MA 1A (SECTION 1) HW2 SOLUTIONS

Problem 1. (Apostol I 4.10 3)

Prove that (”+1) = (kfl) + (Z) This is called the law of Pascal’s triangle.

Solution. RH.S. = 5—x (Z' o+ M(T’f' = k+1 (k+(n—Fk+1) = ((::11)'k — LHS.

Problem 2. (Apostol I 4.10 4)

Use induction to prove the binomial theorem (a + b)" = Y- (})a*b™*. Then use the the-
k=0

orem to derive the formulae Y- (}) = 2" and > (—1)*(}) =0, if n > 0.
k=0

k=0

Solution. When n =1, LH.S. = a+ b, and R.H.S. = ((l))aobl*O +(Datv'™t =a+b=LHS.

Assume that for some r € N, (a + b)" Z ( )akb“k. When n =r + 1,

k

— 27”: (’l“) ak—l—lbr—kz + i (Z) akbr—k—l—l

r+1
r kpr—k+1 kpr—k+1
_(k-l) e ()
kir—k+1 kir—k+1 r4+1
_1> b +Z() b +b

;(

L.HS. = (a+b)"(a+Db) ( ( kbr k) (a +b) (by induction assumption)

) a"o"*1 £ "t (by Problem 1)

= R.H.S.
By induction, (a +b)" = Y (})a"b" " for all n € N.
k=0
In particular, if a=b=1,2"=(1+1)"= > (}) and 0 = ((—1) + 1)" = > (=1)*(}) for
k=0 k=0

all n € N.
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Problem 3. (Apostol 9.6 12)

Let w = “zis, where a, b, ¢, and d are real. Prove that w —w = % If ad — be > 0,

prove that the imaginary parts of z and w have the same sign.

Solution.
az+b az+b
cz+d ci+d
(az+b)(czZ+d) — (aZ + b)(cz + d)
B (cz+d)(cz + d)
adz + bcz — adz — bez

lcz + d|? RHS

L.HS. =

Since 2 - Im(w) =w —w = ﬂj;glé (z—2) = Q‘Zirgl% Im(2), if ad — be > 0, then Im(w) and

Im(z) will have the same sign.

Problem 4. (Apostol 9.10 4)
0 —160

(a) If 0 is real, show that cosf = % and sin ) = 55—

(b) Use the formula in (a) to deduce the identities cos? § = §(1+cos 26), sin® 6 = £(1—cos 26).

. 0 ,—i0 f+isin @ —0)+isin(—0 isi
Solution. (a) e -‘r26 __ cosf+isin +C02S( )+isin(—6) — cosé’-i—zsmé’—;cosé’ isind __ 2(:356 — COS@, and
et —e—0 _ cosf4isinf—cos(—0)—isin(—60) _  cosf+isinf—cosf+ising __ 2isinf __ _: i
= - = - = — — SInv.
2 21 24 24

(b) COS29 = (ew—i-e_w) 20412019 cos20+isin 20+-cos(—20)+isin(—20)+2 _ 2cos20+2 _ cos20-+1

2 o 4 - 4 - 4 o 2 )

2 . ]
2 _ et _p—i0 _ el26+67’20—2 __ cos 260+ sin 29+cos(—26‘)+isin(—29)—2 _ 2co0s20—2 __ 1—cos?20
and sin 9—( 5 ) = S = ~ = SRS = R

Problem 5.
Let x = 14y > 1 be a real number. Show that ™ > 1 4+ ny and deduce another proof
of the fact that the sequence (z,),>1 where z,, = 2" is divergent, i.e., it does not have a limit.

n

Solution. By Problem 2, 2" = (y+1)" = > (})y* =1+ ny + Z( Jy¥ > 1+ ny forn > 1

since y > 0.

Assume contrary, let L € R be such that lim 2" = L. Let e = 1. Asy > 0, by Achimedean

n—0o0

Principle, there exists N’ € N such that N'y > L. For all N € N, let n = max{N, N'}.
Thenn > N,and [z" — L| > 2" —L>14ny—L>14+Ny—L>1=¢,s0 limz" # L,

n—oo
contradiction. Hence, (z,),>1 does not have a limit.



