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Abstract

This paper is a computational bifurcation analysis of a non-linear partial differential equation (PDE) char-
acterizing equilibrium configurations in Micro electromechanical Systems (MEMS). MEMS are engineering
systems that utilize electrostatic forces to actuate elastic surfaces. The potential equilibrium states of MEMS
are described by solutions of a singularly perturbed elliptic nonlinear PDE. We develop a numerical method
which couples a finite element approximation with mesh refinement to a pseudo arc-length continuation
algorithm to numerically obtain bifurcation diagrams in the physically relevant two dimensional scenario.
Several geometries, including a unit disk, square, and annulus, are studied to understand the behavior of the
system over a range of domains and parameter regimes. We find that solution multiplicity, and importantly
the potential for bistability in the system, depends sensitively on the parameters. In the annulus domain,
symmetry breaking bifurcations are located and asymmetric solution branches are tracked. This work signif-
icantly extends the envelope for numerical characterization of equilibrium states in microscopic electrostatic
contact problems relating to MEMS.

Keywords: Bifurcation analysis; symmetry breaking; continuation methods; singular perturbations;
adaptivity; MEMS.

1. Introduction

Micro electromechanical Systems (MEMS) are engineering systems that utilize electrostatic forces and
mobile elastic components to perform a variety of tasks on miniature scales. Electrostatic actuation is ef-
fective at tiny scales due the relative importance of surface area effects over volumetric effects as linear
dimension decreases. However, stable operation of MEMS are compromised when electrostatic forces over-
whelm the restorative forces that elastic components can exert such that they come into contact. Predicting
the onset of this criticality (known as the “pull-in instability” or “touchdown”) is key to MEMS design, and
in particular, understanding how pull-in depends on parameter values and device geometry [39, 40].

A common scenario in MEMS design features a capacitor device with a deformable elastic membrane
held above an immobile substrate and fixed on its boundary. Motion of the upper surface is induced by
applying an electric potential V between these surfaces. If V is small enough, the deflection will reach an
equilibrium where the surfaces remain separated. However, if V exceeds the pull-in voltage V ˚, the top plate
will touchdown on the substrate. In Fig. 1, a MEMS device is shown, along with a schematic representation
for modeling purposes.

To describe the configuration of MEMS after touchdown, and to quantify circumstances whereby a
separated state can be recovered, a family of regularized models was introduced in [33]. The model describes
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(a) Schematic diagram. (b) A MEMS device (source: Sandia Nat. Lab.)

Figure 1: A MEMS device (right) and a schematic (left) around which models are formulated.

the dimensionless deflection upx, tq of the upper surface with the semi-linear equation
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, x P Ω; u � 0, x P BΩ, (1)
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. In the formulation (1), the elastic surface is a membrane occupying Ω, a bounded
region of Rd. The dimensions important for MEMS applications are d � 1, 2. The key bifurcation parameter
λ 9 V 2 quantifies the relative importance of electrostatic to elastic forces in the system. The small parameter
ε in (1) controls the strength of the regularizing term λεm´2p1�uq´m that accounts for effects which become
important when the surfaces are in close proximity. For example m � 4 accounts for the Casimir effect (with
sign of regularizing term reversed) while m � 3 models Van der Waals forces [2, 19].

The scenario ε � 0 is well studied [13, 40] and we briefly review some of the key properties. The most
salient is the existence of a “pull-in” voltage λ˚ ¡ 0 such that for all λ ¡ λ˚ there are no equilibrium
solutions and a finite time singularity develops such that upx, tq Ñ �1 as t Ñ t´

c . The limiting behavior
of upx, tq at t Ñ tc has been established with estimates for both the touchdown time tc and location xc
[13, 20, 36]. For ε � 0 and λ   λ˚, the multiplicity of equilibrium solutions to (1) is highly dependent on
domain geometry. In particular, for 2 ⁄ d ⁄ 7, the main bifurcation branch features an infinite number of
fold points implying that solution multiplicity varies considerably with λ [13, 37].

In the regime ε ¡ 0, touchdown is no longer a finite time singularity and solutions remain bounded [35].
Dynamics beyond the initial contact are characterized by a sharp interface which propagates outwards and
is eventually pinned by the boundary [11, 34]. The equilibrium configurations satisfy the equation

∆u �
λ

p1� uq2
�

λεm´2

p1� uqm
, x P Ω; u � 0, x P BΩ. (2)

The bifurcation diagram of (2) for the one-dimensional domain Ω � r�1, 1s reveals (cf. Fig. 2) the presence
of an imperfect bifurcation [18, 24] and a system that can exhibit bistability and hysteresis. Specifically, for
ε P p0, 0.2758q and λ P pλ˚pεq, λ

˚pεqq, the system has two stable solutions and one unstable. Perturbation
results for the fold points λ˚pεq and λ˚pεq have been obtained [25, 32] in the limit as εÑ 0. Bistability allows
for MEMS to switch between stable separated and contacted states and hence can be utilized for practical
effect [2, 29]. Consequently, there has been significant interest in modeling these contact states together with
analysis of their dynamics and stability [17, 31]. Of particular practical importance is determining the extent
of bistable operation which requires determining the equilibrium structure of (1) as the physical parameters
λ, ε vary [25, 32]. In higher dimensional settings, even in radially symmetric cases, little is currently known
about the bifurcation structure of (2). The system (2) belongs to a class of challenging singular perturbation
problems featuring two independent small parameters [30].

In the present work, we are focused on numerical calculation of the bifurcation diagram of (2) in

2



0 0.3 0.6
0

0.5

1

" � 0

" � 0:1

" � 0:2758

" � 0:4

� � p"q

� � p"q

1

2

3

�

}u
} 2

-1 0 1
-1

-0.5

0
1

2

3

x

u

Figure 2: Numerical solutions of (2) for 
 � r� 1; 1s and m � 4. Left: Bifurcation curves p�; }u }2q of (2) for a range of " values.
For 0   "   0:2758, the system is bistable in the interval � P p� � p"q; � � p"qq. Stable ( ) branches and unstable ( )
branches are also shown. Right: Stable ( ) and unstable ( ) solution pro�les at points ( ) for " � 0:1 and � � 0:2.

two dimensions, particularly in the singularly perturbed and physically relevant case " ! 1. In this
regime, we �nd that equation (2) has a remarkably complex solution structure. For (2) in the 1D do-
main 
 � r� 1; 1s, both the numerical treatment and the observed solution multiplicity are signi�cantly
simpler. Computationally, there are many \tricks" and reformulations which do not extend naturally to
higher dimensions. For example, to calculate the 1D bifurcation diagram of (2) shown in Fig, 2, we de�ne
for y � p y1; y2; y3; y4q � p u; ux ; �;

³x
� 1 u2dxq, the augmented boundary value problem (BVP)
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 ;

y1p� 1q � 0
y1p1q � 0

y4p� 1q � 0
y4p1q � �

: (3)

This system is then solved for prescribed values of� � } u}2
2 with a standard BVP routine (e.g. bvp4c in

Matlab ). This approach assumes the system can be reformulated into an ODE and that each solution is
uniquely prescribed by its }u}2 value. In higher dimensions, neither of these conditions are necessarily met.

The contribution of the current work is to combine adaptive �nite element simulations [16] with pseudo
arc-length continuation [1, 28] to numerically compute bifurcation diagrams for (2) in general two dimensional
geometries. There are two main challenges that arise. First, the multiplicity of solutions depends sensitively
on the parametersp�; " q. To address this, we apply a �nite element method (FEM) discretization of (2) to
obtain a nonlinear system of general form

f pu; � q � 0; f : RN u � Rz Ñ RN u : (4)

Here � P Rz represents the vector of parameters andNu represents the number of degrees of freedom to
represent the solution. We are principally interested in characterizing the solution set over the parameter
set � � p �; " q. In Sec. 2.3 we describe an implementation of the pseudo-arc length continuation method
[1, 7, 27, 43] to trace out solution branches of (4) with sharp snap backs [21]. The second challenge is that
the equilibrium solutions to (2), particularly those where u � � 1, have localized sharp features. To address
this, we employ adaptive mesh re�nement [16] within our arc-length continuation method to resolve rapidly
changing solution features, thereby allowing for accurate continuation along singular solution branches. This
work therefore represents a signi�cant extension upon previous numerical methodologies for bifurcation
analysis and allows for exploration of solution structures that were previously only available in radially
symmetric scenarios and through exploitation of symmetries [40] or reformulation into initial value problems
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[37]. The numerical experiments in this work explore the casem � 4 and we observe that parameter values
m ¡ 2 yield qualitatively similar behaviors.

The structure of the paper is the following. In Sec. 2 we outline our numerical method which combines an
adaptive �nite element method with pseudo arc-length continuation. In Sec. 3 we show results of the method
after initial validation on a previously solved case (Sec. 3.1). Following this, we solve the main equation
(2) for values " � r 0:3; 0:1; 0:01s on unit disk and square geometries where we observe highly sensitive
dependence of solution multiplicity on parametersp"; � q. Generically we observe that as" decreases, the
solution structure becomes more intricate with multiplicity depending sensitively on � . Following on, we
investigate in Sec. 3.4 the non-simply connected scenario in the case of an annular domainr 1   | x |   1. In the
scenario" � 0, we numerically calculate the �rst nine of a sequence of symmetry breaking bifurcations on the
radially symmetric solution branch, each of which appears to give rise to an in�nite fold point structure. The
resulting bifurcation diagram (cf. Fig. 8) shows an extremely intricate solution structure, with particularly
sensitive solution multiplicity as � Ñ 0. When " ¡ 0 (cf. Fig. 9), we �nd that the radially symmetric branch
now has a �nite number of symmetry breaking bifurcations. Finally, in Sec. 4 we discuss some avenues for
future investigations.

2. Numerical methods for discretization and arc length continuation

2.1. Continuous Galerkin discretization of steady model

Our numerical solution of (2) is based on a �nite element discretization [16] on a triangulation Th of a
two-dimensional domain 
 h that approximates 
. The spatial resolution of the triangulation can be adapted
to resolve sharp features (h-adaptive). We adopt a linear �nite trial and test space Vh which is continuous
in 
 h and vanishes onB
 h . Speci�cally,

Vh � t uh PCp
 h q | uh |B
 h � 0; uh |T PP1; @T PTh u; (5)

where P1 is the set of linear polynomials . From the verticest p j uN p
j � 1 of Th , the basis � i PVh is constructed

so that � i pp j q � � ij . Multiplying (2) by the test function and integrating by parts, we obtain the weak form
over a given elementT PTh : �nd uh PVh for all � h PVh

»

T
r � h � r uh dV �

»

T
� h � Spuh ; � qdV � 0; (6)

where Spuh ; � q is the source term on the right hand side of (2) de�ned as

Spw; � q �
�

p1 � wq2 �
�" m � 2

p1 � wqm : (7)

The residual over an element is given as

f T : p� h ; uh ; � q ÞÑ
»

T
r � h � r uh dV �

»

T
� h � Spuh ; � qdV � 0; (8)

and the global residual is de�ned in terms of element residuals as

f h : p� h ; uh ; � q ÞÑ
¸

T PTh

f T p� h ; uh ; � q: (9)

Finally, after introducing the basis associated with trial and test spaces (5), assumed to be the same in this
work, we obtain a system of nonlinear algebraic equations

f : RN u � R Ñ RN u f : pu ; � q ÞÑf pu ; � q; (10)

where Nu � dimpVh q, which is the standard Galerkin �nite element residual.
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2.2. Adaptive mesh re�nement

We implement an adaptive mesh re�nement algorithm [16] that re�nes and coarsens the mesh at each
steady state, or at every� steady state solutions, and if the solution struggles to converge, within each steady
state solve. We use newest vertex bisection where if an element is tagged for re�nement, its longest edge
is bisected by inserting a new node. A new edge connecting the newest vertex and the vertex opposite the
longest edge is inserted, resulting in two new elements from the single parent element. This procedure alone
can result in a hanging node, so the procedure is repeated on the element opposite the longest edge. Other
types of re�nement may be done if a given element has two or even three of its edges marked for re�nement.
In this case, newest vertex bisection is performed �rst on the longest edge while the other two edges become
the reference edges in the resulting elements. Newest vertex bisection is then performed on these edges if
they were marked for re�nement, as well on any resulting hanging nodes. The coarsening strategy coarsens
the mesh by removing nodes inserted using newest vertex bisection and merging two brother elements that
resulted from newest vertex bisection into one element.

Elements are tagged for re�nement or coarsening based on a hierarchical error estimator [16] from the
computed solution. In this way, elements are added or removed based on the error they contain. At each step
of the method we compute an error vectore � p e1; : : : ; eN T qwhere NT is the number of elements and de�ne
tunable parameters for re�nement, � ¡ 0, and coarsening,� ¡ 0, to modulate the re�nement and coarsening
strategies respectively. For each elementi such that ei ¡ �

° N T
j � 1 ej , the element is selected for re�nement.

Conversely, if ei satis�es ei   �
° N T

j � 1 ej then the element is selected for coarsening. These decisions allow
us to determine where the error is distributed in the domain and attribute more or less elements to regions
of the mesh accordingly. Finally, after the mesh has been coarsened or re�ned, the solution is interpolated
from the old mesh onto the new mesh.

The algorithm increases and decreases local mesh density in regions where the solution has large and
small spatial variations, respectively. Localized mesh re�nement becomes essential in the regime" ! 1 where
solutions along the upper branch of the bifurcation curve develop sharp boundary layers.

2.3. Pseudo arc-length continuation

Obtaining the full parametric solution multiplicity of (4) is a challenging general problem because for any
particular value of � , there can be any number of solutions. We focus on a �xed value of" and reduce to the
scalar parameter casef pu; � q � 0. We now describe an implementation of pseudo arc-length continuation
[3, 43] that can reveal the structure of equilibrium solutions. Starting from an initial solution pu0; � 0q and
tangent vector p9u0; 9� 0q, the method seeks to determine a sequence of pointspu j ; � j qthat satis�es f pu; � q � 0
and can traverse simple fold points. In terms of an arc-length parameters, the solution curve pupsq; � psqqis
augmented by solving the equation

npu; �; ds q � 9u j pu � u j q � 9� j p� � � j q � ds; (11)

which describes the equation of a hyperplane with normal vectorp9u j ; 9� j qand perpendicular distanceds from
pu j ; � j q. The bifurcation curve is traversed by solving the augmented system

f pu; � q � 0; (12a)

npu; �; ds q � 0; (12b)

with the arc-length parameter ds chosen in an adaptive manner to adequately resolve the solution curve while
maintaining e�ciency. Speci�cally, we apply a Newton-Raphson method to (12) with the initial condition
pu j ; � j q which yields the iteration scheme

�
f u pupkq; � pkqq f � pupkq; � pkqq

9u j
9� j

� �
� u

� �

�

� �

�
f pupkq; � pkqq

npupkq; � pkq; dsq

�
upk � 1q � upkq � � u

� pk � 1q � � pkq � � �
(13)

Provided ds is not too large, the iterative scheme (13) convergences rapidly. The tangent vectorp9u; 9� q is
found by di�erentiation of f � 0 with respect to s to obtain the linear system f u z � f � � 0. To obtain the
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tangent vector, we apply the scaling

9u � a z; 9� � a; a �
� 1

a
1 � } z}2

: (14)

where the sign ofa is chosen to preserve direction of travel along the bifurcation curve. The stepsizeds is
varied continuously based on the convergence of the iterative scheme (13) and progress along the bifurcation
curve. At each admitted point on the bifurcation curve, we calculate the error estimates (Sec. 2.3) and re�ne
or coarsen where necessary.

2.4. Branch point detection and branch switching

For families of solutions that contain symmetry breaking solutions it can be bene�cial to locate the point
at which there is a bifurcation and a split into di�erent branches, then travel along those branches [21, 44].

To detect branch points of our system, we monitor the determinant of the Jacobian, detpf u pupkq; � pkqqq
and observe for signs of zeros. A sign change in this quantity signi�es a bifurcation, however, a double root
whereby two eigenvalues cross zero, results in a determinant only touching zero [18, 24]. To precisely locate
branch points, we stop path tracking when the determinant decreases below a pre-speci�ed tolerance and
solve an extended system [1, 3] for the non-trivial null space of the Jacobian. We introducev P RN u and
� PR and solve $

'''&

'''%

f pu; � q � � v � 0
f T

u pu; � qv � 0
vT f � pu; � q � 0
vT v � 1 � 0

(15)

This problem is solved using the Newton-Raphson method with initial conditionpu; �; �; vq � p upkq; � pkq; 0; �vq
and �v is initially de�ned as the eigenvector of f T

u corresponding to the smallest real eigenvalue� , satisfying
f T

u �v � � �v . A simple branch point pu; � q corresponds to a regular solutionpu; �; 0; vq of (15).

3. Results

In this section, the numerical methods presented are �rst tested against a known study, and then several
numerical experiments are conducted that demonstrate the methods' robustness in exploring the stability
and multiplicity of various problems, speci�cally (2) that models equilibrium con�gurations for " ¥ 0. This
model will be explored for various domains 
, including a circular disk, a square, and an annulus.

3.1. Convergence study with circular domain example

As validation of our numerical method, we �rst consider the case" � 0 which has been the topic of many
studies [36, 39]. In the case of the unit disk domain 
 � t x P R2 | |x | ¤ 1u, and applying radial symmetry
u � upr q for r � | x |, equation (2) reduces to the ODE

B2u
Br 2 �

1
r

Bu
Br

�
�

p1 � uq2 ; 0   r   1; u1p0q � 0; up1q � 0: (16)

The solutions of this boundary value problem can be mapped to an initial value problem by exploiting scale
invariance [39]. Speci�cally, by introducing the variables t and w such that

upr q � � 1 � �w p� q; � � tr;

some simple algebra shows that the bifurcation diagram can be parameterized as

|up0q| � 1 �
1

wp� q
; � �

� 2

w3p� q
; (17)
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Figure 3: Radially symmetric solution of (2) for " � 0. Left: Bifurcation curves of � against }u }2 ( ) and }u }8 ( ) with
insets showing spiral. The points for respective � pk q values are also shown on each curve ( ). Right: Convergence of error
in computation of the �rst two fold points � p0q ( ) and � p1q ( ) for a range of �xed mesh sizes hmax . We observe the
expected second order convergence ( and ) (right).

where wp� q solves the parameter-free initial value problem

w2 �
1
�

w1 �
1

w2 ; � ¡ 0; wp0q � 1; w1p0q � 0: (18)

Therefore by solving (18) to high accuracy, the bifurcation diagram is reproduced from (17) as shown in
Fig. 3. A notable feature is the presence of an in�nite fold point structure which highlights the sensitive
solution multiplicity as � varies [37]. As validation for our arc-length continuation method, we use the �rst
two folds � p0q and � p1q as a comparison. These fold points are found to high accuracy by applying a root
solving routine to � � � 2�

w 3 r1 � 3
2 � w 1

w s � 0. We obtain that

� p0q � 0:78922927; � p1q � 0:41533025:

To con�rm the validity of our numerical method, we use a range of �xed meshes and calculate the error term

Erel �
|� pkq

h � � pkq|
� pkq

; (19)

to observe convergence. In Fig. 3 we plot the bifurcation curves of� against both }u}2 and }u}8 together
with convergence of the relative errors (19). The characteristic feature of the bifurcation is a tight spiral with
� Ñ � c as }u}8 � | up0q| Ñ 1. This limiting value can be established through a re-scaling [39] of equation
(18). Setting � � log � and w � �

2
3 vp� q yields

d2v
d� 2 �

1
3

dv
d�

�
2
9

v �
1
v2 : (20)

A reformulation of equation (20) into a planar dynamical system in variables p1{v; v� {vq yields the behavior
of vp� qas � Ñ 8 which is characterized by a stable spiral which centers on� Ñ � c � 4{9 as|up0q| Ñ 1. This
analysis for the disk case is useful for validating our �nite element approach, however, it does not generalize
to non-radially symmetric domains where a fully numerical approach is needed.

3.2. Regularized problem on unit disk
In this section, results for the regularized problem (2) on the unit disk 
 � t x P R2 | |x | ¤ 1u are

presented for a range of" values andm � 4. We observe in Fig. 4 the bifurcation curves of� against }u}8
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Figure 4: Solutions to (2) on the unit disk with m � 4. Top Row: Bifurcation curves of � against }u }2 ( ) and }u }8 ( )
for various " values. We identify two cubic fold points ( ) through which solution multiplicity increases. Middle row: Solution
pro�les u and adapted mesh for the points 1,2,3 ( ) on the " � 0:3 curve and � � r 0:5; 1; 1:5s. Bottom row: Solution pro�les u
and adapted mesh for points 1,2,3 ( ) on the " � 0:1 curve and � � 0:6.

and }u}2 which show the multiplicity of solutions changing considerably as" Ñ 0. The curve p�; }u}2q
is more useful for di�erentiating between solutions which have similar values of}u}8 . We will observe in
several cases the e�ectiveness of the adaptive re�nement implementation (Sec. 2.2) and the pseudo arc-length
continuation strategy (Sec. 2.3), particularly when " ! 1. We remark upon the changes in solution structure
as " decreases in value.

Case" � 0:3: At this relatively large value, there exists a unique solution for each value of� . The
bifurcation curve is traced out from the initial point p�; uq � p 0; 0q which is the �rst steady state in the
family of solutions for (2). In Fig. 4 we show bifurcation curves (top row) of � against }u}2 and }u}8
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together with three representative de
ection pro�les and adapted meshes (bottom two rows). We observe
the de
ection u increasing as� increases with the largest point of de
ection occurring at the center of the
domain. Once the center of the disk attains the maximum de
ection }u}8 � 1 � " � 0:7, the source terms
� p1� uq� 2 and �" 2p1� uq� 4 are balanced and further increasing� results in the de
ection spreading radially
outwards and an expansion of the 
at central region where minx P
 upxq � � 1 � " � � 0:7.
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Figure 5: Solutions to (2) on the unit disk for " � 0:01, m � 4 with de
ection pro�le u and adapted meshes. Five solutions
(panels 1-5) are shown for � � 0:444 with their positions ( ) along the bifurcation curve ( ).

As " Ñ 0, we expect solutions with }u}8 � 1 � " for which the forcing terms becomeOp" � 2q. Corre-
spondingly, we must resolve solutions with sharp solution features at localized regions of the domain. As"
decreases, we identify a critical bifurcation value" c1 � 0:25966 for which the solution multiplicity changes
from one to three. For " ¡ " c1 , there is a unique solution for each� while for "   " c1 there is a region of
parameter space with three solutions, two of which are stable region and one unstable. At the critical value
" � " c1 , we identify a cubic fold point with location � � 0:9583 (cf. Fig. 4). This example demonstrates the
variability of solution multiplicity in the p"; � q parameter space.

Case" � 0:1: At this �xed value, intervals of � in which multiple solutions of (2) exist widens signi�cantly.
In general, we observe that as" Ñ 0, the potential multiplicity of solutions grows correspondingly. Indeed,
the " � 0 case discussed in Sec. 3.1 shows an in�nite number of fold point centered on the values� � 4{9.
Figure 4 (bottom row) shows three admitted solutions for " � 0:1 and � � 0:6 with the position on the
bifurcation curve highlighted. As " decreases, we determine a second critical value" c2 � 0:0225 where
potential solution multiplicity increases to �ve.

Case" � 0:01: In this parameter regime, the sharp features in equation (2) become much more challenging
to resolve and adaptive path-tracking is essential. The rapid spatial change in the solution occurs initially at
the center of the domain where}u}8 � 1� " followed by propagation radially outwards. To more accurately
represent the solution in these regions, the adaptation approach outlined in Section 2.2 increases re�nement
in regions of large spatial gradient (cf. Fig 5). In panel 4 of Figure 5, the solution is rapidly changing in the
center of the disk and the mesh is signi�cantly re�ned in that region.
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