MA 1A (SECTION 1) HW6 SOLUTIONS

Problem 1.
For » > 0 compute h_)m n(rs —1).
1 . %—r T
Solution. nll—>r£10 n(r= —1) = nh_)rgo ’"%_00 = dpe| _ =logr.
Problem 2.
Let 0 < a < b and T,, the following partition:
7, = [a.a(®)"] U fa(2)sa(2) ] U+ U [a(4) T a(®) ] U U fa(2) 7 0]

(a) Show that f : [a,b] — R given by f(z) = I is integrable.
(b) Compute lim L(f,T,,) and deduce that
n—oo

fbd—m = logb — log a.
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Solution. (a) Let sy, t, : [a,b] — R be such that for all 2 € [a(%)%, a(g)%}, sp(x) =

and t,(x) = i(%)%, j=1,2,...,n.
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) nzmee, log ¢ by Problem 1, and

[ sula)de = S 1(8) [a(2)* —a(2) T ] =n(1- (2)

j=1 J j=1

fabtn(m)da: = i%(g)T[a(é)E —a(2) "] = n((é)% — 1) == log 2 by Problem 1. As

b a a a
Jj=1
b

—log ¢ = log . = logb — loga, the upper and lower integrals of f are equal. By Theorem

1.9, f is integrable over [a, b].

(b) By part (a), lim L(f,T,) = logg = logb — loga. By Theorem 1.9, lim L(f,T,) =
n—oo n—oo

logb — log a.

Problem 3. (Apostol 2.4.1)

Let f(z) =4 — 22, g(x) =0, a = —2, b = 2. Compute the area of the region S between
the graphs of f and g over the interval [a, b]. Make a sketch of the two graphs and indicate
S by shading.

Solution. For all z € [-2,2], f(x) =4 —2*> > 4—4 =0 = g(x). Hence, the area of S
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:f_Qf(x)—g(m):f_24—x2:4:13—?_2: _%:%‘

Problem 4. (Apostol 2.4.15)
The graphs of f(x) = 2 and g(z) = ca3, where ¢ > 0, intersect at the points (0,0) and
(,%). Find ¢ so that the region which lies between these graphs and over the interval [0, ]
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has area %

Solution. For all z € [0,1], f(z) = 2® > 2°% = ca® = g(x). Hence, the area of the region

_fo dx—fox—cx3 %3—0%4 :$—$:12163:§:>803:1:>c:%.
0
Problem 5. (Apostol 1.15.7)
Let [z] denote the greatest integer < x.
(a) Compute fog
1)(4n+1
(b) If nis a p031t1ve integer, prove that fo Vit|dt = %.
0 if0<t<l;
Solution. (a) [Vi] =14 1 if1<t<4;.So [[VEdt=0(1—0)+1(4—1)+2(9—4) =13
2 if 4 <t<9.
(b) When n =1, LH.S. = [} [V#|dt = 0, and R.H.S. = {=DUxX4D o _ [ { g,

Assume that Vitldt = REZDOMD for some k € N. When n = k + 1, LLHS. =
0 6 ;

fo(k+1) fo dt + fkk-i-l) \/%]dt _ k(k— 1)6(4]64*1) + k'((k' + 1) o kQ) — k(4k 763]671 +

2k +1) = w = R.H.S. Hence, by induction, fon2[\/ﬂdt = w for all n € N.



