai = (BeiUo + U1) (1 — w;) + H;Up®iq + QiU ®;—,

while substituting Vp; = Up(1 — w;) into the right-hand side of (2.7). In this way, we
obtain that ®;, satisfies

(2.31a) Ay@ip = =2(NWipy + Wiy) , Y E R:-ji- )
(2.31]:)) —8,,<I>i+ + biq)i+ =0, n=0, (51, 52) el;,
(231C) a’r]q)i+ = 07 n= 07 (51752) ¢ F’L )
Oz 2 + 2
(2.314) b~ G (toutn i) - L) sy,
while ®;_ is the solution to
(2.32a) Ay®im = N_(y) =2 (wige, —Wige) , ¥ ERL
(2.32b) —8n<1>¢, +b;®,_ =0, n=0, (51,62) ely,
(2.32¢) O0®i- =0, =0, (&, &) ¢,
Cl' 27] 1

(2.32d) i~ —— (& &), as |yl —»oo.

Jr [
yI® (i +ly))®
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In Appendix C of [29] (see also [31]), with derivation summarized below in Ap-
pendix C, it was shown that the solution to (2.31) has the refined far-field behavior

C 2 2
(2.33) Qi ~ o <1og(n +lyl) - W) +

Ei+
vl

as |y| — oc.

The properties of the monopole coefficient E; = E;(b;), as derived in [29] and also
summarized in Appendix C (see also [31]), are given in the next lemma.

LEMMA 2.2. For an arbitrary patch shape I';, we have
1
(2.34) Ei(bi) = 5.2 //(Ji(}’;bi) qi(y';b:) logly —y'| dy dy’,
r; I';

where we have labeled y = (£1,&)T andy’ = (£],65)T. As b; — 0, we have g; ~ b;/2
so that to leading order

b;
(2.35) Eiy(b;) ~ — 7 //log ly —y'| dy dy’
r; I';

The coefficient E;+ is invariant under rotations and so does not depend on the ori-
entation of the patch with respect to the principal directions. When I'; s the disk
s2 =€+ &2 < a?, for which ¢; = qi(s;b;) in (2.12) is radially symmetric, we have

a; S 2
(2.36) Eip = Eiy (b)) = —loi“’ [Ci(b:))2 + 2/ % (/ tq:(t; b;) dt> ds,
0 0

where C;(b;) is given by Lemma 2.1. For the disk, the asymptotic behavior of E; . is

2a? 3
(2.37a) Eiy ~Eii(o0)=— 7;_121 (logai + log4 — 2) , as by — o0,
b2at (1
(2.37b) Ey ~ % (4 —log ai> , as b;—0.

The new problem (2.32), which incorporates curvature anisotropy due to differ-
ences in the two principal curvatures for non-circular patches, is analyzed in Ap-
pendix D. There it is shown that, in terms of an additional monopole coefficient
E;_ = E;_(b;), ®;— has the refined far-field asymptotic behavior

C; 277 1 9 9 E;_
(2.38) O ~—— |+t —— | (G -&) + .
N R o I
As derived in Appendix D, this new monopole coefficient is characterized as follows:

LEMMA 2.3. For an arbitrary patch shape I';, we have

. 1
(2.39a)  E;_(b;) = yro) /r qi(y; b:)Ti(y; bi) dy . with  q;(y;b;) = —§wi,n\n:07
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where [J; is defined by

o 2 e 2
(2.300) gityn) = [ SEELZEEE) ) gy
r; Iy’ — vl
As b; — 0, we have q; ~ b4/2 so that to leading order
o (& - 51 — (G -&)
(2.40) E;_(b;) 167r2 // F— dydy'.

In (2.59) and (2.40), we have labeled y = (£1,&)T and y' = (&7,€5)T. The coefficient
E;_ is not invariant under rotations of T';, and so it depends on the orientation of the
patch with respect to the two principal directions. When T'; is a disk, then E;_ =0
for all b; > 0.

To show that E;_ = 0 when I'; is a disk of radius a;, we first observe for a disk
that g; is radially symmetric so that ¢; = ¢; (|]y’];b;). It then readily follows that J;
in (2.39b) has the symmetry property (written in component form) J;(&1,&2;b;) =
—Ji(&2,&15b;). As a result, since the integrand in (2.39a) is an odd function with
respect to reflection about the line £ = & that partitions the disk I'; into equal
halves, it follows from symmetry that £, = 0 for all b; > 0.

With the properties of F;1 established above, we now proceed with the asymptotic
analysis. To determine the refined far-field behavior of V5; we substitute the far-field
behaviors (2.33), (2.38), and w; ~ C;/|y| as |y| — oo into our decomposition (2.30).
We conclude that

EUy Ci(UoBei +Un1)

(2.41) Vai ~ Vaioo + — ,as |y[—= o0,
ly| 4

where Voo was defined in (2.29) and E; is defined in terms of E;+ by

(2.42) Ei = HiEiJ,— + QiEi_ 5

where H; and Q, were defined in (2.8).

Upon substituting (2.41) into the matching condition (2.15), we observe that the
two monopole terms in (2.41) determine one component of the required singularity
behavior for the outer correction Us in (2.3). The remaining part of the singularity
condition arises from the dipole term p; in (2.11d), which is written in outer variables
using y ~ Q;(x — x;)/e from (A.8), where Q; is a suitable orthogonal matrix. In this
way, we conclude from (2.4), (2.15) and (2.41) that Us must satisfy

(2.43a) AU =0, xeRN\Q; 0, Us =0, x€dN{x1,...,Xn},
[UoE; — (BeiUo + Un1) C] pi-Qi(x — x;)
Us ~ -Uy————7—>
|x — x| |x — x;[3
(2.43b) as x—x, €00, i=1,...,N,
(2.43c) lim 0rUs|r=cdS =0.

o= [0,

_ From the divergence theorem, we conclude that (2.43) has a solution if and only
if U1 satisfies

77 N
244 _: E e’C
(244) U C Z jZ:lﬁ] !
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We remark that the contribution from the dipole term vanishes identically by sym-
metry since p; has the form p; = (plﬂp%())T. Finally, by using (2.22) for S.;, and
recalling (2.42) for E;, we determine U1 as

U 2T E a N

11 T 5 _

(245) T==FCTG0.C+ 5, where E= 2 E; = ; (H;Ejy + Q;E;_) .
Finally, to identify the capacitance Ct in (2.2d), we must take the limit as |x| —

oo of our outer asymptotic expansion (2.3) and compare it with the required limiting

behavior in (2.2d). By comparing the O(1) terms in the resulting expression we obtain

the following main result for C'p:

PROPOSITION 1. As e — 0, the dimensionless capacitance Ct for (2.2) in the
presence of N well-separated partially reactive Robin patches, centered at x; and with

local reactivities b; for i =1,..., N, has the three-term asymptotic expansion
1 U U U
(2.46a) o~ % 1+ 67100 log (¢) + 57101 + 0 (?loge) | ,
where
= N
2 Uio 1 9
U = — 5 —_— = = H C 3
| 0‘ C UO 20; i}
(2.46b) o o N
Un _2merg oy B E=Y (H;Ej + QE; )
=7 = = e = = JHi+ JH=i=)
Uo C C =

with Hj = (k1 + K25)/2, Q; = (k1 — k24)/2, and C = Zjvzl C;j. Here E;; and
E;_ are characterized in Lemmas 2.2 and 2.3, respectively. The Green’s matriz G,
in (2.46b) is given by (2.23) in terms of the surface Neumann Green’s function of
(2.18a). In terms of the dimensional capacitance Cr, defined in (1.1d), we use (1.3)
to obtain for a domain of diameter 2R, and with a collection of partially reactive
boundary patches of maximum diameter 2L, that

(2.47) Cr = R.Cr,
which determines the dimensional fluz to all the surface receptors as (see (1.2))
(2.48) J=4nD L{infCT .

In evaluating Ct from (2.46) for the dimensional problem, we use C; = C; (LB;/D)
and E;x = E;y (LB;/D), while calculating the Green’s matriz G, at x; = X;/Ry.

When € is the unit sphere, we have H; = —1 and Q; =0 forall: =1,..., N,
and so our main result (2.46) reduces to that derived in Proposition 1 of [31].

For N identical locally circular, and perfectly absorbing, patches of radius € on a
smooth boundary, our main result (2.46) can be simplified to that given in (1.5) by
setting C; = 2/m, E;— =0, and E;; = —2(log4 — 3/2) /n* fori=1,...,N.

We emphasize that the term Q;F;_ appearing in (2.46b) will in general be non-
vanishing only when the patch has a non-circular shape and is centered at a point on
the boundary where the two principal curvatures are different.
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3. The Mean First-Reaction Time. In this section we use a very similar
asymptotic approach to analyze (1.9) and to derive a three-term expansion for the
global MFRT w in (1.10).

In the outer region, we expand the outer solution as in (2.3) where Uy is a constant
to be determined, and where the correction terms Uy for & > 1 satisfy

(3.1) AyUp = —0k1, xX€Q; 00U =0, XG@Q\{Xl,...,xN},

where 01 is the Kronecker symbol. Singularity behaviors for U, as x — x;, for
i =1,...,N, will be derived by asymptotic matching to the inner (local) solutions
near each patch. The outer corrections Uy for £ > 1 are now represented in terms
of the surface Neumann Green’s function G4(x;x;) for the interior problem, which is
the unique solution to

(3.2) AXGS:ﬁ, x € Q; 0nGs =0(x—%;), x€0Q; /Gsdx:O,
Q

with x; € 0€2. As shown in Appendix B the local singularity behavior of G is
(3.3)
Galo63%0) = g o (x x|+ d) el 0+ R (xi) (1) E
s(XiX4) = o= X=X XX s (X , a8 X — Xy,
2r|x — x| 4w 8 c ¢ o

where d = dist(x, 9§). For this interior problem we note the sign convention that if
the boundary at x = x; € 99 is locally convex as seen from x € Q, then H; > 0.
When 2 is the unit sphere, H#; = 1, and the exact solution to (3.2) is given in (B.31).

Since the asymptotic analysis of the inner solution near each patch is identical to
that for the exterior problem studied in §2, we can readily determine the appropriate
singularity behavior for Uy as x — x; for (3.1) by simply appealing to the results in

§2.

In particular, in analogy with (2.16), we obtain that U; satisfies
(3.4a) AU =-1, xeQ; o0nU; =0, x€dO\{x1,...,xn},
UoC;

_|x—xi|

(3.4b) Uy ~ , as x—x,€00, i=1,...,N.

From the divergence theorem, the solvability condition for (3.4) determines Uy as

2] Gy
(3.5) Uy = 20 where C = ;Cj .

In terms of constants U;o and U;; to be determined, the solution to (3.4) is

N
(3.6) Uy =0y =210y Y CiGa(x;%,), where Uy =Usglog(e) + Uny .

j=1
In analogy with (2.26), we obtain that U, satisfies

(3.7a) AyUs =0, xeQ; 0nUs =0, x€dO\{x1,...,xn},

UoCi | — Ci .
(37b> UN_<H 20 +U10)M7 as X—>X168Q7 2217...,N.
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By using the divergence theorem, the solvability condition for (3.7) determines Uy as

7 N
Uio = _
(3.8) 70:—— Z?—[ C2 |, where C:;Cj.
The solution to (3.7) is then represented in terms of an unknown constant Us as
UyC —

(3.9) =T, — 2WZC (H 077 4 U10> Gs(x;%5) .

Finally, in analogy with (2.43), we obtain that Us satisfies
(3.10a) AUs =0, xeQ; OUs =0, xe€dO\{x1,....,xn},

[UoE; — (BsiUo + U11) C] pPi-Qi(x — x;)
Us ~ —Uo ;
|x — x;] |x — x;[3

(3.10Db) as x—x; €00, i=1,...,N,

where E; was defined in (2.42) and Q; is the rotation matrix between Cartesian and
local coordinates (see (A.2a)). In (3.10b), SB; is defined by the matrix-vector product

(3.11) Bsi = —2m(GsC); ,
where C = (Cy,...,Cn)T and
(3.12)
Ry Gaz R Gsin
Gso1 R T Gsan
gs = . . . . ) Rsi = Rs (Xz) ) Gsij = Gs (xi; Xj) .
Gsnvi -+ Gsnn—1 Rsy

From the divergence theorem, (3.10) has a solution only when Uy, satisfies

U11 1 ol
(3.13) = Z E; =Y BsC;
j=1

By using (3.11) for Bs;, and recalling (2.42) for E;, we conclude that

Uy 27 E = -
11 T T
(814) = =ZCTG.C+ =, where E= ;Ej = ; (H;Ejy + Q;E;_) .
We summarize our main result for the dimensionless MFRT u(x) and the global
MFRT @ in the small-patch limit in the following formal proposition. We also provide
the corresponding dimensional result based on the scalings (1.8).
PROPOSITION 2. Ase — 0, the asymptotic solution to (1.9) is given in the outer
region |x — x;| > O(e) fori=1,...,N by

(3.15)

Ui Uy
U, +e Ty 27TZCG (x;%;)

Jj=1

u() ~ 2 |1+ elog(e) 122

(). UIO
2 ) 2
+e%log(e) — 27 E C; ( 5 C; Uo ) Gs(x;x5) | +0(7) ]|
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up to an unknown constant Uy. The global MFRT 7, defined by (1.10), satisfies

Uy Ui U
(3.16) UN— 1+elog(e)—2 +¢ iJr(’)(s: loge)
Uy Uy
In (5.15) and (5.16), Uy, U1o and U1y are determined in terms of C = (Cy,...,Cn)7T,
C= Z;\f:l C;, E= Z;\;l E;, and the Green’s matriz G, defined in (3.12), by

|Q| UlO 1 ol 2 Uu 2 _ E
3.17 Up= 7:—t§: 1 _ 2T+ =,
GBI U=yT W C — “ v, o 9Cte

Here H; is the mean curvature of 0Q at x = x;, and E; is defined in (3.14). In terms
of the dimensional variables, we use (1.8) to conclude for a domain with length-scale
Ry, which has a well-separated collection of partially reactive Robin patches of length-
scale L, that

2
(3.18) T~ %a.

Here in calculating @ in (3.16) we set C; = C; (LB;/D) and E;x = E;1 (LB;/D) in
(3.17), while evaluating the Green’s matriz Gs at x; = X;/R,.

Although determining the constant U in (3.15) from a higher-order analysis
is intractable analytically, our analysis does provide the spatial dependence of the
MFRT, up to this unknown constant.

When € is the unit sphere, for which H; =1 and Q;, =0fori=1,..., N, (3.16)
reduces to the result derived in Proposition 1 of [29]. This previous result of [29]
extended that derived in [20] for the case of perfectly reactive circular patches on the
boundary of the sphere.

For N identical locally circular patches of a common radius € on a smooth bound-
ary that are all perfectly absorbing, (3.15) reduces to the result given in (1.11) upon
setting C; = 2/m, E;_ =0 and E;;, = —2(log4 —3/2) /7? fori =1,..., N. In partic-
ular, for one such circular patch centered at x; on the boundary, (1.11) can be written
as

(3.19) T~ 'f' {1 @1 g(de) + (4Rs(x1) ;1) + O logs)] .

€
This result for the global MFRT is equivalent to that derived in Theorem 1.2 of [47].
For one circular perfectly absorbing patch of radius € on the boundary of the unit
sphere we substitute the known values Hy = 1, Ry(x1) = 1= 1og2 — 53— (see (B.31D)
of Appendix B.1) for any x; € 9Q. With |Q| = 47/3 this reduces (3.19) to

(3.20) u= EZ' (11 g(2¢) — f’(;)

which agrees with the single patch result previously derived in Eq. (2.45) of [20]. We
remark that the leading-order term of this expansion was discovered by Lord Rayleigh
[4], whereas the logarithmic correction was first given in [58], but with an incorrect
numerical prefactor.

Another limiting case of our main result corresponds to a perfectly absorbing
elliptical-shaped patch I'y of semi-axes €a; and €as that are aligned with the direc-
tions of principal curvatures. By adapting the approach in [61], for this special case
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in Lemma E.1 of Appendix E we give explicit analytical formulas for the reactive
capacitance C7 = C1(00), the charge density ¢;(y;c0), and the monopole coefficients
E14 = E14(00) and E1_ = E7_(00). For this special case, (3.16) can be written as

_ QT 2 Evy
3.21 ~N—| = - 1 4R, 2 —
(3.21a) w i | Cre Hiloge +4nRs(x1) +2 | Ha 2
where C1, By, /C? and E;_/C? are given in (E.12), (E.10) and (E.11), respectively.
The resulting expression for the global MFRT for one perfectly absorbing elliptical-
shaped patch is equivalent to that derived in Eq. (1.3) of Theorem 1.3 of [47]. More-
over, in Lemma E.1 we derive the new result that the ratios F1+/C? in (3.21a) can
be explicitly written in terms of the semi-axes of the ellipse as

Eyit

1

Ey_
c0.E5) sotuse]
&

E1, a1 — ag

aj + as 3
—log2+ > = :
> og=+ 4’ 012 4(0,1 + ag)

3.1. Principal Eigenvalue of the Laplacian. By using the result in (3.16)
and (3.17) for the MFRT @, we now briefly outline the derivation of the asymptotic
result for the principal eigenvalue \g of the Laplacian for

(3.22a) Axd+rd=0, x€Q; /¢2dx:1,
Q

(3.22b) €00 +bip=0, x€c0Q, i=1,...,N,

(3.22¢) O =0, x€0Q, =00\ UY, o0,

In Sec. 4.5 of [29] a three-term expansion of Ay was derived for (3.22) when Q is
a sphere, which extended the previous result in [20] that was limited to perfectly
reactive circular patches on the boundary of the sphere.

To derive the corresponding result for \g for a general domain, we simply proceed
as in Sec. 4.5 of [29] to relate Ay to @, through an eigenfunction expansion of u in
terms of the eigenpairs of (3.22), which yields that

1+ O(£?)
u—0(?)’

Upon substituting the expansion (3.16) for @ in (3.23) we observe that we can neglect
the O(e?) terms in (3.23), to obtain

(3.23) Ao

— — -1
U U

(3.24) Ao ~ Uio <1 + 510g57100 + 57101 + O(£? loga))

Then, by using (1+y)™! ~1—y+ O(y?) for |y| < 1 together with (3.17) we obtain

that the principal eigenvalue Ag of (3.22) has the three-term asymptotics

N
(3.25) Xo|Q| ~ 27meC + w2 log e Z H;C? — 2ne? (2rCTG,C + E) + O(&* log?e),

j=1

where C' = Z;\le C;, E= Zjvzl (H;E;+ + Q;FE;_), while G, is the surface Neumann
Green’s matrix defined in (3.12). When € is the unit sphere, where H; = 1 and
Q;=0for j=1,...,N, (3.25) is equivalent to that derived in [29] upon noting the
different definition of the common diagonal elements of the Green’s matrix that was
compensated for by the modified logarithmic gauge log (¢/2).



18 A. E. Lindsay, A.J. Bernoff, D.S. Grebenkov, J.G. Hoskins, M.J. Ward

4. Numerical validation and optimization results. In this section, we de-
scribe our methods for the boundary integral solution of the Berg-Purcell (1.4) and
narrow escape problems (1.9). Using these numerical methods, we validate the main
results in Propositions 1 and 2, and demonstrate that these expansions exhibit the
predicted error as € — 0. Through some simple examples, we explore how geometry
and patch configurations combine to modulate the key quantities of capacitance and
GMFRT.

4.1. Boundary integral method. Previous numerical methods relied on the
Neumann-to-Dirichlet map to represent the solution of (1.4) and (1.9) followed by
spectral expansion of the surface potential and flux on each patch [8, 35], as well as
other spectral methods [24] and Monte Carlo simulations [31, 49]. In our numerical
treatment, we use a standard boundary integral equation approach to solve both the
Berg-Purcell problem (1.4) and narrow escape problem (1.9). In order to make the
presentation as self-contained as possible, we briefly sketch the procedure. We first
describe the approach for solving (1.4) before outlining the modifications required
for (1.9). In the following we will always take 92 to be smooth and n to denote its
outward pointing normal (note that this is the opposite of the convention used in (1.4)
but is more standard in the boundary integral literature).

We begin by introducing the ansatz,

L 3
(4.1) u(x) =1+ /89 yp y|0(y) ds(y), xeR’\Q,
where o is a yet to be determined boundary density. Noting that Ay[4r|x —y|]~! =
—0(x — y), it follows immediately that the u(x) defined in (4.1) trivially satisfies
(1.4a) and (1.4d), provided o € L'(92). All that remains is to satisfy the boundary
conditions on dQ. To that end, we note that for o € L?(99) the normal trace of the
integral exists in an L?(9€2) sense [36], and

(4.2) /8 )

as h — 0%, where we have defined

2

n(x) - VxSlo](x + hn(x)) — S'[o](x) £+ %O’(X) ds(x) — 0,

Slo](x) = /a L oy)ds(y), x¢09,

o 47|x —y]|

and

S'o](x) = /BQ Wa(y) ds(y), xe€0Q.

We also let S denote the trace of S, i.e. S[o](x) = limy,_0 S[o](x+hn(x)) for x € 9.
Inserting our ansatz into the boundary conditions (1.4b-1.4c) yields the following
integral equation

1 N
(43)  Fo(x)—8 +Z —Xo0s (x Z

where ypq: denotes the indicator function of Q5. Standard arguments [37] give that
S and S’ are compact from L%(df2) to itself which in turn implies that the above

m\°‘

8Q5 R XE@Q,
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equation is a Fredholm second-kind integral equation. Uniqueness of (4.3) follows by
standard arguments, see [37], for example. For the given right-hand side, standard
bootstrapping arguments give that o is C'°° away from the boundaries of the patches
0925 . Near the patch boundaries o is discontinuous, and the leading singular behavior
beyond the jump scales like dlogd, where d is the distance to the patch boundary.

Conveniently, we note that the capacitance Ct can be computed directly from o
as

1

Cr=——
T 47 a0

o(x)dx.

We discretize (4.3) using the package fmm3dbie [3], which uses the collocation
scheme described in [32]. Since o is discontinuous across the patch boundaries, we
require meshes with patch boundaries coinciding with edges of mesh elements. We
construct such meshes as follows. We first compute a first-order triangular mesh using
distmesh [48], modified to constrain a ring of vertices to lie on each patch boundary,
so that every patch boundary is approximated by a closed polygon of mesh edges.
Each triangle is then upgraded to a curvilinear mesh element by placing Vioreanu—
Rokhlin nodes [63, 65] on the flat triangle and projecting them onto 92 by a Newton
iteration along the gradient of the level-set function defining €. For triangles with
an edge or vertex on a patch boundary, the chart is blended with a parameterization
of the bounding circle, so that curvilinear mesh element boundaries lie on the patch
boundaries to the full order of the interpolation. Finally, mesh elements may be
graded dyadically toward the patch boundaries to resolve singularities in the density.

Solving (1.9) proceeds in an almost identical way, replacing the ansatz (4.1) with

u(x) = —% + Slo](x), x€q.

The volume integral (1.10) can be reduced to a boundary integral using integration
by parts. For further details, see [16, 42].

Numerical experiments suggest our method is able to resolve the solutions of (1.4)
and (1.9) with numerous well separated small patches. With modest grading, we
obtain relative errors in the density of at most 10~# which is sufficient for verification
of the asymptotic results.

4.2. Calculation of capacitance and monopole constants. For validation
of the asymptotic expansions in the case of circular patches, we need to calculate the
capacitance C' and monopole coefficient F,. For a disk-shaped patch T' of radius a
with reactivity b, the capacitance is given by [31, Eqn. (2.6)],

prds
Ptz

- o0

(4.4) C(b) = aC(ab), where C(z)= 5 Z
k=0

In the formulation (4.4), the pairs (ux,dy) are determined by the exterior Steklov

eigenvalue problem for the unit disk T' = {(y1,y2) € R? | 47 +y3 < 1}. This is defined
[31, Eqn. B1] by

(4.5a) ATy, =0, yeRY;

(4.5b) OnVy = Vs, y3=0, (y1,92) €T}
(4.5¢) O0n¥r=0, ys=0, (y1,y2) ¢ T}
(4.5d) Ui(y) = O(1/ly]), as [y|— oo
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This problem (see [29]) admits infinitely many nontrivial solutions {u, ¥ }2°2 , such
that the eigenvalues form an ordered sequence

O=po<pr <p2<...

while the restriction of the eigenfunctions W|r form a complete orthonormal basis
L3(T") (see [2, 13] for more details). The complementary values dj are defined by

dy, :/F\I/k(}’)dy

Algorithms to numerically compute the parameters p and dy were provided in [27,
31]. Extensions to patches of general shape were developed in [28§].
The monopole coefficient £, was determined in [31, Appendix E] to be

2
(4.6a) E. (k)= —% loga + a*E(ak),
where the function £(z) is defined by

2

(4.6b) E(z) = 2/01 i (/OT r’aq(ar';z/a)dr’) dr,

where ¢(y; %) is the charge density defined in (2.12). By representing the charge density
q(y; k) in terms of the Steklov problem (4.5), the calculation of (4.6b) is reduced to
quadrature.

4.3. Convergence of the MFRT for prolate spheroids. To validate the
asymptotic analysis, we consider a prolate spherical geometry with boundary given
by

(4.7) [“)Q:{(x,y,z)eR3‘x2+y2+i=1}7

2 2
Qe Ce

where ¢, > a. > 0. The prolate spheroidal coordinate system for x = (z,y, 2)7 is

(48) z=fV/(Z2=1)(1=x?)cosgp, y=fV/((2-1)(1—-x?Hsing, z=f(x,

where f = \/c2 — a2 is half the inter-focal distance. Here ¢ € [1,00) is the radial
variable, x € [—1,1] is the elevation coordinate and ¢ € [0,27) is the azimuthal
variable. The surface of the prolate spheroid is defined by points x = (x, ¢, () where
¢y = ce/f. In our experiments below we fill fix a, = 1 and ¢, = v/2 so that f = 1 and
G =V2.

To apply (3.19) for the prolate spheroid case, we note that the mean curvature of
this surface at the point (x, ¢, (p) is

g -1
- 1

2(¢¢ = D2 (¢ —x?)
The evaluation of the regular part R, (x1) satisfying (3.3) is performed numerically us-

ing the methods described in [42]. The values of H and R; as the elevation coordinate
X € [—1,1] is varied are shown in Fig. 4.1(a).

(4.9)

3 -
2
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Fic. 4.1. Validation of the GMFRT calculation for a single perfectly absorbing circular patch
centered at x1 = (X, ¢,Cp). Panel (a): The regular part Rs(x1) and Hi versus x. Panel (b):
Comparison of asymptotics (3.19) and the numerical solution (FEM) as the patch center moves from
the south pole (x = —1) to the north pole (x = 1) for various values of €. Panel (c¢): Comparison
between numerical solution and asymptotics for a single patch centered at the north pole and the
equator. Panel (d): Convergence of the relative errors (4.10) between the asymptotic approzimation
and numerical solution as € — 0 with line of slope 2 overlaid.

One of our primary observations from Fig. 4.1(b)-4.1(c) is that the GMFRT @ is
minimized when the boundary patch is placed at the equator. This location corre-
sponds to the global minimum of both R4(x;) and #; as seen in Fig. 4.1(a) and, as
predicted by our asymptotic result (3.19), should correspond to the location where @
is minimized when ¢ < 1. This expected behavior is confirmed in Fig. 4.1(b) where
we show, for several values of e, that the minimizer occurs for a patch centered at
the equator. Conversely, the global MFRT w is maximized when the single patch is
centered at a pole as shown in Fig. 4.1(¢). In Fig. 4.1(d), we calculate the relative
error

Hnum - ﬂausy

(4 10) grel =

unum

where Unym is the GMFRT from the numerical solution (see §4.1) and W,sy is the
asymptotic result (3.19). This result is consistent with the predicted behavior of the
relative error O(e2loge) as € — 0.
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4.4. Validation of the Berg-Purcell problem. In this subsection we consider
several special cases of our result in Proposition 1 for the Berg-Purcell problem. We
again use the prolate spheroid described by (4.7).

A single perfectly absorbing patch. We first consider perfectly absorbing circular
patches of a common radius ¢ so that C; = 2/7 and E; = —2(log4 — 3)72. In this
case, (2.46) for Ct was given previously in (1.5). For a single patch (N = 1), (1.5)
becomes

1
(4.11) I £t log(4e) + 4e [ Re(x1) + 3t + O(?loge) |
CT € s 8

where the regular part of the exterior surface Neumann Green’s function R.(x;) was
defined in (2.18b). This expression shows how Cr depends on local geometric factors
through the mean curvature H; and the global contribution R.(x;). When Q is the
unit sphere, H; = —1 and R. = —log(2)/(4n) for any x; € 9 (see (B.30b) of
Appendix B.1), so that (4.11) becomes

(4.12) CLT ~ g 1+ glog(Zs) - ;—i +O(e%loge)|
which is in agreement with Eq. (3.39) of [44].

Based on our sign convention for H, to apply (4.11) for a spheroidal geometry
one needs only to replace H in (4.9) with —H.

With this minor change, in Fig. 4.2(a) we plot both H; and R.(x;) on the spher-
oid with semi-axes (ac,ac,c.) = (1,1,1/2). The value of R.(x;) has been obtained
numerically from a boundary integral method described [42]. We observe that both
these quantities attain their global minimum at the poles of the spheroid indicating
that a single patch placed at either x = (0,0, £v/2) will generate the largest capaci-
tance Cr.

Two Robin patches. As a further test of (1.5), we consider two circular patches
of common radius € and reactivity b = 1. We calculate that

(4.13a) C =0.271628, E. =0.008360, E_=0.

In this case, the formula (1.5) for Cr reduces to

(4.13b)

1 2 CH HE,
C—Tw Noe 1—ﬁ510g5+5(27r0pe(x1,xQ)+ NC )],

where H = H; + H» and the interaction term is given by
(4.13¢) Pe(X1,X2) = 2Gc(x1;X2) + Re(X1) + Re(x2) -

We consider patches that are aligned symmetrically about either the poles or the
equator (see Figs. 4.2(a)-4.2(b)). For this case, we numerically calculate the regular
parts and interaction terms to be

Re(x1,2) = —0.03232 (Polar case), Re(x1,2) = —0.05982 (Equatorial case) ;
G.(x1;%2) = 0.01992 (Polar case), Ge(x1;%2) = 0.02269 (Equatorial case) .

As a function of ¢, in Fig. 4.2(d) we observe clear agreement between our asymp-
totic formula (1.5) and numerical simulations. We observe as expected that patches
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centered at the polar regions provide a larger capacitance. As a further validation of
our asymptotic result (1.5), we calculate the relative error between the numerically
computed capacitance (C#*™) and the asymptotic approximation (Cr) defined by

Cr — Oy

4.14 el =
( ) Erel C%um

In Fig. 4.2(e) we plot & for a range of € — 0 and observe the predicted decay rate.
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(d) Rescaled Cr against e. (e) Relative error in Cr against e.

FIG. 4.2. Berg-Purcell problem for the spheroid with semi-azes (ae,ae,ce) = (1,1,v/2). The
capacitance of a configuration with two patches of common reactivity b = 1 and radius € situated
either on the equator (panel (a)) or on the poles (panel (b)) is calculated. Panel (c): regular part
Re(x1) of the surface Neumann Green’s function computed by the numerical method of [42]. Panel
(d): comparison between our asymptotic result (1.5) and numerical computations for shrinking patch
radius €. The polar configuration provides the larger capacitance. Panel (e): the relative error (4.14)
in Cr decays according to the rate predicted in (1.5).

4.5. Comparison with points on the Fibonacci spiral. In this example,
we consider the Berg-Purcell formula for the case of N identical patches arranged on
nodes of the Fibonacci spiral points. The Fibonacci spiral points are a simple and
highly optimized set of points for generating near-uniform coverings of the sphere
[23, 62].

The N patch centers are placed at the nodes of a Fibonacci (spherical) spiral,
which gives a near-uniform, well-separated configuration for any N. With the golden
angle v, = 7 (3 — v/5), define for k =0,1,...,N — 1

(4.15) X =1— € (-1,1), ¢ =k, (mod 27),
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F1G. 4.3. Solution of the Berg-Purcell problem (1.4) with N identical Robin patches of radius €
and reactivity b =1 on the spheroid (ae,ac,ce) = (1,1,/2). For a range of patches centered at the
Fibonacci spiral points (4.16), we plot the rescaled capacitance CrUg/e as € — 0 from asymptotic
expansions (2.46) and full numerical solution (black crosses). The surface solution u|sn of (1.4)
obtained from the boundary integral method (cf. Sec. 4.1) is shown together with the mesh which
resolves the solution near each patch.

where y is the elevation and ¢y, the azimuth. The half-integer offset (2k+1)/N spaces
the nodes equally in x (hence by equal area in latitude) and keeps them strictly
off the poles, while the golden-angle increment 7, distributes the azimuths quasi-
uniformly. The corresponding centers on the spheroidal boundary 02 with semi-axes
(Ge,ae,ce) = (1,1,/2) are

(4.16) xk:<a\/1—xz cos i, ay/1 — x3 sin Py, cxk>, k=0,...,N—1.

In Fig. 4.3, we plot the rescaled capacita nce (CrUp)/e against € for various values
of N. The solid lines are the asymptotic approximation (2.46) where the entries of the
Green’s matrix are constructed using the methods in [42]. The corresponding rescaled
capacitance determined from the boundary integral method (see Sec. 4.1) are shown
with black crosses. The close agreement between these curves in the case of many
patch numbers serves as a highly non-trivial validation of our solution methodologies
applied to the problem (1.4). This encompasses our high-order asymptotic expansions
(Propositions 1 and 2), numerical computation of the path-dependent singular Green’s
function (2.18) and our boundary integral method (§4.1). In Fig. 4.3, we plot the
solution ulpqn of (1.4) for ¢ = 0.2. We note that the surface is well resolved by the
mesh which conforms to each of the N boundary patches.

4.6. Optimization of Cr for a perturbation of a sphere. For the Berg-
Purcell problem, we now investigate how to optimize configurations of patches for
domains that are small perturbations of the unit sphere. More specifically, we consider
N partially reactive circular boundary patches of a common radius € and reactivity
b. Upon setting C; = C(b), E;x = E4(b) and E;— =0 in (2.46), we obtain that

1 2 eC — _2E, )
4.17 — = 1+ — (4mpe. — H1 — O(e”1 ,
(4.17) O NCS[ +2N(7Tp HOgE+H02 >+ (e oge)}
where p. = pe(x1,...,xy) is the discrete inter-patch interaction energy defined in

(1.5¢), and H is the sum of mean curvatures (see (1.5b)). By recalling (2.34) and
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(2.12) for E4 and C, we write (4.17), after neglecting the O(e%loge) error term, as

1 2 1

(418&) afv NOE'f‘mP(Xl,...,XN;b),

where the objective function P = P(xy,...,xn;b) is defined by

(4.18b) P = (—loge +(b) 7—[+47r2[ (xi) +ZG xj,xl)].
j=1
J#i

Here ~(b), depending on the common patch reactivity b, is defined by

(4.18¢) ~(b) = 2By _ (fm) Joa(lyl; 0)a(ly’[;b) log |y —y |dydy> |
(f]D) (ly];0) d}’)

2
where D is the unit disk centered at the origin. By recalling the limiting asymptotics
for C and E; in (2.14) and (2.37), respectively, we have

3
(4.19a) v(b)~ -, as b—0; 7(b)~§—10g4z0.114, as b— 0.
The numerical evaluation of v(b) is discussed in §4.2. A heuristic approximation of
~(b) for all b > 0 is given by the monotonically decreasing function [29]

2
+5.17p081°

3
(4.19b) ~v(b) = 3~ log4 + T
log2—5/8

This leads to the formulation of a discrete optimization problem.

Optimization: For a given domain 0 with smooth and closed boundary OS), let us
fix the number N > 1 of circular boundary patches, their common radius € < 1
and reactivity b > 0. We seek to determine the configuration {x1,...,xy} C 909
of the centers of the patches that minimizes P in (4.18b). Such an optimal patch
arrangement mazimizes the capacitance Cr.

From (4.18b), the optimal arrangement depends on ¢, the patch reactivity through
v(b), and the domain shape via the Green’s function G. and its regular part R,.
Since v(b) > 0, but is monotone decreasing in b, partially reactive patches increase
the influence of the mean curvature in the discrete energy, but to a lesser extent
as b increases. The curvature term and the inter-patch interaction effect in (4.18b)
will balance in an optimum arrangement since G.(x;;x;) — 400 as x; — X;, which
prevents the optimally located patches from concentrating too close to minima of the
mean curvature.

We now apply (4.18b) to a domain Q that is a perturbation of the unit sphere
whose boundary is r = 1 + uF (¢, ), where u < 1, r = |x|, and with 0 < ¢ < 27 and
0 < 6 < 7 being the azimuthal and polar angles, respectively. For this geometry, the
mean curvature of 99 for p < 1 is (noting our sign convention)

1 1
(420) H~—-1+= (Ast +2F) with AgF = —— (5in00pF)y + —5-0sg F .
sin 0 sin® 6

We will consider two cases. Case I: For a perturbed sphere bulging out at the poles,
we take F' = cos? §, which vanishes on the equator § = 7/2. In Case II we take
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F = sin? 6, so that the perturbed sphere instead bulges out on the equator. From
(4.20) we calculate for these two cases that

. - 1—2cos?f, Casel;
(4.21) H 14 uH(9), where H(0)= {2 cos? 0. Ciase 11
For our two choices of boundary deformations, the centers of the patches on the
boundary of the perturbed sphere are labeled as x; = (1 4+ pF'(6;))x;j0 where x;0 =
(cos ¢; sin B;, sin ¢; sin 6, cos Hj)T for j = 1,...,N. We will choose the size of the
boundary deformation to satisfy u = O (—1/loge) so that the curvature and inter-
patch interaction terms in (4.18b) are of the same order. More specifically, we will
set u = —f/loge, where 8 > 0 is independent of e. Upon substituting (4.21) into
(4.18b) we obtain with this choice of p that

P = N (—loge+ (b))

5 N N 1
(4.22) — )+ 4w (x; Ge(x0;Xi0) —l—O( )
2 2:: Z { ) Jz;:l 305 0 ] loge
VE)

Finally, we explicitly evaluate the surface Neumann Green’s function in (4.22) on the
unit sphere using (B.30b) of Appendix B.1. In this way, we conclude that

(4.23a) P(x1,...,xy)~ N <log (%) — 'y(b)) + Po(x10, - - - XN0O) ,

where, with the two choices of #(6;) given in (4.21), we have

B 2
(4230) Po= 53 A, JI53)s (e 2 (o))

1=1 j=141

In Figs. 4.4-4.5 we present results obtained from the MATLAB optimization routine
fmincon called with the interior-point algorithm. The objective function is given
by Py defined in (4.23h) with the two choices of 7(6;) described in (4.21). We consider
N =1,...,12 patches and initialize the algorithm at points with angular coordinates
chosen with uniform random distribution in (¢, 6) € [0, 27) x [0, 7).

In case I where the choice F = cos? yields an elongated domain, we see in
Fig. 4.4 that the optimizing configurations have a tendency to cluster patches around
the poles of the domain. In case II the choice F = sin® 0 results in a domain which is
more bulged in the equatorial region. In Fig. 4.5, we observe a trend for the optimizing
patch locations to congregate around the equator. For N = 1,2, 3,4, we observe that
the optimizers are coplanar on z = 0. For N > 5, the optimizing configurations
occupy patch centers with z # 0. Similar geometric bifurcations have been observed
in related optimization problems for narrow capture in two [18] and three dimensions

[42].

5. Discussion. We have developed a unified asymptotic theory for two canonical
diffusive capture problems in general smooth closed three-dimensional domains whose
boundary consists of small non-overlapping partially reactive boundary patches of
arbitrary shape on an otherwise reflecting surface. First, we considered the exterior
Berg-Purcell problem of receptor-mediated absorption. Then, we adapted the analysis
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Fic. 4.4. Optimization of the capacitance Cr for N = 1,...,12 surface patches in the Berg-
Purcell problem, Case I. We consider a nearly spherical boundary defined by radial coordinate r =
1+ pcos?6 for p = 0.25. For N = 1,...,12 points, we numerically calculate the points {x; };V=1
that minimize the discrete energy (4.23).

Fic. 4.5. Optimization of the capacitance Cp for N = 1,...,12 surface patches in the Berg-
Purcell problem, Case II. We consider a nearly spherical boundary defined by radial coordinate
r=1+pusin?0 for p=0.25. For N =1,...,12 points, we numerically calculate the points {x; }§V=1
that minimize the discrete energy (4.23).

to treat the interior narrow escape problem for the mean first-reaction time for a
diffusing particle to react on any of small boundary patches. Previous treatments
were largely confined to the sphere, where the surface Neumann Green’s function is
known explicitly and the boundary is a surface of constant curvature. By performing
a matched asymptotic analysis relying on a local orthogonal coordinate system, we
have obtained three-term expansions (Propositions 1 and 2) for the capacitance Cp
and the global (or volume-averaged) MFRT @. The central outcome of our analysis
consists in accurate closed-form expressions for the key quantities that are determined
in terms of both local properties of each patch and those representing long-range
interactions. In particular, the local geometry near each patch enters through the
principal curvatures k1;, k2; and the patch reactivity b;, as encoded in the reaction
capacitance C; and certain monopole coefficients F;1. These latter quantities are
determined up to various quadratures that involve the charge density on each patch.
In contrast, the long-range interactions that encode the global domain geometry enter
through a surface Neumann Green’s matrix.

Resolving the weak, path-dependent singularity of the surface Neumann Green’s
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function on a curved boundary was the key technical step that enabled our general-
geometry analysis. For the special case of N identical circular patches, the results
collapse to compact formulas where the curvature appears only through the mean
curvature H; = %(mi + Kag;), and where they reduce to previously derived results for
a spherical domain in the appropriate limit.

A natural application of these formulas that awaits to be explored is the optimiza-
tion of capture over different surface geometries. More specifically, given a manifold
where should a fixed number of receptors be placed, and how should their sizes and
reactivities be apportioned, to maximize the absorption rate for capture of diffusing
ligands. Our derived asymptotic results reduce this question to a finite-dimensional
optimization problem in the patch locations, involving the Green’s interaction energy
N N
P, xn) = D0 [Rxi) + 0 Glxsixa)]
i=1 j=1

i#]

together with the local mean-curvature contributions H;. In practice, optimiza-
tion will require coupling the asymptotic formulas to a numerical solver to build
the Green’s interaction matrix on the surface of interest, for instance through the
boundary-integral methods [42]. We note one qualitative feature that distinguishes
the three-dimensional setting from its two-dimensional counterpart [16, 30]: the spa-
tially varying corrections enter at the O(cloge) term due to local mean curvature
effects while global effects are encoded in the O(g) term. This differs from planar and
spherical narrow-capture problems where the equivalent terms are independent of the
trap configuration in the limit ¢ — 0. We hypothesize that the set of optimizing
locations will depend on the patch radius € with smaller values being associated with
clustered configurations around critical points of mean curvature.

A second direction for future work is to derive effective scaling laws in the dense-
receptor limit N — oo while keeping the receptor area O(Ne?) fixed. On the sphere,
the leading Berg-Purcell rate together with a packing correction can be captured by
a homogenized effective reactivity to be imposed on the entire domain boundary (see
[31, 44]). We conjecture that on a general surface the analogous law must involve some
average of the local curvatures and an interaction energy whose growth with IV reflects
the geometry of optimal point configurations on the manifold. Establishing this law
and identifying the effective conditions that summarize a densely patterned surface
as a single homogenized boundary condition would connect the discrete asymptotics
developed here to a continuum description of partially absorbing curved boundaries.

Finally, the asymptotic framework developed herein unlocks the potential for
examining a broader class of geometry-dependent first-passage questions. The same
inner/outer structure and the same curved-surface Green’s function apply, with minor
modification, to studying splitting probabilities among competing receptors [29, 40],
to directional sensing [7] and source localization by a cell reading out the spatial
pattern of capture events, and to the extreme-value statistics of the fastest few arrivals
that govern the timing of many cellular decisions. We remark that the splitting
probability is readily obtained from our analysis by calculating the local flux to a
specific receptor and dividing by the total flux. Yet another application concerns
the asymptotic analysis of mixed Steklov eigenvalue problems (see [29]). In each
case the local curvature and the global Green’s interactions are expected to play the
organizing role they do here, and the methods of this paper provide a systematic route
to quantifying how geometric effects shape stochastic processes.
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Appendix A. Boundary-fitted local orthogonal coordinates.

We introduce a local coordinate system defined near x; using the intrinsic geome-
try of the surface as was done in [31]. We let t; and t5 be the local orthogonal surface
coordinates, centered at x;, that correspond to the two principal directions through
x; € 0f) with principal curvatures x; and ks, respectively. Locally the surface is
described by the quadratic form

1
(A1) 2 = B(ty,ts) = —kith + 5&21‘% +o(t? +3).

N |

In terms of a suitable orthogonal (rotation) matrix Q, we introduce the local change
of coordinates defined by

(A.2a) X' = Q(x —x;) = (t1, 2, B(t1,t2))" + dir,

where d > 0 and 1 is the inward pointing unit normal for the local parameterization
2" = B(t1,t2) of the surface, which is given for |[t1] < 1 and |t3] < 1 by

(_Btu _Bt2a 1)T

\/1+BE + B

For the validity of this coordinate system locally we require that d < 1/ max(0, K1, K2).
To transform the Laplacian of a generic function V (x) from Cartesian to the local
coordinates (t1,t2,d) of (A.2), we use the fact that Q preserves lengths, and so

(A.2b) = = (—kity, —rata, )T [1+ O +13)] .

v, = |0x/0t| =1 — dry + O(t2 + 15 + d?),
(A.3) Vi, = |0x/0ts] = 1 — dky + O(t2 + 3 + d?),
va = |0x/0d| = 1+ Ot +3).

In terms of these scale factors, the Laplacian is transformed to

1 0 (v,vg 0 [,y 0 (v, 1y
AV = — ==V — (T, G (Tl )|
Vi, Vi, Vd L’?tl ( vy, tl) + Ota ( Vt, ta | T od Vg d

K1 )
A4 = Via — V.
( ) dd (1H1d+1l€2d> d

1 0 ].—dliz 0 ].—dlil
* (1 —dlil)(l —dl@g) |:6751 (1 —dl@l‘/;1> * 87752 (1 —dHQWQ)] '

Next, we introduce the e-localized variables (&1, &2,n) defined by

(A.5) &L=t/e, & =tofe, n=dfe, Ay =0g¢ + Oge, + Ony.
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In terms of these local variables, for € — 0 we find that the Laplacian (A.4) reduces
to

(A.6)
1 1
AV = ?AYV + g [_ZHVTI + 2Hn (‘/5151 + V§2§2) + 2Q77 (Vilfl - ‘/‘5252 )] + 0(1) s

where H is the mean curvature and Q is the curvature difference defined in terms of
the two principal curvatures x; and ko of 0 at x = x; by
K1 + Ko

R1 — R2

2

Next, to derive a two-term approximation for the Euclidian distance |x — x;|, we
use (A.5) in (A.2) and collect powers of €. Since Q is an orthogonal matrix, we obtain

(A8a) Q(x—x;)=cy+e’atO(?), Ix — x;|? = e?yTy + 2e3yTa + O(e?),

where y and a are defined by

T Lo 1 o\
(A.8b) y = (&1,82,m)" a= ( —r1&1n, —K28am, 55151 + 55252 .
By calculating y'y = & + & 4+ n? = p? and yTa = —n (k1&7 + k2£3) /2, we get

x— x| ~ p (1 S @ 4 )+ 0 —s;f)]) L O,

(A.9) : X 25727
x| e (1 g [HE+8) + 6 - g%)]) +0().

Finally, we observe from (A.9) that [x — x;| = ep + O(¢%) and p = (£} + £3)1/2
when 1 = 0. As a result, if the orthogonal projection of the Robin patch 92 onto
the tangent is a disk of radius €a;, then the rescaled surface patch I'; is described by

&+ {%)1/2 < a; + O(£?). This small O(g?) difference between the the orthogonally-
projected and on-surface patches does not influence our three-term asymptotic result
in Propositions 1 and 2.

Appendix B. The surface Neumann Green’s function.

We now derive (2.18b) and show that the unspecified e(x;x;) term in (2.18b),
which is determined solely by the local behavior of 02 near x = x;, exhibits a mild
singularity in that the value as x — x; depends on the specific path of approach
to x;. This detailed analysis below produces a result equivalent to that derived in
[47] from microlocal analysis; here, we present an alternative approach based on a
local coordinate system defined in Appendix A which is suited for the high-order
asymptotic analysis of (1.4) and (1.9). In our analysis below, for ease of notation we
omit the subscript e for this Green’s function.

In terms of the e-localized coordinates (A.5), we apply (A.6) to the problem
(2.18a) for G. The boundary condition in (2.18a) on the surface n = 0 transforms
locally to

_ 1

9nG = 0,G = 6(x — x:) = 5(QTx') = ——

cvg 52|det Q‘(s(gl)(s(g?) :
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Since vg = 1+ O(£?) and |det Q| = 1, we obtain that

(B.1) Gy~ —15(E)5(E), on =0,

On the domain R?, as defined in (2.9), we substitute the expansion

(B.2) G = % + G+ 0(e)

into both (A.6) applied to G and the boundary condition (B.1). By collecting powers
of €, we obtain the leading-order problem

(B.3) AyGo=0, in R3; 0y,Go = —6(&1)0(&2), onn=0,
where AyGo = Go¢,¢, + Go,e.¢, + Gon- At next order we obtain that G satisfies

(B.4)
A)’Gl = QHGOJI —2Hn (G0,5151 + G07€2€2) —20Qn (G0,5151 - G07§2€2) , in Ri— )
OyG1 =0, onn=0.

The solution to (B.3) is

1

_ 1 1/2
- 2mp )

(B.5) Go , where p=(s*+7° , and % =& +6€7,

and we conveniently decompose G as
(B.6) Gy =2HG+ —29G_.

By using Go¢,¢, + Go g6, = —Go.ny for (£1,€2,m) # (0,0,0) in (B.4), the decomposi-
tion (B.6) yields that G satisfies

(B.7) AyGi = Gop +1Gomn = [1Goy] in Ri ; 0,G4+ =0, on n=0,

n

while G_ satisfies
(B.8) AyG_ =1 (Goge, — Gogre,) , in RY; OG- =0, on n=0.

We can determine G, by simply using the PDE that Gg solves. The result is as
follows:

LEMMA B.1. For (51752,77) # (0,0,0), the solution to (B.7) that has no singular-
ity in Ri has the form

" n I
(Bg) G+ = ZGO’W + ZGO — i/ GO d?’] + ]:(51752) 5

where F(&1,&2) is a 2-D harmonic solution satisfying AeF = Feye, + Fepen = 0.
Proof. For (&1,&2,m) # (0,0,0) we readily calculate that

3 n? n? 5 3
(B.10) Gip= ZUGOJI + XGOJIU ) Gy = ZGOJIWI + ZUGOJW + ZGOJI .
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Upon defining A¢ = O¢,¢, + Oc,¢,, we use the PDE that G solves to get

2 1 n
AcGy = % [AeGol, + gAEGo - 1/ AcGodn+ AF,

n? n L[
(B.11) = _ZGO,WM - ZGOW?? + 1/ Go,gn dn + AeF,
n? n 1
= _ZGOJVW - ZGOWU + EGO,U + AcF .

Adding the last line in (B.11) to G4 ,, from (B.10), and setting A F = 0 for (&1, &2) #
(0,0), we conclude that G satisfies (B.7) on R3 as required. From (B.10) it follows
that the boundary condition G, = 0 on n = 0 for (&,&2) # (0,0) holds. ad

To determine G explicitly, we use (B.5) for Gy to obtain

n 1 3n?

Gom = = Gy = — .
0.1 27p3 0.1 2wp3  2mpd

Replacing the integral in (B.9) with a definite integral, and recalling that [“(a® +
2%) 712 dx = log (z + V2% + a?), we get from (B.9) that

U ”?\ 17 dt
G+87Tp(1p2)8ﬂ-/0 m+}'(€1,€2),
1 1
= 8:p3 (E+&) - 8710‘(; (n+p)+ 8710g (@) + F(€1,&).

To ensure that G4 has no singularity in Rﬁ_, we must choose, up to an additive
constant K, that F = —(87)!log <\/§% + 53) In this way, we conclude that

__n 2 2 1
(B.12) Gy = [y (& +&) - 8710g<77 +p)+ K.
Next, we solve (B.8) for G_. By using (B.5) for Gy, (B.8) becomes

_ (& -&3)

(B.13) AyG_ o

, in Ri; 0,G_=0, on n=0.

We first seek a particular solution G_,, to (B.13) by using the following simple lemma.

LEMMA B.2. Lety = (£1,&,1)T, p=|yl|, and let P,(y) be a homogeneous poly-
nomial in'y of degree n, so that P,(ty) = t"P,(y) for any scalar t. If P,(y) is also
harmonic in 3-D, then

(B.14) A, <Pv;)(3>’)> _ 601 - ngn(}’) .

Proof. We calculate

P, Ay P, 1 1
& () = e () v ()

3

Since Vp=3 = —3y/p® and Ayp~3 = 6p~° we get

P’!L Aypn 6Pn 6
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By using Euler’s result y-VP,, = nP, for homogeneous polynomials of degree n to-
gether with Ay P,, = 0, we observe that (B.15) reduces to (B.14). d

To find a particular solution for (B.13) we simply choose the third-degree homo-
geneous polynomial Ps(y) = an (f% — f%), where « is a parameter. By equating the
right-hand sides of (B.14) and the PDE in (B.13), we identify that « = —1/(8x). This
yields a particular solution for (B.13) given by

n (& -&) '

B.1 o= —
(B.16) G =g 2

To satisfy the boundary condition on n = 0 in (B.13) we decompose G_ as
(B.17) G_=G_,+G_,,
where the complementary solution G_. satisfies

AyG_.=0, in R3,

(B.18) 1(&2-¢) 1 (2-¢3)
0G_c=—-0,G_, = [T = %ns 2

, onn=0,

with p? = n? + 52 and s = €2 + €2

To determine the solution to (B.18) that has no singularity in R3 , it is convenient
to use spherical coordinates (p, 6, ¢), where 6 and ¢ are the polar and azimuthal angles,
respectively, so that

& -8

(B.19) n=pcosf, s=psind, R cos(2¢) .

Since 9pG _¢lgp—r/2 = —50,G_cly=0, we write Ay in spherical coordinates to obtain
that (B.18) becomes

AyG_,=0, inp>0, 0<0<w/2, 0<¢<2m,

(B.20) 1
00G_c = ~ % cos(2¢), on §=m/2.
7r

By seeking a solution to (B.20) with no p dependence of the form
(B.21) G_. =v(p) cos(2¢),
with u = cosf, we conclude that v(u) satisfies the ODE

2 / 4 o . _ ]_
(B.22) (1= p?)] —1_u20—0, on 0<pu<1; v’(O)—g.

It is readily verified that the unique solution to (B.22) that has no singularity at p = 1
has the form v = ¢(1 — p)/(1 + p), where ¢ is a constant. By satisfying v'(0) = 1/(8~)
we determine this constant, and conclude that

1 1—pu
B.2 _ _
(B-23) T (1+u)

Upon replacing p = cos 6 = n/p, we obtain from (B.23) and (B.21) that

(B.24) G_.= _16% (Z_T_Z) cos(29) .
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Then, upon substituting (B.24) and (B.16) into (B.17), the solution to (B.13) is

1 298 (p—n
(B.25a) G_= T [ E + <P+77>} cos(2¢) .

Equivalently, upon using cos(2¢) = (£2 — £2)/s? and p? — % = s2, we have

1nE-8) 1 (§-8)

B.25b G_=—
( ) 87 3 167 (p+n)?

, where p=ly|.

Finally, by substituting (B.25a) and (B.12) into (B.6), we obtain an explicit represen-
tation for the two-term asymptotic expansion (B.2). We emphasize that this truncated
two-term expansion describes the local behavior of the solution to Laplace’s equation
with a Dirac singularity on the boundary. We summarize our result as follows:

PROPOSITION 3. Let H = (k1 + k2)/2 and Q = (k1 — K2)/2, where k1 and kKo
are the principal curvatures of 0 at x = x;. Then, in terms of the e-local boundary-
fitted coordinates (A.5) for the local coordinate transformation (A.2), and up to an
arbitrary constant K, the local singularity behavior as x — x; for the exterior surface
Neumann Green’s function satisfying (2.18a) is

1
(B26a) Ge ~ % + Gl + O(E) N

where

H 152 Q [2ns? p—n\] (& - &)
(B.26b) Gy = In [ log(T]er)} +E+ 8T { p3 * (P+77)] s2

Equivalently, we can write (B.26) as
(B.27)

L—&- ( n(& +&)
2mep  4m p3

Finally, we identify the constant e(x;x;) in (2.18b) and the constant K in (B.27)
by relating (B.27) to (2.18b). To do so, we substitute the two-term expansion for
|x — x;|, as given in (A.9), into (2.18b), while recalling d = ne. Upon comparing the
resulting expression with (B.27), we obtain that

(B.28a)
LR ()
271'5,0 47 P>

OG-, Q& -8,

Ar - p? 87 (p+n)? o).

€

—log(n + p)) +K+—

+e+0(e),

e

Q (& -&)
p?

H
log(n + p)) +Ref— loge+— g

which determines the constant K as K = R, — % loge, and identifies e(x;x;) as

(B.28b) e(x;x;) = (gl 52)
8T (p+n)?
We emphasize that the remaining terms in (B.28a) match identically, and these terms
simply represent the effect of our chosen local parameterization (A.2a) of the surface.
We now write e in (B.28b) in terms of the Cartesian coordinate system. In
(B.28b), we replace p ~ |x — x;|/e, n = d/e, &1 = t1 /e, and & = ta/e, and use (A.2a)
to solve for t; and to. In this way, we calculate that

) — Q [
(B.29) e(x;x;) = Sr(x =i £ d)° <(1 Cd? (1o @@2) +o(1),
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where d = dist(x,9Q), Q = (k1 — k2)/2, and p; and ps are the projections of Q(x—x;)
onto the two principal directions of 92 at x = x;, defined in terms of the components
of Q(x —x;) by p; = (Q(x —x;)); for j =1,2.

We remark that the singularity structure of the interior surface Neumann Green’s
function, satisfying (3.2), has exactly the same two-term asymptotic behavior as that
given in (B.27) for the exterior problem. This is because the 1/|Q] term in (3.2) would
only appear at at one higher-order. However, care is needed to determine the correct
signs of k1 and ko for the interior problem as they will be of opposite signs than that
for the exterior problem.

B.1. Explicit results for the sphere. When (2 is the unit sphere, the surface
Neumann Green’s G, satisfying (2.18a) for the exterior problem is (see [40, 44, 46])

1 1 2
B. e(X%) = g——— — 1 7
(B.30a) Ge(x;%;) o [x — x;| 4w Og( +X—Xi|+|x|_1>

which has the following local behavior as x — x;:

1

27|x — x4

1 log 2
+E log (|x—x;|+|x|—1)+Re+o(1); Re=— by

(B.30b) G.(x;x;) ~ o

For this case, H; = —1 and Q; = 0 for any x; € 9.
The surface Neumann Green’s function satisfying (3.2) for the interior problem
is (see Appendix A of [19])

1 |x]2 4+ 1 1 2 7
B.31a) Gy(x;x;) = 1 _
(B3la) Go(xixi) =5+~ T on Og(l—x-xi+|x—xi|) 107
which has the following local behavior as x — x;:
(B.31b)
1 1 log 2 9

Gs(x;x;) v ———— — —1 —x;|+1— R 1); Rs= -

S(X,Xz) 27T|X—Xi| e Og(|X Xz|+ ‘XD + s+0( )a s i 207

For the unit sphere, H; = 1 and Q; = 0 for any x; € 9.

Appendix C. Monopole Coefficient E; .

Although the properties of E;; were already reported in [29, 31], for completeness
we outline the analysis of [31] (see also [29]) for the inner problem (2.31). This analy-
sis identifies the monopole coefficient in the refined far-field behavior (2.33), whose
properties were summarized in Lemma 2.2. For convenience we omit the subscript 4
below for the i-th patch.

We begin by decomposing the solution @, to (2.31) as

(C.1) Py =Ppy + Pey

where @, accounts for the inhomogeneous term in the PDE (2.31a) and satisfies the
Neumann condition 0,,®,,+ = 0 on the plane 7 = 0. The complementary part ®., will
satisfy the homogeneous PDE, but with an inhomogeneous Robin condition on the
patch I'. As similar to the derivation in Lemma B.1 for the analogous component of
the surface Neumann Green’s function, ®, can be determined analytically in terms
of w satisfying (2.11).
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LeMMA C.1. (Lemma C.1 of [31]) The solution to (2.31) satisfying 0p,®,+ =0
onn=01is
Uk n

1 [
(C.2) Ppy = =Wy — W+ 5/0 w(&1, &2, 1) dt + F1(€1,82;0)

where Fy(&1,&2;b), with AeFy = Fyere, + Fogaey, 15 the unique solution to

(C3a) Ak =q(&,&:0)Ir; ¢=— (;wﬂn—(’)  fr= { (1) %?3 ; ?

c
(C.3b) Fp~glogsto(l), as s=(+6)" = oo,

The o(1) condition in the far-field (C.5b) specifies Fy uniquely. From the identity
(2.12) relating C and q, an application of the divergence theorem shows that the
logarithmic growth specified in (C.3b) is consistent with the PDE (C.3a). Finally, the
far-field behavior for (C.2) is

(C.4)
2 2
Py ~ % <10g(n+p) - W) +o(1/p), as p=(E+&+n)/?* 5 .

Proof. We calculate that

2 2
n 3 n 5 3
(C.5) Pyt = oy Wi T 5Ny Pty = g W T 5NWny — 5 W
with the first equation yielding ®,4, = 0 on n = 0. Next by calculating A¢®,; =
Qpierer + Pptee,, and by using wy, = —Agw from (2.11a), we derive

n? n I
Ae®yr = =00y [Agw] — I Acw + 5/ Acwdt + AcFy
(C.6) 0
7’ U 1 1
= ?wnnn + iwnn - gwn + §wn|n:0 + Ag.lr+ .

By adding (C.5) and (C.6), and by choosing F; to satisfy the PDE in (C.3a), we get
(C.7) Ay®py = Py + Ac®py = =2 (Nwyy + wy) -

Therefore, ®, satisfies the inhomogeneous PDE (2.31a) subject to 0,®,+ = 0 on
n=0.

Next, to establish (C.4), we use w ~ Cp~' as p — oo with p = (n> + s?)"/? and
s = (£ +€3)Y/2. We readily calculate for p — oo that

1, 1 C ns?

(C5) g T g Sy

I c [ 1 C

.8b = t)dt ~ — ——dt~ -1 -1 .
(C.8b) 2/0 w(&1,82,1) 5 /0 ERYE 5 [log (n + p) — log s]
We conclude that ®,4 in (C.2) has the divergent far-field behavior
C n C

(C.9) By~ § (o) = 5 (€ 46)) - Slogs + 7. 0

From (C.3b) we impose F; ~ (C'/2)log s + o(1) as s — oo to obtain (C.4).
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This lemma shows that the particular solution ®,4 in (C.2) accounts for both
the inhomogeneous term in the PDE (2.31a) as well as the two divergent terms in the
required far-field behavior (2.31d). There is no monopole term associated with the
far-field behavior of ®,. .

To determine the complementary solution ®., we substitute (C.1) into (2.31) to
conclude that ®.; satisfies

(C.10a) Ay®ey =0, yeR3,
(C.10b) —Op®ey + 0Py = —bF4, 1=0, (&, &) T,
(ClOC) a77q)(:+ = Oa n= Oa (51762) ¢ F7
.10 Py ~ — as — 00
(C.10d) pmTE e poroo,

where F, satisfies (C.3). To determine E, we apply Green’s second identity to @,
and W = —1 4+ w, where w satisfies (2.11), over a hemisphere Q, of radius ¢ > 1 in
the upper half-space Ri. By letting o — oo we get

p ®
0= / (Boy Ayth — WAy Doy ) dy = 27 lim o2 (¢C+8w _ 2 ”*)
(1) RS 000 Ayl Ayl

ly|=c
+ /r (b Fy) [n=0 d&1&o .

Then, by using & ~ —1 + C/|y| and ®.+ ~ E./|y| as |y|] — oo, together with
b = 0w = Oyw on I when 1 = 0, we obtain from (C.11) that
1
(C12) B == [ a6 Pl aib) dsta.
r

Finally, upon representing the solution F; to (C.3) in terms of the 2-D free-space
Green’s function, we find that (C.12) yields (2.34) of Lemma 2.2. For b < 1, we have
g ~ b/2 for an arbitrary patch shape I" and so (2.34) reduces to (2.35).

When T is a disk of radius a, we observe that F; = F(s;b) satisfies the radially

symmetric ODE (sFy ), = q(s;b)s. Upon integrating this ODE we determine E
in (C.12) as the quadrature

a 1 S
(C13) E, = —2/ q(s;0)F4(s;b) sds; Fis= g/ qt;b)tdt, 0<s<a,
0 0

with Fy = (C/2)loga at s = a. Upon integrating (C.13) by parts, we readily obtain
(2.36) of Lemma 2.2.
Finally, we obtain the asymptotic behavior for E in (2.37). For b — oo, we use

C(o0) ~ 2a/m and q(t;00) = 7! (a? — t2)71/2 from Lemma 2.1 directly in (2.36).
By performing the integration, we obtain (2.37a). For b — 0, we use C' ~ ba?/2 from

(2.14b) and ¢ ~ b/2 in (2.36). By integrating the resulting expression we get (2.37b).

Appendix D. Monopole coefficient F;_.

In this appendix, we analyze the new problem (2.32) to identify the monopole
coefficient in the refined far-field behavior (2.38), whose properties were summarized
in Lemma 2.3. For clarity we again omit the subscript ¢ below for the i-th patch.

For (2.32), we decompose ®_ as

(D.1) O_ =, +o._,
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where ®,,_ is taken to satisfy

(D.2a) qu)p_ =N_ (y) =29 (w&fl - wﬁzfz) Y€ Ri— )
(D.2b) Op®,— =0, on n=0.

We now verify indirectly that ®,_ satisfies the intricate far-field behavior given in
(2.32d). To do so, we use w ~ C'/p as p — oo from the far-field behavior in (2.11d)
to estimate that

3
(D.3)  N_ ~47CN_y, where N_j= 27:;5 (§-8), as p=|y| = .

We substitute (D.3) into the right-hand side of (D.2a) and compare the resulting
limiting problem with the corresponding problem (B.13) for the term G_ in our
analysis of the surface Neumann Green’s function. In this way, we conclude that

(D.4) ¢, ~4rCG_, as p=|y| = 0.

By substituting the exact solution in (B.25b) for G_ into (D.4) we conclude that
the limiting behavior of ®,_ as p = |y| — oo agrees precisely with that required in
(2.32d). As a result, ®,_ has no monopole behavior as |y| — cc.

Next, we use the method of images to represent the solution ®,_ of (D.2) in terms

of the Green’s function g(y’;y), with y’ = (5{,55,7]’)71, satisfying
(D.5) Ayg=6(y'—y), ¥ €RL; 9yg=0, on 7' =0,

which has the solution
1 1
drly’ —y|  Arly’ -yl

(D.6) 9(ysy) = . with §= (1,8, )T,

In deriving an integral representation for ®,_ from Green’s second identity we must
take into account that the far-field behavior for ®,_ is non-vanishing as p’ = |y’| — .
To do so, we write the far-field behavior (2.32d) with no additional monopole in terms
of spherical coordinates (o, 6, ¢’), with 0 < ¢’ < w/2 and 0 < ¢’ < 27. We readily
conclude that ®,_ ~ &, +0(1/p") as p’ — oo, where

(D.7) Dpoo (0, 9') = —% (2 cos ' + sin?(#") cos(2¢).

1
(1+ cos@’)2>

By applying Green’s second identity to g and ®,_ over a large hemisphere €2, in the
upper half-space, and using g ~ —1/ (27p’) for p’ — oo together with (D.7), we obtain
for ¢ — oo that

(D.8)

/2 2
®p—(y) = /R LIVEYIN-(Y) dy' + L sin(¢") ( /0 épm<e',¢’)d¢’> de’ .

21
3 0

By using (D.7), we calculate fozﬂ D00 d¢’ =0, so that (D.8) reduces to

1 N1 L /
(D.9) d>p_(y)47T/Ri/\/—()’)<|y,_y|+|y,_y|> dy .
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To determine the complementary solution we substitute (D.1) into (2.32) to obtain

(D.10a) Ay®._ =0, yeR3,
(D.10b) —0p®e + b0 =—-bF_, n=0,(&,5) €T,
(DIOC) 8n(1)c— :07 77:07 (51752) ¢ F7
(D.10d) o, ~ &, as p— o0,

p

where F_ = F_(&1,&2) is given by

1[N
27 R3. ly' =yl

(D.11) F_o=®, |0 = dy’, where y=(&,&,0)T.

To determine our first expression for £_ we apply Green’s identity to ®._ and
w = —1+ w, in a similar way as was done to find E in (C.11) and (C.12). This
yields that

012 0= [ @) F (@ e)dadn,  with g= g0,

Upon using (D.11) for F_ (&1, &2), with N_ as defined in (D.2a), (D.12) reduces to
(D.13)

1

E_(b) = ﬁAQ(fl,ﬁz)l(fl,fz)d§1d§2, with IE/]R v (e~ ve) dy’

ly’ =yl

3
where y' = (£1,&,7')" and y = (£1,62,0)7.

Next, we derive an alternative expression to (D.13) that, more conveniently, de-
termines the integral Z not from a 3-D integration, but from an integration only over
the patch T'. To do so, we introduce an auxiliary function W(y’) satisfying

3n’ , , )
(7,7)5 [(51_51)2_(52_52)2 Y GRi,

v, =0, on 7 =0,

Ay =

(D.14)

where we have defined ' = |y’ — y|. In our analysis below we will use the equivalent
representation that

1 1
(D.15) Ay = n (6&& (7") - 6%55 (7")) , Yy € Ri_ .

The explicit solution to (D.14) is readily obtained from a translation and a scaling of
the Green’s function G_ in (B.25b), which solved the closely related problem (B.13).
In this way, we conclude that

_ 77/ 1 / 2 / 2
(D.16) U =— (4(7«')3 s +n’)2> [(51 —&) - (& &) } )

so that on the plane ' = 0, we have

(D.17) @Wﬁz_lc&—&f—@—&f>'

8\ (g —&)+(&-&)°
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Next, we apply Green’s second identity to ¥ and w over a large hemisphere of
radius p' = |y’| = 0 > 1 in the upper half-space ' > 0, and use the fact that w is
harmonic, that ¥,, = 0 on 7’ = 0, and that w,/ is non-vanishing on 7" = 0 only on
the patch I'. In this way, we obtain that

(D.18)

J

WA, dy' = / (WOpw),,_, d&; d&
T

/2 2w
+ lim <a2 / / (w0 ¥ — VI, w) sin 0'd6’ dqs') 7
0 0 p'=0

3
+
T — 00

where 0 < 0" < 7/2 and 0 < ¢’ < 27 are the angular spherical coordinates. Then, by
using (D.15) for Ay, on the left-hand side of (D.18), we integrate by parts and use
decay at infinity. Upon recalling the definition (D.13) for Z, we conclude that

' (wepe — wepey
I:/ ( , ) dy' = | (Wo,w),,_, d&; deh,
R ly’ — vl r K
(D.19)

/2 27
+ lim <02 / / (WO ¥ — ¥, w) sin ¢’ d¢’ d(b’) :
0 0 p'=c

o—00

To estimate the integral over the hemisphere, we use w ~ C/p’ and 9w ~ —C/(p')?
as p/ — oo. In addition, in terms of spherical coordinates, we calculate that the
far-field behavior of ¥ given in (D.16) has the form

(D:20a) W ~ g(0') cos(26)+O (1/) . 90 =0 (1)(0)?) . as o =y’ = oo,

where ¢g(0’) is defined by

(D.20b) g(0') = _i

1/1—cost
< in2
[¢0)S] 0/ S (0’) — g (]_—f—cosﬁ) .

Upon using these far-field estimates of w and ¥ we conclude that

w/2 27
lim <02 / / (i W~ WOyw) | sing’ dff d¢’>
T—00 0 0 p'=c

= ali_}n;() <C /Oﬂ/zg(e’) de’ (/027r cos(2¢") dqﬁ’) + (9(1/0)) =0.

As a result, since the limit over the hemisphere in (D.19) vanishes, we obtain upon
using (D.17) in (D.19) that

1 <§1—51>2—<£§—£2>2) o
D.22 7T =— Oy —o d&5 dE5 .
(B-22) 8/r(<51—£1>2+<55—£2>2 =0 dé3 G

Finally, by setting 0,y w|,y=o = —2¢ in (D.22) we combine (D.22) and (D.13) to obtain
our main result for F_ given in (2.39) of Lemma 2.3.

(D.21)

Appendix E. Perfectly reactive elliptically-shaped patches.
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For a perfectly reactive elliptically-shaped patch of semi-axes €a;; and €a;2, we
now adapt the approach in [61] to calculate the reactive capacitance C;(c0) in (2.12)
as well as the monopole coefficients E;(0co0) and F;_(c0) in (2.34) and (2.39), respec-
tively. This is done by calculating the charge density ¢; from an exact solution w; of
(2.11). In our derivation below, for clarity we omit the subscript ¢ patch index.

To solve (2.11) with b; = oo when T is an ellipse of semi axes a; and as, with
a1 > ag, we first introduce ellipsoidal coordinates in the form

& g
E.1 —=1.
(ED) ai+0 a3+60 0

For a given (51,52, n) the three roots 6 of (E.1), labeled by A, u, and v, satisfy
A>0>p>—a2>v > —a? Level sets of constant A > 0 are ellipsoids that have
the limiting behavior ¢2 /a2 + ¢2/a% — 1 and  — 0 as A\ — 0", while for A — oo the
ellipsoid becomes a large sphere &7 + €2 + 7% — X of radius V.

As a result, we look for a solution to (2.11) in the form w(&;,&2,7) = W(A). From
separating variables in the Laplacian written in terms of ellipsoidal coordinates, we
find that W(A) satisfies the boundary value problem

aw
(£2) {\/)\alJr/\)(aQJr)\)d)\}O, 0< <o,
W(O*) =1, (on elliptical patch); W—=0 as \— oco.
The solution is
d
(E3) WA ¢ s
A \/C%"’C a2+C \/Ca1+C a2—|—C)

When a; > a2, A can be written in terms of the complete elliptic integral K (m) as
(E.4)

a1 a% ’

2 2
A=—K(m), with m=4/1- 92 " Where K(m) = /
1 —m2sin?6

so that (E.3) becomes

o ar d¢
(55 W(A)_ﬂf(m)/x VEC(@+O)(a3+¢)

To determine the reactive capacitance C'(co0) we let A — oo in (E.5) and use that
ly| = €2 4+ & + 1% = X as A — 00, so that |y| ~ v/A. This yields for |y| — oo that
3/2d¢ ~ o as |y| — oo,

()f K(m)ly|’

which identifies that C(c0) = a;/K(m). In this way, we recover the classical result
for the capacitance of an elliptic patch (see, e.g., [61]). If a1 < ag, we simply swap a;
and as in the formula for C(c0).

Next, we determine the charge density ¢(y;o0) by first calculating 9, . From an
implicit differentiation of (E.1) we get

N [ €2 €2 -
(E6) &7‘2”[A“((a%ﬂ)?*(aamﬁ)] |
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To evaluate (E.6) on the elliptical patch we let A — 0 in (E.6) while using n?/\ —
1—¢2/a? — €2/a3 as A — 0. This yields that

—1/2 2 2
O\ 2n 2) 51 52 ' &1 &
E. — == =2 - = — 2= — = 4+ 2= <1
(D) on n*/A n f( ai a3 el af "

Then, we calculate W/(A) from (E.5) and estimate it as A — 0 to obtain

(E8) W) 4 ! AP A—0

. =— ~— , as :
2K(m) /XA + a2) (A + a2) 2a2 K (m)

From using (E.7) and (E.8) to evaluate the chain rule w,, = W/ (X)0,X as A — 0, we

calculate the charge density on the patch as

(E.9)

1 62 52 —1/2 C 52 §2 _1/2
N ST S SRS .1 _ 188
4(y; 0) 2tnln=0 2a2 K (m) < a? a3 2a1as a? a3 ’

where C' = C(00) is the reactive capacitance. Therefore, we have recovered the result
presented in [61].

Finally, to determine the monopole coefficients F, (co0) and E_(o0) we substitute
the second expression in (E.9) for ¢ into (2.34) and (2.39), respectively, to yield
iterated double integrals over the elliptical patch T'. Upon replacing & = &;/a; and
€ = & /ay in these formulae (and dropping the tilde) the integrations can be expressed
in terms of the unit disk D centered at the origin. In this way, we obtain from (2.34)

that
log [a3(¢1 — €)2 + a3 (& — &5)2]? ,
872/ 1- Iy 2 </D V1-lyl? )

(E. 10)
while from (2.39) we derive
(E 11)

B 16 ~6P -G 6F) ] ,
R v </ (e —errag o Wwdy) -

Here |y|? = &2 + €2 and |y'|? = (£7)? + (&5)?. Remarkably, these two iterated double
integrals can be evaluated analytically in closed form. We summarize our results as
follows:

LEMMA E.1. Let T be a perfectly absorbing elliptical-shaped patch €2 /a3 +£2 /a3 <
1 with semi-azes a; > 0 and as > 0 that are aligned with the two principal directions

of curvature. Then, the reactive capacitance C = C(oc0) and the charge density ¢ =
q(y;00) defined in (2.12) are by

as C 1 a’
) q = ) )
K(m) 20201 /1~ & /a} - §/a3
where a« = min(ay,as), a~ = max(ay, as), and K(m) is the complete elliptic integral

of the first kind. Finally, the integrals in (E.10) and (E.11) for the two ratios By /C?
are given explicitly by

By 1 a1 + as 3 E_ ay; — ag
Og( 2 > og2 4’ C? 4(a1 +a2)

(E.12) C =

(E.13) =5
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We need only derive the explicit results in (E.13). Our derivation relies on two
elementary results from complex analysis.

LEMMA E.2. Suppose that P(z) is a polynomial of degree M > 1 of the form
P(z) = de]Vil(z — z;), with d # 0, for which P(0) # 0 and P(z) is non-vanishing
on the boundary |z| = 1. Suppose that |z;| > 1 for j = 1,...,k, while |z;| < 1 for
j=k+1,...,M for some k€ {0,...,M}. Then,

1 2m ) k
(E.14) %/0 log |P (e') |d9:10g\d|+210g|zj|.

j=1

Proof. By applying Jensen’s formula (see [59]) to the polynomial P(z), we obtain
in terms of its roots inside the unit disk that

1 27 i M
(E.15) %/O log [P (e 9)|d9log|P(O)|j;1log|zj|.

We readily obtain (E.14) by substituting |P(0)| = |d| HJA/il |z;] into (E.15). When
there is no root outside the unit disk, the second term on the right side of (E.15)
vanishes. |

The second result that we need from complex analysis is the following:

LEMMA E.3. Consider the quadratic polynomial A(z) = 2% + (2 + B, where (3 is
real with —1 < 8 < 1 and ¢ is complez-valued. Then, the two roots of A(z) are inside
the unit disk |z| < 1 if and only if { = (g + i satisfies

& 5
A+8)2  (1-pp

Proof. We prove this result by calculating the winding number of A, labeled by
Ny (A), as z traverses the unit disk |z| = 1 once counterclockwise, with parameteriza-
tion z = €¥ for 0 < 0 < 27. We write A(e’?) = eh(0), with h() = €@ + ( + Be™,
so that

(E.16) <1.

Ny (A(e?)) = Ny, (€) + Ny, (h(6)) .

Since N, (ew) = 1, we conclude that A(z) has its two roots inside the unit disk
if and only if N,, (h(d)) = 1. By separating h(f) into real and imaginary parts as
h(0) = hgr + ih;, we calculate that

(E.17) hr=Cr+ (1+B)cosf, hr=(+(1—p)sind,
where ( = (g +i(r. Since —1 < 3 < 1, it follows that the image of the unit disk is

(hg —Cr)? " (hr — ¢1)?
(1+ B)? (1-p)?

The necessary and sufficient condition for N,,(h) = 1 is that the origin (hg,hs) =
(0,0) lies strictly within the ellipse (E.18), which yields (E.16). 0

With these two elementary results, we now derive the explicit formulas in (E.13).

=1.

(E.18)
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Proof. (Proof of (E.13) of Lemma E.1) We will first prove (E.13) for E, /C%. We
begin by introducing

€1 = poosd, & =psind, € =plcosw, & =p sing,
so that the argument of the logarithm in (E.10) becomes
F(0,9) = ai (&1 — ) +a3(& — §)* = X2 + Y2 = (X +1Y) (X = 4Y)

where X = a; (pcos@ — p’ cos)), Y = az (psin€ — p’ sine)), and ¢ = /—1. By defining
U = X + 1Y, this leads to the factorization

(E199) F(0,1) = U(0, $)U(~0, ),
where U = U(0, ¢) is defined by

(E.19b) U(0, ¢) = p(aj cos@ + iagsin@) — p’ (aj costp + iag sinh) .
By performing the angular integrations we observe from symmetry that

E2027r 27 27 27
//1og wﬂdedw:/ / (log [U(8, )| + log |U(~0, —)[) do i

2 2m
—2/ / log |U(6, )| db dip .

Upon substituting (E.20) into (E.10) and converting to polar coordinates we obtain

(E21
jpp/ /27\'/27‘{‘
d dp’, log|U(8,v)|do d
87T2// N J= 0g [U(6, )| db dip .

Next, we will calculate J = J(p, p’) explicitly. To do so, we first introduce the
complex variables z = ¢ and w = €'¥, so that after some algebra we write (E.19b)
as

(E.22) U=d, (z+ﬂ)+d2 <w+ﬂ> ;
z w

where dq, do and 3, satisfying —1 < 8 < 1 are defined by

/

(@+a2), d=-L(a+a), f=

a1 — a2

(E.23) dy =

[NV] st

a + as

Case I: Suppose that |di| > |dz|, so that p > p’. For this case we write U in
(E.22) in terms of a polynomial in z as

(E.24a) U= P(Zz) . with P(z) = diA(2),

where

(E.24b) Alz) =22 +(z+f, with (=—p, (w + 5;) :
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and p, = p'/p < 1. We set z = ¢ and integrate log |U| first with respect to 6, for
each fixed w = €' with 0 < ¢ < 27. On the unit disk we have from (E.24a) that
log |U| = log |P(e%)]|, and so since P(z) = d1A(2), we must first determine the location
of the zeroes of A(z) to apply Lemma E.2.

To do so, we use Lemma E.3. By setting w = ¢ in ¢ in (E.24b) we decompose
¢ =Cr+ilr to get (r = —px(1+ B)costp and {; = —p,(1 — B)sinep. The criterion
(E.16) becomes

2(1 4 B)? 21-p)
p(l( -I-ﬁfQ) cos® 1 + p(l( — ﬁ@ sin®¢) = p2 <1,

which holds since |p,| < 1. As a result, A(z) and P(z) have no roots outside the unit
disk. Therefore, by (E.14) of Lemma E.2 we have

1 27 1 27 )
E.2 — 1 do = — log |P(e'?)| df = log |dy]| .
(B.25) 5 | oalV1d = 5 [ tog () d0 = o

Upon trivially performing the second integration over ), we conclude that 7 in (E.21)
in Case I is

(E.26) J =4r?log|dy|, with dy = S(a; +az).

[N

For Case IT where |d;| < |dz|, so that p < p’, we we write U in (E.22) in terms
of a polynomial in w as

(E.27a) U= i), with  P(w) = daA(w),

where A(w) is now defined by

and p, = p/p’ < 1. By repeating the analysis as in Case I, it follows by Lemma E.3
that A(w) has no roots in |w| > 1. From Lemma E.2 we get J = 472 log |da|.

By combining these two cases, and by recalling (E.23) for d; and ds, we have
derived the key result
(E.28)
(a1 + a)

2 b

7 = an?log (max(|ds | |dal)) = 4n%log (@p>) i ps = max(p,f), @

so that we need only to perform the radial integrations. Upon substituting (E.28)

into (E.21), and using fol (1- p2)_1/2 dp = 1, we obtain that

By 1. 1/1/1 : , pp' log p>
E29) —f— _Zloga— -~ K(p,p)dpdp: K= .
(B:29) = logd—5 | | (p,p") dpdp NN rIE

Since K is symmetric about the diagonal, i.e. K(p, p’) = K(p', p), (E.29) becomes

By 1. [ plogp /” I ,
E.30 2t _ Zloga-— | L2282 P ay)dp.
( ) C? 98 0o VI-p2 \Jo V1= ()2 p)ap
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The inner integral in (E.30) is simply 1 — /1 — p2, so that (E.30) reduces to

1

B, 1. ! plog p
E.31 S A a+/ logpdp— | ==L dp.
(E.31) o2 5 log | Plogpdp— | N P

Integration by parts yields fol plogpdp = —1/4. To evaluate the second integral we
set t = /1 — p2, and then integrate by parts to get

1 1
I 1
/ PO8P dpzf/log(l—tQ)dt:logZ—l.
0 0

V1= p? 2

In this way, we obtain E,/C? = —%logﬁ —1/4 —log2+ 1, with @ = (a1 + a2)/2,
which confirms the first result in (E.13).
To calculate E_/C? from (E.11), we simply observe that

B w0 (B, w0 (B

02 2 8a1 02((11, (12) 2 8a2 02(01, ag) ’
Therefore, by using our formula for E, /C? we get E_/C? = (a1 — az)/(4]a1 + az)),
which confirms the second result in (E.13). |

Finally, we remark that since C, ¢, and E, are invariant under rotations, these
quantities are independent of the orientation of the elliptical patch with respect to the
principal directions of curvature. However, in our derivation of F_ we assumed that
the semi-axes of the small elliptical patch were aligned with the principal directions
of curvature on the boundary through the center of the patch. The more general case
of an oblique elliptical patch is readily treated through a rotation matrix.
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