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Abstract This paper introduces a new method for solving the planar heat equation based on the lightning
method. The lightning method is a recent development in the numerical solution of linear PDEs which
expresses solutions using sums of polynomials and rational functions, or more generally as sums of fun-
damental solutions. The method is particularly well suited to handle domains with sharp corners where
solution singularities are present. Boundary conditions are formed on a set of collocation points which is
then solved as an overdetermined linear system. The approach of the present work is to utilize the Laplace
transform to obtain a modified Helmholtz equation which is solved by an application of the lightning
method. The numerical inversion of the Laplace transform is then performed by means of Talbot integra-
tion. Our validation of the method against existing results and multiple challenging test problems shows
the method attains spectral accuracy with root-exponential convergence while being robust across a wide
range of time intervals and adaptable to a variety of geometric scenarios.

Keywords Lightning Method, Laplace Transform, Diffusion Equation, Fundamental Solutions, Least

Squared Solution.

1 Introduction.

The purpose of this work is to present a new approach for the numerical solution of the planar heat
equation by means of the lightning method (LM), recently introduced by Gopal and Trefethen [20]. The

specific problem of interest is the parabolic partial differential equation

ou

pri D Au, (z,t) € R*\ 12 x (0, 00); (1a)
u= f(z), (z,t) € 002 x (0,00); (1b)
u = ug(xz), (z,t) e R*\ 2 x (t =0). (1c)

where (2 is a collection of Np polygonal absorbing bodies (2 := Uiv 2, 82;,). A schematic of the geometric
configuration is shown in Fig.

In this work, we show that by combining the Laplace transform with the lightning method, a rapid,
robust, accurate and easy to implement numerical solution to can be developed E The method derived
is spectrally accurate (root-exponential convergence) and resolves corner singularities of inherent to

polygonal geometries. On a variety of challenging test cases, we will demonstrate our method is routinely
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Fig. 1: Schematic of the external geometry R? \ £2 on which the parabolic system is solved. The set of
Np polygonal bodies is 2 := Uliv 5,82, and n is the outward facing normal vector to 912.

capable of attaining relative solution accuracies of order O(1071°), consistent with other implementations
of the lightning method [3][19].

The lightning method was originally developed in [20,19] for the solution of Laplace and Helmholtz equa-
tions. It is in essence a complex variable technique that expresses the solution of elliptic PDEs as a rational
function and is hence primarily useful in two spatial dimensions. It has since been extended to solve prob-
lems for potential flow [3] and Stokes flow [9]. It is able to accurately resolve solutions of linear PDEs with
corners which present challenges to traditional stencil based methods due to their solution singularities.
Due to the fundamental importance of in many disparate applications, significant efforts have gone in to
numerical techniques to approximate its solution. These including boundary integral methods [10}17129}12],
Volterra integral equations [2428/[44] and various transform methods [211[32], Abel transforms [40}[48|52]
[T5l27]. Monte-Carlo methods are an important companion to deterministic methods that cast solutions of
as a probability distribution that can be sampled by particle systems [39,22L261[46142][1T]. While slow to
converge, Monte Carlo methods have no issues dealing with difficulties inherent to stencil solution methods
such as corner singularities. However, an advantage of continuous PDE methods is that the density u(z,t) is
obtained everywhere, which yields much more detail on the trajectories of diffusing particles. Since discrete
and continuous methods for the solution of each have their inherent advantages and disadvantages, it
is valuable to advance all feasible methods for its solution.

A particular motivation of the present study is the solution of diffusive capture problems in cellular biology
[34./36,38TILBILL42]. A specific quantity of interest is the time taken for a diffusing molecule initialized at
xo to reach the target set 912, the so-called first passage time (FPT) distribution [30]. This involves solving
with the boundary condition f = 0 and the initial condition ug(z) = §(x — o). The main quantities of

interest in this setting are
: 0 v
i = [ pStas  e0= [ iwan, 2)
on on 0

where Ou/0n := n - Vu is the outward facing normal derivative. In terms of particle diffusion, this quantity

is encoded by the first arrival time 7 where

7= inf {z(t) € 092}; dz = V2D dWy, z(0) = wo; (3a)
0<t<oo

and W; is the Wiener process. The probabilistic quantities associated with this process are then
Plr =t] = j(t), Plr < t] = c(t). (3b)

In our validation of the numerical solution to (1), particle-based solutions [II] will provide a highly non-
trivial but low-fidelity validation. In addition, we will provide comparisons with a high order boundary

integral method [I].
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In the present work, we utilize the Laplace transform, which reduces to a modified Helmholtz equation.
We then propose and implement a lighting method to solve this elliptic PDE, followed by an inversion
of the Laplace transform. The inverse transform is accomplished by means of Talbot integration [5IL[47]
16] a highly optimized and rapid method for evaluation of the Bromwich integral. This Laplace transform
approach has been successfully demonstrated on parabolic problems in unbounded domains [37,[1T}[3512]
with notable advantages being its ability to bypass the time-step limitations of traditional integrators and
achieve accuracy close to machine precision.

The key enabler in this approach is a rapid and accurate method for solving the modified Helmholtz
equation associated with the transform problem. In recent work [12], the second author and collaborators
used a boundary integral approach for this purpose which expressed the solution of the modified Helmholtz
equation in terms of appropriate layer potentials. In the present work, we adapt the Lightning method
for this purpose [20]. The LM expresses the solution as a series of rational functions which solve the
homogeneous equation exactly. The coefficients of this series are calculated from the least squared solution
of an overdetermined linear system formed at a collocation grid along 9f2. The Lightning method has
been applied to Laplace problems, whose simplicity has allowed for theoretical analysis such as proof of
root-exponential convergence and optimal clustering of poles [19123]. Previous works have demonstrated
the efficacy of the LM for the Helmholtz equation [20,[I8], however, its complexity when compared to the
Laplace problem has hindered theoretical results. Thus, our contribution is a computational demonstration
that LM solution of the Modified Helmholtz equation (and consequently the heat equation) is effective.
The outline of the paper is as follows. In Sec. [2] we describe our numerical approach, including imple-
mentation details of the LM for the modified Helmholtz equation and application of Talbot integration
to obtain the inverse Laplace transform. In Sec. [3| we will describe two alternative solutions, the kinetic
Monte Carlo method and matched asymptotic expansions, which will be used to validate the results of the
LM. In Sec. 4 we demonstrate our method on a variety of test problems. We demonstrate the method on
domains with single or multiple absorbers, and varied boundary and initial conditions. Finally, we discuss

potential extensions and avenues for future research arising from this study.

2 The Lightning Method & Numerical Inverse Laplace

In this section, we outline our approach to determine the numerical solution of . The method we describe
leverages complex variables to solve linear PDEs in the plane. The solution is v = u(z,t) where 2z € C, and

z = (Re(z),Im(z)) is the independent spatial variable. The Laplace transform for s € C is defined as the

integral
iz 8) = L(u) = / T e et (@)
t=0
Applying to equation results in the elliptic modified Helmholtz problem
DAG — st = —ug(2), z € C\ 12 (5a)
= f(2)/s, z € 012 (5b)

The boundary condition (5b]) arises from evaluating at z € 02 which implies that |9 = f(2) fooo e Stdt =
f(2)/s. The next step in our approach is to seek a particular solution so that the governing equation
becomes homogeneous at the expense of modifying the boundary conditions. First, we introduce the free

space Green’s function G(z,€; s) satisfying

DAG — sG = —§(z — &), z € C\ {¢}; (6a)

Go.655) = gop Kolalz —€),  a=,/. (6b)
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where Ko(z) is the modified Bessel function of the second kind. In terms of the Green’s function @, we
can decompose the solution of into a particular solution 4y, and homogeneous solution 4. Specifically,

we have that

(z;5) = tip(z;8) +in(255),  dp(z;s) = /C\Q G(z & s)uo(§)dE. (7)
The homogeneous equation uy(z; s) satisfies
DAy, — sty =0, ze€C\ (8a)
ap = f(z; ), z € 0% (8b)
where the boundary term is given by
fes =1 - [ Gagoulodc. (s0)
S c\n

In the next section, we describe a method for the solution of .

2.1 The Lightning Method.
To begin a description on our approach, we introduce the following family of functions

bn(es859) = popKilals - EZ0C e =[5, ©

which are exact solutions of the homogeneous modified Helmholtz equation on C\ {¢}. Our method is
to seek a solution to in the form

N, N>
Z ajh—1(z, zj58) + bj?,[)l(Z,Zj;S)) + Z ki (2, 245 8) (10)
j=1 k=—Na

where a;,b; € Cfor j =1,...,N1 and ¢;, € C for k = —Na,..., N2 are complex constants. It is important to

remark that is a general solution of the equation and that the constant coefficients in the expansion
must be chosen to enforce the boundary conditions.

The first sum is referred to as the Newman part, and is analogous to the rational terms from the lightning
Laplace approximations with poles {zj} . The second sum is the Runge part, which can be understood
as a higher order expansion about a smgle point z«. The poles {zj}- !, are chosen to resolve singularities
such as those at the corners of our geometry. The role of the Runge part is to smooth out the solution on
the rest of the boundary.

To describe the particular choice of Ni, Ny for our algorithm, we first assign the Ng bodies with an overall
total of N, vertices/corners. We denote by m the number of Newman poles per corner, implying N1 = mNy,
and then set the order of each Runge expansion to be N2 = O(y/m). Due to the complex coefficients in
, our series has a total of N = 2N; 4+ 2N + 1 terms, and 2N degrees of freedom.

2.2 Choice of Newman pole clustering.

In order to get accurate resolution of the solution and the corner singularities, one must carefully adapt
the details of the clustering distributions of the Newman poles and the collocation points around them.
Let us consider a corner at z = 0, and a distribution of points that are clustering towards it from the right

(positive reals). A distribution first employed by [19] was of exponential form and given by

2, =Ce /Y =0, m—1. (11)
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(a) 10 poles per corner. (b) 50 poles per corner.

Fig. 2: Example of Newman pole clustering using the tapered distribution , with o in (12D]).

The parameter o controls the rate of clustering of points near the corner with empirical studies [19] sug-
gesting the value o = 2.5 generates a good balance between accuracy and computational effort. A more

recent analysis [50] suggested an improvement upon this, the so-called “tapered” distribution, given by

5= CeoWMFI=VE) i, (12a)

Moreover, for the Laplace problem, [23] proposes the following geometrically-dependent choice of o:

o =+/2(2 = B)Br, (12b)

where 3 € (0,2) is the exterior angle (modulo 7) of the corner being clustered towards. This o is conjectured
to be optimal for the Laplace problem, and we have found it to work well for the solution of the modified
Helmholtz problem.

We implemented both the clustering formulas and for the modified Helmholtz problem and
found the tapered to perform better overall which we subsequently adopt for the reminder of this work.
For a given geometry, we choose C' = thin where hpin is the minimum edge length of the entire
geometry 92. This choice guarantees that the poles remain in the interior of the geometry. For a corner in
our geometry, we find the angular bisector and move this cluster of poles to lie along it. In Fig. [2] we show
examples for m = 10 and m = 50 points per corner on a polygonal domain. We remark that due to floating
point precision, some poles will round exactly to the vertex as m increases and cause rank deficiency in our
system. To ameliorate this, we remove any poles whose distance to the vertex lies within twice machine
epsilon €. These removal events also serve as a flag that increasing m further will not lead to improvements

in accuracy.

2.3 Collocation points

In order to form a linear system for the coefficients of the series (10)), collocation points must cluster towards
corners with at least the same rate as the Newman poles. The study of [18] used exponentially clustering

of collocation points with a distribution ¢ € [0, 1] between the corner and midpoint given by

Ft) = themPe=D) (13)
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with parameter values p. = 4 and varied A. An earlier version of the LM [20] used A =0 and p. = —4/m.
While the details of the parameters may vary, the broad idea is to create a balance of points towards the
corner and midpoint of the edges such that the distribution near the corner matches that of the Newman
pole distribution while not under-resolving the center.

To this end, our strategy of choosing collocation points will be using a simple exponential (A = 0) with p.
chosen high enough to cluster slightly closer to the corners than the Newman poles. Then, we will increase
our number of collocation points N, until the middle of the edges are sufficiently resolved. We note that
maxge(o,2) 0(8) = V2, so a satisfactory choice is pe = \/mﬂ'. This implies our minimum distance
from the corner to a collocation point occurs at ¢t = 1 with distance %hminef Vv 2(m+1)“, which will generally

be closer than the distance to the closest pole ghmine_”(v mA1=1) for simple enough geometries.

2.4 Numerical inversion of the Laplace transform.

In this section we describe our process for inverting the Laplace transform to return to time domain. The

inverse Laplace transform is defined by the Bromwich integral, given by
—1/A 1 ~ st
1) — - . 14
u(z;t) = L7 (a) omi / i(z; s)e”"ds, (14)

where B = {v + is|s € R} is the Bromwich contour. The value v € R is selected so that all poles of 4(z; s)
with respect to s are to the left of Re(s) = . The integrand of tends to be oscillatory along B which can
require a lot of terms to compute. However, since our problem has poles that lie solely along the negative
real axis, we can deform the contour of integration into the left hand plane so that the integrand of
decays rapidly. The optimal choice of contour should balance moving into the left half-plane rapidly while
not getting too close to the singularities, nor too far such that the exponential factor in becomes very

large. A highly optimized choice, known as the modified Talbot contour [I6], is given by the general form

BT:{¥p(6)|_ﬂ_<9<ﬂ-}v p(0) = (— o + pf cot(ad) + vif), (15a)

where 2M is the number of quadrature points applied to approximate the integral (see Fig. . A saddle

point analysis [16] yields the following values which optimize the convergence rate:
o =0.6122, w=10.5017, a = 0.6407, v = 0.2645. (15b)

The parametrization of By given in ([15]), expresses the integral as

u(z;t) = % _:ﬁ(z; ZMT[J(G))esz(e)p'(Q)dO = Re {% /07T ﬁ(z; 2]\/[fpw))eZMP(e)p/(G)dQ} . (16)
In the second step of , the symmetry of has been used to express the integral as twice the real
part of the value along the upper branch. The contour is particularly effective for the present case of
parabolic problems whose singularities lie along the negative real axis. The theoretical convergence rate is
O(10~12M)_ Qur recovery of this convergence rate is presented in Fig.

Given a fixed M, our approximation method is as follows: Discretize (0, 7) at equally spaced points 61,. .., 0,/
with step-size h = /M. For a given ¢ > 0, define w(0) = 2M7) 5/(9) and s(0) = 2M p(6) /t. We then evaluate

weights w; = w(f;) and points s; = s(0;) to define the midpoint quadrature rule

M
u(z;t):Re(%Zwﬂl(z;sj))7 0; = (j—%)%, ji=1..., M. (17)
j=1

We remark that this choice of contour has the advantage of converging very rapidly, with errors reduced
to near machine precision using M = 9 transform evaluations. Additionally, as the numerical examples
of Sec. 4| will demonstrate, this integration method is robust over a wide range of times ¢ € (0,00). A
disadvantage of this approach is that it incurs a significant computational cost to recompute the transforms

4(z; s;) for each specified value of ¢. In the conclusion, we discuss methods for ameliorating this burden.
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(a) Talbot contours for ¢ = 0.1 and varied M. (b) Talbot contours for M =9 and varied ¢.

Fig. 3: The Talbot contour and the mid-point quadrature points {s;}. Shown are contours and their
discretizations for fixed ¢t = 0.1 and varying M (left) and varying ¢ with fixed M = 9 (right).

3 Comparable methods for numerical validation and application.

We need various ways to validate and benchmark our solution. On most domains, analytical solutions are
unavailable, and hence we will validate with other numerical and asymptotic methods. We will validate with
a high-order boundary integral method, to ensure our solutions are accurate beyond low boundary error. In
addition, we will compare with two lower-accuracy methods, a particle based Kinetic Monte Carlo (KMC)
method and an asymptotic method based on the limit of small, well separated absorbing bodies [II]. The
surface flux j(t) = [, Ddpuds of our approximation has an integrand that can be acquired analytically,

that is then numerically integrated and compared with out other methods.

3.1 Boundary Integral Equation for the Modified Helmholtz equation

In the boundary integral equation, we represent our solution using the density of a layer potential, in our
case the double layer potential
1
Dlop)() = o / OnG(2, ) (€)de, (18)
T Jon
Where in this case n is the inward facing normal. The integral equation corresponding to the exterior
Dirichlet problem with initial condition ug(z) = §(z — 20) is then [I3]
1
§UD(Z) —Dlop](z) = —G(z, 20). (19)
We will use the integral equation package chunkIE [I], which has a built in solver for the density of a double
layer potential for the standard Helmholtz equation with kernel G(z,&) = %H(()l)(k\z —&|), where Hél)(z) is
the Hankel function of the first kind. The identity [45]

e

2
is used to represent the solution of with the substitution of k = i/s.

Ko(z) = T HV (i), (20)
3.2 Kinetic Monte Carlo (KMC) methods

In the particular case of solving when f = 0 and the initial condition is given by a Dirac source,

uo(z) = 6(z — 20), we corroborate with a complementary method for solving the PDE through sampling
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of the Langevin equation . The KMC method is a technique that massively accelerates the sampling of
by breaking down random paths into simpler geometric steps, or projectors, that can be solved exactly
and tabulated for rapid access. By carefully combining several projection steps, it is possible to create
exact simulations in arbitrary geometries in two and three dimensions [25][11B5L6L53]. The simulation of
the paths , and the statistics of arrivals of particles to 942, gives Monte-Carlo estimates for the quantities
which we can compute from our LM solution of . This provides a highly non-trivial method for

validating our results over wide timescales.

3.3 Matched asymptotic expansion solution for multiple bodies.

The LM method can trivially be extended to multiple bodies by adding collocation points together with
corresponding Newman and Runge expansions to the series approximation. This allows us to approximate
the solution of around multiple bodies. A useful validation of this approximation will be a recent
matched asymptotic solution of 7 derived in the limit of small well-separated bodies [I1] which we briefly

describe. The Np bodies {Qk}kle are centered at {zk}gjl with a common scale factor ¢, such that
2 =z +e Ay, k=1,...,Np.

Here Ay, describes the shape of the k' body. It was recently shown [IT] that the solution of is of form

Np
S e — . _ > . — -1
519 = G 0i0) = 3 (0Gle09) +OC) = o (21a)

in the limit as ¢ — 0. Here G is the Green’s function @ and dj is a constant called the logarithmic
capacitance or logarithmic capacity [30L[43L[2] which is determined uniquely by the shape of Aj. The value of
dy, is known exactly for some regular geometries (e.g. ellipses, squares and triangles) and can be numerically
approximated for general shapes (details in Appendix . The fluxes into each body are defined as ji(t) =
I5 0, POnuds with their corresponding Laplace transforms being {ik(s)},iv 5, . These satisfy the linear system

- R(s), i=j, vi 1=,
(Z+27rDVG)I =21DVg,,  [Glij = o Vli; = . (21b)
G(Zi,Zj;S), Z#]' 07 Z#]v
where Z € RN2*NB s the identity matrix, J € RVZ and g, € RV2 are given by
J=[1d2 e insl’ g0 = [G(21, 20; 8), G(22, 205 8), - . -, G (2N 20; 8)] .- (21c)

The matrix G describes the spatial interactions between the bodies while the vector g, describes the
influence of the initial location on each of the bodies. Here R(s) is the regular part of G(z,¢;s) at the

source. The small argument asymptotics Ko(z) ~ —log(z) + log2 — e as z — 0 give this term as
1 1
=i ( & 8) + 5= log|z — ):—(1 2 — e —log \/ D), 22
R(s) lirmy Gz &) + 5 5 loglz —€]) = 55 (1082 —7e —log /s/ (22)

where v =~ 0.5772 is the Euler-Mascheroni constant. Hence, given the centering coordinate z; and capac-
itance dy of each body, we solve the linear system (21b)) and apply the Talbot method (cf. Sec. [2.4) to

obtain the time-dependent fluxes ji(¢) and corresponding cumulative fluxes ¢y (t) = f(f Jr(T)dT.

4 Numerical Results.

In this section, we provide a variety of examples that validate our method for single and multiple bodies.
As our solutions are built from solutions to , we will validate it first. Then, we will examine the effect

of varying the number of transform evaluations M in the inverse Laplace transform procedure, eventually
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adopting M = 9 as the default parameter. In each of the examples shown, the diffusivity takes the value

D = 1. We will examine the accuracy of the method by determining the errors

E%a] = sup |la(z;s) — f(2)/sl, (23a)
z€0802
E%u] = sup [lu(z,t) — f(2)]I. (23b)
z€082

Recall that @ — f(z)/s = dp, + Gp — f(2)/s = @5, — (f(2)/s — Gp) = @ — f, so the error is equivalent to
the error between 4y, and f from . Accordingly, when taking the relative error, we scale by the factor
sSup_co0 || f(z;8)|| in the Helmholtz problem, and the equivalent in the heat problem. We approximate these
errors by oversampling on 92 with distribution e~ (V2(m+1)m+10g(10))t 51 4 corner to a midpoint, using
3 times as many sample points than collocation points.

Unless stated otherwise, our primary demonstrations will set f(z) = 0, and wuo(z) = 6(2 — 20) for some
20, which solves the underlying problem for calculating FPT distributions . Note that for this choice of
uo(z), the boundary term reduces to

; /2

F(z8) = = 1(z)

- [ w0@6 g9 = L2 - 6 i,

Cc\2 8
which is readily evaluated. Recalling that our number of degrees of freedom is 2N, we form our overdeter-
mined linear system by setting the number of collocation points at No =5 x 2N (One could get away with

a lower scaling factor, but we amplify for robustness). Finally, we choose N2 = 3.5,/m as the order of our

Runge expansions.

4.1 Validation of the Modified Helmholtz solution

We first validate our solution to by plotting the boundary error on an oversampled grid for a square
geometry with vertices at 144 and a point source at zo = 2. In Fig. [ we plot the relative residual and the
relative error on the oversampled grid that £°°[d] is calculated from for a lower value of m to show detail.

Excellent accuracy is observed all the way to the corner as shown in the zoomed view of Fig. d).

1080 L T R e ] 10 - A W T, ]
4 ATt : i : B & A%,
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é 10-0F" . ] é 10-10 "t . - ‘ 1
& ~
10-12 . . . . . . . 10-12 . . . . . .
0 1 2 3 4 5 6 7 8 0 1 2 3 4 5 6 7 8
z along 0Q z along 0
(a) Relative residual. (b) Relative error on over-sampled grid.
_ 10k 107
2 g
& /\ )
-;:_: 10-10 [ \f g 10-10 [
g ® <
& ~
10 12 L - I L - 10 12 L - L L —
10" 101 10-° 10° 10 1071 10-° 10°
z along 92 z along 02
(c) Relative residual. (d) Relative error on over-sampled grid.
Fig. 4: Point-wise relative residual and over-sampled relative error for s = —30.16 + 8.31, m = 40 on panels

(a-b): a parametrization of the boundary 82 starting from —1 — 17 and going counter-clockwise, and panels
(c-d): log-scale on [0, 1] of the parametrization of the boundary, showing the sample clustering going deeper
than the residual to the corner.
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In Fig. |5, we plot solutions of for several values of s corresponding to the Talbot contour of ¢ = 0.1. In
Fig. [5l we display results of a convergence study for the square example by calculating £°°[a] from
for an increasing number of terms N. We observe the convergence rate to be linear against /N which
demonstrates root-exponential convergence, and an attainment of relative error ~ 10710 for a range of s
values associated with the inverse Laplace transform process. Eventually the convergence stagnates, which
has been observed in the LM literature and is due to the process of solving with an overdetermined basis
[19].

In Fig. @, we replicate the result shown in Fig. c) with chunkIE by evaluating the boundary integral
equation . On a logarithmic scale, the solution plots are nearly identical, but when the absolute value
of the difference between the two solutions is plotted, we observe a maximum absolute error of 4.47 x 10710

and a maximum relative error around 1.27 x 107,

100
1072
2
=" 10
of g 3 3 3
rr . 107
2
107
" ——
0 2 4

10710
4 2

100

Im(z)
Al
Im(z)

Re(z) Re(z) Re(z)

(a) |Re(t(z,s))| at s = 30.16 + 8.311. (b) |Re(u(z,s))| at s = —0.72 4 584. (c) |Re(t(z,s))| at s = —86.09 + 108i.

100

——30.16+8.31i
—+—15.75+41.551
1072 F -20.39+74.79i
—+—-86.09+108.02i
—+—-202.03+141.261

1074

1079 F

Relative £ [

H
9
&

1070}

1012 I I I
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VN

(d) Convergence of errors for 4(z, s).

Fig. 5: Panels (a-c): Approximate solution of for various s in the Talbot contour of ¢t = 0.1, with m = 90.
£°°[a] for each given by (a) 2.02 x 1071%, (b) 8.24 x 1071, (c) 3.58 x 1071, (d): Convergence of the relative
errors for various s in the Talbot contour for time ¢t = 0.1 in the same configuration as (a-c).

4.2 Validation of the Talbot integral & the heat solution

In this section, we perform validations and examine the convergence properties of the inverse Laplace
transform method. Specifically, we seek to demonstrate the appropriate number M of transform evaluations
to apply in the Talbot quadrature equation . In Fig. 7} we display solutions u(z,t) of the system for
the geometry configuration in Fig. [f]at ¢ = 0.1. We fix our solution with m = 90 Newman poles per corner,

matching the Helmholtz solutions and so that the errors are dominated by the Talbot quadrature. When
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Fig. 6: Comparison with a boundary integral method with the configuration in Fig. |5| for single s =
—86.09 + 108:. (a) Solution of via BIE using chunkIE. A chunkgraph is created with the squares
vertices and refined until 64 chunks are on each side.

plotted on a logarithmic scale, the solutions reveal (cf. Fig. m(a,b)) exponentially small spurious oscillations
when M = 3,6 which are resolved (cf. Fig.[f|(c,d)) for M =9, 12.

In Fig. a), we approximate the Loo error by finely sampling our solution in the bulk, and taking the
maximum error between our solution for a given M and our solution for M = 15. We observe the relative
error decreasing as a function of transform evaluations M, in agreement with the theoretical convergence
rate derived in [I6]. The choice of M = 9 is observed to push the error in the bulk close to 107!, which
we will adopt as our target (absolute) accuracy for our other numerical demonstrations.

With the value M = 9 chosen for match the target accuracy of our LM solver, we repeat the convergence
study of Fig. |5| but for the heat solution at ¢ = 0.1 . In Fig. |8} we display the error £%°[u] defined in

and again observe root-exponential convergence with a lowest error around £>[u] ~ 10710,

4.3 Example: Simulation for a single triangular absorber.

In this example, we consider a single triangular absorber centered at z = 0.5+0.5¢ with vertices {1+0.54,7,0}.
The centering point z:« of the Runge expansion is the centroid of the triangle. The solution u(z,t) of
is calculated for f =0 and ug(z) = 6(z — 20) where zo = 2.5 + 0.5i. In Fig. [9] we plot solutions at 6 time
points showing shortly after initialization and the engagement with the body. In particular, we remark
that the method captures the “shadow” region in the rear of the body where the solution has lower value.
Probabilistically, the lower values reflects the observation that a diffusing particle is much less likely to be

present at this location.

4.4 Example: Flux calculation comparison of the LM with KMC and matched asymptotic expansion

In this example we compare the solution of from the LM with two recently developed alternative
methods, a particle based Kinetic Monte Carlo (KMC) method and a matched asymptotic expansion. The
asymptotic approximation, as summarized in Sec. is derived in the limit of well separated bodies [11].
In our experiments, we calculate and compare the cumulative density functions c(t), defined in 7 with

each of these methods.
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Fig. 7: Solution |u(z,t)| of (1)) at ¢ = 0.1 with various number M of Laplace transform evaluations. Increasing
M removes spurious oscillations in the solution.

Our first configuration consists of a point source at zp = 0 diffusing to N = 3 bodies; an equilateral
triangle centered at z; — 14 2.5i, a square centered at zo = —2 — 4, and an isosceles triangle with centroid at
z3 = 3 — 3i. The side lengths of the square and triangle, and the small-side length of the isosceles triangle
are uniformly A = 0.3. The flux vector is calculated from the asymptotic formula and then inverted
with M = 9 points. The KMC simulation is run with 1 x 10° particles. In Fig. we plot the solution
u(z,t) at t = 1 and again highlight the shadow effect where the occupation probability behind the target

is markedly lower. The agreement between the cumulative fluxes c(t) from the LM, KMC and asymptotic

methods is very good (cf. Fig.[10(d)).

For our next configuration, we consider Ng = 8 bodies of various h and rotations in an integer grid with
spacing 2 and a point source at zo = —2. Rotations are sampled uniformly on [0,27) and side lengths are
normally distributed with mean 0.3 and standard deviation 0.2 with positivity enforced. The domain and
three solutions u(z,t) of are shown in Figs. a-c). Solutions are also calculated from the matched
asymptotic expansion and the KMC method. We choose half of the bodies to be equilateral triangles,
and half to be squares, and calculate their combined fluxes, once again attaining very close agreement

(cf. Fig. [11(d)]). Given the fact that these three solutions are generated by completely different methods,
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Fig. 9: LM solution u(z,t) of for the case of a single triangular absorbing body with initial condition
uo(z) = 6(z — (2.5 4 0.57)), m = 90. Solutions shown a sequence of times from ¢ = 0.01 to t = 2.

their remarkably good agreement serves as a highly non-trivial validation of the LM approach for well-
separated small bodies.

As an additional validation, we calculate the so-called splitting probabilities ¢;(z), for j =1,..., Ng. These
quantities determine the likelihood [30L[36] that a diffusing particle initially at z € C\ 2 will eventually be
absorbed at the j*" body. They satisfy the Laplace problems

Ap; =0, zeC\ ¢j(z) bounded as |z| — oo; (24a)

¢j =0k 2€02;  k=1,...,Ng. (24b)
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Fig. 10: Panels (a-c): Solutions u(z,t) of with three small absorbers with uo(z) = §(z) and m = 60 at
various ¢ from 0.01 to 1. Panel (d): Agreement of the capture rate at individual absorbers as computed
from the LM, the asymptotic solution and the KMC method [11].

In Fig. we plot the solutions of for a new case of Ng = 3 bodies where the bodies are neither small or
well separated and thus not suitable for calculating c(¢t) by matched asymptotic expansion. These solutions
are acquired via the lightning method for the Laplace problem, in which pole prescriptions remain the
same, but 1 are instead rational terms. One must also caution that the exterior domain Laplace problem
necessitates a logarithmic potential in our Runge expansion (see [I4], which solves it with the related AAA
method). Also plotted in the figure is the cumulative fluxes captured by these bodies with a point source at
zo = 1 — 1.5i. We observe that the limiting behavior of the cumulative flux into each body asymptotically
approaches the splitting probabilities evaluated as t — oo. This agreement serves as a highly non-trivial

verification of the entire solution approach including the evaluation of integrated fluxes.

4.5 Example: Nonzero boundary conditions.

Our previous examples focused on the homogeneous boundary condition u(z,t) = f(z) = 0 on 912 and the

initial condition u(z,0) = §(z — z0). In this section, we demonstrate the application of the LM method
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Fig. 11: Panels (a-c): LM solution u(z,t) of with m = 60. Panel (d): Cumulative fluxes c(¢) through all
squares, all triangles, and all bodies computed by LM, KMC and matched asymptotic expansions.

to nonzero boundary conditions. We impose the condition f(z) = Re(z)'° In Fig. [13| we plot the solution
u(z,t) of at several time points for the initial condition ug(z) = §(z — 20) and zp = 1.5.

4.6 Example: L-shaped domain and multiple Runge poles.

As remarked in other works [19], elongated domains pose a difficulty to lightning solvers due to the Runge
expansion decaying as it approaches 92 and becoming an ill-conditioned basis. As K, (z) decays exponen-
tially as z — oo, rather than the polynomial rate of rational functions, we observe increased ill-conditioning.
This phenomenon is demonstrated in the convergence rate for the case of the L-shaped domain with a single
Runge pole at z+ = 0.8 4 0.8i (cf. Fig. . We solve this problem at various times and for configurations of
source locations, both close and far from the re-entrant corner. We observe in each case, the root exponential
convergence is maintained, albeit at a much slower rate and we do not reach our target error 10~1° before
the method stagnates, as shown in Fig.

In the case of the Laplace problem, the Runge part of the problem matrix is in the form of a Vandermonde
matrix, whose conditioning can be improved by Arnoldi orthogonalization [§]. For the solution of , it may

be possible to modify this orthogonalization procedure to be compatible with our basis of Bessel functions.
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Fig. 12: Panels (a-c): Solutions Re(¢;(z)) of the splitting problems for the L shape, square, and hexagon
respectively solved via the Lightning Laplace method with m = 60. The black dot denotes the point source
zo for panel (d): The cumulative fluxes calculated from KMC and the lightning method solution. Dotted
horizontal lines are drawn at the splitting probabilities evaluated at zp. In particular, we note the agreement
between limy o0 ¢(t) and ¢;(z0) providing a highly non-trivial validation of our method.

In lieu of this approach, we obtain a simple resolution of this issue by placing multiple Runge expansions
into our series representation of the solution. In Fig. we show results for two Runge expansions centered
at the points z.1 = 1+ 0.5¢ and z.2 = 0.5 + 4 and observe an improved rate of convergence and reduction
in error.. As seen in the solution profiles u(z,t) in Figs. a—c), the solution is now well resolved near the

boundary. Indeed, in Fig. [I6], we see a dramatic improvement in the convergence rate of the method.

4.7 Example: Solution for general initial conditions.

In this example, we demonstrate the applicability of the method for the more general initial condition
uo(2) given by the characteristic function of the region shown in (cf. Fig.[I7(a)). This function is compactly
supported on R? and we evaluate the integral term Up in @ via quadrature. The shown solution profiles
u(z,t) display the smoothing effects of the heat equation on the discontinuities in the initial profile. For our

geometry, we adopt our configuration in Fig. 2] with Runge expansions at z4+1 = 5+ 2.5¢ and 242 = 4.5 + 3i.
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Fig. 13: The LM method for the solution of (1) with a single hexagonal body, the applied boundary condition
u = f(z) = Re(2)'? on 812 and the initial condition up = §(z — z9) for zo = 1.5 and m = 90. Panel (a): The

solution of at value s = —30 — 214. Panel (b): The solution of the heat equation at t = 0.03. Panel
(c) The solution u(z,t) at ¢t = 0.1.
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Fig. 14: Solutions of for the L-shaped domain with m = 90, ug = §(z — z0) for various 2o (solid black
dot) and different times ¢. Calculations performed with a single Runge expansion centered at z« = 0.8+0.8¢

(solid red dot). The resulting relative errors are (a) £[u] = 1.72 x 107>, (b) £%[u] = 2.6 x 1075, (c)
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Fig. 15: The L-shaped domain with two Runge expansions about points z.1 = 14-0.5¢ and z.2 = 0.5+1 (solid
red dots) with m = 90. The resulting relative errors are (a) £%[u] = 4.2 x 10719, (b) £%[u] = 2.6 x 107°
and (c) £%[u] = 1.36 x 10719,
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Fig. 17: The LM applied to equation for f =0, a single polygonal body and a general initial condition,
all solved with m = 90. Panel (a): The domain and the initial profile ug(z) given by the characteristic
function of the region. The two Runge poles are shown (solid red dots). Panel (b): Solution of for
s = —68 + 249i. Panels (c-e): solutions u(z,t) of for various ¢.
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5 Discussion.

In this work we have developed a lightning solver for the heat equation in unbounded planar regions with
disjoint absorbing bodies. Our approach provides a complement to recent adaptations of the lightning
method to Laplace, Helmholtz and Stokes problems and further highlights its usefulness in the numerical
computation of solutions to an important class of challenging problems where geometric corners induce
solution singularities. Our method has been validated on several complex examples and through comparison
with solutions via complementary techniques such as Monte Carlo methods, matched asymptotic expansions
and boundary integral equations.

There are various avenues for future work that emanate from this study. Our applications have focused solely
on the case of Dirichlet absorbers, however, it is natural to consider additional boundary conditions, such
as Neumann and Robin which appear in numerous biological signaling problems [53l[42]. In rudimentary
investigations on the applicability of this method to the case of all Neumann bodies, we observe that jump
discontinuities of the normal derivative at corners can induce oscillations in the solution. A similar situation
arises in the scenario of mixed boundary conditions in which a single absorber featuring a combination of
Dirichlet and Neumann has singularities in the normal derivative at their meeting points, even along
smooth boundaries. In certain scenarios, the singularity structure is known [5], hinting that recent methods
for rational representation of functions 2% may be applicable to the solutions of these cases [23}[41].

The approach developed in this paper can also be extended to other rational approximation methods such
as AAA-LSQR [14], the methods of fundamental solutions (see [4] for progress on the Helmholtz equation),
or the previously mentioned earlier solution via expansion by a Vandermonde basis orthogonalized by
the Arnoldi process. Additionally, it is natural to ask whether a log-lightning method, known to provide
exponential convergence in Laplace problems [491[2], can be developed for Helmholtz and ultimately the
heat equation.

Finally, we note that when the solution wu(z,t) of is desired at many t values, there are certainly
economies to be gained by reusing transform evaluations. The current Talbot contour is robust across
a wide range of values ¢ € (0, 00), but recomputes the coefficients {u(z, sj)}j]\/il at each time point. However,
we have observed that other contour choices based on fixed coefficients, can be effective over large time

ranges, thus hinting at the potential for an adaptive approach.
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A The logarithmic capacitance

The logarithmic capacitance dj, is determined from the solution of the electrified disk problem

Avp =0; in C\ Ag; vy =0, on OA; (25a)

v = log |z| — logdy, + O(|z| 1), |z] = 0. (25b)

For a variety of regular shapes, the value of dj, is known explicitly. Some examples include (see also [30])

dy = h ~ 0.590h Square of side-length h. (26a)
dp = ——32h ~ 0.422h Equilateral triangle of side-length h. (26b)

= ——5—h =~ 0.476h Isosceles right triangle with small side-length h. (26¢)

When the shape of the body is completely general, there are several numerical algorithms that can approximate the
capacitance [331[2].
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