Math 20550 Calculus III Tutorial Name:
March 3, 2016

Tutorial Worksheet

Show all your work.

1. Find the maximum value of the function f(z,y,2) = x 4+ 2y on the curve of intersection
of the plane x + y + z = 1 and the cylinder y* + 22 = 4.

Solution: Basically, the problem asks to maximize f subject to two constraints:

g(x,y,2)=x+y+z=1
hx,y,z) =y* + 2> =4

Firstly, compute
Vf(l‘, Y, Z) = <1> 2, 0>
Vy(z,y,z) = (1,1,1)
Vh(z,y,z) = (0,2y,2z)

By the method of Lagrange Multipliers, for some scalars A\, u, we have
1=A
2=X4+2uy
0=A+2pz
r+y+z=1
Y 422 =4

By solving the equations, we obtain the points (1, —v/2,v/2) and (1,v/2, —v/2).

So then,
FL=v2,v2)=1-2V2
FL,V2,—V2) =1+ 2V/2

Thus, the maximum value of f is 1 + 24/2 on the curve of intersection.

2. The plane z + y + 22 = 2 intersects the paraboloid z = 2% 4+ %? in an ellipse. Find the
points on this ellipse that are nearest to and farthest from the origin.

Solution: We need to find the extreme values of f(z,y, 2) = 22 +y* + 2? subject to the two
constraints g(z,y,2) = v +y+ 22z =2 and h(z,y,2) = 2>+ 3> — 2= 0.

Vf=(2x,2y,2z2), Vg=(1,1,2) and Vh = (2z,2y, —1).

Thus, we need

20 = A+ 2ux
2y = A+ 2uy
22 =2\—p

TH+y+22=2

2+ y?—2=0.
By solving the equations, we obtain two points (%, %, %) and (—1,—1,2). Then we have
f(%,%, %) = % and f(—1,—1,2) = 6. Thus (%,%, %) is the point on (—1,—1,2) is the one
farthest from the origin.



3. (a)Estimate the volume of the solid that lies below the surface z = 1+ 22 + 3y and above
the rectangle R = [1,2] x [0, 3]. Use a Riemann sum with m = n = 2 and choose the sample
points to be lower left corners.

(b)Use the Midpoint Rule to estimate the volume in part(a).

Solution: (a)The surface is the graph of f(z,y) =1+ 2%+ 3y and AA =3 -2 , SO we

estimate
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4. Evaluate the double integral [[,(4 — 2y)dA, R = [0,1] x [0,1] by identifying it as the
volume of a solid.

Solution: z = f(x,y) =4 —2y > 0 for 0 <y < 1. Thus the integral represents the volume
of that part of the rectangular solid [0, 1] x [0, 1] x [0, 4] which lies below the plane z = 4 —2y.
So

//R<4 —2y)dA = (1)(1)(2) + %(1)(1)(2) _



5. Calculate the iterated integral
(a)f02 o 7 sin®(60)d6dr

(b) [[rye ™dA, R =[0,2] x [0,3]

Solution:
(a)f02 fO7r rsin® Odldr = f02 rdr foﬁ sin® 0df = f02 rdr 07T 3(1 = cos20)0d0

= [5r%5 - 5[0 — 3sin20]y =7

(b) [[ye ™dA = [} [Zyedady = [i[—e™)2=2dy = [ (—e 2 + 1)dy = [Le 2 + y]3

_ 1.6, 5
=3¢ " +3

6. Find the volume of the solid in the first octant bounded by the cylinder z = 16 — 22 and
the plane y = 5.

Solution: The cylinder intersects the zy-plane along the line x = 4, so in the first octant,
the solid lies below the surface z = 16 — z* and above the rectangle R = [0, 4] x [0,5] in the

-plane.
xypafe5 4 2 _r4 2 5 _ 1,.3141,15 _ 640
V= fo fo (16 — z*)dxdy = fo (16 — x )dxfo dy = [16z — 3T lolvld = =



